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The present work extends boundary integral equation
techniques, developed in an earlier paper for the Dirichlet
and Neumann problems [6 ], to the boundary value problem of the
third kind (also referred to as the Robin problem) associated
with the Helmholtz equation in exterior domains. While the
existence and uniqueness of solutions of the exterior Robin
problem have been established previously (see e.g. Leis [9];
Danilova [2 ]), the application of the Helmholtz representation
and the subsequent derivation of boundary integral equations does
not appear to have been studied until now.

-The considerations below will show that the familiar diffi-
culties at interior eigenvalues arise in the case of the Robin
boundary conditions. The non-uniqueness of solutions of the
boundary integral equation at interior eigenvalues is, of course,
an artifact of the method chosen to solve the original boundary
value problem. As explained in (6 1, supplementary conditions
of some form are needed. Either the fundamental solution may be
modified, as was done by Danilova [2 ] in her layer theoretic
treatment of the third boundary value problem with an oblique
derivative, or an additional equation is needed if the funda-
mental solution is unaltered. In the present work Qe employ the
Green's theorem approach to boundary integral equations with
an unmodified fundamental solution and show that, unlike the
situation for the exterior Dirichlet and Neumann problems, the
supplementary condition appears as an operator equation of the

second kind rather than one of the first kind..

SR AT U AT S,




e

Rather than repeat the bibliographic details reviewed by

Kleinman and Roach [6 ], we refer the reader to the introduction

of that paper. Moreover, we will adopt the notational conventions
of that paper. Section 2, below, briefly reviews those conventions
as they are appropriate to the present considerations. However,
the boundary value problem discussed here, in contrast to those

in [6 ] and, in the papers of Leis [%] and Danilova [2], is
generalized so that the data and the multiplier which appears in
the boundary condition may be specified in L _(3D) rather than

G (3D) where 3D is the boundary of the exterior domain.

This more general setting requires some extensions of
theorems which appear in the literature, in particular extensions
of ; regularity theorem appearing in Mikhlin {10] and of a
uniqueness theorem due to Leis { 9]. More significantly, it
requires a careful formulation of a trace theorem suitable for
functions described by single and double layer potentials. Standard
trace theorems, e.g. Miranda [1ll] were not sufficient to ensure
existence of the normal derivatives of double layer potentials
required for application in the present setting. These matters are
discussed carefully in section 3 and in the appendix which contains
some computational details collected there so as not to interrupt
the flow of the main argument.

Having discussed these background matters, the main results
concerning the boundary integral equation formulation of the Robin
problem are presented in section 4 and the equivalence of this
formulation with the original boundary value problem is proven.
Section 4 concludes with a result pertaining to the scattering

problem for imperfectly reflecting surfaces.
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2. Formulation of boundary integral equations.

Let D_. denote a bounded domain in 13 with boundary 3D which
is a closed Lyapunov surface with index 1. We denote the exterior
of 3D (i.e. the complement of D_udD in B°) by D,.

Let R=R(P,Q) denote the distance between two typical points
P and Q in R3. A fundamental solution of the Helmholtz equation
(A+k2)u=0, Imk>0, is a two-point function of position, y(P,Q),

which for convenience we write in the form
(2.1) Y(P,Q) = -e R/,
Complex conjugates will be denoted by a bar, thus

(2.2 Y(p,Q) = -e"HR/

We denote by a/anp differentiation in the direction of the unit

vector np normal to 3D at the point pesD. A point PeD, is assumed

to have spherical polar coordinates (rp, ep, ¢p) relative to a

Cartesian coordinate system erected with origin in D_. We

emphasize that throughout w: shall assume that ﬁp is the outward
drawn normal with respect to D_, that is ﬁp is directed from 3D
into D,. Further, we shall write 3/3n, and 3/8nf to demote the normal

derivative when P+pedD from D_ and D, respectively.
Let (Su)(P) and (Du) (P) denote the effect at the point

Pel3 of single layer and double laye:\ziftributions respectively

P
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(2.3) (Sk) (P) := [ 1(Q)¥(P,q)dS_, PeR
oD q

e 3 3
(2.4) (Du) (P): Iao u(q) L (P,q)dS_, PeR".

Further, for pe3D we define

(2.5) (Ku) (p)==[ u(q) g%— (p,q) &S

aD P

q

Notice that K is a completely continous operator on Lz(BD)
(Mikhlin [10]). Jump conditions for the single and double layer
potentials on 3D can be expressed in terms of K and its L, (3D)
adjoint K* which is given by

¥

(2.6) (K*u) (p) = J u{q) (p,q) ds_.
aD an, q

These jump conditions as well as continuity properties of the

single and double layers depend on the smoothness of the density
u and will be discussed in Section 3.

Finally, we remark that the single and double layer operators
with PeD_, can be considered as operators with range in Lz(D_)
and, as such, are continuous operators from Lz(aD) to LZ(D_)

(see e.g. Miranda (11]).
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With this notation, representations of solutions of the

Helmholtz equation obtained by applying Green's Theorem or the
Helmholtz representation have the following forms. For radiating

wave functions ¢ satisfying

(a+k%) 9, (P) = 0, PeD,,
(2.7) - 3¢+ .
lim {rp [55— (P)-1k¢+(P)]} =0,
3“ P
we obtain
2.8) P v ) & (p,q)} as
(2. - (DY(®,Q -6, (q) 35— (P,q q
aD q q

3¢ ,
= [S'gn—t] (P) - (D¢+) (P) = ¢+ (p), pedD,
o, PeD_.

whilst for any solution ¢_ of the Helmholtz equation in D_, we

have
Y 3
f {¢_ (@) 5= (Pyq) = 5 (q)Y(P,q)} dsq
aD q q
(2.9) [
0, PeD_,
3¢ _ *
= (Do) (P) = (Sx=—I)(F) =4 ¢_(p), peaD,

2¢_(P), PeD_.

S s




We will be concerned with the following boundary value

problem:

Exterior Robin Problem:

(v2+k%) u (P) = 0, PeD,

Bu*
(2.11) EE; + 0(P) u+(P) = g+(P), peoD
, du, )
(2.12)  Lim x, [55; (®) - iku,(®)) =0

where g, eL,(3D) and ong(aD). In the exterior scattering problem,
q, is replaced by - %%i - cui where ui is the known incident field.

Proceeding formally to obtain boundary integral equations
whose solutions will subsequently be used to construct solutions
to the boundary value problem we apply the Robin condition to

the representation formula (2.8) which we write as

2u+(P), PeD

3u+’ +7 )
(2.13) [Sgﬁ—} (p) - (Du+)P = u,(p), PedD,
0 ' PeD_.
i
. to obtain
(2.14) (I+K*+S0) u (P) = (Sg,)(P) , pedD

where we have also used the fact that on 3D

Du, = ﬁ*u+.

PO, i e P BT TG



If this boundary integral equation has a solution u+eL2(BD), then

equation (2.13) may be employed to define u, in the exterior

+
domain D+ as

(2.15)  u_(P) = 3 S(g,-0u,) (B) - 7 (Du,) (P), PeD,.

This function is clearly a solution of the Helmholtz equation in
D,. To insure that this solution in fact satisfies the boundary
conditions, we require that the function.u+ satisfy an additional
relation which we derive from the Helmholtz representation by

computing normal derivatives as follows:

au
. 9 +
(2.16) lim_ ( S( ) - D(u)](P) =0
P+p anp anq anp +

or, using the relation (3.16) below,

3u, du, 3
(2.17) =33 (P) + K (3z=) (p) = lim_ =~— D(u,) (P) = 0.
p g9 P+p p

By utilizing the boundary condition we have

(2.18) (--g+ + cu+ + K(g+ - cu+) - Dn u+) (p) = 0, pesD,

or, rearranging terms,

(2.19) (-0 + Ko + D) u, = (K-I)q,,

A e

it i . "




where

. 9
(2.20) (D u)(p): = lim_ (Du,) (P).
n + P-p 5np +

Care must be exercised to ensure existence of this limit. We deal
with this question (wihich depends on both the smoothness of the
density and the degree of reqgularity of 3D) in Lemma 4.1.

