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\Exl ABSTRACT

The performance of a single-stage surface-to-orbit shuttle--
whether chemical-propellant or nuclear--can be considerably improved by
Wnixed-mode® propulsion. A mixed-mode shuttle would be fitted with
engines désigned to use two different propellant combinations--a high-
thrust (mode 1) propellant, such as ammonia, and a high-specific-impulse
(mode 2) propellant, such as hydrogen.

The first step in the evaluation of the mixed-mode nuclear shuttle
is a preliminary trajectory optimization study. This study, using a
simple mission and a simple shuttle model, would ﬂe the basis for more
cohplex trajectory optimization studies. The problem considered in this
thesis is that of minimizing the proﬁellant expenditure of a mixed-mode
nuclear shuttle for a given orbit. The starting point for any optimiza-
tion problem is a mathematical model of the system, in state varisble
form.

Application of the methods of optimal control theory results in a
two-point boundary-value problem and an associated algebraic problem.
Three numerical methods are briefly described which could be used to

solve these problems. However a morq‘flexiblo method, that of finite

differences, is proposed in this study to handle the more restricted ‘

problem. Replacement of the derivatives with finite-difference approxi-
mations results in a set of nonlinear algebraic equations. These
equations are solved by the Newton-Raphson technique; central-difference
approximations are used for the Jacobian matrix, and the linearized

algebraic equations are solved by tho Gauss elimination mothod. A

proceduro is prosentod'for obtaining good starting values for the

s |
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Newton-Raphson iteration. This is done by neglecting the effects of
atmosphere; as a resul{, the optimality conditions are greatly
si.npli.f:led.x,.ks”iﬁ‘ turned out, this procedure proved sufficient for an
evaluagi'éii of mixed-mode propulsion. Consequently, the finite-

différence method was not used to obtain numerical results, slthough the

correctness of the program was verified.

— e e oy @GN WE

§ The analysis of the problem is given in detail, along with numerical

1 results for various combinations of the input variables, and the

- finite-difference computer program, properly documented. ‘.<

In conclusion, suggestions for extensions of this work are presented

and methods of approach are outlined.
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CHAPTER 1
INTRODUCTION

Since the end of the Apollo program, the trend in space transpor-
tation has been towards low cost. The intention was that reusability
of space vehicles and equipment, commonality, and integration of manned
and unmanned flights would accomplish this task. The space shuttle was
born out of this trend. |

The present shuttle was supposed to drastically reduce the cost of
surface-to-orbit transportation. However, this shuttle will be cheaper
to develop than to operate. The estimated payload costs were 350 dollars
per kilogram per low altitude low inclination orbits and the actual
figure will undoubtedly be substantially higher.

The fresent shuttle has operational deficiencies as well. One of .
its main objectives is to carry large payloads into earth orbit with
greater reliability and econqpic payback. But the payload capability
itself is quite limited--only 29,500 kilograms maximum in low altitude
low inclination orbit and this decreases rapidly as orbital altitude and
inclination increase. In addition, there is very little orbital maneuver
capability. Finally, one has the nuisance of sea-recovering the boosters.

Therefore it is logical to look to the possibility of a single-
stage shuttle because operational and devélopnental costs could be
greatly reduced. But the present propulsion systems do not permit
single-stage winged shuttles with reasonably large payload fractions or
perhaps with any payload at ali.

The concept of mixed-mode propulsion may make a reusable one-stage-

to-orbit shuttle feasible. 'Mixed-mode" propulsion for surface-to-orbit
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shuttles was first proposed by Robert Salkeld in an article published in

1971.1 There is a tradeoff between thrust and specific impulse, but

this tradeoff shifts during ascent. High thrust is at a premium at

liftoff, but as speed and altitude are built up the tradeoff shifts in
the direction of high specific impulse. A mixed-mode shuttle would be i
fitted with engines designed to burn two different propellant combina-
tions--a high-thrust (mode 1) combination, such as kerosene and oxygen,
and a high-specific-impulse (mode 2) combination, such as hydrogen and
oxygen--simultaneously. At liftoff, the engines would be operating in

mode 1; they would transition to mode 2 during ascent. Detailed studies

have shown that mixed-mode propulsion makes single-stage wing'ed shuttles
of modest size practical.

Based on initial economic analysis, the initial cost of mixed-mode
shuttles will be far less than for the single-mode alternatives. Robert
Salkeld believes the mixed-mode concept can cut the overall cost of a
1000-flight shuttle program at least 40% while producing a much more
effective system.

Operationally, the mixed-mode shuttle also seems to be a good bet.
The mixed-mode propulsion can increase performance in a vehicle of a
given size or reduce the size of a vehicle of a given performance.
Propellant volume is reduced, allowing for a larger payload capability,
thus satisfying one of the main objectives for the space shuttle. Thus
the potential performance gains from mixed-mode propulsion warrant its

study.
Donald Kingsbury has pointed out that the mixed-mode concept

2

can also be applied to nuclear rockets.” The most likely mode 1 pro-

pellant is ammonia, which has a fairly high density but readily
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dissociates into a mixture of nitrogen and hydrogen having a fairly low

molecular weight. The mode 2 propellant would be hydrogen.

The first step in the evaluation of the performance of a mixed-mode

nuclear shuttle is an ascent-trajectory optimization study. The purpose

of this work is to program the thrust vector for a mixed-mode single-

stage nuclear surface-to-orbit shuttle so as to minimize the propellant

expenditure required to reach a given orbit. (Minimizing the propellant

expenditure required to reach a given orbit is equivalent to maximizing

the final mass of the shuttle.) The following assumptions are made:

1.

2.

3.

4,

The shuttle is launched from a site on the equator into

an equatorial orbit. As is appropriate for a preliminary

study, this assumption is restrictive, but not unrealistic. It
considerably simplifies the computation and the presentation of
results, without sacrificing any of the essential features of
the problem. The shuttle's performance would be.slightly reduced
for non-equatorial launch sites and non-equatorial orbits.

The nozzle flow may be treated as a one-dimensional ideal-gas
flow. This assumption is acceptable for a preliminary study,

and it greatly simplifies the computation.

The nozzle flow is expanded to ambient pressure. This assumption
implies that the shuttle is fitted with an aerospike nozzle. If
this is not the case, the assumption is slightly optimistic.

The effective pump power and the reactor-exit stagnation tempar-
ature are independent of the reactor-exit stagnation pressure.
("Effective punp power" is the power required to pump the

propellants, assumed to be incompressible, from zero pressure

to the reactor-exit stagnation pressure.) The accuracy of this
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assunption depends upon the quality of the pump and heat-
exchanger designs.

5. The effect of Reynolds number upon the drag and lift‘coeffi-
cients is negligible.

6. Atmospheric temperatures and pressures are approximately those
of the Standard Tropical Atmosphere.

The following are given, in addition to the configuration aﬁd the

choice of propellants:

1. Final altitude and velocity.

2. Reactor-exit stagnation temperature.
3. Effective pump power/initial mass.
4. Nozzle throat area/initial mass.

S. Base area/initial mass.

(Note that, for a given family of designs, the payload/initial mass ratio

may depend upon all these things, as well as upon the propellant capacity

per unit initial mass.)

The following is an outliné of the remainder of this work:

CHAPTER I1., THE MATHEMATICAL FORMULATION OF THE PROBLEM

The differential equations (equations of motion) which describe the
system are derived and explained. Boundary conditions are given.
The performance index is defined.

CHAPTER III. THE OPTIMAL CONTROL PROBLEM

Optimal control theory is applied to obtain the equations which must
be solved to compute the optimal trajectory.

CHAPTER IV. THE NUMERICAL SOLUTION

A finite-difference method for the solution of the optimal control

problem is described. Three alternative numerical methods are also




CHAPTER V. APPROXIMATE COMPUTATION OF THE OPTIMAL TRAJECTORY

The algorithm for obtaining good starting values to be used to begin
the Newton-Raphson iteration.

