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Research has been carried out in the areas of (1) Collisionally-
Aided Radiative Excitation, (2) Model Potential Calculations of Atom-
Field-Collisional Interactions, (3) Coherence Effects in Radjative
Collirions, (L) Two-level Atom and Radiation Pulse, (5) Resonance
Fluorescence in Three-level Systems, (6) Modulation Spectroscopy, and

(7) Effects of Collisions on Atomic Coherences.

1. Collisionally-Aided Radiative Excitation (S. Yeh, P. Berman)

A detoiled ecnalysis of Collisionally Aided Radiative Excitation
(CARE) in three-level systehs in the weak field limit has been completcd.l*
Two off-resonant laser pulses are applied to a three-level.stom which
simultaneously undergoes a collision with a perturber. The energy
levels of the active atom are perturbed in such a way that during a
collision, the atom mey be instantaneously brought into single-photon

resonance with either of the fields or into two-photon resonance with
both fields (see figure)

e d w
- 2
L.
)y ‘I/’

Energy levels during a collision

®*Asterisks on references indicate reprints or preprints appended to this
report.
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We have determined the level three population as a function of both
field detunings. Of particﬁlar interest is the asymptotic behavior
for large detunings which is intermediate between that predicted for
single and two-photon CARE, In addition, we have explained in more
detail the intereference effecte* that erises from contributions to
the final state population from both the "step-wise" and "two-photon”

excitation channels.

Model Potential Calculations of Atom-~Field-Collisional Interactions
(E. Robinson)

Many calculations of CARE or Radiatively Assisted Ip-
elastic Collisiona (RAIC) tend to involve lengthy, costly computational
work (a RAIC is a process in which one or more laser photons provide
the needed energy to permit a collisional interaction that would be
otherwise energetically forbidden). Moreover, qualitative conclusions
are not easily derived from the numerical results. It is, therefore,
useful to have analytically solugble model potential calculations in
which the collisional interaction or radiation pulse envelope is
gpproximated by a smooth function.

Two such model potential calculations for RAIC have already
been carried out in the weak-field (perturbation theory) limit.3*’h*
Both models approximate the collisional coupling by a hyperbolic
secant function; the collisional level-shifting is approximated by
a delta function in one model and a hyperbolic secant squared in the
other. Resulis were found to be in general agreement with numerical
calculations. Both solutions have been extended to allow for arbitrary
field strengths. The solutions can be expressed in series form,
although the series are not among those tabulated in standard

mathematical texts. Analysis of the results is currently in progress.

The Rozen-Zener problem (two-level atom subjected to e
hyperbolic secant radiation pulse) has been extended to three level
systems in which the field couples one of the states to the other
twvo, but those two states are not coupled. A preliminary report on'

this work was presented at the EGAS conference in September, 1980,

at Pisa, Italy.
-2 -
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Coherence Effects in Radiative Collisions (P. Berman)

This work is discussed in detail in two preprints which
G0
are appended to this report.5 6 A traditional RAIC reaction is

of the form

A + AL+ 80 > AL+ AL,

where two atoms (A and A') collide in the presence of a field to
undergo reaction taking them from some initisl state AiAi' to a
final state AfA},. In all previous theories the initial and final

states were taken to be nonrdeggnerate and the transition rate

as a function of  was calculated. The transition rate profile
Provides some information on the interatomic potential.

We have extended the theory to include degeneracy in the initial
and final states. Such a study leads to qualitatively new predictions
in the RAIC profiles. The quantity which is calculation is the polari-

zation of fluorescence or quantum beats originating from the final

state manifold of one of the atoms. The polarization of fluorescence
or quantum beats directly reflects the final state coherence properties
of the atom being detected. The final state coherence, in turn, can
serve as a signature of the collisional interaction taking part in
RAIC. The final state coherence is produced by the combined action

of the laser field (which tends to produce coherence) and the collision
(wvhich tends to destroy it). A physical model in which the collision
is viewed as unpolarized "fields" has been developed.

The advantage over conventional RAIC detection can be enormous.
In conventional RAIC the collisional interaction is inferred from
the profile wings, where signal is weak. In contrast, polarization

_ measurements at line center can often (but not always) provide the

seme collisional information. Thus, such measurements can provide
@ valuable means for analyzing RAIC., To date, the theory has been
limited to the weak field (perturbation theory) limit and is valid

-3-
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only in the impact core of the RAIC profile. An experiment
to test the predictions may be carried out at Laboratoire

Aime Cotton, Orsay, France.

Two-level Atom & Radiation Pulse. (P. Berman)

One of the most fundamental problems in the interaction
of radiation with matter is to calculate the excitation of a
two-level atom produced by a nearly resonant (detuning 4)
radiation pulse. Ironically, the only smooth pulse envelope
for which an analytic solution hes been found is the hyperbolic
secant. In colldboratién with Dr. A, Bambini (Institute for
Quantum Electronics, Florence, Italy), analytic solutions to
this problem have been found for an entire class of positive
envelope functions. This class of functions includes the
hyperbolic secant as a special case. Except for the hyperbolic
secant, however, all pulse shapes are not symmetric. A paper
on this work is currently in preparation. Of particular interest
is the fact that the excitation probability does not vanish for
any field strengths not equal to zero, in contrast to the results
for symmetric pulses. One can also see which pulse shapes pro-

vide maximum excitation for a given pulse area.

Work has continued in the asymptotic dependence of ex-
citation probability. Progress has been made on evaluating
the time consuming integrals appearing in adiabatic theories
of this effect.7 It also appears that the asymptotic dependence
is intimately linked to the ﬁole structure of the envelope
functions, but attempts to find rigorous mathematical proofs

of our results have not been successful.

Resonance Fluorescence in Three-Level Systems. (S. Yeh)

A celculation of the resonance fluorescence of a three-
level system has been carried out. An incident field couples
the ground state to either of two nearly degenerate excited

-h-
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states, which, themselves, are not coupled b; the fields.
Using a dressed atom picture, one can predict that the
fluorescence spectrum consists of seven components. If

the field is tuned midway between the excited states and

if the coupling constant is the same for both excided states,
the spectrum collapses to five components. A paper on this

subject is in preparation.
Modulation Spectroscopy. (P. Berman)

Although contained implicitly in, the laser theory of
Lamb,8 the use of modulation spectroscopy to probe collisionsal

_effects is Just beginning to surface. In this technique one

modulates an applied field frequency in & saturated absorption
experiment at some frequency 8. To second order in the field,
there will be & component of the atomic state populations
vhich oscillates at a frequency 28. This population component
can be thought to have an effective lifetime of (26)-l when

§ >> (natural lifetime). If collisions are occurring within
the system, one can increase delta so that, at most, one
collision occurs during the effective lifetime of the levels
under investigation. In this way, one can isolate the role

of a single velocity-changing éollision, wvhich, in turn, re-
flects the properties of the collision kernel giving rise to
the scattering.

Although experiments of this type are under way,g'll no

results have yet been published. A collaborative attempt to
analyze & saturated absorption experiment in Ne, yielded
qualitatively consistent results, but experimentally re-
producible dath was not obtained.

Effect of Collisions on Atomic Coherences. (P. Berman)

In collaboration with‘J. LeGouet, (Laboratoire Aimé
Cotton, Orsay, France), a study of the basic equations that

-5
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appear in quantum-mechanical transport equa.ﬁonsl2 was in-
itiated. We are seeking some physical insight into the
vay in which collisions alter eny coherences that may have
been created in a nearly degenerate manifold of levels. As
a specific example, we consider the effects of coll.sions
on Zeeman coherences {coherences created between magnetic
sublevels of a level of a given J - i.e. alignment,

orientation).

The major conceptual problem is that the collision
trajectories are different for the different magnetic substates.
Since the collision can couple the various magnetic substates,
at any time during a collision, the possibility of determining
all density matrix elements following the collision seems in-
tractable. We have been able to show, however, that a type
of semi-classical picture is valid under very general con-
ditions. In this picture, the collision can be broken down
into two overlapping zones. In the region'of large inter-
nuclear separations, the difference in substaté trajectories
can be ignored. The region of small internuclear separations

can be treated by an adiabatic method. This work represents

‘the first progress in the evaluation of certain terms in the

quantum-mechanical transport equation. Implications with
regard to laser spectroscopy will be explored. A paper on
this subject is in preparation.

Previous Work

. 13%.16%
Reprints representing either earlier work (o}
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Photon echoes in standing-wave fields: Time separation of spatial harmonics

J.-L. Le Gouét
Laboratoire Aimé Cotton. Centre Nutionale de la Recherche Scientifique II. Bdtiment 505, 91405-Orsav, France

P. R. Berman
Physics Department, New York University, 4 Washington Place, New York. New York 10003
(Received 12 February 1979)

A calculation is presented to describe the response of an atomic system subjected to two strong standing-
wave field pulses separated in time. One finds a sequence of output pulses following input pulses which is
reminiscent of classical photon echoes. A physical picture of the processes involved in echo formation is
presented, and connection is made with the classical picture of photon echoes. The application of these
techniques to collision studies is emphasized. It is shown that studies of echoes produced by standing-wave
fields can prove advantageous for exploring the effects of small-angle scattering on both level populations and

atomic coherences.

I. INTRODUCTION

There has been recent interest in using time re-
solved methods in laser spectroscopy. These in-
clude time-resolved saturation spectroscopy,
free-induction decay,® photon echo,** quantum
beats,” coherent Raman beats,® superradiance,’
and excitation in separated fields.®"!* In most of
these experiments one observes the transient
response of atoms to the application or removal
of laser fields. 1n addition to providing a means
for carrying out high-precision spectroscopy,
these methods are useful, to varying degrees, for
studying relaxation processes.

In this paper we consider the response of an
atomic system to excitation by separated fields,
sometimes referred to as optical Ramsey fringes.
To observe optical Ramsey fringes, one applies a
laser-generated standing wave to atoms during a
short time 7, at two instants separated by a de-
lay 7. Experimentally, this process has been
studied using gas cells'®™? as well as atomic
beams®" for both two-photon!®!? and one-pho-
ton™™"!*:!% excitation. In the case of two-photon
transitions, which are free from the Doppler ef-
fect, the evolution of the atoms after the second
pulse is probed by the fluorescence decay from
the upper level. For one-photon transitions, the
field-induced coherence among the atomic dipoles
is rapidly destroyed for different velocity sub-
classes of atoms owing to the Doppler effect, ex-
cept at a time T after the second pulse. At this
instant a coherent radiation is emitted by the gas,
which is reminiscent of the classical photon echo.
In either case the signals exhibit a detuning-de-
pendent structure of width 1/T, which does not
exist in the usual photon echo, The ultimate reso-
lution of separated-field spectroscopy [with width

20
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(7)"'] may be much better than that in saturation
spectroscopy (limited by transit-time broaden-
ing).

In the last papers of the group of Novosibirsk,!*'?
a new feature was noted, which is the occurence of
coherent radiations, not only at time T; but also
at 27,37 after the second pulse. The aim of this
paper is to qualitatively and quantitatively discuss
the origin of the successive coherent radiation in
separated fields (CRSF). The buildup of echoes
at successive times is directly connected with the
cancellation of the Doppler phase of various spa-
tial harmonics of both the atomic coherences and
level populations. We show that the spatial com-
ponent of order n between the two pulses, is the
source of an echo at time 57T after the second
pulse. The characteristics of the phenomenon in
the frequency domain are investigated and the dif-
ference with the usual photon echo is elucidated.
Moreover a calculation of the CRSF intensity is
carried out using a simple model.

In Sec. II the CRSF intensity is calculated, as-
suming that the field seen by the atoms is pro-
vided by the external fields only (i.e., polariza-
tion fields are neglected). The details of this
calculation are given in Appendix A. Discussions
of the origin of the various echoes and the detun-
ing dependence of the fields is given in Secs. 1l
and IV, respectively. Finally, the possibilities
of using CRSF for collisional studies is explored
in Sec. V.

11. CRSF INTENSITY

Consider a gas cell (Fig. 1) illuminated by two
successive standing wave laser pulses. The
pulses are applied at times ¢, and /1, having dura-
tions 7, and 7,, respectively. The laser field of

1105 ¢ 1979 The American Physical Society
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FIG. 1. Two standing-wave pulses of duration 7., and
7, separated by time T are incident on an atomic system,

frequency ,, is taken to be of the form
Ez,N=1E(z,0)
= 1E, cos.of sinkz|8(1)) + 8(1,) ] ,
where

(( 1 0<(t—t)<T,,
8= 0 otherwise,

and 7 is a unit vector in the direction of polariza-
tion.

In the rotating-wave approximation, the equa-
tions of motion for density-matrix elements
pz,z,, 1) {only motion in the direction of the field-
propagation vector need be considered) are

ap ap . - .
B—;L + vza—;L =ix(pye et — p o)

X sinkz [68(4,)+ 8(4) ] =¥1,001 ,

- ] :
a:gg +L‘,sza=‘ix(plze“"'—pme'“‘") (1)

X sinkz [6(¢,)+ 6(4,) ] = ¥,022 5

3p, . ap, . ciwt
?{L* th‘_afzt)((p??"pu)e “

x sinkz (1) + 8U1) | =720, —fwobrz s

where ,, is the 1-2 transition frequency, x= nE,’
2k, w is the dipole moment associated with the
transition 1-2, and Y,y is the natural decay rate of
Py

It is assumed that the applied pulses are well
separated (¢, - ¢(, - 7,), and that the detuning &
= » — w, and the decay rates y, satisfy |a]7, <1,
¥, T2 < 1, vespectively, as is common experimen-
tally. Morveover, to ensure that the Doppler de-
phasing between pulses is complete, one agsumes
that kuT --1, where u is the width of the thermal-
velocity distribution. Finally, the effect of the
polarization fields on the atoms is neglected, which
is valid provided that the echo fields are much less

AND PR BERMAYN 20

intense than the external ones. In these limits Eqgs.
(1) are solved in Appendix A,

All spatial harmonics are contained in the atomic
polarization P= pnip,.-p,) which ts of the form

Ple,z,0=Plr,,2,0) cosw!

«Plu,, 2z, ) sinel, ()

where P, and P, are slowly varying functions of
time, compared with cos . However, it follows
from this form of the polarization and Maxwel!l's
equations that only the component of P(v,,z, 1)
proportional to sinkz gives rise to a significant
electric field (i.e., the absence of polarization
frequencies 3w, 5w, ...implies that polarization
components varying as sindkz, sindkz,... are neg-
ligible). It then follows® from Maxwell's equations
that the echo field amplitude exiting the sample is
given by

&)= fZWA’I[pC(/'Z, PP, 1P 2dr,, (3)

= 27 f'/"
P . ==t
enll=3

o

Plu,,2', 1) sinkz'dz’ (4)
S

and ! is the length of the sample. The echo ampli-
tude is calculated in Appendix A (using the simpli-
fying, but not critical, assumption that y,, =y,,=7)
as

&) =4nkl [(h)le.(z'z)

x(Ae 12T cosAT + Be 77T, (5)
where
‘Vo(l'z) = p22(l'u [n) - pll(l.z! ’n) (G)

is the population difference density inside the cell
before the first pulse, and

A=Z: (
odd n 4y ,(Ievzn)]
(=) [lev, sin{ —=
B:Z S [4,\ ) (L‘L‘,T\,):l
oren XdJ = sin{ —=
"Lke, 2

X E‘Xp[-‘)'l._.(f -]

x coslke fnT =i =t N]. (7

The physical content of this equation will be dis-

cussed in Secs. I and IV. We may note here
some peneral features of the solution, The echo
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amplitude is a maximum for ¢t —¢, =n7 (n is an
integer). For other times, the velocity integra-

tion leads to a negligible echo amplitude. The
maximum amplitude of the nth echo is given by

8 sty + nT) =(=)"4nkl fdv, N W on [i)i- sin(f-v—zfr—‘)]

kv,

e 12T cosAT, nodd,

4y ‘ )
*Jn ,:I% sm(kb;o)] et { e’T n even ®)
z ’ .

For odd n the maximum amplitude oscillates as
a function of detuning A, with the fringes having a
width ~1/7. For even n, the signals do not exhibit
this detuning dependence. From Egs. (5) and (7),
one can see that the duration of a given echo in
time is (kAv,)?, where Ay, is the range of signi-
ficant v, entering the integration in Eq. (5); the
range Ay, is a function of x, kx, 7, 7,. The gen-
eral qualitative features of the results are illus-
trated schematically in Fig. 2.

One can determine the most suitable values of
parameters T, 7 , X in order to maximize the in-
tensity of a given echo. As a first attempt at this

Inpul intensity

(a)

o T >t
Oulpul intensity

(b)
0 2T 3T 4 5T T  °©
Qutput intensity

©)
- L,

o Wt Wr 3T/t

FIG. 2, Schematic representation of the results: (@
input pulses, () | output | as a function of time, (c) out-
put as a function of detuning for fixed ¢ located at one of
the cchoes veeuring at =1, +nT with 2 odd,

r————eeeeet o+ S . ms e emw g e g e e TR T

e g e Tl ol T e e

[;hoice of parameters, consider the simple situa-
tion where all the velocity classes are equally ex-
cited by the pulses, i.e., kut < 1. In this limit the
arguments of the Bessel functions reduce to 2x7,
and 2x7,, respectively. Taking a Maxwellian dis-
tribution for N,

Nolo,) = (No/uV7 ) expl = /u?), ©)

one obtains the echo:

8(H = 4nkIN, expl-} K’ [nT - (2 - 1)))?

x [A'e nz2T cos(aT)+ B'e™ 7], (10)
where
A=
"L (2xm ) (25T
B'=)" \xexp[-r(t-14)]. (11)

The duration of each of these echoes (at half-max-
imum) is 3.4/ku, and to maximize &(#), 7, and 7,
must be chosen so that the Bessel functions of the
observed echo have their first maximum for 2x7,
and 2x7, (Ref. 14):

XT,=0.9 and 7,=1.727, forn=1,
XT,=1.55 and 7,=1.357, for n=2.

In the limit kut <1 under consideration, this op-
timization procedure requires field strengths x
> ku.

The ratio R, of the optimized intensity of the
first echo to that of the others is shown as fol-
lows:

n |1 2 3 4 5
R,,]l 1.82 2.7 3.57 5

U kut>1, Eq. (5) must be evaluated by a numeri-
cal integration. Figures 3 and 4 show §__ for the
two first echoes, as a function of kut, for several
values of x. In this calculation the ratio between
7, and 7, is fixed at the optimum value which has
been determined previously for the limiting case




1oy ). L.

AE(yeT)
X/hu=2 08 n=t
0.5

Arbitrary umits

Wy

FIG. 3. Maximum value of the first echo amplitude as
a function of kuT, for various ratios x/ku. The value of
7o was taken equal to 0.587,,

kut <<1. It turns out that the intensity maxima
shown by Figs. 3 and 4 are approximately located
at the same values of X7, and x7,, as in the kut,
<« 1 case. The echo amplitude maximum is de-
creased by a factor of 2 (first echo) or a factor of
2.8 (second echo) when the Rabi frequency is
changed from 2ky to 0.2ku.

Figures 5 and 6 represent the time evolution of
the echoes around the instant {, + n7. For each
value of x, 7,, and 7, are chosen to give the max-
imum intensity. The duration of the echoes (at
half-maximum) is increased from about 3.5/ku
to 8/ku (first echo) and 3.5/ku to 12/ku (second
echo) when X varies from 2ku to 0.2ku. The physi-
cal implications of the above results are dis-
cussed in Secs. III and IV.

1il. PHYSICS OF ECHO FORMATION

To investigate the physical origin of the echoes,
we first consider the limiting case kut <1 (all
velocity subclasses excited by the pulses). For

At (L, 2T)

Arbitrary units

FIG. 4. Maximum value of the second echo amplitude
as a function of kut, for various ratios x/ku. The value
of 7y was taken equal to 0.747,.
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ME (L)

curve 1: X/ku=2
hu Zl1 =0.75

2: 'X/l.u=05

hu Z1 =3.2
3:X/&u=0.2
hua1 =7.8

Arbil’rary unils

2 3 4 5 6 7 8
fu(t-t4-nT)

0o 1

FIG. 5. First echo amplitude (n =1) as a function of
time for various field strengths X/ku. The values of kuT)
used to maximize the amplitude are indicated.

an initial given phase kz of the applied field at
(z,t,), the phase of the m-order spatial harmonic
of the induced polarization is mkz (m odd). From
time £, to f with the field off, the atoms keep the
same phase mkz. Owing to their motion, the
atoms at (z,¢) are the ones which were at (z,

=z —-vft-1y),1). Consequently, the spatial phase

e (L)

curve 1: X/ ku=2
Au 6‘ =1
2:X/&ku=05
hu L1=44
1 3: X/ &u=0.2

n=2

Arbirrary unils

~—————>
2 3 4 5 6 7 8
ku(t-ty-nT)

~-y-

o1

FIG, 6. Second echo amplitude (n=2) as a function of
time for various field strengths x/ku.
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of atoms with velocity v, at z is
Oy, 2, )= mhzy=mkz ~mkv (t - 1,).

In a standing wave field, populations as well as
off-diagonal density matrix elements acquire
phases. Thus the phase of an arbitrary density
matrix element harmonic at ¢=¢, is nkz

~nky(t, - 1,), where n can be even (population) or
odd (polarization). The second pulse causes each
nth harmonic, present at time ¢, to drive the mth
harmonic of the polarization. The phase of the
mth harmonic after the pulse is obtained by adding
(m —n)kz to the phase of the nth harmonic before
the pulse. This leads to

O \v,, 2, 8)=mkz —nkv(t, ~t,).

This total phase differs from the value of ¢, be-
fore the pulse by a phase jump (m - n)kv (f, ~1,).
Note that the phase of the mith harmenic after the
pulse actually reflects the timne development of the
nth harmonic, and not that of the with harmonic,
between /, and /. In the same way that the phase
at time / after the first pulse was obtained, one
can calculate the spatial phase at time 1>¢,, as

OV, 2,0 = mkz ~ ke {mlt =1} +nT),

where T=1t, - ¢,. All the velocity classes of the
polarization combine their contributions to pro-
duce coherent radiation of the gas after the second
pulse. The spatial average gives rise to negligible
contributions from the various harmonics (pro-
vided the dimension of the sample is much larger
than the radiation wave length) except for the com-
ponents having spatial phase tkz. Thus, the sig-
nal originates from components such that m = 11,
with a phase

oalv,, 2z, t)=tkz —kv (nT 2(1 =1,)).

In the integration over v,, the atomic polariza-
tion is small, owing to the Doppler phase
ke fnT (1 - 1)), except at times ¢=¢, + |n|T when
this Doppler phase is zero. Thus an echo occurs
at time |n|7 after the second pulse and reflects
the buildup of either polarization (» odd) or popu-
tation {n even) harmonics in the {,~{, region.
Figure 7 represents this result for the case »
=+8, m=-1, 2z=0. The result is analogous to that
in classical photon echoes—independent of velocity,
all dipoles are in phase at a specific time where
an echo is observed. Since the nth harmonic is
either a population or a polarization component
depending on whether » is even or odd, coherent
radiation in separated fields is an extension of
photon echo in traveling-wave fields, where only
the lowest polarization components may be ex-
cited. The usual interpretation of photon echo in
gases considers the effect of the second pulse as

B i Ceana e . .

Ao 2t)
m=-1
N=4+8
2=0
‘VZ('TLO) =
— —>
b Y GeinlT ¢
|
Bhulit L

FIG. 7. Evolution of the spatial phase of the (-1) har-
monic as a function of time, showing only the contribu-
tion from the 8th harmonic following the second pulse.
This contribution leads to an echo at ¢ =¢,+8T. Contri-
butions from other harmonics (not shown) lead to echoes
att=t+|n|T.

a reversal of the Doppler phase': —kalt, - ¢,)

-~ kult, ). This result is a limiting case of the
more general result in CRSF where the second
pulse induces a change of (1 —n)ku(t, ~1,) in the
Doppler phase {for classical) photon echo n= ~1).
Thus the presence of the various echoes may be
explained by the simple “phase-jump” picture.

The time duration of CRSF may also be explained
using a simple picture. The atomic dipoles lose
their relative phase coherence in a time equal to
the inverse of the frequency bandwidth excited by
the laser fields. If kut <1, all velocity sub-
classes are equally excited by the field, giving an
excitation bandwidth of »u and consequently, an
echo duration of ~(ku)"!. For larger values of kut,
such that ku7 2 1, the excitation bandwidth ap-
proaches 'r;‘, leading to an echo duration ~(7,+ 7,).
This effect is clearly seen in Figs. 5 and 6 as the
echo duration increases with kut,.

Excitation bandwidth is also an important factor
in explaining the decrease in echo amplitude with
decreasing field strength shown in Figs. 3 and 4.
For large field strengths leading to optimization
pulse widths such that kut, «< 1, all velocity sub-
classes are equally excited and the parameters ¥,
T4, T, can be chosen to maximize each echo inten-
sity independently of velocity [see Eq. (8) in which
the Bessel-function arguments are velocity inde-
pendent for kut, <«<1], As the field strength de-
creases, the optimal pulse widths are such that
kut 2 1. The condition ku7,>1 corresponds to
atoms moving through at least one wavelength of
the standing wave field pattern during the pulses.
Each atom starting at (z,, {,) then experiences an
average field (see Appendix B)
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lzg, £ - to))eo. tger
=(2x/ kv, 7 ) sinkz, + sk, T) sin(3 ko, 7).

which is velocity dependent if kut = 1. Thus a set
of parameters which is optimal for one velocity
subclass is not optimal for another {see Eq. (8)
in which the Bessel function arguments depend on
v, if kutz 1]. One is effectively using fewer
atoms to provide the echo signal (atoms having
kv, 7 <1 are most efficient) as kut increases,
leading to a decrease in echo amplitude.

1IV. DETUNING DEPENDENCE

Following the first pulse, the induced atomic
polarization oscillates freely at frequency (,
while the level populations exhibit no oscillatory
behavior [see Egs. (1) for P ; and p,,, respective-
ly]. When the second pulse acts on the system
(assuming that both pulses arise from the same
cw laser) the atomic dipoles have acquired a tem-
poral phase difference AT with the field. For
CRSF echoes driven by polarization harmonics
(odd %), the echo amplitudes are maximal if this
phase difference is an integral multiple of 2r and
they oscillate as a function of A with period T giv~
ing rise to “fringes” of width 1/T. For CRSF
echoes driven by population harmonics {even n),
the phase difference plays no role and no fringes
appear.

The structure is typical of Ramsey fringes in
which one creates a polarization phase difference
by sampling a field at two separate times. This
effect is also present in traveling-wave photon
echoes, but in a less useful way. For traveling-
wave fields, the detuning always enters as A kv
so that, in order to achieve the Doppler-phase
cancellation necessary for echo formation, the
detuning dependence as well as the Doppler phase,
vanishes at ¢t= 27, The traveling-wave echo ex-
hibits* a detuning dependence of cosA(f — 2T)
which, for ¢~ 2T z (time duration of the echo),
gives a fringe pattern of width ~1/(echo duration)
> T"!, Thus CRSF is much better suited for high-
precision spectroscopy than traveling-wave pho-
ton echoes.

The fringe pattern in CRSF extends for a range
of detuning |A |71, after which it disappears.
This result is in contrast to typical Ramsey fringe
patterns where only the central fringe may be seen
(the other fringes are lost owing to phase destruc-
tion arising from different values of T for different
velocity groups).

V. COLLISIONS

CRSF offers some interesting possibilities for
collisional studies. Echo formation is intimately
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related to the spatial phases acquired by atoms as
a result of their motion following application of
the field. An echo corresponds to the rephasing of
the signal at some particular instant /=, +nT when
the atoms of velocity », are at distance ny,T from
their position at the time of the second pulse (see
Fig. 7). Collisions during the time of flight,

which prevent the atoms of a given v, from being
at the right position at the right time, result in a
decrease of the echo intensity. This phenomenon
of “collisional Doppler dephasing” was already ob-
served in photon-echo experiments.? In that case
the signal reflects only the evolution of the first
spatial harmonic of the atomic coherence. In
CRSF, the spatial harmonics of the population dif-
ference, as well as coherences, contribute to the
echo formation. Thus the CRSF method extends
the possibility of observing a “collisional Doppler
dephasing effect” to the population difference.
Moreover, the spatial structure may be probed
systematically since every spatial harmonic
produces a CRSF echo. However, the relative con-
tribution of an harmonic decreases with increas-
ing n since the detected atoms have a phase as-
sociated with the nth harmonic during the time be-
tween the two pulses only and this delay is smaller
and smaller in comparison with the total time of
flight (n+1)T as n increases, Therefore most of
the interest of the method seems to be concen-
trated in the first few echoes.

It is true that the observed microscopic colli-
sional process-—namely, the velocity-changing
process—is the same one that can be investigated
in steady-state saturation spectroscopy (SSSS).**
However in SSSS the contribution of the coherence
and of the level population are mixed in the same
signal., This may present difficulties of interpre-
tation when coherence and level populations are
both sensitive to the velocity changing effect. In
contrast in CRSF the occurence of distinct echoes
enables one to separate the coherence and the lev-
el population signals.

In order to illustrate the physics involved in
collisional Doppler dephasing, we adopt a simple
model with the following features: (i) binary
foreign-gas collisions in the impact approxima-
tion, (ii) equal natural decay and inelastic colli-
sional rates for levels 1 and 2 (Ref. 16), (iii) in-
elastic collisions that can be accounted for by one
rate constant I, for all density matrix elements,
and (iv) short-pulse times kur << 1 such that all
velocity subclasses are equally excited.!” With
these assumptions we need consider only elastic
collisions and do so using three collision models.!®

(a) In the first model, collisions are assumed to
produce only instantaneous phase changes on atom-
ic coherences. This model is valid generally for
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electronic and vibrational transitions.!® For
echoes driven by coherences, the effect of colli-
sions is to replace v,, by a collision broadened
[,,and & by a collisionally shifted A’ giving a
maximum echo amplitude

& (t, +nT)

mast
= (=)"nkl [ dv, Nor,)

X J o (2T M 2xT))
% e’r‘-“”"re'rn“"'"cosA'T. (12)

For echoes driven by populations, the Doppler
phase factor exp [T inky,dt developed between ¢,
and ¢, by the nth harmonic (n even), must be av-
eraged over velocity-changing collisions. Fol-
lowing Ref. 4, one can obtain

8 oty +nT)={~)"4nkl fdv, Nfv ), 2x7,)

x3i E J(2x7,)eT10emT 27T 0T
i
N {exp[— al,(rkau )13, nkauT «<1,

exp(-T,T), nkauT > 1,

(13)
)

8_ (4 +nT)=(=)4rkl | dv Nov, W, (2XT,)J(2xT;)eT10*MTg r120T
max 'Y nd ) 1

{expl-al"(nkAu)zT"(hn)] , nkduT <1,

exp[-T{1+n)T],

where n is even or odd.

(c) A modified collision model, valid for colli-
sion interactions that are nearly state independent
allows for both a velocity change and small phase
shift to occur in level coherences as a result of
a collision. This model, which may be valid for
some vibrational transitions, can be described by
replacing ¥,, and A appearing in Eq. (14) by colli-
sionally modified values T',, and 4’. It should be
noted that even small collisional shifts may be im-
portant in high precision spectroscopy.

An examination of Eqs. (13) and (14) reveals the
special functional dependence on T in the factor
which comes from velocity changes in small an-
gle scattering. Thus CRSF could be very useful
to extract this latter effect from the background of
other collisional contributions (inelastic colli-
sions, phase-interrrupting collisions, strong col-
lisions). Photon echo in traveling waves has al-
ready proved useful for that purpoge® but, as it

where I, is the state 7 elastic collision rate, du 15
the rms change in velocity per collision and a 1s a
constant of order unity which depends on the spe-
cific collision kernel describing the collisions.!”
Thus, one can probe elastic velocity -changing col-
lisions with this method by studying the maximum
echo amplitude of even harmonics as a function of
pulse separation 7. Note the possibility of a dif-
ferent functional dependence on T for even and odd
harmonics.

{b) In the second collision model, valid generally
for rotational and some vibrational transitions,
collisions are assumed to be velocity changing in
their effect on coherences.!” In this model, the
elastic scattering amplitudes are identical for lev-
els 1 and 2; a state independent collision inter-
action can lead only to velocity changes (no in-
stantaneous phase changes) associated with level
coherences. Collisions affect populations and co-
herences in the same manner in this model, re-
sulting in a maximum echo amplitude depending on
an average of

T tno1)T
exp(inf kv,dt—if kv,dt)
o

T

over collisions, and given by*"**

1-()"
2

cosATe NzT+ L (2-): ‘—’"T)

(14)

nkAuT >1,

f
has been said previously, coherences only may be

probed using classical photon echoes, while CRSF
allows a study of collisional effects on level popu-
lations as well, The same possibility of studying
small velocity changes is also present in time re-
solved saturation spectroscopy’** but the signal is
then an intricate mixture of contributions from
both coherences and level populations. An alter-
native method for studying the effects of velocity-
changing collisions on level populations using
stimulated photon echoes has recently been re-
ported.?®
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APPENDIX A: SOLUTION OF THE EQUATIONS
OF MOTION

The first step is to solve the nonstationary
equations of motion in the presence of a perma-
nent standing-wave field. We seek a solution to
describe the evolution of the system within a short
time 7 after the field has been switched on assum-
ing the following conditions

|afr«<1, y,7<1,

Starting with Eqs. (1), and using the new vari-
ables

Bio=pe*t, D=3,-Dy,

S=Piz*Pus N=Pgp-pu, (A1)
we obtain the set of equations:

N+ v,:—zN=2ixDsinkz, (A2a)

b+ v,5- D=2ixNsinkz, (A2b)

: 9

S+v‘53=0. (A2¢)

The spatial derivative is eliminated by substi-
tution uging Fourier-series developments for the
variables N, D, S:

N+ kv, N, =xD,.,-D,), (A3a)
D+ inko D, =x(N,., =N, ), (A3b)
S,+ inkn,S,=0, (A3c)

where the Fourier components are defined by

A=Z Ae"™ A=D,S,N, (A4)
e

at ¢t=14,, D,=0, and N,#0. It then follows from
Egs. (A3), that N, is nonzero for even n only and
D, is nonzero for odd » only. Consequently, Egs.
(A3a) and (A3b) may be written in the form

Yo+ 1ROV, = XYy = Ypus) s (A5)

where y,= N, for even n and y_= D, for odd n. The
v, may be regarded as the components of a vector
Y which can be expanded on a basis of eigenvec-

tors of Eq. (A5). The components x, of an eigen-
vector X associated with the eigenvalue A satisfy

A:,, =Ax,
and we obtain the system of linear equations
A+ inkv)x,= XX = Xp) - (A8)

Equation (A6) may be solved by a method analogous
to that used by Feldman and Feld.® One sets

x,=(=)"CAL), (A7)

— - P e e o = e
—— - ——— - A VN WY P i
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with v=n -1A’kv, and {=2x kv,, which transforms
Eq. (A6) into

Cout+Cou=(2070C,. (A8)
The general golution of this system is
CAL)=AJ[L)+ BJ (L), (A9)

where the J,’s are Bessel functions. In terms of
the initial variables we obtain

. 2
.r,=(~a)-[A(x,x,ku,. Deir/ au, %)
L

+ B(A' X, kv,. ’)J-mn/ W,(Fzs-)] ‘
£

Since there is no damping in the initial equations,
we retain only the purely imaginary eigenvalues

in (A6). An even more-restrictive condition on the
eigenvalues is placed by requiring x,~0 as n~«
for convergence of series (A4). Since J(z) di-
verges when n— -« and v is not an integer, we
keep A such that iA/ku, is an integer. Thus the
general solution for y (¢) given as a linear combi-
nation of the x(¢) is

v = (=" Y afx, b))
pa==
xdJ (ﬂ ei’hv,(t-to) (AIO)
mt\ky, ’
In order to express y(!) in terms of initial condi-
tions, Eq. (A10) is inverted at f=¢,, using the
closure relation of Bessel functions??