As with the integral equations derived in [6 ], we will see
that the representation (2.15) affords a solution of the exterior
boundary value problem (the Robin problem in the present case)
provided q+eL2(3D) satisfies the pair of boundary integral
equations. 1In fact, as we shall see below, solutions of the system
(2.14) and (2.19) will necéssarily be more regular than merely
square-integrable.

Moreover we will see thaé, as in [6 ], this pair of boundary
integral equations is redundant unless the homogeneous adjoint of
equation (2.14) has non-trivial solutions. 1In such a case, how-
ever, the pair of integral equations will have a unique solution:
it is this result we wish to establish in the following pages.
Note, however, that unlike the cases discussed in [6 ], the second
of these equations is an operator equation of the second kind.

The spectrum of K is clearlv of vital importance in discussing
the solutions of these equations and, since K may be considered as
an operator-valued function of the parameter k, it is convenient
to treat separately the operators (-K) and (+K) rather than intro-
duce another parameter, A, in order to obtain the standard form

(I-2K). To this end, we adopt the following definition. Those

——— e o - - - - .- Lo - - [N PP




real values of k for which the equation 3-K8 = 0 has nontrivial
solutions, 3, will be called characterisitc values of K.
Similarly, those real values of k for which 3 + Kg = 0 has non-
trivial solutions, ﬁ, will be called characteristic values of
(-K). We note that if k is a characteristic value of K, then it

is also a characteristic value of K* [[sl Chap. XIII, §1.3], and

trivially it is also a characteristic value of K and K*. Similarly,
(-K), (-K*), (-K),(-K*) have the same characteristic values, which
may differ from the preceding. Further, if % is a nontrivial

0 0 0
o o - . . s . = ==
solution of w + Kw = 0, then w is a nontrivial solution of w + Kw=0,

and ®#*+K*@* = 0 implies W*+R*W* = 0. Hereafter, an
elevated index zero, for example 3, will indicate that the function
concerned is a solution of a homogeneous equation.

The values of k for which there exist nontrivial solutions
of the homogeneous Helmholtz equation in D_ with vanishing normal
derivative on 9D will be called eigenvalues of the interior
Neumann problem. Similarly, eigenvalues of the exterior Neumann
and exterior and interior Dirichlet problems are those values of
k for which there exist nontrivial solutions of the corresponding
boundary value problems.

It is well known [[14] vol. IV, §229] that there are no
eigenvalues of the exterior problems, but there are eigenvalues
of the interior problems, and furthermore, these eigenvalues are
real (Stakgold([([15)vol. II, p. 137]).. The relationship between
characteristic values of K and eigenvalues of the interior problems

is clarified in the following theorem, which appears in this form

in {6, p. 222].
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Theorem 2.1:

(A) k is a characteristic value of K if and only if k is
an eigenvalue of the interior Neumann problem.

(B) k is a characteristic value of (-K) if and only if k
is an eigenvalue of the interior Dirichlet problem.

The interested reader is referred to [6 ] for the proof of
this result. We remark only that an immediate consequence is
that if k is an eigenvalue of the interior Dirichlet problem,
then k is a characteristic value of (-K) and hence (-K¥*).

To conclude this section, we wish to point out that the
analysis presented here is applicable to the scattering problem
for imperfectly reflecting surfaces. Under appropriate hypotheses,
among which is one requiring the radius of curvature to be large
relative to the penetration depth, the exact transmission condi-
tions may be approximated by a boundary condition of the third
kind with purely imaginary ¢ which may interpreted as an acoustic
impedance ([13]. The analogous problem in electromagnetics
is discussed by Senior [12]. It is possible, then, to reduce
the scattering problem to an equivalent pair of boundary.integral
equations. These equations differ from equations (2.14) and (2.19)
only in their right hand members and, as we shall see, for
sufficiently smooth incident fields the analysis of Section 4 will
be valid for the scattering problem.

Specifically, we may proceed as follows. Denoting the incident
and scattered fields, respectively by ul and u® and recognizing
that the incident field must be a solution of the Helmholtz equation
on the interior domain, we may use the Helmholtz representations

(2.8) and (2.9) to show that, on the boundary 3D

D U A g
T R - ;.‘.,"W.




T s e e e ——e e ———————— e

11

(2.21) u® = s(3u%/3n) - R*us
(2.22)  ui = ®eud - s(3ul/on).

Consequently,

u=1uS+ul=2ul+ S(3u/3n) = K*u.

Invoking the boundary condition 3u/3n + ou = 0, this last relation
may be rewritten as

(2.23) (I + SO0 + R*)u = 2u’t

where, we emphasize, u® is the known incident field.

Likewise, since

(2.24) uS(p)

(1/2) [s(3u®/3n) - Du®](P), PeD,,

and

(2.25) ui(P) = (1/2) (put - s(eul/an)1(p), pep

we have, taking normal derivatives and taking account of the

jump conditions, that for pedD,

s _ s s o ¢ -]
Ju /Bnp = (1/2) [3u /anp + K su /anp] (1/2) Dnu R

and

i i i i
3u /'c)np = (1/2)[ ou /Bnp-K u /anp] + (1/2)Dnu .
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It is easy to check, from these last two relations, that since

au/anp = -0 u on 3D, the total field u must satisfy the equation

i
(2.26) (-0 + K o + Dn)u = 2 (% /8np).

Equations (2.23) and (2.26) are thus the particular forms of

(2.14) and (2.19) applicable to the scattering problem.

3. Auxtllary Results

In this section we collect some known results and their
extensions as well as some new results which will be used in the
subsequent discussion. For more details, the interested reader
should consult the cited references; we have attempted to select
not original references to these particular theorems but rather
those which are readily accessible.

We begin with the result alluded to above which we will
refer to, in the sequel, as the regularity theorem. The particular
version of the results presented here is, on the one hand, a

specialization to weakly singular surface integrals of a theorem

of Mikhlin [10] for closed, bounded sets in which, on the
other hand, is a minor generalization of Mikhlin's theorem

because of the occurrence of the factor u which lies in Lm( D).

Theorem 3.1:

Let 3D be a Lyapunov surface (or a finite number of dis-
4 joint Lyapunov surfaces). If A: 3Dx3D+C and f: 3D+ are continuous,

uel,(3D) and a<2, then any solution of

ST FTRTPPRE 7 ) T on m i e aOE a0 LR T e TIE L ol e
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A(p,pg)
aD Ra(p.po)

(3.1) u(p,) -I u(p) u(p) dsp = f(po)
which belongs to Lz(aD) is also continuous on 3D.

Proof: For any e>0, choose n(t) to be a continuous, real-
valued, non-increasing function of t>0, with the property that
n(t)=1, 0<t< ©/2, and n(t)=0, t>e. Then, setting

A(p.po) n (R(p,po))
(3.2) K, (p.po): = -

R%(p,py)

and

A(Prpo) [l-n(R(P rpo) )1

(3.2) Kz(p,po): = "
R (p.py)

where Kz(p,po) is continuous on 3Dx3D, the integral equation (3.1)

may be written as
(3.4) u(po) - (Kluu)(po) = F(py)
where

(3.5) (Kluu)(po): = [ 2D Kl(p,po)u(p) u{p) dsp.

and

(3.6) F(py) = £(p,y) + IBD K, (p,pg)u(p)u(p) dsp.




The function F is continous since £ is continuous and

(3.7 | IaD[KZ(p,po)-Kz(p.pl)l:(p)u(p)dspli

[ 2 172
Jop! X2 (®rPe) Ky (eep) [% dsy kT ually (g

where Kz is continuous in both variables. Note that uue LZ(BD)
since ue LZ(BD) and ueL_, (3D).
Now observe that, with the Schwartz inequality and the fact

that n<l, and writing R for R(p.po),

2 A(p,p)n(R)u(p) ..
(3.8) ||{Ryuul] = J | I o u(p) 2
1 L3 J3p ' Jap 077 "Sarzdspl 7as,

0

Ia

2.2 2 .
J { I |A(P:Po)| n (R)|H(P)\Ads ] J la( )‘2ds } as
aD 3D R p 3D pa P Py

2 ds ‘ 12
< ¢ J { j —PB f la(p) = 4s } ds
- 3D aonae(po)a“ ap Rr® P Py

2 2 2 :
where c® = | |A}|| q;anBD)"‘““ L_(3D) and B (p,) is a ball of

radius ¢ centered at p,, outside of which n(R(p,po),o_
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If d is the radius of the Lyapunov sphere associated with 3D

and e£<d, we have the following estimates:

as € ¢ L 2=Q
(3.9) —L < ¢ l-ag, = Sle”
a - 0 2-0

for some ¢' independent of Po and € and

as ds; as, (42
s [ Sma | Sm | % 52
aD R aoan(pO) R D\aDan(po) R
where S is the surface area of 3D.
Employing these estimates in (3.8) we find that
2=0 2-a S 1
‘ 2 2 , ¢ c'd + —) | luf
(3.11) [ [Rquu] 1,00 2 ¢° T (35 30 L, (3D) .

