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FOREWORD

This work is a continuation of a project whose first two parts were
reported in s document entitled, "The One-on-One Stochastic Duel: Farts I
and II," a U. 5. Army Research Office Interim Technical Report under
Contruct Number DAAG 29-78-C-0012, dated 15 April 1979.

The first report contained, among other things, a bibliography of all

research materials on this subject, known to the author. This report

summarizes the results contained in the papers in the prior bibliography.

The results are given in a common notation and systematically organized (to

aid in locating a desired result) in a comprehensive compendium. q

]

This work completes the project. The prior issue and this volume q
should be viewed as a single work and consulted simultaneously.

Imnediately preceding this foreward is & pege which should be inserted
in "Part II - An Annotated Bibliography," immediately following page B-11.

The euthor would be grateful to learn of any inadvertent mistakes,

omissions, or other e.rors which may have occured.
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LIST OF SYMBOLS, NOTATION AND IEFINITIONS

{ 1. WORD AND PHRASE DEFINITIONS

Burst = A group of rounds fired consecutively in a cluster.

The groups are separated in some systematic manner.

NS T ia A S T L S TR

[ | Usually refers to automatic weapon fire where time

between rounds in a group may be teken as a
consta:t
e . Fundamental Marksman - Refers to the basic one-on-gero (or Marksman versus

a passive target) problem. The marksman fires at

his target until he gets a hit which terminates the

f : - process. The time between rounds (interfiring
times) is either a specified constant or a speci-
fied random variable and is the same from round te
hd round. On each round fired, he may hit his target

with a specified probability which is the same from

round to0 round. The interfiring times and hit prob-

abilities are independent from round to round. He

e G BT erUNN S P TRy T g
ta
-

starts at time zero with unlimited ammunition and
unlimited time to fire and fires his first round at

the next firing time.
Fundamental Duel - Two fundamental marksman (see definition above) fire

at each other as targets until the first hits, which

114




terzinates the process in & win for the successful

sontestant.

Salvo - A firing mode in vhich a number of weapons are fired

in sequence at a constant interval.

Volley - A firing wode in which a mumber of weapons are

fired simultanecusly.
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2. ENGLISH ALPHABET

.z _ A - one of the two contestants in the duel, usually used as a
E'» l subscript

i - event, a kill by A

1 . a - the factor a, when "l/bl reduces to s/v (ratio of
k 1 reletively prime integers)

l : . - time between rounds in a burst

i" j - arbitrary constant

I ; . 8, - A's fixe? _nterfiring time (a.l/bl is rational)

i E AB - even:, neither A nor B wins the duel (i.e., a draw occurs)
P !% B - on: of the two contestants in the duel, usually used as a
: | l subscript

- evcat, & kill by B

b - the factor b, when &, /b, reduces to a/v (ratio of
relatively prime integers)

- arbitrary constant !

LY - B's fixed interfiring time (al/bl is rational)

c -~ arbitrary constant

s

. 7= N

~ function of constants

A S e

CRIFT - Continuous Random Interfiring Times
CRV - Continuous Random Variable

[ - superscript denoting complementary

© e s Y

cy - constants

S g Loxt (e aiod sm s ek o e o .
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cdf

et

crv

)
E(X]

Erlang(k ; r)

complementary distribution function & f: £(x)dx, denoted

by superscript ~, 1i.e., F¢

characteristic function @ [, e!¥® z(¢)at
continuous randam variable

rv, damage inflicted by a single round
value of D

Plround in volley kills | volley hits] (fixed)
aistribution function @ %, £(x)ax = F (1)
thz J-th event for A or M

the J-th state of A or M

the killed state

the acquisition state (available as a target)
expectation of the rv, X

& rv with pdf

e (x) = krk k-1 -krx
X k -

= 0 H elsevhere

X
and with ef &x(u) - —frx)

(rk - :I.\x)k

the Jj-th evenu for B
the l-th state of B

af ofany rv, X

vi
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~cdf ocfany rv, X

{ FD - the Fundamental Duel problem (defined on page 1ii)
(‘ % FIFT - Fixed Interfiring Times
% FM - The Fundamental Marksman problem (defined on page 1ii)
£, (x) -pdf of rv, X,
. fB(x) - pdf of rv, X,
' fx(x) - pef of any given rv X, e.g., specifically, the rv's
- Tes Tgr Ty Tpo Tgs 8nd X
i , f(rx)(t) ) dngdf;frfp
i } Gx(z) - one-variable gecwetric transform of rv, X, (z-transform)
:ﬁ ’ Gy(z,w) - two-variable geometric transform of rv, X, (zw-transform) 1
g(t) - paf of rv, T,
5 g, (t) - Rf of rv, T, !
1 .- 8,p(t) - pif of v, Tp|,p
% gy(t) - W of v, Ijy i
| go(t) - improper paf of rv, T, ‘
3 % - gt - geometric transform £ 211 £(n)z", also sometimes called |
i {

the z-transform; and if f£(n) are elements of a pumf,

E )g scmetimes called a probability generating function . 1
: H - event, a hit
; B, - event, & hit on the 1i-th round fired

H - event, no hit

vii
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- event, failure to hit or i-th round fired

‘) i
- H(t) -af of rv, T,
1(¢) -edf of v, T,
\ h(t) - paf of rv, T,
ﬁ b, (t) - pf of v, T,
t I] hB(t) -paf of rv, Ty
s By, (t) = Pf of rv, T, . (ssme as h,(t) if no linitations)
,| by, (t) - PAf of rv, Ty, (same as b (t) 1f no limitations)
hH(t) - pdf of rv, TMIH
| - pdf of rv, TMIf{
- pdf of rv, TK
- pdf of rv, TMﬁ

- paf of rv, T, . (same as h(t) if no limitations)
) ]

- improper pdf of 1rv, Tﬁ

- improper pdf of rv, rﬁ‘

= rv, initisl number of roundes A or M has
~ also, same as sbove, fixed

~ sel of positive integers

~ the Incomplete Beta Function Ratio

@ SR s X @l . g

"'1 +k_
= 1-Q-x" 5 (PTETI )k

k=0

viii
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Interfiring Time

imaginary number ( J-l‘ )

an arbitrary constant

a sumation index

independent, identically distributed (ueed in reference to
two or more rv's)

rv, initial number of rounds B has

8ls0, same as above, fLixed

value of J

a summation index

event, a kill

rv, round number on wvhich A or M has & failure
event, no kill

values of rv, K

an arbitrary constant

a sunmation bade:f

P[A kills | a near miss by A}

arbitrary constants

rv, 7round number on which B has a failure

-3t

»
laplace Transform = [ o © £(t)dt

value of rv, L

arbitrary constant
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M =~ symbol denoting the marksman
- rv, initial supply of weapoms
- a constant ¢ a+bd
MIFT « Mixed Interfiring Times, i.e., one side with IFT a rv, the

other side IFT constant

MLE - Maximum Likelihood Estimate
m « value of rv, M

- fixed number of initial weapons
- & constant & [efp]

- number of states in a Markov firing process /

an arbitrary constant

ngf - moment generating function, defined as the same as the laplace
Transform with s (in LT) replaced by -s
N - rv, total number of rounds fired
- an arbitrary constant
N, 02) - & nor..ally distributed rv with mean M, and variance &~
n - value of rv, N
- an arbitrary constant
- a summation index
n, - an arbitrary, ’ixed, round number
n - & constant £ [m/a)
ned - negative exponential rv with pdf

fx(x)-re'rx, x,r > 0

= (0 , elsevhere




with cf &x(u) =r/(r-4u)

P(E) or P[E] - probability of e event, E

% i P(A )f - P(A) for the fundamentai duel

i t P(A), - P(A) for the unlimited (fundamental) duel with ned IFT's
ﬁ i

£ for X and

P - hit prcbability, constant on each round fired

- constant % P[Hil

Pan - Plhit by A on n-th round | n-th round fired)
Fo v, - probability of acquiring the target
Py - Plgoing from state E, to state Ej]
Py - Plof being in state E, initially]
l ; Py - PIXK on next round |H on last round)
a n - P[hit on n-th round | n-th round is fired)
i 1 - first round hit probability
b o .
‘ - PlH, |H, ;) ]
i paf - probability density function, e.g., fy(x) ‘ ’q
[ ; pef - probability generating function (sometimes called geometric i
\\' transform, or z-transform) ﬂ
F puf - probability mass function, e.g., px(x)
| p(t) - hit probability (as a function of time since start) 1
; pix) - hit probability (as a function of time since last firing) }
S :
y i Py (x) - paf of the rv, X
0 .
L
xi 2' ;
A




e -~ o (P b

qQ - miss probability = 1-p (also, for all the subscripted p's

g T TR R T TR R k B

above )
qlt) - miss probability as a function of time since siart = 1-p(t)

¢ q(x) ~ miss probabilits as a function of time since last firing =
P 1- px)
i I R - rv, aumber of hits to a kill (used where more than one hit is
[ | required to kill)
! - sume as above, except a fixed value
' value of rv, R

e |
t

2 rate of fire £ E[x)

l rv - random variable
r(t) - rate of fire (as a function of time) for non-stationary
Poisson process
R - remainder when a 1is divided by b = a-bdla/p], 0 <R <D
5 -« probability of a near miss
7 - rv, wmarksman's time to a firing (any number of previous
firings ) .
- rv, marksman's time between bursts (only when firing in
bursts)
T, - rv, A's time to a kill (unopposed)
TA,H - rv, A's time to a ki1l (unopposed) - used in situations where
A can run out of time or ammunition, etc.
Ty -rv, B's time to a ki1l (unopposed)
'nb - rv, time since beginning of either duel or marksman'’s firing

xii
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B,h

M|H

)
- rv, time during which marksman is in contact and firing

- rv, {(simf{lar to TA,H

= rv, time since start of the duel and opponents are in centact
and firing

- rv, time during which marksman is not in contact (not firing),
or may not be a target

- rv, time since start of the duel and opponents are not in
contact (not firing)

= rv, time-duration of the duel

- rv, time-duration of the duel, given A wins

- rv, time-duration of the duel given a draw occurs

= rv, time-duration of the duel given B wins

- rv, time for A to displace and resume firing

- rv, time during which ammunition is exhausted

- rv, time-of-flight

= rv, time between rounds in a burst

-rv, the event [t <T < t+4dt, H)

-rv, theevent [t <T<t+at,H)

-rv, theevent (t<T<t+dt,1i hits, no kill]

-rv, rv, time to fire the killing round

« rv, time-limitation on the firing

- rv, time to weapon failure

~ rv, time to end of marksman's firing

- rv, ¢time to end of marksman's firing, given a hit

xiii
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T, .« - rv, time to end of marksman's firing, and & hit

M,H
TM,I R - rv, time to end of marksman's firing, given no hit
TM,?I « rv, time to end of marksman's firing, and no hit
] 7, - rv, time to an event in the duel with no kill
¥ ; TR - rv, time to fire R Dhits
7 - rv, uaighting time, i.e., time during vhich A fires and for

some specified reason B does not (e.g., A 4is concealed);
(negative values mean that B has the advantage)

rv, time until next supply replenishment of ammunition

<

; t = time, values of the various rv's above
tJ - fixed time to go from state E j to any other state
ts - value of rv 'I‘S

- fixed sighting time
U(x) - unit step function 2, y, x>0

= 0, x<0O

u - transforms variable in cf

- Pl |By )

v(X] - variance of rv, X 2 ;

v - probability of a weapon feilure i ‘!
- fixed number of rounds fired in a volley by A : '1
- velocity 2 a 4