3 n=s, (Al1)
to obtain
ax,ku)= J_,,(-%)y,(l Hm. (A12)

Substituting Eq. (A12) into (A10) and using the
summation formula for Bessel functions®?

e"""”"’“Jm(erin%)

= i J (P, r)ete (A13)

Save

we finally obtain

v = Z yallo)eitmmitng/ Dtistg)
L}

xJ,__(:Tx' sin%'—"’—)). (A14)

-—
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This solution is equivalent to that obtained in Ap- The field is switched on from ¢, to ¢, + 7, and
pendix B by directly integrating Eqs. (A2). One vt +7,) can be determined from Eq. (A14) using
notes that the nth harmonic is driven by all mth initial conditions (A16). Following this pulse the
harmonics present at ¢, system evolves freely until time ¢ according to
This result enables us to calculate the polariza- Egs. (A15).
tion of the gas sample after a sequence of two At time /, one must calculate
square pulses. At /,, the only nonzero spatial PRI
component is N,=y,. The external field is on until P, t)=2= f Ply,z',t)
t,+ T, At this time the atomic spatial components 7o
are x sinkz’'dz’, (A17)
Yhto+ To)= Nolto)e tmvero/ 2 (4—" sin kot ) , where
kv, 2

P(U,, z,1)= #(P;z* pzx)

S,=0.
= p(Scosyt -iDsingl). (A18)

Following the pulse, the atoms evolve freely, and
obey the equations; Substituting (A18) into (A17) and using the Fourier

expansions of D and S, one finds

N+ inkv N, +YN,=0, P, t)=P_(,,t)cosw!
b,+ inke D, +v,,D,= (s = 0,)S,, (A15) +P (v, t)sinet (A19)
..S"+ inkv, S, +7,S,=ilw - we)D,, where

P, 1) =iu(S, - S,)

where, for sake of simplicity, we have assumed

that y,, =¥,,=y. At time /, the solutions are and
P, )=uD,-D_).
Nit)=N{to+ To) exp[-y(t, = 1) —inkv (t, = t)], The quantities S, D, calculated by the procedure
above are
D(t,)= D[+ To) co8(iy — w ity = t,)
(A16) D, =Nycos[A(f —4) ).+, cosATe 12"+ Be™'T) ,
x exp[=inkv {t, = to=To) =¥, A8 = 1)}, (A20)
SAL) =D [to+ 7o) simley ~ wolfy = o) S, =iN,sin[a(t - 4,)](A, cosaTe 2T+ B,e™7)
X expl~inkv (t =ty =To) =¥ ,{ty = Lo)] . B where®
A=Y
oman 4x ku,T 4x ky,T
o)l — gin —=-! =2 gin —4-2
(=) J“"(kv, sin—3 )J"(kv, sin—3 )
B,= Z
ovén n T
x exp[—ikv,(n'[‘ +(t=-¢) -—'25(1'(, -T1,) *'21')‘71:(‘ - tl)] . (A21)
Using the symmetry properties of the Bessel functions one finds the echo amplitude
8(n= 21klf dv,[P.(v,, )*+ Pv,, t)?| /3= dnkl [ dv No(v J[A cos(a T)e™a? + Be™T |, (A22)

where

>

odd n Y (4X kvf), 4 _. kvlf)
(=) 1 P, t;in—l-L2 "‘—lv, sm—-‘l2
B=

- xcos{kv,[n (T-lﬂ?‘-ﬁ)- (t—t,+121)] }exp-na(l-l,). (A23)
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APPENDIX B

In Appendix A we solved the equations in a
manner that exhibits the successive echoes which
are associated with the Fourier components of
the solution. The equations may also be solved di-
rectly to exhibit the inotion of a group of atoms
starting at (v,,2,,1,) . Adding Egs. {A2a) and (A2b)
term to term, we obtain

. ]

y+ v,—%= 2ixy sinkz , (B1)
where

y=N+ D. (BZ)

Changing variables (z,¢) to (x=z -4, ) one
gets

) .

S-}:zixy sink(x+ v ). (B3)
The integration leads to

yix, 8= ¥(x, L)

t
xexp(Zix [ sink(x+ v,t’) dt’), (B4)
t,

[+]
where

X=2Z=vd=20=0,4,.

With a boundary value condition at (z,, {,), one ob-
tains

Wazg+ vt =t,),8)

s
=y(zg, £y) exp(Zix f sinkz,+ v (¢’ -t(,))dt’) .
¢

V]

As an atom experiences the field x(z,, (' - {,)
=x sink(zy+ v (t’ - t,)) at time ¢’, the integral in
(BS5) can be understood as an average over the
field amplitude along the atomic path during the
pulse.

Thus we get

(t~ 1) (X2, t' = o))y ot =X f‘; sinkz,+ v (1" = 1)) dt’
and
Nlzg+ vt ~ 1), t,)
= Mz, to) €OS[A1 — £,){X(24, " = t,)} |
=Dl 2,, t) sinf201 = 1)1 X(2,, 1" = 1))] ,
Dizo+ Ut = 1), ko)
= D2y, t,) cos[21 = 1) (X(2gy 1’ = £s))]

+ N(z,, L) Sinlz([ - t){xlz,, ¢ - ’o))] .

T, W, Hins h, 1. S. Shahin, and A. L. Shawlow, Phys.
Rev. Lett. 27, 707 (1971); Ph, Cahuzac and X. Drago,
Opt. Commun. 24, 63 (1978).

’R. G. Brewer and R, L. Shoemaker, Phys. Rev. A 6,
2001 (1972).

33, P. Gordon, C. H. Wang, C. K. N, Patel, R. E. Slagh-
er, and W. J. Tomlinson, Phys. Rev. 179, 294 (1969).

‘p. R. Berman, J. M. Levy and R. G. Brewer, Phys.
Rev. A 11, 1668 (1975),

5. Haroche, J. A. Paisner, and A. L. Shawlow, Phys.
Rev. Lett. 30, 948 (1973).

3. R. R, Leite, R. L. Sheffield, M. Ducloy, R. D. Shar-
ma, and M, S, Feld, Phys. Rev. A 14, 1151 (1976).

'J. C. Mac Gillivray and M. S. Feld, Phys. Rev. A 14,
1169 1976).

8Ye. V. Baklanov, V. P. Chebotayev, and B. Ya. Dubet-
sky, Appl. Phys. 11, 201 (1976).

%J. C. Bergquist,S. A. Lee, and J. L. Hall, Phys. Rev.
Lett. 38, 158 (1977),

1%, p, Chebotayev, A. V. Shishayev, B. Ya. Yarshin, and
L. 8. Vasilenko, Appl. Phys. 15, 43 (1978},

1S, N, Bagayev, V. P. Chebotayev, and A, S. Dychkov,
Appl. Phys. 15, 209 (1978); V, P. Chebotayev, ibid. 15,
219 (1978).

12M, M. salour and C. Cohen-Tannoudji, Phys, Rev,
Lett. 38, 757 (1977),

P T T I T R Mty 4 b

%y, P. Chebotayev, N. M. Dvuba, M, I. Skvorstov, and
L. S. Vasilenko, Appl. Phys. 15, 319 (1978).

“The values for n =1 are close to those required to max-
imize the classical photon echo: 2xT,=} 7, 2x7,= 7.

155, N, Bagaev, E. V. Baklanov, and V. I. Chebotayev,
Zh. Eksp, Teor. Fiz. Pis’'ma Red. 16, 15 (1972); 16,
344 (1972) (JETP Lett. 16, 9 (1972); 16, 243 {1anl;
P. W. Smith and T, W, Hinsch, Phys. Rev, Lett. 26,
740 (1971); C. Bréchignac, R. Vetter, and P. R. Ber-
man, J. Phys. B 10, 3443 (1877); Phys. Rev. A 17,
1609 (1978); J. L. Le Gouét, J. Phys. B 11, 3001
1978).

Stnequal decay rates are treated by A. Schenzle and
R. G. Brewer [Phys. Rev. A 14, 1756 (1976)).

"Longer pulses lead to a modification of the maximum
echo amplitude through Eq. (9) and to the possibility
that collisions can remove atoms from the limited
velocity classes excited by a long pulse. The collision-
al effect can be compensated for by an appropriate in-
crease in T,

p. R. Berman, Appl. Phys. (Germany) 6, 283 (1975),

"For weak velocity-changing collisions a =§ . [Note:

Ay in Ref, 4=\2 (Au) of this work.] For weak colli-
siong, an cxpression {or the entire range of nkAuT
[see Ref. 4; and A, Flusberg, Opt. Commun, (to be pub-
lished)] may be obtained, Expressions of the form




20 PHOTON FCHOES

, T

c'\p(in ’ ) kl’,df) '

.rl

lead w an echo contribution going as

-y

( Tl
exp - ’ (r-f W’ —v) explink (l’-!")f‘dl") di] .

where W(r’ -1 is the collision kernel. This equation
provides the limits shown in Eqs. (13) and (14).
¥ Mossberg, A, Flusherg, R. Kachru, and S. R. Hart-

IN STANDING WAMVE FILLDS: TIMFE ..

mann, Bull. Am, Phys, Soc. 24, 25 (1979).

3B, J. Feldmann and M. 8. Feld, Phys. Rev. A 1, 1375
1970,

1. 8. Gradshteyn and 1, M, Ryzhik, Table of Integrals
Series and Products (Academic, New York, 1965),

Ntfollows from Egs. (A19)—=(A21) that for short excitation
pulses (kuT <« 1), the echo frequency is wy. This result
differs from that for optical Ramscy fringes in which

the emission always occurs at frequency w (Refs. 11
and 13).
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Theory of Collisionally Aided Radiative Excitation in Three-Level Systems:
A New Interference Effect

S. Yeh and P, R. Berman
Department of Physics, New York University, New York, New York 10003
(Received 23 May 1979)

Collisionally aided radiative excitation in a three-level atomic system is investigated
with use of a stationary-phase method for the case of large atom-field detunings and weak
incident fields. It is found that collision-induced coherent phase-interference effects can
give rise to oscillatory structure in the total absorption cross section as a function of
relative speed (energy). An example is given for a specific interatomic potential, indi-
cating that experimental observation of such an effect is feasible.

The theory of saturation spectroscopy has led
to an understanding of the physical processes
that occur when two nearly resonant radiation
fields are incident on a three-level atomic sys-
tem, Collisional effects have been incorporated,’
but such calculations have generally been limited
to the impact region (|field detunings | « inverse
collision time). Although calculations »of re-
stricted to the impact approximation have been
carried out for two-level systems,? there is, to
our knowledge, only one calculations of collision-
ally aided radiative excitation (CARE, often
referred to as “optical collision”) in the non~
impact limit for three-level systems,® This cal-
culation was done using an effective two-level
method and had serious restrictive conditions
on the detunings.

In this Letter we report on a new type of quan-
tum interference effect that occurs in three-level
atomic systems subject to both collisions and off
resonant (|field detunings|> inverse collision
time) radiation fields. This effect results from
an interference between contributions to the tran-
sition amplitudes from the various collision-in-
duced crossings of the dressed atomic states*
(see Fig. 1). When the crossings are well sepa-
rated, the effect manifests itself as an oscilla-
tion in the total cross section as a function of
active-atom-perturber relative speed (energy).
An analogous oscillatory feature was discussed
by Rosenthal and Foley for charge-exchange in-
elastic collisions®® in a He-He * system which is
characterized by atom-ion interatomic-potential
curves similar to those in Fig. 1. However,
there is an important difference between the two,
In charge-exchange inelastic collisions, the
collision-induced crossings (or lack thereof) are
completely determined by the atom-ion inter-
atomic potentials, In CARE, on the other hand,
the crossings are additionally dependent on the
field detunings since they affect the dressed-atom
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level spacings.” Consequently, the nature and
positions of the crossings may be altered in
CARE (by varying the detunings) but not in charge-
exchange inelastic collisions, This feature of
CARE allows us to gain information on the di-
atomic systems which would be otherwise diffi-
cult to obtain.®

The system consists of a three-level active
atom (levels labeled 1, 2, and 3) undergoing
trangitions from state 1 to state 3, simultaneous-
1y subjected to the collision of a structureless
perturber and to two external fields of amplitudes
E and E’, frequencies w and w’, Fields E and E’
drive only 1-2 (frequency w,,) and 2-3 (frequency
w,,) transitions, respectively, their interaction
being characterized by the detunings A=w - w,,,
A'=w’' - w,,, and the coupling strengths x= uE/2k
and x'= u’E’/2K, where p and u’ are the 1-2 and
2-3 dipole matrix elements, The collision is as-

W,

R ()

FIG. 1. Collisionally modified dressed-state energies
Wi Wyps and Wy, of a three-level active atom and ap-
plied fields as a fuoction of internuclear separation R,
in the weak-field limit, The energies Xja| and Rja’| set
the energy scale; A=~8x10" gec™! and A’ = - 3x 101
sec
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sumed to only shift the energies of the atomic III evolve adiabatically with phases given by
levels without coupling them. exp[~i I,’,‘; Wi (R(D))dt] and exp[-i!::;,,wuﬁﬂ(t))dt],

Figure 1 shows the system in a dressed-atom where Wy, and Wy are the collisionally modified
diabatic representation for some particular inter-  energies shown in Fig. 1. At 7.’ transitions be-
atomic potentials and atom-field detunings; the tween states II and III are possible, and for times
atom-field dressed states are labeled I, II, and IIl.  greater than 7.’ the amplitude of state III again
The existence of crossings and their relative evolves adiabatically.
positions depend on the interatomic potential as Thus, there are four paths for excitation to
well as the detunings.® Various crossing situa- state III, two from direct excitation I -1 at 7 ",
tions may occur, leading to different features in the other two from stepwise excitation I -1II ~III
the absorption cross section. We chose to focus at (¢7,,7_), with each contributing to the prob-
our attention on the case when the detunings are ability amplitude., The cross term in the state-
large (| Al, | A’ | > inverse collision time), when II excitation probability contains six oscillatory
the field strengths are weak (x« |a|, x'<«<|a‘l), terms varying as sin{ag,), i=1,...,6, Only one
and when there are three well-separated cross- of these phases, Ag,~ ,’c"wn(l(t))dt - ]I:LWmU(t))
ings, since an interesting interference phenome- xdt, is a slowly varying function of the impact
non emerges under these conditions. parameter b for the system under consideration.

To better understand this interference effect, On integrating over b to obtain the excitation
we use a time-dependent classical-trajectory cross section, this term is the only one to sur-
description of the collision event, For large de- vive, Since Ay, is essentially proportional to the
tunings, states II and III can be excited directly time separation AT ~(R_ - R.J)/v (v is the relative
from initial state I only at the crossing positions atomic speed) between the inner and outer cross-
labeled by R, and R.”, respectively, in Fig, 1. ings, the total cross section oscillates as a func-
In the time domain, the R, and R_." crossings tion of 1/v. These ideas are made more quantita-
occur at corresponding times £+ 7, and £ 7.” pro- tive by the calculation given below.
vided that the impact parameter is such that the The calculation is most conveniently carried
distance of closest approach in the collision is out in the “bare”-state picture. In the rotating-
less than the smaller of R, and R_". Between wave approximation and weak-field limit, the
their creation at times + 7., 7", and the cross- time-dependent Schridinger equation is solved by
ing at time 7.’ (corresponding to internuclear perturbation theory to yield the following expres-
distance R_’), the amplitudes of states II and sion for the state-3 amplitude a,(«), using as ini-

| tial conditions a,(~=) =1, a,(-©)=a4(-=)=0,
ay(=) =~ xx' J." expi-ila’t - ['y(nar)} [ expi-ilatefrlar)bar,at, )

where V and V’ are defined by V() = V,(¢) - V,(¢) and V'(£) = V,(8) - V,(¢), with V (¢) (i=1, 2, 3) the colli-
sion-induced shift in energy of level i [y, ,,,(R) =W g n(R)+C, , ;, Where C’s are constants]. Because
of the condition that |field detunings| > inverse collision time, we have neglected any Doppler phase
shifts or level decays in Eq. (1).

Assuming that transitions occur only near the crossings, we use a stationary-phase method to evalu-
ate Eq. (1). For R,< R."<R_, the result is

lag=)[?=As+A +A’ (2)
with

Ag=(xx'2m*1+ssin2¢)/2a0’, 3

Apg=(xx’ M2 +g))|1+s”8in2(¢” - s6)}/aa”, (4)

' /

W,-AK%’E (i(é%gﬂ)l a{sm[qH @' =g"+(s+5 ~5")n/4+50)+8inlg+ ¢ + p* +(s+5'+8Mn/4 =54
+8in[ ¢+ 4" ~ 4+ (s’ 48"~ 5)1/4 = 50)

+8infg’~ ¢" - g+(s' - s"~s)1/4+56)), (5)
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where a, a’, and a” are one-half of the absolute values of the time derivatives of V{(¢), V’(¢), and

V*(t)=V(t)+ V'(t), respectively, evaluatedat r,, 7./, and 7.

respectively, with the signs of these

c 7

derivatives given by s, s’, and s”, respectively, f and g are the auxiliary functions of Fresnel inte-

grals'® with argument given by |(2a/mY%(7.”-7.)|, and §=tan"*( g/f).

The phases ¢, ¢, and ¢" can be written in a time-independent form; ¢ =(1/v) JbRCﬂV(R) - Al/(R?
- b’)Y2} RdR, where b is the impact parameter. Expressions for ¢’ and ¢” are of the same form with
R., V(R), and A replaced by R/, V(R), A’ and by R.", V"(R), and A", respectively. The only phase
appearing in Eqs. (2)-(5) which is a slowly varying function of b is the one associated with the first
term in A’ since ¢+ ¢’ ~ ¢” leads to integrals with limits independent of b (6 is slowly varying in b).
On integrating Eqs. (2)-(5) over b to get the total cross section, the sine function in this term survives

and oscillates as a function of 1/v.

Equations (2)-(5) are poor approximations near the impact parameter at which incoming and out-
going crossings coalesce, i.e,, 8~ R_,. To obtain an accurate cross section, one must integrate the
time-dependent Schrédinger equation numerically near such impact parameters. However, a first ap-
proximation is achieved by assuming that all the sine terms in Egs. (3)~(5) average to zero on inte-

grating over b except the one varying as sinly + ¢’ -

@"+(s+s’'~s")n/4+s8), In this term the phase

is evaluated at =0 and the cross section is than approximated as o ﬁ2nj:° lay(=)|?bdb, yielding

galXTPR, | 4R | R+R. 2R(fP+gY) | R+R,
v*I(dV/dR)g | |V’ /dR) g +| " R/ ~R, WdVYdR)g »! " R - Ry
2R R."(f*+ &) }"2 R/+R"+2R,
- 2s[|(dV'/dR)gL_'(dV”/dR)chl n R+ R."—2R, sin{A/U + @o) } » (6)

where A is the area enclosed by the three cross-
ing points and ¢,=(s+s’'-s")7/4+s6 is a con-
stant phase. A comparison of this cross section
with the corresponding one obtained from com-
puter solutions indicates that Eq. (6) is accurate
to within 15%.

The calculation of cross section using Eq. (6)
is remarkably simple. For given potential curves
and detunings, one can graphically obtain the
slopes at the crossing point and the area A en-
closed by the crossing points. Substitution of
these values into Eq. (6) yields 0. The CARE
cross section for the interatomic potential shown
in Fig, 1as a function of 1/v is shown in Fig, 2.
The range of speed varies from 10° cm sec™! to
4x10° cm sec™!, By varying the detunings, one
can change A as well as the slopes at crossing
points, and hence the frequency and amplitude
of the oscillation in the total cross section. Al-
though the example above is for a specific poten-
tial, we emphasize that the oscillatory feature
occurs regardless of the form of the potential as
long as three conditions are satisfied: first,
there must be three crossings as in Fig, 1; sec-
ond, the area enclosed by the crossings must be
large enough to produce a phase change of the
order 7 when the speed is varied in a convenient
range; and third, the stepwise and the direct ex-
citation contributions must be comparable. The
first condition allows for a phase factor that is
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nearly b independent, and the second and the
third conditions determine the frequency and
amplitude of the oscillatory term,

10

r -
e [ T
T i /v I
s -
~— | |
b -
- -

0 | 1 L

2 6 10

I/V (10°® seccm™')

FIG. 2. Total excitation cross section as a function
of inverse relative speed v for a potential shown in
Fig. 1 with = x' =10 sec”!, A =~8x20" sec~!, and
A ==38x10" gec™!, The curve rises ar "2, Asthe
speed varies from 10° cm se.. ‘ to 4x1v’ cm sec”!,
equally spaced peaks are clearly seen. In the inset,
the product of the total cross section and v? is shown
as a function of 1/v,
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For the potential and detunings shown in Fig. 1,
the excitation cross sections are of the order of
107371’ cm?, with / and I’ the power density
given in W/em?, Thus the effect should be ob-
servable with moderate laser power. The experi-
ment must be performed with use of crossed
atomic beams or a beam interacting with a gas
sample. The beam-gas sample method works
only if the active-atom—perturber relative veloc-
ity is approximately equal to the beam velocity.

This work was supported by the U. S. Office of
Naval Research through Contract No, N00014-77-
C-0553. Conversations with Professor E. J.
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Collisional Effects in the Saturation Spectroscopy of
Three-Level Systems: Theory and Expeiiment

P.R. Berman!

Physics Department, New York University, New York, NY 10003, USA
and

P.F. Liag and J.E. Bjorkholm

Bell Telephone Laboratories, Holmdel, NY (7733, USA

We report op & theoretical asnd experimentsl study of the influence of colli-~
sions on the saturation spectroscopy line shapes ossociated with three-level
gas vapor systems. The study is carried out with the goal of gaining new
information concerning (&) the collisional processes that occur in atomic
vapors, (b) the nature of the intersatomic potentisl between & ground state
snd an excited-stute atom gnd {c) the possibility of collision~induced en-
hancement of the absorption of radiation by an atomic system., In each of
these areas, new results are obtained.

Theory Using & model in which collisions are assumed to be phase-inter~
rupting in their effect on level coherences and velocity~-changing in their
effect on population densities, ve calculate the absorption profiles associ-
ated with three-level eatoms that are subJected to two incident radiation
fields while undergoing collisjons with structureless perturber atoas. One
of the fields (pump) is of arbitrary strength and acte on a given transition
vhile the other field (prove) is veak and ects on a transition shering a
common level with the first, In the abscnce of collisions, the probe absorp-
tion profile can exhibit many well-known features [l], including narrow
Doppler-free resonsnces snd strong-pump field induced ac Stark splittings.
Collisions distort these profiles and can sctually lead to enhanced probe
absorption in cases of cither large pump detunings or strong pump fields.
Moreover the collisional modificutions of the profiles may be used to ex-
tract information on both total and differential scattering cross sections.
Theoretical profiles illustrating these feetures have been derived.

Experiment The theory is applied to explain the 381/2¢3P1/2+hn3/2 ex-
citation spectira that we have obtained for Na atoms undergoing collisions
with foreign ges pertucrbers. A pump laser is detuned either 4.0 GHz or 1.6
GHz below the 331/?+3p142 transition frequency and & probe laser beam,
counter-propagating wilh the first, completes transitions to the kp a state,
The population of the kD /2 state 1s nonitored (vie fluerescence) a5 a func-
tion of probve frequency go; punp detunings of ~4,0 Gz und -1.6 GHz, using
various pressurcs of He, Ne, and Kr perturbers. With & pusp detuning of
-h.0 GHz, which is greater than the Doppler width %1.6 GHz, we are able

to systematically study collisional redistribution [2]) (resvlting from
1 Supported by the U.S, Office of Naval Research,
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collisionally-induced excitation of the 3P1/ state) and to obtain a fit to
theory containing essentially no free paramegers. For a detuning of -1.6
GHz, the pump laser excites a given longitudinal velocity cless of atoms.
Velocity-changing collisjions cause this velocity group to relax back towards
equilibrium, and the probe absorption monitors the progress of this relax-
ation. Attempts to fit the datea were made using both the Keilson-Storer

and classical hard sphere collision kernels to describe the velocity-changing
collisions. The theory includes the effects of 3P1 2 -+ 3P3/2 state-changing
collisions, which significantly modify the excitation line shapes.
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Study of collisional redistribution using two-photon absorption
with a nearly-resonant intermediate state

P. F. Liao and J. E. Bjorkholm
Bell Telephone Laboratories, Holmdel, New Jersey 07733

P. R. Berman
Physics Department, New York University, New York, New York 10003
(Received 11 April 1979)

The authors report studies of collision-induced features of the 3S,,,—3P,,,—4D;,, two-photon absorption in
atomic-sodium vapor undergoing collisions with several rare-gas perturbers. The results yield the collisional
redistribution function which describes the nonresonant excitation of the 3P,,, intermediate state. Good
agreement with theory is obtained only if effects of 3P, ,«+3P;,, state-changing collisions are included in the
calculations. Results are used to obtain a value for a pressure-broadening coefficient in the Na-Kr system.

The spectrum of light scattered by an atomic
vapor illuminated by nearly resonant radiation has
attracted considerable interest.'”® Experiments
have been reported in which narrow-band laser
radiation is scattered by an atomic or molecular
vapor.>® For a two-level system, low laser in-
tensities, and radiation tuned outside the Doppler
width of the transition, the scattered-light spec-
trum is found to contain two components. One
component is centered at the incident laser fre-
quency and is due to Rayleigh scattering. The
second component is found to be centered at the
frequency of the atomic resonance line and has
a pressure-dependent intensity which vanishes in
the absence of collisions. The appearance of this
component at the frequency of the resonance tran-
sition is known as collisional redistribution. In
this paper we report measurements of the col-
lisional -redistribution function which are made
in absorption rather than in emission. Two-photon
absorption spectra are obtained with two cw dye
lasers operating at different frequencies. The
absorption is measured as the frequency of one
laser is scanned. The resulting line shape con-
tains two components which are similar in nature
to the two components found in emission experi-
ments. One component is a collision-induced
signal corresponding to the collisional redistri-
bution; it results from the collisionally aided
excitation of the nonresonant intermediate state
followed by the subsequent absorption of a photon
which causes a transition to the final state. The
second component is due to direct two-photon tran-
sitions from the ground state to the excited state
and is analogous to the Rayleigh scattering ob-
served in emission. The redistribution process
which we observe is important to problems of
radiative energy transport.” It must also be in-
cluded to correctly analyze line-shape experi-
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ments which probe velocity-changing collisions.®®

The theory of spectral redistribution of scat-
tered light in the impact approximation is well
developed.# In this approximation the detuning
of the incident light from the resonance must be
much less than 27/7_, where 7, is the duration of
a collision. Recent experiments have investi-
gated various aspects of collisional redistribution.
The first experimental evidence appears to have
been obtained by Rousseau ef al.,® although they
were not able to completely resolve the various
components. More recently the resonance scat-
tering from sodium in high-pressure helium was
found to exhibit complete collisional redistri-
bution.® Carlsten ef al.** have made investigations
in the regime where the laser detuning is large
and the impact approximation is not valid. In our
work we use two-photon spectroscopy to examine
in detail the redistribution function in the impact
regime for sodium atoms undergoing collisions
with rare-gas perturbers. To our knowledge this
work represents the only study which measures
both the shape and amplitude of the collisional
redistribution; furthermore, it demonstrates the
importance of state-changing collisions on the
redistribution. The theory of the effect of col-
lisions on two-photon line shapes has been dis-
cussed (see Ref. 10, and references therein) and
our results are found to be in good agreement with
these theories if the theory is extended to include
the effects of fine-structure state-changing col-
lisions. An experiment which demonstrated the
different time dependences of the two components
we have observed in two-photon absorption has
been reported by Grischkowsky.!!

Our experimental apparatus'? consists of two
cw single-mode frequency-stabilized dye lasers
(Coherent 599) whose unfocused output beams
were passed in opposing directions through a 1-
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cm-long cell at 200 °C containing sodium vapor.
Both laser beams were linearly polarized in the
same direction and had intensities of about 1 W/
em?®. The sodium-vapor density was maintained
at approximately 10! ¢m™. The pressure of rare
gas introduced into the cell was measured with a
capacitance manometer. One dye laser was held
at a fixed frequency { nearly resonant with, but
outside the Doppler width of, the 3S,,~ 3P, tran-
sition (~5896 A) while the other frequency §’
(~5682 A) was scanned to complete transitions to
the 4D, ., state. Transitions to 4D,,, are extremely
weak and can be neglected in comparison to those
to 4D, , since the nearly resonant 3P, , inter-
mediate state enhances only transitions to 40,,.
The population of the 4D,,, state is monitored by
observing the ~330-nm fluorescence which occurs
when the 4D, , state decays via the 4P state back
to the ground state.

Figure 1 illustrates spectra obtained in our
experiment for various pressures of neon gas.
Similar data was obtained with helium andkrypton.
The fixed-frequency laser is set 4.0 GHz below
the 3S,,, (F=2)- 3P, , transition frequency. Three
distinct lines are readily identified. The two
narrow lines correspond to direct two-photon
transitions from the two hyperfine states of the
ground state to the 4D, final state. These lines
are nearly Doppler free because the excitation is
made with oppositely propagating waves with nearly

No + NEON
A
2—'--4.mﬂz

-——I '-—16“1
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FIG. 1. Two-photon excitation spectra of the sodium
3S,,4-4D3,, transition at various pressures of neon per-
turber gas. The detuning of the fixed frequency laser
from intermediate-state resonance is 4/27=~4.0 GHz.
The broad resonance is centered near the 3P, — 4Dy,
transition frequency. All spectra taken with the same
detection sensitivity. Solid line, experimental curve;
pointg, theory.
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the same frequency.'” The broad line is the col-
lision-induced signal. As shown in Fig. 1, it
vanishes in the absence of buffer gas; this col-
lisional-redistribution signal increases as the
buffer-gas pressure increases.

The source of the redistribution signal is col-
lisionally induced population of the 3/, ,, state.
Collisions can supply the energy to compensate
for the mismatch between %02 and the energy of the
resonant transition. The excitation of the inter-
mediate state is essentially velocity independent
and hence the redistribution component is broad
with a width which is dominated by the Doppler
width of the 3P, ,,-40, , transition. For a more
detailed discussion of the origin of the redistri-
bution component, see, for example, Ref. 10 or
13.

Collision-induced transfer of population between
various sublevels within the 3P, , state does not
affect our signals because with linearly polarized
light the total excitation transition rate from each
sublevel to the 4D, level is the same. The field
at @ can create coherence between the F' =2,
Mg=t1land F=1, M =11 levels of the 3P,,, state
but these coherences contribute negligibly to our
signal. Thus it is only the total population of the
3P, ,, state that enters in calculating the redis-
tribution signal.

For a three-level system the line shapes and
relative amplitudes of the redistribution and two-
photon resonances can be approximated by the
following expressions.'® The narrow two-photon
resonance is proportional to

k[ ku\? in
= — f —
P =C Ik'—kk<A)Z‘(lk’—klu) LY
and the redistribution term is proportional to
R\ {Ru\?( 27, (iﬁ")
p33~c (k') ( A > (Yzﬁl - 1>Z| YA (2)

where T,=7,,+i(A+4A%), =7, +iA’ and A=Q
-w, A'=® -w'. The angular frequencies w and
w’ are the transition frequencies of the ground-
to-intermediate and intermediate-to-final state,
respectively. The wave vectors are k' =8'/c

and k=8/c, the subscripts 1, 2, and 3 refer to
the ground, intermediate, and final states, re-
spectively, and u is the most probable speed. The
decay rates ?‘, are the phenomenological decay
constants of the density matrix elements p,; and
include the effects of phase-changing collisions.
The quantity Z,(«) is the imaginary part of the
plasma-dispersion function defined in Appendix A,
and C is a constant of proportionality.! One may
deduce the following useful information from these
formulas: (i) the two-photon resonances are
narrow, (ii) the redistribution peak (centered at
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A' =0) is Doppler broadened, (iii) the ratio of the
amplitudes of the broad to narrow resonances is
independent of A and depends on pressure only,
and (iv) the amplitude of the redistribution term
vanishes in the limit of zero pressure where
2Y12% Yers

The effect of fine-structure state-changing col-
lisions is quite important as it modifies the am-
plitude of the collisional-redistribution signals
by a significant amount. The 3P, ,,~—3P, ), state-
changing collisions must be included since they
give rise to appreciable relaxation for atoms in
the 3P, , state. By solving the rate equations for
the steady-state we find these collisions produce
an effective decay rate for the intermediate state
(see Appendix B) of

v +1.57, 3)

yza" =Y2 Yo+ 0‘5.),'

where v, is the natural decay rate of the 3P, ,,

state equal to 6.3 X 107 sec™ and v, is the rate of
transfer for 3P,,,—3P;,. This rate is proportional
to pressure and is calculated from measured cross
sections.'®!® The effect of state-changing col-
lisions on collisional redistribution in emission
has recently been theoretically treated by Copper
and Ballagh.!”

Equations (1) and (2) are valid in the impact
limit with (A| > ku. To achieve greater accuracy
in our calculations we have used more general
expressions given in the Appendix A. This Ap-
pendix also contains a method for including the
contributions of both hyperfine ground-state levels.

The points in Fig. 1 show our theoretically cal-
culated values for the line shape. The relative
amplitudes of the two narrow two-photon transi-
tions were adjusted to exactly match the experi-
mental data. This adjustment was required be-
cause of optical pumping effects which cause the
population of the ground hyperfine states to vary
slightly with pressure and laser intensity. Ex-
cept for this adjustment no other free parameters
are taken in the calculation., The values used for
the collisional rate coefficients are given in Table
I and are taken from the literature. The theory
accurately predicts the amplitudes and widths of
lines in the observed spectra at all pressures.

To illustrate the importance of accounting for the
fine-structure state-changing collisions, we in-
dicate in Fig. 2 the theoretical result at 10.8 Torr
of neon that would be obtained if these state
changes were neglected. The effect of the state-
changing collisions is to distribute the energy
among all the fine-structure states with the result
that the redistribution peak is lowered by a factor
of 2.5. The correction varies up to a factor of 3
depending on the pressure, and for all pressures

TABLE I. Broadening coefficients (MHz/Torr) at
200 °C.

1d~7) 1:1«7) 1(d~7) l(d'y)

vy 3 fdyu) lfdygy 14y

Perturber 21r(dP 27r(dP 2w \aP) Z\aP
He 6.2 21°¢ 239 6.0°
Ne 3.7% 11¢ 13¢ 2.4°
Kr 12° 27¢ 294 2.7°

¥,/27=10 MHz; 7v;/27r=3.2 MHz; v,/2r=0.0 MHz

s Nty dY
-yij=_‘.2_l+7ly;l’lp

*D. G. McCartan and J. M, Farr, J. Phys. B 9, 985
(1976). -

®This work.

¢J. F. Kielkopf and R, B. Knollenberg, Phys. Rev. A
12, 559 (1975).

dF. Biraben, B. Cagnac, E. Giacobino, and G. Gryn-
berg, J. Phys. B 10, 2369 (1977).

*Reference 15,

greater than about 1 Torr, gives rise to a sub-
stantial modification to the theory.

The results with other rare gases such as he-
lium and krypton were similar to those obtained
with neon. Figure 3 shows some typical line
shapes obtained with helium and krypton. The
agreement for collisions with helium is excellent
with all relaxation rates calculated from published
values. To our knowledge no published values for
the pressure dependence of ¥,, exists for the so-
dium-krypton system so the theoretical points for
krypton in Fig. 3 represent a fit to our experi-
mental data. The pressure broadening coefficient
obtained by this fit is

L(d?,z)_ MHz
2r \dP 'IZ'OizTorr'

The dependence of the amplitude of the redis-

No+10.8 torr NEON
A

E"QOGHI

THEORY WITH 7, =0

e
. °. —.| }—_mnz

D’
_2_1' —_——

SIGNAL

FIG. 2. Comparison of experimental excitation spectra
with theoretical line shape that neglects fine-structure
state-changing collisions in the 3P states.

- S
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No + RARE GAS

A =~40GHz

2v
—]  f—16Hz

SIGNAL

FIG. 3. Same as Fig. 1 except with helium and krypton
perturbers. Detection sensitivity differs for these
curves.

tributed component on laser detuning is shown
in Fig. 4. The solid line is theoretical and agssumed
contributions from both ground hyperfine levels but
does not account for optical pumping, The agree-
ment is excellent. The ratio of the redistribution
amplitude to the amplitudes of the narrow two-
photon resonances was found to be essentially in-
dependent of detuning in accordance with theory.
We have experimentally verified the predictions
of the theory of collisional redistribution and two-
photon absorption in the impact regime. Com-
parisons of the experimental line shapes reveal
good agreement with a theory having essentially
no adjustable parameters. The importance of
state-changing collisions on the redistribution has
been demonstrated for the first time. We have
used our measurements to obtain the broadening
coefficient of the sodium resonance line for col-
lisions with krypton. It should be noted that es-
sentially all the relaxation parameters of an atomic
system could have been obtained by these experi-
ments. The widths of the two-photon resonances
yield 7,,, the width of the redistribution com-
ponent yields 7,,, and its amplitude is dependent
on 7,, and 7,. The good agreement between the
amplitudes and widths of the resonances in our

BERMAN 20

o
1 LA

COLLISION-INDUCED SIGNAL—P

FIG. 4. Amplitude of collisional redistribution signal
vs detuning, A. Points, experimental data; solid line,
theory. Data taken with 10 Torr of neon buffer gas.
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APPENDIX A: THREE-LEVEL SYSTEM LINE SHAPE

For the pump-field strength (x/ku)=0.018 (x
being the Rabi frequency at zero detuning) and
detuning [A|/ku=4.0 used in this experiment,
the line shape is adequately described by the per-
turbation theory of Ref. 10. The result, derived
for a three-level system, is

experiment with the theory may be taken as con- I=lpq+lsy, (A1)
firmation of the broadening coefficients used in
our calculation. where
J
I S S o w2
TV kK -k) o ku + X) (i K ~ X,/ (' = ke = X)
and

B 0 () S S
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represent the “two-quantum and “stepwise” con-
tributions to the line shape. The variables ap-
pearing in Eqs. (A1) and (A2) are defined as fol-
lows: C is a constant proportional to the pump
field intensity,

Ma=Yia+id, (Ada)
Pt rik, (A4b)
Mys=rip+ilA+ A7), (Adc)

with tildes indicating collisionally broadened and
shifted values of the widths and detunings; the
function

W, (X) =112 g% (A5)

is the thermal velocity distribution in dimensionless
units; and G,,(X - X') is a propagator'® accounting
for velocity -changing collisions inlevel 2. Equations
(A2) and (A3) can be evaluated in terms of plasma-
dispersion functions,'® but asymptotic forms in the
large-detuning limit are more easily obtained from
the integral expressions.