Thus for € sufficiently small

(3.12) |‘K1“'|L2(ap) <1

and the solution of (3.4) in L,(3D) is given by

(3.13) ualpg) = I ([R,ul"F) (py) -
n=

o S ot v oo em = - - g - ,.________.._} "‘"ﬁ"" v,,a.;,: ._:. oa—

+

1)

a

S
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In fact, this series is uniformly convergent hence u(po) is
continuous. This follows because F is continuous, hence bounded
on oD, and, using arguments similar to the preceeding (in

particular using (3.9)) we may establish

A(p,py)
(3.14) | (KuF) (py) | =] JaD —;OL—° n(R)u(p) F(p) ds|

das

P

< elIFll oapy Jf R < §5 EZWHFHC(al:')
S IDnB_ (pg)
Thus we have the estimate
(3.15) || (K ) PF|| < §C1 2% | (g, )" 1p) |

* 1 c:(()ao)- 2-a 1 C(3D)

< 55 ™ML ap)
o

which, for ¢ sufficiently small, establishes the uniform conver-
gence of (3.13) and hence the continuity of u.

The next three results may be found in the book of Giinter [4 ]
and relate to the behavior of single and double layer potentials. .
The results on potentials with integrable densities, due originally
to Fichera (3], are nroven in {4] for the case k=0 but remain valid
for k#0 since the singular part of the kernels concerned remains
unaltered. The first of these results establishes continuity

properties of single and double layer potentials.




Theorem 3,2:

If 3D is a Lyapunov surface (or a finite number of disjoint
Lyapunov surfaces) and if ueL_(3D) then the single layer potential
with density u is HOlder continuous in the entire space, while
the double layer potential with the same densitv is Hélder con-
tinuous on 3D. Moreover, both are infinitely differentiable off
the boundary.

Remarks: The statement of this theorem may be summarized
by the assertion: uelL_(3D) implies (a) Sue Co'a(l3) ncm(RB\ab) and
(b) K*u ¢ Co,a(ab), Due CN(RB\BD). The statement here differs
from that appearing in Glinter in that the assumption that ueL_(3D)
replaces the assumption that u 1is bounded on 3D. The estimates
necessary for the proof are identical in the present case to those
appearing in Ginter.

Turning our attention to the jump relation, we may state the
the following result. Recall that if u is integrable, then

almost every point of its domain is a Lebesdue point.

Theorem 3.3:

If 3D is a surface as described above, ueLl(aD) and if pesD

is a Lebesgue point of u, then

(3.16) lim_ 3— (Su) (P) = (-u+Ku) (p),
p-p- Mg

9
lim (Su) (P} = (u+Ku) (p),
p-p* g

S L e e YRR P e WIS e




and, for the double layer,

(3.18) 1lim (Du) (P) = (u+K*u) (p),

P+p~

and

(3.19) lim+ (Du) (P)

(-u+K*u) (p).
P-+p :

Moreover, the limits in each of the four cases 1is integrable.
We complete our discussion of the properties of single and

double layer potnetials with the following:

Theorem 3.4:

Let 3D be a Lyapunov surface (or a finite number of disjoint
fyapunov surfaces) with index 1 (i.e. Qpl- ﬁpz< ER(p,pz) where
np; i=1,2, is the exterior unit normal to 3D at the point P; and
E is a constant independent of Pl,Pz and let u be continuous on
3D, If the double layer potential (2.4) possesses one of the

derivatives

+

(3.20) Du(p): = D;u(P) or %H? Du(p): = Dnu(p)
P

@
i
e

then both derivatives exist and are equal at the point pedD.

Their common value will be denoted by D,u(p).




Next, we present a version of the divergence theorem which is

E essential to what follows. This treatment allows the development
of an L2 theory of surface potentials which is of interest for its
own sake as well as the present application. It is closely allied

to the treatment of the volume integral as an improper integral
presented in Smirnov [14]. We remark that an alternative generalized

divergence theorem involving potentials with continuous rather than

merw vy e te e

square integrable densities and based on the interpretation of the
normal derivative as a distribution or "boundary flow" is available

{1}, [8) and has been used in an integral equation approach to the

—rT [T

Neumann problem for the Helmholtz equation [7]. That treatment does
; not address the non-uniqueness problem at characteristic values of

the integral operator in contrast to the present approach.

E Theorem 3.5:

Let 3D be a Lyapunov surface of index 1 and let {Sa-} be a
family of "parallel” surfaces in D_ such that (i) for fixed §,
S.~ is the image of 3D under a continuously differentiable trans-

s

formation F, : 9D»S. ; (ii) F_(p):= P.= p+0(8) and if p(u,v) is
8 8 P § 8 op
a parameterization of 3D, Kﬁi = %& + 0(68) and 3V~

%g + 0(8); (iii) { ds, = J dS_ + 0(38) for every Ic3iD where
v ts Ps Jy P
Lg = Fg(D).

Now, if 9eC,(D_) is a vector-valued function with limiting

values in L2(8D) by which is meant i
- 2 - o]
(3.21) I |¢(F (P))-2(P) | d5,=0(67)

3D

then

~

. = V'deT.
(3.22) JBD ng ¢(P)dsp !D (P) P

VT PP, SRRt TP
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Remark: The order symbol 0($§) denotes a vector whose magni-
tude decreases uniformly with respect to §. While it is not
necessary to require that |P6-p} be independent of P for fixed §,
we do require that the surface S5 not coincide with 3D at any

point, i.e.,

(3.23)  inf |Fs(p)-q| > 8 &
pr,g9€3D

for some 6>0, independent of §.

Proof: Since 9eC,(D_) and S;c D_, the divergence theorem

in its classical form yields

(3.24) J n_ - ¢(p) ds = [ v-$(P)dr.
- P $ Pg D
Sg 6 6.

where D6 denotes the interior of Sg. Consider, first, the
integral-on the left hand side. The surface 3D may be decomposed
into a finite number of patches, 3D=j§&2i where each Zi, i=l,...,n,
lies in a Lyapunov sphere. Let zi5=l;g(zi). Then

(3.25) J (P,)ds T
. ﬁ M P =
s= Pg 6°"Ps i=1 Jg

np .0(Pg)dS, .
s is 8 §

Points on L, may be représented in local coordinates (£,n,z(g,n))

where Ei is the image of some domain Di in the (£{,n)-plane.

Esn
Similarly, (z,n) may be chosen to parameterize ZiG' An element of

p = /1+§§+;§ dfdn whereas an element of area on
zié is, using condition (ii), dSPG =[/1+C§+Cn + 0(8)]1dgédn or

area on Zi is d4ds

dSp=dSP6+0(6).

d “‘gﬁ‘“ﬁ’-f"’m”"?‘“‘?f .
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~ (”Cg -Cn l) PN ~
Similarly, on ., n_ = ! 4 , while on L, ., n, =n +0(8) .
i id P
/ l+c2+§2 )
£ 'n

Hence, with ¢(P) and @(FE(p))ELz(BD), we have

-~

3. . =
(3.26) Jz n, "#(Pg)ds I

ig 8 5 L3

~

<& (F% ds_+0($
np o ( 5(9)) p (&)
Also, in light of formula (3.21), we have the estimate

(3.27) | J np-¢(F6(p))dsp_ J .np-¢(P)dSp|:

L Zl

- 2. |12
{ [ 1e@n-em?as, } 2000 oo,
Iy P

Therefore

(3.28) 1lim J n .9(P.)ds = J n_-8(p)ds

Thus the limit on the left hand side of (3.24) exists as §-+0,

is equal to the left hand member of the relation (3.22) and hence
the limit of the right hand side in relation (3.24) exists and
ﬁp°¢(P)dSp. Thus the integral J

equals J V4(P)dS_ has a

aD D P
meaning as an improper integral and, in this sense, we have

established the equality (3.22).
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Remark: The parallel surfaces used here are similar to,
but more restrictive than those discussed by Burago, Maz'ja and
Sapozhnikova in [1]. The differentiability of the transforma-
tion ensures the convergence of normals and surface elements
and, while the assumption of such convergence may, in fact,
insure differentiability of the transformation, we have not
established this assertion. We alsc wish to point out that the
construction of parallel surfaces given by Smirnov in [14] does
not guarantee that the normals converge unless the surface 3D is
in fact Cz, i.e. the normal is differentiable rather than merely
Lipschitz continuous.