CHAPTER VI. NUMERICAL RESULTS AND CONCLUSIONS

The results are presented from the approximate trajectory method.
CHAPTER VII. RECOMMENDATIONS

Possible extensions of this work and methods of approach are sug-

gested.
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CHAPTER 11

THE MATHEMATICAL FORMULATION OF THE PROBLEM

The starting point for an optimal control investigation is a mathe-
matical model in state variable form. A state vector for a system is a
minimum set of data required to predict the future behavior of the system.
The state variables satisfy a set of first-order ordinary differential
equations called the state differential equations. The state differen-
tial equations contain certain variables in addition to the state vari-
ables. These are referred to as thg control variables. The control
variables are usually taken to be quantities which can actually be mani-
pulated,.

The choice of what variables are to be treated as state variables
and what variables are to be treated as control variables is purely one
of convenience. However, the number of state variables and the number
of control variables is determined by the mathematical model of the
systenm. '

The control optimization problem is that of finding a control vector
that "optimizes" the performance of the system.

For this case, let the state variables be r, i, and $, vhere r is
the distance from the center of the planet and ¢ is longitude; 1let the
control variables be g and Py where 8 is the angle from the horizontal
to the thrust axis, positive upward, and Py is the stagnation pressure at
the reactor exit; and let the independent variable be m, where m is the
ratio of the shuttle's instantaneous mass to the initial mass.

The shuttle's radial and transverse accelerations in terms of the

state variables and their derivatives are
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a = ; -r$ = (Fr + Lr + Dr - mg)/m, (2.1)
a¢ = Td+2rd = (F¢ + L’ + D‘)/m, (2.2)

where Fr’ Lr’ and Dr are the radial components of the thrust, lift, and
drag per unit initial mass and g is the gravitatiomal acceleration and
F’, L¢, and D¢ are the transverse components of the thrust, 1lift, and
drag per unit initial mass.

The transverse force is thus
(F-D) cos 8 -~ L sin 8,
and the radial force is
(F-D) sing+Lcos 8 -mg,

where g = gorg/rz, 8o being the gravitational acceleration at the surface
of the planet, and T, being the radius of the planet.

Let (r,i,&) = (xl.xz,xs), the state variable vector, and ;et
(pr.B) = (ul,uz), the control variable vector. The state differential

equations are

. dr/dm = r/(ﬁ1 + iz) = £ (x,u,m), (2.3)

df/dm = (~grd/r? + 142 + ((F - D) sin B + L cos B)/m)/ (B, + i

2)

£,(x,u,m), (2.4)
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d4/dm = (-274 + ((F - D) cos 8 - L sing)/n)/(m, + B,)r = £,(x,u,m);(2.5)

where -ﬁl and -ﬁz are the mode-1 and mode-2 propellant flow rafes per
unit initial mass, 8o is the gravitational acceleration at the surface
of the planet, T, is the radius of the planet, and F, D, and L are
thrust, drag, and 1lift per unit initial mass. The right-hand sides of
these differential equations are functions of the state variables, one
of the contrbl variables, the independent variable, and 61’ ﬁz, F, D,
and L. One must express il. ﬁz, F, D, and L as functions of the state
and control variables.

The thrust is given by

1/2 (70 - 1)/Y°

(- /p) y1/2

F = -2y KT/ (1, - DW) m + 1), (2.6)
where Yo and We are the specific-heat ratio and the molecular weight

of the exhaust, P. is the reactor-exit stagnation pressure, Tr is the
reactor-exit stagnation temperature (given), Py is the atmospheric
pressure (a2 function of altitude), and R is the.wmiversal gas constant.3

The specific-heat ratio and the molecular weight of the exhaust are given

by
Yo = (ry0y/ (v, = DNy ¢ v 0,/ (v, = DN/ (@,/Cyy = W, ¢
B,/ (v, = DY),

W, (R ¢ R/ (R /N ¢ BN,
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where Y and Y, are the specific-heat ratios, and "1 and "2 are the
molecular weights, of the two propellants (after dissociation, if it
occurs.)

The propellant flow rates satisfy the equations
. . (vg + 1)/2(y, - 1) - 1/2
By ¢ my = -(2/(y, + 1)) SRl W (2.9)
P=-(my/oy + By/0,)p ., (2.10)

where A, is the nozzle throat area per unit initial mass (given'), P is
the effective pump power per wmit initial mass (given), and Py and Py
are the densities of the two propellants.4 Substituting Eq. (2.7) and
(2.8) into Eq. (2.9), and eliminating one of the flow rates between the
resulting equation and Eq. (2.10), one obtains an equation that can be
solved numerically for the other flow rate, for given reactor pressure.
Thus F = F(pr,p‘(r)); Py is a control variable and r is a state variable.
The reactor pressure, Py must satisfy two inequality constraints.
Since ﬁl and 62 aTe both negative, p_ must be bounded by the value p,
for which ﬁz = 0 (pure ammonia), and the value Py for which il = 0 (pure
hydrogen). To find p,, set ‘7'2 = 0 in equations (2.9) and (2.10). After
eliminating 31 between these equations, the resulting equation will be

solved for p.. This value will be p,. Similarly, to find p, set il -0 ;
in equations (2.9) and (2.10). After eliminating iz between these
equations, the resulting equation will again be solved for Ppe This time

this value will be p,. Thus the constraints on the control vector are

Py < U;*Py < Pps (2.11)
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and

0 < u,=8 < /2. @
The drag and 1lift are giveam by

D = v P M Cy(M,0)A, /2, (2.13)

L = v p,MC (M,0)A /2, (2.14)

where Yo is the specific-heat ratio of air, M is the flight Mach number,
CD and CL are the drag and lift coefficients, a is the angle of attack,
and Ab is the base area per unit initial mass (given). The Mach number

and the angle of attack are given by

M= 26 e G- a2, (2.15)
a=8 - tan /(4 - W), (2.16)

where Wa is the molecular weight of air, T a is the atmospheric temper-
ature (a function of altitude), and w is the planet's rotational angular

velocity. The temperature in the i-th layer of the atmosphexre is given

by

T‘ s Ti + (r - ri)fi. (2.17)

and the pressure by

[]
)
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P, = (T /T)) (r; #0), (2.18)
Py ® Pyexp(-(r - r,)g N /RT,) (x; = 0), (2.19)

where Yy is a constant, and Ti and p; are the temperature and pressure
at the base of the layer, at r = ;. Thus drag and lift are functions
of the state variables and B, one of the control variables.
Thus the right-hand sides of the state differential equations are
functions of the state and control variables and the independent variable.

The initial and_final state variables are given, i.e.
xi(lf) = xfi, xi(l) » xoi, (2.20)

where x, and Xg are specified. In the case of a circular orbit,
i

0
i
rf = 0, and ’f = (gorg/r:) 1/2

and 3. The final conditions of the state variables can be written in the

where if and $f are the final values of r

form Gi(x(me,nf) = (0, where Gi(x(m),m) = xi(m) - xfi for the xfi are
given.

Having formulated a mathematical model of the system and having
established initial and final conditions on the state variables, one must
define a performance index which is to be maximized or minimized. In
this case, the performance index is I = me and this performance index is
to be maximized.

Thus the problem is in the form of an optimal control problem, where
one maximizes the functional I = Re subject to the differential con-

straints given by equations (2.3) -~ (2.5), the inequality constraints

given by equations (2.11) and (2.12), and the boundary conditions given

by equations (2.20).
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CHAPTER III

THE OPTIMAL CONTROL PROBLEM

The control optimization problem is that of finding a control vector
that "optimizes'" the performance of the system. The optimal control
problem formulated in Chapter I1I is a member of a class of optimal con-
trol problems considered below. In the general problem discussed below,
the independent variable is chosen as t, for convenience, which is
equivalent to the mass variable, m, of the problem discussed in Chapter
11, .

Let the state vector x be an N-vector and the control vector u be
an M-vector; let x satisfy the set of first-order ordinary differential

equations
dxi/dt = fi(x,u.t) i=1,...,N, (3.1)
and let the performance index be
te
I = P(x(ty),ty) + 1" Qx,u,t)de. (3.2)
0
I is said to be a functional of u. Let t and x(to) be given, and let
Gi(x(tf),tf) =0 i=1,...,L (L € Ne1), (3.3)
where t g Bay or may not be given. The control vector u, may have to

satisfy inequality constraints as well. The problem is to compute u(t),

and t‘ if it is not given, such that I is extremized.
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This is the Bolza problem, If P(x,t) = O, one has the Lagrange

l problem; if Q(x,u,t) = 0, one has the Mayer problem. The Bolza problem
can be put into either the Lagrange or the Mayer form, if desired. The
problem considered in this thesis is a Mayer problem, since I = te.