One sees immediately from Eq. (A3) that the SW
contribution depends on velocity-changing col-
lisions through the propagator G,,(X ~ X'). How-
ever, for large detunings, |A|/ku> 1, the de-
nominator if,,/ku +X can be approximated by
iA/ku over the range of X that contributes to the
integral and the integral over X in Eq. (A3) is
easily evaluated using the relation'®

W 4
J6,0 - x W o0ax = KD 6)
2eft
where 74 i8 the effective lifetime of level 2.
Equation (A6) expresses the fact that collisions
do not change an equilibrium distribution. Hence,
one obtains a SW contribution

() ) (82, o

where Z,(u) is the imaginary part of the plasma-
dispersion function

zZw=-r1 [P urxriax,

with Im(u)>0.

Corrections to Eq. (A7) are of order (fu/A)?
=0.06, and depend on the specific collision model
adopted. In order to avoid specific models, we
neglect all such corrections in this term. Con-
sequently, the amplitude of the redistribution may
be in error by an amount of the order of 6%.
| Computer calculations using a fairly general col-
lision model indicate that (A7) underestimates
Isw by 2% to 8%.]

For the TQ contribution in the limit |4 /ku

» 1, Eq. (A2) can be evaluated numerically for

all values of A’, However, in the regions about
the narrow resonance 4'= - A and the broad one
A’ =0, it suffices to use approximate forms. Near
A’ =~ A, one finds, to order (ku/A),

Ck  [hu\? in
=z —— f —d
Lro= T2 (A) Z'(Ik’-klu)

(40
—_— ‘= A
"[“(A)“ T —kia)) ora=s,

(A8)
where
alX)=3X2{| Xz, (X)) - 1}
_{%(I-Z/X’) for X>» 1 (A9)
372X for X «<1.

Experimentally, 7,,/(¢' - ku varies from 1.7 to
5.
Near A’ =0, the term is

k ku\2 i?)
Tro=-C (r) (—:) Z, (—“’kfu )
ku\® (¥
—_— a3 '
"[‘*(A)"(k'u)] for &7=0.

Since ¥, /ku<1 and |ku/A} =0.25 for our experi-

ment, the second term in square brackets rep-

resents a negligible correction and may be dropped.
Combining Eqs. (A8) and (A7) the line shape

near A’ ~ - A is given by

1=c(—k—:—)2{p—ﬁ—g Zi(ﬁ‘iﬁ)
NCANEES)

2 = =
+2(£u_) Jia¥as } ,
A YzereRUl

(a10)

(A11)

where we have used
Z i,/ R u) =¥ k' u/ A%

in this region. Equation (A11) gives values gen-
erally a few percent less than computer evaluation
of Eqs. (A2) and (A3).

In the region A’ =0, one combines (A10) and
(A7) to obtain the redistribution resonance

AYEA A ) ( in )
I1=c{H)(2Y) (Laa Mg}
C(k'>< A) (Yz.u 1)z k'u
In the actual experimental situation, there are
two hyperfine levels in the ground state separated
by 1.77 GHz. The total line shape depends on con-
tributions from both of these levels. The detuning

for transitions originating from the F =2 state is
A while that from the F =1 state is 4,, where

(A12)
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A,/2n=A/27 - 1,77 GHz. The net modification

of the line shape is the replacement of the factors
(ku/A)? appearing in curly brackets in Egs. (A11)
and (A12) by (kn)*(a"24+w4,"%), where w accounts
for relative statistical weights and optical pumping
of transitions originating from F =1 versus those
originating from F =2, In fitting the data, w is the
only adjustable parameter.

APPENDIX B: DERIVATION OF v,

The influence of the 3P, ,, state collisionally
coupled to the 3P, ,, intermediate state can be
included without much difficulty. In the pertur-
bation limit and the large-pump-detuning limit,
| a/ku|>> 1, the steady-state equations for the
P, ,, and P,,, population densities n, (v} and
n,.(v) for a ground-state density N, are

0=~yon, =T )+ 70y, +5, (Bla)
O=—y ;=T nypn+Tnyy,, (B1b)
where

S=2x2¥,, A2 u Wyt /u)N, (B1c)

represents the pump field excitation of the P, ,
state, and T and T are the 5~ 3 and 3~ § col-
lision rates, respectively. Equations (B1) reflect
the fact that only the P, , state is significantly
pumped by the field. All effects of velocity-
changing collisions are neglected in the large-
detuning limit, since the intermediate-state ve-
locity distribution is Maxwellian. Solving Eq.
(B1b) for n,,, and substituting it into Eq. (Bla)
one obtains the steady-state equation for n,,,

0=—Yoemy/2+S, (B2)
where
- v, 4+ + r)
Y2e1t =72 (‘ y—_2+ T . (B3)

Thus, the net effect of the P;,, state can be in-
cluded by replacing the decay rate y, of the P,
level by the v,,,, of Eq. (B3). For the P,p,~P,,
levels, I'=2Il"=v,.
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A theory of saturation spectroscopy in three-level gas-vapor svstems, including collisional effects, is
presented. Using a model of collisions in which they are phase interrupting in their effect on level
coherences and velocity changing in their effect on level population densities, the authors calculate the
absorption profile of a weak probe field on a given transition when an arbitrarily strong pump field acts on
s coupled transition. Line shapes are derived for an arbitrary collision kernel describing the velocity-
changing collisions, and these line shapes are evaluated for the collision kernel proposed by Keilson and
Storer. Various limiting forms for the line shapes are derived and representative line shapes are displayed.
Several new features of the line shapes, including collisionally induced increased probe absorption are
discussed. The line shapes are seen to reflect the various collisional processes that may occur in atomic or

molecular systems.

I INTRODUCTION

The theory of saturation spectroscopy of gas
vapors has received considerable attention’~® over
the past several years, following the increased ex-
perimental activity in this field, In a typical ex-
perimental situation one uses a pump laser field
to excite a given transition in an atom or molecule
and then monitors the absorption of a copropaga-
ting or counterpropagating weak probe field on the
same or a coupled transition. In general, only
atoms having a limited range of longitudinal veloc-
ities can effectively interact with doth: the pump
and the probe fields, leading to a saturation spec-
troscopy line shape that is essentially free of any
Doppler width. The Doppler-free linewidths are
of the order of the natural widths associated with
atomic resonances,

Saturation spectroscopy has also proven useful
for collisional studies, although this area of re-
search is only beginning to experience significant
growth., Pressure broadening and shift coefficients
can be precisely determined in saturation spec-
troscopy experiments and these parameters are
related to the total collision cross sections for
the states involved in the transitions. Moreover,
information on differential scattering cross sec-
tions may he obtained in saturation spectroscopy
using a pump laser to selectively excite atoms
having a specific longitudinal velocity and a second
laser to probe this velocity distribution. Since
collisions modify the velocity distribution, the
probe absorption serves to monitor velocity-chan-
ging collision effects. In this manner, one obtains
the differential scattering cross section averaged
over perturber velocities and those transverse

velocities of the active atoms not selected by the
pump laser.

To explore fully the potential of saturation spec-
troscopy for collisional studies, it is useful to
have a theory of the saturation spectroscopy line
shape including collisional effects. Several theo-
ries exist,®°-!¢ but they have tended to be limited
in one way or another. Some calculations are re-
stricted to the weak-pump-field limit, some to the
limit of decay widths and atom-field detunings
much less than the Doppler width, some to the
neglect of velocity-changing collisions, and some
to extreme models for velocity-changing colli-
sions. In this paper, we present a calculation of
the saturation spectroscopy line shape in a three-
level atomic system including collisional effects.
A pump field of arbitrary strength drives a given
transition and the absorption spectrum of a weak
probe field on a coupled transition is derived. The
calculation is based on a simple but often applic-
able collision model in which collisions are phase-
interrupting in their effect on level coherences
(off -diagonal density matrix elements) and velocity
changing in their effect on level populations. The
only restrictions on level widths, collision rates,
and detunings are those implied by the impact ap-
proximation,™*

In Secs. I and I, general equations are derived
for the probe field absorption, and a specific cal-
culation is carried out using the Keilson-Storer
collision kernel in a large-angle-scattering limit.
Limiting forms of the line shape for weak-pump
fields, for large pump-field detunings, and for de-~
cay rates and detunings less than the Doppler
width (Doppler limit) are given in Sec. V, and
some representative line shapes are displayed in
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Sec. V1. An appendix generalizes the results to
allow for an inelastic decay channel for the inter-
mediate state.

The line shapes illustrated in Sec. VI contain
some features that are either new or have not been
emphasized in the past. Among these are (i) a
relatively large dispersionlike contribution to the
line shape that appears for pump-field detunungs
greater than the Doppler width, (1) ac Stark split-
tings of the profilcs in strong-pump ficlds for
both copropagating and counterpropagiting fields,
and (iii) modifications of the strong-pump-{ield
line profiles produced by velocity-changing colli-
sions. An additional feature of the strong-pump-
field line shapes discussed in Sec. VI is a colh-
sion-induced increase in both the maxxmum and
integrated probe-field absorption, This result has
implications for increasing vields in certain 1so-
tope-separation schemes utilizing lasers.

By necessity, this paper contains a large num-
ber of equations. The reader not interested in the
details of the calculation can obtain the phvsical
ideas by making reference to Secs. [IA and I B
and proceeding directly toSec. VI. The theory has
recently been used to explain the 3S,,,-3P, . ,-40,,
excitation line shapes of Na in the presence of
foreign-gas perturbers.'’

II. PHYSICAL SYSTEM-EQUATIONS OF MOTION

A_ Physical system neglecting collisions

The three-level atomic systems to be considered
are shown in Fig. 1. The quantities 3=x1, 3’'=21
label each of the level configurations so that they
may all be treated by a single formalism. For the
upward cascade [Fig. 1(a)|, 3= 3’ =1; for the in-
verted V [Fig. 1()}, 3=1, 8’ =~1; and for the V
configuration [Fig. 1(c}], 8=-1, 3’=1. Each of the
levels i is incoherently pumped with a rate density
A,W) and each level decays at some rate y,, owing
to spontaneous emission. The A,(V) are assumed

m;
(1)}
4
) 3
_E.f
(e)

(o)

-
FIG. 1. Three-level aystems considered in this work:
(a) upward cascade, (b) inverted V, (c) V. Note that the
total decay rate from level 2 is v,.

to produce equilibrium distributions in the ab-
sence of any fields, i.e., collisions do not alter the
A, ). levels 1 and 3 ure assumed to have the
same parity. which 1s opposite to that of level 2.
The 1-2 and 2-3 transition frequencies are de-
noted by w and w’, respectively. Note that it s
possible to allow for any of the lowest-lving levels
to be a ground state by taking the himut A (v) = 0,
y=0,A%),y - N.V) tfimte) for that level.

To include some effects of branching that occur
in real physical systems, spontaneous emission
from level 2 to level 1 at some rate 3y ' 18 includet
in the model {of course, ;=0 for the V" confiyura-
tion of Fig. 1(c)]. Extensions of the theory to al-
low for additional spontaneous-emission brianching
channels between the levels 1s straightforward.

The three-level svstems are subjected to an ar-
bitrarily strong monochromatic pump field

SR, t)=i68costkz - Q1) {1a)
and a weak monochromatic probe field
§'(R,1)=78 costek’z-Q'1), (1b)

the fields having frequencies 2, @’ and propagation
vectors

K=2Q/c, K'=29'/c, (2)

respectively. Qur discussion 1s bmited to the
casge of copropagating (¢ =1) or counterpropagating
(e ==1) laser fields. It is assumed that fields £
and 8’ are nearly resonant with the 1-2 and 2-3
transitions, respectively, Furthermore, it is as-
sumed that the difference .w -w'; is large enourh
to insure that field 8 drives onlv the 1-2 transi-
tion and £’ only the 2-3 transition.

The calculation is most convemently performed
using equations for densitv matrix elements. In
the absence of collisions, the master equation 1or
density matrix elements p,,(R, ¥, ) assoclated
with an atomic wave packet centered at R moving
with average velocity ¥ at time t 1s'®

.f’eu_:_._(; Y4 550, R, 7. 0)

=GR H®R,),p®R, 7,0, -0, & T 1)

+¥38438,04, (R, ¥, 0) 12, D)5, , (3)
where
o=t +y,). 4
Matrix elements of Hamiltonian # are given by
H, R, 0)=Ep8,, -, [8R, 1) SR, 1)], (5)

where E, is the energy of level ; and @, is the v
component of the dipole matrix element between
gtates ¢ and j,
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B. Collision model

The three-level active atoms undergo collisions
with ground-state perturbers. The following as-
sumptions, pertaining to the nature of the colli-
sions and the duration r_of a collision, are in-
corporated into the model: (i) The active-atom
and perturber densities are such that one can
neglect all but binary active-atom-~perturber col-
lisions, (ii) Resonant excitation-exchange colli-
sions between active atoms and perturbers are
excluded. (iii) Collisions are adiabatic in the sense
that they cannot, in the absence of applied fields,
induce transitions between levels 1. 2, and 3,
shown in Fig. 1 (i.e., hiv[' «<all level spacings).
(iv) Collisions may be treated in the impact ap-
proximation, in which collisions can be thought to
occur instantaneously with respect to varioustime
scales in the problem (valid if r ' > atom-field de-
tunings, Rabi frequencies, collision, and decay
rates).

With these approximations, the net effect of col-
lisions is the addition of a term bip, (R.¥,4) 5t] .,
to the right-hand side of Eq. (3).'” In general,
collisions affect off-diagonal and diagonal density
matrix elements differently. For diagonal ele-
ments, collisions result solely 1n velocity changes.
and the collisional evolution of the population den-
sities is governed by the usual transport equation:

(2&1(_?_;_?_2_’_)) =-r,(V7)p“(§,V,f)
coll

’Iﬁ’ W@ =9, R, 7, 1),

6
where W, (V' ~¥) 18 the kernel and

£@ - | av w,@-v) )

is the rate for collisions in level ;. One can use
either classical or quantum-mechanical expres-
sions'? for the kernels and rates. The kernel is
simply the differential scattering cross section in
the center-of-mass system, averaged over the
perturber velocity distribution consistent with en-
ergy and momentum conservatinn,

Collisional effects on off-diaizonal density ma-
trix elements are more complex. We adopt a1 mod-
el in which collisions are “phase interrupting” 1n
their effect on off-diagonal density matrix ele-
ments, leading to a time rate of change

(ae (ﬁ,v,:))
at -
2= [P @) 1S o, (R, 7,0), 19), (8)

where I'[}(¥) and 5;"(V) are broadening and shift

parameters common to theories of pressure
broadening.”"'® The phase-interruption model is
valid for either (a) a low perturber~to-active-
atom mass ratjo or (b) strongly state-dependent
collisional interactions,'”

In Sec. II D, a final assumption, limiting the cal-
culation to large-angle scattering, is made. The
reader not interested ‘n the details of the line-
shape calculation can proceed to Sec. 1II without
loss of continuity.

C. Steady-state equations

Adding Eq. (6) or (8) to (3), introducing the
field-interaction representations

PR, 7, 8) =p,,(V, 1) exp[-i3(kz - Q)] (9a)
neslB, T, ) =P, (W, t ) expl-ig'le k' Z = Q'N), (9b)
PR, T, 1) =5,5(F, t) exp{-if(Bk + € 3 k") Z

-+ 3l},  (9c)
P, 1)=p,0,1)", (9d)
0,(R,7,t)=p,,¥,1), {9e)

making the rotating-wave approximation, and set-
ting op,,(V.¢) o/ =0, one obtains the following ste-
ady-state equations:

P:W)puﬁ) = J’ J‘." wl(v’ "V)D“(L'I)

+ l'xfbu(V) -5,

2, @) 95,0, (10a)
Py, @ = [ & W & - 9p,,00)

"lezn(‘.’) —ﬁ”(v)l

“ix1pz:("') - {‘ u("/) l rA ‘(‘7) ’ (lOb)
C@PL® = [ @0 1w @ = 9)p,)

‘ixllp::@)‘br(v)[*l|(‘7) , (10c)
“\z("’)plz(v)=iX'pza(‘7)‘I’u(‘.’)"‘l'ﬁx’ﬁ)- (10d)
Has (0 35(V) = 1x (532 (V) = 5., (W) |+ 1xp,,(V) . (10e)

uu(ﬂbu(v):'\ﬁu(v)"lx’ﬁu(v)- (lo’)
B, @) =p, ®), (10g)
where

e = [y « TR - 1308 = k)« SR ], (119)
Mg;ﬁ) = l71)’r?3‘(6)' + 'l”’(A' '(klvl) ¢ gm(':” '
(11b)
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“n(w = ['Yu + r\"‘;\@) l
vif(Ba . g'a’) ~ (Bk+ Fek)y, « ST,

(11c)

r@ =y, - T,@, (12)

X=0,,5/28, x' =®.,8"'2h, (13)
with the detunings A and A’ defined as

A=Q-w, A= -w'. (14)

The normalization 1s such that /p, (¥) /¥ repre-
sents the total ensemble population in level ¢.

Typically vne measures the probe-field absorp-
tion, whuch is equvalent to determining the value
of

TG f rﬁ(b,ﬁ/) -‘—;’—"’) (15)
3
Using Egs. (10c), (12}, and (7), this equation can be
rewritten

Ha,a"=-2(x" y,)Im J’(ﬁb,.,,(\'f). (16)

It is sufficient to calculate p,,(¥) to determine the
line shape.

The solution of Eqgs. {10) for 5,,¥) to first order
in x’ (weak probe field) and artntrary order 1n
(weak or strong pump field) :s' "’

buﬁ') = {"'l,' 1“13(‘.")“73(;) " 1:”
Auy s @ [B32" @) =5, @ - 0p D
{in

38

{; (V) are solutions to Egs. (10) with

where the p
x’' =0.

It is convenient to rearrange the equations for
B (%) in order to1snlate snme of the strong-field
effects. First, we write each 5,'{V) as a sum of
its value .V, (¥) 1n the absence of fields plus a re-
mainder », (V). Explicitly, we have

B = N, (@) - m, (@), (18)
where

M@ =A @)y, v 2,0 1,

Nl@)=xx(‘7)“h. (19)
Ng(v) =A)@) Y-
Second, we substitute Egs. {19) into Eqs. (10), set
x' =0, use the fact that
[ & w,@ - 08,5 1,@8® an

[since the N, (%) are assume ! to be equilibrium dis-
tribwtions |, and perform some algebraic mampula-
tions on the resulting equations. Using thas pro-

2
cedure, we obtain the following equations for
n, (V) and p{' (V) (1 #1):
Ci@m @) — [ & W, = 0m, 79
z(g_x‘j;.@)(,_ v )
Ry(¥) ree)
X [Ny @) + 3@)] (r:lﬂ)
< & w @ -, @1a)
T @ (7) - J’fﬁ' WL = T, )
.- 2{7,@?)) W
( R, (0P ARG ERIGIE (21b)
b{?’(\?):(w)[x“m < @), (21c)
Ry(¥)
n,(%)=p V@) =pl# =0, (21d)
where
M =y » l";‘;r?) , 22)
Ry@) =y o0+ (3= ke, - SED 23)
ya@) =50 1+8H) [ <, (24)
N ¥ ‘
W"xﬁ)[r:m’r:«ﬁ(“ rm)] ‘ )
1 ¥ o wy_ =
s 1 - 2 W e -7 3
F@) r;(V)(‘ I‘f(?))f W (3 = Tn ()
1 e e .
—F:—Wj J. JVW Y -V (v, «26)
N, B =N - N, ). (27)

Moreover. Eq. (17) may be written
B2 = {=ex "/ (s @iy, (8) +
X {u =NV, () < (W) - 0@ 28)

The line shape, as determined bv Eqs. (16) und
(21)-(28), contains sume features that may be
noted at this point:

(i) Velocity-changing collici .5 in level 3 do not
affect the line shape, a result which mav be ex-
plained by the following reasorunzz. The probe
field is weak, so that one need consider only a
single probe-field-absorption process. U velocitv-
changing collisions 1n level 3 occur Avfore the
probe-field absorption, they do not aiter the equi-
librium distribution N,(V). Uf they occur arter the
probe-fieid absorption, they redistribute the ve-
locities in level 3, but do not chame the inteurated
population o . (V)d ¥, on which the bne shape 1.
dependent.

{11) In the absence of collisions {F -0, W, iV

A - -~ - e ——— - - -
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-%-0,TA@~0, SPE -0, TIF ~v,], Egs. (21)
reduce to well-known equations of saturation spec-
troscopy.'™® The strong-field modification of the
1-2 absorption is contained in Egs. (23)-(25), in
which the homogeneous width y,. is replaced by

a power-broadened 3 ,. The factor
X5V, ()| R, (¥) ]2 appearing in Egs. (21) rep-
resents holes or bumps created in the velocity
distribution by the pump field.

(iii) One can understand the collision-induced
modification of the 1-2 strong-field absorption on
the basis of simply physical arguments. Phase-
changing collisions are directlv incorporated with
the substitution 5,, =3 ,.(V), 3., ~ 33 +ST({V), repre-
senting the traditional pressure broadening and
shifting of spectral profiles. Velocity-changing
collisions 1n levels 1 and 2 lead to flow into and out
of the velocity holes created in these population
densities by the pump field. New velocity equ-
Librium distributions are established, as maven by
the solutions of Eqs. (21a) and (21b}., The outward
flow is contained 1n the ['\\¥) (V) terms in Eqgs.
(21a) and (21b); 1t is also tmplicitly contained in
the saturation parameter $(V) throwh the pre-
sence of '/ (V). The inward flow 15 given by the
[d¥ W, (¥ =), () terms and the F¥) terms in
Eqgs. (21a)-{210).

D Large-angle scattening

Equations (21) are independent of the specific
nature of the scattering (velocity-changing colh-
sions) in levels 1 and 2 and could, 1n principle,
be solved numerically for an arbitrary kernel.
However, it 15 customary to seek approxmate so0-
lutions to the equations, For weak velucity-chan-
ging collhisions, kAw sy, tAw - rms velocity change
per collision). une can approxamaite the colhsion
kernels as functions of ¥ - ¥’} and obtain solutions
by Fourer-transform techmques.' ' """’ Exact so-
lutions are alsn obtainable” 1n the so-called
“strong-collsion model” 1n which a single colli-
sion, on averaye, thermalhzes the velocity distri-
bution.

For typical interatomic potentials, the colthsion
kernels can be separated into a small-anle-scat-
tering part accounting for the lon-runge part of
the potential plus 4 lirve-anrle-scattering (LAS)
part accounting for scattering from deep attrac-
tive potential wells and or a repulsive core. As
a specific model, we will consider onlv the [LAS
part of the kernel, assuming weak collisional ef-
fects are neclinible or can otherwise be 1ncorpo-
rated into the Line-shape tormulas.

The kernel 15 defined to be a LAS une, provided

Rou >y, . (29)

P~ P e . — — e e - — ——— —— -——

In this limit, a single collision is sufficient to re-
move atoms from the velocity holes or bumps
created by the fields. There is no velocity diffu-
sion within a hole or bum[;. The ¥ terms in Eqs.
(21a)~(21c) represent the modifications of the
bumps or holes owing to velocity-changing colli-
sions; consequently, they should vanish in this
model. An estimate of the value of F(¥) relative
to N,, (V) at ¥ =(a/k)2 is

F/ Ny s 0y g/ (kAW , (30)

which will be small provided y 5 kAau <« 1. Cal-
culations using a more-general collision model*®
indicate that the LAS kernel provides a good ap-
proxamation as long as y, kAu<1.

Thus, in the LAS model, the equations determin-
ing »,(V) and p{3'(¥) needed in Eq. (28) are

T - [ &&=, @)

(20, '
-—(-%:(é.;—)g—)\u(?) , {31a)

*
B - (ﬂ,;“:‘;.(v—’v)l—).\:m : (31b)
These equations differ irom those of the weak-field
case only by the presence of y, rather than §,,(¥)
in the term for R,(¥).

One final separation 1s useful regardless of the
kernel. A solution for »,\V) can always be written
in the form

1,0 = @) + 6n,(V), (32a)
where
2~ ’
nl (7 o2 L0N ) (32b)

R (V)'T4(¥)
and &én,(V), representing the velocity redistribu-

tion of the holes or bumps created by the pump
field, satisfies

ri@)en, @) - I @ W (T~ T)on, ()
=J'zﬁ' W, =9l @) (32¢)

11l SATURATION - SPECTROSCOPY LINE SHAPE

Within the contines of the colhision madel adop-
ted 1n Sec. 1A, the probe absorption line profile
s given by Eqgs. 116), (28), (11), 27), (18), and
(21}, In saturation spectrasenpy. one €an arrange
to detect only that part nf the probe lield absorp-
tion influenced by the preseance of the laser-pump
leld More precisely. nne measurces the probe-
field absnrption minns the probe.field absorption
tn the absence of the laser pump (i.e.. y=0). De-
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noting this quantity by /,{a, 3’), we find from Egs.
(16) and (18) that

138, 4 = 1(a, an) L2 ""2 Re [ a7 “” (33)

Toarrive at our final line-shape formula, three
additional assumptions are made. First, the vel-
ocity or speed dependeace of I'M(¥), SP(¥). and T,
(V) is neglected. Generally, thns approximation is
not drastic since these quantities are slowly vary-
ing functions of v that may be evaluated at some
appropriate fixed value of v without tntroductng
much errov. Second. it is assioned that velocitv-
changing collisioms tn lervel 2 ave characlevized
by the large -angle-scatlering limit discussed in
Sec. Il D. Consequently, »,(V) and p{’(¥) are de-

termined from Egs. (31) rather than (21). Fimlly,
the N,,(V) are taken tn be Maxwellian:
N,0) =N”(rm2)'3lgexp(- v ). 33)

The saturation-spectroscopy line shape is de-
termined from Egs. (33}, (16). (28), (11), (27),
(18), (31). (32), and (34). The integrals can be
evaluated’ in terms of plasma-dispersion {unctions
and the result is conveniently separated into four
terms as follows:

I(a, ) =R [5%  [S¥, TR (35)

LIAO, AND J. E,

BJORKHOLM 2
Tay = Fag+ {8y, {38b)
hy = Fratidy (38¢c)
77,=ya+iA . (38d)

=BA+ ST, (39a)

A, :ﬂ'A'+S,'l‘,’, (39b)
;3= BA+ Brars 8T (39¢)
Fis= vt ru . (40a)
5= ¥l +8) {40p)
2x [1 1 v
8§= + 1-= ), 40¢)
¥z -F—zi Fl—[( FZ)] (
Moy oa
X=0,8/2fi5 x'=0,8/2h; (41)
k,=8k=8,k 0,=8, (42a)
ky=€BR=0,k', 0, =€p, 42b)
=Bk+(ﬁlkl Ealak”v
. o (42¢)
Ri'=hkigt, By =Ry kY
s
A =(r.—-7,) (r,-r,)Y) . 43a)
L ‘(M.I:Im ! ‘) (

B, =(rg~n)/(r;=7), B, =(rs=7)/r, - v,

e e e~

lvc 23 (43b)
where . 1
Dy =(rg-1) {(ry - "1)) H (43¢)
~2{xx')’N,,8,.0..6, A S Tar]
TQ _ 2717 23%13 ;
Ia yoRuk uk " ““;Afz G B8 bject to
4{x\')?N,, 5 3 q 4
15 - -——,——L,-"—a D2(r), 36b)
¥ Do) 't “"Z-; #) ¢ ;A, =‘I_\;D,= 0. B, +B,=1. (44)
2(y’)? . - . ~
1= "“-(x ~re [ a3 u(v"')(; 1 Niy=PD, (43)
H1al¥ ke X where PD is the population difference between
ITQ (\( Y Nﬂe“ Im(ZB I )_ )). (36d) levels 7 and j in the absence of external fields;
sl
= Z{r), Imr>0,
Z(r)= 46
v, =7,+C, 317a) {—Z(—'r). Imr-0, (46)
r,=r,-C, (37b) where Z(») is the plasma-dispersion function
ry=ing/lk,u), (37¢) " . !
. Z{r)==-1" j. dve ™ (rtx)” (47)
7= —iny/(ku) =rg, (37d) -
vy =ing,/(k,u), (37e) d?;ihned for Im(r)>0. Eq. 35) ‘
. e terms appeartng in Eq. are designated
7o == ifyy/ (ki u) S as follows: (i) /12 is a two-quantum contribution
v, =~ in,,/(k,u), 37g) to the line shape proportional to the inversion N,,
(the label “twn-quaatum” is used t» spevify that
1 2 4y? t/2 such contributions vamsh unless pump and probe
c'i[” Ve~ ((r, -7d ’kl'{,k'a'u) }' {37h) fields are simultaneously preseat); (ii) [S¥ is a
s contribution resulting {rom the “stepwise’ absorp-
Tha=Fi2+18,, (38a) tion of pump and probe photons by atoms that have
——— Y — - - —— P .- - - — - e -

o —— A o

PP




20 THEORY OF

not undergone velocity-changing collisions in
level 2; (iii) I7¥ is the corresponding contribution
from atoms that have undergone velocitv-changing
collisions in level 2 (this term reflects the way in
which the velocity holes or bumps in level 2 crea-
ted by the pump field are redistributed by col-
lisions); (iv) I7%1s a two-quantum contribution to
the line shape proportional to N,,. The labeling
and interpretation of each of these terms have
been given elsewhere."

Equations (36a), (36b), and (36d) are easily evalu-
ated using an efficient program for the plasma-
dispersion function.?’ However, one must speci-
fy a collision kernel, W,(V’ - V) before Eq. (36c)
can be calculated.

Independent of kernel, Eq. (36c) can be put in a
more transparent form. It follows from Eqgs. (32)
that a propagator 6G,(V/~ V), defined by

to () = j 4V 6G,(V - O @) (48)

satisfies the equation
P46, = ) = [dir Wy = 916677~ 77)

=Wy (7 =), (49)

Using Egs. (36¢), (11). (48), (32b), (23), and
(37), one can rewrite I ¥ in the form

. 4xx")%7,,61°
= yyku)kul

- = (¥, —7)5G,(uy ~ uX)N, @)
<im [ [dkdy e

(50)
where one can readily identify (a) the original
velocity distribution N,, (). (b) resonance denom-
inators with width Imvr, =y, representing the 1-2
absorption by atoms having velncity «¥, (c) the
propagator 5G . {uy - uX) representing the collis-
ional redistribution of velocities from uy to #X,
and (d) terms representing the probe absorption

Axx' VN, 7,9,
W _ 21 12
I r,[‘ (ku) klun L = ;( )

B’f dv X+ in, {x+in, /kul®

where
Z,(x)=Im[Z(x)]; Z,(x)=Re[Z(x)]. (55)

In practice the sum may be terminated at some N

e ————— o -
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from level 2 by atoms having velocity uX. To
evaluate Eq. (50). one must solve Eq. (49) for
8G,(¥V - ¥). Although a formal quantum-mechani-
cal expression for W, (V- ¥) is available, its
evaluation presents many problems. For this rea-
son one often attempts to appraximate the true
kernel by an analytically tractable phenomenologi-
cal one.

IV. KEILSON-STORER KERNEL (KSK)

In this paper, we explicitly evaluate Eq. (50) for
the collision kernel proposed by Keilson and Storer*?

W, (W —¥) =V2 (1i2)32 exp(- |V ~ a¥|%/7?),
(51a)
a?d) (51b)

where T, is the collision rate and a and # are con-
stants. For atoms having velocity v/, the average
velocity following a collision is a¥’ (this condi-
tion restricts « to values between 0 and 1) and the
one-dimensional rms spread in velocities follow-
ing a collision is & =vZ au. For our LAS model,
Eq. (29) further restricts a to values such that

(1 -a®2>y, /ku. (52)

&f=(1-

The Keilson-Storer kernel (KSK) adequately
describes small-angle scattering.” Provided
v’<u, it also describes LAS reasonably well, but
is in error for both LAS and ¢’z «.'” The kernel
has the additional advantage that it obeys detailed
balance, and allows analytical solutions to be ob-
tained.

If the KSK is inserted in Eq. (49) for the propa-
gator, one can obtain the solution

G @'-—v)-Z( ) oA :{) e

v_a"y
g, u

X exp [_ z]’ (53a)

= (1- a2, (53b)

Substituting Eq. (53a) into Eq. (50).
the SWvc cnntribution

one obtains

2 in. kb n
exp(- v )Z‘(ma u+a y)' (54a)
r,-x o,
exp(- ") 7(—1————" - """) (54b)
a, !

r

for which a” <1, and the sum from n=N to © ex-
plicitly evaluated. In this manner the sum from 1
to «° may be written
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. ke - in
s xm;: - /-(—y—‘)a,a, ar,)z‘(ﬁ) , (562)
where
Ry /THY Ty, (56b)
a¥«1, 56¢)

with the sum from rn=1 to (N - 1) evaiuated by nu-
merical integration. Thus, the LAS line shape

for the KSK is given by Eqs. (36a), (36b), (36d) and
{54), and for an arbitrary kernel by Egs. {36a),
(36b), (36d), (50}, and (49).

- JTQ , ;SW SW, JTQ
1,(A,A')-112 +1|vc+11c+[nvcy

2(xx' VN, in, in. in
TQ ~ 2t 23 12 13
la y Rk uk Iml._,(k'“ *hu k'’ 91203 9“92’)'

2(xx' VN in inr in. in
SW 2 23 e 23 12
Lo Y Tikuk Re 1‘(1.”1( i +I‘<k’u  ku

8

V. LIMITING FORMS FOR THE LINE SHAPE

It is possible to obtain llmiting forms for the
line shape in several cases of practical interest.
In this section, we give line-shape expressions
valid for (a) weak-pump field. (b) large pump de-
tuning, (c) arbitrartly strong pump {:eld in the
Doppler limit, and (d} weak pump field in the Dop-
pler limit. The results are discussed n Sec. VI,
where representative hine shapes are displaved.
Some of these results are not new, but are includ-
ed for completeness.

A. Weak pump field
The weak-pump-Tfield limit (y<< all ¥'s) has been
treated previously,'' and may also be obta.ned
from Eqs. (35), (36). (50), and (54) by straight-
forward algebra. To order x°, the line shape is
given by

(57a)

(570)

. 9129:3>] ’ 67c)

8G o (1Y = uX)N , (1 ¥)

‘ AN )i P, o Forll® J‘ -
W~ B Bty .
I s P f Sl o Ly

12"‘12"'“)2”(723 ki) + (- 65305 k)]

(arbttrary kernel),

- 4(xx')°N, = /T, \"1
W 21 2
R 2 ) —
T vylRuk um 7 e (r‘) o

kg
2(xx" V2N,

(57d)
- (11’(&3\0 2z, kira™e,) o]
- kuﬁ?m»k'u)% (v~ 0,8, k)
N or (KSK) (57d)
( judx P12 e"“le_(iyL‘:L/k'rH CY"XH__,J)_/G',"]
- (Proo Ru)™+ (X = 8,38, k)
(57¢)

TQ ~ 2 . 1'7),” ir]”
127 ')’:,(k'll)zl\’”" In]la(;\,,” 0T 813623) '

where the functions {;, {,, and {, are defined by
Iy, vy, €)= =M(p,, by, e Z(0) -€2(p,)],  (58a)
Iy(y, bty By, €, €) =0 (uy, 4y, €)

*{L (s, Bs, € — €1, (4, by, €/€)], (58p)
Ly, By € = =M {ity, hoy €)

x {1 (1, 1y © +201 + 1, 2(0)]}, (58¢)
with
Mgy, pg, €)= (p, - €p)? (58d)

and 8G,(’ ~¥) in Eq. (57d) is to be determined
from Eq. (49).

B. Large pump detuning

In the limit of large pump detuning (|4&[ >
all ¥’s, | A >-ku), the SW contribution is greatly

r
simplified. The population densitv »,{¥) is prop-
portional to N, (V) since each velocity subzroup

is excited with equal (albeit small) prabability by
the off-resonant pump field. Collisions do not
alter ¥, (V); consequenthy the tine shape in this
limit is independent of velocity-changing collisions
in level 2. The line shape is found to possess
resonances in the regions &,,=0, 3,50 and, in
the region of these resonances, one finds!!