Theorem 3.5 has two immediate consequences which we state
here.

Corollary 1: If we C,(D_) and if w and {§¢ have limits in

LZ(BD) from D_ in the sense of Theorem 3.5, then

ow _ - 124 -
(3.29) JaDw(p) -33(pmsp = JD_(le(pH +w(P) 4 w(P))dt.

Corollary 2: If we C,(D,), if w and %% have limits in L;(3D)

from D+ in the sense of Theorem 3.5, and if BR is a ball of

radius R containing D_ in its interior, then

ow 2 - 3w
(3. 30) J w(ip) —(p)dS = - J(le(P)l +w(P) A w(P))dT + f w(p)=={(p)ds
3D n P D, By P /3B, 3n E

The first of these corollaries follows immediately from

Theorem 3.5 by identifying ¢ in that theorem with the function wVw.

The second follows from the first by applying the statement to the




interior domain bounded by 3D and 3B

R.
We conclude this section with a uniqueness theorem for the

exterior Robin problem for the Helmholtz equation. The proof

is based on Rellich's lemma and was given by Leis {9 ] in the
classical case for real, continuous ¢. The extension presented
here takes into account complex-valued ¢ in L_(3D) and considers
a more general class of solutions. Specifically, we consider
solutions of the Helmholtz eguation in D, which, together with
their normal derivatives take on boundary values, square-
integrable on 3D, in the sénse of Theorem 3.5. This notion is
precisely the notion of generalized boundary conditions described
by Miranda [(8; §29]. We refer the reader to that work for

a discussion of the history of this interpretation of boundary
conditions for elliptic equations. It is however vital to the
results of section IV to know that single and double layer
distributions assume their boundary values in this generalized

sense which we state in the following:

Theorem 3.6: If 3D is a Lyapunov surface (or a finite number of

disjoint Lyapunov surfaces) and ueLz(BD) then Su, Du, and EE%
on—

assume boundary values in Lz(aD) in the sense of Theorem 3.5.

The proof of this theorem is deferred to the appendix. Through-
out the remainder of this paper, the boundary value problem will
be understood in this generalized sense and the statement of

the boundary value problem (2.10)-(2.12) should be so interpreted.

With this understanding we state
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Theorem 3.7:

Let 3D be a Lyapunov surface of index 1, let keC with
O<arg k<v (Imk>0) and let o0eL_ (3D) with arg k< arg o<arg k+m.

If weCZ(D+) is such that
(3.31) (& +k%)w(P)=0 , ©PeD. ,

(3.32) %; - ikw = o(l/r), r=|P|,

and

(3.33) 2_(p) + ow(p)= 0, pedD ,

3
nP

then w=0 almost everywhere in D+uaD.

Remark We repeat for emphasis that the boundary condition
(3.33) is to be interpreted in the generalized sense and the

equality, consequently, holds only almost everywhere on 2D.

Proof: Let BR be a ball with boundary aBR, center in D_ and
radius R sufficiently large so that D_cBR. Assuming that w
satisfies the hypothesis of the theorem, we may apply Green's
theorem to the function w and its complex conjugate w in the
region D _nB, obtaining, using Theorem 3.5 and the relation (3.30)

the integral identity

(3.34) f (WA wW=wa w)dT=J (w%% -w %%)ds
D+nBR aBR

-f (w3 - & %g)ds.
3D
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The radiation condition (3.32) shows that

(3.35)  (§2 - ikw) ($riki) =0 (L,) 4
r :

from which we may deduce that, on aBR,

(3.38) wi¥ -33¥ - e (13124 o] 24 (1mk) (@33 }m(i_,_).

Substituting this result in the identity (3.34) and making use of
the fact that both w and w are solutions of the Helmholtz equation
and satisfy homogeneous boundary conditions (equations (3.31 and

(3.33) and their conjugates) we obtain

(3.37)  (k2-k?r f (w{2d1= I%EE J {\ \ +\kw\ +(Imk)(w§—+ W )}dS
D, nB
+ R

+ J (a-c)lwlzds +0(1).
aD

However, Theorem 3.5 may be applied to wl w+wA w and, again using

the boundary conditions, we obtain

(3.38) f (§§§+w§§)ds=[ (2| 7w| 2= (k24+kF|w| D) dr- [ (o+3) |w] 2as.
2By /D nBy J 3D

Substituting this result in (3.37) and making use of the facts

(3.39)  i(Rek) (k2-k?) - (Imk) (k2+k2)=2|k|?(Imk)

and

vz i o i .
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(3.40) (Rek) (Imo)-(Imk) (Reg)= Im(ko)

we obtain

ER AR ok e -

(3.41) I (|%§|2+|kw|2)ds+2(lmk) I(lkw|2+|Vw|2)dr
aBR D+nBR

+ 2 f (Imfo)lwlzds = 0(1).
aD

DA e L

All the terms on the left are easily seen to be non-negative if

(Imk) >0 and (Imko)>0, this last condition being equivalent to the

condition arg k<arg o<arg k+m. It follows, then, from Rellich's

Lemma that w=0. *
Note that the space in which w lies allows us to conclude
that w=0 in D, whereas we can assert only that w=0 almost every-
where on 3D. It should also be noted that the classical solution
space, C2(D+)nc1(D+u8D) is a subspace of the space of functions
specified in the statement of the theorem hence in the classical

case w=0 everywhere in D, uaD.

4. Existence and Uniqueness of Solutions

The formal calculations of section 2 have given us a pair of

boundary integral egquations for a function ust(aD), namely the

equations

(4.1) (I + K* + So)u = sg_

(4.2) (-0 + Ko + D)) u=Kg,_~g

+¢
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Our object in this section is to demonstrate the existence of a
unique solution of this pair of equations and to establish the
equivalence of this problem to the original boundary value problem.
The proof will proceed by means of a series of lemmas. Through-
out this section, unless explicitly mentioned to the contrary,
(e.g. Lemma 4.3) the functions g, and o will be assumed to lie

in the space L_(3D). Furthermore, the boundary 3D will be assumed
to satisfy the hypothesis of theorem 3.5.

We remark, first, that by applying the regularity theorem
(Theorem 3.1) to any solution of equation (4.1), we may conclude
that any Lz-solution of equation (4.1) must, in fact, be continuous.
Note that the regularity theorem is abplicable here since, under
the hypotheses on Gy the function Sg+ is continuous everywhere.
(Theorem 3.2), and the kernels of the integral operators R* and S¢
are products of weakly singular, essentially bounded and continuous
functions. In fact it is t; ensure the continuity of Sg, and the
subsequent applicability of the regularity theorem that we restrict
g, to lie in L rather than L2. As we shall see below the fact
that Lz solutions of (4.1) must also be continuous will be of
crucial importance in ensuring that certain functions used in the
construction of the required solution of the system (4.1)-(4.2)
will lie in the domain of the operator Dn‘ Indeed, we will begin
with the following basic result relating the set of solutions of

equation (4.1) and the domain of this operator.

Lemma 4.1: Suppose that the wave number k is not an eigen-
value of the interior Dirichlet problem for the Helmholtz

equation. Then, for any solution u of equation (4.1) in L2(3D)

- + , -
Dnu, and hence Dnu, exists and, moreover, Dnu = D;uzsbnu-
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Proof: Let u be any solution of the equation (4.1). 1In
light of the theorem of Giinter (Theorem 3.4 above) it will be
sufficient to show that D;u exists, at least almost everywhere
on 3D.

To this end, define the function v on D_ by the equation

(4.3) v(P) := (Du + Sou) (P) - Sg,(P), PeD_ .

