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ABSTRACT

\ﬁhis technical report covers the Control Dynamics Company's efforts
performed in completing the requirements set forth in Technical Require-
ment No. T-0208, entitled, "Application of Digital Technology to Guidance
and Control Theory." Described is a simple analytical set of tools devel-
oped to help the practising control system design engineer. These tools
are the Parameter Space technique and the Cross-Multiplication technique.
Also described is a comprehensive Digital Design seminar conducted for
selected members of the Guidance and Control Directorate. Application of
advanced digital theory to the PERSHING II digital autopilot is described,
as well as the beginning efforts to evaluate the consequences of micropro-
cessor implementation of digital filters.
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SECTION I. [INTRODUCTION

A. Study Objective

The purpose of this study is to perform research necessary to
develop new discrete design techniques, discrete adaptations of control
theory, and in particular extended Parameter Space analysis techniques
that will help to insure development of effective guidance and control
(G&C) systems for future weapon systems. This research will permit the
development of candidate advanced G&C systems for the family of Future
Army Modular Missiles (FAMM). The prime output of this technical effort
is to be the enhancement of the ability to create and evaluate new discrete
G&C systems capable of meeting the elusive threat of the future. l

The study effort is composed of seven tasks described in the Scope
of Work (as altered by the three modifications to the original contract),
contained in Technical Requirement No. T-0208 entitled "Application of
Digital Technology to Guidance and Control Theory."1'4 The requirements
imposed by these seven tasks are contained in the referenced contract docu-
ments and re-stated (for convenience of the reader) below.

S

Task [ requirements:

' "2.1 Investigate to determine if a sensitivity problem due to
clustering of the system poles and zeros exists for the parameter plane
i ¢ technique of digital system analysis/design."

} j’ "2.2 If a sensitivity problem (i.e., clustering of the system

poles and zeros) is found in the investigation of Paragraph 2.1, a technique
shall be developed to mathematically spread apart the system poles and zeros
via intermediate complex transform techniques 'to eliminate the sensitivity." !

l
I
Task II requirements:
l "2.3 Utilizing Government supplied data (Section IV, page 19, of :
contract, reference 1) on such subjects as, but not Timited to, projected
l' future targets, missile sensor-tracker technology, airframe performance
|
|

[

capabilities/limitations, cnboard microprocessor technology, and predicted

computer analysis techniques, the contractor shall propose at least two

l,@ candidate Advanced Theoretical Optimal Guidance and Control Systems."
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Task III requirements:

"2.7 The contractor shall investigate the capabilities and
limitations of utilizing a relatively new method of analysis and design of
digital systems called the Parameter Space technique to analyze guidance
and control systems and shall extend and refine the Parameter Space technique
through efforts to reduce the number and severity of the limitations so noted.
Also, other digital design techniques shall be expanded and restructured to
make them usable to the applications engineer. This shall .include, but not
be 1imited'to, investigating the possibility of not having to obtain the
system characteristic equation before applying the Parameter Space technique."

"2.8 The digital system design and analysis techniques considered
in sub-section 2.7 shall be fully documented with at least one example for
aid in applying the techniques."

Task IV requirements:
Deleted (per Mod. P00002).3

Task V requirements:

"3.1 The contractor shall conduct a technical seminar for selected
members of the Guidance and Control Directorate. The purpose of the seminar
is to develop a design expertise among members of the Directorate to enable
them to design and evaluate digital (discrete) guidance and control systems.
Both existing and newly-developed sampled-data techniques will be described
and discussed in detail with practical applications conducted during the
course of the seminar conferences."

"3.2 The contractor shall document a comprehensive outline of
the material presented in the seminar defined in sub-section 3.3 as specified
on the control data dccuments list (DD Form 1423)."

Task VI requirements:

"3.3 The contractor shall apply unique digital design and analysis
expertise and experience to evaluate planned and proposed digital guidance and
control systems for the PERSHING II. When it is deemed appropriate (subject
to Government approval), the contractor will recommend modifications to these
systems with.the aim of obtaining improved system performance and/or de-
creased system complexity/cost. To analyze promising systems the contractor

|
.
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will (subject to Government approval) either conduct simulations or recom-
mend their conduct by the Guidance and Control Analysis Group (DRSMI-RGN)."

"3.4 The contractor shall document the analyses and evaluations
indicated in sub-section 3.3 as specified on the control data requirement
1ist (DD Form 1423)." '

Task VII (Unnumbered in contract) requirements:
“a. Investigate present digital filter requirements and recast
them for the desired performance rather than emulating analogue forms."
"b. Identify technical areas to be expanded or initiated in
order to develop future digital filters more effectively and efficiently."

B. Study Schedule

The requirements of Task [ were completed on 30 September 1979.
They were documented in a technical report entitled, "A Mathematical Means
of Spreading Clustered System Roots."5 The requirements of Tasks I[I-VII

are to be completed by 30 September 1980.

C. Contents of Report

This technical report covers the efforts performed in completing
the requirements of Tasks II-VII of the study. As stated in the Documenta-
tion Addendum to Form 1423 as amended by contract modifications, the con-
tractor is required to document the following tasks: Task I, Task III,

Task V, and Task vi bt s indicated in Part B (above) of Section I, the
documentation requirement for Task I has been met by the submission of a
technical report.5 Although not required, a number of efforts that were
performed under Task Il are documented herein. Also, although not required,
a summary of the work performed under Task VII is included. ﬁ
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SECTION II. ADVANCED G&C SYSTEMS (Task II)
A. Discussion

The discharge of this task has been centered largely around the
efforts to develop and implement a computer simulation that is sufficiently
flexible to assess and compare performance of various candidate G&C systems.
Additionally, effort has been expended in determining the G&C system aspects
associated with the Anti-Tactical Ballistic Missile (ATBM) field. Finally,
certain efforts were expended to better define advanced G&C system require-
ments and potential characteristics.

B. Computer Simulation Development

The development of a suitable computer simulation of a FAMM system
has been the subject of numerous meetings with personnel of the G&C Analysis
Group and from the Aeroballistics and Propulsion Directorates. An unclassified
design point for the missile at the terminus of its trajectory has been se-
lected as Mach 8, 70,000 feet altitude, and lateral acceleration of 12 g's.
This is to meet a threat that is aerial in nature and combines high speed
and high agility (i.e., high g-maneuver capability) with low radar cross sec-
tion. It is this threat that leads to the requirement for developing an
optimally guided and controlled, highly maneuvering, defensive missile using
terminal guidance sensors chosen from across a wide range of the frequency
spectrum. The attendant required high level of control authority demands
that the airframe and propulsion be developed beyond the present state of the
art: hence the involvement of Aeroballistics and Propulsion Directorate
personnel in the above referenced discussions. However, in order to have a
simulation that is checked out and running, a simplified model (termed FAMM I)
has been arrived at. It will initially model the airframe as a standard one
that already exists and is coded. The actuators and sensors will be added as
program modules and will initially have dynamic transfer functions of unity.
An existing Proportional Navigation Guidance (PNG) module will be included
with the option of later replacing it with an existing optimal G&C module.
The foregoing systems are well documented for the G&C Analysis Group by M&S
Computing Company, so they are not repeated in this report.

PRV
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C. Anti-Tactical Ballistic Missile {ATBM)

In August 1980, it was decided to begin investigating the appli-
cability of the advanced G&C systems being studied to the demanding pro-
blems posed by the new Anti-Tactical Ballistic Missile (ATBM) systems.

The threat posed by enemy TBM's is significantly more severe, particularly
from a dynamical point of view, than that used in developing the design
point of Section IIB (above).

As a first step, on 8 July 1980, Dr. Pastrick and Dr. Seltzer
were exposed to a review of ATBM G&C that is under investigation by the
US Army Ballistic Missile Defense Systems Command (BMSCOM). This was follow-
ed by a visit to The Charles Stark Draper Laboratory, Cambridge, Massachu-
ssetts, on 24 July by Or. Pastrick, Mr. Roy Pugh (G&C Directorate), and
Dr. Seltzer. The work being done on ballistic missile defense systems for
BMSCOM was presented in detail (Appendix A).

Shortly after effort was initiated to study this aspect of the
problem, Control Dynamics Company support was provided in a review of the
US Navy's High Angle Threat (HAT) program. A review of that program was con-
ducted and the unclassified portion provided Dr. Pastrick (Appendix B). As
a result of that effort, the Control Dynamics Company was requested to con-
tinue participation in the continuing evaluation of the HAT program with the
selection of the most promising concepts to carry into any further studies.
The critical issues associated with the HAT defense have been identified;
they are shown in Appendix C.

