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ABSTRACT

In the previous study of first order models with 11 variables to

predict fatigue life of materials in elastic-plastic range under random

vibrations, 5 variables showed significant effects. In this report both

first and second order models based on 5 significant variables have

been developed. The tables of analysis of variance, and of the pre-

dicted lives together with residuals and 95% confidence intervals, are

constructed for each model. Based on 24 tests a second order model of

5 significant variables consisting of 10 terms is found to be the best

one. The deviations of the lives predicted by this model ranged from

-34.31 to 17.4% with an average of 8.32Z on the negative side and 6.352

on the positive side. These results contrast with those which are

obtained by the principle of linear damage accumulation and cycle

counting and involve several hundred percent error as a rule.
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INTRODUCTION

A novel methodology, based on 8 probabilistic parameters and experi-

ment design, and used to develop first-order models which predicted the

fatigue life of materials in elastic range under random vibrations, has

been established in 11]. In the analysis of the experimental results

in Il, the probabilistic parameters which showed significant effects

on the fatigue life were then considered in developing second order

models in [2]. Very accurate and reliable estimates of fatigue lives

were obtained.

The same methodology, based on 11 probabilistic parameters, has

been used in developing first order models for random fatigue of

materials in the elastic-plastic range in [3]. The variables which

showed the significant effects on the fatigue life in [3] are con-

sidered in the present report in the development of second order models.

Again, very reliable and accurate estimates of fatigue lives are obtained.

1. EXPERDENTS. PARAMETERS, DESIGNS AND MODELS

Among the 11 variables, 5 variables were found to have significant

effects on the fatigue life based on the analysis of first order models

for random fatigue in elastic-plastic range [23]. These five significant vari-

ables are mnean, variance, zero upcrossings, eylevel upcrossings, and

the duration of excursion above ef level. In this report 5 more first

and second order models also referred to as life predicting equations

were obtained using these 5 significant variables f or each of the 3

designs.

For the first two designs. the full factorial design ith 2 center

points and the central composite design with 4 center points, only the
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first order model of significant variables could be obtained because

the second order model required a larger number of tests than are avail-

able in either of the two designs. For the third design, the ceu-tral

composite design with 4 center points and 6 replications, both the first

and the second order models of significant variables have been obtained.

One additional model also was obtained for this design, involving 10

terms which contributed a significant sum of squares to regression in

the analysis of variance of the second order model consisting of 20 terms.

Thus 5 life predicting equations are given in this report. The tables

of analysis of variance, and of the predicted lives together with

residuals and 95% confidence intervals were constructed for all life

predicting equations of all 3 designs. The confidence intervals are

computed using the standard deviation of the predicted life and the t

value from the t-table with number of degrees of freedom equal to that

of residuals.

II. FULL FACTORIAL DESIGN WITH TWO CENTER POINTS

This design involves the first 10 tests of the experiment in (3].

A first order life predicting equation is obtained by regressing the

log of the fatigue life on the 5 coded significant variables. The

second order life predicting equation could not be obtained because the

number of tests In this design is insufficient.

The first order life predicting equation is given as

y- 3.41 + 0.0445z1 - 0.253x2 - 0.162x3 - 0.202z5

+ O.115x7  (l)

The analysis of variance of equation (1) is given in Table 1. The F-

ratio for this equation in computed to be 6.183 with 5 and 4 degrees
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of freedom. This F-ratio is smnaller than the corresponding F value

of 6.26 from the F table at 95% significance level. This means that

the regression is not effective and that the model is not acceptable.

It should be noted that the two F-values are fairly close so the model

could also be accepted depending upon an individual's judgment. The

residual sum of squares is 0.1483 as compared to a total of 1.2951, a

11.5%. The other 88.5% of the total is due to regression. From the

analysis of variance it appears that the mean contributes a negligible

sum of squares to regression but it will still be considered as a

significant variable since it showed significant effect on the basis

of analysis in 13].

The predicted lives together with residuals and 95% confidence

intervals are given in Table 2. The actual lives of all the tests fall

within the predicted confidence intervals. The confidence intervals

as such are fairly wide because the t value associated with this

model is high.

