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I STATEMENT OF PROBLEM

“""‘js:b Printed~circuit or microstrip antennas have proven to be extremely
useful in a wide variety of applications requiring radiators that are
both low-profile and conformal. Previous theoretical investigations
have relied on simple models, which provide very useful information,
but are limited in their applicability and accuracy. During the
present project a more rigorous theoretical approach has been developed.
In addition a radiator with a new geometrical shape, that of an ellipse,
has béen investigated both theoretically and experimentally. The
resulting antenna is able to provide circular polarization using only

a single simple feed network.
—
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SUMMARY OF RESULTS

Several problems associated with low-profile antennas were
addressed in this project. A large portion of the effort was directed
toward printed-circuit or microstrip, type antennas.

From the time of their inception printed-circuit antennas have
been plagued by a seemingly insurmountable problem of excessively small
bandwidth. From all indications there seems to be little one can do
to improve the bandwidth beyond simply increasing the thickness of
the substrate. This method cannot, however, be extended too far
without the loss of the highly desirable low-profile characteristic
of the antenna. In some applications increased bandwidth 1s only
needed so the antenna can operate at two distinct frequencies which
may be too far apart for one antenna to operate efficiently at both
frequencies. For this purpose a dual frequency antenna was designed
by stacking two slightly different sized circular discs. Through a
proper choice of the two disc diameters and their spacings, the two
resonant frequencies can be adjusted to the desired values. The
technical details have been previously published and are included in
Appendix A.

Early analysis techniques for printed-circuit type antennas
treated the antenna as a resonant cavity bounded above and below by
conducting plates and on its sides by perfectly conducting magnetic
walls. This assumption limits the model to very thin dielectric sub-
strates and results in an infinite input impedance at resonance.
During this project the antenna was modeled as a cavity with a finite

admittance wall on its side surfaces. This admittance surface was
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determined by the radiated power and fringing field at the edge of the
radiator. Using this improved model the input impedance can be cal-
culated directly and results in better agreement with previous experi-
mental data. The technical details and specific comparisons with
experimental results have been published and are shown in Appendices B
and C.

In its usual simple configuration whether rectangular or circular,
the printed-circuit antenna produces a linearly polarized radiation
pattern. In many applications, however, circular polarization is
required. Through the use of multiple feeds and phase shifters cir-
cular polarization can be provided, but with the obvious increase in
the complexity of the total radiating structure. In an attempt to
solve this problem, the elliptical printed-circuit antenna was inves-
tigated theoretically. The results show that circular polarization
can be provided with a single, simple feed by simply making the shape
of the radiator slightly elliptical.

The boundary value problem to be solved consisted of an elliptical
cavity surrounded by a surface admittance wall as previously derived
for the circular disc case. Standard elliptical coordinates can be
‘used and the resulting fields expressed in terms of Mathieu functions.
To provide circular polarization the ellipse must have a vefy small
eccentricity and is, therefore, almost circular. For these small
eccentricities approximate formulas are available for Mathieu functions
in terms of more frequently tabulated Bessel functions. Using these
calculated interior fields the total radiated fields can then be

determined. For a proper choice of eccentricity good circular polar-

3
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ization is predicted for a feed located along a radius at a 45° angle
from the major axis of the ellipse. The opposite handedness polariza-

tion can be generated by placing the feed at -45° from the major axis.

The detailed theoretlcal derivation has been accepted for publication
and is includgd in Appendix D.
A systematic experimental investigation was also undertaken to

study the elliptical printed-circuit antenna. Several sets of ellipses

were etched on printed circuit boards of varying thicknesses. The
slightly elliptical discs varied from a minor to major axis ratio of
1.0 (that of a circle) to 0.96. The field patterns were measured for
each disc at several frequencies near the frequency where best circular
polarization was obtained. In addition the axial ratio was measured
for each antenna as a function of frequency. Finally, the input
impedance of each radiator was measured. The data was compared to
available theoretical predictions and overall agreement was found.
Detailed measurements are illustrated in a paper accepted for publica-

tion that is included in Appendix E.
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A Dual-Frequency Stacked Circular-Disc Antenna

{ STUART A LONG. MEMBE R, ILEE, AND
: MARK . WALTON

Abstract The dual-frequency behavior of a pair of stacked circular-
dise printed-circuit antennas is investigated experimentally. The input
impedance is measured as a function of the sizes of the discs with em-
phasis placed on the values of the two resultant resonant frequencics.

I INTRODUCTION

In recent years the use and interest in printed-circuit (or
microstrip) antennas has become widespread. A wide variety
of shapes and configurations have been developed into useful
radiating systems, In addition to being low profile, their posi-
tive attributes include ruggedness, ease of construction, and
low cost. Perhaps the sole major problem of the entire class of
antennas is their seemingly inherent narrow bandwidth, Little
progress has been reported in overcoming this major obstacle.
The most usual niethod of increasing the bandwidth is simply
to increase the thickness of the dielectric between the radiator
and the ground plane, This method cannot, however, be ex-
1 tended too far without the loss of the highly desirable low-
profile characteristics of the antenna. Such a technique results
in only minimal increases in the bandwidth with the resulting
thicker antenna still being quite narrow-hand in the usual sense
i (less than 2 percent). Some significant increases in bandwidth
have been reported for a more complicated feed arrangement ,
using two probes and a balun [1]. ;

IFor some uses, however, the increased bandwidth is actu-
ally needed for only two distinct {requencies which may be
too far apart for a single antenna to operate efficiently at both
frequencies. The behavior of the antenna characteristics for ‘
the range of intermediate frequencies may be of little or no

Manuscript received June 6, 1978, revised September 2, 1978 This
work was supported in part by the U.S. Army Research Otfice under
Grants DNH4-754G-0187 and DAAG-29-75-0187.

The authors are with the Department of Electnical Enginecning,
University ot Houston, Houston, TX 77004.
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Fig 1 Stacked cuculur-dise antenns stiuctuse

. 2 Simth chart impedance of stacked structuore,

concern. Ior this purpose a dual-frequency antenna can be de-
signed by stacking two slightly different sized circular discs.
Through a proper choice of the two disc diameters and their
spacings, two separate resonances can be found and adjusted
Lo the desired values {2].

II. EXPERIMENTAL MEASUREMENTS

The proper feeding method is not necessarily apparent for
the stacked circular-disc structure, To provide the desired dual-
frequency behavior the inner conductor of the coaxial feed is
allowed to pass through a clearance hole in the lower disc and
is then electrically connected to the upper disc, as shown in
Fig. 1. The actual antenna measured consisted of two circular
discs which were photoetched on separate microwave printed-
circuit boards and then carefully alirned so that their centers
were along the same line perpendicular to the ground plane.
T'he driving-point impedance was then measured as a function
of frequency using a network analyzer for the stacked struc-
ture. The sizes of the two discs and their respective spacings
could be varied and the resulting behavior of the antenna char-
acteristics then noted,

‘The majority of the measurements were carried out for a
structure with the lower-disc diameter 24, - 3.78 cm and with
he two spacings /; = dy = 0.075 cm (approximately 1/32 in
cach). The dielectric material was teflon-fiberglass with a rela-
tive permittivity of €, = 2.47. The upper-disc diameter 2a,
vas then varied in several increments from 3.5-4.0 cm with
he feed position located near a point one-haif the radius from
the center of the disc.

A typical impedance, that for 24, -~ 3,78 cm (the same size
s the lower disc), is shown in the Smith chart of Fig. 2. In-
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stcad of the usual circle that would be mcasured for a single
circular-disc printed-circuit antenna, two very distinct circles
are scen. liach of these circles crossing the right-hand real axis
corresponds to one of the two desired resonances. 'ots of the
real and imaginary parts of the impedance versus frequency il-
lustrate this dual-frequency behavior more clearly. Three typi-
cal cases corresponding to values of 22, = 3.70, 3.78, and 3.85
cm are shown in Fig. 3. Separations of 10 percent between the
two resonances are clearly evident, This is far too wide a separ-
ation to be covered by a single disc with a simple coaxial feed.
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TARLE |
RESUNANT T REQUIENCH S AND MAXIMUM RESISTANCES FOR
STACKED CIRCULAR DISC ANTENNAS

h‘ 1-2 ‘l dz IL IL ‘U lu
(cm) (cm) (cm) (cw) (GHz) (ohma) (CHz) (ohms)
31.50 3.78 018 015 2,853 157 3.338 189
3.70 3.78 .05 .07% 2.840 167 3.120 200
3.5 .18 079 07 2.830 175 3.170 18
1,18 3.78 015 .07% 2,825 182 3.110 1m
Y.R0 .78 .07% .07% 2.820 179 3.123 182
1. 8% (4 ) L079 .07% 2,804 178 3.060 142
4.00 3.78 075 .07% 2,728 175 3.009 97
1,78 I 7n 0135 075 2.86) 154 3,132 97
. 00 3.8 .01y L0363 2.810 95 1.2% 75

The functional behavior of these resonant frequencies can
be tnvestigated tor varying sizes of the upper disc. The two
dashed curves in Fig. 4 show the upper (f,;) and lower (/)
resonant frequencies as the diameter of the upper disc is
vaned. For comparison, the theoretical zeroth-order resonant
frequency (1) for a single disc of diameter 2a; is also shown
in Fig. 4. In addition, the theoretical first-order resonant fre-
quency (fy) which takes into account the effect of the finite-
size thickness of the dielectric (31 is also shown as a function
of 1ts diameter for two thicknesses, dy and Jy + dg. The lower
resonance (f; ) is relatively constant, remaining near the value
of a single disc with 2¢ = 3. 78 cm and d = .075 ¢m. The upper
resonance (fy;) 1s highly dependent on the size of the upper
dise with a functional hehavior similar to a single, but slightly
larger, dise. A summary of the data taken, including those
cases shownan Fig, 3, is presented in tabular form in Table 1.