A basis has been developed from which a future study of the ATBM
implications on advanced G&C may be studied. Further, the characteristics
of such a G&C system may now be developed, should such an effort be desired.

D. Documentation

There are some items of documentation that are not referred to in
other portions of this report. They are described in this section.

1. Advanced Analysis for Future Missiles (MICOM TR)
Dr. Seltzer organized, reviewed, and proof-read US Army Missile




. ————— .+ SO et

- ——_ By gy M O r— e

—

- —

Gl G S M M AR e  —

Command Technical Report RG-80-8, "Advanced Analysis for Future Missiles,"
dated 21 November 1979.6 It describes the work that was completed on the
(then) new program to develop an advanced G&C system for Future Army
Modular Missiles. It includes the works of members of the G&C Analysis
Group, the Aeroballistics Directorate, and several technical specialists
on contract from universities and private industry.
2. Future US Army Missile G&C Systems (AIAA Paper)

Dr. Seltzer prepared and presented an invited (by the American
Institute of Aeronautics and Astronautics) paper entitled, "Future US Army
Missile G&C Systems." [t was presented at the 1980 AIAA International
Conference, Baltimore, MD, on 5-8 May 1980 (Appendix D).7

3. Special Edition of AIAA Journal of Guidance and Control
Dr. Pastrick and Dr. Seltzer were invited by the Editor-in-
Chief of the AIAA Journal of Guidance and Control to organize a special
edition of that journal. The edition will be devoted primarily to tactical
missile G&C. They are also preparing, with Professor M. Warren of University
of Florida, a survey paper for that edition.

E. Trips and Meetings

There are some trips and meetings that are not referred to in other
portions of this report. They are described in this section.
1. Guidance Test Symposium
On 10-12 October 1980, Dr. Seltzer attended and participated in
the Guidance Test Symposium at Holloman Air Force Base, New Mexico.
2. 0ffice of the Under Secretary of Defense for Research and

Engineering
On 19-20 November 1979, Dr. Seltzer traveled to Washington, D.C.

to meet with Dr. Pastrick (then on one year's duty with the Office of the
Under Secretary of Defense for Research and Engineering) on missile G&C
matters. While there he also participated in a meeting with Mr. Charles
Bernard, the Director of Land Warfare, DDRE, to discuss future tactical
missile G&C.

3. Joint Technoloqy Common Intercept Missile

On 15 January 1980, Dr. Seltzer attended a briefing and discussion




. of a potential Joint Technology Common Intercept Missile held at the
L Agvanced Systems Concepts Office (ASCO). The main briefings were presented
'-by Mssrs. Ben Glatt (NAVAIR), Tom Hamilton (NAWEPS), and Charles Weaver
(NAVSEA). The ASCO personnel responded with briefings on their new Army
concept for an Evolutionary Surface-to-Air Missile system. The briefings
were followed by a general discussion of system requirements and delinea-
tion of possible areas of cooperation or joint development efforts.
: 4. AFTL/DLO, Eqlin Air Force Base
L | On 29 April 1980, Dr. Seltzer visited the 8th AFATL/DLO, Eglin
! ' Air Force Base, Florida with Dr. Pastrick. Discussions took place and
design and program information concerning progress and plans for the US
MICOM and the USAF advanced G&C systems were exchanged. Key USAF partici-
pants were Captain Riggs and Lieutenants MclLemoon and Vergez.
5. 1980 Tactical Missiles Conference
On 30 April - 1 May, Dr. Pastrick and Dr. Seltzer attended the
1980 Tactical Missiles Conference at Eglin Air Force Base.

—— -
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SECTION III. PARAMETER SPACE TECHNIQUE (Task III)

A. Accomplishments

The Parameter Space method is a technique for determining stability
and dynamic characteristics of a control system in terms of several selected
system parameters. The development and use of the technique is described in
US Army Missile Command Technical Report T-79-64, entitled, "Sampled-Data
Analysis in Parameter Space," dated June 1979 (Appendix E).8 In essence,
the method provides an analytical tool for use in control system design and
analysis. Although not necessary, its appiication is facilitated by augment-
ing the analytical results with graphical portrayals in a selected multi-
parameter space. In its present form, the method requires that the controlled
system be described by a characteristic equation which, for sampled-data or
digital systems, may be expressed in the z-domain. The method enables the
designer to evaluate graphically (or analytically) the locations of roots of
the characteristic polynomial. Hence, he may design the control system in
terms of his selected performance criteria (also known as "pole placement").
He is able to see the effect on the roots of changing numerical values of
several system parameters.

Also developed under an earlier contract with MICOM is the Cross-
Multiplication method for determining a digital control system's response to
a deterministic input. This method is described in US Army Missile Research
Command Technical Report T-79-58, entitled, "Determination of Digital Control
System Response by Cross-Multiplication," dated 29 May 1979.9 This technigue
assumes that the closed-loop transfer function is available in the z- or
modified z-transform domain. The Real Translation Theorem is then applied to
the result, yielding a difference equation in the time-domain. This may be
solved for the system response in terms of the reference (or other) input(s)
to the system as well as in terms of system state initial conditions. The
technique also permits the determination of intra-sampling responses of the
system by using either the Submultiple Method or the Modified Z-Transform
Method. An additional strength of the method is that the input need be spec-
ified only at the sampling instants. Hence it is not necessary that the
input be described in a continuous (with respect to time) manner, nor is it
necessary to obtain the z-transform of the input(s).
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The Parameter Space method and Cross-Multiplication technique
have each been programmed for usage in the Hewlett-Packard Series 9835A
digital computer. The program language is an advanced version of BASIC.

A listing of the programs is included in Appendices F and G. To use the
Parameter Space program, one must have the characteristic equation in the
z-domain. The program then provides contours that portray the stability
boundary in terms of a selected two-parameter space. It then determines
and plots contours corresponding to the complex and real roots of the
system characteristic equation, thereby permitting design by pole placement.
The program contains the option of being able to determine the system roots
at any location in the selected parameter space (see subroutine entitled
"SILJAK" for an efficient root determination routine).

The Cross-Multiplication program requires that the desired closed-
loop transfer function be available in the z-domain. Of course, this can
be determined from the characteristic equation used for the Parameter Space
program. From this transfer function, the output can be provided, at the
sampiing instants, in terms of any desired input known (deterministically)
at the sampling instants. Several typical inputs (unit step, ramp,
sinusoidal) are provided by the program itself.

The Parameter Space Program has been structured so that, at a
later date, stability regions and maps of system roots can be determined
and plotted for continuous-data systems in the Laplace(s) domain. This option
will be useful to provide a reference or comparison. Also, often contemporary
control system designers (sadly) perform their design analysis in the s-domain
and then "merely sample the system fast enough." This modification will per-
mit an analysis of such systems.

Because many designers prefer to design in the w-domain (bilinear
transformation from the z-domain), the Parameter Space Program also has been
structured to permit its inclusion at a future date. This is contingent on
future investigations of the applicability of the Parameter Space method to
w-domain analysis.




I B. Example
l 1. System Description

To better demonstrate the capabilities, limitations, and general
l use of these two techniques and their implementation into two digital pro-

grams,, an example is provided. For pedagogical purposes, it represents a
simplified aerospace vehicle under control of a digital computer. See
Figure 1 (Section X) for a description of the system in block diagram form.
Capital letters are used to denote matrices, and capital letters with under-

bars denote vectors.

2. Application of SAM

Suppose the design goal is to specify a digital control system
that will result in a stable system whose performance is desirable (in some
sense). The approach to be used will be to obtain a mathematical description
of the system dynamics that can subsequently be simplified. The intermediate
i objective is to obtain a c]osed-ioop transfer function in the z-domain. The
ultimate objective is to use this closed-loop transfer function to assess
system performance, including stability.

Referring to Figure 1, one is able to write the "System Equa-
tions" (first column in Table I, below) describing the system dynamics.
Applying the "SAM" (Simplified Analytical Method) technique, one may then
obtain the "Modified System Equations” (Column 2) and the "Pulsed Equations
(Column 3)."

.