. =20XPN, ., fin ) -
I'(A, a’) w Z‘(z",—,:}— (A” 0) (593.)
o =20xx')?

—_— (_zin - 1>z (ﬂz;L
Ysk’”(Alz)a an Y2 [ k'u

/LY (in" Fay (m,, )]
k'u k'u "Nk ke T \k'u

‘Nuenez:(%)zn(%f‘)§ (a,,20). (59b)

L ot
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As has been discussed elsewhere,'! '™ ¥ the line
shape includes collisionally aided radiative exci-
tation of level 2. It contains a Doppler-broadened
resonance at A’ =0, in addition to the “direct”
two-quantum resonance (which may be broad or
narrow) centered near &’ = -8’4, In addition,

I3f con‘ributes a dispersionlike term near &’ =0,
Note that the limits on |A| imply that the large-
pump-detuning case also satisfies the weak-pump-
field criteria.

C. Arbitrarily strong pump field in the Doppler limit

The “Doppler limit” refers to the limit in which
velocity-selected atoms provide the major contri-
bution to the linc shape. This limiting form for
the line shose hias been examined for arbitrarily
strong pump fields and no collisions*” or for wea}j

pump fields including collisions,'! but general
expressions including effects of velocity-changing
collisions and arbitrarily strong pump fields have
not been previously obtained. The Doppler limit

is achieved if hoth the homogeneous widths are
smaller than the Doppler widths, i.e., yg< ku;
Y23 < R'u, and the detunings are witkin the Doppler
profiles, i.e., ]A|< ku; |a'| <k'u. In the Doppler
limit, cnly atoms having r.=Aa/k v, x€a’ k' con-
tribute appreciably to the line shape, and slowly
varying functions of ¢, or r,, such as the atomic-
velocity distribution, can be evaluated at these
values of v, and v,, respectively. The Doppler-
limit expressions are most conveniently calculated
from Eqgs. (33), (16), (28), and (32) for IT2, E¥,
and I3}, and from Egs. (50) and (54) for £¥. One
obtains the line shape in the Doppler limit for
arbitrarily strong pump fields as

(8, )21 IE SIS et 4T, (60a)
4
T8 ~ C[2(xx"PN 0,048,412y s ke k'l "u) exp| - (A, /k1)?] Re D_8,4,, (60b)
j=l
4
I~ {40012 N,, ;12923”1/2/731‘;(/"”)2""“] exp[ -{4,,/ku)?*] Re 291 D, {60c)
=1
40 )Ny 7 20 [ a )2]
swo S XX Datizves Y it
I, voT § R )2k umt (2 EXPL \ %o
- 8G, (uy = ux)v - %) (arbitrary\)
B d d ) 22 [:]
" ff.., vy =M —r )y -r ) y-r)"’ kernel /'’ (60a)
X im i - r.A\"1 Z[( SOVCA
dvB (=2} — Y- ¥N)/a, '
o ;f-‘ v 1( r;) a, ('Ya/kll)2+()' _ Ame).z/ku)z ’ (KSK) y ‘606 )
2
2(xl)2N 9 Irl/z A 2
B (T )

where

8G, (v, =v,) = ffff_: dv, dr dr’,dl';(nnz)"exp( iﬁ%—w>éGZW~Ti) , 61)

8,=sgn{Im(r}],

>0
sgn(x)={‘ 1, x>0,
-1, x<0.
Owing to Eqs. (44), it appears that IT2 and J5¥

nve

(62a)

(62b)

can vanish if all the &, are equal. However, it follows

from Eqs. (62), (37c), and (37d) that 8,=-0,; consequently /¥ and I5¥, are both nonzero in the strong-

ave

pump-field Doppler limit for arbitrarv level schemes (i.e., arbitrary 8,8’,€). The fact that {3 does not
vanish in the Doppler limit for level schemes corresponding to 6,,6,,= ! is unique to the strong field
case; as is well known,'** ! it vanishes in the weak-ficld Doppler limit under such conditions. On the
other hand, for strong pump fields (but not so strong that the Doppler limit is violated), I3 is small if
8,-0,=-0,, as is the case in the weak-field Doppler limit.

A further reduction of Eqs. (60d) and (60d’) is possible if the ke¥nel is also a slowly varying function
of velocity compared with the hole width v 4. k; i.e., if k(31) -y, [note, our LAS model already requires
&(du)>7p)]. In that limit, the Im{*** terms in Eqs. (60d) and (60d’) become
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ku 8G, (8,,0,,/k = xu)(x -r,)
aiadl 22e\%y s i
e f__ dx & or e -7y , (arbitrary kernel), (601)
Im{' °* =lm I
ku (I‘) 1 ~(r —-a"a, 0 /Ieu)
" — B,( %) — 2z L——3212'—} (KSK). (60f’)
Ys it ‘= \T; On Op ’
Moreover, if the kernel width Au is also large compared with ¥,,/k’ and %,,/k", this contribution further
reduces to
Z /%8G .(__u_u ~-u Relr,) ) (arbitrary kernel), (60g)
Im{"'ﬂm{ 225" B,
Y Re - a"A, 0
¥Ys 1m1 (Fz_) o exp_( (Ti) - 2 ll/kl‘) , (KSK), (60g')
n

D. Weak pump field in the Doppler limit
If both the limits discussed in Secs. VA and VC are applicable, Egs. (57) take the familiar form!-%!!

108, 8 =ITR L IS¥ 4 IS¥ 1 TR, (632)
4000 YN, [ ( ) ( i A M (A A
TQ .. ._.-_—ZL—.
o Yskuk'uku in,1217,1% Borstam -1 * W%m’uv‘l 8, ,05.-17 (63b)
sw __ 400N, w2 _ gn) 7k
Lae™= = Tikuen |\ /) | 77 (63¢)
400N [ (A )*]
- -———ZLT -~
Toe - v, L5 kuk'un! exp ku
u J‘J"dxdy — o 662'0? -:ux) > =, (arbitrary kernel),
- (Fos/B'u) + & = 0,58, /R UV (T 1o/ k) + &y ~ 8,,8,,/ku )]
x {63d)
- Z (i, /k"'u+0"0,.v)
1 fyv 123 23 KSK 63d’
( ) f b (sz/k“)z O - A0, k0"’ (KSK), ¢ )
4(xxl)2N .",l. 2 ( (TIR)Z l 2
TQ _ @) - )
L= 73(k'u)2k”u exp ku 19, ¢ 6913’23“" (63e)
where
;':l.'a‘:Reﬁc.b.c' ﬂc.b =ImT ., (64a)
M =Ya/Ru+ Vyo/ku, 1'= Ay k' u — 5gn(0,,0,,)4,,/ku , (64b)
Ty=Ty./ k" u 1,/ b u, (64c)
=N/ k U+, /ku. "(64d)
If k(Au)>v,, the { ** terms in Eqs. (63d) and (63d’) become
' G (8 ,8,,/k = iux) :
f_. 'y“/k’u)z-q-(x a0 (arbitrary kernel), ' 631)
% Ru
vee gk
e - r,\" ] "8 ,0,.5, k' /k
22\ o1 My +070,,0,,8,5% ] ’
§ (P;) n Z‘[ k'ua, » (KSK), (63¢)
and if, in addition, k’Au>¥,,, they reduce to
m/%8G,,(A,,8,,/k - A,,0,./k'), (arbitrary kernel), (63g)
{c.q =’3/3-EL
7" = r n A L (] I/ 2
AV LS N R TAY ,
§ (r;) o exp[ ( s , (KSK). (63g")

T R R

Amx i ST R SRR s Y -
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V1. REPRESENTATIVE LINE SHAPES

In this section, a few representative probe-ab-
sorption-line profiles are displayed and discussed.
Results are always given with either N,,=0 (giving
ITQ 4+ 15Y 4 [3¥ | the probe absorption proportional
to N,,) or N, =0 (giving 1J}°, the probe absorption
proportional to V,, with the linear probe absorp-
tion subtracted out). One must add the N,,=0 and
N,, =0 contributions, properly weighted, to char-
acterize the most general experimental situation,
in which N;, #0, N,, #0. In all cases, we take y,
=0, y;=v., 8= 3" =1 to simulate an upward cascade
in which level 1 is the ground state.”* Unless noted
otherwise the following parameters are used:

N, =-1, Np=0, or N, =0, Np=-1,
7220, y,=0.02, »'=0.02, »,=0.01,
#12=0.01+0.007P ,

$,,=0.015+0.015P ,

$,3=0.005+0.016P ,

SE=S§=5f=0,
b/k=0.4,
r,=0.004P, I',=0.006P.

All frequencies are given in units of k« and P is
the pressure in Torr. These parameters are typi-
cal of atom-atom collisions when levels 1, 2, and
3 are different electronic states. By restricting
the discussion to £'/k<1, we are omitting some
interesting effects*’? (vanishing of /[Q for weak
fields, modification of line splitting in strong
fields). The ratio k’/%k=0.4 is chosen to enhance
the visibility of ac Stark splittings.’

Velocity-changing collisions are described by
a KSK with

a=0.4, £=0.93u,

which corresponds roughly to hard-sphere large-~
angle scattering by atoms of equal mass. The
only remaining parameters to specify are A, ¢, P
and y. The line shape /,(4, A’), normalized to x*,
is then displayed in the same arbitrary units,

In Fig, 2, the Doppler-limit line shapes with
Ny =0 are shown as a function of y for copropa-
gating (¢ =1, broken line) and counterpropagating
(e =~1, solid line) fields, A=-1 and P=0. For
counterpropagating fields, at low field strengths,
the line is a narrow Lorentzian centered at A’
=€ (k’/k)A=0.4 with a half-width at half-maximum
(HWHM) of nR; as the field strength x is increased
such that x>y, ,, the line splits owing to the ac
Stark effect.!~® For copropagating fields and y
«y's, the line is a Lorentzian centered at A’
=¢(k'/k)A=~0.4 witha HWHM of 57 that is greater

Ae-1 PeO
Ns2*0 1, 7 X2

30+ n
I X=0.04
1 PN —

— . I
-40 -04 [o] 10 A
FIG. 2. Line shape I {a,A")/x? in arbitrary units for
the case N33= 0, A=~1, P=0, €= 1 (roken line) or
€=-1 (solid line), and several x. All frequencies are in
units of k« and P is in Torr. For values of other param-
eters, see the text. Note that, in all displayed line
shapes, 8=8" = 1 (upward cascade).

100} Xs10x41074
0.4

than that of the ¢ =~1 case (there is some Doppler-
phase cancellation for counterpropagating fields).
For sufficiently large x, the € =1 line shape also
exhibits ac Stark splitting. This splitting effect,
which was also noted in Ref. 4, is dependent on

the fact that v, =y,; it vanishes if branching to lev-
el 1 is negligible (y4<<v,).

The N,, =0 Doppler-limit line shape is shown in
Fig. 3 as a function of x for P=0, A==1, and ¢
=—1, The line shapes shown with ¥ =1.0x10~" and
x =0.01 are typical for the case x <« k« which has
been discussed by previous authors.”~* The yx
=0,2 line shape indicates a new feature character-
istic of the case x = ku, In this strong-field limit,

A«-1  P=0

£-1
Ngq =0 1972
X =02
~18
X «0.01
L
-7} H
X=1.0x10"*
d
AI
-100 -
] [}
0 04 ]

FIG, 3. Line shape for N3y =0, A=~1, P=0, €= =1,
and several x. Units are as in Fig. 2. The same arbi-
trary units for I,/x’ are used {n all the figures.




2400 P. R. BERMAN, P. F. LIAO, AND J. E. BJORKHOLM

179 [i.e., component of /,(4,A')x N,,] may be
thought to consist of two parts. First there js an
ac Stark-split profile, similar to [y of the N,

=0 case giving the /otal probe absorption. Then
there is the linear-absorption component that
must be subtracted off to give the saturation-spec-
troscopy profile. The linear absorption appears
as the negative part of the line shape between the
two peaks. As is easily derived, [/72(A, A’)da’
=0.

The case of large detuning, A=-10, is depicted
in Figs. 4 and 5 for counterpropagating waves [see
Eqs. (59)]. In Fig. 4, N,,=0 and results are plotted
as a function of P for x=0.01. There is always a
“direct” two-quantum resonance centered at A’
=—-A=10, This component is Doppler broadened,
since k"u=(k - k')u=0.6. In addition, there is the
broad-collisional-redistribution term centered at
A’=0 which increases with increasing P and van-
ishes for P=0 (the vanishing at P =0 is a conse-
quence of taking y, =0). We have recently under-
taken a systematic experimental study of this ef-
fect and found good agreement with theory.!”

In Fig. 5, N,, =0, and one sees the dispersionlike
contribution of /1, centered near A’ =0, predicted
by Eq. (59). With increasing pressure this con-
tribution broadens somewhat. Note that, for A
=~10, the amplitude of the dispersion term is 30
times that from the “direct” transition.

The effect of velocity-changing collisions is
seen in Figs. 6 and 7 for weak and strong pump
fields, respectively, with A=~1, ¢ =~1, With in-
creasing pressure, the population density »,(V) ap-
proaches an equilibrium distribution, and the cor-
responding probe absorption approaches a Voigt
profile centered at A’ =0, By monitoring the line
shape as a function of pressure, one can obtain in-
formation on the collision kernel giving rise to the
velocity-changing collisions,

Figure 6 is applicable to the weak-pump-field
limit."! Velocity-changing collisions remove
atoms from the velocity bump created by the pump
field, leading to absorption over an increased
range of probe frequencies. The integrated line

N3g*0 Is/X% pe-q0 €x-1
X=0.01
]
P0,05,2
7o 9 11 &

FIG. 4. Line shape for Nj3- 0, A- -10, €= _1,
x= 0.01, and scveral P. The resonances centered ahout
&’ = 10 vary only slightly in the pressure range studied.

8

LW L) 15/X2

O2—10 €--1

X=001 P=0TO2
200
x40
o ;___LSL__.
9 " o

FIG. 5. Line shape for Nyy = 0, A- - 10, €- - 1,
x=0.01, and several P. The line shape changes onlv
slightly in the pressure range P - 0 to 2.

shape remains constant.

Figure 7 illustrates two interesting features of
collision effects in strong-pump-field saturation
spectroscopy. First, the integrated probe ab-
sorption, which is proportional to $,,y 4, grows
with increasing perturber pressure; it would sat-
urate at ¥,,2 x(y5=¥,,). Second, the peak probe
absorption also begins to increase for sufficiently
high perturber pressure. Probe absorption from
the excited-state velocity distribution becomes
more efficient since collisions (a) increase the
pump absorption and (b) redistribute atoms into a
velocity range where they can interact more ef-
fectively with the probe, Although not displaved.
the corresponding integrated and peak probe ab-
sorption for x =0.2, A==1, € =1 also increase
with increasing perturber pressure. (The splitting

As-1 €= -1 X =10 x 10”¢

I/ X2

N3z = 0

3
PS5
- d
20 | pe2
L-J—-‘L_;
"
r P=0O
L L 1 la
-2 -1 04 1 2 A

FIG. 6. Linc shape for Nyp- 0, A= =1, €- -1, x= 1.0
x10"Y, and several pressures P.
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N“-O x'/xt

0.5

Ps 5
1 L J
0.4 pe2
[ I\ —_—1
Q.6
PsO
| y - Lo
-2 -1 o 9 2 &
FIG. 7. Line shape for Ay; 0, A -1, € - -1,

X= 0.2, and several pressures P.

seen in Fig. 2 disappears at low perturber pres-
sures,) Thus, to maximize probe absorption, as
is desirable in schemes using lasers for isotope
separation, one should use perturber pressures
that give ¥, = ¢ (provided that anv quenching chan-
nels are not enhanced by collisional effects).

VII. SUMMARY

We have presented a theory of saturation spec-
troscopy in three-level systems, including colli-
sional effects. Using a model of collisions in
which they are phase interrupting in their effect
on level coherences and velocity changing in
their effect on level population densities, we have
calculated the probe-absorption line shape in the
presence of a strong pump field acting on a coupled
transition. Line shapes for such systems enable
one to extract data concerning the collision ker-
nels and rates giving rise to the scattering effects.
Specific results were obtained for a Keilson-
Storer kernel in the large-angle-scattering limit.
An analysis of foreign-gas broadening of the
saturation-spectroscopy line shape of Na 3S,,,
-3P,,,-4D,,., based on the above theory, is
presented in other papers.'’
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APPENUIX

Here, the theory is extended to include a situa-
tion often encountered experimentally, an inelastic
collisional decay channel for level 2. That is,
we assume that level 2 is collisionally coupled to
a new level (denoted by “4”). Level 4 may spon-
taneously decay to the ground state with some rate
7.. However, itis assumed that levei 4 is suffi-
ciently separated in energy from level 2 that one
can neglect field-induced transitions between
levels 1 and 4 and levels 4 and 3 for the external-
field frequencies under consideration which are in
near-resonance with the 1-2 and 2-3 transition
frequencies, respectively. There will be probe
absorption near w,, but this is a separate effect
chat is well separated from probe absorption near
Wy,

The 2-4 collisional coupling may be incorporated
into the problem by the addition of the following
term to the right-hand side of Eq. (10a),

1 MK (Ala)

and the following terms to the right-hand side of
Eq. (10D},

_r,‘(v)ﬁn(vnfdv' W, (V' - ¥)5,,(¥); (Alb)

where W (V' ~¥) is the inelastic kernel for i—j
collisional coupling and I';,(V) is the rate for i -
collisions., One must also add the following equa-

tion for the population density of level 4,
T4()5,,(T) = f 47 W7 = Dp oy (7) = Ty (P)ps ()
+f¢ﬁ' W (V)BT )+ 2,(T).  (A2)

It is assumed that collisions cannot create any
coherence between level 4 and any of the other
levels—i.e., p,, =0 for j#4.

The line shape is still given by Eqs. (33), (16),
(28) with n,(¥) and p{'(V) determined from the
following equations:

Ti{im (9= f av' w, (V' -, (V)
+ix[BR'@) - pfy’ (D]
+r;, (V) v in, V), (A3a)

T, - [ 47 W,@ = P, @)

-ix[p3)' (V) - 55°(W)]
=L@, (V) + f d¥' W (¥ =P (¥),
(A3b)

T ———y - - . P e ® = 0§ et Y — -t —

—— e
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Fi@n@ - [ a0 W@ - I @) - T o @

o f @0 W@ O, (A3c)
B DPQ ) = ix[N,, (7) + 1, (V) ~n, (D], (A3d)
W =B@I, (A3e)

N“(v) =N.(V) - N,(V) , (Asi)

where the N (V) are the equilibrium population
densities in the absence of external fields. The
N (V) are defined as solutions to

r@N,@ = [ a¥ w,@ -, @)

+7/3Nz(;) + Y:N.(V)+X‘(V) ) (Ada)
TION,@) = [ 47 W, = TN, ) = Loy ¥, @)
o f &7 W GINGE) 2,@), (Adb)

ION,@ = [ a7 W@ ~IN,@) - LN,

s f a7 W@ =IO D),  (de)
J

£re > =T 14 2x%y "’ b 5 et} 3 b -
r'ln,(V)-fdv W, (@ -in @ ):<R_)i(%)zi> (l--E,*;;)[Nz,(vhﬁs(v)]*-(%)f a¥' W, (F = Dn,{¥") + n (T,

I8

Ny =2, )/, (Add)

Equations (A3) must, in general, be solved
numerically once the kernels are specified.
There is, however, a limiting case of some

practical interest for which analytic solutions of
Eqs. (A3) may be found. If the energy separation
of levels 2 and 4 is< 0.1 X (thermal energy), then
collisions can transfer population between levels
2 and 4 without resulting in a significant velocity
change. We consider such a case, for which

Wl =) =T (787 -7), &5)

W, (¥ =) =T, (P6F - 7).

Furthermore, we neglect the velocity dependence
of all ¥’s, adopt the same Keilson-Storer kernel

[Eq. (51)] for velocity-changing collisions in levels i
2 and 4, assume that the N {¥) are Maxwellians
with most probable speeds u, and take y,=v,,
yi=v). In this limit, Eq. (A3) for n,(V), »,(V), and
p'(¥) reduce to

’

(A6a)
P - [ @ W@ = T, 0) = (BTN, )+ 4@ = Fain @)+ ), (a6b) |
: i
Tin @ - [ 47 W, = n 3= Ty @)+ Lo, (A6c)
PIN®) = [ixu 5, (B)/R g (T ]IN,,(7) + T ()] (A6d) l
where s
N,(®) =N, (m?)y?/2 exp(~v*/u?), (an
A (@) =2, (me?y3/2 expl=v?/u?), (A8) !'
Ny =10, 2 )00/7) + 0,V (A9a)
N= [+ A D, /7,) + 2,1/ (v, + Ty + Lyy) s (A9b)
Ny=2/74; (A9c)
Reg@P=vi+(a,=kv,), (A10a)
re=Pnl1+8:1'7, (A10b)
85=(2¢%/7 J1/TE+(1/THA - 9i/TH]; (A10c)
F=TIrT/(Tt+T,,), (A11)
IT=r4+C,,+T,,, (A12) '
5@ =g [ 7 W, - D17+ @) ~(ehy) [ 47 W = @1 n @) |
H 2ttt a 1t 2
' o .
'(ﬁ)f AV’ W (V' < P, (V). (A13)
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The ounly difference between Eqs. (21) and Eqs.
(A6) is that R, is replaced by R,, F by F g, and
n,(¥) is determined from the coupled Eqs. (A6b)
and (A6c) rather than from Eq. (21a). Defining

n(®) =n,(¥) + n,(¥), (A14)

and dropging the ¥4 term (LAS limit), one can re-
write Eqs. (A6b, ¢} in the form

rln, - f ¥ W (¥ = P, (F') = Ag(¥) + T pn(¥),

(Al5a)

Tin@ - [ a7 w7 - Pn(@) =45,  (ALSb)
where

AP = =[2x%% /RPN, (D (A16)

and T'T is defined by Eq. (A12). To arrive at re-
sults analogous to those of Secs. III, [V, and V,
we set

1, (F) = 0P @) + 6n,5(F), (T =nP'T)+ng ),
(A17)
nP @) =A,[T)/T5, n®F)=A4,0)/T,, (Al8)

where 8n,; and 6ny satisfy the following equations:
T om0 - [ @7 W, = 9)0m,@)
- [ @@ w,@ -om@
+ T 0ng(V), (Al19a)

Fiony (@) - [ a¥ W, = 9ons@)

fd"W( -~V (A19b)

As in Eq. (48), we can introduce propagators
defined by

{%z(ﬂ}: f dv,{écf( - ImiPE } (A20)
&n 2 (7) 8GH (T - TmPUT)

which satisfy

r166E@ -7 [ dir w5 - DOGET

SWy @ =)+ (F—;_-;El)oc'( -9, (A21a)
2
CGET - ¥) - f d¥” W, -~ V)G E(T
=W, = 7). (A21b)

We can now take over all of the equaticns of the
text in Secs. III, IV, and V {Eqgs. (35), ff] if the
following substitutions are made:

Ng=Mg=Ye+id;,;,

8-8,,

Ys=7E>

612, (V) = 81 EV);

re.rz, (A22)

except in factors ¥;/T), (L,/TiN;

8G, (V' - %) = 6GE(F -7,
(T,/T4r - (T, /TirS,,

where

e rt
fo=1, fu=('_¥r_¢"_'ff-x)s n>1,

r,y r’ r,r2 rt
aﬂ‘<ﬁ) 72+r42+rzc<7zr2 rr’n-)'

With the above substitutions, the equations of
the text are generalized to allow for coupling bet-
ween states 2 and 4 produced by inelastic colli-
sions. Velocity-changing collisions occur in both
levels 2 and 4 (characterized by the same colli-
sion kernel), but the collisionally induced trans-
fers 2 «— 4 occur without significant change of velo-
city. Such a model has been recently used to ex-
plain the saturation spectroscopy of Na-rare-gas
systems for the 3S,,,~3F,,,-40D,,. upward cas-
cade.'” In that system, level 4" is the 3P,,, state
which is collisionally coupled to 3P ,,. A dis-
cussion of the importance of accounting for the
P, ,,~—P,, coupling is given in Refs. 17 and 26.
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Effects of velocity-changing collisions on two-photon and stepwise-absorption spectroscopic line
shapes

P F Liao and J. E. Bjorkholm
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We report the results of an expenmental study of the effects of velocity-changing collisions on two-photon
and stepwise-absorption hine shapes  Eacitation spectra for the 35S . =3P, . 4D, , transiions of sodium
atoms undergoing vollisions with foreign gas perturbers are obtained. These spectra are obtained with two
vw dye lasers One laser. the pump laser. 15 tuned | 6 GHz beiow the 35, ; «3P, . transition frequency and
excites a nonthermal longitudinal velocity distribution of excited 3P. . atoms in the vapor. Absorption of the
second (probe) laser s used to monitur the steady-state excited-state distribution which is a result of
colhsions with rare gas atoms The spectra are obtained for various pressures of He, Ne, and Kr gases and
are fit t0 a theoretical model which utilizes either the phenomenological Keilson-Storer or the classical hard-
sphere colliston kernel. The theoretcal model includes the effects of collisionally aided excitation of the
3P, , state as well as effects due to fine-structure state-changing collisions. Although both kernels are found
to predict line shapes which are in reasonable agreement with the experimental results, the hard-sphere
kernel 1s found superior as it gives a better description of the effects of large-angle scattering for heavy
perturbers. Neitther kernel provides a fully adequate description over the entire line profile. The
expenimental data 15 used to extract effective hard-sphere collision cross sections for collisions between
sodium 3P, , atoms and helium, neon, and krypion perturbers.

for any puipuse ¢ il |

L. INTRODUCTION

Using tunable narrow-band lasers, one can se-
lectively excite a narrow nonthermal longitudinal
velocity distribution in an atomic or molecular
vapor. Collisions between these atoms or mole-~
cules and other atoms in the gas cause this dis-
tribution to thermalize. A study of the manner in
which the collisions modify the distribution leads
to an increaged understanding of the collisions,

In this paper we report the results of a systema-
tic study of the effects of collisions on line shapes
obtained in sodium using two-photon spectroscopy
with a resonant intermediate state, These mea-
surements, which are made with two cw dye la-
sers, yield values for the equivalent hard-sphere
elastic-scattering cross sections for collisions
between sodium atoms in the 3F, ;, state and rare
gas perturbers, Comparisons of the experimen-
tal line shapes are made with a theory which
utilizes either a classical hard-sphere collision
kernel or the Keilson-Storer collision kernel, The
theory accounts for the presence of fine-struc-
ture state-changing collisions as well as velocity-
changing collisions, The validity of these colli-
sion models is discussed in light of the experi-
mental data,

Measurements of the effects of velocity-chang-
ing collisions on laser spectroscopic line shapes
have been made for some time."? In a typical ex-
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periment, one monitors the steady-state velocity
distribution of atomic levels subjected to non~
thermal excitation by a narrow-band laser, The
degree of velocity thermalization achieved in
these states as a result of collisions is determined
by the number of collisions occurring within the
lifetime of the states and the strength of the colli-
sions. Most previous experiments have been
analyzed under the assumptions that the colli-
sions are either of a “weak” or “strong” nature,
In the case of “weak” collisions, the collisions
which occur during an atom’s lifetime have only

2 small effect on the atomic velocity,3 whereas,
in the “strong” collision limit, those atoms which
have experienced collisions are assumed to have
a thermal distribution, Recently the problem of
collisions intermediate to the two limits has re-
ceived increased attention.’ In this case, atoms
which experience collisions reach a thermal velo-
city distribution only if they have several colli-
sions within their lifetime. Because of the short
lifetime of the excited atoms in our experiment
(16 nsec), the excited sodium atoms never reacha
thermal distribution so that the measured steady-
state velocity distribution shows a “persistence of
velocity.”

The manner in which the atoms change veloci-
ties as a result of collisions is directly depen-
dent on the strength and form of the interaction
between the active atom and the perturber atom.
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Heunce, measurements ~f the *hermalization pro-
cess vield information about the interactiog jro-
tentials. At the present ume we have analy zed
our experpymental results o obtamn the equivalent
hard-sphere cross sections for sodium in colh -
sion with helium, neon, or Krypton rare cas
atoms, This choice of perturber atoms allows

us to nbserve the effect of different active atom to
perturber atom mass rativs,

Our measurements are made by selectively
exciting a particular velocity distribution of so-
dium atoms to the 3/, . excited state. This exci-
tation is accomplished by tuning a cw dye laser
to the wing of the Doppler-broadened 35, , - 3P,
transition. A second laser is then scanned to
produce 3F,,,-4D,,, transitions, The resulting
line shape directly reflects the longitudinal velo-
city distribution of the 3F,,, state,

In the absence of velocity~changing collisions,
one might expect only those atoms which have
longitudinal velocities such that they are Doppler
shifted into resonance with the laser frequency
would be excited, However, the presence of
phase-interrupting collisions results in an excita-
tion of ull the velocity groups. In this nonreson-
ant ex:itation, the energy defect or excess between
the atomic transition energy and the laser photon
energy is provided or removed by a collision,**
This nonresonant colligionally assisted excitation
results in population of velocity groups other than
those desired and must be accounted for properly
in the final analysis of the line shape.

State-changing collisions such as those which
produce transitions between the 3P, and 3P, ,
fine-structure states are also found to play an
important role. Our analysis is therefore made
to account for the effects of such collisions,

In the following section we briefly discuss our
experimental setup and the underlying principles
involved in obtaining a description of the collision-
induced modification of spectroscopic line shapes.
In Sec, Il we compare two kernels (Keilson-
Storer® and classical hard sphere) that can be
used to describe velocity-changing collisions,
Our experimental results and a comparison with
theory using these collision kernels are then dis-
cussed in Sec. IV,

II. BASIC PRINCIPLES AND EXPERIMENTAL SETUP

The effect of collisions on the line shapes asso-
ciated with three-level systems has been treated
recently’ and the following discussion will be
based largely on those results, Our experimen-
tal situation is, in fact, somewhat more compli-
cated than the simple three-level case due to the
presence of additional levels. While these addi-
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tienal levels are not coupled Sy the caser adia
tion frelds U the other stales, o st his - als aise
transity s betaven these levels e the states !
interest, Furtheroooae, the theers e i Ket,
Doas ovahid only o the Lo st bow anty hinities
Our actudl expernnent utilizea mtensilies ahch

often e xceed the saturatiog intensity 1 a transi-
tion and require 4 more accurate theory G an-
pletely deseribe 1, A detalled discussion o thrs
more complete theory 1s piven elsewhere,  In
what follows, we give only an outhine - ! the basic
principles of the experiment and present the
major theuretical results.

Qur experimental data are obtained using the
experimental setup shown in Fig. 1, We use two
cw single-mode dye lasers. one (the pump) is set
at a fixed angular {requency £2 which 1s tuned to
the wing of the Doppler-broadened 35, -3F .
transition, and the other (the probe), of frequency
§1°, is scanned to complete transitions to the 44, .
state. Transitions to 40, are weak in compari-
son with those t 41, ,,, because of dipule selec-
tion rules which forbid 3F,; - 401, , transitions,
and are neglected, The unfucused beams {rom
the two lasers propagate in opposite directions
through a cell at 200 °C containing sodium vapor,
Typical laser intensities are 0.5 W ‘cm’, and each
beam is linearly polarized in the same direction,
The sodium vapor density is held between 10'°-
10'! ¢m™ so that resonant reabsorption of atomic
fluorescence was not significant and sodium-
sodium collisions could be neglected. We moni-
tor the population of the 40, . state by measuriny
the intensity of fluorescence at ~330 nm which
occurs when the 40, ,. state decays via the 4/
state back to the ground state. Our results give

VACUUM

O FILTER

PMT

Xy
RECORDER

FIG. 1. Schematic dingram of the experimental setup
Although not shown. the light from laser 1 was chopped
and the output ol the photomultiplicr (PM 1) was pro
cessed with 2 lock in amplitier
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the 35, -34. - 4U
spectrum,

~wos-photon excitation

The line shape can be roughly viewed as com-
posed f three parts which are 1llustrated schema-
Uecally 1w big. 2, Although the three components
dare not completely independent, ane can roughly
describe them as arising in the {ollowing manner,
The narrow component marked o would be pre-
sent even i the absence of eolhisions and 1s com-
posed of two-guantum and stepwise transitions of
those atoms which have not underpone velocity-
changig colhisions in the 370 intermediate
state. We shall refer to this component as the
‘two-photon’” line, The characteristics of this
iine have heen experimentally  and theoretically’
studied 111 great detail, The line is essentally
Duoppler free swing W the velocity selectivity of
the excitation and the use of oppositely propava-
uny beams, The component labeled b arises
from those atoms which, once excited into the
3p state. experience velocity-changing culli-
stons.  The collistons modify the mitial narrow
velocity distribution which was excited by the
laser at frequency 3t and cause the distribution
to broaden and shift toward equihbrium. this
thermahization s mirrored in component b of the
probe absorption, Inour experiments i 1s not
set at the alomice res nance frequency and hence
the tmtial bnggtuiinal velocity distribution is not
centered at », 0 but at a tarrly high v = 107
cm sec,  The tinal component, labeled
to collisionally aided excitation of the 31 ex-
cited state. This excitation 1s essentially non-

.18 due

velocity-selective and therefore is completely
toppler broadened  the probe absorptien from
this state has neatly the shape f the equilibrium
Vowt profite. It differs trom the velocity -chany -
e collistion component. 4, as 1t would be present
even i the absence of velocity-changing volhi-
steng, eg. 1 the perturber atoms were much
less massive than the sodium atoms, [t may be
viewed as artsing from phase-changing collisions
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403,
ap ~

568nm ( SCANNED)

3Py,
3y,

33Cnam

589nm (FIXED)

384,
Fl. 0 The energy levels of the sodium atom relevant

for our experiment.  Not shown is the 1, 77-GHz hyper-
fire: splitting of the S ground state,

which effectively broaden the atomic resonance

of each atom, The exact shape of the excitation
spectrum depends on the relative am,; itudes of
the three components. The components b and ¢
each increase relative tu ¢ as the perturber pres-
sure is increased. The ratic of b to ¢ amplitudes
depends on 2, Component h decreases rapidly
when ! 1s adjusted away from the atomic reson-
anhce because the number of atoms which have the
correct velueity su as W be Doppler shifted into
resonance decreases exponentially. Hence at de-~
tunings much greater than the Doppler width,
component  will dominate, while at small de~
tunings component b will dominate. We have re-
cently made a detailed study of the collisional re-
distribution by phase-changing collisions for the
case where §2 is tuned far from the resonance so
that component b is neghyible,

The level scheme which is appropriate for our
experiments 1s shown in Fig, 3. We generally
follow the notativn of Refs, 7 and 8 so that state 1
is the 35, .. ground state, state 3 1s the 40,
final state, and state 2 is the 3’| . intermediate
state. We also allow for state-changing colli~
s1ons between the 34, . and 3/, (state 4) fine-
structure states. The laser field at i is as-
sumed o couple only the 2 — 3 transition, while
that at 2 1s assumed to act on only the 1 — 2
transition,

A complete theory for the excitation line shape
18 given in Ref, R assuming the probe field to be
weak, We shall attempt to {it our data using this
theory and hard-sphere collision models. For
such madels, colligsions produce relatively large
velocity changes for the active atoms liLe., velo-
city changes A such that 2(ax )  all homogen-
eous widths |, In this limit the line shape is
given h_vn

HE) L)+ L9, (n
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where
I (sz’)--—Mz—-I i A,2(r) (2
T Ty kbR m il s
a2 ol x)
I40(S) = ~ X,
swi§) o Im (x=77) dx (3)

2(7‘) =g “f ey = 1) Ndx
[Z(») is the plasma dispersion function Z(») for
Im(») -0 and is =2Z(») for Im(r) <0}, where x(x')
is the Rabi frequency of the transition 1-2
(2 - 3), u is the most probable sodium velocity,

k=Q/c, k' =Q'/c, and k"= |k’ —k|. The other
quantities are defined as

ri=a+c,

r;=b-c,

ry=ify/ku,

ro=-ing/ku,

rs=it/ku,
where

Lt i

k’u ’ B'u’

c=3{b=-a=-[(b-a)*+ 4/ k' ")/,
and

Ai=(rg=7;) ;:1,14-:11’1 (r;=r),

The=Y12 +id,

M3="13 +i{a+a’),
Ny =y +Hid',

Ng=vrgtid, (‘r‘n)z = ﬁz + 2;12X2/rs »

i r2+ y(v) + 0.5y
s r)z + F‘z(r)][‘r’z + Fz(v) + 1.57'}

D S U 7 S
+r|(v) (1 72+Fz(v)>'

The detunings are defined as A=Q~ ., A'=Qf
- ', where the angular frequencies « and w’ are
the transition frequencies of the ground-to-inter-
mediate and intermediate-to-final states, res-

pectively. The decay rates y,, are the phenomeno-

logical decay constants of the density matrix ele-
ments p,, and include the effects of phase-chang-
ing collisions, The rate >, is the total natural
decay rate out of the intermediate state, 3, is the
natural decay rate from level 2to 1, I',(1)is the
rate of velocity-changing collisions for atoms in
level 1, and ' is the 3P, ,, to 3, fine-structure
state-chanying collision rate. Note that the
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theory allows for power broadening of the 1 -2
transition. The population distribution () of
the intermediate state appearing in Eq. (3} is de-
termined by the atom-pump field interaction and
the effects of velocity-changing collisions. Equa-
tion (3) is an approximation valid for the case
|%|=1k’| as in our experiment,

The effect of fine-structure state-changing colli-
sions introduces additional complexities, First,
it modifies the power broadening of the 1 —2
transition. Second, it may modify the velocity-
changing process., Finally, it decreases the ef-
fective excitation of state 2 since atoms are trans-
ferred from the 3Py, to the 3P, ,, state, To
minimize the complexities we make the simplify-
ing assumption that the velocity-changing cross
section is the same for the two fine-structure
states, and that no velocity change occurs in the
fine-structure state-changing processes, We
have verified that the latter assumption is nearly
correct by tuning @ to the wing of the 3S;,,~3P;,;
transition and thereby exciting a particular velo-
city class of atoms into the 3P;,, state. Colli~
sions cause some of these atoms to transfer to the
3P,,, state, The velocity distribution of the
atoms in the 3P, ,, state is then recorded by scan-
ning 2’ across the region of the 3P, ;;~4D;,,
transition, The resulting excitation spectrum is
shown in Fig. 4. As can be seen in Fig, 4, the
spectrum and hence the velocity distribution is
concentrated in a small region which corresponds
to the initial velocity of the atoms, The small
splitting in the line is due to the hyperfine struc-
ture of the 3P, ,, state. The fine-structure state
change appears to happen with littie or no change
in velocity, justifying our assumption.