A - transform variable in ecf k ]

- Pixed number of rounds fired in a volley Ly B i ]

- va:iable of integration

xiv
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- rv, Iinterfiring time for M
- *v, interfiring time for A
- rv, interfiring time for B

- rv, time in contact

- rv, <time not in contact

- rv, searching time

- value of the rv X

- an arbitrary constant

- & constant & [(3+ 1)(”/v)]

-~ discrete rv, number of rounds A fLires before B
scquires A (initial surprise)

rv, time since last event (backwards recurrence time)

value of rv, Y

an arbitrary constant

time since the event, the last contact

-~ time since the event, last lost contact
=« time since the event, last searching period started

= constant, number of rounds in a burst

= transform variable fur gt

%
2. GREEK ALPHARET |
¥
A

a = arbitrary constant

] - arbitrary constant
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I(y) - The Gamma Function

g Ig t”e"ds = (y=-1)! (4r ycf)

xvi

L Y - arbitrary constant
i !
ki ¥(x,y) = The Incomplete Gamma Function
[
o ¢ X veta
i ’ A = increment, e.g., At = increment of variable ¢t
b 8(x~a) - Dirac Delta Functicn
} € - arbitrary constant
¢ - arbitrary constant
/] = arbitrary constant
o(u) -ct of £, (t)
L
og(u) -cf of r”é(t)
0, (u) - et of ni(t) i
OR(u) -c? of f.rR(t) ]
05 (u) -cf of f.rs(t) '
0, (u) - cf of BO(t) x )
| i
3 X = n~th cumdant of t
K| n bn( ) 1
F % - n-th cumulant of £, (x) ' .
.
i A - cycle time in fixed IFT duels = a b =ab, P
i :
- arbitrary constant % ;
i
- characteristic value ?i 1
o
;o
|
4
4
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A Ix(y)
Ay) - this 48 & - , and also
Ry
-f§ Medag
£.(y) = My)e
E ' " - E[X]
t un(A) - n-th moment of g,(t) about the origin
‘ I un(AB) - n-th moment of gm(t) about the origin
{ ' un(H) « n-th moument of hH(t) about the origin
i x : H (]) - n-th moment of hg(t) about the origin
| v - summation index x
‘ : | 13 = variable of integration a
: , ~ summation index ;
, P - fixed time interval between bursts i
! - corr [H, , H_,] 3
| - arbitrary constant j
Py - P[A scores a near miss] 1
Par - Plhit by A on the n-th round, n-th round fired) ;
h ' G - P[hit by marksman on n-th round, n-th round fired] %
\! | o® - V[X) %
T - arbitrary time constant, e.g., fixed time limit for duration ;
of duel or marksman's firing ;
- variable of integration ;

¢(u) - ¢f of h(t)

T T e | . -

xvii
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1

E o) -cf of Blt)
§ ' ¢ (W) -ef of my,(t)
e e
¢ 0

r ; o, (t) - ef of b (t)

o
Can
o
S

- cf of t‘x(x)

Vol

b ( -cf of f, (t)
! ey
[ ¢ (u) - ef of f’TG(t)
» | v, () -cf of g,(t)

¥ap(v) - ef of g(t)
WH(u) -ef of hﬂ(t)
i ; 1'0(\1) -cf of go(t)

¥(u,y) - jointly, the pdf of the time since the last event, y,

e s e, R el e

and the cf of the DF cf the time since the commencement

i

of marksuman's firing (or the duel)

4

0 a(u) -cf of qt)

3 :
! - cf of Q(X) :: *

w - variable of integration

4. MATRIX AND VECTOR NOTATION

i o
o e .
PSR i AT il au K e

A - m x n mairix with components a, 3 i
ﬁT - 5 transpose
Q'l « A inverse

xviii
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(1) By *** 108 8z **" Sppr ener Ay S *tt Agy)
a column vector of mn components from the A matrix. N.b.,
if A is known (é)v may be written down and vice versa
Kronecker product, i.e., & matrix whose ij-th ccmponent is
‘:I.d B
n component column vector

a transpose, a row vector

an m x n dlagonal matrix,

(1,1,+4¢,1), n component, row vector of all ones

= the exponential matrix,
s/ L 4 £ Al .
(-6-!-+ﬁ+-2—!+---+-ﬁ+---)

identity matrix of appropriate size
initial state probability vector ¢ (po,pl, .o .,pm)
& vector of appropria’ie size e (1,0, 4¢4,0)

a vector of appropriate size £ (0,0,..-,1)

SR SRR VT Ry T e e Y
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- stochastic submatrix of § for transitions from transient
to transient states

- a vector ® Q-p,p ;o)

- & stochastic subvector of ' € (1-p,p)

- interfiring time vector £ (tyity,e-est )

- state transition matrix

- stochastic subvector of § for transitions from transient
states to kill state

- characteristic value vector ® (7‘1’)2""’)':1’”"%)

5. OTHER MATHEMATICAL NOTATION

N> M

*

[x]

= is approximately equal to

- is defined to be equal to

- convalution operation & J¥ £(t- ) r(e)ag = £(t) + 2(¢)
- number of iterated convolutions of a function with itself,
e.ge, f(t) % £(t) % £(8) = £%(¢)

is distributed as

largest integer less than or equal to x

max (largest integer less than x,0)

fa m!
binocmial coefficient m

vhen placed over a symbol, denotes its maximum likelihood
estimate, e.g., P =ME of p

B Mt SN mima i ke = o
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1
| | - symbal for conditionality, e.g., A I B means the event A,

given the event B !
= ~ syubol meaning implies that, e.g., A™ B means that A
implies B

o(At)

My . Be(x))

! 3"

order of At = 1lim 9—%2 = 0
At =0

PP TR WOPIE WO

lx-O means evaluated at x =0, e.g., f(x)lx_o = £(0)

(p) I

the Cauchy principal value of an improper integral

! . fL - same as ,[_:: i‘f: vhere € is finite but less than the

I ol oM a5 P el S IR

distance to the nearest singularity in the lower-half of the

complex plane; this integration may be around any of the

. a——
IR RS i~ e

contours in the lower-half of the complex plane shown, as

4
4

appropriate or convenient, and ags R-» =

v
YT

! the integral on C must — O a8 R —» ®; the first

S ot e e

€

path is only useful if there is no singularity on the real
line

Iy - same as [nl5 where € is finite but less tban the N

?
)
¢
f
4
Ei LI distance to the nearest singularity in the upper-half of the




e e

A ——

complax plane; the integration may he around any of the contours
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| INTRODUCTION

X :

b

-

-

2 l : In this compendium, the notations in the page margins, such as A&Wl,

:

» refer to the sources of the result. These sources are all listed in the pre-

! | ceding annotated bibliography. For example, A & W1 means the first paper

N

o in the bibliography by Ancker and Williams.

.

I ‘ An asterisk (*) 4n the margin means that the result is new and given

oy hern for the first time.

: ‘ .

[ 2 A double asterisk (**) 4in the margin meens a result for which a

3 mejor error in the original manuscript has been corrected.

All marginal notations apply to the result given on the line om which

|v“ u

' the notation appears and to all preceding results up to the next marginal

. notation.

P(B) wm usually be cuitted as it is casily derived from P(B) = ?
A - ’ 3
$ ' 1 - P(A) if & drav is impossible or from P(B) =1 - P(A) - P(AB) if a )
k ‘ drav is possible. fn
¥
i 4;
:
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II.

THE FUNDAMENTAL MARKSMAN PROBLEM - FIXED
INTERFIRING TIMES

M - FIFT
FM-FIFT
x-al
P(H) = 1
P(TM-na.l)-pqn-l, ns=12,..,
-1
P[N = n) = pg® n=12,...
» ! e independent of &
1 1+
E[N] = 2, p[\¥] - Ltg
P 2
P
no-l
P[N > no] - g A&QGl
LIMITED AMMUNITION
& RV
[ -]
X=a,, P[I-i]-ai, PI=o] wa,, o + Z o =12
1=0
- - ] [ -]
P)=p ) qn-l< Z 4t ) *
n=1 1=n
hod
= i
P(H) = Z q ai *
i=1
had
P(H)P(TM MJ_IH) Pq [Z ai-o-a“] *
i=n
- - n
P(H)P(TM-MlIH) =qa
C3
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FIXED SUPPLY

x"l’ ak.l) au.ai'O’

P(H) = 1 - "

ch
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Lo
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4 ; P(H) = q

b

> P(s) B(T, = na, | H) = pg""}, AmL1,2,...k *

P(H) P(T, = na, | ) = ka, g~

| " C. I EITHER a RV or a CONSTANT

-»

e SRR ST T

P(T, =na ) = P(H) P(TM-nal |H) + P(H) P(T, = na, | §) *

III. LIMITED TIME DURATION

e A, T, s RV WITH pdf fp
Lo \ L
P X

L g

A

P(H) = p L q"l/ ty (t)dt

n=}
(m 1 )a

E P(H) = fm fo (t)dt

P(H) B(T, = na, [H) = pq™t j £o (t)at
na

1 L

{ t/a.ll “,
P(H) b_(t) = q £y where [x] = largest integer < x . i
H L .

or. i Batce i SR EE

P

-

B. TL A CONSTANT

Lt x-alt"/a]
PH) =~ 1-q

(t/a,]

o m - D

e M N e i

P(H) » q

TP
X
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P(H) P(TM = na, l H) = Pqn-l.v ns= 1)2)"':[1/‘11

[t/a,]

P(H) n_(t) = ¢ 8(t - 1)
H

c. FOR TL EITHER A RV OR A CONSTANT

h(t) = p(u) P(T, = na, | ") 8(t - na,) + P(H) n_(t)

‘ H

. 1 _-t/t

: Example: Let fTL(t) =z e , xa 8, then

; P(H) = -.1 /o(- ’
i l-qe *

E

" -g /T

s P@) - lee 1

y 'alﬁ ’
: l.qe

7 -a, /7

1

| P(H) P(Ty = na, |H) = g (qe » o,
{

f

g [t/all

| AdGe PE) b_(t) = Lo /7 .

H
V.  TIME-OF-FLIGHT INCLUDED
X = '1
TF = rv time-of-flight
c6

i L . _

Rt
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V.

No delsy between rounds fired

Tx = rv time-to-fire killing round

T

i time-to-hit target

TF =T, a constant
pTK(nal) - pN(n) - P['I‘K = na.l] = P(N
- Pqn-l ’

pTM(na.l +T) = P[TM = na, + 1] = pq

MARKOV~DEPENDENT FIRE

E

N=

-n)

ns= 1,2,...

l' n-1,2’...