Table I. SAM

System Equations Modified Sys. Egns. Puised Equations
GpFGhog* X GpFGhog* X* = (GPFGho)fg* (1)

X

U = DE* u

DE* Uk = D*E* (2)

cX

(B3
[}

CGpFGhOQf Y* = (CGPFGho)fQ* (4)

]

!

|
i1
. | E=R-Y E=R-Y E* = R* - Y* (3)
1

I

I
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Now any desired closed-loop transfer function may readily be obtained from
the Table I equations. For the purposes of this example, suppose one wishes
to determine the response of the system output vector, X, in terms of the
system input vector, R. The value of these two vectors at the sampling in-
stants are denoted by the star operator (*), i.e., X* and R*. From the
third ("Pulsed Equations") column, one readily obtains that relation with
minimal mathematical manipulation:

E*:R*_Y*

B - (€6, Fey ) *ur

R* - (CGpFGhO)*ng*

[T + (cepFehO)*n*]" R* . (5)

This expression for E*, in terms of R*, may now be substituted into Equation
(2) to obtain the control vector U* in terms of R*:

U*

D*E*

p* [T + (cepFehc)*o*J'1 R* . (6)

Finally, this expression for U* may be substituted into Equation (1) to
obtain the sought-after expression for X* in terms of R*:

¥ = (6,FGq)*u*

= (6,FGq)*D* (I + (CGpFG ) *0%]"" R* (7)

In general, pulsed quantities may be expressed directly in the z-domain,
i.e.,

3 &% = x(2) (8)
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Taking the z-transfcim of each side of Equation (7) leads to

X(z) = 6 FG4(2) D(z) [T + CG, FGpo(2) 0(z)]"] R(z), (9)
where the following notation has been used:
« d.
3{(GpFGh0) ;2 epreho(z) (9a)
and
9 (€6 FGy0)*) d. €6 Fey(2) - (9b)

As previously stated, the expression of Equation (9) will be simplified for
pedagogical purposes. It is therefore assumed that only planar rotational
dynamics of a rigid body will be investigated. If the system output X is
assumed to be the time rate of change of attitude, i.e., 6, then the actuator
output V (assumed scalar in form) is

V= I, (10)

where [ represents the principal moment of inertia along the axis of rotation.

In the Laplace domain, this leads to the definition of the plant transfer
function, Gp(S)

d. 8(s) _ 1
Gp(s) - V(s)Y T Ts ()

If the zero order hold is assumed, then

-sT
Bols) = 52—, (12)

and

12
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Suppose one assumes, for the form of the digital controller, that
olde standby, PID. In analogue form, the controller would be

K K

=P, 1
o(s) 3 +SZ+KD.

If one applies the trapezoidal approximation for integration, the s'] is

replaced by
§z+1;
2-1) °

This substitution into Equation (14) leads to the z-form of the controller,

r|—

i.e.,
D(2) = S {2+ + Elzi 241)% + K
2 2-1 4 (2_1)2 D
For simplification, let
2
a g' EE.T_.
P 3
0 &7
ah * T
and
K.T
d. D
a T -
13
. t & Sl M v

- ——

(13)

(14)

(15)

(16P)

(161)

(16D)
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Equations (15) - (16) lead to the expression,

T0(z) (aP *ap+ ao) z2 +2 (aI - aD) z + (-aP tag+ ao)
by (2_1)2

From Equation (13), one may obtain the expression

ok

Multiplying Equations (17) and (18) together, one obtains an expression for

Gtho(z)D(z) for use in Equation (9), i.e.,

GthO(z)D(z) =

(aP tap+ aD) z2 + 2 (aI - aD) z + (a-P o+ aD)

(17)

(18)

(2-1)3
The scalar version of vector-matrix Equation (9) leads to the elementary

closed 1oop transfer function,

Kz) _ Gpfongl2)2)
R(z T+ CGpFGhOTZ)D(Z)

Letting X(2) = 8(z) and R(z) = éc(z) and assuming that F=1 and C = 1, one

finally obtains, with the use of Equation (19), the desired form of the
closed-loop transfer function:

T

|2
+ éN

o(z)

: T
sele) 8 3

T—'_ ’
g,

(19}

(20)

(21)




A [ap+ap=ap). 2 (a) - ap), (ap +a +a)l", (22)
E g. [‘]0 39 '3; ]]T [} (23)
d. 2T
¥ 0.z, °T . (24)
and

L Now consider Equation (21). It is in a form to apply both the Parameter

[ 3 Space and the Cross-Multiplication techniques, since its denominator is,
when set equal to zero, the system characteristic equation. The only para-
0 These will
determine the response of the system to any specified input. Notice that no
knowledge of complex variables has been needed by the system designer: only
a blind reliance on some simple rules (SAM). At this point one may (blindly)
determine the system response (by Cross-Multiplication) without applying the
Parameter Plane method. However, application of the Parameter Space tech-
nique (or some other stability and system performance method or methods) will
determine system stability and desired performance requirements. If done in
terms of the three parameters aps ap, and ap, one will determine the numerical
values for digital controller gains KP, KI’ KD (normalized by the moment of
inertia I) and the sampling period T.

meter that needs to be specified numerically are ap, 2r, and a

ES

gy, St
R . .

3. Application of Parameter Space Technique

First the control system designer must specify two parameters
of interest. Since he has three (ap, ar, aD) at his disposal, assume he
selects 3, and ap (since he may ultimately choose to not use any integral
gain). He must, however, choose a numerical value (which may be iteratively
changed in the design sequel) for ap. Let us assume 5 value of a; = 0.2 for
this example. Then the characteristic equation -- the denominator of Equation
(21) -- may be re-cast in the following form:

.‘_.-,._u-,_._,.._..-‘.__
-
pe —

P~ Y
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C.E.(2z) = AZy P1 + BZ, P2 + FZy = 0 (26) |
f
where
R a, (@) ]
and ]
b g
i P2 = aP . (28)

Grouping the coefficients of the characteristic equation in the form of
Equation (26), i.e.,

g+ AN 1,5, -5, 00,2, 2, 2T

-y

l X + [(-aP + aI + aD)’ 2 (aI - aD): (ap + aI + aD)] []s Z: ZZ]T

= (1- 27 + 2% ap + (-1 + 22) ap

]

i s(Vwa) +(3+2a) 2+ (3+a) 7. (29)

! i

é i By association, matching Equation (29) with Equation (26) leads to

o

| l K=[A(0), A1), A(,A(DNI=D0, -2,1,0], (30)
} .
l = (8 (0),8 (1),8(2),8(3)]=1[-1,0,1,0], (31)
P
: and
?
' F=[F (0), F (1), F(2), F(3)1 = [(-1+ap), (3+2a), (-3 +ap), 1]

, - [-0.8, 3.4, -2.8, 1] . (32)
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Recognizing that the order of the characteristic equation is three, one
is ready to use the parameter space program, MICPP (Appendix F). For
exposition, the computer printout will be included in the following
development.

Z TRANSFORM METHOD
THE 3%STEM ORDER I2 = 3

ELEMENTS QF A MATRIX A9,
1.9998E+00 -2, 0090E+80 1

ELEMENTS OF B MATRIX Bogs,EBCl
~1.,90933E+93 9, 3909E+08 1,393

ELEMENTS OF F MATRIX Fog>
-3.9899E-91 3, 4000E+9D -2

First the stability boundaries will be determined (these are
usually associated with the unit circle, or ¢ = 0 contour, in the z-domain
and with the singularities a (z = + 1 and z = -1), The parameter plane
boundary associated with z = -1 is found to be PI = ap = 2, and the boundary
associated with z = + 1 is P2 = ap = 0. For plotting convenience, the x and
y intercepts of these straight lines are also indicated.

ZETR = ©.0039E+QY
THE STABILITY BOUNDARIES FOR Z=+1 AMD -1 ARE AS FOLLOWS

FOR Z2=-1
Pl = 2.2089E+00

THE RXES INTERCEPTS ARE AS FOLLOMWS:

AND AT P2=0 , Pl= 2,0000E«30
Pl = CONSTANT = 2.0093E+Q0

17




FIOR Z=+1
COEFFICIENTS OF R1 & P2 EGUAL TO ZERW

THE AXES IMTERCEFTS ARE AS FOLLOWS:
Pl = COMSTANT =-9,9999E+33
P2 = CONSTRNT =-9,93999E+33

For the boundary associated with ¢ = 0, it is specified by the designer to
let the angle, wnT, vary between zero and pi in 20 equal increments. Print-
ed out are these values of wnT and the associated values of Pl and P2. To
investigate the possibility of the existence of the fourth stability boundary
associated with the case where the Jacabian becomes identically equal to
zero, the Jacobian is printed out in the second column. I[f it were to change i
sign, then there obviously would be a stability boundary at the value of

w T where it (the Jacobian) was equal to zero. Also, the sign of the printed
out Jacobian indicates on which side of the ¢ = 0 contour the stability

region lies,

INITIAL OMEGAR = @,Q3202E+ad FINAL OMEGA = 3,141SE+99
MUMBER OF S7EPS= 198

WnT = 1.8008E-25

THE DETERMINAMT OF THE COEFFICIENT MATRIX I3 EQUAL TO ZEROD
MRTRIX RB =

3.9880E+99 3., DOBIE+RD

2.083E-2¢

Dl

1. DOBBE+ 0y

g

MATRIX Fp =
-3.000BE-91 -3.