The following are necessary conditions for the extremization of the

i v performance 1ndex:4

1. ) is introduced as a costate vector with N components, which

: must satisfy the set of first-order ordinary differential

equations
M N
f dA,/dt = -3Q(x,u,t)/3x, -jglxjafj(x,u,c)/axi ' (3.4)
L i=1,... N,
|

These equations are referred to as the costate differential

equations.
2. The control vector u must satisfy the set of algebraic equations

. N
| 3Q(x,u,t)/u, +j§1xjafj(x.u.t)/au1 =0 (3.5)

? | is1,...,M,

if there are no constraints on the control vector. These equa-
. . tions are referred to as the optimality conditions. If there
g are constraints on the control vector, the solution to these

; equations may violate these constraints. In that case, one

chooses the control vector that comes as close as possible to

S
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extremizing the function Q(x,u,t) + xj£3(x.u.t) without
i=1
l violating the constraints.
1 3. The final conditions

L
A3(te) - aP(x(t),te)/ax, ¢j§1qjacj (x(tg) ,te)/ox, = 0 (3.6)

‘- i’l.oon.".

must be satisfied, where the q's are additional variables in-
troduced which are referred to as Lagrange multipliers.
4, If te is not given, an additional final condition

N
Q(X(tf) n“(tf) otf) ‘izlxi(tf) fi (x(tf) :u(tf) :tf) *

L
WP(x(ty) ,tg) /3t -1I1q1361(x(tf),tf)/3t =0, (3.7

s o iimtegt ime s

must be satisfied. This is referred to as the transversality

condition.
Equations (3.1) and (3.4) can be solved for x(t) and A(t), with

the control vector determined by equation (3.5), and with the constants

of integration, the Lagrange multipliers, and, if it is not given, te

determined by the initial conditions on the state vector, equations (3.3),

¥~ =

The unknowns thus to be determined are an N-vector function X, an N

PRy e i gromagpet;

vector function A, an M-vector function u, L q's, N constants of inte-

T —

gration, and perhaps te. The equations from which these are to be deter-

mined consist of N state differential equations, N costate differential

g
1

|

|

L

L

[

[ - and (3.6), and, if t. is not given, equation (3.7).
|

|

1
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equations, M optimality conditions, L temminal constraints, N final
conditions on the costate variables, and if tf is not given, a transver-

sality condition. Thus there are the same mumber of equations as there

are unknowns.

i ’
L e e o -
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CHAPTER 1V

THE NUMERICAL SOLUTION

In general, the control optimization problem lesds to a nonlinear

two-point boundary-value problem that cannot be solved analytically to

obtain the optimal control function.

— eees ous D 0B S

There are several methods for the numerical solution of the Bolza
problem. The purpose here will be to present three iterative numerical
techniques that could be used to solve the trajectory optimization prob-

lem. Two of the three techniques are procedures for solving general

nonlinear two-point boundary-value problems. The third technique is
F ) applicable only to control optimization problems. The methods are

briefly discussed below without the inequality constraints on the control

vector.

Assuming that te is fixed, x(tf) is free, x(to) is fixed, and t is
: given, the two-point boundary-value problem can be summarized by the
‘ . following equations: . 5

} dxildt = fi(x,u,t) i=1,...,N, (4.1)
. “ N
| £ drg/dt = -3Q(x,u,t)/3x, -jzlxjafj (x,u,t)/3x;,  ds1,...,Ns (4.2)
R N
: ' [ 3Q(x,u,t)/2u, + I jafj (x,u,t)/3u; = 0 i=1,...,M, (4.3)
‘- : j=1
i LI
.‘(5 I x(to) = xo’ (‘o‘) 1
18
i’» l Ag(te) - P(x(tr),t)/ox, = 0 im1,...,N, (4.5)




The boundary conditions come from the N initial conditions on x, given
by (4.4), and the N final conditions on )\, given by (4.5). The perfor-

mance index is
te
I=P(x(ty),ty) + !t Q(x,u,t)dt.
0

Each of these numerical techniques are based on the following pro-
cedure: |

An initial guess is used to obtain the solution to a problem in
which one or more of the necessary conditions is not satisfied. This
solution is then used to adjust the initial guess in an attempt to make
the next solution come closer to satisfying all of the necessary con-
ditions. If these steps are repeated and the iterative procedure con-
verges, all the necessary conditions may eventually be satisfied.

In the steepest descent method,s

the control function u(t) is
guessed. To select a u(t) to begin the procedure , one utilizes whatever
physical insight he has about the problem. Since the initial conditions
on the state vector are given, the state differential equations can be
numerically integrated forward to obtain x(t). Then A(tf) can be found
by equation (4.5). Now since the final conditions on the costate vector
are known, the costate differential equations (4.2), can be numerically
integrated backwards to obtain A(t). The next step is to solve the
optimality equations (4.3), for a new u(t), using the calculated x(t) and
A(t). The procedure is repeated until the difference between successive
anproximations becomes relatively small or until it is evident that con-

vergence will not occur, in which case another u(t) needs to be selected.

The method of steepest descent is generally characterized by ease




v TN

Ny L

l!

of starting; the initial guess of u(t) is not usually crucial. Yet as

a minimum is approached, the method has a tendency to converge slowly.
In each iteration, numerical integration of 2N first-order differential
equations is required. In addition, the optimality equations must be
solved for a suitable number of values of t.

The variation of extremals techniquné is an application of the New-
ton-Raphson iteration. This technique, unlike the steepest descent meth-
od, can be u#ed to solve the general two-point boundary-value problem.

In the variation of extremals technique, every trajectory generated by the
algorithm satisfies equations (4.1) - (4.4), and hence is an extremal.
Here an initial costate vector x(to) is assumed. Now the state and co-
state differential equations can be numerically integrated forwards to
solve for x(t) and A(t), with u(t) being determined from the optimality
condition. The calculated A(th is a function of the assumed initial
costate vector; it does not satisfy equation (4.5). Thus the set of N
algebraic equations represented by equation (4.5) is solved for
xl(to)....,xn(to) by the Newton-Raphson method. This set of equations

are solved for the corrections to the approximate solution. The compu-
tation of the right-hand sides of the linearized algebraic equations re-
quires the numerical integration of the state and the costate differential
equations. The computation of each column of the coefficient matrix re-
quires another integration of the differential equations. Thus at each
iteration the 2N differential equations must be integrated N+l times and
a set of N linear algebraic equations must be solved.

In the variational of extremals technique, divergence may result
from a poor guess, but once convergence begins (if it does), it is rapid.

Actually, it may be better to guess x(tf) instead, since one would
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AR -
& RN T




PP v

19

probably have more knowledge about the final values of the states from L
the physical nature of the problem. If one guesses x(tf) instead of
X(to), then the costate and state differential equations would now be.
integrated backwards in time.

The last technique to be considered is quasilinearization.7 This
method can also be used to solve the general two-point boundary-value
problem. In this method, an x(t) and A(t) are assumed. The state and
costate differential equations are linearized about this nominal tra-
jectory, bearing in mind that u, as a function of x, A, and t, can be
computed by solving the optimality conditions. One can obtain a general
solution to the linearized state and costate differential equations in the

following way. First, a particular solution is obtained by numerically

integrating the linearized equations with the specified initial conditions

on the state variables and with zero initial values for the costate
variables. N linearly independent solutions to the corresponding homo-
geneous differential equations are obtained by solving the homogeneous
équations N times, using a different set of initial conditions each time.
A convenient choice of initial conditions would make one of the costate
variables one, and all of the other variablés zero. The general solution
can be written as the sum of a particular solution and a linear combin-
ation of N complementary solutions--N rather than 2N, because the par-
ticular solution satisfies the initial co;ditions on the state variables
by itself and the complémentary solutions all satisfy homogeneous initial
conditions on the state variables. The coefficients can be determined
such as to satisfy the final conditions on the costate variables by sol-
ving a set of linear algebraic equations. The solution does not satisfy

the exact state and costate differential equations. It satisfies a linear
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approximation to those equations. This procedure is repeated using the
! » new x(t) and A(t) each time until the difference between successive
approximations becomes sufficiently small or until it becomes evident
that convergence will not occur, in which case another x(t) and A(t) needs

to be selected.