Then v takes on boundary values in the sense of Theorem 3.5.
Since the function u 1is a solution of the integral equation
(4.1), the regularity theorem, 3.1, assures that u is continuous
on 3D. Therefore u is bounded on 3D and hence the function ocu
is essentially bounded, measurable, and so integrable on 3D.
Likewise, the function ou - 9. is essentially bounded and
integrable on 3D, and so the single layer with density ou - g,
is continuous everywhere by Theorem 3.2. Recalling the form of
the jump conditions for double layer with continuous density

(theorem 3.5), we have for all pe3D,

(4.4) 1lim_ v(P) = (u + K*u + So uw)(p) - (Sg.) (p).
- +
P-+p
Since, by assumption, the function u is a solution of the equation
(4.1) we may conclude that lim_ v(P) = 0 for all points pe3dD.
P+p
The function v, therefore, is a solution of the interior homogeneocus

Dirichlet problem with zero boundary data. Since k is not an

eigenvalue of this problem, the function v must vanish identically
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in D_ and so av/an; = 0 on 3D.

We now rewrite the relation defining v in D_ as follows:

(4.5) (Du)(P) = v(P) + Slg, - oul(P), PeD_

Again, since density of the single layer operator in this last

relation is integrable, we may use Theorem 3.3 to conclude that

(4.6) lim_

3 - = [= Ou -KO
o Eﬁb s[g+ o u] (P). { g, + Kg, +0u -K u) (p)

almost everywhere on 3D. Since we have just shown that
av/an; = 0 for all pedD, we may conclude that D;u exists for
almost all pedD which is what we wished to demonstrate. Moreover

at such points p,
(4.7) Dnu(p) = (-g, + Kg, + ou - Kou) (p),

which relates the solutions of equation (4.1) to those of equation

(4.2) . More precisely, we have established the following result.

Lemma 4.2: 1If k is not an eigenvalue of the interior homogeneous
Dirichlet problem and if the function u is a solution of equation
(4.1) in L,(3D), then the function u is likewise a solution of
equation (4.2).

We may now turn to a discussion of the existence and unique-

ness of solutions.




Lemma ¢.3: For all choices of g €L, (3D), the equation (4.1)

has a solution in LZ(BD).

Proof: The integral operators in (4.1), K* and So, are
completely continuous on L2(3D) (Mikhlin [10}) hence Fredholm's
Alternative applies to (4.1). Observe that the operator So should
be viewed as a composition of multiplication by the essentially
bounded function o which maps SZ(BD) into itself and the single
layer which is weakly singular. Fredholm's Alternative implies
that for any g, either equation (4.1) has a.solution or the homo-
geneous problem has non-trivial solutions, in which case, equation
(4.1) has a solution if and only if the function Sg, is orthogonal
to all solutions of the homogeneous adjoint equation which may
be written (I+K+0S*)% = 0 or, equivalantly, (I+K+0S)% = 0. In fact,
we will show that, for all such 8, (Sg+,3) = 0 for any choice of
g+sL2(aD).

To this end note that (Sq+,3) = (g+,§3) and define a function
v in D by

(4.8) v(P) := (5%) (P), PeD,.
Then, since %eQéaD), the jump relations yield, for almost all

peaD,
(4.9) av/an; (p) = (¥ + K% (p).

But the function ¥ satisfies the equation (I+K+35)% = 0 and so

we may write

T e

s
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t
]
(4.10) 8v/8n; (p) = -35% (p) = =-ov(p), for almost all peadD.
Hence, the function v is a solution of the exterior homogeneous

Robin problem which assumes boundary values in the sense of
Theorem 3.5 and so vanishes identically according to the unique-
ness theorem discussed above., We may conclude 5% = 0 and this
establishes the lemma.

This last result, together with the preceeding lemma, shows
that if k is not an eigenvalue of the interior homogeneous
Dirichlet problem, then the pair of integral equations (4.1l) -
(4.2) has a simultaneous solution. Moreover, there can be at

most one such solution as we now show.

Lemma _4.4: If ¥ L, (3D) is a solution of the homogeneous

system of boundary integral equations
(4.11) (1I+K*+So)u = 0

(4.12) (-c+Ko+Dn)u =0,

then u = 0, peaD

Note that since the function u is assumed to satisfv

the equation (4.1l), we may again invoke the regularity theorem
to establish the continuity of u. 1Indeed, it may well be smoother .
since we assume as an hypothesis that it lies in the domain of

the operator D,

Proof: Again, define the function v on D_ by the relation

v(P) := (D + So)u(P), PeD_




where u is a solution of the homogeneous system (4.11)-(4.12).

Then, as before, v takes on boundary values in the sense of
Theorem 3.5 and, since u is an Lz-solution of equation (4.11)
which has a continuous right hand member, it is also continuous.
Taking limits as the point PeD_ approaches the boundary of D,
and using the jump conditions for the double layer operator with

continuous density, we have

(4.13) v(p) = u(p) + K*u(p) + (So)u(p)

and so v(p) = 0 for all pe3D since u is a solution of equation
(4.11) . Hence the function v is a solution of the homogeneous
Dirichlet problem in D_. There are, then, two possibilities:
either (i) v vanishes identically in D_, or (ii) v is a non-
trivial eigenfunction of the interior homogeneous Dirichlet
porblem for the Helmholtz equation. In case (ii) the function

v has regular normal derivative in the sense of Lyapunov (see

Smirnov (14] p. 586 and p. 675).
In the first case, we must have that (Du + Sou)(P) = 0
for all PeD_. Now define the function V_ in D_ by

(4.14) v,.(P) := (Du + Sou) (P), PeD_,

which, like v_, takes boundary values in the sense of Theorem 3.5.

Using the jump relations for the double layer operator as the

point P approaches 3D from D,, we may write
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(4.15) v_ (p) = -u(p) + K*u(p) + S(ou) (p), pedD.

Since, for merely bounded and measurable densities, the jump
relations for the normal derivative of the single layer operator
hold only almost everywhere on 3D, we may argue in a manner
similar to the proof of Lemma 4.1 and conclude that, for almost

all peadD,
(4.16) av+/an; = (ou) (p) + (Kou) (p) + D u(p).

Note that since k is not an eigenvalue of the interior Dirichlet
problem, Lemma 4.1 assures the existence of Dnu(p). But, from
equation (4.11), we have K*u+Sou = -u and so, with (4.15),

v+(p) = -2u(p), pedD, while from equation (4.12) we have that,
with (4.16), 8v+/8n; (p) = 2(ou) (p) almost everywhere on 3D.

Comparing these last two results, we see that the relation
+
(4.17) av+/anp(p) + (cv+)(p) =0

holds almost everywhere on 3D and we may invoke the uniqueness
theorem to conclude that v_ vanishes identically in D, and

that v_(p) = 0 almost everywhere on 3D. It follows since

v, = -2u that u(p) = 0 almost everywhere on 3D. But the function
u is continuous on 3D and consequently vanishes on 3D, which

establishes the result in case (i).

S O R,




If the second possibility obtains, then the function v is

not identically zero. But, as before,
(4.18) av/an; (p) = (Dju - gu + Kou) (p)
for almost all pedD, and so, since the function u satisfies

equation (4.12), av/an; (p) = 0 almost everywhere on 3D. But

then the function v is a solution to the interior Helmholtz

F_ problem which vanishes on the boundary and whose normal deriva-
tive vanishes almost everywhere on 3D. This leads to a contra-

diction and completes the proof.

It remains for us to establish that, if k is an eigenvalue
of the interior homogeneous Dirichlet problem, then the system
(4.1)-(4.2) of boundary integral equations admits a simultaneous
solution.

We recall the following result from (6, p. 224 and p. 277].

Lemma 4.5: There exists a non~trivial function ¥ such that
(4.19) @ + Kw = 0

if and only if (S%)(p) = 0, pedD. Moreover such a function exists
if and only if k is an eigenvalue of the interior Dirichlet problem.
Finally, ¥ is an eigenfunction if and only if it may be represented
in the form ¥(P)=-1/2(SW) (P), PeD_ where W+Kw=0.

Clearly such a function ¥ satisfies the boundary integral

equation
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(4.20) € + K& + os¥ = 0,

and having made this observation, we may prove the following result

which is analogous to Theorem 4.3 of [g ].