HARBE-ZE

18
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UnT=z 2.9108E+98 DET=~5.150%E+01R Fl= 1.S083E+0 Z= 1. 42SSE+9R
I HnT= 2.8420E+99 DET=-5.1321E+98 Fl= 1.5231E+99 iz 1. 4S4AE+00
WnT= 2.373SE+HB DET=-5.1339E+a) Fl= 1.SS17E+d@ P2z 1.4313E+99
MnT= 2.1043E+98 DET=2-5.12S5E+90 Fl= 1,S741E+08 Fi= 1.S339E+98
' UnT= 2.1353E+99 DET=-5.1370E+38Q Fl= 1.S953E+99 P2= 1.5352E+99
y UnT= 2.,1:7TE+QA DET=-S.1579E+31 Fil= 1.6132E+08a F2= 1.SE2Z1E+99
3 HnT= 2.1391E+39 DET=-S.1352E+99 Plz 1.5397E+a0 Foz 1,S2T3E+90
: WnT= 2.230%5E+98 DET=-5.0373E+99 Fl= 1.569%E+00 F2= 1.5129E+30
o ’ HnT= 2.251%E+99 DET=2-5.0456E+00 Fil= 1.821T7E+39 Fiz 1.B8374E+00
: MnT= 2.2934E+39d DET=~4,9547E+20 Fi= 1.7921E+90 F2z 1,5613E+00
: UrT= 2. 3243E+99 DET=-4.3119E+30 Fl= 1.7220E+a8@ FI= 1.5345E+09
WnTs 2,3552E+39 DET=-4, Pi= {.T414E+D 2= 1, TATIE+3
' HWnT= 2.3378E+40Q DET=-4. Fl= 1.7803E+20 F2= 1.7290E+20
nT=s 2.4190E+99 DET=-4. Fl=s {.7TETE+HQ F2z |, 7SGLE+RQ
WnT= 2.4534E+00 DET=-4.5143E+03 Fil= 1,T364E+34a FZ= 1|.7TASE+3
! HrnTs 2.4319E+09 DET=-4,3553E+00 Flz §,3126E+89 FZ= 1,7982E+50
MnT= 2,51233E+99 DET=-4,25322E+90 Fi= SIDLIE+OY Fo= 1,.3930E+24
: UnT= 2.S447E+09 DET=-4.1973E+08 Fl= 1.3459E+94 Fi= 1.3271E+30
‘ : UnT= 2.STE1E+09 nET=-3.95395+aa Fi= FE12E+08 iz 1. 23443E+080
! WnT= 2.5a7%E+0d CTSS3E+99 Fl= ETSTE+90 = 1, BEATE+IN
WnT= 2.533%E+90Q 1STE+a9 Fi= SE9SE+R 2= 1.3TE3E+34
3 . UnT= 2.5TO4E+90 Z4E+30 Fl= 1.9325E+08 2= 1.3918E+03
, HnT= 2.7Q12E+a4 441E+080 Fl= {.3143E+538 I= 1., 9B43E+00
} : WnT= 2, TI3ZE+DY 4ESE+RD Fl= 1.2263E+9a 2= 1. 2ITEE+OR
1 WnT= 2.7E4SE+a0 1 EE+DD Fi=s 1,33 3% 2= 1, 32ITE+B0
WnT= 2.7969E+99 293E+29 Fl= 1.34 an 2= 1.F499E+080
) WnT= 2.3274E+99 118E+80 Fl= 1.3S£1E+00 2= 1.2S11E+a@
WnT= 2.3533E+90 DET=-2.137EE+9D Fil= 1,3543E+64 2= 1. FEA3E+IR
| WnT= 2.23%93E+00 DET=-1,%S53E+530 Fl= 1.3715E+99 2= ., ¥E3EE+00
I ! UnT= 2,921TE+39 DET=-1.7241E+39 Fl= {.3734E+80 PI= |, 97S9E+09
WnT= 2.3531E+97 DET=-1.45353E+98 Fil= 1,3341E+089 FZ= 1.9323E+99
. WnT= 2.934SE+00 DET=-1.2433E+00 Fl= 1, 382%E+04 F2= 1,337PE+99
C WnT= 3.01S3E+99 DET=-%.3371E-41 Pl= 1,2929E+99 FZ= 1.9921E+00
L a WnTs 2.9473E+99 DET=-7.5120E-a1 Fl= 1.9950E+39 Fi=z |, 33SEE+A0
! WrnT2 3.9733E+99 DET=-S.91%3E-21 Fl= |, 3%52ZE+00 FZ= 1.9250E+500 ]
i MrnT= 3. 1102E+Q9 DET=-2.5122E-91 Fil= 1.23%%8E+04d F2= 1. 9%9SE+90
' ﬂ WnT = 3.1418E+99
s THE DETERMIMAMT OF THE COEFFICIENT MATRIX 13 EGuUAL TO ZERQ |
I MATRIX RE = |
1 4. 3D0RE+B@ 8. 9090E+00 |
! l 9. GODDE+0E 9. QODAE +DD |
; 1
; |
) | |
MATRIY Fp = ‘
‘ 3. 9900E+98 9, DOAYE+2Y o
' |
&1
i1 2
. ,4 r

|
s
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The stability boundaries may now be plotted on the ay - 3 parameter plane
(Figure 2). The stable region lies in the first quadrant, bounded (on the
left) by the ¢ = 0 curve and (on the right) by the P1 = ap = 2 line.

Since the characteristic equation is third order, it must
have three roots. c¢-contours, printed out as functions of the argument
wnT, display the characteristics of complex conjugate pairs of roots.

Since the ¢ = 0 contour exists, there must be some complex conjugate roots.
However, since there are three roots, there also must exist a real root.
Hence, at each point in the ap - 3p parameter plane, one must expect the
existence of either one complex conjugate pair of roots plus one real root
or three real roots. It will be shown that, for this case, the former
prevails. '

Zeta contours for zeta values of 0.2, 0.5, 0.707, and | are
shown as functions of wnT in the following printouts. These contours are
also plotted on Figure 2. For clarity, the associated values of wnT are
omitted from the figure.