{135 thus possibie to effectively set the approximate value
of f; by the choice of the size of the lower disc, and then,
relatively andependently set fi; by a proper choice of the
upper-disc diameter, Vanations in the positions of the reso-
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nances also result when dy and dy are changed. A limited set
of data for this case is included in Table | for reference.

The far-field radiation patterns were measured in an ane-
choie chamber near the measured resonant frequencies for the
particular structure with 2a; = 2ap = 3. 78 cmand dy = dy =
0.075 ¢m. The results are shown in Fig. 5 for each of the
resonant frequencies and for one intermediate frequency. In each
case the fields in the two principal planes are shown, first £y
fore = 0° (F-plane) and then l'.'q, tor ¢ = 9Q° (I{-plane). (The
feed is located at ¢ = 0.) At f; = 2.83 GHz the fields are seen
to he almost exactly the same as those of a single disc [4]. In
each plane a rather broad pattern is found with the value of £y
still finite in the # = 90° plane but with a natural null for £,
there, At [y = 3.1 Gllz the basic pattern is still the same, but
some pattern deterioration has begun to show in the form of a
small dip at broadside. An additional measurement at f = 2.9
G117 shows that the pattern is still very well formed, but there
waottld be a very sizable impedance mismatch at this frequency.
[tis therefore seen that the narrow bandwidth s primarily due to
the impedance vanation and not due to pattern deterioration.
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{1, STACKED STRUCTURE WITH LOWER DISC DRIVEN

Connecting the feed directly to the lower disc and allowing
the upper one to bhe purely parasitic produces an entirely dif-
4 ferent impedance behavior. When plotted on a Smith chart the
impedance forms only one circle in the same fashion as a
single disc. For this radiator the inclusion of the upper disc
affects both the resonant frequency and the maximum value
of the resistance. This behavior is seen in Fig, 6 where the real
patt of the impedance is plotted versus frequency for several
ditferent sizes of upper discs. Fach are edge driven with 2a,
3T cm, d 0 dg 0075 em, and the panicutar upper-dise
diameter as shown. The inclusion of larger discs s seen to shift
the resonant frequency down in value and also to decrease the
value of the maximum resistance. Some slight improvement in
bandwidth is also seen from the relatively broader resonance
curves.

IV. CONCLUSION

When additional bandwidth is only needed at two discrete
frequencies the stacked circular-disc antenna can be useful.
Even though the bandwidth around each resonant frequency
is only about | percent, two frequencies separated by 10 per-
cent or more can be accommodated. A proper feeding struc-
ture is, however, extremely important to insure the desired
dual-frequency behavior.
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Liang C. Shen, Ph.D.

[ ~ Analysis of a circular-disc printed-circuit antenna

‘ ndexing terms — Antenna theory, Fleetric impedance, Electromagnee felds, Microwave antenngs, Printed circuits

Abstract

. The dnput impedance and the electromagnene fields of & cucalar-dine punted-ciremt antenna are found. The
attenna s doven at an asbritiary point. The present amalysis takes into account the radiation through the side wall
and the frmge ticld at the edge of the printed-corcuit antenna.,

1 introduction

Pronted-Cirant antennas operating ot icrowave Fregquencies
ate ey commueady used onomany Qyug abjects aod satellites, By
st simebs onentar-dise antenna crched on s morowive prnted.
et b Fhe antensss las o cading egual to a0 and s dniven by a
connval e taough the poand plane at tedal distance A frony th
centre The theckhness and the dielectoe constant o the substrate
of b prnted cromt board e denoted Joand o espectively The
permeability g al the substiate s equal to that ot the an, e g pg,

I previous studies,” ' anadytical fmmmbas 1or the electiomagnenie
Helds wegde e autenna are denved by treatige the atenns as o
: resomant cavity bounded above and below by conducting plates and
. oo the side by g perlect magnetic wall, Tt has been shown that from
thas simple moded ol the antenna, the radiated fields can be obtained
woample amdy e fotms whach agiee gquite well with the measured
data. However, this sunple maodel wilf lead to mtingte input impcd.nuc
amd infinite Llcdmmu,ncm fields at the resonant frequency,” Hu\
ditficulty is avoided in previous work by using equivalent circuits,”™
The tunitation at s approach is that the dielectric substrate must be
very thin,

o - & —

_ ?‘,\uru Trsrrpr rTrgrrs ?ﬁamhﬁn——
\ d dielectric \ \ N, \
‘rrvr}r\rv !vrf‘f7777§’7 ﬂrr-r;r " ;'/ - >y

!

E

P
X

Fig. 1
Creenlur- dise printed-circut antenng with couvial feed gt r = b,

In the present analysis, the antenna is modelled as a cavity with
fintte adimttance wall on its side surtace, The admittance surface is
deteruned by the radiated power and tringe tichd on the edge of the
antennd. Using this model, the input impedance can be calculated
directly from the basic definttion.

Paprer X5 24 L, tiest received 28th Marely ard i revised torm UIst Augist 1979

Iy Shep nowith the Department of Fectrical | ngineering, iniversity of
Howston, Hotnton, Tevas J7004, USA

2 Fields instde model cavity

Awtine tist Ad b whes Ay wevid, w hemg the
amadan Breduency e ot Gelds do ot vary e the - diection Phe
total hields doe g constant curtent Jy mamtamed by the coaxal line
atr Doae ven s tollows

tnrepion f,

L. \ £ 0 A rycos g Oa)
P
", N oAtk rysinong (1
WPr W T
ik, o= ,
//.;. LN A nlk (r) cos g (1)
WH W Ty

and, i orevion 1,

I, N AR oA r) 4+ Cy Yotk )] cos ng (2a)
i, DN B+ CoYotky Y] s g (2hi
wpr =,
1k \ 5
", {82 tkir) ¥ CuYutk D)) cos ng (=2¢)
WU n

where /. Y, I,'I andd Vyowe Bessel functions 1\1 the st and the
second hind, and their dertvatives, respectively. A, B, and €, ae
comtinis to he determined Jater. The thne l.lum " assumed
throughont the aimily s,

The tollowmp houndary canditions are then iposed.

1, Vol on (atr o) (3a)
R S T (atr - b (3h)
My M, Ueb)Sts) tatr - b (3c) -

Nate that the boundary condition, eqn, 3a. is cquivalent (o stating
thit the cavity is bounded at r - @ by an admittance surface y,,,. The
value of v, will be deternmined fater.

The constants 4, &, and C, ineqgns. ) and 2 are solved to satisfy
eqyn. 3, with the foliowing result:

flyowp 4 o , .
/1,, 2(]‘*’(‘»") ,)" {Jn(klh”)n (k|ﬂ) *Ifl)’m )n(kla”
=Dy )’n(l‘lh” (4a)
Ho wu —
B, - 0 +h,,)l); Dok D) [ Yulki@) + i3 Ven Yotk a)]  (4D)
t
(." ‘fvnb)“ J (L“") (4¢)

21 4""u) "

where &, is zero for n> 0 and is equal to 1 forn = 0.y = (u/e; ).
Also,

/)n ‘/v:(’(l‘” ’I§I.|'pt|jn(kl”) (‘)

Note that, when A @ ts equal to one of the zeros of J,, (x) and when
Ve B8 neplected, 1, will vanish and 4, and B, will become infinite.

3 Radiated fields

Fhe radiated fields may he calculated from the aperture field
at r = a. For the index n {called the nth mode) the following formulas
ate derived for the radiated fields:
ne " sin (kod cos 0)

cos 0

»

Fgy - - lnaf —=Jn(koa sin 8) cos no (6a)

é
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where

I

) 100}
By thya) VG Ytk @yand by i)'

4 Surface admittance

The surface admittance vy, assoctated with the ath mode s
debimed inoeqn. da. The real pat of b, - g, 4V 1h,, is related to the

total radiated power £, .4 as follows.

vt
L ™M
S T s

where the integration is over the evlindrical surtace at 7 = a bounded
hy 0 <z < d. The radiated power may be obtaned by integrating the
Poynning vector over a large hemnphere using eqn. 6. The result is us
follows

/ , )
b th,aY L a0 h L) (X))

Non 2u(l ba)é

where ¢ (u/(o)' ‘.