Lemma 4.6: The function ¥ is an eigenfunction of the interior
Dirichlet problem if and only if ¥ can be represented in the form

o] o]
(4.21) ¥ = Dw* + Sow*, PeD_

0
where w* satisfies the homogeneous boundary integral equation

0
(4.22) (I + K* + Sg) w* = 0.

0

Proof: Assume, first, that w* is a non-trivial solution of
the given boundary integral equation and hence with the regularity
Theorem 3.1, is continuous. Define a function ¢ in D_ by

o] ]
(4.23) 9(P) := (Dw* + Sow*)(P), PeD_,

which takes boundary values in the sense of Theorem 3.5. Then,

as in the proof of Lemma 4.1, the function ¢ vanishes on 3D and
hence either vanishes identically in D_ or is a non-trivial eigen-
function of the interior Dirichlet problem. To see that ¥ is

not identically zero, notice that if this were the case then its
normal derivative would vanish on 3D. But, then, for almost all

pedD, we would have, using the jump conditions as in previous

proofs,

PR




a - 2 o o
(4.24) 3v/dn_ (p) = (an*+K0w* - ow*)(p) =0

P
el 59 3 4
where D w* exists since —— and —_ Sow* exist and with !
n an dn o o}

Theorem 3.4, which applies because w* is continuous, DnG*
0
exists. Thus the function w is a solution of the homogeneous

v e

boundary intergral equation

Q
(4.25) (Dn + Ko=0) w* = 0

Now define a function @ on D, by

o) 0
(4.26) u(P) := (Dw* + Sow*), PsD+,

which, again, takes on boundary values in the sense of Theorem 3.5. ¢
Again, using the jump conditions, we have for P+p+,

Q 0
(4.27) Q(p) := (-w* + K*w* + Sow*) (p), pedD,

and
+ e e o
(4.28) aS/anp (p) = (oW* + Kow* + D w*) (p), a.e. on 3D.
[)
- Q e
But since (I+K*Sg)w*=0 we have with (4.27) that S(p) = -2w*(p) for

all pedD, while from (4.25 and (4.28) we conclude that aﬁ/an;(p) =
0
2{ow*) (p) almost everywhere on 3D. The function 8 is thus a

solution to the exterior homogeneocus Robin problem and, by the
0
uniqueness theorem, must vanish everywhere. Thus w*(p) = 0

SE

0
for all pedD which contradicts the choice of w*. Hence ¥ must

be a non-trivial eigenfunction.
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Conversely, assume that ¢ is an eigenfunction of the interior
)
Dirichlet problem and let Vi i=1,2,...,n,be a basis of eigen-

functions. Thus there exists scalars, Gyreverdyy such that
S -2
Ti=1 Ti'i

o}
Wy such that %i satisfies
(4.29) (I+K+as)%i(p)=o pe 3D

0 1,09
(4.30) wv;(P) = =(Sw,;)(P), PeD_.

&

e g e oA VIO

0
a.v.. By lemma 4.5, to each vy there corresponds a function

0 o . . .
Let W=span{wi}. Note that the w; i=1,2,...,n, are linearly independent

. 9 . .
since the v,(p), i=1,2,...,n are chosen as a basis for the

eigenspace. Hence dim<3n>=dimw=n and Wcker (I+K+oS). But,

(4.31) dim ker (I+K+0S)

dim ker (I+K+0S)*

dim ker (I+K*+§c)

]

dim ker (I+K*+So).

0 -
Let {wz}, i=1,2,...,n be a basis for ker (I+K*+So) and define for
each i=1l,...,n

[o]
(4.32) 8;(P) = (D+So)w* (P), PeD_.

Since 3; are non-~trivial solutions of (I+i*+50)3*=0, the first
part of the proof shows that the functions 3i, i=l...,n are
eigenfunctions of the interior Dirichlet problem. Moreover,
they are linearly independent for if 51, i=l,...,n, are scalars

such that ZBiui=0, then

L g

4

&

DS S S S - DT
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o]
(4.33) (n+so)(zsiv‘q) =0

which implies, as in the first part of the proof, that
Q
(4.34) zg;wy =0

and hence Bi=0 for all i=1,...,n.
Thus every eigenfunction ¢ of the interior Dirichlet problem

can be written in the form

o]

o) (o]
ai(D+50)w; = (D+So) I a.w

(4.35) 9 = = (D+S0)w*

et s

i=1

for ay i=1,...,n, appropriately chosen scalars, which completes
the proof.

Finally, we may establish the following existence theorem
for solutions of the system of boundary integral equations

(4.1)-(4.2).

Theorem 4.1

Let oeL_(3D). Then there exists a unique solution of the

system of boundary integral equations .
(4.1) (I + K* + So)u = sg,

(4.2) (-0 + Ko + Dy)u =Kg, - g,

for each choice of g eL_ (3D).
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Proof: 1If k is not an eigenvalue of the interior Dirichlet
problem for the Helmholtz equation, then Lemmas 4.3, 4.2, and
4.4 ensure that a unique solution of the system exists since

g,€L,(3D) implies that g+eL2(8D).

If k is an eigenvalue, then while Lemma 4.3 still guarantees
the existence of at least one solution of equation (4.1), we
cannot show immediately that such a solution will satisfy the
second equation. Nor can we make any statement concerning
uniqueness since solutions to equation (4.1) in this case are
not unique. ;

Suppose, then, that w. is a solution of equation (4.1)

1l
and define a function v on D_ by

(4.36) v(P) := (DW, + Sow, - Sg ) (P), PeD_.

1
Then, as in the proof of Lemma 4.1, v is either identically zero
or is a non-trivial solution of the interior homogeneous Dirichlet
problem. In either case, according to Lemma 4.6, we may represent
the function v in the form v = (D+Sc)%* for some solution %* of
the homogeneous boundary integral equation (I+ﬁ*+Sc)%*=0. Hence,

for PeD_,
- o] n . "
: (4.37) (D+So)w*(P) = (Dw,) (P) + (So)w,(P) - (Sg,)(P).

Now, define a function w on 3D by

Q
(4.38) w := %l —w*,

QI —— = man e e o e . e . . e Y -




- N 2 4 .92 n o
(4.39) w+K*w+Sow wl-w*+K*wl-K*w*+Scw1—Scw*

[}
£
+
N

*
€

-

+
0
Q
£

=

0

n

0
+

and so the function w satisfies the equation (4.1). Moreover,

for all PeD_, with (4.37),

0

(o]
(4.40) (Dw + Saow) (P) (D%“rl - Dw* + So?al - Sow*) (P)

Sg+(P)
or equivalantly,
(4.41) (Dw) (P) = S(q+-cw)(P), for all Pel_.

0
The function 31 and w* are not only Lz-solutions of the non-

homogeneous and homogeneous integral equations, respectively,
but are also, according to the regularity theorem, continuous
functions on 3D. Hence they are both bounded there and, conse-
quently, the functions w and g, -Jw are essentially bounded and

integrable on 3D. So again, we may use Theorem 3.4 to conclude

that




(4.42) 1lim_ 3/3n

S(g+ -ow) (P) = (-g+ + Kg+ + ow -~ Kow) (p)
P->p

P

' almost everywhere on 3D. And so we have that D;w(p).exists
almost everywhere on 3D and (an ~ ow + Kow) (p) = (-g+ + Kg+)(p),
almost everywhere on 3D. Consequently, the function weLz(ED)
satisfies the system of boundary integral equations. To finish
the proof, we appeal to Lemma 4.4 for the unigqueness statement.

Next we establish the equivalence of the Robin Problem and

its bound~ry integral equation formulation.

Theorem 4.2:

Let g, and ¢ be in L (3D),Im k>0, and Im ko>0. Then u_ is

a solution of the Exterior Robin Problem,

[OOSR

1. u, eCZ(D+): a,, %%* +sL2(aD) in the sense of theorem 3.5

2 _
2. (A + k) u =0, PeD+ !

+

Jdu
3. 3 -iku_ = o(l/r)

du, .
4. anp+ + ou =g, almost everywhere on 3D, :

if and only if

(4.43) u, = 1 S{g,-gu) - L Du, PeD
z + 2

+ +

where

(4.1) (I + K* + So) u = Sg,

(4.2) (=0 + Ko+ D) u = Kg,~qg,.