¢

ZETA = 2.9B00E-91

INITIAL QMEGA = 9.0033E+80Q
HUMBER UF 3STEPS= 5@

WnT = 1,8000E-2S

THE DETERMIMANT OF THE COEFFICIENT MATRIX IS EQUAL TO ZERG
MATRIKX RE =

FIMAL OMEGA = 3.1416E+30

9. 99IIE+ID Q. HBAE+HE
9. 000E+D0 1.3S96E-25

MATRIX Fp =

-3, 9099E-91 -7.2384E-26

T e
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WnT= &,2332E-02 DET=-4.,.73%7E-04 Plz 2,.9Z23SE+Q2
WnT= 1,.2%9488E-01 DET=-3.2342E-03 Fl=s S, 953SE+91
WnT= 1| ,33S3E-21 DET=-1. az Flzs 2.2433E+91
WrnT= 2.S133E-91 DET=-2.7T18E-92 Fl=z |.26E63E+Q1
MrT= 3,19418E-91 DET=-5S. SE-R Fl=z 2,147%E+00
WnT= 2, T53%E-91 DET=-3.72%%E-22 Fl= S,7V1209E+99
WnT=s 4, 3932E-21 DET=-1.3354E-31 Fl= 4.2623E+00
WnT= S,9Z85E-a1 DET=-1, 21 EEE-D Fl= 3.3333E
UnT= S,28942E-91 DET=-2.8135E~91 Fil= 2.V222E
WnT= 5, 2332E-01 DET=~3,44Q3E~31 Fl=s 2.2 E+4
MnT= 2,3115E-01 DET=-4,378TE-21 Fil= K} E
MnT= 7.5392E£~-91 DET=-5,4203E-21 Fls v E
WnT= 3,1881E-91 DET=-5,.5£05E-91 Fl= [ €
WnT= &, FTPESE~-1 DET=-7,7S44E-9] Fl= b PE 010
MnT= 2, 4243E~-91 DET=-3.8782E-a1 Fls=s 43IZE+DD
UnT= 1.,.9aS3E+08 DET=-1.3421E+28 Fil= E+30
WnT= 1.9831E+93 DET==1.1753E+00 Fil= PRE+DD
WnT= 1,1310E+39 DET=-1,3131E+38 Fl= E+28
WiT= 1, 1333E+30 DET==1,4S79E~Q9 Fl= FE + 00
WnT= 1,2555E+08@ DET=-1.5241E+21 Fl= 1.3 E+@%
WrnT= 1.313SE+39 DET=-1.T72S3E+HY Fl= 1.3328E+20
WnT= 1,3322E+99 DET=-1.2512E+09 Fils 1.3S323E+80
WnT= 1,4451E+94 DET=~1.3534E+93 Fl= 1.373SE+B9)
MnT= 1.5033E+49 DET==-2,87S6E+0% Fil= 1.,22€7E+20
WnT= 1,.STR2E+9Y DET=-2.1713E+a8 Fls 1.422SE+00
WnT= 1.5338E+29 DET==2.2541E+20 Fl= 1.4504E+D)
HnT= 1.e28SE+39 DET==2.3227E+26 Fl= 1.4798E+00
MnT= 1, 7S33E+90 DET=-2.37E2E+00 Fl= 1.533%cE+00
WnT= 1.3221E+90 DET=~2.4138E+90 Pl= 1.5491E+29
WnT= 1,3259E+99 DET=~2.4345E+39 Flz 1.S5708E+05
HnT= 1. 2473E+09 DET=~2.4333E+91 Fl= 1.60Q9E+0a
WnT= 2.91865+@B DET=-2,4250E+00 Flz 1.5830E+0D
WnT=s 2,9738E+00 DET=~2.2%47E+DD Pls 1.55%4E+0D9)
WnT=s 2,1 3635#@@ DET=~2.3476E+20 Pl=z 1.8373E+H9H
WnT= 2,1231E+39 DET=~2.2342E+30 Pl=z 1.7140E+980
HnT= 2,25123E+09 DET=2~2.29%3E+29 Pl=s 1. 7333E+00
HMnT=z 2,.3Z43E+90 DET=-2.1116E+d0Q Fl=s {.TEILIE+DR
WnT= 2.2572E+90 DET=-2.09042E+9Q Ft=s {.72S3E+20
W T= 2.45@4E+ﬂﬁ DET=~1.3344E+0 Fl= 1,.2952E+80
WnT=s 2,5133E+99 DET=—1.?HJSE+QQ Fl= |.224SE+30
UnT= 2,572 1E+08 DET=~1.5125E+99 Fi= 1,3415E+909
WnT= Z2.8323E+9a DET=-1.4 :;38+00 Fl= |.398SE+00
WnT= 2,7R12E+DH DET=-1.3074E+900 Fi= {1.35%2E+2D
MnT=z 2,7E4cE+09 DET=~1.1463E+1 Pl= 1.3893E+00
WnT= 2,3274E+9% DET=-2.2183E-91 Fl=z 1.3292E+00
WnT= 2, 3383E+39 DET=-3. 15Q3E~-Q1 Fil=s 1.32T8E+20
WnT= 2,9531E+89 DET=-5.473SE-01 Fl= 1.30@31E+28
WnT= 3,9159E+99 DET=-4.2196E~-91 Pi= 1,.9352E+90
WnT= 3,9723E+09 DET=-3.15S2E-91 Fl= 1,3037E+29
WUnT= 3,1418E+95 DET=-1.5%31E-91 Fl= 1.9083E+90
ZETA = %.0009E-91

IMITIRL COMEGR = o, 9209E+99 FIMAL OMEGA = 3.141%

HUMBER OF 3TEF3=
WnT = {.3990E~-29
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THE DETERMIMANT OF THE COEFFICIENT MATRIX IS EGUAL TO ZERQD

MATRIX RB =

9.9HQDE+DO 9. RHIIE+0D

@, 9993E+00 1.7321E-2S

\ MATRIX Fp = . - e

~3.0009E-91 -5.9232E-28
Q WnT= &.2332E-92 DET=-4.@2321E-04 Pl= 2.92c4E+a2 P2= £.3TRZE+TY
: UnT=s 1.2%6£6E-91 DET=-3.8232E-93 Fl= 5.08720E+d1 F2= 3.1347E+20
: WnT= 1.38S5QE-81 DET=-9.5SHSE-DZ FPi= 2,283VE+0! P2= 2.1445E+00
i WnT= 2.5133E-91 DET=-2.11£2E-02 Pl=z 1.,2349E+9! PZ= 1.6277E+09
' : WnT= 2.1416E-01 DET=-3.353%E-92 Pl= 2.3S513E+04 P2= 1.3257E+09
i UnT= 3.7892E-01 DET=-£.2151E-02 Fl= S,2353E+94 F2= 1,132Z2E+99
WnT= 4.3932€-91 DET=-3.13%a4E- CL Fl= 4.5830E+09 F2= 1.8912E+59
WnT= 5,3265€-91 DET=-1.27SEE-13! Fl= 2,5932E+08 F2= 3,3339E-a1
WnT= S.5543E-01 DET=-1.6354E-31 Fl= 2.9331E+00 2= 2.4533E-91
WnT= 5.2832E-al DET=-2.1452E-0! Pl= 2,5703E+06 FZ= 7,398TE-91
WnT=s 5.2115E-41 DET=-2.5448E-3¢ Fl= 2.27E0E+09 PZ= F,ET73%E-91
WnT= 7,S5393E-91 DET=-~3.1742E-31 Fil= 2.0543E+09 2= 7.45886E-01
: WnT= 3.1621E-a1 DET=-3.7283E-91 Pl= 1.31B3E+00 PZ= 7,2324E-01
: HnT= 3.7%55E-01 DET=~4.2924E-91 Fl= 1,7P93%E+00@ Fz=2 ?7.2617E-01
WnT= 3.4243E-a1 DET=-4.381SE-a1 Pl= 1.7TITSE+29 PZ= T.2401E-91
WnT= 1, B053E+n9 DET=~S.4251E-81 Fl= 1.€S520E+00 FZ= 7.2572E-91
3; WnT= 1. QSS1E+0R DET=-S,3746E-a! Pl= 1.51F77E+GR PZ= ?7.30SRE-91
\ UnT= {.1310E+38 DET=~5.5020E-21 Pl= 1.S335E+58 Fz= 7.2787E-91
WnT= 1.1323E+90 DET=~7.8009E-01 Fl= [.S5713E+99 F2= ?.348T72E-91
WnT= 1,2966E+90 DET=~F.4822E-91 Pl= 1.SE19E+80 p2= 7.5720E-01
WnT= 1.3135E+980 DET=~7.3330E-91 Fi= 1,SSE6E+0Y P2z 7.E37SE-91
WnT= 1.3823E+19 DET=~2.2S77E-01 Fl= 1.9569E+0@ Fz= 7.,2106E-91
. MnT= 1.44S1E+a8 DET=~3.5827E-1 Pl= 1.520TE+9D Pz= ?.92236E-01
1 KnT= 1.5930E+00 DET=~2.354%9E-91 Pl= 1.S5672E+00 P2= 3.9695E-01
WnT= 1.S5792E+89 DET=2~3.97T27E-91 Fi= 1.S7STE+0H 2= 3.2013E-091
' ' , WnT= 1.5335E+08 DET=~3,2343E-91 Pi= 1.9357E+09 F2= 3,.3324E€-91
] " UnT= 1.835SE+00 DET=-3.3410E-91 Fl= 1.3953E+08 2= 8.9516E-91
: . WnT= 1,7S332E+34 DET=-2.3%1%E-01 Pl= 1.8932E+29 F2= §.S376E-01
LT © o WnT= |, 3221E+28 DET=~3,3338E-01 Fi= 1.32@1E+04Q P2= 3,T038E-91
| 9 WnT= 1,.52S50E+09 DET=-3, 3322E-91 Fil= |.8321E+29 Fi= 5.3268E-91
i . WnT= 1,3472E+09 DET=-3,2263E-91 Fi= 1.5448E+20 Fi= 3,3334E-91
. WnT= 2.0108E+39 DET=-9,A733E-21 Fl= 1.68556E+09 P2x $.8440E-01
: i WnT= 2,9725E+90 DET=-2,37eSE-01 Pls 1.E2883E+00 FZ= 3, 1422E-9)
I WnT= 2.1353E+90 DET=-2,£335E~91 Pi= 1.5777E+00 FE= 3, 2357E-91
{ :é WnT= 2,1331E+08 DET=-3,3637E-91 Pi= 1.8339E+a9 F2= 2, 3211E-91
i \ { WnT= 2,2613E+00 DET=-2,.0%53E-91 Fl= 1.5975E+00 PZ= 9.399%5E-01
i i WnT= 2, 3243E+90 DET=-T7.7139E-91 Fl= 1.7QESE+DG Fi= 3,4703E-01
‘ . WnT= 2,3274E+949 DET=-7,3572E-81 Fl= 1.7143E+09 F2= 9,5248E-0¢
;o ! WnT= 2,43524E+90 DET=-5,2746E-01 Pl= 1.7234E+99 P2= 9,%5218E-91
o WnT= 2.5133E+20 DET=-£,57SOE~a! Pl= 1,F293E+00 P2= 3,8417E-91
; WnT= 2,S751E+929 DET=-%, 182SE~G1 Fil= 1,7354E+90 P2= 2,8348E-01
' ‘ . WnT= 2,533%E+99 DET=-5.7497E~d1 Fl= 1,7439E+08 2= B,T212E-Q1
E o § WnT= 2,7013E+99 DET=-5,3123€E~a! Fl= 1,7458E+20 2= ¥, TE11E-9)
i WnT= 2,7848E+900 DET=-4,333%E-01 Fi= {,T43TE+09 Flz 2,7743E-91
! , WnT= 2,3274E+00 DET=-4,4%547E~a1 Fi=z {,7S31E+@Q F2= 9,7226E-01
: ? WnT= 2,2993E+99 DET=-4,9238E~01 Fl= 1.75S2E+90 P2= 3, 824TE-Q1
3 WnT= 2,3%931E+09 DET=-3.6110E~B] Fl= 1,.7S31E+14d PE= 3,3115E-921
‘i WnT= 3.3153E+39 DET=-3,2913E-91 Pl= 1., 7SIVE+RD PI= 3,3134E-9!
f UnT= 2.0723E+24 DET=-2,3925E~01 Pl= 1. 7803E+20 Fa= 3.3106E-91
. WnT= 3,1416E+21 ‘DET=-2.$167VE-@1 Pl= 1,TE14E+90 Fi= 23,303SE-01
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ZETR =