1l l'" [0 (hqu sin )2 sin 0d0 (Ya)
O]

and .
f noconf) /q in V1 Jo {(9)
N o k S i * ’ ?‘T
'l“ sin ” l n ‘){I s )I 1

I |
T thie above formulas, Ao bas been taken o be mach less than wmty l nzt
sothat e bosin thgd cos ) s approssmated by (Agd cos ), 100,
Phe nagirary part of v is analy due 1o the tonge ficld. o i
estinnate i det eqie S be wistten in terms of real and imagiiary parts. L ‘
BO‘

Dy Unthiay bRl 4§ g k) (10)

I the zerothorder theory, the tadiation is neglected: henee g, - 0.
j The tnnge fiekd s also neglected resalting in b, 0. The resonant

Irequency is then deternined simply by the j,,. the sth zeco of 4, n
a recent paper, the effect of the fnnge tield s taken into account. I
1 shiown that the etfect of the fringe field 1s to lower the resonant
trequency by a factor equal to (1 + 3) ' where

ltl(n

A 1o (”]’ + 177206

2d

nea

Thas the model cavity will be resonant when

AW R I (tn

Uit wesalt, an s clear that D, should vamsh when g,,, 0 andd
Aya sanshies e 4 1 I other words,
Doa Ay W5y Ly (0} (1

withow g 01 ) |
s completes the denvation of the tonnulas tor the intetnal and the
radited tields, |

5 Internal electromagnetic fields l 1

In pracice a cncular-dise ponted-circuit antenna is operating
near the resonance of the 1 mode sinee 1t )‘IL‘I\IS a strong radiaton
e the z-directjion. In the desipn of such an antenna, electionignetie
tieds are assumed 1o be zero for all other modes, The pesent tieory
enables us to cheeh the validity of this assamption. Foar example,
consider i printed-cucmit antenng ol moderate tiuckness with o
lean, a - 1R8em, ey - 2470, and b 094 cm. From egn. 11,
4 the tesonant frequency Tor s 1 made s 283GHz Fig, 2 shows
2 a plot ot Hf bas a tunction of rotor the tist 1 maodes in the antenng

At this resomant treaneney. The fiekds we obtimed from eqns, 12
and dowath v, set equal o zero tocall mexcept 1 The value v,
v watuntated from eqns, K amd 1200 s noted that w g, 2000 the Lisld
i At the cdee for e n b mede s at Teast 3708 Jupeher than that ot
anyother modes Ths, s g good approsaimation to neglect v, tor
all othee modes cxeept that ot the o U omode, Fips, Yo and 20m)
show thie trelds e the antenna at tregquencies considerabiy lower than
the revomant tregquenay The 1 onode v il donunant an the
: canity at these Dreaien

' Fiy 2 '
6 Input impedan 9 ;
) p pedance Stoenvth oo ciccten frelds of fost 11 modes eveited imsede antenna i
P npit smpedance s detiped ay”
v Y uRom o oudom, o O lbam v, 147,
L 2RVl
- (AR} O 2 KOS GHY
) (1 2T Gy




whete Wooand W, are time-average stored electne amd magnetic 500"
energies,
d 400 !q
= . =
v )0 ko d, 1
|
and 8y = Py + 14, + P, with Py and P,_ heing the power lnst.iu 300 ‘
diclectric substrate, and that lost as ohmic heat on the conducting i
plates, respectively. n
Assuming that the # = | mode is dominant, the above quantities 2000
can be expressed in analytic forms:
3¢ Avdl (kv by f
1 oy : 100 |
- tradiByJytkia) 4 CrY kel gy
P oW ol .
M duttan bW, |
, ey , Y kb W00k :
I, e I PR S A N ] b4
. p i
G e e, i
200} ‘
gy RONLE
IO R LN ATEED /8 §Y 1 4 L L | N
, Y 0 76 28 30 !
LU Gy OO QAY dyde T Y e GHz
4001
ey d 3 3 Tk
W, A U D) 2
Rki
: : . 3001
i UL I - 200
. 2 2 N . 2 k,a
UNSTR C P AR £ BEp) £ 14
[ ! 200+
L C + BCY s Yy A, a
HhYy R NY - 1“l\yl”::‘;v} |00L
where [f]3} means J(A) S (B). dy = (muaf} 'Y s the skin depth ot
the conducting plate at the operating frequency, o is the conductivity
of the plate, and tan & 1s the loss tangent of the diclectric substrate. Or—
The above fopmubas are devived trom indetinite anegrals mvolving
Bessel tancuons, These Tormulas gre hsted in Appendi 9,
Fr 4 shows theoretical mput impedances of circulac-dise panted- 1001
Gtout antemny with difterent dovisg pomts. Agreement with
measiied data i seen to be gomd, Note that the antenna was etehed L
ona rather thack printed-areut board (e G085)  The input 2000 .
tesntaiee ab resonance agrees with the measured value better than the )
previons theory ' does.
300}
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Radiation characteristics of a circula: microstrip antenna®

W.C. Chew and J. A. Kong
Massachusetts Institute of Lechnology, Department of Electrical Engieering and Computer Science.
Cambridge, Massachietts 02139

L.C. Shen

Unwersity of Houston, Department of Elecincal Engineering, Houston, Texas 77004
(Recerved 26 July 1979; aceepied for pubhication 22 February 1980)

Radiation patterns of i circular microstrip antenna have been caleulated with Green's functions
for a two-layer medium and compared with previous results which are vahd for thin slabs and
small diclectric constants. A mode expansion techmgue is then used to find ficlds and resonant
frequencies. The theoretical results for the input impedances are found and are in good agreement
with experimental data.

PACS numbers: 84.40.Gf

I. INTRODUCTION next compute the resonant fields by using a mode expansion
technique.” ™ We show that the results obtained for the input

A microstrip antenna consists of a metallic patch print- . . :
P p pr impedances agree very well with experimental data.”

ed on top of a dielectric substrate over a highly conducting
ground plane. To calculate the ru.dialum charqctcristics of 1. FORMULATION

such a structure, we must use the ficld formulation for a two-

layer medium, which has been a problem of historical inter- Consider a microstrip antenna modelled as a current
est." * For a circular-disk microstrip antenna.. theories have  Sheet placed at the interface of a diclectric slab on top of a
been developed by usimg free-space Green's functions.® In perfectly conducting ground plane (Fig. 1). The current
this paper. we first calculate the radiation patten by using the  sheet can be represented by a current density

two-layer stratificd medium formulation and compare with J(r) = K(x, v)(2). ()]
previous results® which are known to be valid only when the
diclectric constant of the substrate is not high and when the
substrate is thin as compared with the radius of the disk. We

The electromagnetic ticld components due 1o a point source
radiating in the presence of a stratified medium have been

formulited in integral forms.* By decomposing the current
shectintoits X and § components, we can show by superposi-
p tion principle that the ficld due to the source given by Eq. (1),

rard

with time dependence e omitted, is
E, = —~—Jd r'[cos(d’ + y)K, +sin(¢’ + y)K, ]
b o=1dy | Brwe
“p | CURRENT SHEET , ket ’
-, o S sxf dk, k(1 — R™eHOGK, 19~ pl), (@)
y
i 7777777770777 77777
: GROUND PLANE, v - K d’r’[sm(oﬁ +x)K, —cos(é¢’' +y)K,]
f a, 1 “+R")f'“"“’(k 1P —p 3
2

wher(. R (- k,',)' * R ™and R ""are, in this case, the
reflection coemcicnls of the two-laycr stratificd medium and
aregivenby (A3)and (Ad).and "'k [p' - pl)isthefirst-
kind Hankel function of the first order. We note that the
dependence of the field due to K, 1s just that due to K, rotat-
ed by 90°.

To compute the radiation pattern, we are only interest-
ed in the limit when [p -~ p’| + o0 and z-+ 0. In such a case,

y
¢’ + y = ¢ and Eqgs. (2) and (3) become
. Eo~ Jd r'(cos¢k, + singk,)
Bmwe
N h 2 3 ’
x [ dk, ki = R™EH Y, 1 = o], <
4
H,~ S J. drsindk, — cosdK,) !
FIG 1 Geometreal contigurations of the problem. 87 !
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’ Kk, s
X f dk, Ii—(l +R ") HNK, |p ~ pl).
(5)
The other components of K and H ficld® can be derived from
Egs. (2) and (3). By using the steepest descent method, it can
be shown that the electric ficld components in the far field
are given by

; the
E oo = -1 k'sinfcost |1 — R "™©0)) S
4rme r
X J d°r'(cosgK, + singk e ™, ©)
Ry
E. - kTeon'0 1 - R™M0)]
4mwe r
X J‘d"r’ [cosgK, + singK, Je **, )
the
E, = 214+ R"0)]
mi r
X fd’r’(sin(tl(, —cosgK,)e ™. (8)

In the above, we have omitted the singularity contributions
in the steepest descent approach,, which can be shown to be
negligible (see Appendix A). We also notice that the far ficld
approximation of the field is similar to that due to a current
sheet in free space except now that the TM waves are scaled
by a factor {1 - R *™(0)] and the TE waves by a factor
(14 K"©0)]

lIl. RADIATION PATTERNS DUE TO A CIRCULAR DISK
ANTENNA

To find the radiation pattern due to modes excited on a
circular disk antenna printed on a microstrip board, we need
to know the current distribution on the disk for various
modes. The approximation to the current distribution can be
obtained by studying the modes of a circular cavity sur-
tounded by a cylindrical magnetic wall. For such a cavity,,
the field inside is given by'’

E, = Byd, (B, /a)p) comnd, o
iw,,, €,n B i
" o= E J"( ) nng, 9b
‘ (ﬂ,.m/u)lp ¢ a p)sinng o
o [, €, E J.(ﬂ""' ) osng (9¢)
= . aml wl— C y