3 J =0,1,2,.0.ym states of the system

E, - acquisition state (starting state, i.e., ava’lable as a
target
E, - killed state (absorbing)

=3
]

4 other arbitrary specified states,

u’d
n

Plbeing in state EJ initially)

J;‘O,m

Pyy " Plgoing from state E, to E J] » transition probability

1T = (p Pysees,yP ',p ) = (mT ; ) = initial state vector
~0 o2t RO 'V R Y ~ Pn '

In wvhat follows:

ET-(J.,O,O, «es3,0) - m components

c7

4
|




L
- -
e 8

A
; = —— |- , transition matrix
| ! 0 I 1
b !
E !‘ td - fixed time to go from state E 3 to any other state,
}:\ , ‘% J -O,l,Z,...,m-l
‘; 1 ET - (to,tl,... ’tm-l) , interfiring time vector (times may be
3 different for each state)
3
y':
Bal E(1,] = m (1P ty
& :
? A. m=3
| Lot
( i R = rv number of hits to a kill
p = Pk |H], Q "1-p
8
'f“\)—« | a

d

{3
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‘ : M. JIFT
i;’»:; ; :

; ‘ : pn(r) = pk :l, r= 1’2,0.0
ok
: | " - 0 , slsevhere
b B N = rv number of rounds to a kill
k : P - l-st round hit probability, q = la=- Py
i\ p'Pmilni-l]’ q'l'p) 1>2
ol uw = P[H, |H,_,]
; it acq " HK X
S
i i acquisition 0 1-p pl(l - pk) : PP,
:;{ (miss) H 0O l-u u(2 - p.) | wP
A
. §- -
3 i (bit, not killed) HK O 1-p p(1 - p.) : PP
. ==
j (kid) X © 0 0 |1 J/
O
ty + b+t
r = tm + tf » 8ee definitions below
3 )
li'
N th * %
v r-l
Py |pnlr) =m0, n=r
- X rek -1 S WA -1 nereibl |
= ” z < )p \ )(1 u) for
k*2 \ k=1 K-
r r-1 n-re-1
+q 2 )Pr quluk< )(1- u)iorek
i k=l \ k-1 k-1




i FM - FIFT
b
g | TABLE I
0 \) l THE MARKOV DEPENDENT FIRING DISTRIBUTION: KN |R = a + y)
Fo p |0.9l0.9]0.9l0.90.90.9]0.90.9]0.9]0.90.9]0.9 f0.9{0.90.9]0.9
o u [0.1]o.1]0.5]0.5[0.5]0.5]0.5 |0.5[0.9[0.9]0.9]0.9 |0.9|0.9]0.9]|0.9
;(l i pl 0.9 0.9]0.210.1 005 005 0.9]0.9]0.1]0.110.1 0.5 005 0.9 009 0.9
’|' r (515|515 [10]5]20)5[2025[5 |10|5 [10}25
'%;.{ y/alb(3s|ulolulo{u|olulolaw]|us|o]ug]ay
H ; 1 [590{003 (066 |039 {328 |19k [550 1349 066 [039 |02 3| 328 [194 | 590 | 349|206
AR 2 1033003310 (194 237 (194 |164 |194 |558( 349|217 | 426 | 349 295 | 349] 309
A 3 {030 (oce {222 {188 (161 [167 {100 [145 (272 | 351 | 302 180 [262 [089 |12 | 247
0 L lo28 |00z {150 |160 [105 [132 [060 (200 081|179 [235 |o51 |128]021 [077] 140
oy 5 {026 |o0e [097 |125 067 |099 (036 [0T2 (019071 (131 fox1 |ou8|  [c5|063
| 6 |oek|oce |o61 1093 Jok fo7a |oB1 kg | |ce3lose|  [ois ozl
| 7 |02 |00z |038 |066 |0e5 Jokg joxz |0z 022 008
i 8 020008 |023 [0k6 [O15 [033 (007 021 007
i 9 |o19|oo1{o1k 031 foog joz2|  [o13
P 10 |017[001{008 fc21 {005 [015| {008
L 11 |016]001|n05 jo13| ~Joog|  oos
. 12 |oakjoor| Joog| 006
1 13 [o13joox|  |oo6
14 |01z |ood
15 (o1
16 |010
17 (009
18 |009
19 |008
20 |oo7
21 |007
22 |006
23 |006
2k |oos
25 005
26 ook
27 jooh
28 {ook
29 |oo3
003

R&S1
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TABLE I -« (Continued)
THE MARKOV DEPENDENT FIRING DISTRIBUTION:

PIN|R=a+ y)

P 0.1/0.110.1]0.1[0.110.1}0.2(0.110.1 0.5 005 005 0.5 0.5 005 0.5
u (0.5]0.5[0.5]0.5[0.9/0.9{0.9]0.9]0.9{0.5[0.5{0.5|0.5]0.5[0.9]0.9
Py [0+1/0.1/0.9(0+9]0+1[0:1/0.2]0+5]0.5/0.1{0.1{0.5/0.5]0.9]0.1/0.1
r |5 (|10]% 1015 |wW]|15|5 15| 5]10]5 j10{10]5]10
y/a| T |18 6 27| T7 116|256 |2k sl ]k 11015 |1
1011 (008|012 (010|054 0311017 (021{009}041[016{031]013 (020 [073|019
2 (036 017|045 (021|231 [104|053({128|032 17.36{030 078|027 038 [220| 062
3074|029 097 (035 [438 [225 121 | 349|083 121|047 | 117 [okk [057 | 308|151
41209 o4k (135052 |196(289 (199 (326 |158{137|064 | 137 (051|075 [237| 194
5 (1290591471069 |057(200]229(129 216|134 |0T9|137 |076 1089 111|211
61132 |073[138(082 [013{095|182 [035 [210 (119|088 |123 (087|096 [035] 174
711211083(117(091 035|109 149 (0980931103 (093|097 |008] 112
81102 {089 (092 |09k 011|052 082 [077]092 081 {093]093 057
9 {0B81[089|069 091 021 037]057|086 | 060 |088 |08L (o A1
10 062 |086 [okg | 085 007 015 [ok1.|078 |okk 080 |07k 009
11 [ohs |079 |03k |0T5 029|068 |031 070 {062
12 |03%2 |070|023 |06k 019|057 |021 [059 |os1
13 {022 |060 |015 {054 013|047 |01k |okg (OhO
1k {015 [okg 010|043 008|037 [009 [039 (031
15 |010 |0LO 006 [034 005 (029 |006 |30 |02 4
16 |006 |03z 026 22 023[018
17|00k {024 020 017 017|013
18 018 o1k 012 013|009
19 014 010 009 009 |006
20 010 007 006 007 [005
21 007 005 o004 005
22 005 ook 003
23 ook
24
25
26
27
28




bttt

n 2 r+ 3, J = 1,2,000

Btou [ P+ qusz

r-1
Gy | gla) = ‘r[ 1-(-uk ]L (2- (ou)g) T ]

|
! q
e | q{r - 1)
| E[Nlnl-unln-r»fu»f =
b
\ !
’5‘-5;{.! | T, [R = rv time to s kill, given R = r y
i %
é{ E Tyl R = cl+c2r+c3[nln]
v
L]
ot where
.
o )
i\:\ g °1'ta* tl th °3-tm'. tf
"L G =ty =t e =ttt -t
and
ta = acquisition time
t, = time~to-fire first round
1 all
t, = time-to-fire, given lust event was a hit ecnstants
tm » time-to-fire, given last event was & miss

B0l tf = tine-of-flight
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e
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or

M FIFT
E[TMIR] = c v re ch[NIR]
=t -(p——p-ﬁ*-[cz-o-c +c’(3)]
E(1,] = z E[T, | R] R (r)
| r=l
- ot 2 R, [c2+c+c(3)-] B2

kil

B. m = 3 (SAME PROBLEM AS A) DIFFERENT APPROACH

Gla) = w2t (B G B 9O -w-p pG-uf
N 1-{{2- u)+qu]..+ {p(1- “)Qk"'uq]z

klz-r kz.za

B8 etn——-

B3 8t ke

pN(n) "kl s nw ]
* kg - Kk ; n=2
- plk’;+ﬁz7\g ,)i,,\a real \
- (¢51+ B, a) A =X =2  real, where

2
1) X s\ 8re the roots of 7\+ku)\+k5-o > n>e2

(KR =2 N+p ),
2) al,pa are solutions of

"5””1"&'”1"?*”2’2

T S e

- - e S e -

S i

o i o Sk,

i,




or
i when
|
- |
" 1 1.6"
|
Al
-
(b and
i

RS . 0 A A S gl APy Sy

= vr cos (no+B)
3) "1*% are complex conjugate,
Nz ® r(cos 0 + 1 8in @), (determined from 1)
above)
4) v eand B are determined from
k, =Yr cos (0+p)
ks'lﬁ.kh = 'er cos (20 + B) .

u+pkql+ qkq
upk

E(N] =

£ I

v[n]--l-+<pk_“l.pi_“£3)<%,,
u

)

. TSy

Py
2
+ u+ q <u+q
Pku2< 1) )
2
2q, 2 (w+ p,ow +q af
Tz “*q) - Z 2
P u v
<, c':3 c:3 Zc5
P Z (-2 )plz +ug
c}TM(Z) - cs 624 o5 cs §c5
1-(Q-u) +q z (p27(1-z2)+uz 7]
C1u

il . it 5 i st
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1
1
1
1
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C. MIE ESTIMATION OF p,, u, AND p

ls Let 51'82 PR ’Sk be k independent sequences of trials,
]

;’) each trial terminating on the r-th success. Define

o]

ngg = number of transitions S —> S (success-to-success) ,

in sequence 815 similarly, néF and ";s' Also

Number of the sequences which have

i, S & success on the l-st trial
N o Ng
| R * X ’
L!‘ h

L z “;s

A i=]

| P = x 4 4 =
: g (nge *+ ngyp)

‘ yoy 887 TsF

2

v X

P

’ k

i

A =

s . gm TS

B k4 4 ’
1 = ( + )

;. ey 78" TFF

also,

C15
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R&S1 y|r = T * 2, -pir-1)
u u
D. FIFT
. T

ST = (a),a,8),00000) = e ! !
’ L %
ol P(N=n] = P[T, =na] = u® PPl , 1
“ f M h ~ o~ ~ i
o ‘
g g !
‘. t, T -l » |
) N] = - P '
N E[N] = w(I-2)" ¢ ’ |
: l !
| ! H
U o T -2 T -1 _ 42 =
- Ba2 V(N] m(I+ P)(I-P) e, - (@ (L-2) gm] .
1

E. BURST FIRING

rounds per burst

®

time units between rounds in a turst all constants

time between bursts

Lo

. Ba3 PN =n] = E‘T En-l t . 3 ,
| |
! i
g VI. MISCELLANEOUS RESULTS g
| FIXED TIME LIMIT - KILL PROBABILITY A NONDECREASING FUNCTION b ‘
OF _IFT_AND ROUND NUMEZR
x's may be chosen by firsr but are > 8, a given constant ;
| 3

Ty

C16
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AT R ES

e TR
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i -X
q, = q I [(a+ (1 -Q)e 3] y %09y given constants.
i 1 j=e

T. =T > B, a constant (measured from time 1-st round is fired).

L

The selection of X5 %) etc., to obtain maximum probability of a
kill in time T follows. Maximum number of rounds which may bde
fired 48 M =1+ (7/B] where [x] = largest integer contained

in x.

n
P (n) 8 ] = I
H - 4

A = an unknown constant to be determined.

THEOREM: Optimal x,'s are

i

X 2 X520 2% 28, 2<ngM

such that xi's are determined as follows:

l. select a fixed n,

2. solve
-0 (52 ) s Y m(asitl) ..
1= A
for A\,
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1 T AT T ST (AT M TPCTRRCYINIY MITETETINCG, Cribn, S TR 1 ] (I e T myyag og
il e o

3.

4

6.

8. 12:NL0, oseet X, * B and retwn to 1, with n
replaced by n~1l and T by T-f, and
be 42 A 0, 8° o 3.

Compute,

1‘ 1_0 / - .
xi = 111(-'&‘-’)*' lﬂ\ e i."l‘“l),i‘l,z’..-"n’

repeat process ). through 3. for n=1,2,.00,M

?

for every n, compute PH(n), and

N S - TPy

select n for max PH(n) .