To calculate the signal amplitude we must de-
termine n,y(1}, the velocity distribution of the 3P,
state, The equations describing this distribution
and the longitudinal velocity distribution ny(t) of

-

<

4

@

@ —{1.0 GHzjo—
QL
2w

FIG. 4. Probe laser excitation spectrum of the 3Py,
-~ 4 Dy ,, transition with the pump laser tuned to the 18; .
-= 3Py, transition. This signal is the result of fine-

structure state-changing collisions produced by 0.5 Torr
of neon perturber gas, The narrow line width demon-
strates that fine-structure state changes occur with neg-

ligible velocity change.
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the 3P, state are'!

G) [y T 3 L)+ fanr)

+f W' ohs(e e+ T (1), (4)

1 N
("—I{;f—'—)‘: =[30 Tulr) + 3 5 hagr) + 3 4ma(r)

+ j W e (e)de’, (5

where T(r) is the velocity distribution of atoms
excited to the 3P, ,, state by the pump laser. The
collision kernel W(z,7') is defined such that the
W(z,2")drdt is the probability that a collision will
cause an atom in level 2 moving with a longitu-
dinal velocity between v and v+ dv to change to
be between ¢’ and »’ + dv during a time interval
dt. The rate I'y(v) is given by

I"Z(r)zf Wie,r)de’

and 7§,=y! and rf,=0.5y* are the 3P;,. ~3P;,,
and 3P;,, - 3P,,, collisional transfer rates, res-
pectively,

The equation which gives n(v) = ny{v) + ny(v),
the longitudinal velocity distribution function for
the sum of the population densities of the two 3P
states, is

%([l_l)z - (72 +f W(l’,l")dl")n(z,r)

+ J’ W', v)n(v’)de’ + T(1) (6)

Equation (6) is easily solved to yield the steady~
state solution

) =3 n'e) )
§=0

where

nn(l') = T(l')/{‘lz + r?(7)l ’
() :f W0 ot (e )dr /r, + Ty(v)].

The quantity n'(r) is the population density of
atoms having experienced exactly ! collisions
since initially excited into the 3F states.

By substituting », =» - n, into Eq. (4) and using
Eq. (7). we solve Eq. (4) to obtain

-

o) :z i), (8)
§:0
where
t . T(,
nalr) = 057 nlr) ¢ I(L)T' (9

1.+ T(r) +1.5

and
nir) :f W', omd= (" )de’ /Ty, + Tol2) + 1.59 4], (10)

In this paper we consider two collision kernels
for insertion into Eq. (10), the Keilson-Storer and
the classical hard-sphere kernels, Owing to the
simple mathematical form of the Keilson-Stirer
kernel an analytic expression for u,(¢) can be ob-
tained. However, for the hard-sphere kernel it is
necessary to calculate n,(+) numerically. These
collision kernels will be discussed in the follow~
ing section, The distribution ».(1), given by Egs.
(8)=(10), is inserted into Eq. (3) and the total line
shape is then given by Egs, (1)-(3).

III. COLLISION KERNELS

All the properties of the velocity-changing
collision process are contained in the collision
kernel., The most commonly used kernel is the
phenomenological kernel of Keilson and Storer®

W(v,0') = Tn(an) ] Lexpl=(r" = ar)? /(a7

where T is the (speed-independent) rate of colli-
sions, « is a parameter which depends on the ac-
tive and perturber atom mass ratio. and

Au=(1-a®)"%

is V2 times the rms velocity change per collision.
Borenstein and Lamb'? compared the Keilson-
Storer kernel with Monte Carlo calculations of
hard-sphere collisions and found fairly close
agreement between the two, However, they were
conceirned mainly with the cases of light perturbers
and small initial velocities (velocities small com-
pared with Doppler width), Recently, more de-
tailed comparisons have been made'* ' although
again for cases of light perturbers and low velo-
cities,

In this section we shall compare some of the
properties of the Keilson-Storer kernel with the
exact analytic expression for the kernel which
describes classical collisions between atoms
having a hard-sphere interatomic potential (V'
=0 forr-ryand V== forr.r.).

The Keilson-Storer kernel has the form of a
displaced Gaussian whose width and shift are de-
termined by the parameter «, The method for
the determination of « which we utilize is that
suggested by LeGoudt," in which « is chosen such
that the Keilson-Storer model gives the same
rms velocity change per collision as the analytic
hard-sphere kernel. This method gives « ==0.8,
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0.4, and 0.0 for collisions between sodium and he-
lium, neon and krypton atoms, respectively. A
major feature of the Keilson-Storer kernel is its

mathematical simplicity which allows analytic
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expressions to be obtained,

The hard-sphere kernel is considerably more
complicated, It is given by the following expres-

sion:

—
2 02 2 ’
,‘,‘_n_rJLH;s) - [1+a ' 3__5_]
W', vy = <T— ({1 erf ( 28 )]s]+ iy

+ exp[-—S(S +

%)]{ 1- erf[(

where
Br=my/m, S=(v=0v)/u.

The mass of the active atom (Na) is m,, and the
mass of the perturber atom is m,, This kernel
has been obtained by Kol’chenko,'® however, for
completeness we have included its derivation in
the Appendix,

To compare the kernels, we plot in Figs, 5=7
n'(v) [Eq. (7)] for sodium calculated with both ker-
nels for helium, neon, and krypton perturbers as-
suming 7(v) is a delta function at v/#=1.6. In
the case of a very light perturber such as helium
(Fig. 5), the two kernels are quite similar. Each
gives distributions n'(v) which shift more toward
equilibrium with each collision, and both models
produce distributions with approximately the
same shifts and widths. To allow for easy com-
parison of the distributions we have normalized
the peak of each to unity. In fact, at the pressure
(2.5 Torr) used for the calculation, each suces-
sive n'(v) decreases in amplitude by about a fac-
tor of 6 or more,

The calculated distributions for the most mas-

nt(v)

{a}
HARD
SPHERE

{b)
KEILSON-
STURER

0 1

-4 2

FIG, 5. The steady-state axial-velocity distributions
nt () for sodium atoms in the 3 P states which have ex-
perienced exactly ¢ collisions since being initially ex-
cited. The calculations were carried out for 2,5 Torr of
helium perturber gas, using both the (1) hard-gphere and
(h) the Kellson-Storer kernels. All curves have been
normalized to the same height.

v/u

Y
!___lé__!)l S| =

v’

u

28

=)

sive perturber, krypton, show some significant
differences. Krypton is 3.7 times heavier than
sodium, As in the case of helium, the distribu-
tions predicted by the two kernels are quite simi~
lar for i = 2 although the widths of the distributions
now predicted by the hard-sphere models are
significantly larger than those given by the Keil~
son-Storer model owing to the speed dependence
of I'(v) inthe hard-sphere model. The greatest dif-
ference appears inthe distribution i=1. Krypton
hard-sphere collisions produce a relatively flat-
topped distribution. The amplitude at v =0 is near-
ly the same as at the initial velocity (taken to be ¢,
=1.6 u). The Keilson-Stérer distribution, on the
other hand, is a factor of 12 larger at »=0 than

at vy, Note that the velocity distributions pro-
duced by the heavier perturber initially broaden
and then narrow in the hard-sphere model, whereas
for the Keilson-Storer kernel, complete thermali-
zation occurs after one collision.,

Comparisons of the distributions calculated
using these two kernels indicate the following.
First, for heavier perturbers it is at low pres-
sures that the differences are most significant
since it is at low perturber pressure that the con~
tribution of n'(v) to n(v) dominates., Second, for
high perturber pressures the two kernels give
nearly the same line shapes, Our experiments
have therefore concentrated on fairly low per-

NEON-23 TORR

nl(v)

®)
HARD
SPHERE

2

b
KEILSON-
STORER

2
except the perturber gas is

2 A

Same 08 Fig, 5

5,

FIG, 6,
neon.




2 EFFECTS OF VELOCITY - CHANGING COLLISTONS ON | 1933

KRYPTON -2 5 TORR

n'ty)

(a
HARD
SPHERE

b)
KEWLSON-
STORER

N S
-2 -1 0 1 2 v/u

FIG. 7. Same as Fig. 5, except the perturber gas is
krypton.

turber pressures. In the case of helium we ex-
pect the two models to give nearly identical re~
sults.

iV. EXPERIMENTAL RESULTS

Excitation spectra were taken of the 3S,,,-3P;,,
~ 4D, ,, transition of atomic sodium vapor for
various pressures of helium, neon, and krypton
buffer gases. In each case, the laser at & was
adjusted to be 1.6 GHz below the 3S;,(F=12)

- 3P, ,, transition, Examples of the spectra ob-
tained by sweeping $' are given in Figs, 8-12,

In each case, the two narrow line-shape features
are the result of the combination of two-quantum
and stepwise transitions originating from the two
hyperfine levels of the ground state., The broader
feature is the collision-induced signal and, as dis-
cussed earlier, arises from velocity-changed

HELIUM-S TORR

—

1GHz

SIGNAL

] &
FIG. 8. Excitation spectrum of the 38;,,—~ 3Py,

~ 4 Dy, transition of atomic sodium in 5 Torr of helium

perturber gas. The pump luser was tuned such that

A/27 -=1.6 GHz. The solid (open) circles show the the-

oretical fit obtained using the hard-sphere (Keilson-

Storer) collision kernel,

NEON-25 TORR

.}
<
1
5 1GHz L Ox
v io—
3
[}
A %
1 A .
e} 2n

FIG. 9. Same as Fig. 8, except for 2,5 Torr of neon
perturber gas.

atoms and atoms excited via phase-interrupting
collisions, This feature is not present when the
perturber gas is removed.

The excitation was made with counter-propa-
gating beams. This geometry was utilized to
minimize the line width of the two narrow two-
photon and stepwise resonances. It is essential
that these resonances be narrow so that the colli~
sion-induced signals are unobscured. If we use
copropagating beams the narrow resonances are
split by 390 MHz because of the hyperfine struc-
ture of the 3P, ,, state.” With the use of oppositely
propagating beams, this splitting collapses”’ to
7 MHz, Some of the spectra contain evidence of
resonances due to copropagating beams. These
are symmetrically located about A’=0 from the
counter-propagating resonances and apparently
are the result of stray reflections into the sodium
cell, We were unable to eliminate them com-
pletely.

We choose to set 2/2r to be 1.6 GHz below the

| ~100%

. KRYPTON -
0 5 TORR

SIGNAL

1 o
o] 2w

- - .

FIG, 10, Excitation spectrum of the 3S;,,—~ 3P,
~ 4 Dy, transition of atomic sodium in a perturber gas of
krypton. The pump laser was tuned such that &/2r=-1.6
GHz. The krypton pressure was 0.5 Torr. The solid
(open) circles show the theoretical fit obtained using the
hard-sphere (Ketlson-storer) collision kernel. The
sharp resonances occurring for negative A’ aredue tothe
re gidual copropagating light, as discussed in the text,
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KRYPTON-2 5 TORR
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FIG. 11. Same as Fig. 10, except the krypton pres-
sure was 2,5 Torr,

3S,,(F=2)-3P,,, transition, With this rather
large detuning, the difference between the Keil-
son-Storer and hard~sphere kernel which we dis-
cussed in Sec. IIl is emphasized. Furthermore,
the spurious copropagating resonances mentioned
above are less troublesome since they occur at
the edge of the line shape of interest., At this de-
tuning the collisional redistribution and velocity~
changing contributions to the line shape (compon-
ents b and ¢ of Fig. 2) are comparable in ampli-
tude.

The data were fit to Eqs. (1)~(3) and (8)~(10)
using experimental values of v, and +* obtained
from the literature,'® and a value x/kx=0.018 de-
termined from measurements of pump intensity.
The line shape was assumed to arise as an inde-
pendent sum of contributions originating from
both hyperfine ground states. The relative ampli-
tudes of the two~narrow resonances were found to
be pressure and intensity dependent. This depen-
dence is due to optical-pumping effects which
modify the population of the ground-state hyper-
fine levels. To account for the optical pumping,
the initial relative population of the two states was
taken as a free parameter which was adjusted so
that the theory correctly predicted the relative
amplitudes of the two narrow resonances.

The only remaining parameter to be determined
is the velocity-changing collision cross section.
We obtain values for these cross sections at each
perturber pressure by fitting the ratio of the sig-

16Hz
KRYPTON-S5 TORR
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o] 2n

FIG. 12. Same as Fig. 10, except the krypton pres-
gure was 5 Torr,

nal at A’=0 to that at A’/27 = 1.6 GHz. Having fit
these two ratios, the overall comparison between
the theoretical and experimental profiles can be
used to test various collision models. One should
note that, for our procedure, the nature of the fit
is relatively insensitive to the saturation parame-
ter. This result was verified experimentally by
varying the pump power. In our analysis we set
the branching ratio y;/y,=1 for both 3P, ,,

~38;,2 (F=1) and 3P, ~3S,,, (F =2) transitions
and T'y(v) to gas kinetic values. The net effect

of such an arbitrary choice is to modify the sat-
uration parameter, but, as noted above, this
modification has little effect on our fitting proce-
dure. Finally, the assumption of a weak probe
field is reasonably well satisfied; signal strength
was found to vary linearly with probe power.

Representative data obtained with helium and
neon buffer gases are shown in Figs. 8 and 9.

The results of the theory using both the Keilson-
Storer kernel (open circles) and the classical
hard-sphere kernel (solid points) are given. As
expected, for these lighter perturbers both ker-
nels do nearly equally well in producing fairly
accurate line shapes. However, for the data with
krypton perturbers (Figs. 10~12) the hard-sphere
model does better in predicting the line shape at
the lowest pressure. The theoretical line shape
using the hard-sphere kernel is slightly wider
and gives more intensity in the region A'/25

=1 GHz than does the Keilson-Storer kernel and
hence is in better agreement with the experimen-~
tal data. Both models fail in the region very close
to the narrow resonances.

To obtain curves which are more closely related
to the velocity-changing collision kernel, we have
attempted to extract from the experimental spec-
tra only that component arising from velocity-
changing collisions (component b of Fig. 2). To
extract this component we subtract from the ex-
perimental data the theoretical contributions from
all other sources. The results of this subtraction
are shown in Figs, 13 and 14 as n,.. The smooth
curve represents the experimental points after
this subtraction. The solid points give the theo-
retical velocity-changing contribution using the
hard-sphere kernel and the open circles give the
same for the Keilson-Storer kernel. In Fig, 13
we show results for the case of helium perturbers
at 9.5 Torr. As expected from our earlier dis~-
cussion, both collision kernels give similar dis~
tributions and these are in good agreement with
the experimental data. The data for krypton at
1 Torr are given in Fig. 14. In this case, the
hard-sphere model is clearly superior to the
Keilson-Storer approximation, which produces a
line shape which is too sharply peaked at &’ =0,
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FIG. 13, The contribution of velocity-changing colli-
gions to the excitation spectrum as a function of normal-
ized velocity for 9.5 Torr of helium perturber gas. The
smooth curve is the difference between the experimental
excitation spectrum and the theoretical contributions to
the excitation spectrum from all sources except velocity-
changing collisions. The solid circles give the contrib-
ution due to velocity~changing collisions as calculated
using the hard-sphere kernel; the open circles give the
game for the Keilson-Storer kernel.

Although the hard-sphere calculation is in excel-
lent agreement in the wing, it also fails for fre-
quencies very near to the narrow resonance,
Owing to the low pressure the theoretical line
shapes in Fig, 14 are dominated by the =1 con-
tribution shown in Fig, 7.

The good agreement between theory and experi-
ment in the line wings is evidence that large~-angle
scattering is correctly described by a hard-sphere
model, This result is consistent with large-angle
scattering occurring for very close collisions
where the alkali-rare-gas potentials can be ap-
proximated by an infinite repulsive barrier. The
failure of the theory near the narrow resonance
for the heavier perturbers (Ne and Kr) is indica~
tive of an interatomic potential that is other than
hard sphere, Most likely there exist attractive
wells in the Na*-Kr and Na*-Ne potentials that
give rise to the additional scattering near the
resonances.

The fact that the widths of the narrow reson-
ance near 4’'/2r = 1.8 GHz is generally larger than

KRYPTON~1 TORR

Nve

1%00 )
-2 -1 (o] 1 2 v/u
FIG. 14, Same as Fig. 13, except for 1 Torr of kryp-
ton perturber gas. The hard-sphere and Keilgon-Storer
kernels now lead to significantly different profiles.
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that predicted by the line-shape theory using
empirically determined experimental values for
all broadening parameters may be due to either
(a) additional small-angle velocity~changing colli-
sions or (b) larger values of the broadening para-
meters caused by the laser selection of fast Na
atoms., We should also note that our theory of the
3P, —3P;,; exchange is oversimplified and can
lead to some additional errors.

The values for the hard-sphere collision cross
sections which we obtain exhibit the pressure de-
pendence shown in Fig. 15, The slow increase of
the cross sections with increasing pressures is
another indication that the theory is failing to
account properly for the true collisional interac-
tion. This variation implies that with increasing
pressure the amplitude of the resonance at A'/2n
=1.6 GHz becomes increasingly overestimated by
the theory leading to anomalously large values for
the calculated collision cross sections, Whether
this variation is due to our model for 3P,
—3P;,, collisions, to effects of weak velocity-
changing collisions, or to our failure to use speed-
dependent broadening parameters is unknown at
present, It would seem reasonable to consider
the cross sections we obtained as upper bounds
for the true cross sections.

The cross sections for collisions with neon and
krypton are approximately 30 and 55 A%, respec-
tively, and are similar to the values which can be
deduced from ground-state gas kinetic radii.'” The
fact that the krypton cross section is larger is
reasonable in light of its larger size and greater
polarizability, The helium cross section of
~60 Az, on the other hand, does not fit this picture.
The apparent helium cross section is the largest
of the three measured cross sections within the
estimated accuracy of our measurements of 30 to
40 percent despite the fact that the helium core is
surely the smallest and the atom is the least po~
larizable, It should be noted, however, that we
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FIG. 15, Variation of the experimentally deduced
cross sections for velocity -changing collisions between
Na (3Py,,) and He, Ne, and Kr perturbers as a function
of perturber pressure,
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have arbitrarily chosen to {fit the data at £=0,
where, because of the small velocity change pro-
duced by sodium-~helium collisions, the contribu-
tion of the velocity changing signal (component

b in Fig. 2) is extremely small. Small errors
in the calculation of component ¢ will then result
in substantial error in our result for the cross
section, If instead, we fit the lowest-pressure
helium data at A’/2r =1 GHz, we find ¢ =35 A2,
in better relative agreement with our expecta-
tions. However, the optimum cross section is
still found to increase with pressure since the
cross sections calculated at higher pressures
are independent of where we fit the data.

V. CONCLUSION

We have examined the effects of velocity~chang-
ing collisions on the 3S,,, ~ 3P, ,, ~ 4D;,, excita-~
tion spectra of sodium vapor. The observed line
shapes are reasonably well described by a theory
in which collisions are characterized by either
the phenomenological Keilson-Storer kernel or a
classical hard-sphere kernel, For collisions
between excited sodium atoms and heavy rare-gas
atoms, the hard-sphere kernel is superior to the
Keilson-Storer kernel. It gives a better descrip-
tion of the effects of large-angle scattering, al-
though neither kernel provides a fully adequate
description over the entire profile. The two
kernels give essentially the same line shape for
low active atom to perturber atom mass ratio.
They also agree at high pressures independent of
the mass ratio, Our data indicate that improved
models are required to accurately describe so-
dium-rare~-gas collisions, By f{itting our data
we extract effective hard-sphere collision cross
sections for collisions between sodium 3P, ,,
atoms and helium, neon, and krypton perturbers.
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APPENDIX

In this appendix, collision kernels and rates for
classical hard-sphere scattering are derived.
The collision kernel W(V',¥) gives the probability
density per unit time for a collision with the per-
turber bath to change the velocity of an “active
atom” particle from ¥’ to ¥ and is given by’

- - m , s gy -
W@ ,v)=N(‘L‘)de,dV,W»(v,)ml
XG(V,"'@-"V’_&?"’?;)
m, m

X6(v, =t AVLTNE (A1)
with

V,=v-V, ¥,=V-7,,

where m, is the active atom mass, m, is the per-
turber mass, u is the reduced mass, V (or ¥') is
the active atom velocity, ¥, (or ¥,) is the perturber
velocity, |f,(¥,,7,)| is the differential scattering
cross section, N is the perturber density, and
W,(¥,) the perturber velocity distribution assumed
to be of the form

W,(T,) = (1) 2 exp(=v}/ud), (A2a)

ul=2kT,/m,, (A2b)
where 7, is the temperature associated with the
perturbers. The delta functions in Eq. (A1)
guarantee conservation of momentum and energy
in the collisions,

For classical hard-sphere scattering,
|fi¥5:7,)| % =75/4, (A3)

where 7, is the sum of active atom and perturber
hard-sphere radii. Substituting Eq. (A3} into
Eq. (A1) and performing the integrations over

¥, and V,, one can obtain the kernel

.. Nl S, 5\
W= o[ s+ 03 v}

a‘u‘S
(A4)
where
§=v-¥, (AS)
u=2kT,/m,, (A6)
a=2(u/mNuy/u), (A7)

and 7, is the temperature characterizing the ac-
tive atoms. The rate associated with this kernel
is

@ = [a7w@,3)
= Nnrg {%— exp [-— (_uy_)z]
»

2 'y
+ [1 + '(’-:‘L) ]vd»(;l"—)} , (A8)
>

where & is the error function. Note that, as ex-~
pected, for ¢+ n,, T(¢) ~ Nrrir and, for r s
T(v) ~ Nori(2/n' Du,.

In the text, we use a one-dimensional kernel
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obtained from Eq. (A1) by averaging over an ini-
tial transverse velocity distribution

W7 = (ru®) texpl=(v]? /)], (A9)
with
(A10)

T =0 = 'S
vV, =V v,2

and summing over all final transverse velocities
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(Al1)

Ve=Ve=n,2.

Thus, the one-dimensional kernel is defined by

u'(yv"’p‘) ::f ([l"dlr"ur‘(v;) H(?’,V) . (A12)
Substituting Eqs. (Al) and (A9) into (A12) and
carrying out the tedious but straightforward in-
tegrations, one may obtain

2 2 p . ,
W(v)y0.) = brin L) {1 ~o(GErisd + e ) +exp[—r5.(r8.+gf‘)]
z

B 28

1-8% | _via S )
x[l—di( P rlb,l—u s (A13)
where
B=u/u,,
r=@'+T/T)/(8 +1).
If T,=T,, then »=1 and one arrives at Eq. (12) of the text.
The rate I'(y,) defined by
I‘(v,)=f dv,W(v,,v,)
may be calculated as
2
—my? Ue\gfUe) 4 -1/2 _ 2.,)
(v, nroNu,((u')O(u') b exp[ (u,
- 2,2
1/2 __Bx 2vu,.x )[ _ ( x )] } Al
x{l +q j; exp( RETL )cosh(u"(1 Tl 1-¢ 1+a7, dx? . (Al4)

Equations (A4), (A8), and (A13) have been derived previously by Kol’chenko.'”” As noted in the text,'" the
use of one-dimensional kernels in the theory of saturation spectroscopy is not strictly valid when the col-
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Abstract. The related problems of optical and radiative collisions are examined theoretic-
ally. The actual R " potentials found in nature are simulated by powers of the hyperbclic
secant, which enables one to obtain closed-form solutions for the transition probabilities in
the weak-field regime.

Recently much attention has been given to the related problems of ‘optical’ and
‘radiative’ collisions (Cahuzac and Toschek 1978, Brechignac et af 1979, Falcone er al
1976a, b, Gallagher and Holstein 1977, Geltman 1976, Gudzenko and Yakovlenko
1972, Harris and Lidow 1974, 1975, Harris and White 1977, Knight 1977, Lisitsa and
Yakovlenko 1974, Payne eral 1977, Payne and Nayfeh 1976, Robinson 1979, Yeh and
Berman 1979). In the optical case, foreign-gas collisions enhance the probability of
photoabsorption by an atom interacting with a radiation field detuned from resonance
by more than the Doppler width. (For strong fields, the detuning is presumed to be in
excess of the power-broadened homogeneous width.) Thus. without the collision, the
transition probability is negligible.

A radiative collision is one in which excitation is transferred between two unlike
atomic species due to the simultaneous effect of the collision between the atoms and
their interaction with the radiation field. The photon is nearly resonant with the
difference in excitation energy between the two atoms. Since the transition involves a
change in state of both of the atoms, it is rigorously forbidden without the collision.

In this paper, we present solutions for a model version of these problems in the
weak-field limit. The models replace the true potentials that characterise the dynamics
with powers of the hyperbolic secant. These retain the essential physics but enable one
to obtain closed-form expressions for transition probabilities.

The theoretical treatments are similar for the two problems. The relative nuclear
motion is taken to be a classical straight-line path, so that the atom-atom interaction
generates a time-dependent potential for the electrons, whose motion is then described
via the Schrodinger equation. Maki~g the dipole approximation for the electron-field
interaction, the electronic Hamiltoman for either problem is

H=H,+V.+eE.lr,+rgcos s (1)

where H, is the separated atom Hamiltonian, V', the atom-atom interaction, E the
amplitude of the electric field iwe assume linearly polarised light), r5 and rg the sum of

* Work supported by the US Office of Naval Research.
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the coordinates of the electrons in each atom with respect to its respective nucleus, and
Q) the frequency of the field.

For optical collisions, if one makes the further simplification that the effect of V.
may be adequately represented by its asymptotic van der Waals’ R energy, and that
only two levels, the initial and final states of active atom A, designated |1) and |2), need
be included in the expansion for the wavefunction, the Schrédinger equation becomes a
pair of coupled equations for a two-level system. Making the rotating-wave approxi-
mation, the effective two-level Hamiltonian is, in the ‘dressed atom’ representation
(Yeh and Berman 1979)

L2 (AG,
H_,g'l(ZVRS

where Cg; is the van der Waals' constant of ), Ce = Ce; — Ce2, v the Rabi frequency, x
the field strength in frequency units, and A the detuning from exact resonance.

One may approximately reduce the radiative collision problem to a two-level system
as well. Here states|1) and |2) are composites—in state |1) atom A is excited to A* and B
in ground state By, while in |2}, A is in ground state A, and B excited to B**. The
transition proceeds via virtual intermediate states of the composite system. If one sums
over these and assumes that the relevant frequency range is sufficiently small to treat the
summations as essentially frequency independent, we obtain, after angle averaging, the
effective two-level Hamiltonian

) X1+ (Col ROV 121 expliv)+ [2X(1 | exp(=iv] @

2, (Ce; N, . KE . .
H = 3 (B84 QF) i1+ g5 1D explian + X1 | exp(-ian] @)
P

where we have again represented the atom-atom interaction by its leading term at large
separations. Here C;, Q; are the van der Waals and Ac Stark coefficients for state |j), K
is the indicated intermediate-state factor, and A the detuning. The time-dependent
Schréodinger equation for state amplitudes a, and a; become, in an interaction
representation, for optical collisions

idy =% {exp [i(cg L‘ dr' R‘°(¢')+uz)]]az (4a)
ids = %{exp [—i(cg L' dr RS + ur)]}a, (4b)

where A = (x/v) Cs and Cg =(A/2v) Ce.
The corresponding equations for the radiative collision problem are

id, =~ a;% {exp [i(C(, L' dr R“°(z')+A,,:)]} (Sa)
idy = a, % [exp [—i(q de' R""(:')+A,r)]] (5)

where A, is a ‘generalised’ central detuning, defined to incorporate the Ac Stark effect,
i.e., 8, =A+(Q,-Qy) E?. These equations are to be solved subject to the initial
conditions a; =1, @, =0 for t » —00. In the weak-field limit, a, =1 for all ¢, and the
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transition amplitude, a,(+0), becomes
as(0) = —iFI R7™(t) exp [~i(AI R )dt'+st)] dr (6)
—a0 0

where m =1, A =Gy, s = A, F =K iu the radiative problem,and m =2, A =Cg, 5=,
F = A, in optical collisions. (In this low-power limit, the aAc Stark effect is naturally
neglected.)

Thus, for weak fields, the problem reduces to the evaluation of the integral in
equation (6). For the actual R " potentials found in nature, exact analytic expressions
for this integral are not known, although various approximations have been tried which
do vield closed forms for radiative collisions. Geltman (1976) and Knight (1977) use a
method that is equivalent to neglecting the level-shifting term in the exponential of
equation (6), and obtain a result proportional to the modified Bessel function K.
Robinson extended their results by approximating the R ~® level-shifting potential by a
delta function in time, obtaining, in addition to a term that behaves like the K, function,
a term dependent on modified Bessel and Struve functions /; and L_,. In the present
work, we replace the R and R™° interactions by model potentials which closely
resemble their time dependence but for which the integrals may be exactly evaluated in
terms of special functions.

We begin with the case of radiative collisions. R is replaced by (sech wt/T)/ 0>,
R ®by (B/p®) (sech’ mt/ T), where p is the impact parameter, T = 2p/v, where v is the
relative velocity.

B is chosen so that the phase induced by the model and true potentials are the same.
In tables 1 and 2 we present values for the model and true coupling and level-shifting
potentials for values of ¢ expected to make the dominant contribution to the transition
probability, and note that the correspondence is close except where the potential drops
to less than 10% of its peak value. Our choice of parameters has the property that when
Cs~0 and A =0, the model and exact problems predict the same transition prob-
abilities.

Table 1. A comparison of the true and model coupling potentials, V1= R and Vy=
o sech(mt/ T). The time ¢ is expressed in units of T = 2p/v. The potentials are normalised
to be equal at ¢ =0 and to have the value 8.

¢ Vr Vm Vi/ Vi
0 8:00 8:00 1-00
01 7-54 7-62 0-99
0-2 640 664 0-96
0-3 5-04 541 0-93
0-4 3-81 421 0-90
0-5 2-83 3-19 0-89
0-6 2-10 2:37 0-88
0-7 1-57 1-75 0-90
0-8 1-19 1-29 0-93
0-9 0-92 0-94 0-97
1-0 0-72 0-69 1-03
1-1 0-57 0-50 1-12

12 0-46 0-37 1-23
I3 037 027 1:37

AL
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n

Table 2. A comparison of the true and model level-shifting potentials, 'y = R " and
V= (31r2/32p°i sechz(m/T). The potentials are normalised so that V; =64 at 1 =0 and
so that the integrated phase is the same for each. The time  1s expressed in units of

T =2p/v.

t Vi Vi v/ Vi
0-0 64-0 592 1-08
0-1 569 53.7 1-06
0-2 41-0 40-8 1-00
0-3 25-4 271 0-94
04 145 16-4 0-88
0-5 R0 9-4 0-85
0-6 4-4 52 0-84
0-7 2-5 2-8 0-87
0-8 1-4 1-5 0-92
0-9 0-84 0-82 1.02
1-0 0-51 0-44 1-16
11 0-32 0-24 1-36

For the model potentials, equation (6) becomes

) K (7 t i !
ia2(0) =’7 -LD sech (Tr?) exp{l[u tanh (Tr?) +Ar” dr
T o
= -—11;3 J sech x exp[i(u tanh x + Bx)] dx (N

where x = 7t/T and B =AT/#w. The author was unable to locate this integral in the
general tables available to him, although once he had succeeded in evaluating it, did find
it in the more specialised literature (Buchholz 1969). There is some epistomological
value in presenting the evaluation of the integral in equation (6), so we do so, rather
than merely presenting the formula of Buchholz. We write

K

F= J. sech x exp[i(u tanh x + Bx)] dx. (8a)

If we differentiate F with respect to u, we have

F x
:— =i I sech x tanh x exp[i(x tanh x + 8x)] dx (8b)
M -
and
d&’F * ) ,
R —j sech x tanh” x exp[i(x tanh x + Bx)] dx. (8¢)
“ w0

Performing parts integrations of equations (85) and (8¢), and rearranging terms, we
obtain the differential equation

wF"+F' +(u+B)F=0 9

where a prime denotes differentiation with respect to . This equation is to be solved
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subject to the boundary condttion that at u =0

F -:f sechve™ dv = wsechirp 20

It equation 191 i1s reduced to normal form, we have, with ¢ = u "F
&'+l T+1+Bu b =0 (1)

which has the samie form as the radial Schrodinger equation for a charged particle in a
Coulomb field of coupling constant -18 and ‘angular momentum' . = i The lack of
symmetry that prevails in the radiative collision problem according to the sign of the
detuning may be inferred directly fro 1the great difference between the wavefunctions
in the Coulomb problem for attractive and repulsive potentials. If we consider the
radhative collision problem where the final state has a van der Waals potential that is
more attractive than that of the initial state, negative detuning corresponds to a
repulsive Coulomb potential, and positive detuning to an attractive Coulomb potential.

With the given boundary condition, we t'ius find the transition amplitude propor-
tional to a confluent hypergeometric function

KE 3nC,
iagl®)=( 5 ) " sech B) F. +| B e T ) 1
pr 2 8p'1
This reduces at exact reson:-nce to the Bessel function J,,
K 3~rC(,
l(lﬁ(x) (12

Equation (12) could be obtained directly by noting that the change of variable
tanh x =sin y casts equation (8a) into the form of a well known representation of the
Bessel function (Abramowitz and Stegun 1964).

The total cross section may be calculated by integrating the transition probability
over impact parameter, yielding

O=2ﬁI ‘laz(OO)lzpdp. (13)
0

Off resonance, this requires numerical integration or other approximate methods. The
resonant case may be evaluated exactly, however (Gradshteyn and Ryzhik 1965). Thus,
for zero detuning, we have

o- 2K°E’ (37@,)
27w\ 16

2/%

rénrdy

14
(e’ (14)

For small impact parameters, u becomes large, and one may use the asymptotic
form of the confluent hypergeometric function. We find that the transition probability
goes to zero as p — 0, oscillating with increasing rapidity as p diminishes. These
oscillations are a well k.ijown characteristic of this problem (Harris and White 1977).
However, our chservation that the envelope of the transition probability vanishes
lincarly near the origin is in disagreement with the extrapolated curve of Harris and
White. Those authors present a curve whose envelope approaches a constant non-zero
value as p decreases. This is hard to understand, since a steepest descent evaluation of
the integral in equation (6), with the true potentials in the integrand, yields a result
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qualitatively similar to our own. (One does obtain a constant envelope factor at small
impact parameter in the optical collision case.)

The discussion of the previous paragraph refers only to the puzzie of differing
mathematicai results, and should not be taken to mean that we claim our solution to be
valid for small values of p. The original formulation of the problem in terms of R ™
potentials and straigiit-line paths is invalid in this region, and our model, which does not
correct for these simplifications, cannot be expected to hold there either.

That the formulation is truly applicable only for large is not a serious defect, since
the major portion of the total cross section is contributed by impact parameters where
the approximations are good. It may also be possible, by modifying the scheme used for
parametrising the hyperbolic secants, to incorporate some small separation effects into
a generalisation of the model presented here. We are examining recent experimental
results for clues as to how this might be accomplished.