7.7

QE~-B1

IMITIAL OMEGA = 9.3990E+3d

HUMBER

THE DETERMINANT
MARTRIX RB =
. 08098E+0L

9,808

E+0d

MATRIX Fp =

OF STEPS=
WnT = 1,0002E-25

-32,8900E-01

WnT= 5.2332E-92
WnT= 1,2558E-21
WnT= 1,2350E-91
WnT= 2.5132E-81
WnT= 3.1416E-81
WnT= 3,75%3E-91
WnT= 4,29%32E-01
WnT= S,928%E-21
WnT= $,8549E-01
WnT= 5,2832E-91
WnT= 5.2115E-91
WnT= ?.5393E-91
WnT= 3,1831E-91
WnT= 3.73%65E-81
WnT= 3,4242E-21
WnT= 1.9953E+9Y
UnT=s 1.3631E+28

WnT= 1,1319E+99Q
WnT= 1,1933E+90
WnT= | ,25585E+99)
WnT= 1,3195E+09Y
WrT= 1,3323E+99
WnT= 1,4451E+908
WnT= 1,5S223E+a9

WnT= 1.5

TAIE+2D

WnT= 1,5338E+09
WnT= |.8965E+01
WnT= 1,7S33E+91

WnT= 1.3221E+99
WnT= |,.3350E+29
WnT= 1.3475E+99
WnT= 2.0135E+00
WnT= 2.973SE+90
WnT=s 2.1363E+00
WnT= 2,1931E+0R
WnT= 2.26819E+99
WnT= 2,32423E+09
WnT= 2,3372E+90
WnT=s 2.4534E+0D
WnT= 2,5133E+90
UnT=z 2,5761E+00
WrTz 2,5339E+90
WnT=s 2,7913E+09
WNnT= 2,TE48E+QQ
Tz 2.3274E+89
MnT=z 2, 39QZE+00

se

FIMAL

OMEGA = 3.1415E+98

OF THE COEFFICIENT MATRIN

9. 3030E+09

1.4144E-25

-5.8577E-26
BET=-32,2992E-94
DET=-2,34535E-02
DET=-7.2351E-833
DET=-1.568S8E-92
DET=-2.733SE-02
DET=-4,3345E-A2
DET=-5,23%73E-02
DET=-3,8405E-92
DET=-1.1194E~-01
DET=-1.3%81E-41
DET=-1.5335E-%1
DET=-1,3393E-11
DET=-2.2%64E-91
DET—-- saa3E-al
DET=-2.338VE-a1
DET=-3.135?E-@1
DET=-3.4577E-91
DET=-3.7115E-91
DET=-2.9445E-01

DET=-4.1S43E-91

DET=-4.
DET=-4.
DET=-4.

3394E-01
493?5-&1
31SE-91

DET=-4."37. -9l

DET=-4.3174E-21
DET=-4.3712E~11
DET=-4.,8933E-01
DET=-4.9345SE-21
DET=-4.3384E-01
DET=-4,3459E-81
DET=-4.7&7SE-91
DET=-4.703%E-91
DET=-4.&153E~51
DET=

-4.5avBE-21
Y

DET=-4.3350E-21
DET=-4.2516E-a1
DET=-4.1834E-91

DET=-3.3571E-11
DET=-3.7321E-21
DET=-3.835%E-01
DET=-3.4£33E-01
DET=-3.2934E-91
DET=-3.122SE-21
DET=-2,23573E-01!

DET=~-2, ?353E-01
DET==2.%8

S121E-91

Fi=
Pi=
Fl=
F1=
Fi=
F1=
Fis=
F1=
P1=
Fi=
Fl=
F1=
F1=
P1=
P1=

P1=
Pi=
Fi=
Pi=
Fi=
P1=
Fi=
P1=
Fi=
Fi=
Pl
P1=
Fi=
Fi=
Fls
Fi=
Fi=
P1=
P1=
P1=
Fi=
Pi=
Fl=
Pi=
Pi=
Fia
F1=
Fls
Pl=
Pl=

1<

0 03 03 0 L3 $e 0’- [CONE S VI Y o)

EQ

e

. SB45E+DD

WAL TO ZERD

$IE+U1

ﬁ??TE+@B

T1aE+9Q

?6558+6@
15123E+91D
TH442E+BY
4426E+20
2341E+209
DTESE+DO
=5=4E+BB

(l

T19E+29

1.33 SE+0%
1, 7S7SE+DD
1.7211E+08
1.6343E+00
1.6750E+08
1.5614E+80
1.6523E+89
1.84687E+99
1.643?5’00

1.543 nE*Bu
1.S48585E+20
1.5433E+00
1.6513E+00
{.8557E+90
1.58533€E+00
1.6641E+09
1.6694E+@0
1.872
1.6?5°E+60
{.8210E+9Q
1.5849€+09
1.6335E+99
1.5913E+90
1.8951E+90
1.69%08*BG

TYOTE+QQ
1..a~ E+0a

TOS4E+QO
x.?e?35+ea
1. TO9QE+0

pla

4

F2=
z
z

pa=
P2=
p2=
P2=
P2=
F2=
F2=
F2=
p2=
P2=
p2=
p2=

F2=
pa=
p2=
po=
p2s
p2=
Pz=
p2a
Fa=

P2=

-

Pa=
P2=
p2=
2=
pa=
P2a
P2=
o=
P2a
Pa=
P2=
2=

P2=

F.B0ETE+0Y
4.5141E+00
2.9259E+53

1.5725€+20
1.3776E+DD
1.2376E+00 |
1.1342E+00
1.95E6E+20
3.9772E-01
2.5235E-91
9.1867E-81
3.9278E-01
8.7341E-91
3.%920€-01 |
8.4911E-91

8.4231E-81
3.3816E-01
3.3611E-01
2.3576E-01
3.3674E-91
3.3876E-21
§.4158E-21
3.4501E-91
3.4333E-01
3.5306E-01
2.57426-901
3.6198E-91
8.5536E-91

2
2
9
.B:SBE 91
«95
0

9.1:?9E-@1
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WnT= 2,9531E+QQ DET=-2.4%16E-011 Pl= |, 7108E+2D
WnT=s 3,31%9€+90 DET=-2,2333€E-91 * Fl=s {,7113E+08
WnTs 2,8733E+90 DET=-2,{227E-91 Pil=z |, ,7129E+31)
WnT= 3.14125E+90 DET=-1,9733E-91 Pl= 1,7133€+03