III. CENTRAL COMPOSITE DESIGN WITH FOUR CENTER POINTS

For this design of 18 tests, only a first order model of the

significant variables is obtained. The second order model could not

be obtained because the number of tests of this design is less than

that required for the second order model. The first order model,

obtained by regressing the log of fatigue life on the coded levels ofI

significant variables, is given as

-3.51 - 0.0037z 1 -0.306z 2 -0.0863z 3  0 .0896x 5

+ 0.0743z 7 (2)
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Table 3 consists of analysis of variance of the above equation. The

computed F-ratio of the above model is 11.25 vith 5 and 12 degrees of

freedom which is greater than the corresponding F value of 3.11 from

the F-table at 95% significance level. This implies that the regression

is effective and that the model is acceptable. The residual sum of

squares is 0.3516 in comparison to a total of 2.0269, a 17.6%. The

other 82.4% of the total is due to the regression. The residual sum of

squares appears to be relatively high even though the model is accept-

able. In this case also the mean contributes the lowest sum of squares

to regression.

Table 4 consists of the predicted lives together with residuals and

95% confidence intervals. The confidence intervals are relatively

narrower but the actual lives of test numbers 30, 34, 35 and 36 fall

out of the predicted confidence intervals. The residuals appear to be

large and have a sinusoidal pattern in them. This shows that the model

needs soma more terms to improve the prediction.

IV. CENTRAL COMPOSITE DESIGN WITH FOUR CENTER POINTS AND SIX REPLICATIONS

This control composite design consists of all 24 tests of the experi-

ment. The design with six replications is shown in Fig. 1. The numbers

at different locations represent the test number. One first order and 2

second order models are obtained for this design by regressing the log

of fatigue life on the coded levels of significant variables. These

models are described below.



1. First Order Model of 5 Significant Variables

The life predicting equation of five significant variables for

24 tests is obtained as

- 3.3 +0.003x- 00.0808x -0.0857x,

3.3+ .00x1 - .313x 2 - 3

+ 0. 0625x 7(3)

The analysis of variance of equation (3) is given in Table 5. The F-

ratio is computed to be 19.45 with 5 and 18 degrees of freedom which is

higher than corresponding F value of 2.77 from the F-table at 95%

significance level. This shows that the regression is effective and

that the model is acceptable. The residual sum of squares is 0.4965

as compared to a total of 3.1801, a 15.6%. The other 84.4% of the

total is due to regression. Table 5 also shows that the sum of squares

contributed by the mean is comparatively high but the sum of squares

contributed due to duration of excursion above e f level is low,

whereas the reverse is true in the first order models for 10 and 18

tests. These 2 variable factors will be considered for second order

models before any conclusion is drawn about their effects.

Table 6 consists of the predicted lives together with residuals

and 95% confidence intervals. This table shows that the actual lives

of the following 8 tests 27, 30, 34, 35, 36, 43, 44 and 46 do not fall

within the predicted confidence intervals. The residuals appear to be

large in magnitudes. The analysis of the above model suggests that a

higher order model should be tried in order to improve the prediction

of the fatigue life and the confidence intervals.
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2. Second Order Models of 5 Significant Variables

Two second order models have been obtained for this design. The

first model consists of a complete second order polynomial of 20 terms of

the 5 significant variables. The second model consists of 10 terms which

are considered to have contributed a significant sum of squares to

regression in the analysis of first model of this design. The analysis

of both models is described below.

a. Twenty Terms The life predicting equation of all 20 terms,

a complete second order polynomial of 5 variables is obtained as

9 - 3.70 + 2.62x1 - 0.419x2 - 0.377x 3 - 2.32x5- 1.07x7

+ 0.917x2 - 0.303x2 - 0.934x - 0.509x2 + 0.1l1x2
12 3 5 7

- 0.838xlx2 + 4.67xlx 3 + 5.57x1x5 - 0.564x lx7

+ 0.240x2x3 - 1.60x2x5 + 1.04x2x7 + 0.617x3x5

+ 3.13x3x7 - 3.16x5x7  (4)

The analysis of variance of equation (4) is given in Table 7. The F-

ratio is found to be 7.80 with 20 and 3 degrees of freedom. The F

value from the F-table with the same degrees of freedom is 8.66 at 95%

significance level. The F-ratio is smaller than the F value from the

F-table which means that the regression is not effective and that the

model is not acceptable even though the sum of squares due regression

is 98.1 percent of the total sum of squares. This is because the

number of terms in the equation is large and a good regression cannot

be obtained. The residual sum of squares is 0.0601 as compared to a

total of 3.1801, a 1.9%. The analysis of variance of this model shows

that there are several terms which contribute negligible sum of squares
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to regression. These terms can be eliminated in order to develop a

better regression model because the number of terms is decreased with

a negligible effect on the regression sum of squares. This model of 10

significant terms is described in the next section.