VL s,

PSR PUORU S

18

AR

s,
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o
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FM - CRIFT

I. FM « CRIFT

| ; P(H) = 1
| ' = bt ~itu
| | J=0 B

| G((w)) = o) = REL Wan

(n)
b () = &40 A&G2
f n 40
! ?
' « -itu
o -2 uil - e
H(t) = 5% J:w %—H—DTJI_ IO W&AL
: Oo(u) l- q$gu5
| n-1
; P({=n) = pqg —, n=12,... \
!
i :
b E[N] = % and  E[N] = ;-Lz-g Independent of X ,
S P ;
1 n,-1 :
| PIN>n] = ¢ . A&Gl ,
| | =0 ;
.".' , |
.5 Cumulants of Time-to-Hit (X) In Terms of Cumulants of IFT (k) "
: !
d 1 1 1
oo BTy "pt T
| 1
: i
; 2 2 2 4
4 : KZ = -]é' (ptz + qﬂl) - % (PO + qH ) :
X i P p
z : ;
I i k
: : Xy = ;5_15 [p2‘3 + 3pq KK, + q(1 + q)ni) = i
: .
o :
;




e s

. -3-5 [p2n3+ 3pquc” + q(1+ QW)
P

2
w1 X" - [p3nu + Pl ey + 3(P ) + 6pa(1 + Qo !
R ‘

+ (% + 6pa+ 6q° )uh]

S Example 1: s

X ~ne d(r)

- P
o(u) pr - iu 3

n(t) = pre Pt

We AL t -
Aee B = [ on(ar = 1-ePE
0

1.0

1. 0.8
K.

g
=
.“: I

A
N 0.4

0.2

A6
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n=-1);! - dn=-2)¢
n " (pr)n and "tn rn * w1
Example 2 :
X ~ Erlang (2,r)
O(u) = b pr® A&Gl
[@r - tuf - belq]

—e - lpre sinh ZrN[qt
Yo

by ZpestTt 2rVat _ 2rvgy 2ppe-2T
2 A

e-Zrt

H(t) = 1 - [-um 2r Vg t + g cosh 2r Vg t]
Yq




IR

e

N S C

P
|

A6 h(t) = '&E};}aﬁ

Example 3:

X ~ Eriang (n,r)

(pra)®
¢ =
() (rn - 1) - (rn)%

'5';1 nrtgl/ng (273)/n
’ n-l

420 1 (e(izwa)/n_e(tzn)/n) !
k=0, kyfJ ‘

nrt

nd ‘,123 e(iz‘"'d )/n emql/ne(izﬂ'd)/n

n=1 X ’
4=0 n sin 7 2=l
k=0, k} n

II. MULTIPLE HITS TO A KILL

A. R_HITS TO A KILL = R FIXED

$(u) - ( RO

00(“’ - 1= ¢u

>3

RASAL) Ak i HaL R

n= 2’3’00'

n=2,%.




tuy - S Me)at
Wuy) = () + oplule O

R
w - [ r2g |

Example: Let X ~ ned(r)

bh(t) ~ Erlang (R;pr) .

B, R_HITS TOAKIL« R &RV

P[R'i] - Ei, 1.1;2’0uo
[ ( 1

blu) = Z Gil: i_;g{qu u ]
1=}

Example: Let X ~ ned(r)

e, » (1-ekl?

S(u) » =i EPE . w p(¢) ~nedl(d - €)pr]

pr(l-€) « iu

C. LIMITED AMMUNITION - R HITS TO A KIIL (R FIXED)

Plx = 1] = o

24




i

Kw
&1

i=R

-1 - -
PIK) ~,2a1+ Zail}j (3)1:““1"‘1

4=0 i=R J=0

h(t) = b it)+ PE
N SEPEEE EE SN
n,(t) = Z a, ( )p ¢t (¢)
feR 40 J
Example: Let X ~ mned(r)

a - (l'a)ai) i=0,1,...

i

P[i]-1~<-l-§%»€)

R
opr
® (u) = ( R oE AR

D. LIMITED AMMUNITION - R HITS TO A KILL - R & RV

PlI1=1] = Q, , i1=0,12,...

PIRw=i] = € s 1=0,1,2,...

G5

PP SUR Y -
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M - CRIF?

[ ] J ®»
°1(“) = z ed[i'?%'l?ﬂ:\ z C!i(l-Iq‘(u)(i-J-t 1,3)) ¢+

J=1 i=J
P[R]-ied[io&-"iaiaz(tbvqi-v:l .
a= 1=0 =3 w0
Example :
@ = (1-ak', i =0,1,2,...
e.1 = (1-(-:):-;‘1 , J =0,1,2,...
X ~ nea(r)

- 1-0
P(K] = R Ty

- QEpy
U e ) e Xw & E1
E. DAMAGE

D= rv, damage inflicted on & single round

i
Y

1. e As & Function of Round Mumber !
Lat ;

]

i

rv total (4n k rounds) 5

- p(k) & D, where D, ars iid and ~ D *

i=1 i
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Let rv no. of rounds to total damage <a = K(4).

T e T T T M N D S T R T T X

| Therefore
|
i P[D(k) < d] s D(k)(d) = &(d)(k)’ k= 0’1'23000
, : | with a <bv (killing damage).
o y
o |
! t Tvo Cases 1
E : 5 a. D_1is Discrete j
m 5 |
; P[D = 2] = p(2), Z p(2) =1, se1°, 3
4=0
3
t;i Oy(a)(s) =1+ 2 Pp(4) Gg(goq)(2) - 1\
? 4=0 s
1 ’ ]
b. D 1s Continuous ;
3 |
Ply<D<y+ayl = f(yhy X :
g
y a
Oy(a)(e) =1+ = ‘/o Oya-y)(%) ¥y |
( -1
For Either Case | i

®(u) = 1- 11 - d(u)] Gyrpylé(a)] .
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Exsmple: X ~ nod(r)

pp0)=a, p)=p, p)=v, a+p+y=1

b
iu g
®u) =1 + \iu - ry [{rﬁ.-a)-iu}'lj

2. Damage is Time-Homogeneous

P[Marksman fires and increases damage to target by amount
L in time [t,t+ At) = pD(I)At + 0(aL)

where

z‘ pD(l).pD’ O<PD<1, ICI*. .
=)

(n.b. probability of firing and probability of damage are
both included here. Non-steationary Poisson process).

D(t) = rv, total damage - up to time t (integer-valued)

Fo(s) L Pn(s) < a) » 4<b (killing damage)

Let
GD(z) - z gl pe)
I=]
t[zG. (z)-p.]
GD(t)(z) - i zd-l FD(t)(d) . 1i'z . zDz pD
d=]

28
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Pp - £Gp(z)
h(t) = coeff in the z expansion of | —=y ¢
bl
z

e-[pD-zGD(z)]t

or

- GI()
é(u) = coeff in the z expansion of [?leiz ]

. Ipp - s0(z) - )™ .

3., Damage is & Function of Round Number and is Time-Dependent
P[Markeman fires in (t,t + At) |n rounds fired previously)
= r_(t)Ay+ 0(4t)
P(Marksman fires n rounds in (0,t) = p(n;t)
n.v. essentially, & non-stationary Poisson process

for each round fired:

P(Miss] = a , P[Damage but no kill] = g8, P[Kill] =7,
a + g+ ¥ = ]

b
Plx <D< x+ dx| damage) = £, (x)ax , x<© (maximum t:l)era le

n.b. target is destroyed either by killing or absorbing
damage > b
e of f£(x) = *D(u)
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D(t) = rv total damage in (0, t)] target still alive
FD(t)(x) « P[D(t) < x|target alive)

et of FD(t)(x)‘wrtx - WD(t)(u)

t 4
ww) = [ Zo py(n i ) 5, ()8
?awn(u)»ua]w(t)

VD(t)(u) .. £ 1u

3 j~+ i€ [-1me+(awD(u)+a.1]w(t)

FD(t)(x) * W " g6 e %‘l
T, = rv time toa kill; r; (t) = Plz, >4
K
S F.‘;K(t) -y Z py(ns¢) r (¢)
n=0
h(t) = v ZO pN(n;t) rn(t) FD(t)(b) - FTK(t) 3% FD(t)(b) N&J1
n‘

III. ROUND-DEPENDENT HIT PROBABILITIES

A.  UNLIMITED AMMUNITION

p, = P[Hit on n-th rouna | n-th round firea]

p“(n) "o " P[Hit on n-th round , n~th round fired]
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g
n-1l n-1 I ,
Oy = Py 1] (1’1’,1)'% 1 Qy where 9 *1-py5 G, =1 t:{
3=0 3=0
®u) = ) o $u) i
n=1
- n
ms, = W) - b)) P ] q, - .
n=l J=0 3 ,y
w2 or O(u) = GN(Mu))
© n ' ‘
fuy - ¥ ME)at
* V(u,y) = [U(y) + Z 1] 9 $"(u):'e 0
n=l j=0

Example 1:

q = (g-l)a - N—;—ia; J=12,2,...,N

N,a constants
- 0 3 J=N+1,N+2,...

e S =3 Nel; a > o0

®(u) = 1« (1 - ${u)l(1+ apiu))?
and if X ~ ned(r)

Mu) = 1+ ==V _[(4a)r. g)F2
(r - iu)
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Example 2:

_ q
. qy "JA 3 J ™ L1,2,4.0y3 1-q, = 1-st round bit probability

®u) =1 - [ 1- é(u)) exp (ay é(u))
& if X ~ Frlang(2,r)

2
, (r - 1u)? +u(u+24r) expl. Nl :]
. (r- iu)
! Q(u)

B I e AR e

(r - 1u)

Example 3:

Same as Example 2, except, let X ~ ned(r)

' ' p - -
. r iu[l r_iu)‘-l

e e (AT T TR L SR Ty T TN TR R

o(u) =

r - iu

Example L:

n-1,2,..., 'f g

SN GNP CON |

0<f.<1, k20

Ty - ktl
P, {

monotone

P, * % ¢ » ncn-decreasing
n K(k+ 1) eee (ke 3+ 1) 1-¢ J sequence
. 40 aln+ 1) +++ (n+ j=-1) "'_’) for k21 \

P = ¢
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TR
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4 1 - 1. £
S P My 1+ Kk(1<=E)

k
Z npy(n)

i n=1
4
?
“ ; pl< p < pm
o linm pN(n) ~——  Gecmetric (f.'- p) ,
. k =0
B lln  p(n) —— Poisson (A = q/p)
k4w
T : -q/p
) : r = e i
b Py 1

! : .:
! l‘ pn - ‘:l':— 2 + e “g
; , 1 -+ A- -+ —é—-ﬂ-—-_._.
B o )+ )

\g L]

:
:‘: pw
t

+ +oco+n 5
MLE ﬁ'=1/;1 where 1'1'=nl nzz L, where

n; = i~th sample from Py(n) where there are 2 camples 3

N K 1s the solution to

+ " -
y i £+ 1 k+n 1 1l ]
%
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§
; b(u) = *‘“)[ T (T- %) ] we
i
 * B. LIMITED AMMUNITION
l. Pixed Supply of k Rounds
N k
: X
, o, ) = il g, ¢ (u)
; n=0
o
N : tuy - ¥ A(p)at
1 *(U)y} - [U(Y) + Y H qd ‘n(u)Je ° ; Wwhere
n=l §=0
?