ZETA = 2.999%E-91%1
IMITIAL OMEGA = 9. 9D0QE+HY

NUMBER OF STEPS= S@

WnT = 1.8000E-25

THE DETERMIMANT DF THE COEFFICIENT MATRIX 13 EQUAL TO ZEROD
MATRIX RE =
2.0I00E+39

FIMAL OMEGA = 3,1416E+990

9.0000E+DQ

0. 9OGRE +0@ 8.94426-28

MATRIY Fp =
-3.D09RE-B1

WnT= &,2832E-02 DET=-1{,9572E-05 Pl= 2.0239E+02
UnT= 1.2586E-21 DET=—1.332°E 9S Pl= 5,1023E+a1
HWnT= 1.3250E-81 DET=-4,1211E-9S Pi= 2.2373E+91
WnT= 2.S5133E-01 DET=-2, 634bE s Pl= 1.3213E+01
UnT= 3.1415E-8@1 DET=-1.4917E-04 Fl= 3.7422E+0@
WnT= 3.75%3E-91 DET=-2,2515E-94 Pl= S.341EE+0¢e
WnT= ¢,3332E-~01 DET=-3.2033E-14 Fl= 4.9172E+00
WnT= S.928SE-91 DET=-4,2459E-34 Fl= 4.912€E+99
WnT= S5.5543E-91 DET=-35,3502E-04 Fl= 3.4057E+00
UnT= 5,233 2E-01 DET=-£.5250E-04 Pi= 2.93S3E+90
WnT= 6.3115E-91 DET=-7.7112€E-94 Pi= 2.6831E+99
WnT= 7.5392E-91 DET=-3,3963E-084 Pl= 2.4612E+00
WnT= 3.1531E-~91 DET=-1.8057E-23 Pi=s 2,2951E+00Q
WnT= §,736SE-91 DET=-1.117SE-B3 Pl= 2.1837E+09
UnT= 9,.4243E-91 DET=-1,2236E-83 Pi= Z.0P12E+00
WnT= 1.93S3E+08 DET=-1,3229E-83 Pl= 1.29353E+00
WnT= 1.9&31E+09 DET=~1,4144E-03 Fi= 1,935SE+99
WnT= 1.1319E+98 DET=-1.497SE-BC Pl= 1.323QE+00
HWnT= 1.13233E+08 DET=-1.SFV13E-83 Fl= 1.3502E+99
WnT= 1.ZSE5E+DE DET=-1.86372E-63 Fi= 1.3133E+99
UnT= 1.3132SE+89 DET=-1,£935E-03 Fi= 1.73S53E+30
WnT= 1.32823E+99 DET=-1,7410E-D3 P1= 1.7754E+00
WnT= 1.4451E+99 DET==-1.FV37E-23 Fi= 1.7S33E+99
WnT= 1.582RE+Q9 DET=~1.31B1E-93 Fl= 1.7482E+00
WnT= {.5792E+38 DET=~1,5328E-03 Fi= 1.73S6E+08B
WnT= 1.3325E+04 DET=-1.347SE-B3 Fi= 1.7259E+09
WnT= 1.69€SE+28 DET=-1,.3553E-83 Pl= 1.7198E+00
WUnT= 1.7593E¢ﬁ9 DET=-1.35£6E-83 Pil= 1.7140E+02
WnT= 1.8221E+99 DET=-1.8513%E-93 Fi= 1,P833E+99
WnT= 1.3350E+BQ DET=-1,.3416E-93 Pi= 1.78SSE+09
WnT= 1.9473E+38 DET=-1,3262E£-03 Pl= 1.7024E+202
WnT= 2.08195E+99 DET=-1.3054E-93 Fi= 1.6993E+00
WnT= 2.9735E+99 DET=-1.732SE-93 Pi= 1.833QE+08@
WnT= 2.1353E+09 DET=-1,755S0E-23 Fl= 1.85964E+00
WnT= Z,1931E+99 DET=-1.,7244E-03 Fi=s 1.563S2E+28
HnT= Z.Z813E+99 DET=-1.8210E-2% Fl= 1,5942E+20
WnT= 2,3243E+29 DET=~1.6554E-032 Pl= 1.6935E+9D
WnT= 2.2875E+R9 DET=-1.517F7E-23 Fl1= 1.,633BE+90
WnT= 2.4504E+99 DET=-1.5784E-02 Fil= 1.8327E+00

p2=
pz=
Pz=
Fa=

F2
Pz
Rz

R R R e e e el el I MY SIF NP A

L O CREVY SRV )
.

L2T3SE+91
. 381SE+0D
ST14E+00
224SE+00Q
LBAZTE+QD
{2E€4E+30
LH114E+30
THIIE+ID
S4SSE+DR
LH237E+DY
. 3277E+OB
251BE+08
1398E+909
133SE+900
PI7RE+OY
DEZTE+DY
B342E+930
N1ASE+Q
LIRPIE-01
. 14165“:‘1
50825E-81
L435%E-91
. 38T9E-91
< JASTE-QL
.236TE-AL
LITE2E-91
139&E-01
LDOR3E-01
.BSESE~-D]
LQ2QE-91
naszs-a1
3?55-@1
.Qﬁﬂ ‘31
..bBBE 21
9 RJE ﬂl

- .

o o
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WnT= 2.5133E+80 DET=-1.537%E-93 Fl= 1.8324E+19 PZ= 3,927V9E-31
WnT= 2.5751E+34 DET=-1,49€2E-073 Fils 1.2923E+08 P2z 3.9259E-91
WnT= 2.5332E+30 DET=-1.4539E-03 Fil= 1.8323E+49 F2= 8.9266E-91
WnT= 2.,7013E+38 DET=-1.4110E-82 Fl= 1.&92ZE+00 FPZ= 8.926%E-91
WnT= 2.7848E+88 DET=-1.3873E-97 Fl=s 1.6924E+90 F2= 3,9277E-91
WnT= 2.3274E+98 DET=-1.3244E-93 Fil= {.8326E+00 F2= 3,3239E-91
WnT= 2,3303E+912 DET=-1.2312E-93 Fi= 1.8%27E+08 P2= 38.9330SE-B1
UnT= 2.9S31E+98 DET=-1.2231E-02 Fi= 1.832%E+20 P2= 3,9322E-91
WnT= 3,9159E+D0 DET=-1.1954E-23 Fil= 1.8331E+20 P2= 8.93342E-91
WnT= 3.Q733E+Q9 DET=-1.1532E-82 Fi= 1.6934E+08 PZ= .9363E 81
WnT= 3.1418E+09 DET=-1.1118E-23 Fi= 1.5336E+00 P2= 2.9335E-91

Now a tentative design point may be selected. Let us suppose
that, for the first design iteration, the control system designer selects
a location of ¢ = 0.707 and mnT = 1/2 for the placement of the poles. This
corresponds to a point in the parameter space at ap = 0.845, a = 0.2, and
= 1.643. Notice that this establishes the value for the real root, i.e.,
= 0.02. If other values of § were desired, the value of ¢ = 0.707 could

3

be maintained and the value of mnT varied, or vice versa. These values for

root locations may be independently checked by using the programmed poly- ]
nomial rootfinder termed, by Hewlett-Packard, "Siljak's Method" (Appendix

F.

o

; i COEFFICIENTS OF THE CHRRACTERISTIC EQUATION WITH
Pl= 1.5430E+00 P2= 3.,4500E-91

-

CCay + CLO%S ¢ C(2)%#3~2 + Li22#3~3 +
SO 9r=-2,990399E-93
¢ 1= 1,1480090E-01
Ci 2)==3,129990E-011
C{ 3= |, 993000E+30

St

. —— B S —

PSR O ., L

ROQTS:

; REAL IMAGINRRY DAMPING RATIO WnT
Py

’ 1.467913E-91 -2,.9%909344E-91 T.a74111E-01 1.583920TE+90

) 1.341740E-02 1.838733E-12 1. 093a59E+99 3.994450E+903

v 1.487313E-021 2.9%0343E-91 T.B74111E-01 1.5892B7E+0D
B

)
{
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Since the g-contours by interpolation span the entire stable
region, there must exist (in that region) only one real root at each point.
If real root locations in the z-domain are designated by the symbol &, the
§-contours (straight lines) are solved for values of 6 = 0.8, 0.7, 0.5,
0.2, -0.1, -0.5, and -0.9 (notice of course, that the z = -1 stability
boundary is synonymous with the § = -1 contour).

FOR REAL ROOTS OF THE CHARACTERISTIC EQUATION

DELTR = $8.9990E-01
P2= 1.1111E-081 #P1 + 1,77P3E+90

THE AXES INTERCEPTS ARE AT FOLLOWS:
RT P1=@ , P2= 1.7773E+08
AMD AT P2=9 , Pi=-1.5000E+D!