T R WP

where

= B a7

Since the tangential H field has to vanish on the mag-
neticwall, 2, (¢ 0) -OorJ(f1,.) O, whereaisaradi-
us of the cavity. The current distribution on the cavity wallis
given by

K-ixH= -Hdb+H,p (10)
Therefore the current distribution for various modes is given
by

K, =

e, €N . (ﬁnm
( ,jm" /a):l’ ‘v a

p) sinng, (11a)

J908 J Appl Phys  vol 51, No 7, July 1880

—— e »

EJ ,,(E—;—'— p) cosng. (11b)

K I(:)“,,,(l
" (B sa)
We can assume Eq. (11) to be the zeroth order approxima-
tion to the current distribution of a circular microstrip an-
tenna and usc it to calculate the radiation pattern.
Substituting Eq. (11) into Eqgs. (7) and (8) (see Appen-
dix B), we obtain

shr

L, = opte, /u)'”? _c_—( -y !
2r

/i
» Ey cost) cosng — (ﬁ:'"' 0)1 —
(.. /a) — k- sin’f)

s lad (B W (hasm0)][1 - R"™@)]), 12)

Eysinnd
(B..7a)k sinf

e

phe
E, = agite, /i)'’ L. n(—q" !
2r

xJ (B, M. (kasin@ )1 + R "(8)]. (13)

When 1 - 1, the mode has the lowest resonant frequency
and has been extensively studied. In Figs. 2and 3, we plot the
radiation field when w = w,,,, for different €, = (¢,/¢€) and
d /a ratios. The electric fields are normalized with respect to
rkgal,(3..,). Long et al.® :alculated the radiation field by
assuming magnetic current sheet on the side wall of the cav-
ity and using free-space Green's function. Their results are
plotted in dotted curves for comparison. We note that when
d /a is small, both result agree very well except for 6~90°.
Since thetr formula does not account for the dielectric effect
of the substrate, we conclude that the diclectric effect on the

}E‘l AT ¢ - 9u°
,|z:9|u $: 0
- -
(@
s |l:9| AT ¢ 1 0°
- - -

(]

F1G. 2. Radiation patterns due to n = 1 mode for €, = 2.65 and
A, = 1.841 1R The dotted curves are from Long ¢t al. for comparison. (a)
d/a =01,(b)d/a =03
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IEgl ar ¢ - 0°

F1G 3 Radunon patterns duc ton 1 modefore, 96 and
Aw 1 X418 The dotted curves are from Long et al for comparison. (a)
drsa DI (h)d/a- 0D

racdhation ficld 18 small when d /Za 1s small. However, when
d 2as large, noted discrepancies are observed. These dis-
crepancies are larger when €, is increased. We find that the
radiation ficld increases inintensity when d /a increases.
Also the directivity in the normal direction improves when
d 7amcreasesand €, decreases. Whene, islargeord /asmall,
more power s directed near the horizontal direction.

An additional eflect of the dielectric is the presence of u
guided surface wave that carries power only in the horizon-
tal direction at & - 90" However, when the microstrip disk
is mounted on a finte-size ground plane, this guided wave
can be difftacted into other angles and gives rise to radiated
power. When the dielectric layer ot the ground plane is loss-
ly, the guided wave has a complex wave number [see Eq.
(A®)]. In such cases, the guided wave decays exponentially
away from the source as its power is dissipated in the dielec-
tric layer or ground plane.

IV. MODE EXCITATION OF A MICROSTRIP DISK BY A
PROBE

In the ot of small d, the microstrip disk acts like a
high Q resonator and the field inside the disk resonator re-
sembles that of a closed resonator with a magnetic wall on
the side."” The modes of the resonator cavity can be divided
into the natural modes and the unnatural modes,”* in terms
of which arbitrary E and H field can be expanded. We write

F- N e E .+ Y f,F.,. (14a)
e el
09 J Appl Phys vo! 51 No 7, July 1980

H = Z hnmp Hnmp + Z gnmpGnmp' (l4b)

nm p nm, p
where n denotes the ¢ variation m the p variation, and p the z
variation of the field. In the above, {E,,,,H,.,, | forms the
natural mode and F,,,, . is the unnatural mode for the electric

field, and G,,,,, is the unnatural mode for, the magnetic field.
The natural mode fields satisfy the following equations:

VXE,., =kmHomyy VXH,,, =k,,,E,.,, (152)
Enmp
(VP +kl,.) =0 (15b)
H,.,
and the boundary conditions

AxE,,, =0, onS,, AE,,, =0 onS,
AH,,, =0 onS, #AxXH,,=0 onS,,
where S. indicates the electric conductor susface and S, the

side magnetic wall. The unnatural mode for the electric field
satisfies

k F mp = v'/'nm,n (168)

amp S n

(15¢)

smp

where

(V+ ki Woy =0 (16b)
and the boundary conditions
V., =const 1, on §,
=const 2, on §,
and
121
dp
where §, is the top conducting disk of the cavity and S, the
bottom conducting disk. Since V-F,,,, = (1/k,,,, 1V
= = Ky ¥y we see that if k. #0, the electric field
F,,.. corresponds to the field due to static electric charge

aonp

distribution p, = - €k, ¥,,., permeating the cavity.
The unnatural mode for the magnetic field satisfies
Ko Gon = Vs (17a)

where
(V4 ko0, =0 (17b)
and the boundary conditions
Sy O o0 S

=0 on S, (16¢)

m
and

dé,,,
- =0, onS,. (17¢)

ar
We find that V-G, = — k,,,.,.0,.,, Which implies that the

mapnetic feld G, corresponds to field due to static mag-
netic charge distributionp,,, = — u\k,,,,.8,,,,. Since

K.,
v x( . )=0,
G,
the unnatural modes are also termed the irrotational modes.
To solve for ¢,,,,,. A,,,, we make use of the identity’

j V(ExH,, )dV
]

: f(Vxl-:)-ll,,,,,,, dV — f(VxH,,m,,)-EdV
v 4
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J AxEH,, . dS (18a)

’ the relations 9> H -k

nmp

and Vo K oo H,
and the made orthogonality pmpgrlus to obtain

weng S temp

Y P fn <EM,, dS  (18)
Ay
Similarly, using

[ VK., <I)dV
S

J (VrE,,, M- Y HE,, )dV
)

f " HE,, ds (19a)
.,

and the Maxwell cquations VxH = - jwe E + J,
V<E,. =k,.,.H,. wearrive at

KepPp = 1€, — f JE,, . dV
]
- f n«<HE,. d. (19b)

Tosolve for we make use of

noy v

J(uv R SR 1 1V

J- ax H. l',,,,“ ds (20a)
S

to ubtain

W€, fon, IJ K, dV f AxHF,, ds.  (20b)
AT .

Forg,,,.. we make use of

f (G,.. VXE- EVXG,, )dV = f ixEG,, dS
] S,

(Qla)

to get
gy ~ J Ax EG,,, dS. 21b)
) 3

le[l+(|+ivg, JrJE,,.. 4

=

Fquistions (18b), (19b), (20b), and (21b) can be solved ap-
prnximalcly ifm is such that w’e €, 2~k 2,,.. In such a case,
weget K~e, B, H~A W Hence the left-hand
side of ( th) (Zlh) can be approximated. We have from
(18b) that

[, ds=2h, [ 1.,) s (222)
Y Al

where 7 is the surface impedance of the metallic surface
given hy 7. 1 - 0)/eb ). Since the real power dissipated
on the metallic surface is given by

1

P, B ’:]II,,,,,,,[ ds,

and the @ due to this loss is
oy gy A, |*dv oy,
""" " 2P, 2p,

wop g

’

we have

f AxEH,,, dS= 2 p
Y

Aoy

ump(l - i) (22b)
From (19b), we can simplify the right-hand side as

f ixHE,, dS= Y,,,c,,,,,l,f |Eowp |7 @S, (23a)

where ¥, 18 the surface admittance of the surface S, 1
essence, we have replaced the surface S, with a lossy mag-
uetic wall. Ingeneral, ¥V, = G (1 - ia), where a s nonun-
iy. Simtlarly, we can relate (23a) to the Q due to the magnet-
1ic wall loss and have

[ 3

- J A<WE,, dS~ --——¢, (1 —ia), (23b)
0 ’

Toimp

where
- wEy 5y Il':mup deV = W&
2r, 2P

’.

Q, (23¢)

is the Q associated with the radiated power loss P, | of the
nmp mode.