Table 8 consists of the predicted lives together with residuals

and 95 percent confidence intervals. All the actual lives of the tests

fall within the predicted confidence intervals. It should be noted

that the confidence intervals are very wide as the value of t used in

computing them is high because the number of degrees of freedom associated

with this model is only 3.

b. Ten Terms The life predicting equation of 10 significant terms

is obtained as

9 - 3.58 + 0.0008x 1 - 0.312x2 - 0. 392 .l5

+ 0.11017 - 0.0436x 2- 0.066x 2+ 0.0363x2
71 3 7

- 0.119X 2 x5  - 0.015x 5X7  (5)

Table 9 consists of the analysis of variance of equation (.5). The F-

ratio computed for equation (5) is 16.67 with 10 and 13 degrees of

freedom which is greater than the corresponding F value of 2.67 from

the F-table at 95% significance level. This implies that the regression

is effective and that the model is acceptable. The residual sum of

squares is 0.2297 in comparison to a total of 3.1801, a 7.2%. The

other 92.81 of the total sum of squares is due to regression.

Table 10 gives the predicted lives together with residuals and

951 confidence intervals. The confidence intervals are comparatively

very narrow and all the actual lives are included in the intervals
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except f or the test number 44. The actual life of this test is above

the upper limit of the confidence interval by 3.2 percent. The

residuals are also small in magnitudes and appear to be randomly

distributed about zero level. The plot of the residuals is shown in

Fig. 2.

V. DISCUSSIONS AND CONCLUSIONS

Five life predicting equations based on 5 significant variables

have been obtained in this report. These five variables are mean,

variance, zero upcrossings, c y level uperossings and duration of

excursion above ef level. They were identified to be significant

in the investigation of the first order models in the previous report

131.

The percent deviations of the predicted lives from the actual

lives and the precent residual sum of squares of the total of all the

models investigated in this report and the best first order model of

the previous report 1 3] are given in Table 11. Among all the first

order models in the previous [3] and the present reports, the best

model is found to be the best first order model of the previous

report [3] which consists of all 11 variables based on 24 tests.

However the best first order model is inferior to the second order

models represented by equations (4) and (5) as evidenced from Table 11

by comparing the percent deviations of predicted lives and percent

residual sum of squares.

The model of equation C4) gives the minimum percent residuals

and lower percent deviations of predicted lives as shown in Table 13.
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On the contrary this model gives a very wide confidence interval and

does, not qualify the F-test. The percent residual sum of squares and

the percent deviations of predicted lives f or the model of equation (5)

are a little higher than the ones obtained for equation (4). But the

number of terms in equation (5) are 10 less than in equation (4) and

the width of the confidence intervals of the model of equation (5) on

the average is only 44% of the width of the confidence intervals of

equation (p4) as shown in Table 12.

Considering the adequacy, accuracy of life predictions, width of

the confidence intervals, residual sum of squares and the number of

terms in the model, the model of equation (5) is considered to be the

statistically best one. The deviations of the predicted lives from

the actual lives for this model are within a range from -34.3% to

17.4% with average deviations of 8.3% on the negative side and 6.3%

on the positive side.

VI. SUMMALRY

(1.) On the basis of analysis of first order models Presented

in a previous study [3], 5 variables showed significant effects on

the fatigue life under random vibrations. These variables have been

considered for further developing first and second order models in

the present study.

(2) The first and second order models of significant variables

have been developed f or 3 designs. For each model the analysis of

variance and predicted lives together with 95% confidence intervals

are obtained.



(3) From the analysis of variance F-ratlo is computed to check

whether the regression is effective and the model is acceptable.

(4) The best first order model is found to be the one which

consists of all 11 variables based on 24 tests as it should be.

(5) Among all the second order models investigated and the best

first order model, a second order model of 10 terms based on 24 tests

is found to be the statistically best one.