FOR REAL ROQTS 0OF THE CHARACTERISTIC EQUATION

DELTA = 7.00090E-41
P2= 1.7647E-D1 *P1 + 1,0804E+00

THE AXES INTERCEPTS ARE A3 FOLLOWS:
AT Pl=@ , P2= 1.D394E+00
AND AT P28 , Pi=-£,1222E+00

FOR REAL ROOTS OF THE CHARACTERISTIC EQUATION

DELTR = S5.990BE-91
P2= 3.3333E-91 *P1 + 4,3333E-91

THE RKXKES IMTERCEPTS ARE A3 FOLLOWS:
AT P1=0 , P2= 4,3333E-91
RHD AT P2=@ , Pls-1,3Q000E+10Q

FOR REAL ROOTS OF THE CHARACTERISTIC EQURTION

DELTR = 2.00900E-81
P2= 6.6667E~-01 #P! + -2.3333E-91

THE RAXES INTERCEPTS ARE A3 FOLLOWS:
RT Pl=9 , P2=-2,3333E-981
AMD AT P2=0 , Pl= 3,%5000E-2!




FOR REAL ROOQTS OF THE CHARARCTERISTIC EQUATION

DELTA =-1,0090E-91
P2= 1,2222E+08 #FP1 + -, 593E+645

THE AXES INTERCEPTS ARE RS FOLLOWS:
AT Pl=9 , P2=-1,1203E+00

AMD AT P2=8 , Fl= 9.5512E~91

FOR REAL ROOTS OF THE CHARACTERISTIC EQUATION

DELTA =-5.090RE-9])
P22 3.000RE+90 <Pl + -4,49333£+90

THE AXES INTERCEPTS ARE RS FOLLOWS:
RT P1=8 , P2=-4,4333E+90
AND AT P2=2 , Pl= 1,4772E+90

FOR REAL RODTS OF THE CHRRACTERISTIC EQUATION

DELTA =-3.000RE-91
P2= 1.9000E+8! #P1 + -3,5039E+01]

THE HXES INTERCEPTS ARE RS FOLLOWS:
AT P1=D , P2=-3,608%E+91 '
AMD AT P2=29 , Pl= 1,5394E+98

4. Application of Cross-Multiplication Technique
Suppose now the control system designer wishes to assess the
system response, using the numerical values for ap, s and ap. Since he
already has the closed-loop transfer function of Equation (20), he may go
directly to the Cross-Multiplication method. The digital program for this
method is shown in Appendix G. He loads in the order of numerator (2) and
denominator (3) and selects a value for sampling interval (here, T = {s).
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r A

DRDER OF HNUMERATOR IS 2 ORDER OF DEMOMIMATOR IS 3
SAMFLE IMTERVAL = 1

CALCULATIONS MRDE ARCCORDIMG TO FOLLOWIMG ERQUATIOM DEFINITION

C(Z2-R(2» = MHUMERATOR-DEMOMINATOR
MUMERATOR = R:R»#2-0 + Al #2-1 + Re2r«2~2 . o . ALHI#2ZH
DENOMINATOR = B(@ %29 + B{1)2T~1 + BiZ2r#2~2 BiDy42-D

Next, the numerical values for the coefficients in the numerator and

denominator are loaded.
NUMERATOR CUOEFFICIEMTS RO, ACLY ACEY, .. JATHD
.398 -2.38%5 2.833

—

DENOMIMATOR COEFFICIENTS
: -.802 .114 -.312 1

EC@7,B13 EC2y, .. BINY

Then, the number of sampling instants to be used is selected. In this
case, time was varied from zero to 10T. The test input sélected for éc
(here designated “INPUT") is a unit step function. The output & is printed
out as "RESPONSE." It is plotted as Figure 3. The R's indicate values

i for the input at sampling instants, and the asterisks indicate value for

|

|

i

the response at the same instants.

NUMBER OF STEPS FOR RESPONSE = 19
THE IHPUT 1S A UNIT STEP FUNCTIOM

.
‘ - b 8
: 3 . K TIME INFUT RESPONSE
| ) 9. 000E+2D "1, 008E+20 3. 0DAE+DD
‘ N W 1 1.900E+30 1.903E+30 2.538E+09
S I 2 2.000E+29 1.000E+0Q 6.407E-91
{ * 3 2. 000E+00 1.000E+00 6.93SE-01
. 4 4.200E+00 1.0DE+20 9,487E-01
S 3 5. 000E+20 1.900E+00 1.018E+080
N I 5 €.000E+20 1.0080E+09 1.811E+90
i 7 7.0B0E+2Q 1.000E+99 1.901E+00
- 3 3.000E+0Q 1.000E+20 2,992E-91
H 9 9, 009E+00 1.000E+00 9.996E-91
- 19 1.889E+01 1.900E+29 1.000E+90

At this point the designer may wish to iterate upon his selected design
point, with his frequency and time-domain information now in hand.
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SECTION IV.

DIGITAL SYSTEM SEMINAR (Task V)

During the December 1979 - September 1980 portion of the contracted
period, a Digital Design Seminar was conducted for selected members of the
Guidance and Control Directorate. The text, Digital Control Systems, by

B. C. Kuo was provided the participants by the G&C Directorate.

10 A detailed

outline of the topics covered follows.

A.

Introduction

1. Objective of seminar

2. Philosophy of seminar

3. Why digital control?

4. Problem definition

5. Description of the sampling operation

6. The Z-transform

7. Examples of analysis of digital systems by "cook book recipes"

The

The

a. SAM
b. Stability
¢. Response by Cross-Multiplication

sampling process

Motivation

Mathematical description by Pulse Amplitude Modulation
a. Time-domain approach

b. Frequency spectrum approach

c. Complex convolution approaches

Sampling Theorem

Limits on sampling frequency
Shannon's Theorem

Fogel

"Ideal Sampler": Impulse sampling approximation
Motivation

Mathematical descriptions

a. Time-domain '

b. Frequency domain using Fourier analysis




e -

instants

3.
4.

E. Z-transform analysis of linear sampled-data systems
1.

c. Frequency domain using Laplace analysis
(1) Series forms
(2) Closed form

Zero Order Hold

S-domain properties

Introduction
a. Series form
b. Closed form -

c. Advantages versus disadvantages
Evaluation of z-transforms
Mapping the s-plane onto the z-plane
Inverse z-transform
a. Inversion
b. Methods
(1) Partial Fraction
(2) Power Series
(3) Inversion Formula )
(4) Cross-Multiplication I

Theorems of the z-transform
Linearity q
Real translation

Complex translation

Final value

Initial value

Partial differentiation

Pulse transfer functions

Limitations of z-transform method

Response of open-loop sampled-data systems between sampling

-» 0 a O O o

a, Discussion ’
b. Submuitiple sampling method

c. Modified z-transform




d. The inverse modified z-transform
(1) Introduction
(2) Power series expansion series method
(3) Inversion formula
(4) Cross-multiplication method
9. Modified z-transform theorems
a. Real translation

b. Complex translation
¢. Initial value theorem
d. Fipal value theorem

T—

F. Data reconstruction

Introduction

Data reconstruction by polynomial extrapolation
Zero-order hold

First-order hold

Other holds

Summary

t
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G. Sampled-data systems
1. Introduction

2. Block diagram analysis and transfer functions of closed-loop
sampled-data systems
| a. Introduction
b. Transfer functions and output response of open-loop
systems with cascaded elements
i ¢. Closed-loop sampled-data systems
j d. Summary of some appropriate observations
e. Additional comments: parallel paths
f. Motivation for Signal Flow Graph (SFG)/SAM methods
3. Signal Flow Graphs (SFG)
a. Introduction
The sampled SFG method
"Formal" SFG method
Modified SFG method
SAM: "Systematic Analytical Method"
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fieiv il -
—" .

m a o o

32




it e - AT ™

- —

——— s

4. Modified z-transforms of outputs of closed-loop sampled-
data systems

H. System response
1. Introduction
2. Comparison of transient response and sampled systems
3. Stability of sampled-data systems
Introduction
Hidden oscillations
Review of continuous-data system stability
Sampled-data system stabilﬁty
Characteristic equation
Schur-Cohn stability criterion
Jury's stability test
(1) Description
(2) Strengths and weaknesses
(3) Singular cases
h. Raible's tabular form
(1) Description
(2) Strengths and weaknesses —
(3) Singular cases
i. Extension of Routh-Hurwitz Criterion to sampled-d