Therefore (18b) and (19b) can be solved for ¢, and
", gIVING

I,Jl (/V

‘umnp

ol
I L

~ e - C— —

T kG, @ /1 e,il by l)/().r ”l iy ')/Q

(24)

— (25)

e

Notmng that the second term on the right-hand side of (20b) is smiall, we have

S T
lm(, '

and alvo that

ooy =00

g

(26)

(27)

We shall assume that the current source due to the probe, when d €A, is given by

J -3 - DYy, Ozzed

(28)

Wesee that due to the uniformity of the current on the probe along z, only the K, H, .., and F,,,,., modes will be excited, that

3910 J App! Phys, Vol. 51, No. 7, July 1980
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w - o R

»
' J 2N - b)(y) Dezod (28)
We see that due to the uniformity of the current on the probealong z,only the K, HL L and B, modes will be excited, that
! i, only modal fields with no z variation are excited. Since the current probe has uniform current distribution, there is no
churge accumulation in the cavity. Thus
ifcan be shown that uo F, modes are excited. Similarly, since all the TE modes of the casity have 2 variation, bone of them
are excated. As such, the natural mode of the magnetic wall cavity which is of interest is the TM mode, whaose field is given by
K. 3K, J (B, lap]cosmd, (29a)
whete J 205, 0. We have assumed that the probeis placed at ¢ O <o that E,,,,.., is an even function of é. The magnetic
ticld of the natural mode can be derived using (15a) giving
" B... /f
M, - -E,|p- ————s1= —p sinng + éJ ), )] cosng |. (29b)
( B../d)p a
In the above, E,,.,. is a normalizing constant such that
J o |V f M, | dV = 1. 30)
] ]
Thus E,,,,. can be derived easily.
2 am ” : ~"<u
o (2/” )I “‘E—-* ’—’——f‘—)—;. (3l)
ad (Bow) (B, - 0"
Also k. i Eq. (15)is given by (3, 7a) in this case. Using the above, we find that
: f1..
[ JE,,.dv -k, J |- b d (32)
' d
Thus we conclude that
foyt, I¢/ Iy (1 l)/(l F ,",,,, (/3. 7a)h (.
K~ [ o 1 ! (/——~ p) cosnd (33)
/1,,,,/41) m;z( [t /)/Q, ][l 4} l)/Q ] a
and
" Idk . i (B /)b |
T B A — e N+ O+ /0, N[V ¢ @ v 1/Q, ]
n Bmu . > Ijum
e J,,( )) sinng + (b.l,’,(—-—- cosng ]. (34)
[ Brutap " ! o’
; whenk !, ~o’u€, ThisistruewhenQ, »landQ, » 1. The resonant frequency of the disk is given when the denomina-
i tors 0f(33) and (34) vanish. Thus the resonant frequency for the nmo mode is given by
3 o i 1e2
W, == ../_E’T_:_ [([ + l__‘_i)(l + il__ﬂ)J
(4,€))"a ¢, Q..
- “'/{”—”'."F<| v 01) (35)
Cpi€)) "u 2Qr ZQ

The frequency shift from the nmgnchc wall madel is due to real and reactive power absorbed by the metallic wall and real and
reactive power feaking out of the disk resonator. Q,, can be computed since we can compute £,y the power dissipated on
the metallic surface duce to the mno mode
We canabsocompute (0, through 2, the real power radiated by the disk. We note that (1 - 3P, is the complex
. power leaking our of the disk resonator through the side aperture. This power includes the power in the guided surface wave
and spherical wave radiating into infinity. Thus this power is also dissipated in the diclectric loss and copper loss outside the
cavity. The reason there is complex power leaving the cavity 1s because of the actual nonvanishing tangential H field at the
- aperture of the cavitv. To find a first-order approximation to this nonvanishing tangential H field, we assume a current g
distribution on the disk due to a natural mode given by

K, oo .I(/z—- p) sinnd, (36a) i

N I d i

L. D. - 1

K, B / L J:(l— ——p) cosnd. (36b) T
tojpt, u a ;

Uang the stratitied medium torasalism, it can be shown that this current source gives rise to nonvanishing tangential H ficld at
the aperture given by
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. T

" O e e . e

\

= h,(k, )k, cosk, (z +d)
HY = cosn (ﬂ-f el 14+ R "W, (k, p)dk
¢ ¢ u.p k, sink,,d ( Vatk, p)dk,
cosk. z+d) )
we | e, —_—_ (1 + R™MW (K, p)dk, ), 37
y f o B Wik, p) dk, €Y
where
hotk,) = — ——J (B V. (k,a), (37a)
Zklwﬂl
E, . kp:
e k)= - nme pl o J.(B..) 1k, a). 3T
' €a[(B,./a) — k] i @70
Thus an approximation to P, _ (1 — ia) is, from (23b) and (23c), given by
P (1 —ia)= - iJ' ixHeE,,, dS
FZ 2
~ - — f f E,. . H|  adpdz = —"JNS,F ()] +8,,), (38)
o pou diwp,
where F(w) is given by
fun? = J2(k a) . 4 [Jitk,a)] tank,d
. iun n\Ry TE LA \z i™m
F(w) = J (1 +R dk,+f k, - 1+ R dk . 38
T WBL b Thk, Yt e WBray — k1] Ky ¢ ke (382)
Consequently, we find, with the use of Eq. (31), that
. 2 2 2
ati 2(11._1) P pw, (38b)
Q... ak,/ d[B:. —n’]

which can be used in Eqgs. (33) and (34) to find E and H. The integral in (38) can be integrated along the Sommerfeld
integration path numerically. The above approach is similar to the perturbation approach used in finding the resonant

frequency shift of a microstrip disk resonator.''"?

V. INPUT IMPEDANCE

After having studied the modal excitation of the microstrip cavity, we can compute the input impedance of the antenna
quite easily. First we find the complex power P delivered to the microstrip cavity which is given by

pe _ J EJ*aV.
[ 4

Since P is also given by
P = Zm Il lz'

V4

The above can be simplified to

39)
(40)
making use of Egs. (28) and (33), we find that
iopd [V + (1 +0/Q,  1E 2 d 5 [(Ban/adb ) @1a)
= = a
" (Bum/a) — ’pi&[1 + (1 +0/Q, _J[1 + (a +/Q,, ]
iopdJ ; ((Bum/a)o (B,./a) [ + (1 +0/Q, )2 -8,.) 41b)
T Bom/a) — i€ [V + (0 +/Q, [1+ @+ /Q,_ 1B, —nW2(B,n)

In Figs. 4(a), 4(b), and 4(c), we plot the conjugate of the
iput impedance using Egs. (41) and compare the results
with experimental data.® {The conjugate of impedance was
plotted because we have usede ' in our analysis.) We find
that we can match the input resistance very well. Also, we
have shghtly altered €, from the manufacturer's specifica-
ttons. This is done in order to line up the resonant frequency
with that found by experiment. Since €, was specified to be
247 + 0.04 inthe range of 8-12.5 GHz, it was uncertain that
¢. remained within the range at 3 GHz. Also we find that our
approximation to the reactance is not as good as predicted by
experiment. This is because Y arises out of the energy stored

3912 J. Appl. Phys , Vol. 51, No. 7, July 1980

—
in the near field of the driving source. Since we have used a

single-mode approximation, this near field, which is singu-
lar, is crudely approximated.

From Eq. (41) we notice that when the Q of the resona-
tor is low, the bandwidth of the microstrip antenna is larger.
1t thus scems that a way to increasc the bandwidth of the
antenna is to increase the radiation loss by increasing d /a
ratio.
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APPENDIX A: INTEGRAL APPROXIMATION BY THE
STEEPEST DESCENT METHOD

In the text of this paper, we can simplify integrals (4)
and (5) provided that we can simplify the following integrals:

R'™ Mk, [p pD)
(AD)

/ o Ik A (!
. dk,, "
k.

v .
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FiG. 4. Input impedance compared with experimental data. Theoretical
curves are plotted ford = 0.16 cm.a = 1.88 em, ¢, = 2.60,n = |,

o = SRx 10" mho/m, and loss tangent = 1.8 X 10°. (a) b = 1.88 cm, (b)
b 1.4 cem, (c)b =094 cm.

* k, e hz
o= [k O R, = pD)
! (A2)
The inner integrals in (4) and (5) are just derivatives of /, or
I,. For a stratifiecd medium shown in Fig. 1,

L_R™M- 1 — o™ (R
1+ R '|"Mc:2L. d "

2sink,,d (A3

sink,,d 4 i€, /e)k,/k,,) cosk,,d’ )
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im k]

- '(Q[l’]
‘u,,. “h/sin g

FIGEAY Phe steepest deseent path (SDP), the stationary pomt (&), the
branch pont (&), and the pole (A ) on the complex &, plane.

) Sl

Py RY -

2 d
l'_Rllnl A

2sink,.d
= = N , (Ad)
sink ,d + i( pe/pe )k, /K, ) cosk,,d

— (1 + R

wherek, == (A — & )" The locations of the poles are giv-
en by the transcendental equations

€,k.
tunk, d = —i——,

for TM waves (ASa)
€k,
k. o
tank,, d = —i---—=, for TE waves. (ASb)
Il |k:

It can be shown that the above can only have solutions in a
certamn domain of the complex plane, and thas the nature of
the waves due o the pole contnibutions can be predeter-

mined. When d is small, there s no pole contribution for IL

waves, and for TM waves, there is at most one pole. The
location of the pole, in the limit that d—0, is given by

k, ~k+WAk'd/kYk? - k1) (A6)
Physically, this implies that when d is small, there is at most
one guided mode for the TM waves that can be excited, and
for the TE waves, there is no mode excited. This is true of the
microstrip substrate since the dielectric layer is thin.

It can be shown easily that (A3)and (A4) are even func-
tons of &, . Therefore, there is no branch point at &, = & .
When [p" - p| »oo we can replace H{'(k,, |p’ - p|) by
(2/7h, [p - p)' 2™ ¥ in(A1)and (A2). Thus there is
a stationary point at kK, = k sin, where

& 1an '(|p' - p|/2).