the second term in the brackets is zero for R = ]

n-1
¢ (u) = i N u) = i P, H q ()

n=1 n=l J=0
- k
B(e) = ny(t) + ] q 8(t-w 1
n=0 }

2., Ammunition Supply a RV f

| P[I=43i] = Q ; Z o =1 Bh5S b
i=1 i
1§ - 1 1
ko ' i 1
G = ) a T o #w ]
. 5;
*
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i

s o |
-t T DN AOYE et e et
’ ST S LR PSRy PR YT Yo orh gy rovrs -



n=l 4=0
where 2-nd term in brackets is zero for i=0,1

. G = ) o 2 o #°()
| 10

N > 2 tuy - /% M(t)at
b * ¥lu,y) = [U(ﬂ + Z % Y I q *n(“)‘le A
:’ 1=0 <

T T T RN T A R e L W R TRy oy
RTINS T AT L TR I AN N T RS

]

3

b n=1

an - 1

.- Bh5 h(t) = n (¢) « Z o il Q, 8(t - =)

1 D im0 n=1

2

co IV. TIME-DEPENDENT HIT PROBABILITIES

Lid A. p_A FUNCTION OF TIME SINCE START

| P(t) = P(H | a firing st time t)

q(t) =1 - p(t)

ef of q(t) = a(u)
0 oo

B7(t) = q(t) £(¢) + q(t) h(t - 1) £(1)ar

L 0

oo 0 |
h(t) = £(t) + f h(t - w) £(waw - n(¢) {
0 -«'
;
| Y -'1"
; Splu) = = f_“ a(w) é(u ~ wlaw

| L e 4
} v o5 /:“ a(w) é(u - w) Oy (u = waw

€35
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¢(u) b(u) + [¢(u) - 1) 0y (u)

If Q(w) has one (not necessarily simple) pole at -Wy in
the lower half of the complex w plane, then

S(u,wo) = zln j:u B(w) é(u - w)aw (xnown)
and

Oplu) = s(uwy) + 8(u,w,) 0 (u + w,)
or

2 J
OO(u) = Z H S(u + kwo ? wo) .
§=0 k=0

Example 1: X = ned(r), q(t) = ne™®®, a(u) = n/(p-4u), then

[ -]
. k )4 : {
- /o Z i(-1 o
Op(u) = nre k! lu+ i(r+ (k+ 1)p s
k=0 ;

- - - -pt-
ho(t) £ re rt ne ot e nr/p[e 1]

-pt
h(t) = re Tt e-nr/o[e P¥.1) Q - ne-ot)

C36
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Example 2: ned(r) omly:
p = p(t) - continuous, integrable; 0<p<1

a
lim p(x)ax = »
a =y 0

t
n(t) = rp(t)e Jo plxlex

Sub-Example: A Closing Engegement

8
P(t) = ——=—% ; 0<t< t; ) ar,vt, positive constants
(r8 - vt) 8870
- ———_.7‘ ; t >t a<(r -vt f
(r' - Vto) ’ - (0] - r.- 0 ? Vto < r'

we

t
- at
fo plxlax = WY 5 0stst

s''s
a(r.t-vtg)
- 2 ; t>t
v ? - 0 *
r'(r'-vto)

Example 3: p as in Example 2.

r(t)it + O(At) = P[Exactly 1 round fired in (t, ¢ + at))

vhich means firing is a non-stationary Poisson process,

t
n(t) = £(t) p(t)e- J5 r(x)p(x)ax .
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B. p A FUNCTION OF TIME SINCE LAST FIRING

i p(x) = PlH i firing at IFT x], 4.e., hit probabilities are a functicn
Lo of IFT

JF q(x) = 1 - p(x)

et qlx) = Bgla)
R X
' Limited Ammunition Fixed at k Rounds .
. |
‘: w k
' “ 00(\1) - [ EJ# l“ d(u - w) ﬂx(w)dw] 2 [S(u)]k '
3 |

|} v(u,y) = [U(Y) +

5(u) « 0 ()] tuy- /% Nt)at |
1-58(u) |°

T 1. ¢ (u)
@l(u) = [$(u) - S(“)] l.soluu, ]
-

o —— ST G T v e T R S R P
P
.

- o k i
{ n(t) = 1,(t) + 8(t - =) fo £y (x) q(x)dx] o

Example: X ~ ned(r) ; unlimited ammunition

N q(x) =

ircied . T e B

O(u) =

r
- RGT T ¢ Bhl

S, ittams 5
i Dol el R
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LIMITED AMMUNITION
A. AMMUNITION SUPPLY A RV
M

Pl=i)=oy; PlIwwlua; o + £ o 3

g 4
o » -1
n(t) = o, p Z od e 0y . Z a, z od £{#1k )
J=0 i=) J=0

*
+ 8(t - ») z C!iqi
1=0

"n)e s ) a gt
120

’,

t
H(t) = jo B(t)at = w (¢)

c ) e = 4
B [ owtet - 84y 4 ) o g
. i=0
had 4 j
o) = 2L {1 - ) oy lebw)] ; ?
1= .
PO = 1 . Z a, ot ]
) :
|
€39




0
=

e

et Alin e i RO skl Ao o

o T SR

|
!
5
§




:
L
1
1
,
|
|
!
1
1
!

T T O L s ..,

|
4
1
\
A&Gl

B. AMMUNITION SUPFLY FIXED

-l; a..ai .O;

@ = TR [ ]

P(H) = 1- qk

ak 1fk

= 1 - P(H)

n-1

P(N"RIH) = %

BN H) = gy [1—'5-95 . qu]
E |H) = 'i(:'lﬁ') [sz_q (1_qx)_%kqx_kzqk]

1 "ol x
P(N?_no|H) - m(q ..q)

P(N=n|H) = 0 ,

n¢¥k
k
"‘%‘) n=k
P(H)
PN =n) =0 , n=0,n>k
- n=-1
Pq ) l1<n<k
x=-1
- q ? n-k .
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e X ~ ned(r)

s
] k

3 - pr . qr

k. ' °l<u) pre-iu [1 ( r - iu J *

Example 2:
a, = (1-a.)(1-a)ai; a, ¥ 0; oO0<ac1l

' X ~ ned(r)
( o .(u) = pr { ~roq + (r - 1\")[&“(1 -a)+ Q]}
1 pr-iu rll-0q) - iu

(1-0a)2-a)

P(H) = 1 - T = 1 - FH)
n-l
P(N=n|K) = B (o + -0 0" , n>1

E(N | H)

P 1-0q

) op+ (l-aju,  (1-0)(1-a.)q
" FHIQ - oq)

(Lea)(1-a) , 2(1-0a)1-a)yq
ol l1+g .

oq(1 - a)(1 - a )1 + aq):l
1-oq)

che

e s sy

et s e e ca
b T, T T e B e e

S I
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P(NZnOIH) - .I-’(IF) [C!.-o- (1_a.)ano<l-aq ]qnoﬁl

_ (1 -a)(1 - a.)(ag)"

P(Nen |H) = , n>0
P(H) =
: P(N=pn) = CA , n=0
P
o n-1
i ALGL . [og+ (1= e + (1-a)1-0)(q)?, n>1 .
o L
:-(-i l Example 3:
e i
l,“ | % = 0
o ., ¥, Kk .
:E : ai - <m) ( 1 )a‘ 1-031,2,000,k, a>0 A
“;‘ { i
- 0 i 4 0= k+1, k+2,... 1
i
X ~ ned(r) .
Aab o) = BT _agr Y P“
1\ f re 1 <1+a)<1"'r-1u) .
oA
a
Example 4: P
-aaj_ k
. e ‘
aﬂ = o’ ai - T; 1-1,2’000, 0>0 f 1
X ~ nped(r)
P [l-exp [—a(“]] 1
r-iu _[
¢ (u) = '

ch3
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a, = 0; o = Q-axt; 1s1,2,...,; O<a<1

X ~ Erlang(2,r)

2
) - Ly . Al
1<“) - 1‘32 - a;?

VI. RELIABILITY

Weapons fail on firing. The preceding mection on limited ammuni-
Cok tion can also be interpreted as a reliability situation.

A. CONSTANT PROBABILITY OF FAILURE ON EACH ROUND

P = probability of a hit

q = probability of a miss

it P B

v = probability of a fallure (1.e., on each round fired there is a
probability of a failure). Firing ceeses at a failure.

i'?’ ptaq+v = 1 | "% 3
|

[ ]

] hy(t) = Z 11 (1) -
i .

, - ‘
o B ' oo
: ho(t) = Z va't £ (¢) m b
¢ = b
'..* o
iy ) = 0 (u)+ 9, (u), where %
- u * "
01(\1) RTICY |

Clk
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f
.],.\ l
(o]
% | * o (u) = u .
g | 0 1 - qoiu
b Example 1:
(
;’ ' X ~ ned(r)

ho (t) = wvre (p+v)rt

| T nt) = (p¢ vyre" (PN
i ; i B. ROUND NUMBER ON WHICH FAILURE OCCURS IS A DISCRETE RV
{ | ; let K = RV, round mumber cn which a failure occurs (it is
r ' n discovered one attempted firing later).
L PKk=k+ 1] = o = P[A failure to fire occurs on round k+ 1]
*. i}
), % =3
k=0
[ o :
- el 1%
b, (t) 2 Pt L (t)( z ozk) |
i=] k=) '
, @
B o n(6) = Z o R RACIE D P
' 1=0

A6 o, (u) T q“ = [1 - Z o & ék(u)]
k=0

00(\1) - Z 01 qi+l *1*’1'(“)

E
it I e it B (e e

cls

SRk a B




. e et e L g Y mr—
s - M— bk R e pra

e e g

G (z) = Y a, 21 (z transform of KX)
X L %

2

(- G, [aé(u)) E
o) = —Jl-hq%u [1 a3 Ty I A6
oo("") " leqé»(u)] . .
VII. LIMITED TIME-DURATION | ‘-T
A, T A RV
L r
of of £ (¢t) = o(w) ‘:_,1
L N .
By(t) = P(H) By(t) = = [f.., e vt °(u)du] F;L(t)
o) = BE) V) = gl [ Haswlls) ol .
. L j ®(u - w) o{w)av
2ns L v
| L2 [T a(w)e(u) - aja 1 o(-u) @
P(H) 557 J/-“ u 3 - 1Jdu & fL (u)u(u)du
P
~®=  _(n) , 1
Pp— o (-w)(e(w) - 1)a .
p(H) U (H) o J_.. L “w W 2
.- =i o) (w) ofw)aw {
21r1.ml v v !
O(n)(_“) = .i; &(u ""”u-o

cLu6
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& = ) e g

E' ho(u) = P(H) hﬁ(t) - L I.. e [0(\‘:)-l]du

Eg N r?,;it) fL e.iutu'{uzdu

E *gm) - R vgw) = g f : o = w)(e(w) - 3)av

%‘; - E%I \/; o(u - w%;?(w)dw

;.

IR CER LI i CS I P P )t

F | P(H) u (H) = 21r:n*1 [: e(n)(w)?(“)'—m

sl - 1 [L o) e(u)aw |

O(D)(_w) - B“Ggu -wz ,
&ln

u=0

B(t) = ny(t) P(n) + by (t) p(H) .