In the quasilinearization method, divergence may result from a poor
guess. The initial guess of the state-costate trajectory is made pri-
3 marily on the basis of whatever physical information is available about
i ‘ the particular problem being solved. Each iteration requires the solu-
tion of a set of 2N nonhomogeneous first-order linear differential equa-
tions, the solution of a set of 2N homogeneous linear first-order dif-

ferential equations, with N different sets of initial conditions, and the

solution of a set of N linear algebraic equations.

The three methods discussed thus far would all require modifications
to handle the fixed final-state problem where the final value of the
independent variable is not given and also to include inequality con-

straints whenever needed.8

i A more flexible method is that of finite differences which could
accomodate terminal constraints of any form, from the no-constraint prob-
lem to a fully specified state for free or fixed te. Replacement of the
derivatives in the differential equations to be solved with finite-

difference approximations results in a set of nonlinear algebraic equa-

l ~ tions to be solved. These equations will be solved with the Newton-
Raphson iteration. The following discussion describes the procedure.

Let

he= (tf - to)/xn




-

——

—t Bt~

21

where K is a specified positive integer, and let

R URELY (4.7)

vhere g = x, u, or A,

Using the forward-, backward-, and central-difference approxi-

m,a.t:lons9

dE(t)/dt = (-3£(t) + 4£(t + h) - £(t + 2h))/2h + O(h), (4.8)
df(t)/dt = (3£(t) - 4£(t - h) + £(t - 2h))/2h + OChD), (4.9)
df(t)/dt = (£(t + h) - £(t - h))/2h + O(hD), . (4.10)

the differential equations (3.1) can be approximated by the set of alge-

braic equations
(x{‘l - xi'l)/Zh - fi(xj,uj,to+jh) =0 (4.11)
i‘l,ooo." j'l,oo-,x-l,

and the differential equations (3.4) can be approximated by the set of

algebraic equations

0 1

0%+l a2y 0 w0,¢.)/0x, + ? A of, (x0,u0,¢,.) /9%, =0 (4.12
(=30g + 4xg - 27)/2h + 3Q(x",u”,tg)/3x, sh j j(x M ,t0)/3x,%0 (4.12)

1-1,....N.
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o't - Ay . 3] ,ul £y esh) /ox, +

N
kz Wag, o3l e o) /fox, = 0 Al N gl ke,
a1

(3x§ -aft. ALy 2« 3=, u

K
,t0+l(h)/axi +

-
I aKoe Kb e emysang =0 den,.m,
jup 33

(4.13)

(4.14)

The central-difference formula has been used from t between to and

tf, the forward-difference formula for t-to and the backward-difference

formula for tat,. The equations represented by (4.11) are referred to

as the state algebraic equations and equations (4.12) - (4.14) are re-

ferred to as the costate algebraic equations.

In order to conform to the same notation, equations (3.3), (3.5),

(3.6), and (3.7), can be written as
6. (X
i(x ,t°+xh) =0 i=1,...,L,
33, N oo 3
3Q(x” ,u”,ty+jh) /ou, +k§1xkafk(x su’ ,to+3h) /3u; = 0

i‘l,noo,M j.o.-oo,x'

K

N
K X
Aj = AP(x7,tyeKn)/3x, ojglqjacj(x 1tytkh)/3x, = 0 i=1,...,N,

N
Qi e em) +1{1xff1(x‘,u‘,to+xh) .

K N 4. X
aP(x",t +Kn) /3t - Iq 3G, (x",ty*Kn) /3t = 0.
is1

PO KT

(4.15)

(4.16)

(4.17)

(4.18)
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The Newton-Raphson method may be used to solve equations (4.11) -

(4.17), and if te is not given, equation (4.18), for the x's, u's, A's,
q's, and if te is not given, h. If there are inequality constraints on
the control variables, one can compute the trajectory in segments. On
some segments, the optimality conditions do not violate any of the
constraints, and may therefore be ignored. On other segments, some of
the optimality conditions cannot be satisfied without violating some
of the constraints. On these segments, the optimality conditions that
cannot be satisfied without violating the constraints are replaced by
those constraints, treated as inequalities.

A particularly important problem is that of extremizing te for
given final state. This problem may be treated as a Mayer problem with

P-tf, Q=0, and

Gi(X(tf),tf) = xi(tf) - Xfi = o i-l’.n.,N,

where Xe is given. In this case, equations (4.12) -~ (4.14) become

1
' N
("312 + 41; - Ai)/Zh *jzl)‘gafj (xo’uo’to)/axi e 1.1’....N’ (4.19)
N
At - A/ +j§1xiafk(x’,u’,to+jh)/axi =0 (4.20)

i‘l,ooo,N j.l.ooo,x-l,

N
K K-1 _ ,K-2 K K K
(3 = 407 + A" /2n +j§1xjafj(x U ,to¢kh) /3x, = 0 (4.21)

i‘l.oot.",

PR T R st 1
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Y ag o o
) NIE, (x7,u,ty¢dh) /au, = 0 is1,...,M j=0,...,K, (4.22)
kel '
N x. . x x
LA E (x7,u,t 4kn) + 1 =0, (4.23)

i=1

If necessary, central-difference approximations can be used for the

i derivatives in equations (4.19) - (4.22). Equations (4.11) and (4.19) -
(4.23) can be solved by the Newton-Raphson method for the x's, u's, A's,
and h, Again, if there are inequality constraints on the control vari-
ables, one can divide the trajectory into segments on some of which the
constraints may be ignored and on some of which some or all of the op-

timality conditions are replaced by constraints.
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CHAPTER V

APPROXIMATE COMPUTATION OF THE OPTIMAL TRAJECTORY

In order to ensure convergence, it may be necessary to have a rea-
sonable good initial approximation for the iterative procedure described
in the previous chapter. Approximate trajectories can be obtained in the
following way.

It is assumed that the effects of atmosphere are ignored, i.e.,

P, = 0, and the specific heat ratios of the propellants are taken to be
equal, i.e., Yy Y Y Substituting equation (2.9) into equation

(2.6), one obtains F = Clpr, where
¢, = v/ (r - MM2@sr + 1) (PN/20ED, (5-1)

Thus the state differential equations take the simpler form

dr/dm = t/m, (5.2)
aﬁu-(4fyé¢r?.cﬁrunumm, (5.3)
dé/dm = (-2r¢ + C,P, cos 8/m) /ar, (5.4)

where -m is the total propellant flow rate per unit initial mass.
Next it is desired to compute m as a function of Py Letting

m, 62 = m and Y, = Y. and substituting equation (2.8) for W, into (2.11),

equation (2.11) now is of the form f(ﬁ,ﬁl) = 0, Letting iz “m - il in

equation (2.12) and eliminating 61 between equations (2.11) and (2.12),
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and equating the two of them, one has an equation in » only. This equa-

tion is a quadratic. Thus two solutions exist--one positive and one

negative. The negative solution is used since 2 is negative by defini-

tion. Thus
o 2,.~2.2 2 1/2 J
3 ms= 03/262pr - (C3/4C2pr + C4p r/cz) ’ (5.5)
i
{
, where Cz. C3. and C4 are defined by ‘
C, = pyMy - 0 Wy, (5.6)
. (v+1)/(v-1) 2 1
Cq = Y(2/(y + 1)) (py = PIW WA /RT, (5.8) .
1
where vy is the propellant specific heat ratio.
The costate differential equations become
; d\ /dm = (-Ay(28gr2/> + §%) 2 g(-288 + Cyp_ cos s/m)/rD/R, (5.9)
‘ A /dm = (-A; + 20,4/1)/m, (5.10)
.
i dAg/dn = (22,78 + 22,3/1)/a. (5.11)
k
|
4 I The optimality conditions become
. i 2,2 12 . 3.2 4.1/2
A (Ayr + 2 (-gyTy/T" ¢+ 1¢) - zxsro/r) (2C7 + (C5 « 4c2c‘pr) / ) ¢+
(1

)| —— v — .
L o ——y - - B e X
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(2clcspr/n)(x2 sin B « xs cos B/r) = 0, (5.12)
tan 8 - erll3 s 0. (5.13)

8 can be obtained from Eq. (5.13). Equation (5.12) can be rewritten as
a fourth-order polynomial in ) and this equation can be solved itera-

tively by the Bairstow method,10

which is an application of the Newton-
Raphson method; one hopes that one at most of these solutions will be
between Py and Py Thus the control variables can be calculated for
given values of the state and costate variables and the independent vari-
able. |

For a set of estimated initial values of the costate variables, the

state and costate differential equations can be integrated numerically.