(6) The percent deviations of the predicted lives of the

statistically best model (second order) range from -34.3% to 17.4%

with average deviations of 8.3% on the negative side and 6.4% on the

positive side.
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Table 1 Analysis of Variance of 10 Tests
First Order Model of 5 Significant Variables
Life predicting equation:

= 3.41 + 0.0445x - 0.253x 2 - 0.3162x
- 0.202x5 + 0.115x7

Source Sum of Degrees of Mean F-Ratio
Squares Freedom Square

Due to Mean 0.0100 1 0.0100
Due to Variance 0.8493 1 0.8493
Due to Zero Upcrossings 0.0264 1 0.0264
Due to E Level

y
Upcrossings 0.1718 1 0.1718

Due to Duration of Excur-
sion Above ef Level 0.0894 1 0.0894

Due to Regression 1.1468 5 0.2294
Residuals 0.1483 4 0.0371 6.183
Total 1.2951 9

F-ratio is smaller than the table value of 6.26 with 5 and 4 degrees of
freedom at 95% significance level. So regression is not effective and
the model is rejected.
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Table 3 Analysis of Variance of 18 Tests
First Order Model of 5 Significant Variables
Life predicting equation:

9 3.51 - 0.0037x - 0.306x - 0.0863x1 2 3
- 0.0896x5 + 0.0743x 7

Source Sum of Degrees of Mean F-RatioSquares Freedom Squares

Due to Mean 0.0108 1 0.0108
Due to Variance 1.4728 1 1.4728
Due to Zero Upcrossings 0.0572 1 0.0572
Due to e Level

y
Upcrossings 0.0744 1 0.0744

Due to Duration of Excur-
sion Above ef Level 0.0557 1 0.0557

Due to Regression 1.6708 5 0.3342
Residuals 0.3561 12 0.0297 11.25
Total 2.0269 17

F-ratio is greater than the table value of 3.11 with 5 and 12 degrees
of freedom at 95% significance level. So the regression is effective
and the model is accepted.
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Table 5 Analysis of Variance of 24 Tests
First Order Model of 5 Significant Variables
Life predicting equation:

y - 3.53 + 0.0003x1 - 0.313x2 - 0.0808x 3

_ 0.0857x 5 + 0.0625x7

Source Sum of Degrees of Mean F-Ratio
Squares Freedom Squares

Due to Mean 0.1223 1 0.1223
Due to Variance 2.3905 1 2.3905
Due to Zero Upcrossings 0.0482 1 0.0482
Due to C Level

y
Upcrossings 0.0516 1 0.0516

Due to Duration of Excur-
sion Above Cf Level 0.0262 1 0.0262

Due to Regression 2.6836 5 0.5367
Residual 0.4965 18 0.0276 19.45
Total 3.1801 23

F-ratio is greater than the table value of 2.77 with 5 and 18 degrees
of freedom at 95% significance level. So the regression is effective
and the model is accepted.

LI
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Table 7 Analysis of Variance of 24 Tests
Second Order Model of 5 Significant Variables
Life predicting equation:

1 3.70 + 2.62x1 - 0.419x2 - 0.377x3 - 2.32x 5 - 1.07x 7
+ 0.917x _- 0.303x - 0.934x 2 - 0.509x2 + O.lllx2

1 2 3 5 7
-0.838xlx2 + 4.67xlx3 + 5.57x1x5 10.564xX7 + 0.240x2x3
- 1.60x2x5 + 1.04x 2x 7 + 0.67lx - 3.13x 3x7 - 3.16x5x 7

Source Sum of Degrees of Mean F-RatioSquares Freedom Squares

Due to Mean 0.1223 1 0.1223
Due to Variance 2.3905 1 2.3905
Due to Zero UpcrcssIngs 0.0482 1 0.0482
Due to C Level

y
Upcrossings 0.0812 1 0.0812

Due to Duration of Excur-
sion Above Cf Level 0.0414 1 0.0414

Due to Mean Square 0.0887 1 0.0887
Due to Variance Square 0.0004 1 0.0004
Due to Zero Upcrossings

Square 0.1073 1 0.1073
Due to C Level

y
Upecrossings Square 0.0071 1 0.0071

Due to Duration of Excur-
sion Above C f Level
Square 0.0299 1 0.0299

Due to Mean * Variance 0.0115 1 0.0115
Due to Mean * Zero
Upcroesings 0.0034 1 0.0034

Due to Mean *E Level
Uperossings y  0.0076 1 0.0076

Due to Mean * Duration of
Ixeursion Above Cf Level 0.0003 1 0.0003

Due to Variance * Zero
Upcrossings 0.0029 1 0.0029

Due to Variance *c Level 0
Uperossis O . 0880 1 0. 0880

Due to Variance * Duration
of teursion Above C 0
Levl 0.0187 1 0.017

Due to Zero Upcrossing *
C. Level UpcrossinSs 0.0064 1 0. 0064

ty
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Table 7 (Continued)

Source Sum of Degrees of Mean F-Ratio
Squares Freedom Squares

Due to Zero Upcrossings
* Duration of Excur-
sion Above ef Level 0.0235 1 0.0235

Due to e y Level

Upcrossings * Dura-
tion of Excursion
Above ef Level 0.0405 1 0.0405

Due to Regression 3.1199 20 0.1560
Residual 0.0601 3 0.0200 7.80
Total 3.1801 23

F-ratio is smaller than the table value of 8.66 with 20 and 3 degrees
of freedom at 95% significance level. So regression is not effective
and the model is not accepted.