Proof: First assume u_ is a solution of the Robin problem
1-4. Then Theorem 3.5 may be employed to obtain the Representa-
tion Theorem (2.13) which is the same as #4.43) above with u,
replacing u. Then the formal calculations by which (2.14) and
(2.19) which are identical with (4.1) and (4.2 were obtained may be
repeated. Note that (4.1) follows from the continuity of Sg, and

Sou_ (Theorem 3.2) and the jump relation for Du_ which holds

for u_ eL, (3D) (Theorem 3.3). Then the regularity Theorem 3.1

ensures that u*eCO(BD). Hence with Theorem 3.4 and the fact

au
that u, and S 55* have normal derivatives.in LZ(BD) the represen-~

tation (2.13) may be differentiated and Dn u, must exist. Thus

+

u, is a simultaneous solution of (4.1)and (4.2)hence by Theorem 4.1

is the unique solution.

Conversely assume u is the unique solution of (4.1 and (4.2
and u_ is defined by (4.43).. Clearly u_ satifies the Helmholtz
equation and the radiation condition in D,-

The regularity Theorem 3.1 ensures that u is continuous on

9D, hence Sou is continuous and has a normal derivative in L2 (3D)
(Theorems 3.2, 3.3, and 3.6). Moreover u must be in the domain of
Ju
+ . . . +
D,- Hence u, and x=' are in Lz(aD). Then taking limits as P+p

we find that on 3D

-= K*u

_1
(4.44) u, = > S(g+ -gu) +

(ST«
N

and with (4.1)

{4.45) u, =u on 3D.




_ 1 1 1 1
(4.46) ﬁ—-ig++2-Kg+——2--7Kou-2~Dnu

and with (4.2)

du,
(4.47) - = 94 -~ 0u on oD

hence
(4.48) - ftou, =g, on aD.

and u, satisfies the Robin problem.
In conclusion, we remind the reader of the closing remarks

of Section 2. There we derived, formally, boundary integral

equations, of the same form as equations (4.1) and (4.2), but

with different right hand members which were suitable for describing

the total field for the scattering problem. In that derivation,

the right hand sides represent, up to a constant factor, the

incident field and its normal derivative respectively. As the

results of this section do not depend on the particular form of

the function appearing on the right hand side, we see that for

sufficiently smooth incident fields the analysis of this section

is valid and we may state the following theorem.

Theorem 4,3:

Let ui denote an incident field and u=ui+us the total field
when u® denoted the field scattered by the obstacle D_. Then, for

any oeL_(3D), there exists a unique solution of the system of

boundary integral egquations

e g



(4.49) (I+Sg+K*)u = 2ul

"

(4.50) (~o+Ko+D )u=2(aui/3n ).
n p

I

The equivalence of solutions of this pair of boundary

integral equations and the scattering problem follows, mutatis

mutandis, from Theorem 4.2.
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APPENDIX - On the generalized boundary values
of single and double layers.

In Theorem 3.5 the notion of a family of parallel surfaces
' {sy} contained in D_ was introduced. We may define another
family {S;} contained in D_ which converges to 3D in the same
sense as {SE} . With the understanding that the layers may
approach their boundary values from pt or D~ we state and prove

Theorem 3.6.

Theorem:
1 If 3D is a Lvapunov surface (or a finite number of disjoint

Lyapunov surfaces) and ueLz(aD) then Su, Du and %H Sy assume

boundary values in the sense of Theorem 3.5, namely;

+ ;
A-1 f | (su) (F (p))-(Su)(P)IzdS =<>(5°), ]
3D 8 P

+ 2 (o] \
A-2 J | (Du) (F (p))=(Dyu) (p)|[“AS_ =0 (&),
D 8 P

and

( 3 + 3 2 o
4-3 Ja | g5t (Su)(F(pP)) = 3z (Su) (p)[7dS, =0 (67)
p

P E

Proof:

Considering equation A-1 first, we denote by P the image

: +
on S6 of a point p on 3D, i.e., PsaFé(p). Recall that

A-¢ IP5'P| := R(P,,p) = 0(6) uniformly in p.

N




wWith (2.3) the integrand in A-l becomes

4-5 | (sw) (P -(su) (p) 123=] | w(@) [v(P.,q)-v(p,q)1ds_]|>
§ 3D § q
ikR(Ps,q) ikR(p,q) 2
-2 l[ u(q) [e - £ stq’ y
:;f oD R(PGrQ) R(PrQ)

It may be shown that for Imk>0,

ikR(Ps,q) ikR(p,q)

le - e <

R(Pé,q) R(p.q) - R(Ps.q)R(p.q)

(1+|k|D)R(P4,p)
A-6

where D is the diameter of 3D. From the definition of S5 it

follows that there is a constant ¢ such that,
A=-7 R(Pdlp)i cd .

Thus there is a constant ¢, independent of 6§, such that A-5

gives rise to

A-8 l(Su)(PG)-(Su)(p)I2 < cs? (f [ulq) |dSy 2
3D R(P;,q)R(p,q) ]
(
L cs? Ia _fES__ |u(a)|2
D 7 3D

R(P4,q) R(P,q)

as
R(Ps,q)R(p,q) 7




where Schwartz' inequality has been used. It also may be

established that for R(Pd,p)<d/2 where é is sufficiently

small (depending on the Lyapunov constants of the surface)

A~

1 2
4-9 R(P,;,q) < R(p,a) ’ ¥p,qedb
and

1 2
A-10 E(P6,q)i R(P,,p) ’ ¥p,qeaD .

Employing these relations selectively we find, for any

o (0,1),

2 o ds
4-17 | (Sw) (P -(sw) (p) |2 < <& H
§ - D I+a J R(p,q)
)

l R (p,@)| J,p
S
The term. 3D '%Tu is an integral with a weak singularity
R (p,q)

and differentiable density (=1) hence is a continuous function of
2
p on 3D while the term [ lﬂiﬂlL— ds is a single layer with
/3D R(p,q)
integrable density hence is integrable ([4], p. 110) and the
validity of A-1l follows.

Next consider A-2 which involves somewhat different estimates.

with (2.4), (2.5), (3.18) and (3.19) we have




A-12 [ (Dw) (Pg) =DM (p) |2 =

+
l J u(q)i— [Y(Pd,q)-Y(p,q)]ds +u(p)|2, P.eD
aD onq qQ - §

Introducing Gauss' integral which has the form

4 0, P6€D+
3 _ -

A-13 JQD 'an—q YO(PS,q)dSq = l, PGEBD

2, PéeD_

where

- -1
A-14 % (Psra) = - s7RtE,@

equation A-12 may be written

4-15 I(Du)(Pé)—(Dtu)(p)l2 = | J {u(q)%ﬁ—[y(ps,q)—y(p.q)]
q

oD

-1 (P 3o (v (Pg,@) =Y (P,a) 1 }dS |2
q

< 2] Ja u(q)gﬁ—[Y(Ps,q)-Y(p.q)-vo(PG,q)+Yo(p.q)]dsqlz
D q

) 2
+ 2| JBD [u(q)-u(p)];;; [YO(PG.q)-Yo(p.q)]dSql .

The triangle inequality was employed in obtaining the last

inequality.