Example: Let X = Erlang(2,r)

.1 th
rT(t) ,l.e /
L

2 2
0+ gt
hpr T ,1'-1"l'+1

¥ o
o A o e o cedieowcdacem -

P(H) “l(H) - Bpra_(Zr + 1/T
[@r+ 1/7)F - 42 q)°

ck7
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b ) = —grlert e dl
i hpr 12 + byt + 1
by () = PG myle) = BB RO i pr g
q
B. T, A CONSTANT (7)
n (¢) = P(H) my(t) = 2 f e ou)au ; t<T

¢ (u) = P(H) vy(u) = 5-1—[ “"')['- = 1law

PH) = 57 f“ S(cu)l(e”” - 1)av

2ri u

@ .(n) iwt
P(H) b (H) = zﬁlml f“ 0" (-w)[: - 1law

® -4
ho(u) = P(E) hg(t) .2!'02%2 j:w e “T[°(::) - 1]du

. Bt-1) / e~ iut o(u)au
2n

f“ ei(u-w)‘l’ L%l) -m!
w

tw) = RENG) = z&

- -1 j ei(u-w)‘r ®(w)dw
2mi v

® .4 -4
P(H) = 1- P(H) = Z}uf e m[:(gl-_lhu .2._1._ [ e o(u)au

UL u

w

noor® iwr -dwr
P w, () = fp [ Lltwoe L o [ el
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A&GR n(t) = b,(t) B(H) + By(t) P(H) .

VIII. INTERRUPTED FIRING

Firing with Weapons Which Fail and Cen be Repaired (Replaced)

Marksman fires until he hits or weapon feils. Time-to-failure is

an independent rv. Time-to-repair or replace is an independent 1rv.

Process continues until marksman hits.

A. LIMITED AMMUNITION - FIXED AT k ROUNDS

IV time-to-failure T, ~ ned(rL)
'e- rv time-to-repair (replace), nu contact = Tp with cf Oc(u) ¢
¥, = time since last failure

’ Q(rL - iu) $(u + irL) k ¢f of Improper
bplu) = l: (rp=Tu) =¥ 1 - $lu v rJoglu) | PAfy time-to-e-

iu- - JSn(§)at
Y(u,y) = [u(y)+ Oo(u)] e( ! rL)y fg (¢

sy, - LY A(8)ae
rL(rL - 1)1 - eo(u)] (u + 1rL) e WL

(rL - fu)[l - q¢{u + irL)] - rL(l - ¢(u+ ir )] %(u)

V(“’YL)

where

(rp - tu)lqd(u+ ir;) - @ olw)l + 11 - é(u+ 1r))] Oz (u)

9 (u) (r T PRI u = rTl — TCre T )1 O-(u)

.‘T - =
ERAPCUANREIR VEIPE. S BRSO S S

p(rL - du) ¢(u + 1.rL)
(rL - fu)[l - qélu + ir T~ rLTl - é(u + ir J] Oam

(rp - u) d(u+ 4r )q k ¢ of
B B (r-iu)-rll-é(u+ir)]%(u)

Lo

O(u) =

o AR o e s

e e

S e S

Ry
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B. AMMUNITION LIMITATION A RV
P[I = ] =a Zainl
120
N q(rL- 1u) ¢(u + :h'L) i
o (u) = Z a
o) = [ GL - iu) - L[l - ¢lu + irL)]QE(u)

(r, - fu) é(u+ :lrL)

M S T RN | (R T R i I T ()
c

(ry - 1u) $(u + ir )q

(5 )
) l 1 o- Z ai[ (ry, - fu) - r.ll - ¢lu+ ir; )J0_(u) ] 5
c

=0

i

i=0

C. UNLIMITED AMMUNITION

p(r; - du) &u + 1:]‘)

®(u) = Trp ~ WL - qélu+ i )] - 1,11 = $(u+ ir )I6_(u) °
o

Example :

Unlimited ammunition; X ~ ned(»); T_ ~ ned(r )
[

Cc
pr(fu-r_)

ou) = — ¢
u + du(r + 2z, + pr) - prr
T L [+}
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- D. UNLIMITED AMMUNITION, EXCEPT FIRING CONTINUES FOR AN UNLIMITED
NUMBER OF HITS

|
|
‘ I.e., firing never ceases and the nuxber of hits is counted.

X ~ ned(r) (derived in a naval warfare context -- submarine

‘ versus anti-submarine vessels)

Time 1s zero at initiation of first contact (combat), and

e R L TR T T T e S T L N T YR T

¢
;‘ X, - rv time in contact ~ ned(r,)
E
. d(u) -cf of X * ¥ time not in contact
! < g
1 R = rv number of hits
L
ot TR - rv time to R hits

'I'R T - rv time to R hits, not in contact
’

A time to R hits, in contact

- ¢ef of DF of T _
R,C R,C

©

—

=

~r
]

2 OR,C(u) -ef of DF of Ty .
3
3 Op(u) =-ef of DF of T, = 0 _(u)+ o (u)
: R,C ’
K, .

‘ Tc = rv time since start, in contact

| T - rv time since start, not in contact

c

OC(u) -cf of DF of T,

O (u) =cf of DF of T_
c C

o
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o{z) 1

R,C = T-Iu+ rg+ pr - x5 ¢ _(u) - prz)
(o)

rc[J. - ‘_é(u)]
ful - du + Yo * Pr - ¥ b_é,(u) - prz)

G _(z2)
R,C
Expanding in powers of g, the coefficient of o s 01,0(“)
and 6 _(u), respectively; also,
i,cC

Gp c(1) = ¢cf of PlBeing in contact at time t) = Oc(u)
’

G _(1) = cf of P[Not being in contact at time t] = @_(u)
R,C c

Yo
tay, - .~ M(tlat
v _(u;}'c) =y _(u)O)e ¢ 0 6
R,C R,C

where Yo is time since last contact
v _(w,0) = r, e .(u)
R,C C "R,C

GW_(Z) = To Gl(lf()t .

c

Example :

X_ ~ ned(r_)
c ~

4

r = iu

C
-u§ - dulr_+r,+pr-pre)+ r_pr(l-2)
C C

o
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PRI TR TRAE A

G (2)= — ‘¢

P R,T -u’ - tu(e_+ro+preprz)+r_pr(l-g)
c c

(pr)f (r_-1u)™3

o, o(u) = —— £
R, C 2
[=u" = dulr_+ ry+ pr) + pur_
C Cc

PES U ¥es T

1

T T LR

| ro(pr R (r_-)®

3 ¢ () = — - 1
- R,C [-u” - du(r_+ r + pr)+ prr)
. c c

o (u) = ¢ _(u)+ o, .(u)
» ' R R,C R,C

- = p ¢
; M&AL ElTg) = R =555~

c

n.b., since firing is unlimited, this contains time to R
hits when R+ 1 hits have been made, etc.

IX. TIME-QF-FLIGHT INCLUDED

X = yv (CRIFT)

T, = rv time-of-flight (TO¥)

- ‘4
X T, = Tv time-to-fire killing round :
8 i
| !
1 T, = rv time-to-hit target ]
® i

fp, = P of Tp ~ of = 4y(u) | !

par of T ~ cr-°x(u)

7?‘
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A.

h(t) pdf of T ct = ¢(u)

M
£(t) = pdf of X ~ cf = $(u)

NO DELAY BETWEEN ROUNDS FIRED

Marksman fires as rapidly as possible; then Tx s 3 xi, J(:l are 1iid
~x, i '1’2’000, tm & kulm& rmd 1' firedo T = T + T Y

M K F
- u
°K(u) —MTZ—” —r Y

pé(u) dp(u)
A

iuTt
o(u) = %5 vhen T, =T, a constant.

Example 1: let X ~ ned(r) ,

1 -t
£, (8) = %ot
F
“prt _ -t/t

h(t)'m(el-pr: ) t>o0, pr!‘%

- (pr)2 g PTE : t>o0, pr = %—

pr

W s TR -

Example 2: let X ~ ned(r); Tp = T, & constant.
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‘T‘" |
n(e) = pre®(t-T) £ 27
- 0 ’ t<*T
{uT
O(u) = B0 .
r Pr - iu
1
B. DELAY BETWEEN ROUNDS FIRED
Each round fired is allowed to land first and then the process
starts over again.
Ty = (X + Il,.l) + (X + T,z) + +oo + (Until target is hit)
u

°x(“) . qélu u
pé(u) é.(u)
{ O(u) = H
b 1= qélu) ¢plu)
1
] ir TF =T, a constant, then
4 iuT
o) = —Rblule”
; 1-qé(u) e
‘ *
Exsuple : Lot X ~ ned(r); £ (t) = 1t/
3 F
3 AS () (r = 3u)(1 - 4iTu) - qr
h:
E,;)
‘ C55
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“(1+rt )2-.,—

h(t) = 2prT e —— ain [\[&prt-(1+n)2 zi.,:l
bprt - (1 + r1)

vhere Lprt > (1+ )

¢ t
(T )

» -
- rie sinh \I/ 1+ r)f . Lprt Et;
1+ r‘f)z-hpr'r

vhere (1+ 1)l > bprt .

C. LIMITED AMMUNITION - RANDOM INDEPENDENT AMMUNITION RESUPPLY
s ~ DM INDEPENDENT AMMUNITION RESUPPLY
DELAY PROCEDURE (IFT AND _TOF _ ALTERNATE)

k, = initial ammunition supply (fixed)

k = replenishment supply (fixed and same each time)

Replenishments arrive randomly and independently of the firing
process. Inter-arrival times, T,» are ned(rw). The

subscript F refers to T, (TOF). Let Tp = rv time during which

ammunition is exhausted with cf $E(u) for f, (t)
E

k
Cl(u) °

r, (1 -_;l(u)k] - {u

éE(u) “

wvhere °1(“) is obtained from:

cy(@) = defrylt - () - 1) ${rglr - c ) - tu |

C56

T It ke e e

PREWERETIE W s




de(udl 1+ tu dp(u))  duyp- !Z’A,(t)at
V(\lﬂr) - I-E(ufﬂlﬂ e

viu,y)= { uly) *[

‘F(u) é(u) + 1u$g(u) vy - ]gk(t)dt
T1 - dpu) $w) °

o e s e TSy T TR

ko
(n)
1+ iugq 0 r C: :
; I_rw[l ~q Gu)] - tu
; ox(“) =P l-TﬁF—Tﬂ:‘h) $(u)
[ O(u) = °x(u) &F(u) vhere Cz(u) comes from:
- Cy(u) = $,. {rw[l - qk C:(u)] - 1u} ‘{rw[l - C:(u)] - iu}

l. Special Case l:

No replenishment and ammunition is limited to k rounds

|
(n.b., can run out).

olu) = O 1CT {1 - [qdp(u) $(u)]k}* ¢ - g (u) + 'S

o) = 0 (u) du) + @ .

2. BSpecial Case 2:

.