Sample numerical values of total cross sections are close to the “universal’ curve of
Payne et al (1977), who evaluated equations (6) and (13) numerically, in terms of
dimensionless variables.

As we have indicated, an entirely analogous procedure can be applied to the'optical
collision case, with sech® 7t/ T replacing R “%(1) in both the exponential and the
prefactor. For this problem, we wish to evaluate

a

F = J. sech® x exp[i(u tanh x +8x)] dx. (15
x

A differential equation in u is again obtained, this time
wuF"+2F +{u +B)F =0 (16)

wt.ich, to within a trivial transformation, is the same as the confluent hypergeometric
equation. The relevant solution this time is

F = np cosech 3mB)e ™ Fi(1+ 38, 2, 2iu). (n

In normal form, this becomes a Coulomb radial equation for angular momentum L = 0,
Equation (16) is solved subject to the boundary condition at u =0

F = 7 cosech 3mB).

For the impact limit » = 0 and the solution once more reduces to a Bessel function,
this time J,,2(x). We note that this impact limit is exact, i.e., it is identical to the
weak-field impact limit of the original R "® problem. That the model gives the same
result as the true potential in this case is not surprising, since the impact limit assumes
that ‘nothing happens’ during the collision, i.e., that the result depends only upon the
phase induced by the collision, not upon the shape in time of the potential function.
Since the true and model potentials induce the same phase by construction, there can be
no difference between their results.

In future work, we shall apply the model developed here to specific systems of
experimental interest. We also note that this model may be solved analytically for fields
of arbitrary strength. The solutions one obtains are not among those special functions
familiar to physicists. We shall report on this work also in a subsequent article.
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Abstract. A theory of resonant multiphoton ionisation by smooth pulses is developed. Itis
shown that the spectrum of the effect may exhibit structure associated with time domain
correlations.

Among the effects of non-linear optics, multiphoton ionisation and detachment were
among the earliest to be investigated after the invention of the laser (Geltman 1963,
1965, Hall er al 1965, Hall 1966, Robinson and Geltman 1967, Zernik 1964, Zernik
and Klopfenstein 1965, Bebb 1966, 1967, Bebb and Gold 1966, Chin and Isenor 1967,
Chin er al 1969, Young er al 1969, Fox ¢z al 1971, Kogan er al 1971, Agostini et al
1971, Luger and Robinson 1970, Luvain and Mainfray 1972). These are bound-free
electronic transitions in atomic systems generated by the smultaneous absorption of
more than one quantum. The calculation of rates for these processes typically requires
the evaluation of summations over intermediate states. In the crudest approximation,
the theory assumes that the radiation field is monochromatic and is switched on
adiabatically. If the intensity is low and there are no nearly resonant intermediate
states, the transition rate is given by the lowest order of time-dependent perturbation
theory consistent with the number of photons of energy hv needed to compensate for
the binding energy. Much work has been done on this problem, and it remains an active
area of research (Flank et al 1976, Flank and Rachman 1975, Teague er al 1976).

In recent times, with the availability of tunable lasers, the study of multiphoton
ionisation where one or more intermediate states are close to resonance has come to the
fore (Beers and Armstrong 1975, Geltman 1979, Dixit and Lambropoulous 1979,
Gontier and Trahin 1979, Granneman and van der Wiel 1975, Eberly and ONeil 1979).
(Negative ions have few, if any, bound excited states, so that these systems are
excluded.) The simple perturbation theory, acceptable in the non-resonant case,
becomes invalid when the population of the initial level is depleted and/or its phase is
significantly affected by coupling to the intermediate states. Theories which take this
into account have been developed and predict interesting effects such as structure in the
photoionisation spectrum due to the Ac Stark effect, the departure of the transition
probability from a simple linear function of time and bandwidth effects. The richness of
this field has stimulated great activity.

" Wark supported by the US Office of Naval Research.
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The purpose of the present paper is to point out that under special, but potentially
achievable circumstances, the combined temporal behaviour of a pulsed laser and an
atomic system undergoing population oscillations can conspire to produce a spectrum
(transition probability versus frequency) in multiple photon ionisation which has a
minimum at exact intermediate state resonance (ISR), exhibits maxima as the laser is
detuned above and below, and then falls off rapidly. This superficially resembles the Ac
Stark effect in experiments where there are three resonantly coupled bound levels, but
has a very different origin. It involves the radiation from only one pulsed laser, not two.
In addition, the power dependence of the effect differs markedly from that associated
with Stark structure, being present only for pulses whose areas are close to 27n, n
integral. (Our ‘pulse area’ is twice the area used in the sense of photon echoes.) In
principle, n may be any integer, but it is unlikely that the effect could readily be seen for
any value but n = 1. This is discussed in detail below. We designate this splitting as
‘mock structure’ because of its misleading resemblance to Stark structure.

This structure occurs because the probability of inducing the final state is a function
of the product of the pulse envelope and the intermediate state population. The latter
oscillates in time, and if it should pass through a minimum coincidentally with the
maximum in the envelope function of the field strength, the transition probability will
be lower than at neighbouring frequencies where this anticorrelation is absent or less
pronounced.

We consider an isolated atom interacting with a pulsed laser, undergoing multiple
photon ionisation from the ground state via a single resonant intermediate state. For
simplicity, effects due to the other, non-resonant, intermediate states are ignored in this
article. The ground and intermediate states are strongly coupled, with the latter also
connected to the final states in the continuum. The coupling to the continuum is weak,
and is treated perturbatively, with the effect of the continuum on the populations and
phases of the intermediate and ground s:ates ignored. Final-state amplitudes are to be
computed via a quadrature over the intermediate-state amplitude.

Let the pulse coupling the two-level bound complex have the form f(r) cos {21, where
f(t) is a smooth function of time, vanishing at t =+00. No assumption about the
"adiabaticity’ ot ‘suddenness’ is made. The time-dependent Schrédinger equation for
the amplitudes of this pair of states becomes, in the rotating-wave approximation,

id, = Via(t)a; exp(iAr) (la)
id, = Vi(1)a, exp(—iAt) (15)

where A is the detuning of the central frequency of the pulse from exact 1sr. The
amplitude of a particular continuum state is given perturbatively by

alt)y=-i J’ ax(t YV (') exp(—id. ) dr’ (2a)

so that the probability of finding the system is state |k) as t » +00 becomes

P, = 'ak(f = +w)l|2

:I a“(t)Vu(!)exp(—iAkl)dtj Vo (') exp(idataX (¢') dr'. (2b)
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The total probability of ionisation is then obtained by integrating over the continuum

x

P=J P, dE,
0

oc

=I dEk.[ Vi (1) exp(—iAgt)aa(r) dt
0 —ad

o

xJ- Vau(t') exp(idet’)as (¢') e’ 3)

where we have incorporated the density of continuum states into the definition of V. If
the overall process is a two-quantum effect, V5, has the same time dependence as V.
If states |1) and |2) differ by one photon, and states |2) and |k) by N — 1 photons (for a
total absorption of N photons in ionising the ground state), V5, is an effective operator
whose time dependence is f™ (). Making the usual mild approximations of neglec-
ting the variation of V5, = V§ ™ '(¢) with final-state energy and extending the lower
limit of the energy integration to —oco (Geltman 1979), the integrated transition
probability becomes

oc a©

pP= J' dA(VEY I YN0 expl=iAt)aa(t) dr

XJ YUY expliAet)aZ () dr' 4)
or, since the detuning integral is proportional to §(¢ —1'),
P=2m(V§ )2I N2 ax(0) de. (5)

We note that while a.(t) is a function of the detuning between states |1) and |2), the
integral in equation (5) is independent of A, the detuning between the intermediate and
final states. The population |a(r)|* undergoes Rabi-type oscillations, whose amplitude
in the strong-field region is roughly independent of detuning, but where the positions of
extrema do depend on A, the first detuning. Hence, if the time duration of f‘ZN"Z’(t) is
short, one may expect to see an oscillatory variation of P with laser frequency. This is
most clearly demonstrated in the limiting case of large N, where f>" 2 is approximated
by the delta function C8(t), C constant, so that

P =27C%ay(0). (6)

We see that in this extreme situation, the photoionisation spectrum is simply the
population variations of level |2) transformed into the frequency domain.

We now examine the question of where and whether one may find a sufficiently
narrow f>" 7 to be possibly observable in actual systems with realistic pulses. We
require the coupling between levels |1} and |2) to be sufficiently strong to render the
amplitude of the population oscillations at least roughly independent of detuning,
without causing the oscillation frequency to be rapid enough to wash out the effect. The
details will, of course, depend upon the pulse shape. To simplify the work, we resortto a
model in which f(z) is a hyperbolic secant in time. This provides a smooth envelope
which might well resemble true pulses. It also enables one to solve the two-level part of




2246 E J Robinson

the problem analytically (Rosen and Zener 1932, Robiscoe 1978). Equations (1)
become

id, = Vo sech(mt/ T) exp(iAt)a, {7Ta)

id, = Vo sech(mt/ T) exp(—iAt)a,. (76)
In terms of the parameters a, b, ¢, Z, given by

a=VT/nm b=~VoT/nw c=5+iAT/2nm

Z =3[tanh(mt/ T) +1]

with the initial conditions a; =1 and @, =0 at t = —0, equation (5) becomes

1
P=4T(V} )2j [4Z(-Z2)1N Y ax(2)|?dZ (8)
(4]
with a; given in terms of the variable Z by (Robiscoe 1978, Rosen and Zener 1932)
VoT _
ay=———=Z" " Fic—a+1,c-b+1,2—~¢, Z) (9)
7(1-c))

where ,F| is a hypergeometric function.

The appropriate parameters to characterise the problem in this regime of small V§
are T, N and V,T, where the pulse area V,T determines whether the transition from
level |1) to level |2) is saturated, and, if so, the number of oscillations that the population
of the intermediate state undergoes for all times.

To gain a quantitative understanding of how the frequency spectrum for multi-
photon ionisation varies with the parameters of the problem, we integrated equation (8)
numerically, varying N between 3 and 13, and let V,,T assume values in the vicinity of
2mn,withn =1, 2, 3. (At exact resonance, this condition assures that the amplitude a,
passes through zero at r =0.) We also explored the regions where the pulse area was
very different from an integral multiple of 2. We found the following results. For
VoT <S5, the spectra peaked at A =0 and diminished monotonically with increasing
detuning for all values of N in the range investigated, i.¢., no structure is predicted. For
VoT =2m, and N <4, no structure was perceived, but for N >4, we found that the
calculated ionisation probability had a local minimum at A = 0, rose to a maximum for
small but finite detuning, and then decreased monotonically with still greater detuning,
As N increased, the value of A for which the maximum occurred tended to increase
slowly. The ratio, 1 + R, of the maximum ionisation probability to the value at A=0,
increased more rapidly with increasing N. The excess probability R varied from a few
per cent at N =5 to nearly unity at N = 13, i.e., for high-order processes, as one might
expect, the effect is more pronounced. It was not necessary that the pulse area be
exactly 2 to see the mock structure. We found that the splitting was perceivable in the
range from about V, T =5-5to V,T =7, peaking, of course, at 27. For V,T >7, the
effect washes out. It reappears in the limit of large N for pulse areas near 47 (see
below). Table 1 shows, for V, T = 2, the position of the maximum and the ratio 1 + R
of the maximum ionisation probability to the resonant probability, for increasing N.
Figure 1 represents a photoionisation spectrum for the case of N =13,

For N =13, we found that some small structure (R is a few per cent) could be seen in
the vicinity of V,T =4x. It appears that this ‘second harmonic’ will be obtainable
experimentally only with great difficulty.




Pulse area effects in resonant multiphoton ionisation 2247

Table 1. Position and amplitude of mock structure maxima.

N (AT )max 1+R
S 20 1-02
6 3.0 1-10
7 35 1-20
8 4.0 1-31
9 40 1-43

10 43 1-55

11 43 1-66

12 4.5 1-79

13 4-5 191

N is the number of photons needed to ionise the ground state. (A T),,.x is the position of the
mock structure maximum in dimensionless units. T is the characteristic time that appears in
the hyperbolic secant envelope function. 1+ R is the ratio of transition probability at
maximum to probability at exact resonance.
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Figure 1. Mock structure for a pulse area of 27 and N = 13. The ordinate is the transition
probability for ionisation, in arbitrary units, the abscissa is the detuning in units of 77",

While our quantitative predictions are strictly valid only for the hyperbolic secant
pulse, we believe that qualitatively similar results should obtain for general pulse shapes
and be observable with mode-locked lasers.

The present treatment assumes that the coupling between the intermediate state (1s)
and the continuum is weak, implying that NAQ} is above, and (N — 1)A(), below the
threshold for ionisation. Thus, since the calculated results indicate that N must be at
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least 5 before mock structure can be observed, we require that the Is excitation energy
be less than one quarter of the ionisation potential of the initial state. This condition
cannot be satisfied for the ground states of most atomic systems if the bound-bound
transition is constrained to be allowed by E1 selection rules.

Nevertheless, it is possible to find systems which are realistic candidates for
experimental studies of the theory presented here. The simplest of these are the
metastable 1s2s 'S, levels of the He isoelectronic series. Table 2 presents the ionisation
potentials and 2s-2p excitation energies for the first three members of this sequence
{Wiese et al 1966). Taking the photon energy to be nearly resonant with the indicated
transition, the photoionisation of metastable He, Li* and Be?* requires 7, 12 and 19
quanta, respectively. N will increase as one proceeds to more highly ionised members
of the group, since, to lowest order in the nuclear charge Z, the ionisation potential
scales as Z° while the 2s-2p separation is only linear in Z.

Table 2. Ionisation and minimum excitation energies of the 152s 'S, metastable states of the
first three members of the He isoelectronic series.

System Ionisation energy (cm™") 2p excitation energy (cm ')
He 32027 4857
Li* 118718 10 445
Be?* 260 068 16279

Source: Wiese et al (1966).

A further useful property of the He series is that accurate ab initio calculations of
matrix elements are possible. In addition, the 2p levels are well separated from the
L =1 states of greater n, with the matrix elements also possessing much greater
magnitude than those that are neglected. Consequently, the approximation of
considering only a single intermediate state should be an excellent one for these
systems.

If one were to relax the condition that only E1-allowed nearly resonant is should be
considered, one would be able to use ground states for the initial levels, since the
periodic table abounds in atoms which have low-lying excited states in the ground
configuration. The relative contribution of such states to the total ionisation, as
compared with E1-allowed non-resonant 1s, is of order (MpA ./ MaAf), where M, Ma
are the forbidden and allowed matrix elements, and Ag, A4 the forbidden and allowed
detunings. (The respective contributions of the forbidden and allowed intermediate
states to the total ionisation do not interfere.) Taking published numbers for CI as
typical (Wiese et al 1969), the forbidden ’P;,-°P,,, transition within the 3p°
configuration dominates strongly over absorption to 3p*ns and 3p®nd, as long as one is
within £10cm ™' of resonance. Furthermore, as Wiese et al (1969) point out, the
theoretical value of the matrix element for this transition is expected to be accurate,
since its value is affected by errors in the wavefunction to a much lower degree than are
calculated allowed transition probabilities.

The influence of pulse areas on the spectrum of multiphoton ionisation has
previously been considered by Crance and Feneuille (1977a, b). These authors also
include the effect of non-resonant (NR) intermediate states via an effective operator
approach. Interference between the NrR amplitude and that of the 1SR has the effect of
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shifting the maximum of the spectrum, and removing its symmetry with respect to
detuning. Itshould also distort, but not eliminate, any mock structure effects that might
be present. Crance and Feneuille analysed not only rectangular pulses, for which they
solved the two-level part of the problem in closed form, and where the doubling
predicted in the present article cannot occur, but also several different smooth pulses
(not hyperbolic secants), for which they used numerical methods in the two-level
portion. Their results for smoothly varying pulses do not predict mock structure,
apparently because the N values chosen were below the required minimum, according
to the present calculation.

That the effect is appreciable only for pulses whose area is near 27 suggests that it
may be useful in measuring the integrated intensity of focused short pulses, provided
the resonant matrix element is accurately known. The presence of this doublet would
then establish the product VT to within rather narrow limits. One could determine
whether the effect was indeed mock structure by observing if the splitting disappeared
with increased and decreased intensity.

For the hyperbolic secant pulse, one may also solve for the amplitude a, of the initial
state (Robiscoe 1978). In terms of the parameters given after equ~tions (7a) and (75),
this amplitude is simply the hypergeometric function ,Fy(a, b, c*, Z), so that an obvious
alternative expression for |a,| is 1 —|,Fy(a, b, ¢, Z)|>. The advantage of this form is that
for pulse areas that are integral multiples of m, the series for the function > F\(a, b, ¢, Z)
reduces to a polynomial in Z, enabling one to evaluate the integral appearing in
equation (8) in closed form. This procedure would not have been especially useful in
the present work, since we explored non-integral as well as integral pulse areas. We
mention this point only on the chance that it may prove to be of value to some readers.

To summarise, we have formulated a theory of resonant multiphoton ionisation by
pulses which predicts a spectrum whose maximum is split into a doublet by purely
temporal factors. It appears similar to the ac Stark effect, but occurs under conditions
where the latter does not cause structure to appear, and exhibits a totally different
intensity dependence.

References

Agostini P, Luvain M and Mainfray G 1971 Phys. Lett. 36A 21

Bebb H B 1966 Phys. Rev. 149 25

—— 1967 Phys. Rev. 15323

Bebb H B and Gold A 1966 Phys. Rev. 143 1

Beers B L and Armstrong L Jr 1975 Phys. Rev. A 122447

Chin S L and Isenor N R 1967 Phys. Rev. 158 93

Chin S L, Isenor N R and Young M 1969 Phys. Rev. 188 7

Crance M and Feneuille S 1977a J. Physique 37 L333

—— 1977b Phys. Rev. A 16 1587

Dixit S N and Lanbropoulos P 1979 Phys. Rev. A 19 1576

Eberly J H and ONeil S V 1979 Phys. Rev. A 19 1161

Flank Y and Rachman A 1975 Phys. Lett. 53A 247

Flank Y, Laplanche G, Jaouen M and Rachman A 1976 J. Phys. B: Atom. Molec. Phys. 9 L409
Fox R A, Kohan R M and Robinson E J 1971 Phys. Rev. Lett. 26 1416

Geltman S 1963 Phys. Lett. 4 168

—— 196S Phys. Len. 19 616

—— 1979 Bull. Am. Phys. Soc. 24 66

Gontier Y and Trahin M 1979 Phys. Rev. A 19 264

Granneman E H A and van der Wiel M 1 1975 J. Phys. B: Atom. Molec. Phys. 8 1617




2250 E J Robinson

Hall J L. 1966 IEEE J Quant. Electron. QE-2 361

Hall J L, Robinson E J and Branscomb L M 1965 Phys. Rev. Len. 14 1013

Kogan R M, Fox R A Robinson E J and Burnham G T 1971 Aull. Am. Phys. Soc. 16 1411

Luger A D and Robinson E J 1970 Phys. Len. 31A 247

Luvain M and Mainfray G 1972 Phys. Lesr. 39A |

Robinson E J and Geltman S 1967 Phys. Rev. 183 4

Robiscoe R T 1978 Phys. Rev. A 17 247

Rosen N and Zener C 1932 Phys. Rev. 40 502

Teague M R, Lambropoulos P, Goodmanson D and Norcross D W 1976 Phys. Rer. A 14 1057

Wiese W L, Smith M W and Glennon B M 1966 Atomic Transition Probabiliies vol | {Washington, DC:
National Bureau of Standards)

Wiese W L, Smith B W and Miles B M 1969 Atomic Transttion Probabilities vol 2 tWashngton, DC: National
Bureau of Standards)

Young M, Chir § L and Isenor N R 1968 Can. J. Phys. 46 1537

Zernik W 1964 Phys. Rev. 138 AS1

Zernik W and Klopfenstein R W 1965 J. Marth. Phys. 6 262

- — e —




uanareg NS PatUA 21 10 asodind Rue 10} . .

peywaad si ped up Jo doym uj sonanpoicay

urd U0 Blep [PUGIS!I0D 30 9dAl Byl 2Q1J2S3p 01 (Nnjasn sceysad

St 1! ‘swalsds (pa2({-234yy Ssnasip 03 Buruuibag vi0yeg
*sandiuudal J1dodsos13ads U9se| pue weq Dlwole jO uolleulq
-203 e burhojdus Juowilsdxa 1U9d3J e pue SIIPNIS |BUOISI||0d O3
po3ins- 194 Ajse[ndr3sed 2ue leyl SIuUdW!LId¥D JUDISURII IUBIIYOD
9U0S LOIILBW OSSR L [eY5 | "SwalsAs |aAdI-221ul 10 Adodsosidads
LOIIRINIR®S DYl U0 2I241UDDLOD ‘pedlsul ‘|leus pue  ‘Adoosodl

2

-282S Jedui| S$SNOS!P IOU [(eys | ‘suorieliwi| 2wl 03 BuimQ

‘siudwrJedxd w2aQ Ul pau!elqo-leys ueyld

24NILY IUDIBL31P IBYMBLOS e JO lraqle ‘(mO(3q 2°s) swole aarlce

31e15-p2112x3 Buia{OALY SUO11D3S s$s0J2 Buyadiless [e1auviez3lp

IM0QE UOIITWICIUL UieIGO OS{T ued U0 ‘sanbiuydel Judisuesy

1ud49103 40 AdDIS0I1D3CS udi1aednies buisn nmgonuauuua s3ess
punosS pue (UOI11SLLIY DU Ul PIAOAUL $DIEIS DYI ul) Swole aAilde
ua22104 5U1J2331e205 J0j UO11IDIS S$0JD (e103 2yl BuipseSas uorsn|d

-y02 PwO0S ydesds ued 2u0 ‘ejep ysns woJsr *3Jnssazd seb uaqunisad

"

4O UDJITUN B S Swole ,3A11De, 4O UOIIIsuesy UdALD e yiim

N p231e1975s2 @1)104c [es1dads ayl ;0 (Suimosseu s0) Sutuapeousa

9yl dsnseaw ued 2u0 ‘Adodsosyoads Jeaut| Sursn  ‘sodeA sul uy
SUOrYISURLY D1wole SNOIJRA YlIM D31@;2055e S3(::04d UOISSIWI JO
vo13diosqe Ayl U:! paureluod A{1)131idw! S| UOIIPWIOJU) [BUOISI] 10D
‘aoden 333 uiylrm Buyand0 suOISI| {00 Ag pIIdayye ole sodea e 4O
sotisacdosd 2a11ds0sce ayy aduis  ,cburuapeouq asnssasd,, buipeay
aul Jopun s1234 fuew JOj 2iqeiieAe ud2q sey sased uy sassad

-0ud ﬁmco“mwﬁﬁou Buidpnis .10) POULIW 1D9I1P SSI| 1BUMIWOS ¥
. *ssad04d

Eurunliecs oyl jo asnseaw ,3d211p, e apiAaodd ‘wiogsad O3 1{Nd141P

ECEC-ILL-yIrnety o YeiL0) s2pun
YoRosoy (eiey 4o A Sy Sui 4G papoddng

2Yd2J1eas3y |eAeN 4O 221330 °*S°N oyl Aq peysoddng .

U340 ybnoylle ’siuowisadxs Asayl *SIUBWIIIAXI weadq PIsSSOJD Uy
AS512U9 ssSew-30-J03uad JO UOJIDUNS B Se UotIDIS $504D Buisalleds
{e11usaa41p ay) surelqo auo ‘AjjedsidAyl *SIudw)Iadxd weaq
passoJd Ul patpnis aq os|e Aew S$331e3S qu_uhu wosy Bursayreds
eyl 0s suolle(ndod S1woOle 23e3S PIIIOXD [B1IUBISQNS BAIIYdEe O3
s1ase| asn 03 a{qissod mMOu S| 3! ‘JIAIMOY ‘SIIEIS 2|QRPISeIdw JO
punoJb ul s3[nd2|ow JO SwOle O} PIIDrLIisal udaq A|(esauab aaey
SBIPNIS ydnsg .m;ouczoumo U0 S$3111S5U3p weaq mo| Iyl 03 Buimg
‘Sweadq Jeind(CW JO Diwdle PISSOID JO @SN BY) S) SUO|SI| (0D

Jeinoaiow Jo diwole Burdpnis 10y poyilaw {euoiIipesd Iy}
‘julod S1y3l uo aduabinpuy ,SJIpe3Ls IY) RSe pue

‘ysuazg uveylr Jayles ysi1buz u) yied Aw jo Aseuwuns syl Builium s04

azibolode | 3d5uasaju0) Siyl u) 3redidilsed O3 uOIIeI|AUL PuLy

413y3 Joy ucryestuebip,p 211wo) Byl dueyl 01 a1y prnoys |

: 'Y S "N ‘£000L AJOA MaN ‘340, maN
9oe|d wolBulysem 4

A31SaaAlun NJI0A MAN ‘Judwisedaq sd|shAyd

vewsag Yy ‘4

SII1PNIS |euorsi|{0) 03 Adods0s1d2ds adse jOo uopled)|ddy
»

Gsw_n>4L )7 gy
AVl sexx%.*;( 4] J

—

RN - e Ci e TN & B G S —

P




{p)

ERT

(2)

}

(q)

fb:g

b=, 8

)

“A (3)

‘opeosed paemdn (ev)

(q)

‘A PI3JIDAUT
15WwaISAS TOAST-29IYlL

“bra

1

{ mAcuenbauy) vorarsuess 7 - | ey 9Aldp Ly pue ¥ Aduanbasy Bujaey
spIa1y leusaixg . -4 oies swos 3p shedap 1aAs| yoes pue (£'7'| = 1)
(p)'y A31suap 2384 swos je padund A)|3uasayosu; ase S{IA] YY) YY)
(M) 31 Brdup powg 1- w8 (A 95J3AUI) Q] Bi Uy pom ') e g
‘{opeosed piemdn) ey ‘614 yy | = g= ¢ ‘wstlewsoy a|buis e Aq paleasy
3gq Aew le 3ey3 OS5 Sowayss 13A3) 3Jua13)4ip Byl _Lam_ ¢ pue g
S3131luendb ayy -sweIsAs |aAst-dauyy 30 $3dAY 331y1 satesisnyyy

| 24n614  -sajpnas teuols) | 102> pue wotinjosas ybyy yieq soy

Uol3udlle B1QesIPISUOD PAAIIDAL IARY SWAISAS |9Ad|-BaayL
8ia¢

SWIISAS oA ~aady]l

*Apnis |euoist|1os JO 3pow S1yy 404 34niny burswosd e ‘uvorurdo

Aw v ‘ssajuesend sanbiuydas J1dods0u193ds sasey Buisn paqosd
A{1ses ase jeyy ('013 ‘uoriexe(as s11aubew ‘abueydwa '3135@|9u|
3135€{3) 5u011095-55040 J0 Alarsen 3yl ‘isA0IOW +Butisriess ayy o1
8s5t4 ButAlS (eiluaiod olworesaIul oyl bususa3y0od suorsn(duod mesp
031 ybnoua Yot 51 wo13129s ss04D Let3uasagytp S ,uew a00d,, ay3
‘11138 “sijuow)sadxd weaq U} paurelqo SuU0 3025 $5042 Bujpuodsasiod
SHI UPYI UO)IPWIOU) S53) SUJRIUOD I} PDUIS ‘UOIIdPS $SOID
Butrssiless jeyjuaiazyip .S, uew 200d, e se $1Y1 01 pIssayes daey
‘uo1INglaisp A3120)9A wole-3All1oe ISAIASURLY 9yl pue uoL1Ing1ay
-51P A119019A Joquniiad Y1 J3AO pebeaaae v0IID9s S504D Bugaajjess
1ef3ualojitp 3yl s3insedw uO ‘Juswisadxd ve ysns up ‘snyl ‘unyiq
-{1tnb3 spiemol uinlaL O3 UCIINGIIISID A319019A sjy1 asnes swole
43G4n32ad yim suors!t 103 ydiym uy Jauuew 3yl $2Q04d uayy pue
A3150(13A (euipnitSuoy 2141030 e Buiaey swole aai3de a319xa 0y
49se| € s3sn U0 ‘Jusw)sadxa |esr1dhky e u| .mrnon veyy ey

$119> Bura|oauy saipniys 31dodsos1dads sase] wosy uIeIgo o3 adoy

- € -




.z

1239y "1wa1d144205 Bujuapeosq z-| syl 03 {evolisodosd st
9OUBUOSAS 0 =, 7 BYl 10 2pAII[GUE Byl ‘JDAODION ‘53U 34002
331ys pue Buiuapeosq ¢-7 ay3 Uie140 01 9oUEUOSaL ¢ =T ayl

40 12yl ‘SIUD1I12:39D 111us pue buiuapeouq €-1 9yl uie3zqo o031 pasn

99 UBD 2Tuewosas V- =7 gy 3C 331Ys pue yipim B4y  -dsnssoad
Busseassu Ya1m smoub ysiym 9 = ,? e sjeadde AJVCUDSIT Mau e
's425a13194¢ s26 ubyau0y 30 @duasaid ay3 v V. =7 je pa433uad
22UeU0sar duo AUO s) ouayl .mpowmwﬁ~ou JO @ouasqe a2yl u .mm:h
T4023¢ ued 9 =,7 e pAIBIUID UOr1fSuesy §-7 3yl uo uoridiosqe
?agoud ‘7 (2A3] jo uofie11oxa papre-Aileuo)sy| oo YitM  cuotrsitod
e Buimc|oy ABuaus S129uly suote 2y) up obuey> Buipuodsasiod e 'Aq
Pa3eSUICLOd MOU SI ey pre [y udomiaq ABusud up adussayyip eyl

*4934n313d ByY s1 4 pue 1 21e3S Uy wole-sarioe ay: st vy supym

d + u( Uy + 4 +'y

TuOlIdeds Byl BTA OMI (9A3|
30 ,UC132119%2 3Al1e)pEs paple-Apjeuosst|1oo e wouy 3|nsas ued

0 =7 e p2s31y3> oveussas Mmau e 'juzssad SUOISI{0D YIIM
*moJieu
Asan 2q ued adueuosays uoloyd-omMl syl ‘t- = 3 pue I Y
'™ (434 2)Eg 0 uipim 4o uerssney e pue T/t (WHMH) yipim jo
40 UBIZIUAI0Y e 4O uDIIN|OAUDD Yl woJy pAule’qo yipim e ylm
V= =, 7 3© P9I23uad 3)1304d 1610 e s} 2deys auy) Buyi|nsous
2yr ‘udtinglaisip A3t130({3n wole dAlI3e 3YT JoA0 pabesane uaym
ALY M) 47- =, g I8 SINDI0 SUOLISI||09 40 DIuUdsqe U3 Ul Idueuosas A|uo

241 'syipim J21ddo] (es2A3s 01 tenba sy Buiuniap dund ouy 3

———

: necfe|

Taol9 mxeclyl
9Je 1$9431U! Jo Sases omy vayl ‘paads woile #A3%e 3{qeqousd
150W 3y3 St n 4 -uoritsuesy g.g 341 wosy W7 Butuniap syy
30 uO1IduUNy e se pasoltuow S| uojidiosqe aqosd 24l pue uo(lisyedy
T-1 34y wo1y ¢ junowe P3Xij ® p3uniap s piary dund ayy
‘Sucillsuesy 21u0J193(3 10y p)ea Al1esauab s1 |apow
UOIS1]1]0D B)dwts Jayseu SIyl  *{pl3r3 dund ayy 4q P2310%d vot}
~e{nded pai1da(as-A1)0094 Aue jo uollexe{as ayl ur 1{nsas suoisy( (03
‘3°1) s9131s5u3p uorle(ndod uo 109349 41943 Uy mc_mcn:u->u_uo_u> pue
(s4@31wcsed 141ys pue buruapeosq 01 as). Bura16) sasusiayod 19A2| uo
393333 412yl ut Susidnisazu-aseud, aq o3 paunsse due suo)sti||o)
‘voilewrxosdde 1dedwy 3yl ul pajeasy sse $43qJnisad seb ubjas0y ajers
! punosb pue swoje an13de U3BMIBq sU01S1 110D D1Iseid ‘Aururq ayy
‘yeam aq
01 pawnsse s; (2q04d) ,p Advanbasy e jeys pue yibuaugs
Adesiique jo sy (cund) @ Aouanbasy je Pl@13 2yl “°91e1s punoub L TR Y
Butaq 1 (249 s3e(nurs 01 tupisuos = Wty 0" W g oary
'0 = ¢y =Ty axey pue (ey *B14) opesses piemdn 94} 03 uoISSNISIP I
JjWey tleys ) *A)aayrioadsal ‘JX pue x Aq pajouap ase SOy
sisuedy ¢ - 7 pue 7 - | 3yl yiim parerdosse $31ouanbasy 1qey ayy
* B4 2380 e pamoyje sy PUB 7 13A3| ua3amiaq LO(SS|We snoauejuodg
.Amc_ummmaounuouc:ouv l - 40 (Buylebedoudos) [+ J34319 03 tenda 3
Yiim (a/ ,p = Moo=y 2,13 pue 2z 3se $40I5aA uoilebedosd

PI313 3yl -Ataai1dedsas ‘{ | m Aduanbaay) vorissuesy £ - 7 pue

CMI

- ———— e



w

+b13

g+ Gl e a s e nle

dax
d
adxd T

a+ ea’nlee oy e g e ¥ +an950

D
<
>
~

110102
4103 80k

——

ves suojadesaiuy Buimo(ioy @yl 'suoys|(|02 jo @dudsdud B uf

c{"zuo 99°1 =
y3pts 3o1ddoq)
sy~ =rz/y LDutuUNIDP

dund e I03 8N JO SdINS

‘ases buyiebedosdos ayy oy 6ujiryjds swos

ey 103 ea30ads

103G
1010

osge s) a4ay1 (®A =l a1e3s punosb syl 01 Buiyduesq 919|dwod jO

s30Q
T =

umoys @ses ay3 104 sp|@1j Buosls uj sasem Buprebecosdiaiunod 104

1e5132109Y3 3IUDSAX
{99

Tk

tafiog

Bu)331)ds yJe31§s 2e s} 243yl #'0 = 3/, 404 € ‘614 Uy umoys $§

UOTILRATOND TEIUIWTI

|

sgrajzoueied 93X3 ou U3ITm 3ITF

-s031d suoTIeA Aq PIGINIAI
(ap+d€+SE)

uz/n

Suoys} {102 jO PoUIsQe BY) u] U0 IdI0SqE 3GoUd cAldAp3dadsas ‘123449

.

yie1s se ayi pue Bujuspeosq Jamod bu(Ida (434 ‘spy9}4 dund buosls uy
111ds 3G UBA3 Aew pue PIUIPROLQ S1 IOURUOSIL Ayl  "pIsn buiaq sy

swole jO sse{d A3y130y3a jeuipniibuoy j|eus e >_co.u@:u 106y 3 03

L2
v

=

BuimO ‘S|9A3| UCIIISUBLI BYI JO SYIP)M |eJNJEU Y3 4O JIpJO AN}

ZHQL*—!

Uo S| Yipim AJUeuOosS3IL BY4 (A )3 = naﬁ.xu +Xy) + 0 =@

NO3IN-+ON

UO111puUod 3Jueuosas 8 03 Bujpes| ‘v = Za Supaey dnosb

ZHOO &~

: A3yd0|aa (eu|pni|buoy Dy3i29ds @ s13313s JIsey dund ay) ‘Ised S 1Y)

Ul "YIPIM J31ddO0 3y U{YI|M UM 3IShw U0 ‘SUO11D3S 304D ¥}

-uaJdajjp Bujuiaduod UOjJewloju] u1@IQo 03 'AFAIMOH "SIV} 390D
Sufuapeocaq ayl wo4y vouwnkuxo 2q Aew su0{123s $50.42 te1c1} elep

~ N U01323s $s0JD |e3101 apiaosd ued usw| Jadxd 40 3dA3 Ia0Qe yL

ay> el

*(94n319nJ3s du|JJ9dAy ®181S punosb woly

saside ny[l°9 |;<. 1% PRJIIUID IIUBUOSPJ MOJIEU PUOIIS Y1) uaas
AQseays ase {j-= 2 ‘SLEO°L = %/, q ‘ny 0'H- = V) ased bujuniap
ebie| styy Joj SUOIS)|IOD JO 5109)49 pys 2 ‘Byq u) umoys s

oy Aq paqunysad (F/fgny«?/1ag« 2/t S¢)eN vo ejep |eIuIw|.ddxe

-8 - . -1~




aanssaad oy Bupseasouy .