:
|4
v
¢




49
It may be shown that for Imk>0

. A-16 [gﬁ—[Y(Ps,q)-Yo(PG.q)+Yo(Prq)-Y(Prq)]|=
q

e -1 e -1 c§

— - I RPLI R,
q R(P, ,q) R(p,q) - REg A RIP/G

where ¢ is a constant which depends on k and the diameter of 3D
but is independent of p and §. Hence the first term on the right
hand side of A-15 may be estimated as

2

|

d
A-17 2|I u(q)gaalY(PG,q)—Yo(Pd,q)+Yo(p,q)-Y(p,q)]dsq

oD

Co [ L@l g )2

3D R(Ps,q)R(pyq)q

which is exactly the same as the estimate A-7 hence the subsequent
analysis applies here as well. The second term on the right of

A-15 is analysed with the help of the following estimate which

! may be shown to hold on a Lyapunov of order a:
; .y 35 (P @) 37, (prq) g ¢;R(Ps,P) . C,R(P4,P)
: g Ny T R(Pg,q)  R(pg,a)R(p,q)

where cl and c, are constants. Then

i i s i
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4-19 IJ (u(g)-u(p)] _ vy (P.,q)-v_(p,q)] ds l2
. 3D anq o'’ o' F! q
2 c c 2
1 2
<8 [J 1 (q) -u (p) [ + ] ds ]
- 39' D -u(p) | Ej(ps,q) R(Pé,q)RZAu(PrQ) 4

| A

52 J () -u(p) | gg ]2 .
3D R7(P,,q) d

3262[ [ le@-we) ] as,|? ]
/3D R(Ps,q)R" “(p,q)

R ST

for modified constants a; and a,. The first integral on the

right of A-19, with Schwartz' inequality, becomes

4-20 ( J () =u( )Idsq]z . J ds J lute -utp) [ oo
3D R (ps.q) = Y R(Pg,q@) 0D R3(P6,q)

PSS

Defining Z,(p), a patch on 9D as,

gqeaD

where d is sufficiently smaller than the Lyapunov radius associated

-
PR e s Dl o, Aas SR pae . a ey

with 3D so that A-9 and A-10 may be used, it follows that

ds ds ds 1 I
A=-22 J = + [ !
aD R (Pa,q) BD\Zd(p) R (PG,q) Zd(p) R (Pc.q)
< 8A d 2T 0
- g} + c‘[dpj de 3/2.

o) (Rz(Ps,p)+§2)

0
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The constants A and ¢ are of no particular importance for our
present purpose but we note that A is the surface area of 9D.

In the second integral in A-22 we have introduced polar coordinates
(p,9) on the disk tangent to 3D at p and used the inequalities

{e.qg. Giinter(4])

A-23 dsqi 2pdpde ,qezd(p)

and

4-24 R(Pa,q) > % V/RZ(PG,P)+R2(p,q) 3_%‘V/R2(P6,p)+pz

The integral in A-22 is easily evaluated and we have

ds
8A 1 1 c ‘
4-25 J d < + 2mc - 1
aD 537P5,q) - & [ R{Ps/p) (RZ(PG,p)+dz)l/2]< = ;

for some constant c:- Similarly the second integral in (A-20)

may be written

2 2
A-26 [ lu(@=u® % <16 J Luta) | +£u(p)| as
i 3 q - 3D\Z . (p) a g
2
+ 8 u(q) =u(p as

3/2 q
)
Zd(P) (2°6“+R" (p,q))

d 21 olu(pray) -u(pl |

de J 40 —y—y—r—
o]

2 2
< eqllull v lu 2+ e j ,
- 1l LZ(BD) 2 3 (c 26240 )3/2

0




where again we use polar coordinates on the plane targent top to

parameterize Zd(p) and employ (A-23), (A-24) and (3.21). The

vector q, in local rectangular coordinates centered at p is
A-27 qi = (g,n,c(E,n)) , &= pcos¢ , n= psin¢

where : is a local representation of the surface, hence depends

on p, but also satisfies, since d is smaller than the Lyapunov

radius
a .
A-28 ‘§l<apl+ , o = Lyapunov index.
Hence for d sufficiently small

4-29 Iqll <2.

Substituting these results in A-20 we have

A-30 ( ( I%;q)-u(p)l dsq}2 <1 (cl[[u[lz +c21u(p)l2
‘ap R7(P,.@) g L, (3D)
d 27 2
rey Jdp Jd¢ olu(p+q;) -u(p) | }
o] o} (e 262+92)3/2 .

The second integral on the right in A-~19 is treated similarly yielding




4-31 ( f [u(q) -u(p) |

2 1 2 2
= ds J <= b [Tul] +b, | u(p) |
3D R(Pd,q)a2 Sp,q) & si—e 1 L,(3D) 72

(d c2n lu(p+ql)-u(p)|2
+ b Jdpfd¢ }

3 Jp ) -
©c 7o # V6§62+p: ]

Incorporating A-30 and A-31 into A-19 we have, for appropriately

redefined constants,
a-32 | | (@ -ue)1 E=i¥_(Po,q@) =¥ _(p,@)1ds_|2<c 8] |u] |2
2D q EH; ‘0'Fsr o'\P1q q' %1 L, (3D)

+ ) GIU(P)lz

a 2 a 2
" olu(p+ql)-u(p)l2 140 " Jutprap) -u(p) |2
* e300 Jdp Jd¢ T2 23772 87 Jae Jd 1%
o ‘o (8%6%+p") 0 o P \/6262+p2

.

Integrating over 3D and employing Fubini's theorem, which applies
1

. P —
since ust(aD) and both (626 ” and pl_avgzgi:;r— are

: integrable in the p,¢ variables for §>0, we obtain ?

9 2
4-33 j IJ [u i) -u(p) 1% (P.,q) ~v_(p,q)1ds_|%as
3D 3D anq o8 o q P

2
< ‘°1+°2)5|[“||L2(ao)

4 (3 —F ( ) | %as
+ C35 IOD Jd¢ 72 lJaD|u(p+q1) "U(P l p

0 (9262+p2)?




d 2m 2
+ o slto [dp Id¢ 1 [ jao |u(p+ql)—u(p)l dsp]

l=-q
)o o P /62624.92

The integral J |u(p+ql)-u(p)|2dsp is the L, modulus of continuity
3D

of u which is 0((ql(2) (Stein ([16]) although for present purposes .

it is sufficient to have 0(lq1|3), 8>0. Then with (A-29)

A-34 j |u(p+ql)—u(p)|2ds < ¢cop
aD P

and (A-33) becomes

9 2
4-35 fan [ faéu(q) “(P’]§H;[Yo(Pa'q’ Yo(p,q)ldsql ds,

a, 2
£ ¢S ||“1|L2(ao)

d a
+ & s I o*e do + g1t J do

n 2 v B[P 148 n 2a+8 {7
£ ¢ 8 [lully (ap)+ey? I, Sy—ga, "3 Io = r8<1
% (8%4+s°) S ,/'e‘2'+52

When B8<1, both integrals are bounded and the right hand side is 0(@8).

If B8>1 even more rapid decay of (A-34) with § is easily shown. In

all cases the validity of (A-2) is thus ensured.
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The proof of A-3 involves an argument similar to that used in
- establishing A-2 which we merely suggest. With (2.3) (3.16), (3.17)

and (A-13) we obtain

4-36 lé—;(SuXPG) G (Su)(p)|2§4[f Iu(q)!lgg—[Y(P5rq)-Yo(PgrQ)
ans anp oD P

2
+vo(p,q)-v(p.q)]ldsq]

+4[jaolu(q)l 13y (P @) =1 (P @) 1+3—T¥ (P, @)
P q

2
—Yo(p,q)lldsq]

o

[u(p)-u(q) | l%ﬁ' [v,(Ps @) =v{pP,a)] ldsq}z,
aD q :

The first integral on the right may be estimated in the same way
. . . ) . 9
. as (A-17) since (A-16) remains valid when 53; is replaced by W ¢
The third integral is precisely the same as (A-19) and is treated
identically. The second integral is estimated using the following

inequality

A-37 |%3; [YO<P6,q)-YO<p,q)1+§H;[YO(P5,q)-Y°(p,q)ll

c R(P&,p)

<

“%(p,q)

~ R(Pg,@)R
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which enables us to write
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4-38 [f lut@) | 135 [vowa,q)-vo(p,q)1+§t-l—n°(r5.q)-v°(p.q1ldSq;’
3D p q

<c 52[ I ludgl | 4s ]2
3 R(P.,q)R” " (p,q)

i < 2¢ 52( [ Ju@-u@ | 46 ]2 .
; - 3 R(P,,q)R° *(p,q) ]

as

2 2 2
2 c8“fu(p)] ( J 4 T3 ] .
3D R(Pdﬂna (p,q)

The first term in the right also appears in A-19 and is treated

as it was there. The second term is 0(60) since the integral

may be shown to be o(g%:a), This completes the proof of Theorem 3.6.

We remark that while we have proven the theorem for Lyapunov

surfaces of index a, the proof is contingent upon the existence

of families of parallel surfaces, which we have only asserted

for index 1. This is sufficient for our use of the theorem in
Section IV, however should the families exist under the weaker
hypothesis (see Burago, Maz'ja ané@ Sapoznnikova [1]) then Theorem 3.6

will hold in that case as well.

?E
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