A good integration formula to use to do this is the Runge-Kutta method.
The right-hand sides of the differential equations (5.9) - (5.11) are
linear homogeneous functions in terms of xl. Az, and 13. Also the opti-
mality condition (5.12) is a linear homogeneous algebraic equation in xl.
“2' and xs. Equation (5.13) is also linear homogeneous in 12 and xs,
after multiplying it by as. Hence, if the initial values of the costate
variables are multiplied by a common factor, the trajectory is unaffected,
and the subsequent values of the costate variables are all multiplied by
the same factor. Therefore one can assign an arbitrary initial value to
one of the costate variables, say 13. In order to satisfy the trans-
versality condition for any desired final mass, one needs only to multi-
ply the estimated initial values of the costate variables by the proper

factor. Thus any point on the trajectory can be a final state. A tra-

jectory computed in this way is a minimum-propellant trajectory for the
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computed final state; but this final state is not known beforehand.
(A1l this is still true if one does not ignore the atlosphere'and if one
does not assume that the two specific heat ratios are equal; tﬁs opti-
mality conditions and the right-hand sides of the costate differential
equations are still linear and homogeneous in the costate variables.)

It follows from the optimality condition on B, equation (5.13), that
Az and 13 mu;t always have the same sign since tan 8 > 0 for every point
on a realistic trajectory. Therefore, if 12 and A, are cver going to

3
change signs, they must do it at the same time, i.e. A A, > 0. One way

273
to ensure that A, and 13 never have opposite signs is to start Az and 13
with the same signs and ensure that-they both change in the same direc-
tion and that this direction is away from 0; obviously this is not a
necessary condition. If xs changes in the direction away from 0, then
As and dxs should have the same sign. Since dm is negative, one has
Agdig/dm < 0. By equation (5.11), this requires A,/A, < ¥/r 4. This
inequality implies the initial value of tan B < r/r¢. Evidently at the

beginning of an optimized trajeciory, one cannot have r = 0, since 8

must always be positive. Therefore, the trajectory must follow a non-

optimized boost phase which may use either chemical or nuclear propulsion.

(One suspects, although this has not been verified, that in order to

achieve a circular orbit, a shuttle would have to execute a nonoptimized

pushover maneuver.) Now to ensure that Az and As change in the same

direction, one must have (dledn)(dx3/dm) > 0, Using equations (5.10)
and (5.11) and assuming that leks < i/(rzi). then in order to have
(dA,/dn) (dA;/dm) > 0, one sust have A,/A; < 2¢/r. One would also like to

have the initial values of A, and 12 chosen such that Pr would be within

1
its linmits Py and Pye The optimal Py decreases during ascent. Therefore,
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it may happen that at some point on the trajectory, the optimality con-

[P

dition will cease to have a solution between Py and Pp If this

happens, one simply sets P, ® Py

!
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CHAPTER VI

NUMERICAL RESULTS AND CONCLUSIONS !

The purpose of this work is to determine the thrust vector program
for a mixed-mode nuclear shuttle that minimizes the propellant required
to reach a given orbit. The thrust is determined byAthe control variables
B, which specifies the thrust direction, and Py which is the reactor
pressure, Thrust is aiso a function of reactor pressure, reactor temper-
ature, the nozzle throat area, and the turbopump power.

Application of the methods of optimal control theory to this problem
results in a two-point boundary-value problem and an associated algebraic

problem as has been shown in the earlier chapters. All of the numerical

data presented in the following tables were computed by the methods de-
scribed in Chapter V.

As will be soon demonstrated, the performance advantage of mixed-
mode propulsion turned out to be quite small. Therefore, it was not
worthwhile in this particular problem to compute more accurate trajec-
tories using the rather expensive procedure described in Chapter IV.
However, the correctness of the computer program, OPTCON, written to
implement the latter procedure, was verified. In most cases of course,
one will not be so fortunate as to obtain a simple approximate solution
to an optimization problem, and the nore.elaborate procedure will have
to be used from the beéinning.

In Table 1, the state and control variables for a minimum-propellant
trajectory, computed by the approximate method described in Chapter V,

are given as functions of mass. The following set of input parameters

sro used:
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A - 103 nzlton,
P = 100 kw/ton,
Tr = 3000 K,
y = 1.4,

For these parameters, the reactor pressures for pure hydrogen and

pure ammonia flow are:

= 6000 KN/m® = 13,100 KN/m>.

Py PA
The initial values for the costate variables are:
11 m-l

R v

o

»

A, (1) = 2.27 x 107
A,(1) = 1.69 x 1077 s/m,
13(1) =1 s,

For reasons given in Chapter V, any point on this trajectory may

be considered a final state. For example, the final mass for a minimm-

propellant trajectory from radius r = 6380 km, radial velocity r=0.5

kn/s, and angular velocity ¢ = 7.25 x 10's s'1 tor = 6590 km, T = 1.22

km/s, and § = 4.99 x 107 571, is m, = 0.6.

' As Table 1 indicates, the initial value of P, is a little greater

1 _ than Py’ but it drops to Py immediately and remains there throughout the
b trajectory. The radial velocity, r, decreases slightly just after igni-

tion and then increases until cutoff. The angular velocity, ¢, increases

[’ ‘ until just before cutoff. Then it decreases slightly.

' Table 2 gives the state variables at m = .2 as functions of the
initial value of the cogiate variable Al. denoted by x1(1). All the input
data are the same as for Table 1, except for the initial value of 11.

As )\, increases, the final values of r and r decrease slightly and the

1
' final value of ¢ increases slightly as well. As 11(1) increases, the

initial value of Py decreases slightly.
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Table 1. State and Control Variables as Functions of Mass for a Typical

! Trajectory
) r, km r, km -1 ¢, 571 N KN n~2 8
!
: 1.0 6380 0.500 O.725X10-4 7210 0.823
i 0.9 6420 0.464 1.64 6000 0.835
0.8 6450 0.491 2.73 6000 0.873
0.7 6500 0.713 3.87 6000 0.935
0.6 6590 1.22 4,99 6000 1.02
0.5 6720 2,11 5.87 6000 1.13
0.4 6960 3.53 6.67 6000 1.24
6.90 6000 1.36

6.50 6000 1.48
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Table 2. State Variables at m = .2 as Functions of the Initial Value of

(D, m~1 r, kn f, kms! $, st
0.1x10°1 8000 9.21 6.27x1074
0.2 8000 9.21 6.28
0.3 7990 9.21 6.29
0.4 7990 9.21 6.30
0.5 7990 9.21 6.31
0.6 7990 9.21 6.32
0.7 7990 9.20 6.33

9.20 6.34

9.20
9.20
9.18

- 6.35

6.37
6.47




34

Table 3 gives the state variables at m = .2 as a function of the

initial value of the costate variable Az, denoted by 12(1). All input
parameters have the same values as those of Table 1, except for xz(l).

As 12(1) increases, the final values of r and r increase, whereas the

final value of $ decreases. The initial value of P increases as Az(l)

7, the initial value of

increases, and for values of A,(1) < 1.4 x 10°
Pp = Py- Therefore, the shuttle would be running strictly on hydrogen.
Table 4 shows the state variables at m = .2 as a function of Ah’
the nozzle throat area. In this case, all the input parameters are the
same as in Table 1, except for Ah' The final value of r and 6 increase )
as An increases while the final value of r first increases slightly,
then decreases. For An < 10'3 mzlton. the initial value of P, * Py- The J
pressure increases briefly after ignition, then drops back to Py As
An increases above 10'3 mzlton, the initial value of P, decreases and

for A, > 1.2 x 10°3 m2/ton, this initial value = p,.

Table 5 gives the state variables at m = .2 as functions of pump

power per unit initiél mass, P. As P increases, the final value of r
first increases slightly, then decreases. The final value of r increases;
for small values of P, it :increases very rapidly. As P decreases below
100 kw/ton, the initial reactor pressure, p " decreases, and for P < 100
kw/ton, this initial value of Pp * Py The pressure increases briefly
just after ignition, then falls back to Py As P increases above 100
kw/ton, the initial Pe decreases, until tor P > 120 kw/ton, this initial
pressure = py.