No replenishment. Ammunition limitation is a rv, i.e. 1

[ 4 i

P[I=4i] = ai; pX o, qi « Can run out. !
i=0 3

%
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ogln) = RPN {1 - ) oylabgw) $(u)]z} v ) e dt
i=0 1=0
= Oglu) + Z o q'
1=0
o(u) = °n(u)$(u) + Z Q, ¢ .
i=p
5+ Special Case 3: Flight time is zero.
ko 3
Loy k, Cy (u)
uq
rgll = @° C5(u)] - tu ;
®(u) = pd(u) T S ;rh:;e C5(u) comes i%
v i1
Cj(u) = ¢ rw[l - qk C;(u)] - ) . !
1

Example: Let X ~ ned(r) and let (qcb(u))k" 0, then

) X
Ci(u) = T+, - iu
J&m o - ——Pr iu
(u) Pr - 1u l+rw-iu

X. BURST FIRING

Let

cs8

qr !
r+ Ty - iu ;

b o

'
i
'

%]
|
1
|
i
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T e« yrv time between bursts

7, = rv time between rounds in & burst (burst intervals)

¢ = number of rounds in & burst (fixed)
£(t) =paf of T; cf of £(t) = é(u)
£,(t) = par of T.; ef of f£.(t) -&G(u)

2 Ze)
Y(u,y) = [um , S W) 4 ]:W-f% M4)at

1 - ¢® dw) &)

$udi1 - (qb,(w))* ) sy~ 1.8
?(u,y,) = hakls :G“ = wgJo” Aglbhas Bh(3)2
1 - qblu)l - % é(u) ‘G (u)}
(u)(1 - g% ¢%(u)]
o) = bl S msiz)
2 - q$G(u)][1 - q° &u) $G (u)]
If 'I‘G = a, & constant, then
ou) = ph(u)(1 - q° exp(1auz)) AS

(1 - q exp(dau))[1 - q% é(u) exp(ia(z - 1))

MULTIPLE WEAPONS

FIRED IN VOLLEYS OF v _ROUNDS EACH

p = P[Volley hits]; X = rv IFT, between volleys

d = Plround in volley kills | volley hits], same for all rounds involley

o) = —il=Q - a)) pblu)
1-[q+ (@ -a) plé(u)

€59

T TLen T L L IR e

oy

Ba ot =

P LT LN PP P

. 9

e




T T T R T T F TV A ER AT T e T e e e o b F ol et e Rl

Example: let X ~ wued(r),

o(u) = —pril=( - )]
pril - (1 - a)¥) - 1

A T R T T

B. FIRED IN VOLLEYS OF v ROUNDS EACH WITH LIMITED AMMUNITION

3 PII=1] =aq,; 1=1,2,..., .
w o0 i
S - (1.a) Q- 2"%;
;o b lu) = Z [: : @ - ;)_3‘)“ ]l: ll-dq u ul :l
';;‘_' | i=1
‘ : =
:
;; o R = ) v ) g ) (S)patMa-an . ﬂ
= 1=0 1=] ve0 i
: ' Exemple: Let o, = (1 - o)t enda x ned(r), 4
i 3
i o (u) = oor(l - (1-4)"] ;
o 1 v ;
r{l-al1-p1-Q1-a))
Kw & Bl PlH] = 1-o v%
1-0af1-p(1-4a)] !
3
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C. MULTIPLE WEAPONS - USED SIMULTANEQUSLY
E k weapons fired simultaneously, each weapon
‘5 X, ~ ned(r,)  and PH] = p,, 1=1,2,..0,k
o -pirit
Pt < Ty, < t+dt,i-th weapon killed) = AR dt
;| “Tyy PyTyt
E h(t) = P, T, e Bhl
[,
Lo il
t ‘ D. MILTIPLE WEAPONG - USED ALTERNATELY
P Marksman fires 2 weapons alternately
SR
L Weapon 1: k rounds fired each time with IFT fy (xl)
Weapon 2: k, rounds fired each time with IFT fxz (x,)
Weapons have PysB; kill pribabilities, respectively
Start with weapons unloaded “;:
¥, = time since weapon 1 fired lest (no hits) %
¥, = time since weapon 2 fired last (no hits) Eh?
¥ ky k “i
\ fag. ) = (yl)[l - qlél(u)lil- [q1¢1(u)] [%&2 (u)] “31 + qlél(u) *
& L e Y Nk |
: - 1 -
[c}ﬁl-(u)] [q,, (u)] lqgé) (u)] *+ [%ﬁl(u)] [q,6, (1)) 1
o kp 3
[l-q1$1(u)]{1 - [ql$l(u)] [q2$2(u)] ] :
" %
|
)

- i
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|

,f {qlél(u)]kl

" Y(u)ya) = ‘[l ’:"&aaz (u7]

]

j 1‘2 Y2
, 1- [g,d,(u)] tuy, = Jo a(t)at
i : * ¢
b 1 - Ly )] [gyh, )] 2

\ | ' Pl$l(u){l - [QJ_J’l(u)]kl} [1-qz$2(u)] + p2$2(u)

| 5 3
« laydy ()] M1 (g8 (w)] “3a- qué, ()]
O(u) = X i .
[1-qy¢, ()12 = gub, (WL - [9ydy ()] * [g,d, ()] €3
[ K
Example: Let kl = kz =1; 1”5 ’Tp respectively. 13
. r.r,(1 - q,9,) - ip.r.u
; B2 o(u) = gL 1% 171
; -u - iu(rl + 1)+ rlrz(l - qlqz)
i E. MULTIPLE WEAPONS USED CONSECUTIVELY - EACH USED UNTIL FAILURE )
f 1. Marksmen has k Rounds Initially (Ammunition Limitation) and m 3
s Weapone :
‘l : e M
. ; Let X - ned(r) and TL - rv time to faillure; same for each §
- : i
\. ‘ g
- weapon when in use ~ ned(rL). j
o ]

r+r -1u r+ r, =du_|

@O(U) - (I‘—?E )k I _r-du ](k,m) + (p‘r+ r -iu) [P!‘*r 1u (m, k)

R PN

B
o -

cé2

k

-
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T
o) (u) = ‘p?"f-'rﬁ

<r-1u) 1 redu :](k,m) (pr-r:z-iu/\n

H-rL- iu

IrP!‘*rL'iu (m, k) .
Lr+ rL-iu]

2. Unlimited Ammunition, Random Initiasl Supply of Weapons

X ~ ned(r); T~ ned(rL)

L
PIM=m] = a ; Z a =1
i m=0
‘ > b g m
5 - L
j Oo(u) 2 ozm< pr+rL-1u)
g‘ m=0
‘:: . r
" ol(u) pr-iu[ Z <pr+r -iu) '
N
\v
: Example :

a = (1 - a)®
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pr + rL- iu

- \
00(\1) <1 - Of/»[ Pr + (1 - a)rL - iu ]

_pr&x
pr + rL(l « Q) = iu

°1(u)

2e Unlimited Ammunition, Fixed Initial Supply of Weapons

X ~ ned(r);

0 (u)

MARKOV-DEPENDENT FIRE

See FM-FIFT for notation. (See p. ¢7 )

POSITIVELY CORRELATED FIRE

Three State Firer

Py [H 3] = mos PlH HJ) = p3 py>my
Py
P[Hi] =P = 7o RN i o = Corr [Hi’Hi+l]

Pk [H] = p,

céL

TL ~ ned(rL); B number of weapons

Py -

P

v. g
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Example: Let X ~ ned(l), then

¢(u) =

c. C 1u-C5
_63_ (iu - €, ){du - C,)

™ - CRIFT
H HK K
2 B/ 1-p pl-p) : PPy
] 5 = KK 1-p R -py) | PoPx -(E- t
________ |— — - 0 1l
X 0 0 | 1
Let
PT'(I'PtP:ED;'(QTEO)
Bn) = g 8n - g5t
| | E[N] = gf(1-p)? [
oy : - -
S vinl = gt - Pt - D - Bt - Bl
| ElT,] = ‘E
| [r,] E[N] - E[T)
vit,] = EIN) - viT] + VIN] E° (1)
o) P, P, $(u)1 - (p, - p, J(u)
YT Topgip | TN v 5o b0 (3 (u))]"'Pl(l-pkN(u))
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2 .
[1 + 1 - Rl -p) '\[1+ P B - py) - bayny ]

c3 = 1-po+pl .

IFT'S ned

pdf IFT when in state E, =

- 0 » elsevhere

Dir,) =

O o o ¢ O O
o
N"l
..
.
« o o0

L[] L] . . L] . L . ’Ir

t
A = Dr)E-1 5 m(t)=g zﬁ B

At

~

nt) = &' ¢ An

bT = (}\l’...’)\i’...’xm) vhere 7\1<O, i '1,2,...,m, AO = 03
we note that the \,'s are the characteristic values of A and if

A has m+1l linearly independent characteristic vectors, then let

c66
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X Le the matrix of characteristic vectors of Q

:'gg be the zeroeth row of 5

%! be the m-th column of X

At
H(t) = 1+ x pled )y

At
Be) = xg DA et )xt.

C. MULTIPLE WEAPONS: TWO WEAPONS FIRED IN RANDOM
MARKOV-DEPENDENT ORDER

IFT - x1
Waapon 1:

Hit Probability = i 9 =1l-p

‘ T - )%
Weapon 2: l
Hit Probability = B,

Firing order determined by transition matrix

Weapons 1 2
1 P P
= < 1 12 ) y Tiring starts with Weapon 1
2 P23 P2
let

Ba3

C=1-qp, éu)-gn, &) - % (P Bpp = PrpBpy 1y () &, (u)

Op(u) = L $1(u) 4% (pl],pzz - p12p21)$1(“) *2(\1)
o]

ce7
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1 fyl (e)at
W -
v(u,yl) - [U(yl) + Oo(u)]e 170N

y2
V(u,yz) = M eiwz'fo 7\3(1)65

¢, (u)
®(a) = lcul [pl+ (p)%Pp7 = PPy M (W)

Exemple: let X, ~ ned(rl) and X, ~ ned(rz).

C 102 - iplrlu

o(u) = (lej.uf(cz - {u)

where

Bhé C) G = mrplloqipy = 9pp+ 4491, (D) P = PRy )]

XIII. MISCELLANEQUS RESULTS

THECREM: Let P[H] =p, P[] =1-p, PK|H] =p,  and p,p,
constants; however, conditional hit probabilities vary depending
on prior history. Define the positive correlation as:

P(H g | bits on specified previous rounds and miss on all others)

> P[Hi | miss on at least cme of the specified previous rounds
and miss on all others] .

Then, firer always does worse with positive correlation than with
independent firing.
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n.b. (a) any hit may be a kill, i.e., overkilling is allowed

(b) this is not the same as the usual definition of correlation

} (for which this theorem does not apply). It is stronger
than ordinary correlation.

2 This theorem does not apply, in general, to FM or FD but may de

specialized to apply by making the first kill an absorbing state. Fil

L el e 2

R,
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FUNDAMENTAL DUEL - FIXED INTERFIRING TIMES
(FD - FIFT)
CT0
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FD - FIFT

I. FD.FIFT

(Y
XA -8 XB = bl; %A -% vhere e,b ar: relatively prime integers

= TR T IR T

=

and a.l/bl is rational

m = [%J; [xdl-[(d+1)%]

R-a-b[%J; 0O<KR<bH, a=m+q
n

»4) = 1. b % 9

" % gm0

BT BJ* 1) %]
1 - oOF L %%
T Q% g0

RN SR

b=1 a-1
P,be 1, "Q
P(AB) = -A__.B A B —

b a A&W1
1-q,9p

] a’
i P, a4 [n b
PNy =2 A) = 55— g
b-1 | (x,]
b a Z (3+ 1)quan) g
Ia%p d=c ie
E(N, |A) = + -
g 1 - g9 T (@Y g
q q
P LI
21 Pa 9y v yad(1 + ¢lgt)
E( A IA) = b a b a4
P(A)(2 - q,q7) (1 - qq5)

.
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A&Gl

A&Ge

FD - FIFT

2b oot

b=
+ % (3 + 1)(qag)” gy
"R g=0

- ‘

: X
) 3+ 1P () g 9
J=0

)

b &)[no/b]

‘pA(qu'B {3
b ,,
P(A(QL - QAQ;) b

)
2 x] X [x,] |
. [q:qg Z (0,82 g5 3 + *z (q,qp) g 3 ]
30 R =

> =
P(N, 2 n, | &)

vhere A =n, - [ng /vlo, 1i.e., the remainder when n, is divided by
b, 0 < A < b

P(h) P(T) = na; |A) = p-1 qém/b] )

pA qA n=1,2,..-

PyP
- \ - -AB (D ayn -
P(AB) P(T)) = nbe, | AB} 40, (g5a5)" » n=1,2,...

g(t) = PlA] PIT) = na, | 4] 8(t - ns,) + P[B] PIT, = nb, | B] 8(t - nb,)

+ P[AB] P[T) = nba, | AB] 8(t - nba, ]

Example 1: let ‘1'°b1 withb a=¢c, b=1 and ¢ a positive

integer:

CTe

T R Y o ey

[
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!
¢ c-1 i
P, 4 Y Q.
P(A) = A'B - and P(AB) = _ip.g__?c_ . :
._3:1 l- qu'B l-qu'B 3

- s .