The locations of the singularities, the stationary point, and
the steepest descent path passing through it are shown in
Fig. 5.

The pole gives rise to a surface wave which decays rap-
idly from the surface since &, is pure imaginary. Thus when
[p' - p|- +oc and z - » o0, in other words,'when we are in the
far field, the dominant contribution to (Al) and (A2) comes
from the stationary point. With the steepest-descent analy-
sis, it can be shown that

,‘kir » !
1.~-3_[1_R'”'(0)]L_',_
i [r—p'|
2 eukr 1
~Z [1=R"™M@) ——. (A7)
r
'l y
L~2 11+ R™MO) £
i |r~p'|
2 Mr LY
~ S R (A®)
{

We can usc the above to derive Egs. (6)-(8).

APPENDIX B: EVALUATION OF THE E-FIELD FOR A CIRCULAR DISK ANTENNA
First we shall cvaluate the £, component given by Eq. (8). It can be shown easily that Eq. (8) can be reduced to

l‘,"ﬁ —_ ld/l

i

[ +R”(())]*J J‘ pdp de’ [K, cos(@’ —d)+ K, sin(@’ — )] exp[ — ikp'sinf cos(é — ¢ )]
i (4

(B1)

Letung the integal part of the expression above be [, substituting with Eqgs. (11a) and (11b) results in

1, AJ f“/)'d/)'(/¢'l'(£./';l,) I.“[-—

n__J (ﬁ"'" ‘)smnai cos(@’' — &) — (-/-3-"'"
a

) cosnd ' sin(é’ — @)

(/3,,,,/u)p
< expl - dkp" sinfeos(d -- 6 ). (B2)
Using the fact that
J.(x) ’I l ddexpl  iveosd  ind t linrm),
and that /(v (0 1Y (a0, it can be shown that
.' ‘,Il . .
| cosnd sl d)expl kg sinttcostd @)L dd o on( dY S ) (ke sing) sinnd (B3)
R kp' sin¢
amd
[ s costd by expl by onheostd ) db’ 270 0" Ap sin0) sinng. (B
I heretore 1H2) becones
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——

' N J WAy [ L (kp sinf M (. '\, kp' siné
I| = I'(fl//h)“:h-u”( - i,‘” ‘27 MIII’¢J dP'( "l(/)"'_‘a)” l ( £ o0 ) + d [(/ '/a)p ]J‘( ¢ )) (BS)

o (A,./7a) k sin@
| Recognizing the integrand to be exact derivative, we have
g N 27 sinnd ,
{, . ) EnC -0 T S (e W (kasingd)),
1 (6,/,) n( i) (B Ja)k sind (B M. ( )
I
. et . F, sinng .
I'., = - / I (_'_ R ) H—— Ju nm Mn kasin®)[1 + R“ )l
’ wp(€,/p)) ” n(— i) (B JaYk sinb (BunW.( )| 6)]
Next, we shall evaluate the £, component which is derivable from Eqgs. (6) and (7). Thus
Y SR, IV L
,L.,, _ l_Af L()&U (l _ R IM(())) ‘___J‘ f pldp:d¢r [K’,' COS(¢—¢')
4rwe r Juo Ju
+ K, sin(d - ¢')] exp| — ikp’ sint) cos(éd — ¢ )]. (B7)
Letting the integral part of the above expression be /,, and substituting with (11a) and (11b), we have
“ 2 3 j""l . ’ ‘ nm ’ M ’ . *
1, = f f p dp' dg’ i(f,//l,)"“E(,l;(L—-p') cosng " cos(¢p — ¢ ') — B‘m - Jn(-ﬂ——-p)smrm% sinfdp — ") ,
(3] {{} a nm p a
x exp| — ikp' sinB cos(¢ - ¢ ')]. (B8) '
It can be shown that -~
J cosng ' cos(é — ¢ yexp| — ikp' sinbcos(d — @'} = -2m (— )"’ cosngJ ,(kp’ sind), (B9)
A \ Lo , 2an( - 0" .
sinng * sin(é - - ¢ ") exp| — iAp' sinf cos(dp — ¢ )] = ——'—— cosndJ, (kp' sinf). (B10)
.. kp' sin0
Therefore
. 20 o A B N, n’J, (ko' sin@ ), [(B,./a)p']
I, - —i(e,/p)EQ2a( - i)' ! cosn¢J; dp [p.l,,(Tp 2 (kp' sin0) + B JaYkp sinb . (B11)
1t can be shown that
3 R 7Y’ M (kp' sind
,),J,"(/ p')./,’,(kp' sind) + n’d, [(B../a)p ] ( p’ sinf)
a (B.n/a)kp’ sinf
} : ! . nm ’ . »
= [(L"—"—) — k¥ sin’@ ] i B o, (Efl p').l,',(k singp’) — k Slnllp'.l,',(-/i—p ).l,, (k sindp )]. (B12)
a d'l a a a
Assuch
(B../a)E, .
I, = (e,/p )" i 20( — 0" * 2cosng al,( B... W . (k sinfa (B13)
2= (€,/48y) [(on/ay —Kisn®d] (—1) ¢al, (B ( )
and
) , et . (Bun/a) , . :
E. = (,/11,) op %:( — 0" 'E, cosl cosnd (Ftay —k w0 {ad, (B, W (kasin@)][1 — R™(@)]. (B14)
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The Elliptical Microstrip Antenna with

Circular Polarization

L. C. Shen
Department of Elecctrical Engineering
University of Houston
Houston, Texas 77004

Abstract

Theoretical analysis of an elliptical microstrip antenna is presented.
It is shown that radiation from this antenna is left-hand or right-hand
circularly polarized in a narrow frequency band when the eccentricity of

the ellipse is small. The theoretical result agrees with the experimental

data.




1. Introduction

Microstrip antennas of circular or rectanqular shapes usually radiate
linearly polarized waves. In many practical applications circular polari-
zation is required. Circular polarization may be obtained by using maltiple
feeds [1)] or by altering the shape of a rectangular microstrip antenna [2].

It is also known that a simple microstrip antenna, namely, an elliptical patch
on a microwave printed-circuit board, can be made to radiate circularly polar-
ized waves [3]. Such an antenna requires only one feed and its geometrical
shape is simple enough to permit rigorous theoretical analysis to be carried

out in a standard coordinate system. 1In the present study, the radiated field
of an elliptical microstrip antenna is obtained in terms of tabulated functions.
The effects of the fringe field at the edge of the elliptical patch and those of

the dielectric substrate are taken into account in the calculation.
2. The Elliptic Coordinates

An elliptical microstrip antenna is shown in Fig. 1 in which the parameters
a, b, ¢ and @ are also defined. The elliptical conducting patch may be obtained
by applying photolithographic techniques to a microwave printed-circuit board.
The antenna may be driven on the edge at ¢; degree from the semi-major axis by
a coaxial line through the dielectric substrate (as shown in Fig. 1) or by a
microstrip line.
Elliptical coordinates of u and v are used in substitution of x-y coordi-
nates while the 2z axis remains unaffected. For an ellipse of semi-major axis i

a and semi-minor axis b, the foci are at x = *c where




¢ = (82_b2)1/2

. (1)

The x-y coordinates are related to the u-v coordinates by the following {or-

mulas:

¢ cosh u cosv (2a)

o
#

¢ sinh u sinv . (2b)

<
[

The ellipse is defined by

= u. = in(dtk
u=uy = n( - ), (3)

and the driving-point is at the elliptical coordinates (u = Uy V = vo)
where
tan ¢
-1 g
Yo © tan (tanh uo) ‘ 4
The eccentricity of the ellipse is defined as
e =< (5)
c a

Assuming that the thickness of the dielectric substrate is much smaller than
a wavelength in the dielectric so that fields in the dielectric do not vary

with respect to z, the Maxwell's equations reduce to the following set of a

equations:
azEz azE 22 2 2
—Z 4y —Z 4 ke (cosh“u-cos " Vv)E =0
2 2 1 z
3 u 3 v

e e bl T T e




3
5 DE?
W — W 7
wpcvYeosh“u-cos“v
JE :
= =] 2
Hv 5 2 Ju (8)
whcvcosh“u-cos v
H =0, =0, and E - 0,
7 tl \Y
and
kl = whips . (9)
Throughout the analysis the time factor ejwt is used; the magnetic permea- !
bility p of the dielectric is equal to that of the air, that is, u = uo; ?
and the permittivity of the dielectric and that of air are denoted el and

€q0 respectively.
3. Mathieu Functions

Solutions to the partial differential Equation (6) may be expressed in
terms of Mathieu functions Som(C,cosv) and Sem(C,cosv) and related radial
functions Jom(C,coshu) and Jem(C,coshu) {4].

[+ <

E, = mZO[Amsom(C,cOSV)Jom(C,coshu)

+ ]
Bmsem(C,cosv)Jem(C,coshu)] (10? : ]

where C = klc..

In practical applications, the excitation of the m = 1 mode is favored since




P

it has the lowest rcsonant frequency and its radiation is mainly it the 2z

direction., Therefore and from hereafter, only two terms in (10) correspond-
ing to the m = 1 mode will be retained.