Z,

YilM eN JO 193] 'gf 9yl O uOllezy|ewsayl By3 335 Ued DUQ

‘(passasddns s1 Bur3zli|ds »aei1s oe eyl 0S5 GLE0°( = N/ ‘udsoyd
wa3sAs eN {9A31-9924) @yl Joj) 4 614 uy umoys asoyl 01 Jelwis

aJde saunledy aAllelr(end [|esdA0 Byl *g°'|- = ny/V bujuniap

e Jc; 9 *Bij ur umoys st 2N AqQ.paqanisad ( Yy « T aget N sg)en

ie 12 oe
(%4
seubiysag Aq Ino

403 eiyep ayl -saseb ases Aq pagunisad eN 40

"Aq pue saseS a1e4 Aq pagqaniuad JY c_NNMI )
palaied A|3usdas 249M dJNJBU S1yl JO SIUDWILIIXD D1lewdlIsAS
*JUPISUOD 1€ SDAIND BYy] J2pun sease Y3
‘@sed p|aiy desm 9yl ul “mmmgogz 24nssaud buiseasou) ylim aseasdu}
. ued uojldiosqe agoud yead pue vmummeuc_Amsu yioq ased pialy
buosis oyl u| -aunssatd uaqunisad Buiseaudsuy yiim comumN__mELmsw
terpesb o9yl 210U Aew auQ " |ausd) co_m__~ou-ngoum-com__mx
oyl fursn ‘A{ea110adsaa ‘g pue g “s514 Uy umoys aJe splatry dund
buosis pue deem uoy sajrjoud uolidiosge 9Goud [eI119403Y)
*Burselzess aya 01 asis Buya)b jejjualod djwolesaiu)
3yl 1noge Burylowos Jajul 03 pasn 8q Aew UOIINGIJISIPaS AJID0[dA
9yl JO 3Jn1dNn.3s 3yl ‘uollippe U|  ‘NT UOISH| (0D Jad A3150(3A

uy abueyd swJ 2yl pue 7 |9A3| 4O DwildSl| Byl Uiyl Im Bbujaansdo

(21e0 suoyst1iod = ¥1) ¥/ T = u Su0ISI||0D JO Jaqunu 3yl Aq

pauwla1ep S| uO|TeZ)|ewdayl JO d3463p YL ‘uUOIINGIJISIPp |BwWIdY) €

k4

Burqriosep sanjea o3 plary dund ayl Ag pa133(as 3 =,A 3Njea

{2131U] 2y} WOJy UOIINGIJIISIP AJID0{DA 3yl 4O uO{lEZ)|EWIDY]

|etlled o pue 7 [3Ad| 4O UOI1ILIIDX3 UE Ul J|NSII SUO|ISI||O)

-0l -

O'lk-

1A%

L4Y

N 0Ol

.

P
(1)
N
. "
- - o
b
\
\ m
\ B ] ]
[ L4 -
4 \
S }
(o) w |
O o ! (6] o
| T T >
L |
)
~
, 2%
(1]
X A
"
S
C mm s
IWM o "
S |2 2
v A -

&
A
O

0

‘1-=% ‘Te=,0

<
o)
-
]
(=}
~N
-
-
L]
=}
Lad
x
~
>
"
B
s
x

sauo bLuraebedoadisjunod 03

puv
(1= =3)

30 San{ePA LIDADS
A 103 umeap aIe Sd(YJOoid

X

.zo._zA 'Qmt
PAIND PITOS 3yl puv (=3} splatji hurjzebedoidon 10j) ST BAIND UdIYO1IG YL

o039z sTenbo (splatry patridder Aue O J0uUlSQL DY3I UT 7 pue ¢ sTPASY

‘ny
X o3

‘1103 ut aanssoad oyl S7 4

N pue

41
e sotouanboil 11V

30 eduaaajjrp uorzerndody
1

3o ®3ITUn uy az
pozTIvwIou ST

*bta

fq01a ¢

’

uT S1 Ing
1 ucyidiosqge

3

*s3TUN Aie13arqga

“SUOTSII[OY JO ®DUISYP DYl U}

e ———— ———————,  + . o ——— . | A ————t. ———— —

-y —— e e

[,

| — - —

. m— e ac




*guUOTSYIYTT00 Buthueyd !
-K3700ToA 8qTIOS2p 03 Pasn 8T Ng9° =Ny YIJA TBUILY I3I035-UOSTIdN ¥
14900 =%y .Mvoo.u: awwuu UoTSTITTOD Burhbueys-A31o073A :4910° |
nmAu .mmao.ln J ‘mhoo.um 1 s93v1 buyuspeoiq butridnizasur-aseyd ,
ISMOYY0J sB.0IR (ny Jo S3TuUn ut) BI2IDWEIVd UOTSTITIC) °( *btd
ut sv swvds ay3 axe pedAerdsTp AT3TOITdX0 30U siajaweley *gaanssaid .
*y *b73 ur se exe sxojowexed I9Y30 ' 15qan3zad SnoTIPA 303 3TWIT PTaTj dund yeam ayi ul uoyidiosqe 2qoid ¢ °bYd
s {z°=X) proty dund Buoxis e 103 uoridiosqe eqold § bTd . ' ]

A2 bt 0 - 2- |
0 b= - T i _ _ ,

- 8k
4\\‘ T 1
d -1 02

d

—
2=
v | 1
4 g0 : |
g | |
r T T ! el .

4
/Z ~
A
o
L1}
a.

U'e)
n
Q.

= g 3

N
o
u
~
~
l
]

3 V-=V NX\mH v OINnZ

yOLX Ok = X b=23 =V




21e1s-4Apedys 031 anbruyddl si1yl jO a5eijueape uy ‘3unssaud Jaqinisad
40 Ae(ap awrl 13ylre jo uoriduNy e se uojjexelal A11%019A BY3
J0J1Uow O3 JdpJO v *UOITISuURJ] PRidNOd B JO Jwes ayl O3 pe)|dde

Utul sy '1SJ13 Byy wOdy pake|sp dwil ‘13SCY PUOIIS Y tA31D0(3A
{eu:oni1buol U2A16 e Sutaey swole 3319%3 03 Jase| pas|nd ‘pueq
¥Ciseu © sdsn duo ‘AdodsoJsldads uolzesnies poke(ap-auwil u|

*S1udWIJadxa yo $adAy ydns om3 uoj3uaw |eys |

TSIIPNIS |RUOISI (0D O3 PAYI(NS [{am AlJendiiied ade spoulaw ¥sayl

40 2uOS  *sdnbruyd2l paslosas dwiy Suisn Sd1pnls |euoLsS!| [0

21dodso412ads Jase| 1no Aued o3 a1qissod osie sy 1}

SIudlsued] 1U243Y0)

.mgocpox ul1s1110D dywole jo

uotleulwsazap Vo T3119J03UL pue (elululiadxd 2yl YI10Q U) 3SBIBIU)
vmwmouuc_ UB $1531;32 1UdW1uadxs 4O 2dAy Siyl leyl aw 03 sseadde

1t "sierjudlod D)w03IRIBIUY Y Ul S||om FAIIdRAIIR O PIING

-1431e 9 prod Sujuoileds aibue.abie| owos 31 Sursiadins ag 10u
PINOM 31 ‘dsnleu ur 3:auyds-paey A||e301 Se peziJsideleys ag 3jou

Led sase5 uS1ou0y Ane2a yIgm ( Mgciey 4o Burs911eds a|bue-abae
Jeyl Atdwt SI{nsdl 3s9yl "SU01S) 0D J)-eN pue @N-eN JO4 ay1iosd
311U AUy p3aqgriosap A|o1=nbepe [suaey 43yl12du eyl pue ‘suois){]Od
A%-Bl PUT BN-PN JOJ 22)015-u0S|iay 01 4014adns sem (auuay 3syds
-PJey 943 1eyl *Suols||[0D 3H-eN pIziaaldeseyd A(153410D S| AULIY
239udg-pJeH |BD1SSE|D pue JBJ0IS-UOS(IaY DY) yioq 1eyl punoy sem 1y
‘T (33} yy Butualless aqradsap 03 posn sue eyl S|2ulay uorst||od

Te 18 oe!l jo eiep syl

(4

1UDIP441p 1531 01 pIsn 99 Os|@ p|nod

1.

93°1

orx

—_—————
SIGNAL

ol X

TR

Lot

(ZHD) 12/, ¥

1ol

do's

109

T = */t‘
10°0 = ny/C4

‘1070 = ny/X
9'1- = ny/p

sLEo

Jo

TIND 97T~

sairssaxd

10

TreJ(-L{) eN

s (O u0StIdX]

4

N + Wy

*bra




cumuunhaugwa 1y yitm suotstiiod Buyobispun eN uy suois({{02
ButSueys aiels aun1dNLIS Uty ¥ ge «Pgg 103 U01398S $504D
1e11U349421p 9Yl SUJWJI2IIp O) PIsn Sem 31 !$33e3s pallodxd paA|l-1Joys
J0) pasn aq ued pue Al1ag3isuas ybry sey poylaw siyg .co_uumw

$504D mc_uouumum.nm_ucuqum_v ayl buiinseaw 01 judfeAInba s}
uo!idiosae unOma.o:u Sutanseaw ‘snyy .owoLa 24l Yyim uummwu:_
A{1uveuosss ws1sAS SSCW-J0-491U32 3yl Ul (sixe Jase| 9yl 1inoge

o @|5ue jo d2u0d e wJo) swole 9sayl) ¢ o(bue Buisaileds uen

-213Jed e uSnouyl poI91IRIS UBDQ IARY YDiYyM SwWOle DAlIIDe SOyl Aiuo
‘Aouanbauy sose| acold yoes 1y ‘uollisuedsy pa|dnod e 2qoud 03
pauueds uayl S1 ‘sixe A311D0|2A 3A1le|d2 J2qunisdd-wole aAjIde

a2y Suole vmuuwg_u..uwmm_ puUOISS Yy “931B1S BIEIpPIWIIIU] dWOS

01 swcle 40 ssey WU_uofo> 1eq{adyided e $3119%xa Jasey dwnd e
‘JuawrJadxd 21e35-4Ape2is Byl Ul Sy "9WaYDS u0l112939p-uollel|Ixd

J9se| e pue sueag 2j1wole PISSOLD PIA0|dud Juow|iadxd Siyy o 183
€

sdyp|1yd 40 1USWIJadxd 2yl UOIIUBW O3 Y!| P|NOYs | ‘Aljeurd

LY

Judw|Jadx] Jasel-weaq

*suor3e513159AU1 |RLOISIL |02 22n3ny 4oy Alrjiqissod Buiisaualuy
st tee

. 91 -

ue J10JJO SIUBW|JIdX3 OYdd UOIOYJ °"POYIIW OYd? dAem-Buipuels syl
Jo uotiejseA e Ajdwys S§ yoiym .hnuocuo uwpale|nwils,, Bujsn spew
8q Oos|e ued suojle|ndod [aAd| uo suoist||0d bujbueys-A3120|3A jo
saipnis .~.om_:a puodas ay) buimo||oj aseydas soiuowsey (ejleds
uotle{ndod snojJeAa se $20yda uOile(ndod 3AL3SQO OS{e ued Aauo 'J3IA0
=340} (,59OURI3Y0D |9A3| pue S3111sUdp uole[ndod yIoq LO 5139333
[euo1s11105 3129384 ued uorlel1dxXs yons but~0( |0y S20yd3 uoloyd Iy}
*$90UBJIY0D [2A| pue suoile|ndod ylo0q U| Sdjuoudey JAIpPJo-Jaybiy
S9319%3 auo ‘sas(nd uorilel|oxa ayl se sarem buipuels buisn Ag
.~.._..mmou:vgnzou
|9A3| U0 123343 419y) uy Buibueyd-A3130(3A,, Jo ,Suiidnisaiuy
-aseyd,, IJR SUOYSH ({03 Jaylaym Bujurwiaiap Uy |njasn Ajjeydadsa
s| poylaw Siyl °saseb uj $2ss3%04d [PUO|S|}|0D 103IUOW O} PIsn
8q ued apnijjdwe oOydad 3yl ‘snyl ‘apnyjidwe Oyd’d Ul ISeaIsdIp
e osned pue ss3dosd Buiseyda.-Bujyseydap s 1yl qJnIsip suoIs1](0)
"0YD3,, ue J1ws pue aseydaJ sa(odip Iyl ‘as|nd pai|dde 1se| Iy}
Burmoyiioy swl3 2uCS 1e ‘ieyl yons 3| dwes 2yl u) sa|odip diwole
jJo buyseydas pue Bujseydap e 01 pea| sas|nd dyl .mﬂmﬁzm 20w JoO
OM) 0] pasodxd st L21sAS e ‘Sjuaw)Jsadxd 3sayl ul| “SIudwysadxd
oyda uoloyd se paz|J4aidtieyd Ajpeosq 3q Aew $3)pnNIS [euUOIS!I| 0D
103 @Stwoud SP{Oy yd1ym SI1UAW!IIAXI JO SS@|D PuOIIS y
&vusgowgoa uaaq asey adA3 S Yyl ;O SJU3WLIAAXD jJO
Joqunu palitwi| vy ‘*ishjeue @, buthjyrydurs Al3easb ‘uojleloxa
W3S IMEIIS,, WOJy AuO $2mH20 uCi1dI0%Qe Q02D PYY ‘SNL)  CSawrl
JUIDHtp 3@ paIjdde Qs SP(Ir; YL IDOUIS JUIW) JIAXI PIA|OSII

-2WIY Y)Y U] JNDI0 10U Op $3553304d UOIOYD-OM) eyl S| SPOoylaw

-5l .




*(LLet)

627 ‘GlY A9y °sAyd 'usAnay-udg °y pue ‘prelyg ‘W ‘utaly "1

“ [(Le6r) 1L *H d13r-shug "A0ST] (LL61) 8SEL ‘TL 214 2031
"dsy3 cyz ‘uibejeys W'y pue ueiiney ‘9§ ‘Aoueysoy ‘d-A

_ . - TtsLsr) 619
‘g¢ d13r--sAyd .>owu (2L61) €L11 ‘F9 zt4 103y -dsui ‘yz
‘urSejeys "Wy pue uejiney "D°S ‘A0YINd CY'Y ‘OqUBYD(OY ‘d'Y

*{8L61) 101 "€% sidoday ‘sAyd ‘uvewsag "Y'd

*Ls *d ‘gl "10A (LL6]1 'X40A maN

‘- oyl ssausg oluapedy) uostapag g pue saleg "y¥'g Aq paiipd

wumm>ca JE|N00|O4 FUE D101y Ul SAJUBAPY UI ‘uewsdg "Y'd

“1Z1 *d (LL61 ‘H40x meN ‘Be|dap-a9burads ‘rspa

'ualsiJed ‘1°f pue fled ) 11} Acedsodidads Jaseq vy apuog ‘')

“(LL61) 19L ‘Tig “shud °F ‘wioyusis °s

*(L{6l ‘wepsdalswy ‘pue{lO4-UIJION) uewiaqLl °§ pue

oyooJey s ‘uer(eg Y Aq pa3ipad AdODs04108dS Jose] Ul SJ213U0J4

t(ol61 *dI0x M2y ‘Se(Jap-s25u14dS) J3yllem ‘H AQ pI11p9 S3|NOD|OKW

pue Se03y jO AC0Ds0410adS J2s5e7 (9l6] ‘dJOA mMaN ‘Bejdap

-235u14ds) epowiys N Aq pazipa Adodsoa12adS Jase uoriIn|osay

USTH !(LL61 ‘%20) maN ‘Eeyiap-135u1adS) Ase3jogay) ‘4 A

AOY%012T "§A 'AdODEDUTDACS SaSRT JROUT [UCN f{[LE] "NJ4OA maN

‘Bejsap-aab5urads) vaisyde) 7 °f pue |{eH ‘' Ag palipa

111 AS25500120d5 4a5€7 Ul punoy aq Aew SIDUIIB43J (eLOIIIPPY

lm—l

\t

‘et

‘Tt

‘tr

s
H

*(LL61) SOOf ‘Dl Piat ‘eewoies *¥ '(9L61) 1221 ‘B
£(SL61) S6L1 ‘88 "sAud °f ‘wioyuailg *S pue eewojes ‘y

‘ujaJ4ayl SAJUIIIIu1 pue

(4L61) 1€ 2913 wniuend "Bousyq ‘A3EIOGAY] “d°A PUER AOI13E "W'|
“(zL61) tofT

‘ 9y A3y "sAud ‘P13 S°W Pue A113% W ‘Ziimoueqluxs N
T(TLEL) 668 ‘SY ‘Aau “shyd ‘P14 "S'W pue uewpids r°g

. : mwohm., 8021 ‘994

‘OF d13r-"shug "A0s7]"(6961) 058 ‘5 214 ‘4031 “dsa3 uI

‘11%SA0[O%0S ‘[ Y pue uetiney "D°§ ‘Aodod ‘N'y ‘eaodod Al
*(OL61) €1T '9E7 °sAyd 7 '#OydsO) *3°d pue yosued ‘M'l
“(6961) 0nS ‘TI1 A9y °"SAyd ‘uerer °‘y pue piaj "$°W

* [(e961) 2zt *SZ dr3r--shud caosT] (L96t) €491 TS "214
*4031 “dsa3 'yz ‘A0IS|IAOJ "Y'V PUE UEBJINEY ‘J°S ‘UIXION 39

{1 'd (9l61 ‘%40p MIN ‘Bejiap-saBurads. ‘cpa ‘epowiys °y)

Kdo3s504109dg Jase uotin{osay ybiy uy epowiys °y pue
(SL61)EQT 9 {Auewsdn) *shyd *|ddy ‘uewsdg *¥'d 995 ‘SIIUIV4L

teuojyippe Auew yiim Adodsoaldeds Jeaui| JO SuOISSNIS|p JO4

‘€11 G ‘El “1OA (LL61 ‘AI0A MIN 'sSS3.4d Diuwepedy) $1011pd

'u0sJ4apag 'Y pue soleg ‘Y0 'SO1sAyg Je|Nd3 |04 pue Jr1woly

U] SO3URAPY U| {015 M put {3143 "A'| ‘2{dwexd 10y ‘9§

ITENEFEFE Y]

|N_'




<(gL61) LE6 ‘Tw $433327 "A9Y “shud ‘kasul) *1°r pue AeM ‘y¥°¥
‘pieysrtad *3°0 ‘A3 °r <@ ‘14425 Cyf ‘sdi(liud (0 M

“(6L61) '$991 'Tn $493197 A3y “shud

‘yupwiJeH Ty S pue naudey Y ‘6uaqsni4 'y ‘642qssSOW L

lONl

L X4

*(paysi1qndun) uvewlseq °y°'S
pue Joxellys -3 ‘ruyoey ‘Y ‘SsagssoN ‘ML ! (paysi(qndun)
uuewlseH ‘y°'S pue J9xeIIyM ‘3 ‘Buagssonw "ML ‘nayde) “d

‘UidJayl $IJUBIIYII

pue (SSdad U)) 'y *AdY °"SAuyd ‘vewsag ‘¥°d pue 3an0JRT “1°fF

*(paysi(gndun) J83133A 'Y pue 3YISoL "I°d ‘32n09I
*q°f ‘oseznye) 4 #9S °SUOISI| (0D 30 1d3dse siyl Buidpnis
104 {e3p) Os|e vse sp|Ity pajidde jo IduIsqe Iyl U) S3YSuUeA

82u243j41p uorle{ndod Z-{ Yl YDIum Ul SWIISAS (DA 1-33ul

(8L61) €9 ‘HT ruwwod .uao.oqmga “x pue oeznuyed *d *{9/61) LzOZ ‘&8

‘sAyg 'p ‘seznye) -4 pue paeysosd °r {1L61) Lol ‘17 s+ana
*A3Y SAyd ‘momeyds *q'y pue ujyeys "S-y ‘yosueq "M}

*{gl61) proN-Sided wu_muu>_c: ‘S1sayl ‘Ja1{|1dAyY S
*(peysjjqndun) uewiay ‘y¥'q pue wioyxsofg *3°¢ ‘oe1] "4 °d

5 *(gL61)

"

1627 'GE s241137 onbysAyd ep jeutnotr !(gl61) 609t Tiv

*Aay SAyd ‘uvewidg ‘y'd pue J31IBA M ‘oeubiydaug )
*(2561) €42 ‘01 ‘yieW "1ddy ‘b ‘422035 *3°) pue wos|1@y ‘f

c(ssdag uy)

Vv "A9Y "shyg ‘uewsag "y d pue wjoynsofg ‘3°F ‘o€l "4 °d

‘uteJIayl L3 B IVENE JU P

pue (6/61) 9011 Bty *Aey °sAud ‘vewsag ‘y'd pue yai 'S

‘€l

pue 7 °Sjoy Ul Punoy 9q Aew SIDUILIVHVJ |BUOJIIPPE SAISUIIX]

- 61 -

LR 13

v e g

D

~
¢




-

“Juawuaren sajerg papmin aui o asodind Kue Jop

*BOTIILTOD ¥ JO UWOTIIND #8IIAUT
Y1 YITA PoIumod TTVES oIV WITHA safauanbas; uoliysuvyy 273998 pI® J9WY
©a9A33q sSUTUNIAP PUY SCOIW TIIAIPQ SUOTSITTOD A1eulq A[UC I9D]8TOD oA

- - 3uizapmosy ammssaxd Jo Aroayy 3owduy ony AQ ITQPQILOSIY puw TRy

2q 03 UAYEY 3TV FUOTSTITOD ug 'STopom dTdmTI ATIATIRTAX LQ PIQILSIIP

3Q uB) STOTSFITTOD 3VR3 ammsse ax  ‘pogoxd ese s3ssasoad [wuols;Troo

YITYA UT (SYIPIA SnoausSomoy wwyj SSAT Yonw Loudnbaay 1qmy) ©plaTs 1379

f3A 11t fLoo€ox323ds UOTININIVS DUR JeIUIT JO S3dadsy [eiusuypzad

-Xd Yy dz7s2ud=d A Juinayixed uUI  *3SI2AAUT UIAIND JO SATVD Ad; B 03

. YoISTMIsIy ) u.ﬁﬁ aa *azojaanyy  *Adodsox3ddls Jasuy ui sjusmdoyaadp

. DS 2Y3 TTT SMMOLIP 03 ITG3FS0d 10U ST A} AITASX JATIQ $IY3 U

*sadugs 2uyT a1doasoaydads lawey
FuiArngs £q $329329 TRUDTISITION puR IIN3dNIgs IOV YI0Q FUTUIIIUGD uiwp

ATCYTTVA PUI ASU TIBJQO 07 323dxd AOU UBD BUO ‘UOTINTIAIL 2398 EI QITH

"$IGTuA UT Jupaamado sIssadoad TeuOIIITTOD o3 Fuiujwirad MOTLBILIOFUT INJA
224 07 FIsSn UIaY 2AYY €21pnte adeye ICTIT ‘IIACAILON  ‘surBualls I03WTTIOSO
TR ‘s9T333537 '993dvanbaly uoIIsUNI] 21WOLT SUTKIIIRD 04 0aITYSRATT
gcirzywd 12 uoijducsgw pITPRiIe SUY Huo ‘A{TROTI0LSYH  ‘padorsasp uasq aaey
233848 d1Tosw Quiqoad Joj sandruyaay dydodsosyoads msu osre gng ‘gadxnos
2959t Jajem uoyejoaxd paswaIoUT YITA N0 PITIIBY MIIQ A03302323d9 Twuoyy
;nuaua.nmu Kiuo 3o *Adessez3dade 1T JO PTITI IYI UF 1£3xd3ul pamdn

-9 ® €333 WY 235 ‘riaTeT argeuni ;o gquezdorasap pidus amy yaly

uoyyanpesIur g

ponnurad st ped ul o ajoym i oianposday

v

< Ayy

2

w\cbfrr.d

*6650--LL-¥1000N "oN 13e1100) sapun
§2ueasay jeaeN Jo 240 'S ayl AQ papoddng

pojuesead ssw .Ebogi- wry

~sumies puw Ldod901338ds vOjoud-oal *Ldossozydeds
TeSUTIY 3O SpoqIvm Fuism sITIFIIAAXS BAYRIINMTTY
SPISINISTD 1 sadeun INTY INIYY WOI) PIIIVIIXS 8Q
WD UOTIDIE SE0II UOTSTTTIOI YITYA U Jatuwm Yy DU
PIQTLI89D 3xw e3dUys SUTY TT #3ATILITY 382 (Uww
$353)39 TECOTSITIOY TITYA QT

fea ‘Tetnovyred ay
*PP3833 3utag srdoes ojwosw Ayl FUTLILIII> wotiwmrog
g7 [ngasn apraozd 03 pasn aq ued sodwa w aj suoyy
~$SUNIY SNOTIVA YITA PIRIIONFE $377i01d 2UIY mOTESTRE
10 9013dI08QU AU UDIUA WY PISWNISTP I syusmyaadxy
*pajuasazd 8y Ldoosorydads xaewy Purem satpnis adegs

CTT TY $3u3TIOTIALD JUSDIL JO AITAII JATIQ ¥

eIy

oduwy ‘Aesip SONTE
€0¢ 3udmIINg ‘IT "S"Y°K'D '©0330) SWTY suTOIRIOERT
:nq!on ‘¥'d puw J9338) Y - .
sjusmiredxg Jeswy 0] sadeys eupy

Li.. vu\uf\ »2.‘. o.!f\&
vl ,x.ihw.\d\ o —

~i

e e




TITA POTTIS #qna PIWRISTP ® IpIsuUT soqvFedoad YOTUA TUIQ JIFET YWIA ®
sapiacsd aarmd uie? 3«. 380298 aqEUMy ATITS pue ©i TGE I FurvITIove
2980T TOUAX Y h.uax JO STTT mr T$°E 93 BO juawmtaadxs wotydrosqe

te 9312083 A ‘srase] QIR Ldoseoxidads xwduyy jJo a7dmexad we sy
sattgosd 3810p ¥ pamzay ey 3iUYY sujy JwwiInsay ayl ‘ugyseney

[ 34 A»vo J1 pre 'paodT¥au ST g pue A jo Idzapuadap pesds ay3 J1
*EHOLT IATION
2Yy JO TOIINQTIISTp AJTOOTIA ayy A»vo puw 3049aa uopivBudoud sasey Iy u
* £3uanbazy woT3IIITRXY wolidiosqu 9yj wodl Lousnbasgy 1SERT AWy JO BuTmMISp
3u3 ¢ '374% TRUOTITIION quIpuadap-paads Ayl 57 (A)§ “(WIPTA TPUOTAITIOD

sard eanied i) WIPIA sncauaoxoy 3uapuadap-pasds oYy 831 ﬂ»;N 913YA

(AeX=(A)S+V A) A
5 (e 2!t @ R h

(B4

w10} o3 3o sadeys Ul YWY $X0J013Y3

SSU. | 379UVIY JIUOIIIITP JOF BINJI0 ATITIVL 17 IVUTS AITAIL SIY3 UT 323339
dujaoled $T3) JIPIFU0I 30U Op Ix N.a-u«unova Ayavan 8] UOTITIUBIY 33 jO
£2194% OAy 9451 JOJ UOGAINIIIUT TRUOISITTOY g1 1wyl popracad ‘amwesaxd
29qm3zad Au;ewaaaqT qita (Frradzguu 323q) TIroxd [wivs Y3 Jo 9urrosten
¥ 9A225q0 O3 535D URILAd uj 21q9sod osTw 87 31 "viIqaniaad Imye
punoi? £q 203319TRI4 9YY JO $33948 Y3 U] ST0IV AW UL JO FUTIIIIWIE
30; uD]1398-3501D TU30D IY3 O3 PAIVLIX 9g UMD YIPIA 3yl ‘3Tyz02d

aga ;o 33aundzos udun»nsuom g3 0181 33T4S puw YIPFA avapuadap-paads

ruw amssdzd v 90NDOIIIT 03 ST SUCTETLTOD J0 ITASII UCTIID 003 AT,

*waluis 9] Y] 01 SI2n3vIf Aau pywm Jodma Ul UTUATA BUITEITIOD

*pauTEIqo ALTIES Bav 20738X SsTOU-O-TwuRie WIN °y
“SuTaspeoIq JO $33.IM08 JgW WA

poxedmod eTQITYIINT #7 UOIRIUNY snajusedde ayl ‘sdJmos JeseY WA °§
- smonw
s¥ey) JO UOTINQTIISTP LITS0TIA 943 YITA SWOIW JO s8w7d-qns L3ysoTea
TealpnyTSuot Uaaid v jo #13joad noyydrosqe eyi Bupjuasaidar owizyesion

pa3JTqs~2a1ddoq ¥ Jo UOTINTOAUO) eyy Lq usa(? ey edege suyy WL 2
*UOTITSURIY SYJ UT PIATOAUT STIAST OAL 243 uf evojyerndod

30 #3TAIAJITP IYY 04 TRUOTAacdold arv 39 ISUBqu} 8113038 Y
*82m399) FuUTAOTTO) #YY AQ PazII2359I9Qd 3xe wopidiosqe seauyy w§
sar1joag ‘suoijvrndod a3wis dtwmojw J3jTe LT3Udzyulis 03 J0u v OF
qINOus YeaA #Q O3 PICTESE ST PTSIJ Jase] SWL °'PYOYJ Jare( patrdds sy
30 Aouanbasl Y3 jo UOTIOUMY w §¥ UOT3TSURII GAATT ® jo woridiosqe oMy
$I013Up% 3UQ *$I2IMOs Jase] FUIm 40 pajiIed LTIFES aq ued WYl smeysde

o1woss Jullpnis 20 endiugoay dysswrd v 87 Ldorsoaydads seaupq

uojydiosqy resuyy 11

‘suwisks TAAST-9OIRY Jo Adoasos3deds woty

~8JM388 03 A UOTII0g pUw wolidrosqy pPaN.MINe O} Al WOTyoeg *Ldodsozysede

vojoud-oa) 03 1I1 woljaeg ‘Ldoasoiydeds sweuiy Jo Apnis 9 03 PIOAN 9Y 1

UOT128S *XJIOA ST} UT Op TIVYE aa sw warqoxd sul Jo sidedwe Teyuewtaed

-x3 213 o=iswydme 30U PIP PRITAL F8IYI INQ w-no..iomn- Ayausdea sawy
£do590132338 Jase] Suiwn EITpn3s TRUOTSITTION JO SABTASI [widasg




-

-9 -

tandyuday sydossoraads Suguyeiqo uj PeoeTd uwsaq swy S1wak Tvaanas ysed
37 0 33svydze qeaa? v csqusuodros w3y 04uy arjload v Suyynroanod

=9p 30 TTq0xd AT I3TA PISY; ELuATv ST auo £doasoaysads xwauyy ug
voyidronqy uwoloud-ong ‘11

aﬁ.ma.oc: Y3 Jo suga
¥ 3q3 Lpnys ena suo Tviiuajod TWO3VIAJUT ay3 JO aed 3uws 3aoys

Y3 2qouad 03 x9pi0 ug .Mm ueyy 23393338 A1e01dLy ‘si9jsweawd  youdmp

92197 YITA SUOISILTOD o3 ATUTU SATITSUAS ST Iuo aFuws 813 Uy (suIpIA

. 237407 [WIIA39 O 19p10 Iy U0 ATuwa »unusauuuv UIT Y JO 3100 Y3 03

PRITIISAL A 2“2 puw 1 P2 91 umoys v3ep Iy, Nﬁ.u,cwcu pUw sajwa

: GOTSITION JO aduapuadep sariwradzay oyl Lpnys oy £2958y08p Jo amiyvaaduag
233 Lrea LTp29d wed suo IBY3 PAYOU aq Avm 3] ceadrwydetp Sujmm Aq

Aruo A17923d935Ca100d8 patpnys A7jpwax 9q ©udy jwyy £aswd savx Iy3 uy
SUSTITSTVLY UFRIIID aav 212y} ‘sysATeU ay3 sajwsprdmos 8I0TINQIIINTY
URIITIUVR~T0T JO 33RIISTX2 AT UTMOYITY 33938 I1mOI® punoas L3 woag
$3339372320 3u073)sTUI uo sjulagadxa uoj1dioeqe up ATuo pIptoaw AT337238
9 T P sUICIIAdXR 2qny AAINUISTP 9A0QW 943 JO UTUIIID UT SIMDI0

$3033N773331p £31730T8A s1w38 [WI1TUT UBTT[3AXTN-UOU JO UO}IBIXD ayg

.Z.oﬂ.auoa- 9AT3I9% 9% Iy puUw Ay UITA pIRI0sr3d UIaq sAwy
s12aatiadxa re(ietg m.nuﬂ:oa 09320357y A1913A3% 01 SPWAY 13 sUeay

UOF1I9IIOXI quvUOSAIL-Uou ¥ ‘$19qmi13d sV gmow ay YIIA |, CUOTIEIYOXI JO

i
Za33U203 Uwaosaz-tou w 03 onp 3q Av2 Teycsnen Iyj jO UOTIWRAID 3y3 JO

MWD YL AIPMIIT 1UILITTIBEXI UTYITA Iamesazd Jo UOTIdUny Jwauiyl w

lﬂ-

SUTTEAI DUTIIUSIOT OYI JO TIPIA oM ‘Jeasacy ‘OTIyead e, s

JO WIPTA 991 U0 1303358 Purpuodsarrod w S} eXaYy I9YL PUV omesesd wmyia
JUPIFTOD SUTUEAL J2FUOT OU YIPIA UWISIMW) YL 1By} AOQS LTINNTD wiey oy
_..-«-.445 9T3J0xd J23J9 PIUTEIQO IUO UWTZIUILOT BYY JO PEW °*32000L4m0d
qeIEsmE) 2y3 Jo ‘aFjoxd 31PT0A 93 JO UIPTA 3WY #AOUS 2 Fig Cassasmy

~19d 3% F@O3® X QITA PIIWOITAROD 920U IVYAIWOS ST VOJIENIIS QY

0zt YIwoldde sinseasd

943 ®9 012z 07 23184009 puw samwsexd Jo FUCTIVUNY JRITIT OITE ese

PIITAS WYY IIWIIPUT | #2UIINIHI WOIJ USYEY WING LTIy Jo emrws
PN BYY WITA Juawesse UT ‘0293 sayowordds samessid emy wv S e
aNTEA Yy 07 9322aU07 puv d.mesaxd Jo SUOIOUNY JWITIY oI | P14 wy
P8370Td SYIPTA JUILIIITP BYL °YIRQ I3 JO dInywaadmay Y3 3a0qe LTiTPire
*omssaxd QITA JUPIEUCD SUTWRIX UWISSNUH QY JO QIPFA WL siaqmmiysad v
20 3N ‘sY oyl 28Y3}a Jo aanssaid Jo DOJoUNg w e Y FI4 Ul ueous et
3uauodwod UEI3TII0T IYI JO YIPIA Y *(1) w103 aqy Jo sargjoid Futersee
Kq PIVTIGO #IW SIMSIX JUNIFTEVOS ‘anb un 308 #F sanpsdosd TGOLIRTCawe)d
~-ap Y3 UMouitTy ‘syIptA J97ddog pow snosusSomwoq any ‘siaiawnred sayy
oA} Yita adwgssuly et Jo a71J0ad 9Y3 8137 BuQ  ceqni SOUsI el @ Pujen
PoMEPIT TOTITSUSIY SWSS BYY JO IWYJ O3 SAFIeTaa oTj0ud sujy #qy jo efwe
f13amfe 9uy Jo wotijsod agi £q paumIalap ST IITUE AW -peIdetdew et
s pUw X 3o souspuadap-paads ayy puw avyssney paEnsee €y A»Vu 8109a (1)
gojinbe 03 BuIrIod0w saamssazd Teisass 19 perAreuw o] oar1joid seyy sy
c.no«uuoa-v AT31NUIN sveyd puw SBINYINID UYL JO UOIINLTIED S4UA ssenbe 9
Sugen Aq pIjeuTEIT? #7 TRuBis pomosPyseg ‘pavuwds 87 Lowsndesy syy we

PIpI0JaL 83 XMTJ 298wl 99} Jo yawd patlyrdwe 2o paqiosqe g .-£~




-9 -
*9jeie

#39TPITIANY JURHOLIL Aravau w 37 223uy 3y paswequa eq W L33119vq02d
TOTINITIXI Yy, *8I33MOdTI ATTI9ued ouo A37r7qeqoxd UOTIwI}0X2 TTwuS
353 fqQ TIITITT 8w eyaraass Teudys 377 ‘eatonas a1dodvosssads vosssoasd

CI7q 107 sayyrrrerssod andymm siaizo uoyidrosqe uojoyd-oay ymoyiry

. aw.mm.no»nu-
P13ply TY $3s933028 TVTOTITITCO Apnis 01 OSTY paem n33q ¢eq uorrdrosqe
wolel A1 ‘A71392a1 daoW  cTasaT 2TqeiswIaw ® Toly 2dvrd so¥ey woridiosqw
‘asw> fIul @y nw.ﬂBua o>3u,¢ S 3N YITA N0 PITIIUI UIIQ 8wy jusmysadxs
TR Y C(£I23802902d3 twawT WY paazasqo WYY 6% JIIpL0 Ims 3yl Jo)
TEI/ICN CT 20 23720 IUY Lo sImalayzjace Fujuapmoiq Teo1d4y y3tA 't c81yg
20 250Uy 0% atmaasalin IMTTuls W dAwy sauiy oyp  c easwd AT2T SrOTJUA

30 35755230 33 0o UOTIINNG 3 BV SUoTIISumIy (Gq~cC vU¥ 5¢-oC) vy Jo
FOYIITIXS ©2109d OAY 20 I5T4T p8 4IplA A JO UOTIWTINA 33 PUTS O3 ITQY
$1 auo ‘77 acuaxazay arv tautacyiaed oy ‘(ne 't Sa3udr3jay) sdnoz? 130
Aq A7standarqrg wuw ¢ JG70a3 5,00uPRA fq AYTRIAIUT Ano DPAJIINT TIAG damy

co

29229 TEUNTISITTON LHnas oF peuPIsav ArTwatzioals €iuaTIIAdNg

“P33JTI9 PUW PIUVIDWOIQ UOTSTYTOD 87 1vyy adeygs

STIT TUIIITIZON W GIIA003X VO *33TUS Duw WIPIA Jo oGapuadap paads gy
£323779u 330 37 *atiiamxAcw 9Qq T¥) pUv WRIIIVIIOY Inay w 13%coT ot
33T suy  *eT330id 3UTT AY3 UT 31770 puw qipA juapzadap-pasds u Puen Lq

Peyszododuy oq Ty SuUOIE3T[00 *ALdoarsosydrads 193UTT JO 2393 2y} uy sy

AN..nvuuuuua 8133 fim qro’ patimes $3u93113Ixa gotynyosIx Iy Aver u9aq
JARY BIINL  CITARITEIIT W 1WAN [VUSS prw TUTITIT Yz 37 Artetoadsa

L] -~ - - - - - -
SAITIT ACIINT A79T315%9 ulviqa O3 e7qiesod 3 97 ‘ardrompad oy “8TasaT

-l -

UOTITSUNIY OAY OU3 JO WIPYA snosusdomoy eqy Pwyaey o«lﬂg syPate

® 03 830npex adeys SUTT SY3I DUV STIASY OAY a3 se1dnod Jo1ssvde s

Auo *192J93UT JO 998U 190m U ‘IBAINOF aduls JTYT WY OF wWcCace
«1J3000 OA3 04 fuypuay ‘avo retodnipwnd ¥ puw so3w3ado IETESS v jc W
Y3 31 203929d0 SIYI INQ] VAOYN TadQ fwq 31 ‘adeys U Ay SuTwisise

x03929do uwoyydrosqe wojoyd oaj Iyl *SUOISILTOI JO Iduasqe sul u!