Example 2: Let bl = cay with a=1,b=c and c¢ a positive
L i integer;

ST

q:"l PB pApB qc-l l
3 P(A) = 1 - —=——=  and  P(AB) = ——— . A& WL :
1- 9,9, 1-4q,9; ’
} i Example 3: i

g | On the following page are three graphs, as follows:

; () From Example 1 with ¢ = 2. This is the same as r, = % Tge The %

] a1 .
| right end points of each contour are at g =1 - NP(A) . 1
TF . (b) From Example 1 with ¢ =a =b = 1. This is the same as "

1 Ty = Ty The right end points of each contour are at

. pB =1 - P(A). i
e (c) From Example 2 with ¢ = 2. This is the same as ry ¥ 2rp.
The end points of all contours are at p, = P(A). 1
!
! 1
| ]
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II. VARIATIONS OF INITIAL CONDITIONS - INITIAL SURPRISE

l A has time ts in vhich to fire before B starts

)\-cycletime-alb-o.bl

Y * number of rounds fired by A before B's first round

t
= [ a._8+ 1] vhere [x] = largest integer < x
1
[ In A time units A will fire b rounds and B will fire & rounds
| - oY =1 - oY
S et e 2dqs g ml-q
In a cycle there may be either 0 or 1 simultaneous firings.

let M=a4 b, and define

?'Y*l sz cese '?'y*i coe "I-'er » 1f no simidtaneous firings
h .; s ?y‘}l ssssessescssoes Eﬁ"’M"l » if one simultaneous firing n
i;;‘ : - '
11 £ 1
g{‘ ' ' {.55
?'frﬁ ‘ 1:1
I bR %oy !
1 % . o 1 o o 5‘
SR o 0o 1 o ;
:. \'o o o 1 f'}
' 12
| vhere ?’.’ﬂ' " ?A or = EB or = ?A.B » depending on the order of firing f
in the first cycle, i =1,2,...,M (or M-1). 4
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QP Pp
0 1
)
o 0

Li-!

O O O ¥
o opr O
o+ o ZF

O =+ O O
» O O ©O
&0-1
= O O O

TR T T N T RS T TR T

P PAly Pl PRy
. 0 1 0 1
0 0 1 0
0 0 0 1

The firing order in the first cycle is determined by:

n

tyy = time A fires i-thround = (1 - 1)a
Vi '

PR = =

\' f tBJ time B fires j-th round t‘ + (.1-2!.)‘0:L

i3

(nsb., A fires b rounds in ome cycle; B fires a rounds in one
cycle; and B fires his first round at time = ta).

After J Cycles

Ciad
e s o o et

e st i

a3 P"[no hits] = ey ti

T -)

c.t
P[s] = I—i’—-t}—l (l-ti)

Y Pa) = e, + cltil

et
Piap] = L (l-ti) .
1

l1-t

i 3 R S . 51O et Lo T W S s
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¥

@ t
‘ - Y A__ 2
l P(a) 1-q + 1%,
b ¥
, Q@ t
X p() = &2
3 - 'Cl
4 y
2 q, t
4 P(AB) = A2 | 6r1
A l - tl
. &
' Example: let & =b with t, <a,
t P Py
! P(A) = ——t and P(B) = s———
% > 8 l- quB 1 quB
: Pl(k~-1)a + t, < T, < ke+t,,A is alive)
k-1
Lo k \ J
‘ = (g9 + 5 ) (g,95)

J=0

Pl(k-1)a <« T, < ka,B 1is alive) Sel
x5
4
¥

k-2
k-1 " 3
- qA[(quB) " v ), quB:I ‘
3=0

III. MULTIPLE HITS TO A XILL

Alternate firing, i.e., &, = bls ts < &y where:

Ri = fixed number of hits required for i to kill j (either may

start first), 4,3 = A,B

P[1]J) = P[4 winsgiven J starts first], 1,j =A,R

cT7
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Let C = min (Ri ,R,=1) where i is the contestant to start fiyst

J
(A or B)
Rpi-1 R R,+3-1
-‘ A A R, R,-1 “R,~J
13 Ba By A
P[B|A] = i Z' ( . )( ; )pA PB q‘A qB(l'QAQB)

i=0 3§=0

PlA|A)} = 1 - P[B]A)

To obtain the other probabilities, interchange A and B.

Examples :

PA = ,3, pB = .5 pA = pB = ,5 pA = ,5 pB = .7
Ry | Ry P(B'A] Pp[B|E) | PiB|A] P[8|B] | P[B|A] P[(B|B)

1 1| .5385 7692 «33533 6667 4118 8235

5 3 | 4257 .5010 <1139 1728 2576 +3579

5 5 | 8201 8630 U512 5488 JTh1Y .8381

7 5 | .5955 6541 «167h 2266 4159 5278

7 7T | .8695 .8981 14599 5401 .7981 8669

10 | 10 | 9160 «9330 R Tyl .5329 8545 .9002

YA

Iv. LIMITED AMMUNITION

A draw occurs if both run out of ammunition, or if A and B kill
similtaneocusly.

cT8
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AMMUNITION SUFPLY A RV
Let x -8 and xB b
=
P(I-i)-ai, P(l=w)=qa,, 112,000, and o + I Q =1
i=0
(-]

P(I=3)=p,, PU=w)=p,, §=12,..., and B + = p =1
3 joo T3

P(A) = }i [pﬁz 1 a, i
n=l imm
[ eo
. nzb qB <l5 + ,j) [na/b]

3 =0 a-[naib]+1

P(ap) = Z, i%lb qB+pAsz o va-l

(o 3 )(o L ;)

-V‘
n=-1 o
PN, =n|a) = Ak _ (o ¥ 4
A S ( i)
i=n

[na/o] ®
PN RN N R
J=[na/bl+1

J=0
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Occasionally, in what follows, there are sums which may have upper
limits vhich are less than the lower 1limits, under certain conditions. In all

such cases the sum is to be considered zero.

(N, =n[B) B(B) = a (1- Z quJ)+ (l-c )pBY <b+ ad) b=

k=]

o (a/p] ) !
= aO(l-JZongj )” (1- 0 )py 2 q;;-l( Pu* azf: Ps ) 1022

where n = Q.

(N, =n | B) B()

- 9 : % ™) py <°~ Z Blna/ole3)* < Z, )q[m/b]

k"l
[ (ml).ﬁ. {na/v] d
k-1/ )
k=] J=k
vhere n ¥ 0,b,2b,..., and n+1 § 0,0,2b,.c. ,
P[N, =n | B) B(B)

a ql[anl/b] (b + Z b[na/bh*)*(" +Z 1) fnafol

k'l

>

=q

c80
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:3
[a/il-l L] ) .
k-1 :_
* Py % <5~ * Z Pina/ol+ g 1
k=1 i=k f ;
a
where n ¥ 0,b,2by.ee, and n+ 1 = b,2by000
i
P(N, = n|3B) »(8)
. N (na/v)-1 Z Z {
. B {4 %% Pg (‘5‘» * P(na/o }3-1 )
K k=1 I=k
e (na/b)-1
2 ¥ <°’°° * z % ) g Py
! : i=nt+1
-, k-1
: . U < B *+ Z b(na./b)-l-fj )
k=1 3=k
vhere n = b,2b,.,. . |
P(N, = n|B) P(B)
r na-1 k-1 '
"9 V%% R 2 9p (ﬂ.. * Z ”na+.1-1)
k=1 J=k
o na-1 N k-1
+<a“°+ Z &i)qB PBY“B .
1'n+1 k:l
c81
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-(a. me“) » n>1 and b =)
=k
n o0
| q
P(NA-nIAB) = f‘mﬂ- Z 53 qg » vhere n;“b,Zb,... .
J=0
P(NA-nIAF)
- 1 n -1 ( - N
P(AE) ) % % Z By 95 + ZyPy QKlqlé"‘/b) 1(“»*2 ai)
J=0 i=n
< 85 )
J=(na/v)

vhere n=5%2u,3,... .

P(Ny =n) = #(N, =nla) P(a) + P(N, = n|B) P(B) + P(N, = n|aB) P(AB) .
B. FIXED AMMUNITION SUFPLY
Let ak“l’ a--ai'oy 1k ,

b!.l’ b“-b‘j-o’ J*l .

P(A) = q;(l-q:) ,

A LS AR S Lt L A A SN L o, At i airai- s 2 R ST e e Al £ FA U A TR o SR s S L A (T ST ST R Mt T it i iR L AR L
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- & 1 [nafol, £, ™ Xk
S - n- ne -
. n=1
K -1 [(na
u 3 e S
B n=1
? X
':" = ] - qQ, , n > k!
§ vhere n, = [ f/a)
‘ minio,ﬂ)
E' = k 2 Jb-l Ja-l
P(AB) x5 * PPy QG 93 ) k>2b erd £L2a
3=
k ¢
r = Q) 9y ’ k<b or /<a
| ’ where o = [k/v] anda n = [t/a] .
él
f AP(A) = P(NA > i+1,4) - P(NA > J§+1,A), using o =1,
T where AP(A) 1s the increase in A's kill probability if A's
Mg initiel supply is increased from i1 to J.
0 P(A) P(N, =n|A) =p, gy " q
9 _ n-1 _[na/v]
- | 1< n, < k
n-1 1 S
= PA qA qB ’ n nl
= p, a1 glre/o] k <ny <kt
~p, at , n, >kt
c83
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L, ktl L3 -
E(N, [A) = i nP(N, =nla) = qplkqy ~ - (k+1)g, + 1}, n =0
n=l
n
- ™ x
= Py 2_, “qxlqzlam/b]*qn(% - q) ’ lsm Sk
n=1
X
= 1, Z nqy qlg"‘/b] , k<n, <kt
n=l
k+1 k
= kg, - (k+1)g + 1 . n 2 k!
X
n.-1
2 "o X
P(N, > n,la) = Z PN, =nla) = qglq,” -4q)) , n =0
n'-no

nel \  n-1 [nafl ., £ "1 ky n <n
Z CTC + ag(g,*-q,), T0="1

Pp U A
n-no
1<n1<_ 1
n.~l
- 400 X
agla,” - aqp) » B2y
. /ol
- n-1 [na/b k <n, <k!
n-no
no-l
=q, - q . n, > k!

AP(A) = p(NA > 1+1,A)-P(NA > J+1,A), wusing o, = 1,
where AP(A) is the increase in A's kill probability if A's initial

supply is increased from i to J.
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S Example: let m = [a/b); [x,] = [(3+2)§ ] vhere @ =& - tm;
. r &180 let aix (l-a)ai, 1=0,1,2,000,; O,=03; pd .(1-5)'_5.1 ,
: « 3 =0,1,2,..., and B, =0
Ex m b=-1
I op, | 1.4 apB(an ad,  JdxD]
P(1) = AP, ) (o (eap) Ce<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>