I

[i
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Table 9 Analysis of Variance of 24 Tests
Second Order Model of 5 Significant Variables (10 terms)
Life predicting equation:

- 3.58 + 0.0008x1 - 0.312x2 - 0.0892x 3 - 0.115x5

+ O.ll0x7 - 0.0436x2 - 0.066x2 + 0.0363x2 - 0.119x
7-1 3 7 .9 2 5

- 0Ol5x5X7

Source Sum of Degrees of Mean F-Ratio
Squares Freedom Square

Due to Mean 0.1223 1 0.1223
Due to Variance 2.3905 1 2.3905
Due to Zero Upcrossings 0.0482 1 0.0482
Due to C Level

Upcrossings 0.0812 1 0.0812
Due to Duration of Excur-

sion Above Cf Level 0.0414 1 0.0414

Due to Mean Square 0.0887 1 0.0887
Due to Zero Upcrossings

Square 0.1071 1 0.1071
Due to Duration of Excur-

sion Above Cf Level
Square 0.0288 1 0.0288

Due to Variance of y
Level Upcrossings 0.0406 1 0.0406

Due to c Level
Upcrosslng * Dura-
tion of Excursion
Above e Level 0.0016 1 0.0016

y

Due to Regression 2.9504 10 0.2950
Residuals 0.2297 13 0.0177 16.67
Total 3.1801 23

F-ratio is greater than the table value of 2.67 with 10 and 13 degrees
of freedom at 95Z significance level. So the regression is effective
and the model is accepted.

3
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Table 11 Comparison of Percent Deviations of Predicted Lives
and Residual Sum of Squares for Six Models

Test Actual Percent Deviations of Predicted Lives
No. Life T Eq(l) Eq(2) Eq(3) Eq(4) Eq(5) Eq(5) of [1]

25 49.58 -10.6 -7.3 -9.1 -3.5 -12.5 -9.0
26 50.75 -3.5 -6.8 -8.1 -0.4 -3.4 -0.7
27 18.41 -6.6 -21.6 -24.2 -2.0 3.7 -9.6
28 52.50 14.9 7.7 5.4 2.5 0.1 5.5

29 22.33 -2.0 -4.0 -7.7 -1.5 -2.3 -10.6
30 30.67 -17.1 -42.4 -48.5 -9.9 -34.3 -22.2
31 24.00 5.2 -2.3 -4.4 4.4 4.6 -5.8
32 30.00 -11.6 1.4 1.2 1.2 1.3 6.0

33 40.92 1.4 8.3 6.1 -0.1 2.0 3.6
34 44.42 7.3 20.4 18.6 -1.4 -2.5 23.2
35 38.17 10.6 8.6 -17.4 5.8 5.3
36 36.92 11.4 8.8 10.1 4.7 2.4

37 33.08 5.5 2.4 -1.5 12.9 -7.9
38 23.33 9.9 9.2 -9.4 -0.7 4.4
39 30.83 -3.8 -7.3 -0.9 -8.8 -12.7
40 32.17 -7.7 -8.6 -0.4 -1.6 -26.0
41 40.42 -15.8 -17.1 1.8 5.5 -17.9
42 71.33 19.1 15.4 2.0 12.6 10.2

43 19.75 -20.6 -4.2 14.5 -2.4
44 29.92 17.5 8.9 17.4 19.8
45 48.17 2.2 8.4 8.5 3.1
46 44.50 18.1 -7.7 7.7 14.2
47 21.00 7.7 3.9 -6.3 2.2
48 64.92 9.5 -0.2 0.3 8.8

Average Deviations

Negative side 8.6 12.4 15.6 4.0 8.3 13.4
Positive side 7.2 10.5 9.3 4.8 6.3 8.4

Residuals

Percent residual
sum of squares
of the total 11.5 17.6 15.6 1.9 7.2 11.0

I
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Fig. 1 Test Numbers and Test Locations for the Central Composite

Design with Four Center Points and Six Replications
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