As is the case for any new idea, the feasability of mixed-mode pro-
pulsion must be demonstrated, both from a theoretical and a practical

viewpoint, Even though mixed-mode propulsion is theoretically
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Table 3. State Variables at m = .2 as Functions of the Initial Value of

the Costate Variable A

2
x2(1), s m! r, kn r, kn 571 ¢, s~}
1.4x10"7 7820 8.95 7.52x1074
1.5 7880 9.04 7.10
1.6 7930 9.12 6.77

Table 4. State Variables at m = .2 as Functions of the Nozzle Throat

Area, Ah

8.62 5.77x10~%

8.95 6.22

9.18 6.50

9.37 6.74
7.04




Table S. State Variables at m = .2 as Functions of the Pump Power, P

P, kw ¢l r, kn r, ka s-1 ¢, s-1
80 7930 8.62 5.77x10"%
;._ 90 7980 8.95 6.22
f 100 7980 9.18 6.50
; 110 7970 9.37 6.74
f 120 7960 9.53 7.04
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advantageous, it is not a good idea if it is not practical to implement
or if it does not have substantial advantages over other propulsion
systems. In designing a nuclear rocket, the first inclinaﬁion is to
choose hydrogen gas as the propellant because hydrogen has a low molecular
weight--thus providing high exhaust velocity. Thus a comparison between
mixed-mode propulsion and straight hydrogen propulsion is warranted here.
Using the same input parameters as in Table 1, but running only on
hydrogen propellant, the cutoff radius i, is reduced from 7980 to 7960
km, the radial velocity r, from 9.18 to 9.17 km/s, and the angular ve-

4 0 6.37 x 107* 51, Thus for a particular

locity ¢, from 6.50 x 10~
set of input parameters, it appears the use of mixed-mode proﬁulsion
only slightly improves the performance of a shuttle above pure hydrogen
propulsion., This slight improvement would hardly justify the additional
cost and complexity of mixed-mode propulsion.

A trajectory was computed for straight ammonia propellant and it
was found that the performance for mixed-mode propulsion was far better

than from ammonia propulsion.

It must be pointed out here that it may be possible to find input

parameters for which the advantage of mixed-mode propulsion would be
greater. For example, if the engines were very heavy, mixed-mode pro-
pulsion would be more advantageous. Chemical shuttles are marginal
systems, whereas nuclear shuttles are not. Consequently, nuclear shuttles
are much less sensitive to changes in mission and design parameters.
This explains why the gains from mixed-mode propulsion are much larger
for chemical shuttles than for nuclear shuttles.

In order to verify the correctness of OPTCON, the finite-difference

program, a calculation was done for the unconstrained segment of the
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trajectory using the same input data as in Table 1. The program, OPTCON,
is of course a general one, and can be used for a wide variety of prob-
lems.

The results from OPTCON agreed closely with those computed from the
method of Chapter V. Both methods were used to compute a trajectory with
S s'l

the initial state r = 6381 km, r = 0.5 km/s, ¢ = 7.249 x 10~ , and

the final state r = 6410 kn, & = 0.4691 ku/s, ¢ = 1.511 x 10°* 5”1, The
final mass as computed by OPTCON after five iterations was 0.9126, and
the final mass as computed by the method of Chapter V was 0.9125, Midway
through the OPTCON trajectory, P, was 6,594 KN/n2 and B was 0.8182. Mid-
way through the other trajectory, P, was 6,565 KN/m2 and 8 was 0.8255,

It appeared that after five iterations, the OPTCON solution was oscil-
lating about a fixed point, but it was not apparent that the amplitude of

the oscillations was decreasing.
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CHAPTER VII

v ' RECOMMENDATIONS

As was indicated previously, certain restrictions were imposed upon

the problem from the outset, as was appropriate for an initial trajec-

tory study. The following extensions to the study could be made, thus
making the results more realistic. These studies will require more effort

than the restricted problem. They are listed in order of increasing

[T S

complexity.
‘ . 1. Allowance for non-equatorial launch sites and nonequatorial
orbits.

Two more state variables, with the corresponding state and
costate differential equations, and two more control variables,
with the corresponding optimality conditions, must be introduced.
The added state variables are latitude and the time derivative
of latitude. Two additional angles must be given in order to
specify the thrust direction.

2. Allowance for a coasting period; this is required in order to

reach high orbits.

——

] | Up until now, it has been assumed that the shuttle has been

operating under power all the way. But high orbits cannot be

. reached under power all the way because the length of the powered
trajectory cannot be long enough. In order to reach high orbit,
one must incorporate a coasting phase in the trajectory. The
following describes how to optimize a trajectory that includes

a coasting phase. The first step is to compute an optimal tra-

l jectory with some specified final state., Next, the state vector
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is computed after a specified coasting time. Finally, one com-

putes an optimal trajectory from that state to the desired final
state. The final mass is a function of the state at the begin-
ning of the coasting period and the length of the coasting
period. This function can be maximized by an application of the
Newton-Raphson method. Thus one is faced with an optimal con-
trol problem inside a function opiimization problem,
Allowance for non-ideal-gas effects in the nozzle flow; compu-
tations should be made for the limiting cases of equilibrium
flow and frozen flow,.11
Before now, thrust has been taken to be a function of
reactor pressure, reactor temperature, the nozzle throat area,
and the turbopump power, which it is. But thrust is really a
more complicated function than was assumed before. It was
assumed before that the molecular weight of the exhaust gas was
a simple function of the mixture ratio and independent of pres-
sure and temperature. It was also assumed that the specific
heat of the exhaust gas is independent of temperature and pres-
sure. Neither assumptions are correct. The molecular weight
of the exhaust is a function of pressure and temperature and
the specific heat is a fumction of temperature and pressure.
Therefore, the calculation of thrust as a function of reactor
pressure needs to be changed. There are two limiting cases
which can both be handled easily, and which should both be con-
sidered. They are listed below.

1. The case of frozen flow

The composition of the exhaust gases is assumed to be
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constant all along the nozzle at the reactor-exit equilib-

rium composition.
The case of equilibrium flow

The gas is assumed to have its equilibrium composition at

every point,
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APPENDIX A

PROGRAM OPTCON

OPTCON solves the following problem: Let the state vector x be an
N-vector and the control vector u be an M-vector; let x satisfy the set

of first-order ordinary differential equations
dxi/dt = Ei(x,u,t) i=1,...,N, (A.1)

Let to, x(to), and x(tf) be given. The problem is to compute u(t) and
te, such that te is extremized. This will be referred to as the extremal
te problenm.

The following are the necessary conditions for the extremization
of tet

1. The N-vector : must satisfy the set of first-order ordinary

differential equations

N
dr/dt = - ]2

s jaF

,j (x.u,t)/axi i-l,..o,N’ (Aoz)
A is referred to as the costate vector, and these equations are

referred to as the costate differential equations.

2. The control vector u must satisfy the set of algebraic equations

N
zlxjasj (x,u,t)/3u; = 0 i=1,...,M, (A.3)

These equations are referred to as the optimality conditions.

3. Since te is not given, the final condition

i
i
|
i
i
i
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N
izlli(tf)l’i(x(tf) ut),t) + 120, (A.4)

must be satisfied. This is referred to as the transversality
condition.

OPTCON uses a finite difference method to solve equations (A.1) -
(A.4). The left-hand sides of equations (A.1l) and (A.2) are replaced by
central difference approximations. Thus equations (A.1) and (A.2) are
approximated by a set of nonlinear algebraic equations; N state equations
at each of K-2 points and N costate equations at each of X points. In
addition, one has M optimality conditions at each of K points and a trans-
versality condition. All of these equations are solved by the Newton-
Raphson method for the N(K-2) state variables, the NK costate variables,
the MK control variables, and te.