Since the electric field has a z component only, the boundary condition on
the upper conducting patch and on the lower conducting ground plate .is auto-
matically satisfied. The only boundary condition to be imposed is on the
elliptical edge defined by u = Uy

-Hv = Kz+hzys (at u =u)) . (11)

In the above equation, HV can be calculated from (8) and (10); Ey is given
by (10); Kz is the current maintained by the transmission line at the driv-

ing point (uo,vo):

I
K = 6(v-v0) (12)

2 2
CY cosh ug=cos vy

where I0 is the total current at the driving point, and Y is the surface

admittance as seen by the elliptical cavity bounded by u<u. and -d<z<0.

0
The surface admittance takes into account the effect of radiation and the
fringe field. 1Its value will be given later,

Multiplying Sy OD both sides of (11) and integrating over v from O

to 27 yields the following:

=jwp Iosol(C,cos vo)/ﬂi

Al i aJol 2
3o u0+jysqu/cosh u

2
~Cos Vv

0 0 Jol(C,cosh u

o)

Bl may be obtained by a similar procedure:




(43
—jwp 1.8 (C,cosv,. )/M
0’ ¢l o’
By =y T e (14)

¢ : et 2 2 . )
Tu uO+JyswuL/LObh uo cos VO Jel(g,cobhuo)

o 2n 2 e 2m 2
where M, = S dv and M™ = S dv .
ol 1 0 el

4. Approximate Formulas

Experimental data [3]) showed that the elliptical antenna would produce
circular polarization only if the eccentricity was small. Difference between
a and b was of the order of a few percent. That is, the ellipse should al-

most be a circle. For small eccentricity, C = k,c<1l, approximate formulas

1
for the Mathieu functions are available {4]}:

5,1 (C,cosv) = (1+3¢%/32) sinv-(C2/32) sin3v (15)
3y (Crcoshu) = ¢§ -——15-—— [(1+3C2/32)J1(C sinhu)
(1+C~/8)
- (C2/32)J3(C sinhu) ] (16)
Sel(C,cosv) = (1+C2/32)cosv—(02/32)cos3v (17)

- A 2,
Jel(C,coshu) = /2 [(14C /32)J1(C coshu)

+ (C2/32)J3(C coshu) ) (18)
M = (L + c2/16) (19)
W =1+ 3c2/16) (20)

In (16) and (18), J1 and J3 are Bessel functions of order 1 and 3, respec-

tively. Again, since the ellipse is almost a circle with 0.97 < b/a <1




Yo = 8, Y bs , (21)
8, = 2 + 12] (22)
11 = J [J (k a sinO)] sinf dO0 , (23)
cos 2
12 = I qxnﬂ [Jl(koa sinf) ] (24)
bS = Jl(w)/lélJl(w)] , (25)
w o= 1.841/(14) /2 (26)
2deO El
A =%—C—J[ln(—-)+141—-+l77
1 0
€
+9 0,268 L+ 1.65)] (27)
(l ('
0
_ 1/2
Lo = (uo/eo) (28)
_ 1/2

The surface conductance 8 is determined by the power radiated through the
opening of the cavity, and the surface susceptance bS is determined by the
fringe field which increases the capacitance by a factor of (1+A). The
formula for A stated here is due to Chew and Kong [6] who obtained this

formula which is more accurate than the one used in [5].

5. Radiated Field

The internal fields of the elliptical microstrip antenna are completely

determined in terms of the approximate formulas presented in the preceding

the admittance surface Yo of a circle can be used [5]:




section. The radiated electric field Er can then be calculated from Ez

which sets up &n equivalent magnetic current at u = g 0 < v < 2um:

g

E = UxF (30)

. (2n 0 .

[ -1 ho dv' J dz' G L v (31)
0 v _d VA

where hV = C/coshzuo-coszvo and G is the free-space Green's function. By
using the frec-space Green's function the effect on the radiation field of
the dielectric layer in the external region (u > uo) is neglected. However,
éccording té an analysis by Kong [7], the effect can be taken into account
by introducing a factor to the final result. This will be done later in

the present analysis.

Substituting (10) in (31), noting that

h v' =-asinv x+b cosvy, (32)

and after rather tedious manipulations of the integral, the following re-

sults are derived:

-jk.r 2

E, =< ° { ‘1 cos9[1—RTM(6)]}(I sind-1_cos¢)

o amr K2-isin’0 X y (33)
-jk . r
e 0 TE

E¢ = [14R (6)](Ixcos¢+1ysin¢) (34)

where ko and k1 are wavenumbers In free space and in the dielectric, re-

spectively. Spherical coordinates r, 6, ¢ are used. Furthermore,




01

TE
01

0z

1z

A'

Bl

-j2k]7d
I'™M 1-¢ : ™
() S e (1=RO) (35)
oM =2k 01
01
-j2k, d
1z
'K l-e ) TE
‘() =~ (R4 (36)
TE =3k, d o1
k. -k
- (37)
0z 1z
2 .2
= -..O_.‘_(.E.‘_(.Q.‘:L{ (38)
k k2 ka '
0z'1 01
= kOCOSO . (39)
Y "
- (k;-kg sinZ0)/? (40)
. 2
= - ' - - —— -~
na{A [JO J2c032a + 53 (3J0 4J2c052a+J4cosba)]
C2
_ R : N :
B [J251n2a 33 J431n6a]} (41
2
= m{A' [-J,sin20 + %5 (-2J,sin2o+] sinda)]
2 3 2 4
C2
] — -
+ B [JO+J2c052a + 37 (JO Jacosba)]} (42)
= A1 Jol(C, cosh uo) (43)
= B1 Jel(c' cosh uo) . (44)
- tan’l(é_EEEQ)’ (45)

b sind

are Bessel functions of under O, 2, and 4, respectively




9

with arpgument  where

Q =k sinO(azcosz¢ + bzsinzq:)l/2

0 (46)

In (33-34) factors have been introduced to take into account the presence

of the dielectric layer.
6. Kesults and Discussion

The radiated electric fields are given in (33) and (34) arc in terms of
simple trigonometric functions and Bessel functions for which efficient com-
puter programs are readily available. 1In Fig. 2 the amplitude and phase of
Ex and Ey on the z-axis(which is the direction of maximum radiation) are

plotted as functions of frequency, with the position of the driving point

as a variable parameter. It is seen that optimum circular polarization
f can be obtained when the driving point is placed at 45° to the major axis
t with frequency equal to 2.79 GHz. The effect of changing the position of
the driving point is to change the relative amplitudes of the x directed 1
and the y-direction electric fields. Moving the driving point toward the
major axis enhances the excitation of current flowing parallel to the major
axis and thus results in greater amplitude for Ex' It is also seen that
the phase is not a sensitive function of ¢o. The elliptical microstrip
antenna for which Fig, 2 is produced has b/a = 0.98, 1In Fig. 3, the fields
of a microstrip antenna of b/a = 0.96 are calculated. It is seen that
although Ex is equal to Ey in amplitude at f = 2.82 GHz, the phase differ-

!
ence is greater than 90° so that the quality of circular polarization is

not as good as that shown in Fig, 2. Note that in Fig. 2 as the frequency
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s changed from the optimum frequency, not only do the relative ampliudes
of Ex and Ey change but also the relative phase angles deviate from the
ideal 90° value. Polarization ellipses on the z axis are shown in Fig. 4
as functions of the operatina frequency. Arrows indicate direction of

rotation of F ficld at a fixed point in the 2z axis. Thus in Fiag. 4 all

fieelds are left-hand ellipticrally polarized.

Radiation patterns ol an elliptical antenna with b/a = 0,98 operated
at the optimum frequency for circular polarization are shown in Figs. 5a
and 5b. It is seen that quality of circular polarized is quite good for 8
less than 45°. The polarization ellipses are shown in Fig. 6 for various
6 angles.,

Based on extensive experimental data, Yu [3] discovered the following

characteristics of the elliptical microstrip antenna.

(a) "Generally, the radiation associated with the clliptical antenna
element is elliptically polarized, but 1is circularly polarized
when the antenna element is coupled through a feed point on a
radial line of the elliptical lamina which is oriented at a 45°
azimuthal angle relative to a semimajor axis of the ellipse. If
the radial line on which the feed point is located is rotated 45°
counter clockwise relative to a semimajor axis of the ellipée,
the polarization of the radiation communicable by the antenna
element will be left-circularly polarized. If the radial line
on which the feed point is located is oriented at an angle of 45°
clockwise relative to a semimajor axis of the ellipse, the polar-

ization of the radiation in question will be right-circularly

polarized". These statements are in agreement with the present
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theory, as shown in Figs. 4 and 6. It is also noted that if ¢0
is changed to ﬂ—¢o, and ¢ to m~¢ in all preceding formulas, then

E, will be unchanged while E, is changed to -E resulting in

0 b
right-hand elliptically polarized radiation,

¢’

{b) To achieve an aperiting frequeancy f, the semimajor axis a of the
ellipse is given by the equation a = p/fﬂﬁﬁz, where p is an
empirical constant ranging from 0,27 to 0.29. Accordiig to the
present theory, using parameters in Figs. 2, 5, and 6, p is found
to be equal to 0.275 which agrees very well with the empirical

value.

(c) "It has been found that the desired circularly polarized radiation

communicability may best be achieved by limiting the eccentricity

of the ellipse to a range of 10 to 20%." For b/a = 1.84/1.88, %
the eccentricity is equal to 20.5%. Present theoretical results
show that good circular polarization is obtained [(Fig. 4(a)}. For
b/a = 1.80/1.88, the eccentricity is equal to 28.9%. Present
theory shows that quality of circular polarization is not very

good, as seen from Fig., 4(b).