*TRAIT 9IWTPITLILUY AUNTOSII-TOT ® QITA L3jsed auee Ly 3o € s

oaj uaslmjaq Aduanbaxj ames syl Jo suojoyd oa3 Jo gojilioeye ewmy .
319332 aIv A ‘ALdodsoxyzdads ..noaonnuoa.. Aq 3wy pajou aq pTmu.v
‘meaq Y3 JO uoyIvziIvIod ITQUIINS AQ PIIRUTUITI #q U 3 ewwas ssew
33 JO @uo mos; saojoud m:.wuawdaou%u oay jo udspidzosqe aci; ol w

Teufys pmoxfyosq PEOIQ ¥ UTBIUOD Avz OsTe aryjoad ayr -e4j33e 287 w

JO UOT3IBTIS2UNY v £q DPaplaocad Sy TUUSYS $IGY JO BIMINT 8d1j-22" Si.7

Y] -A3130072a 837 JO $8ITpIviax TwuBls Y3 03 SIINQIIICOI EOe _-we

POUIa: BIYI UI POUTEIAO 8] TOTITEUWSI QY JO £33we8 YIS DUW tery o

#q3 JO YIPTA Twamiwa ayj3 Lq pasjIaidwswyd ayvyjozd noyidiosqe ©w ‘per.wa

€7 §§ SY CT30Uwd 83371q9 197ddog Ayl - m 3 X0 3vqy LJaivipemmt
g M2 - nu\uﬁ -0« Au\ub = ) {7 UOTITPUOI IIURTONIL BUY ‘wwwsy
25687 (T~ = 3) Supjedwdoadaayoncd 10 (1 = 3) Fujyvdedosdos i3 pesi.
~0xd axe y Aouandazy jo suojoud UWOTINITIXS Y PUS M s} L11Ivd swws ecy

30 STIAOT OA3 B3 jO uojiwredas ayl JI ‘IWSLJ 388X ITWOLE #G3 U €I0j0ed

oA3 30 20334108qe JO3 TWOTITPUOD SYY BIITIA BUWO JT POOISISPIM LY Teve o

paatoact srdyouyad eqy +Kdooseox3dads ss13-191ddog wol0yd-0as jo vy

61-S1

8T padoTMAIP 733q SUY vyl POUIIE ydns sug -pesesaddne 91 jssecdwns

2a1ddog 943 uoyga uy seryzosd '3 Jeyy 1j-197ddog AyTetAT LEL I 231 )




- ON -

o33 PUR STIAST DOTITITNIY 84y Jo SATINITY 843 UIWIIA Fuprmoso U so07e
=TT10° jo Jommu agy £Q peut=iaqsp uanmy ST TOTIPITTERIACY JO 3howw aqy
TITITA - STOTEITTOY MITIIMYD £373073A JO 91W2 AP Aw - .»; H = 1 PUe
FOTITTIND 23d aPreid £170079A B W ny Iaymvred ayy uuy.uoﬁ.:\:;u auo
‘23r9rc: cTamsay seniyisud v 09 3271313232 IN0YIIA ATWI 3 Y)Y riuaTmod
T®23:32 ‘tousay toisyyTon ayy 30 9mieT 513103ds ay3 wo Jnaroadap sy 2 leys
IVIT 31 Jo w103 381531d AU yAMCTITY ruinq adqmised ALY TITA sWIE}TOS
30 1Trsaz v ow .» 01 A =3 vIuwus v o?rapur 01 ©OIW Faliow v I0; 2213
e 2ad Lyrezap xﬁu.«namunm 377 Soraty A» - .wv: TINIIY UDTBITTCO ¥ gamm

ATTez3us? azo ‘SUOTSITTOD uy 833uRys £313073A 3712839 03 Japio vy

crodoa 271 wyjuITA Putiayywos 07 astx Furatd —wyquased 3ITTCINIALY sy
INOTY I9IITTICsUT U 03 ISt 33 few tw Jodwa aqy 27 7m0 savsasoxd
T®I2ISTTI00 ST 2irwa 94y £47avrax avyjoad T0T3 10839 Tajwimave 3y pravy

21 a1 £q pasvasd (930937 xrivz fyysiap

MNTp) FroTivindod agy o
TOTINQTIISTR AITD0794 TRAIIUI-TCT Y3 Jo dOjiwrTrar w 491 17T FUOTSITTON
“123353 pUOdas 9 8Y 31973 uniydroew parvsnyes at ‘239209 "uofidicaqe
FRATIT Uy e ser{ tar-ard unsedancon a1y 20 raut iz [ AS S-EXLD

ANy JO 311393 v pue .au.ununlo.; ¥ SV SAATISIINY 4833 TrwT I3, 2997

S{(#193TITI XTIITT SITTUSD TWIOPITp-3j0) acvasatos T™57310 9o smoysgrron

40 323]33 Q3 ST 1Y ‘I8114 cefva ory Ul ot ATYT Y I33uI EuoTs

~ITT0)  -oleks an7r [rvida0 Ul 03 a87s saA1? CACIW PITITWTLIINE A[Teriowd

38973 o3 U331 L106@ 2902d 3y Y TNTISTTINEY Tvmzaua epreact ba AN
03 €CIINATIINTID AILIVY K173 ITUTI SUGTSITTON 'sTIIW Jo sreto-qns £310019A
uduJ..S..nsn W £3112%3 pya3; dand PTY 'HA0TI0) £® PaAatA 91 mwa ssasosd gy

0,5 TINITNCT 329 5IIwLT IV 271 WSTRYTTON 1o ddnacazd ayy me

1
v

-6

ﬁ.ﬂ-.:». STWOIS AIVE ST PIUTEIQO UIQ PAWY 2AL3 STWY Jo SeTieud mmasmg
‘TeufTs eyl O3 WOTINQTIIVOD FUTYSTURAUOU 188A0T U3 93 Putpvedss. ~.

=18y v ButuTelqo S} U0 IDUYS ITATT PIAYJ TWoA, ¥ Jo Weads T- 110 W ew

*9qoad ayy jo uoyidiosqu xeauyy Yy Fuyjuasardad 3 J03cws v o ;v .

damd ay3 £q paonruy voyywyndod jo IFuwyd ayy Farivasardm L e .
~pwnd » 3o pasodzod e7 tamod S7qrd #YQ3 tapniyrdEw FTY; rec ‘e
eqnd 3y3 o3 Tvuoijzodosd sy ®9A138q0 300 YwaPls QI WYY ey .- 1w

€193 3yl csanbjoysay [vizTowiia‘re oo =

sy , Kdossoridads voyqwany .
£q palvuTEIT 2q Ued punoxdnovg woyjdiosge JIPIITY ¥y ERRdM T ] -
371 § UIYITA) O = ¥ I0] Aruo o13z~vouw 7 Teufie Qi Li- ey . s .
Y WY ‘U ~ m ni Furawy SWOIW 23043 YITA ATU0 sioe.e. ‘. .

qItA FuisePedoadiagmod) aqoad ayj puey Jayso gy uo “PIENLAT T W »

”qy T Y YA ¢ = u: SITITO0TIA ZUTAUY §TO38 agoqQy L 00 8817 10w .

*poolstanun Ar1svd s} TOT1LI0SQE PIFUINIWE JOF UOTITPUCD S:T8C"sas -

csareyd 2e1ddoq 4o 3cc e e =

® 03 enp 87 17 *£doos0x158ds uOjoud OAY WP FWBINTA ‘s 4. - el

TRITIUIION ADIIVT ¥ JO UOTI 828 OU} WOIJ 9asyse awvoless acy ;< o~ o
o317 ya7ddoq 8Yr, *QIPTA TEIMIET BY] JO IIPIO 873 UO 8¢ T~ v ¢ .
o3 JO YIPTA U3 ‘SUOTSIITOD JO 3DTISAW Y1 G Teuie 2y o o -
$871100TA TUIXE JO 990Ul AOIIeT ¥ ATUO FATARY SWO3® Sd81g ex -

wS8q I8€RT PUOIAT ¥ UITA FTOIW 283y} $2q0Id PUY EWOIW JO FESTomE S ..

TeCTPnyjRR0Y UIAYR w #370x2 03 ( dond ) weaq JareT ¥ san s90 ‘L

uoyivInges uy °Kdodsox315ads wojoyd oAl JO WYY WOI SR STT PR 4 W ¢

93Tb 97 paaroauy ardydutad eyy am.-onun- WL 01y Jotddowy vre e o
£dore02133dg TOTIEINIES SN VD U0 SATIPLINITE STIINEINA Bicw & &

vojidionqy peIsmIes Al




am.._d.»aou-
~oxy3ds voyjezyIvrod 97 sandyun23y 9wy Jo Jerndod jsom our ceoyiwax
on«oauonoc,duwwn.uuf.wun FurrtatL Jo Terimasod 3yl aavq jwyl siusurradea
90373219858 PIJEMIVS O SUOTIEITITDON IS LD IL)  'UOTII0E X3V IYL 3T

PITENISTD $TALSAS TAAIT-223Y3 TP PAIITTMOOUI 43G3 O3 IVTTATS ST 966D
£33 ©y aduus VYT WG *91I0 ITGUTIeA v 3qoad 393 puw Aduamdoil paxiz w

Baiavg dard au3 ‘euvaq xaser PuyivSwdoxdrasunod jadpaadeput oay Fuim

poz1oz19d 9q osTe wId woTidiosyu PIIBIMGUE 18U PIIOT IQ PYOUS 3T

“sImTTA d13yds pIIY wens 239097 dpnyReSem

30 813p20 2q ued (siajawwred qoudzy Ja%reT QITA SWITBTTTOD fFurauagazdar)
*3°3°A JO $331JI DUV BUOTIVIB ISCID J0F BANTWA TRIuITTLadxy

mm13.uﬂvun»a 13910 ug

PRITEIYD TI3Q IAVY SUOTIPIITA JUaLIT-UOU JUTTWIS °*AADY0 TIQTIISIp <9°2*a

year 253 Jo tasazd 3yl JO IAY152IIas A7ucrie av wyvp uoyydiosqge

PIlTanses I, *paferdeTp osTe st uoiadiocaw geauir jo o»N YiplA

L

Rurpacdsasaon agy wostrwd=od 03 *3x £q paqmizad saolw aATIoE @
X

M
JoJ ‘uro%s ST AGYT I X TN TGCC 91 0 T0314109Q0 PIIB.MANE 03 A7 QIPIA

3zamnizod | T9IzIUaI0T, 9yl jOo »r3eaxd giTa TITITIRA Y1 g V4 uy

T

*313qmia3d oy 203 n7 vwEl 237waz? gy sraamaaad Iy 105 ng
1993 puw asnssoxd Puiewasouy gila 3TO Temrayl auy uvovorddw syjpia w0
33 93503 31 “A7asv303lsog 'emam 17 MR o2 yata t3tacta woip Pulsire

$379°0,4200 Q3 59 WIrTA T3t Jo axnegazd mita uniierivs ayy vAOUS oEre 8f

-1 -
€ ‘¥l ur ‘A ¢ ng X FuUTARY SUOTITLTOD -I-._.u =y Nirire pmmasreq

Y (€) PUNOAINIVQ UVTRMMED DPITTTIRIINY L[018TdmOd ‘peaiq 9§ e FuTpver
SUOTSYTTTOD .Qu-.c_ moxl Juysire jnavodmod y (2) *2°5°a am3fiavcer Moiaeq
40U swoyy meay JUTITIV URIIIULIOT AozIeR Y () :ar1io3d sqy ©] sjvauciwcs
0a1q3 AJJ3uapy uwd Iug nw.o: Aq paqamisad swoqe #afidw 1y i0) ‘uacqs

ST SUTT I IY WA [G¢ 3 Jo aryyoxd uoysdiosqe pajwariws vy ‘f Py o

"y °S74 pUe 2 *B7J Ul TAOUS ®IWD Y3 UT UIIS 9] UWD €3158373 asdui Ty

*EUOTEITTON Yuan ALIATINTII #8343 IO SNO30 T smesazd C1ia Uipta
SUTT Q3 JO UOTIVIIEA JVIUTT-00U ¥ A NHAJ UITA TUILIU0I0N ® €] o901 omy
‘saamscaad 9091 AY  "PIAITUIN €} A > nQ X ATATT SYL PIN T A e swad
~0mOY DITIPROSQ TWOYETTTOD Yy AQ PIUTTIINP ST A PATRII U} 97 si~vea.!
Y3 SY  "IMATY U UPI2703207 Jesdde Avm SRITIYILIAIU yIT.a sar i !
P23I018TP 03 SPUIT UOTITPUOD SFYL "Ny YTVNS LTsajietad 40 & . "§ 2
SASY TED VO puUv YIPTA TV.Mivd Y3 LQq PIUTMIIIIP 8F A ‘sasnesasd aire ¢
*gamseaxd AOT ¢ ITI® UED 303338 PUTIEa1ajuY Ty ‘sdwge STTY #TL saive
Arateopziudys 30u op Layy 39Y3 XWaA O8 81w *3°3°a ‘A » ro ¥ J: hd
SSMOYY ATION DRITTWRMIAIYY ATTPa0ISTTI0d Aq papiacid 8} ysencimo: zeisers-
#s0uA 3T1joad 39704 w spIWAD] SPudy adwys SUJT QY ‘Paswsscu; V- esrees.
a9qmizad syl sy *9°5°A 93373 JOITUONW O3 PIST 8q TEI slwTe ecyt s - e
o71J02<¢ moradiosqe paIvanIvs Y UL PUNOIPRINQ PROIQ @ OF TRST v e
‘awed syuy ur pratl domd ayy £Qq paiwasd LN, JO 82T it~ ce.
Y3 WO SLOIV SAOWIL O3 YINOTI PUOIIL 8IV FUOTSITIOY ‘{SO1119WesL em
UITA PIINTI08SY HMd) WIPTA snosusfowoy ol o7 A] A < ny v 1 N
TIMSM 108080

JO 83¥¥d OAl °NY [q PITTISIONINYD $] YIIQA DOIEITTOD sy ;¢ u.Pwes s




-atr -

qioq * -uourno-z 2a198q0 03 37qIesod s7 41 sFuyuniep ajeipsmrasuy jo

259> 871 204 ..meoo Tvnogiaodosd sy goyjdiosge aqoxd auy sJuyrmyap

28T JO TTUTE JIUITI J04  *(WOTIEITeITWD aewyd zatddoq oy Putmo ‘pan

axe Baama PajiwPrdoadiartmon J7 3137 Yy Jo FITA0IYUY TWIOTIIPDY U aq

Ul a2avi) Teadrs 207 01 FITINGILITOD LW FITATIOT3A (UL IPnITIuoY ;o afuwg

' Aozreu ® v awy swoqe ATU0 4¥U3 J0WJ UL moOl) FIVTIV ‘JaA3moq ‘SujT 83
JO e1nqva aaxg satrdden 8wy £707378TILY Y UT PIATOAT] £I1919 Yy JO

BIDTA TRINLUE SYY JO JIDIO Iy ud SABATY BT YIPIA 9177 sup "I073dI0sqe

23024 Tmzixez J05 uoTITcod By3 #9 T(X/ A2) = ,{ SUTLIGO IUO UCTITFLOD

3

9OUVI0SIL IGI 01UT A JO anreA wry3 Zupaniyasang g Ut damd ayy uitA
AWUTHEIT 339 Layy WY YINE Y/7 = A A1tooraa Fuiawy smow asoyl Sursooys

Aq UOI%930Yd TNITXTT ¥ SUTYIS0 IO (§¥IEmIdp TTYIY) n¥ > 7; 21

SE00T1YISCRIY £-2 DU 2-T INI 'ITA PABII0Lsw sasayd 1a7ddaq Uy

JO UOTINTTIOUED IG] WOLJ BILTIV STOTITDUOD UIRS JIP'M IUTT 353 JOo aSriwu
333 sarddog Yy *ITQUITRIIA BY € TIAIT T ATTeIdsdsd ‘aoxren Lrewalixs
9q Ued YIPTA sTY -uovIisves] wojoud or% HYY YITA PIjBINOLER 36 QIpIA
m3e3 2g1 03 Tenta Aisimmtyoxdds a7 atusunsag aYy ;O GIDIA WY ¥ x X
PU® T - = 3 J7 2941 5330U 3un  A32079A WOW AT Arqeqexd 3302 gy
€3 N 3IITA n{,X3 + X) 99T nuu«r 3O.Uuj8gNe) v PuM. AN\.Aqr . «5 - 33
ﬂ»m TIPIA JO TEIZINII0T ¥ 3O HOTINTOATBOD ayy o% uaﬂcu QUIT Y3 IFVD Iy}
2y g - = ,T TOIAIDUNI IAUMWTITAL YL 07 CPUIT ST, (D = u: atjsoad
2a7¢%00 993 jo 2124730 34y 3 T 2178 .6. £q U0T19ITOYS TNETXET 8UTVIA0
auo (TPuiumiap aTI2T) NX << :_ 31 .u> esmtonne £11007aA 333 Jo 83%0M

#yy £q voTIIpPmO WOTITOTAI 1yl Fuiiysyiws uy wopaIal) IWOS STTYEIL IIaY

*SPTeTs Purivivdoadiaignod 203 T= = 3 pue Supyvdedordos 205 tes
T '
A(3.4X) + 0= « 7 omsrmbes eovwao.ax W50%0ud-0n3, ¥ Lydats 3 woy3Tpwes

STRI SO jo sweroqns L3100794 wowa so5 € Te48T 03 vOTIwifIxs 208

TUOTIFRUOGY 3UeuOsal 9U0 LrUo Y 9193 “sUOTSIIIo2 JO #OUILQT IZT Ul

w.comﬂi AT3vazanosuy axw ¢ 18asy

UeQy JIYI0 ETIAIT uIYA PauTe1q0 2q o¥[ uwo sadeqe 8377 vorintosas yiy
%Y “I943207 ‘a30u A3 sup  ceywye PMo3 273 7 v raaar SIIYA swwd
97} IBNAUTE 02 JURINUOS H>\H< oaTy .c?a« 9w m« - m« Le3 T T4 27
UF 9peasws preadn aq3 Jo #5ws 3u3 19pTeu0s yruys oa *315123d 2q 03 ‘ang
(ST1) TIsL8 Toa9T-032T4 -«.ﬂ 3O $UOTINTINA Loww axw Bidgy () e .9
Fupmasp 2qod 943 jo woyzomny w sw PIIOITUOR ST £ T3AST Jo moyiwyndod sqy
PUS £IXTI 3T (M-5) = 9 Buramiap damd ayy ‘Teaavald uy  cyyasat osomy [ Y31
83388 Ledap Tm» Y3} PUV ITIAIT MOTIWA oy 402 #33%1 Sujdmd quaragos
-uy judsaxday u« Ay (4™ Juyaq Aousndaxj woyyyemeasy €2 33} € toast
03 suojirsuvay ajardwmod 03 .Quu:o:and ‘5 Lozanbazy jo preys puvsse

v #337ddv ‘cotyyppY ut pow m fuanbasz v wey IuA UCIITIUNIY 2-T aqy
®AYap 03 u\u»uzuﬁnﬂa 'y Kouandasy jo prary v sayrdde ‘(S "PT4) T Terey wy
gojjendod qIfA siress oo ‘1cempiadxa Twotddy w uy s zevey c,‘no.“:ﬁi o

sandax syuamrsadxs #¥ayy Jo Lrva q¥oyqsre * SR8l tessv-saumy

12 ‘2xCy

Bojam suoysIrIOD SITPNIF BUC T PIVJTIDIZ 8 TR BopIWnITe IR “ysaey
ﬂu>uu * RO 30939 Ayl 93vy08y O3 vgun&hg auT9W08 8 37 pue s«u«ga
993 jo #33w3s gi0q Jo suojietndod #yy uy amado 8138338 *3°3°a 3N YW 0y

$21pn38 TRUCTSITT09 Bolidiosqe paswrnive 30 alviuwapwety yRtls sug

kg 1A ~301QL °p




- 91 -

SAT123129 £315078A w ul pedmd s7 31938 pajToxs IR 8Ql  23ruvIy wOTIRgYd

“¥3 TUICTEITINY JUVUICAI~15Pnb £q PIAITUIW 2q U®3 BY JO d1w3im PIToX®

TB 0 I 10 I3WIB PAITINI UR WOy J3zsTHIL @arslt q9gy oy oo..ﬁunuuou
e3uerTend TIA ¢ pUw 1y Pajen pamrojied 3vanisadya Amiuanaydoosr v

ratrdTme ayy jo woyyvr

~TTL:271 [¥11red $3270U3-U0TETTT00 ¥ 338 WD 10 ‘samPyy Ji0q ay ‘(g *PVd)

#3672 21437 £q parmizad we at

T9 A3 cvIT A3 pm i ¥\ a1 L1 panmiaxad
Ia . !

Iy LE] SMEFPIIAIT A7 AND patarma ATIHA035 AI3A AUTLUT STIY 03 eacIW

EAS act
~1221rd STAXAIINL CqUBIETOD SUTETAI IAIMD U1 1AM wary ayy armsegard

A9l FurnoIdur yte COTIRNTITEBSRY) (WhpRIR ayy aiou Aew L1k} ‘TemIaY

L

TOEIITTTAI ML -Te ST 3% Furen garvseasd Y813AaC 308 | 974 uy uacue

aze mta, VL man w o ang satgasd mtilionne aqerl o arcany

ey

cavitwe 3y UTyrTA Puraaiivds 03 asfx

F71a1" perizaind rrmosesainy auy Ircan FITyLaTO0 12;1Y 03 raT aq few
LEARLREPSL bt LERNER ERIET IR LERSTIE T oS TLERE B DERRE SR TR +3-UN0T ST 1 j 3§ 54 g (H!
33d £3197raa 1t 33maua ey A TR D TANAT 0 AMTIAILY HUL UTULTA

> s~

TTIAN 2% CAIRL UNISITINN Uy MU e U eUNTeTTTO) I iaTma any fq

PATTAINIAID ¢ ILyivIITRIR Plol LN}

Toan uatanataasyp K1109TaA 9gy Jo

uouuanAqtnncuuusuﬂushnwdlu TAAIT 0 USTIEIT XA MR O] 3TT AL SUOYERITTOD
1
Tod e (AW s e (UT e ATy

Cod e (vt e Ay Ty .

T e d Y

1739334 asw gueteproas naa IM09 8nAT13WI3307 FuTAOTTOF SUlL

1 e

TTEATITYNTIL 27 N1 ey Vg

TITINIMIAYEY AYY O veTAvILOJ

-~ g1 -

~dY] UTIQ0 03 #YATIsed 87 37 ‘o.messsd Jo BOTYIMY W e ssT1302d ay

Suilpnis fg -

FTVRIq] 0% pUal $IOTSTTTOL FITYA wojrerndod 2 yasst

Jo sTeTIane A3ITI0TIA UIATF w e37oxXe rater dand eyy ‘ny v} "2

*{eamioniye auy;radsy

pUNOIY mOI sINIIY
NY 1l°C = ,7 9% DaIRITID IDURPUISIL AOIIVT FICIIW T3 cass frreayd
9JV (T =~ w3 *GIFO'Y = ,¥/X *nY C'n - = ¢) 9vw> Bovvmyap afrer ey

03 SIOTETLION JO 3323339 95y, g 'BIy BT wAOY® erw 3y Uy 3 paganysad
am\m 2/t

¥19p teiusctiadra jmacay TLEESET Y

T S
ot &F 05

Suyuapwodq 2-1 243 03 Twuoyizodord 81 #oUWLIEIL () e ,9¥ 3T1 JO apryyT Arw

mwg ey wo

QLY “JIA0IION  CEIUITI L JII0D 3ITUY DU PuTUIpWOIq [-2 ITI UTEIRO O3
Pasn 3q UWD IDTBVUCSHI 7 - = ,7 U3 3O JTUY PUW YIPIN a7y ‘amesasd
Bupevatout YItA ea0td WIYA O = 7 3% sreadde aosvwcosal Adu v ‘euagsmy
-13d we3 uPyato] Jo 30UWasard gl UT PUW Y - w= 7 W PIIII0ID I URUISII
sug A(uo 8] #49Y3 ‘PUOTBTIIOI JO FIUIKAE 33 B N33O0 WS O & ,§ 39
PII21022 UOLITSUBIY €-2 avy ud volidideqe aqoxd ‘2 raaar jo wotiwyicve
POpTY ATTWUOISTTION QATM 'UOTCITIO0 » PulaoTiog APie3e >113U1Y ,ewm3e
ayy ut sFreys Purpuodeallod ¢ Ag Pajwsuadmod Aou $T M PU 1IG UIIAjEq

KB13ua Ty 20UIIIIITP YL, “Iqunyaad syl ST J DPUR | I3wis UY wO3I® aajyne

/My 9y «< I3UA J & ~< « U+ d e A< TO130%aL Y3 JO suesm L4 2 (aaey jJO
UOTIVITIXD SATIVIPSI PIPTE A[TYUOTEITION ® WOI) 3TNl e ¢ = ,§ AW

PIIIIUID Omujauuﬂno-o.— A0 v ‘quasa1d SUOTETTITON WATA MY (< vt

*Aysyvaviss 2%oymmsap TTVes pU vt

1% YOOT O3 JUITUIAUCD 2JOM #F 371 $309J)8 YPUOISITIOD rnyuf ©F

m;.fn\.n: o VPV Y - ¢




. - g1 -

“6LET ‘19QEIAOR - 29q0100 POT1Id Yl 30] puny JRTOYDS

Q3T TPiaqIMy ‘0710 LOXILIY TRAWY ‘5°n dmwy fg parrcldng .

£000T “X°N ‘Wo0f

AR *A3T1madAtun YI0X ASY ‘jusmiseda BitsANg  1e2aIPTE 17aMNCIAg

822U PR EI0UINNY

lFﬂl

“Ldoasorideds Jewey Jo sedwue sayy

vimIwtIedxe *OI3 UTRIqo 0% edoy wud #uo ToTiwmIoguy Jo edL3 ey Jo syuas
% pakoauod dauy 03 24O A BEITIYIIAAIN  “ewedq dTwose Buism Ldode
-03302ds IISWT pUY ‘SpOTISW INITYTUIY 0AIIROS *(FuTiirrde yawig t3°w)
$3090J39 PTIT] FOOJLE ‘I0UIIBIIONTJ P0URUOSII ‘TOTIVIIING SajieTped
POPTU-A[TRUCTSTITCD ‘UOTIVITOXI TEICTSITTCO vPayeresy sasey *Klcsscuidads
70718270570d 'TOTIEXE{AL OTA2UTNT DAONPUT-UITEITION ‘SUCTI[TTIY SFURYITR
IUBLCSIT "EUOTSITTOD ITISHISUY OIw syl Puoay 1°W ¥ PIESNITP vIag
30U PARY SUCYIBNMIOS S4WYS IGTT PUR €2883502d TRECISTIT0d Jo wydadew
Pu1isarajul fuwa ‘L3188303u Ag  CwIVD TRUOTEITIOS apyacsd o3 pam

9¢ WRD £33919 JTwOI® YITA PIIVISosse gaduue auty dvdonscrisads sawey

Jo Apnye 9G3 yoIga ©f SAVA ayy Jo amos passnceyp A 911q aawg ey

goyenyIuo) ‘Ip

cwmsyeds dDyEDIe
u3 Sutamooo saseedoxd TVUOTETITOD jO Pujpuwisiepan 8, ec0 oi1af 1qPie
-uy [eIOTITPPY ap%A0d TTTA $11 PUTATCAUL setpnie oaming 3wyy si>adxs
2U) "933qM233d ¥y JO Iy puUw (df) N UdsAjaq PuTiayieds aTPow sdrey
nreTdxa 07 3UITITLMS 30U 87 Tepow 3I8uds preg w 8103FPne jegy ‘evdme

-x® JOJ ' T® 19 OF]T JO wiIWD 2Iq3 WOIXJ IJUIPTAD =09 87 813yl - sTVIEIIoL

(39
STROIWIAIUT 93 L0] SYIPOR INOJIVA 3833 OF eyqe #q 03 sadoy AjsjwwyyTn

euc ‘Gl UITA pe3wioossy sadwys SUTT SUY JO sATPNIG (Ryerwd Lg
*13J9U913 QY 330J9Q DOTINQIIAETP UNTEMMEY w LQ “ST1I2320INTD GUeA
TDCIW DY AU IR 310W; AUl 23%desp ‘L370072a 2y ayy jo fuowea amce aTwIs]

FEOqe Ay 23 AWUY AOus sITREay  ‘racold w1 sjwie palicra sy rov Jsuvew




*(gL61) S%9 TT €
celyg °p ‘gumrag Y g PpUV JI3p Y ‘xmuqoy ‘@ .w,.n.:i *3 ‘owinme) ‘uyg
S(PLET) 6207 “TIY “Asy tsAyg ‘venteq cy'd PUY J9133p ¥ ‘aeuRipaarg t3

S(TL6T) TAT *T *39ar% awen® °p *3e3°q°1 ‘v370oM LU0 PR wmy Y
T(TLETY Ol Y37 t1%@7 tAsy Cshyg ‘uosumy CUI pTR YIS CMd

S{eL6T) 412 *TTy "A9Y "€R1§ ‘INOTES H'K

“(pL6T) 496 "pIAY PUR (GLET)

621 TTv "A95 "sfug *uia3sTepy y¥'S Pm 9wa0) ‘3 ‘IRNITNY C4vl
*(6L6T) LTE ‘YT runmmoy *adp ‘xwwaty ‘Y pUW 973y iUy

. “(LLAT) éare

OT g *8Aud " *Puaaqulip "D pue OLTQOIRTA '3 ‘dvuPwd g ‘uUIqeAg *d

‘g 22mIrazay osTe 995 - (LI6T) (TWRILATEY ‘mmiTen Uiiny)

cg ‘tmitmg Yy P ' ALcorCIATaln dameq

IWi3qQIT "3 puw ‘anocien

ay sxatttosd T(gLETY (Wdox AIK ‘Pelsap Jafutadg) ‘iamaTwp 'y ‘b

fsaNlalC,y U IDLY U AI00sX120d] 29TuT C(LLET) (Y20 =3 *FeTaas
JA2ITAT) AFIT2cAnD tgtA PUR OATEENIRT (6t p w3 *Florsosls

¢Inraap 3aapadg) nateTren ccp nuw

TA0UT 885 ‘Sa0uRIBIal IATRUILXD INJ

C(LET) LOnPT t0TY DHrD stawg feisayr ‘Craqilrng cp

Y(CLET) $47 .|..N anbyslig ap "p ‘uwegwrig g Puww Piaqukan cn ‘owufuny coq

(riATY o5 '

ronmo) t3d) ‘AoTAEyo; Tty Tum 123339 ‘n ‘fasrey caty

£ I L B LA E VL B Y]

(MLGT) 689 I t1197 ceay csfiig ‘udiaqmantd

"1,710) - 93071813y

44

IQAI

(UL6T) €n9 TT 13387 casy “eAqg ‘Braquiin ‘5 pow ovaPey g ‘wequiig 2
T(MLAT) Try 'TE 2397 Ady teMug teeanc Al pme cady g tpremanag cg
T{EL6T) £65T 'TT t1197 caay "efig ‘uoEirog -

T(GLATY (ovrasun ‘recvuipe o

‘PT ‘sedwug auyt Tericeds uo TJUCD tIOY wile Q7 JO t23a4 ‘reTatg *¥

T(QLETY TENT “TTY -aay -8f%g ‘1aydur

D ¥ PUY awsm g

T(6L6T) 6TST “Qy¢ A3y cefyg *1suPwrron 'y pow PIOTINIT g eaaw Wy

e Kz1 7 p ‘129337 "y pue ‘rutW URI N ‘IIWW C% 'aarves
’

{ELET) (T TT @ ey op

‘wosdmogy *5'y puw *Aadwsg ‘RO *TUIQINNTNG Y ‘q39amg vy potes neyg
g ¥4 p Cmrgieemvy cp paw s cug

T(LL6T) 17T G andjefug op “p *331iay cy pue pawnacig e

*(ni€1) STC ‘T g "sfug 'r ‘131394 y pow pIenscig - p
(QLEY) Snge T 9 cshug cp ‘PTIEH 3 ruv 3233

T(PLFT) TOT YT sadovay aredu; tuvwmiag N e

S(LLBT) L% 'EY (403 rag fstang 2izaresyd Oosrarag g pure

©3 IJAMIATOR PUR DTUNLY UY SecUWATY ‘twmiag ‘B d

09INg "¥ q epF ‘S0t

EUREA G TR B

g p teTorasg g

{9L6T) 1T 4 ‘(yick may ‘Perisp-satuiids)

TPOWTYS ‘Y ‘g2 ‘Alocsoriied 2IS@T M 710 CRT ‘epestys oty

SU3L6T) Fri 0T (ATiar) emug cvddy Cuwesog yeg

T(qLET) T T 22973 jamweny c8aayg famwie ey

"d'A TUW aclaiag ‘WY

LEER L BE B 1Y

y1

1




AD=A090 S28 NEW YORK UNIV N Y DEPT OF PHYSJICS

FIr6 7/4
THEORETICAL STUDIES RELATING TO THE INTERACTION OF RADIATION WI==ETC(U}

} oCT 80 NO0014=77-C~-0553
UNCLASSIFIED NL




*(6L6Y) 90§ “TX *3391 "Avy °2Aqg ‘193394 ‘M pTW wboyg T°r
*{0g6%)

L26T TV "asd *sfug ‘uvassg °§*d pav wlomRIol *F°L ‘09F1 *Ld °

*(gL6T) tE2T

& -4391 andysAig op *p ‘Uwmiag °Y°d DUV 133394 R ‘owulipddag °p

+(2$6T) €42 *OT *H3vW *Tddy *D ‘91035 Y PUB UOSTIaY .n.

*(6L6T) €8 TT (Lremian)

sufyg *Tddy *33239) *¥ PUW YISOl °T"d ‘IPNOGT *T°L *IWInTRY ‘Ud
=(9L6T) 91T RTY *49y °"sAyd ‘sepowy D ‘TIUIEIY XA

*(£16T) TL ‘T3 °34ud °Z “woaPs0L *T'd PW QU ¥ ‘TIW °¥
*(9L6T) 628T *BIAY PUe *(9L6T) LTgT ‘TTV *Ady "3hd (SL6T)

00f ‘AT 3397 A% *sfug “aopouy *y*D PR ATTAN 04 ‘TOWIIR “A°A

. -(gL6t) 95L ‘T

e2°3°3° 8 *9AUZ “A0