Inifial estimates for the state, costate, and control variables
must be supplied. To solve the set of nonlinear equations Fi(xl,;...xn)
-0,...,FN(x1,...,xN)a0 by the Newton-Raphson method, the derivatives of
the F's with respect to the x's must be calculated. This is done in
subroutine JM by use of central difference formulas. In this case,
subroutine G is used to compute the F's. In this case, the F's contain

derivatives. Subroutine G calls D to calculate these derivatives by

Py

means of finite difference formulas. The right-hand sides of the state
differential eqﬁations are calculated by DE. Subroutine DE would need
to be rewritten for eacﬁ new optimization problem; the only changes

that would have to be made in the other subroutines are in DO loop indices

and the like. NR calls subroutine GE to solve the linearized algebraic

equations for the corrections to the unknowns.

A listing of the program follows,




IMPLICIT REAL®8 (A=H,0-2)

C====K=1+L ¥ (M+N) +(L=2) *N
C--===DIMENSION A(K),A1(K),A2(K),DA(K),GA(K,K),U(L*M) ,X((L=2)*N),XO(N),
Co===—=XF (N) ,XL(L*N),Y(K),Y1(K),Y2(K)

DIMENSION A(115),A1(115),A2(115),DA(115),6A(115,115),

1U(30) ,X(39),X0(3) ,XF(3),XL(45),Y(115),Y1(115),Y2(115)

DIMENSION P(8),R(8),T(8),TP(8)

COMMON TO,XO0,XF

COMMON/COM1/AB,C1,C2,C3,C4,60,0MEGA,P,R,RO,RU, T, TP, XK ,XKA , XMA

EXTERNAL G

DATA TO,X0,XF/1.D3,6.38106,5.02,7.2490-5,6.410D6,

14.691D2,1.511D0-4/

DATA AB,AN,GO,OMEGA,RO,RHO1,RHO2,RU, TR, W, XK,

1XKA, XM ,XM2,XMA/1.03,1.00,9.80700,7.272D-5,6.37106,

26.8210-1,7.D-2,8.314D3,3.D3,1.D5,2%1.4D0,8.516D0,

32.01600,2.896D1/
i i DATA P/1.013D2,2.263D1,5.475D0,8.68D~1,1.109D-1,5.9D-2,
11.821D0-2,1.0380-3/, R/6.371D6,6.382D6,6.39106,
1 : 26.40306,6.41806,6.42306,6.43206,6.4506/, T/
3 32.8815D2,2.1665D02,2.166502,2.2865D2,2.706502,
42.7065D2,2.526502,1.8065D2/, TP/-6.5D-3,0.D0,
51.0-3,2.80-3,0.00,-2.0-3,=-4.D-3,0.00/

DATA A(1)/-6.2500/

DATA XL/2.27D-11,1.690-7,1.0000,2.163D-11,1.690~7,1.0000,
12.0510-11,1.690-7,9.9990-1,1.9350-11,1.690-7,9.998D~-1,1.815D-11,
F i 21.6910-7,9.9970-1,1.691D~11,1.6910-7,9.9950=1,1.5620-11,1.6220-7,
. 39.992D-1,1.4290~11,1.693D~7,9.9890-1,1.292D~11,1.694D-7,9.985D~1,

41.1490-11,1.6950-7,9.980D0~-1,1.0020-11,1.696D~7,9.975D~1,
f - 58.5020-12,1.6970-7,9.9690-1,6.931D-12,1.6990-7,9.9620-1,

! 65.3070-12,1.7010-7,9.9530-1,,3.6290-12,1.703D-7,9.944D~1/
DATA U/7.20803,8.2310~1,7.10303,8.2330-1,7.004D3,8.2350~1,
. = 16.90903,8.2370-1,6.81803,8.2410-1,6.73003,8.2450~1,6.646D3,

e 28.2490-1,6.56503,8.255D-1,6.486D3,8.2610-1,6.4103,8.269D-1,
J " 36.33503,8.2770-1,6.264D3,8.2860~1,6.194D3,8,2960-1,6.12503,
48.308D-1,6.05903,8.320-1/

DATA X/6.383D6,4.99202,7.734D~5,6.385D6,4.982D2,8.231D=5,
16.386D6,4.96902,8.738D-5,6.388D6,4.954D2,9.2580-5,6.3906,4 .93702,
29.7880-5,6.39206,4.91702,1.,033D-4,6.39406,4 .895D2, 1 .0890~4,
36.39706,4.87102,1.145D0-4,6,39906,4 .84502,1.2030-4,6.40106, j

' 44.81802,1.2620-4,6.40306,4.78802,1.322D-4,6.40606,4 .75702,
| 51.384D-4,6.40806,4.72502,1.447D~4/

) . DO 1 1=1,45
1 XLC1)=XL(1)/9.384D-7
. D0 2 1=1,45 . :

ACI+1)sXL(1)

D0 3 1=1,30
AC1+46)=U( )

DO 4 1=1,39
AC1+76)=2X(])

CALL ASSIGN(6, 'OPTCON.OUT")
C1=XK*DSQRT(2./(XK=1,))%(2,/(XK+1,))##(0 5% (XK+1,)/(XK=1.) ) *AN
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C2=RHO 1 *XM2-RHO2*XM1
C3=W*RHO1 *RHO2* (XM1-XM2)
C4=(RHO1-RHO2) *XM1 *XM2¥AN*#2%XK® (2, /(XK+1,) j##
VOOXK+1,)/ (XK=1.))/(RU*TR)

C----=CALL NR(G,K,A,DA,GA,Al1,A2,Y,Y1,Y2)
CALL NR(G,115,A,DA,GA,A1,A2,Y,Y1,Y2)
WRITE (6,10)
WRITE (6,100) A(1)
WRITE (6,20)

Coemm- WRITE (6,110) (A(1),1=2,1+L*N)
WRITE (6,110) (A(1),1=2,46)
WRITE (6,30)

Comeme WRITE (6,120) (A(1), 1=2+L*N,1+L*(M+N))

WRITE (6,120) (A(1),1=47,76)
WRITE (6,40)

Coeem= WRITE (6,110) (A(I), 1=2+L*(M+N) ,K)

WRITE (6,110) (A(1),1=77,115)

10 FORMAT (1X, 1HH)

20 FORMAT (1X,1HP)

30 FORMAT (1X, 1HU)

40 FORMAT (1X,1HX)

100  FORMAT (1X,1PD10.3)
C~====FORMAT (N(1X,1PD10.3))

110  FORMAT (3(1X,1P010.3))
Commm- FORMAT (M(1X,1PD10.3))

120 FORMAT (2(1X,1PD10.3))

END

SUBROUT INE NR(F,N,X,DX,FX,X1,X2,Y,Y1,Y2)
Comom= SUBROUTINE NR USES THE NEWTON-RAPHSON METHOD TO SOLVE A SET
C-~----0F N NONLINEAR ALGEBRAIC EQUATIONS F(X)=0, WHERE F IS AN
Comee- N-VECTOR FUNCTION OF GIVEN FORM, AND X 1S AN UNKNOWN N-VECTOR.
Crem=- THE NEWTON-RAPHSON METHOD REPLACES A SET OF NONL INEAR ALGEBRAIC
C--=--EQUATIONS WITH LINEAR EQUATIONS, THE SOLUTION OF WHICH SHOULD
Comme= BE CLOSE TO THE ORIGINAL EQUATIONS. SUBROUTINE NR CALLS M
Comem- WHICH USES A THREE-POINT CENTRAL DIFFERENCE FORMULA TO COMPUTE
C-----THE COEFFICIENT MATRIX(JACOBIAN MATRIX). NR THEN CALLS
Commm- SUBROUTINE GE WHICH USES THE GAUSS ELIMINATION METHOD TO SOLVE
C=====THE LINEARIZED EQUATIONS FOR THE CORRECTION VECTOR. INITIALLY,
Commm- X MUST CONTAIN AN ESTIMATE SOLUTION. THIS IS OVERWRITTEN BY
Cromwe- THE SUCCESSIVE APPROXIMATIONS TO THE SOLUTION.