7. Conclusion

Currents, internal fields and radiated fields of an elliptical micro-
strip antenna have been expressed in terms of Mathieu functions which may
be expressed in terms of Bessel functions when the eccentricity of the
ellipse is small, Left-hand or right-hand circular polarization can be

obtained in a narrow frequency band for an elliptical microstrip antenna
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nf small eccentricity.Only one feed is needed to excite the circularly polar-
ized antenna. All formulas are in terms of functions that can easily be
programmed on small computers to facilitate the design of such an antenna

for practical applications. Theoretical results are in good agreement with

available experimental data.
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Fig.

Figure Legends
An elliptical microstrip antenns and the elliptical coordinates.

Amplitudes and phases of E  and Ey on the z axis of an e¢lliptical
microstrip antenna with a = 1,88 ¢cm, b = 1,84 ¢m, d = 0.16 cm,

.= 2,47 €

1 0 driven at ¢0 with 1 =lamp,

0
Amplitudes and phases of Ex and Ey on the z axis of an elliptical
microstrip antenna with a = 1,88 ¢m, b = 1.80 ¢m, d = 0.16 cm,

L, = 2.47 ¢

\ -0° driven at ¢O with 1_ = 1 amp.

0]
Polarization ellipses on the z axis as functions of frequency

(a) for elliptical antenna with b/a = 1.84/1.88 (b) for elliptical
antenna with b/a = 1.80/1.88, Other parameters are same as those
given in the legend of Fig. 2. Arrows indicate direction of rota-
tion of the electric field. Antennas are driven at ¢0 = 45°,

resulting in left-hand circular polarization.

Radiation patterns of an elliptical microstrip antenna with para-
meters given in the legend of Fig. 2. Driving-point is at ¢0 = 45°
(a) ¢ =0 and 7 plane (b) ¢ = 7/2 and 37/2 plane f = 2.79 GHz.

Polarization ellipses as functions of 6 produced by an elliptical
microstrip antenna with parameters given in the legend of Fig. 2,
driven at ¢ = 45°, with f = 2,79 GHz (a) on the ¢ = 0 plane

(b) on the ¢ = 90° plane.
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An Experimental Study of the Circular-Polarized,

Elliptical, Printed-Circuit Antenna
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Abstract

Elliptical shaped printed-circuit antennas were fabricated with
varying eccentricities and their impedance and radiation patterns were
measured. Special attention was devoted to investigating the design !

criteria which produced the best circular polarization.
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I. Introduction

Over the past several years the printed-circuit antenna has proven to
be an efficient and effective radiator. Tn its simplest configuration,
whether rectangular or circular, it can be designed to produce a broad
beamwidth, linearly polarized radiation pattern with its maximum in the
direction normal to the plane of the antenna. The most direct approach
to provide circular polarization from such an antenna is to use two feeds
located geometrically 90 degrees apart and with a relative phase shift of
90°. This configuration excites two orthogonal modes each of which pro-
vides a linearly polarized wave at right angles to each other and shifted
in phase by 90°.

Several methods have been proposed to provide the desired circular
polarization without the additional complexities inherent in the dual feed
and phase-shifter radiator. The pentagon [1], corner-fed rectangle [2],
and the 45° slot [3] variations have all been designed for this purpose.
Recently Shen [4] has shown that circular polarization could also be
expected from a slightly elliptical radiator fed along a line 45° from its
major axis. Similar behavior had been seen experimentally by Yu [5] earlier
but never developed.

In this paper, a careful experimental study is carried out to investi-
gate the behavior of the radiated fields and the impedance of the ellipti-
cal radiator as a function of frequency, eccentricity, and dielectriec thick-

ness. The results are then compared with the theoretical predictions of

Shen [4].




I1. Experimental Impedance Measurements

To Investigate the properties of the elliptical printed-circuit antenna
a set of ellipses with varying eccentricities were etched on two different
thicknesses of printed-circuit board. The slightly elliptical discs shown
in Figure 1 varied from a b/a ratio of 1.00 (that of a circle) to b/a = 0.96.
The major radius remained constant at 4 cm while the minor radius was pro-
gressively reduced to about 3.84 cm. Five different ellipses were etched on
both 0.3175 cm (~1/8") and 0.1575 c¢m (~1/16") thick teflon-fiberglass micro-
wave printed-circuit board.

The impedance of each antenna was measured as a function of frequency
from 1 to 2 GHz using an automatic network analyzer. An illustrative example
of one of these swept frequency measurements is shown in Figure 2 in Smith
chart format for the case of d = .3175 cm andb/a=.976. While no attempt
was made to match the antennas to the characteristic impedance of the 50 ohm

line, this could be accomplished by feeding the disc away from the edge

T =Y

along the same 45° radial line. The experimental results are also shown in
a display of the real and imaginary parts of the input impedance as a
function of frequency. The resistance and reactance are shown for the case
of d = .3175 cm for four different values of b/a in Figures J-6. Similar
graphs for the case of d = .1575 cm are shown in Figures 7-10.

The deviation from a circle seen in Figure 2 is manifest in the double
peaking behavior seen for the same antenna in Figure 5. The impedance of
the radiators that are most nearly circular (Figures 3 and 7) are seen to
resemble the impedance of a circular disc as one would expect. As the disc i«
becomes more elliptical (Figures 4 and 8) two distinct resonances begin to i

appear. This feature is more apparent in the 0.1575 cm thickness case

%
i
- g 5 oy
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since the resonance curve for the circular disc of this thickness is approxi-
mately half as wide as for the thicker case. Even though the resonance
curves in Figures 3-10 are seen to be broader in the double resonance cases
the polarization does not remain circular over this larger impedance band-
width. At the first of the double peaks the radiation is linearly polarized
along the major axis of the ellipse. As the frequency is increased the
radiation becomes more nearly circularly polarized. As the second peak is
approached the radiation becomes linearly polarized again, but this time

oriented along the minor axis of the ellipse.
I1I. Radiation Patterns

To investigate the polarization of the radiated fields from these ellip-
tical printed-circuit antennas, far field radiation patterns were measured.
Since the possibility of circular polarization was of concern, all patterns
were taken with a spinning, linear-polarized horn. The printed-circuit an-
tenna itself was used as the source by attaching a small, lightweight,
battery-powered transmitter directly to the back of the ground plane of the
antenna. This transmitter assembly was placed on the rotating table inside
an anechoic chamber and the spinning horn then used as the receiver.

Radiation patterns are shown in Figures 11-13 for tﬁree different ratios
of b/a with the same thickness d = .3175 cm. The ¢ = 90° plane represents
a cut directly over the minor axis of the ellipce. 3Similar patterns were
also recorded for cuts made over the major axis and over the feed point of
the disc. The frequencies were chosen by experimentally finding the fre-

quency for which the axial ratio was a minimum at 6 = 0° (normal to the

plane of the disc).




For each case the spin-linear measured patterns are shown by the solid

line. In addition the theoretical maximum and minimum fields for all pos-

sible orientations of the linear polarized receiving antenna are shown tor this fre-

quency and geometry. The curve is normalized only at the point of the
maximum field at 6§ = 0. It is seen that both the theoretical curves and
the experimental data confirm that for a properly chosen eccentricity and
trequency the resulting radiation is quite nearly circularly polarized (about
1 dB for b/a = .976 in Figure 12). This circularity is seen to deteriorate
both for the case when the disc is made more circular (Figure 11) and when
it is made more elliptical (Figure 13),

To investigate its dependence on frequency the axial ratio at 6 = 0°
was measured for each antenna as the frequency was varied. Using the exact
dimensions of the experimental antennas and the manufacturer's stated value
of dielectric constant (Er = 2.48) the theoretical curves accurately indicate
the lowest value of axial ratio and the general shape of the curves for each
eccentricity. However, the frequency for which the minimum axial ratio
occurs is not well predicted. For this reason a search for the indicated
value of dielectric constant was made using the theoretical formulas and
the experimentally found frequency of minimum axial ratio. For each differ-
ent antenna, the best value was found to be €. = 2.41, Thus in Figure 14,
the experimental data and the theoretical curves for this value of dielectric
constant are shown. Reasonable correlation is seen for all aspects of the
theory and experiment. (Use of €. = 2.48 would simply shift the theoretical
curves to the right along the frequency axis.)

These curves indeed show that there exists an optimum eccentricity and

also give an indication of possible frequency bandwidth. As noted earlier,
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this bandwidth due to polarization is even narrower than the impedance band-
width measured in the previous section. Even for the best antenna

(b/a = .976), the axial ratio is less than 6 dB only over the range from

1.33 to 1.35 GHz or a bandwidth of 1.5%.
IV. Conclusions

It has been shown that with the proper choice of eccentricity and fre-
quency the elliptical printed-circuit antenna can provide a circularly
polarized radiation field using only a simple single feed network. The
behavior of its impedance, pattern and axial ratio as a function of eccen-
tricity, frequency, and dielectric thickness has also been investigated.

Tt is seemingly an excellent design choice when both the usual character-

istics of printed-circuit antennas and circular polarization are required.
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