Coommm THE USER SUPPLIES A SUBPROGRAM TO EVALUATE THE EQUATIONS
Cemme THEMSELVES. '
Comwm- THE INPUT DATA ARE:

C---=-N NUMBER OF EQUATIONS=NUMBER OF UNKNOWNS

C--=-=X VECTOR OF UNKNOWNS

Commmm THE WORKING ARRAYS, WITH THEIR DIMENSIONS, ARE:
C-===<DX N

C-----FX N XN

C--===X1 N




PR e N

C-m===X2 N
C--===Y N
Cm====Y1 N
C-====Y2 N

Ce—--=DX, FX, X, X1, X2, Y, Y1, AND Y2 MUST BE DIMENSIONED IN THE
C====~CALL ING PROGRAM.
Commmm F 1S A DUMMY NAME FOR A USER SUPPLIED SUBROUTINE THAT
C~=--—COMPUTES F(X). THIS SUBROUTINE'S ARGUMENT LIST IS (X,Y); X IS
C-====AN N X 1 INPUT ARRAY, AND Y IS AN N X 1 OUTPUT ARRAY CONTAINING
Ce====F(X).
Comeme THIS SUBROUTINE'S ACTUAL NAME MUST APPEAR IN AN EXTERNAL
C-====STATEMENT IN THE CALLING PROGRAM. X1, X2, Y1, AND Y2 ARE N
C----=-VECTORS. X, DX, FX, X1, X2, Y1, AND Y2 MUST BE DIMENSIONED IN
Commme THE CALL ING PROGRAM.
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION DX(N),FX(N,N),X(N),X1(N),X2(N),Y(N),Y1(N),
1Y2(N) :
EXTERNAL F
1 CALL JM(F,N,X,FX,X1,X2,Y1,Y2)
CALL F(X,Y)
CALL GE(FX,Y,N,DX)
DO 2 I=1,N
2 XCH=X(1)=-0xX(1)
WRITE (6,100) X(1)
WRITE (6,110) (X(1),1=2,46)
WRITE (6,120) (X(1),1=47,76)
WRITE (6,110) (X(1),1=77,115)
100 FORMAT (1X,1PD10.3)
110  FORMAT (3(1X,1PD10.3))
120 FORMAT (2(1X,1PD10.3))
DO 3 1=1,N
IF (DABS(DX(1)/X(1)).6T.1.0-6) GO TO 1
3 CONT INUE
RETURN
END
SUBROUTINE JM(F ,N,X,FX,X1,X2,Y1,Y2)
Comom= SUBROUTINE JM COMPUTES THE DERIVATIVES OF THE N-VECTOR FUNTION
C~====F(X) WHERE X IS AN N-VECTOR. SUBROUTINE JM USES A THREE-PQINT
C-~~~~CENTRAL-DIFFERENCE FORMULA TO COMPUTE THE DERIVATIVES OF THE
Ce====FUNCTIONS.
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION FX(N,N),X}N),X!(N),XZ(N),Y!(N),YZ(N)
DO 1 I=1,N
X1C)=xX(1)
1 X2(1)=X(1)
00 3 J=1,N
X1(J)=0,999%X(J)
X2(J)=1,001%X(J)
CALL F(X1,Y1)
CALL F(X2,Y2)
00 2 I=1,N
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2 FXCE,)=(Y2(1)=Y1(1))/(0.002%X(J))
X1(4)=X(J)
3 X2(J)=X(J)
RETURN
END
SUBROUT INE GE(A,C,N,X)
C---=-THE GAUSS ELIMATION SUBROUTINE SOLVES THE SET OF SIMULTANEOUS
C---==L INEAR ALGEBRAIC EQUATIONS AX=C WHERE A 1S A GIVEN N X N
C---~=MATRIX, C IS A GIVEN N-VECTOR, AND X IS AN UNKNOWN N-VECTOR.
C-—-=-A, C, AND X MUST BE DIMENSIONED IN THE CALL!NG PROGRAM. THE
C-=-==USER MUST |INPUT THE NUMBER OF EQUATIONS TO BE SOLVED. THIS
[ — SUBROUT INE RETURNS THE SOLUTION OF THESE LINEAR ALGEBRAIC
o — EQUATIONS TO THE MAIN PROGRAM. THE COEFFICIENT MATRIX A AND
C-====THE C VECTOR ARE OVERWRITTEN DURING EXECUTION.
IMPLICIT REAL*8 (A=-H,0-2)
DIMENSION A(N,N),C(N),X(N)
M=N-1
00 3 K=1,M
L=K+1
00 2 I=L,N
IF (DABS(A(1,K)).LE.DABS(A(K,K))) GO TO 2
DO 1 J=K,N
ALJ=ACL, )
AKJ=A(K, 1)
AU, $)=AKJ
A(K,Jd)=ALJ
CI=C(1)
CK=C(K)
C(1)=CK
C(K)=C}
CONT INUE
D0 3 I=L,N
8=AC1,K)/A(K,K)
CL1)=C(1)-B*C(K)
00 3 J=L,N
3 ACL, 3)=AC1,4)-B*A(K, J)
X(N)=C(N) /A(N,N)
00 5 I=1,M
KaN=1
L=K+1
X(K)=C(K)
00 4 J=L,N

-—

N

4 X(K)=X(X)~A(K,J)*X(J)
5 X(K)=X(K)/A(K,K)
RETURN
END

SUBROUT INE DE(XDOT,XM,U,X) .
C~--==SUBROUTINE DE EVALUTATES THE RIGHT HAND SIDES OF THE STATE
C~--==D|FFERENTIAL EQUATIONS FOR GIVEN VALUES OF X, U, AND T.
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION P(8),R(8),T(8),TP(8),U(2),X(3),XDOT(3)
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’ COMMON/COM1 /AB,C1,C2,C3,C4,G0,0MEGA,P,R,RO,RU, T, TP, XK, XKA , XMA
PR=U(1) '
BETA=U(2)
Q=C3/(2.*C2*PR)-DSQRT((C3/(2.%C2¥PR) ) ¥*2+C4*PR**2/C2)
1=0
IF (X(1).LT.R(2)) I=1
IF (1.EQ.1) GO TO 3
IF (X(1).GT.R(8)) 1=8
IF (1.EQ.8) GO TO 3

] DO 2 I=2,7

E IF (X(1).GT.RC(1).AND.X(1).LT.R(I+1)) GO TO 3

| 2 CONTINUE |
! 30 TASTUDH(X(1=RUII*PCI) !

IF (TP(1).EQ.0.) PA=P(1)*¥DEXP((R(1)=-X(1))%*GO* ?
1XMA/ (RU*T(1))) §
IF (TPC1).NE.O.) PA=P(1)*(T(1)/TA)**(GO*XMA/(RU* i
! 1TP(1)))
i PA=0.
ALPHA=U(2) =DATAN(X(2)/(X(1)*(X(3)~OMEGA)))
XNM=DSQRT (XMA* (X(2) *¥2+(X (1) *(X(3)-OMEGA) ) ¥%2)/
1 (XKA*RU*TA)) .
FX=C1*PR-XKA*PA*XNM**2%CD( ALPHA , XNM) *AB/2.
FY=XKA*PA*XNM**2%CL (ALPHA , XNM) *AB/2.
SBETA=DS IN(BETA)
CBETA=DCOS(BETA) ;
XDOT (1)=X(2)/Q i
XDOT(2)=(=GO* (RO/X (1) ) *%2+X (1) #X(3) #%2+ (FX*SBETA+ i
1FY*CBETA) /XM)/Q i
XDOT(3)=(=2.%X(2)*X(3)+(FX*CBETA~FY*SBETA)/XM)/ !
1(Q*X(1)) ’
RETURN
END
oo SUBROUT INE D(FU,FX,T,U,X)
Pl C-----SUBROUT INE D EVALUATES THE DERIVATIVES IN EQUATIONS 4.19-4,22
o Comen= BY MEANS OF CENTRAL DIFFERENCE FORMULAS.
| IMPLICIT REAL*8 (A-H,0-2)
: C-====DIMENSION F1(N),F2(N),FU(N,M),FX(N,N),U(M) U1 (M),U2(M)
, Coeme- X(N),X1(N),X2(N)
¢ - DIMENSION F1(3),F2(3),FU(3,2),FX(3,3),U(2),U1(2),02(2),
- L 1X(3),X1(3),X2(3)
Co====D0 | I=1,M
DO 1 I=1,2
Ut =)
1 u2(1)=U¢1)

DO 2 I=1,3

X1(1)=X(1) i
2 X201)=X(1)
C-====D0 4 J=1,M

00 4 J=1,2

U1 (J)=0.999%U(J)
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U2(J)=1.001*U(J)

CALL OE(F1,T,U1,X)

CALL DE(F2,T,U2,X)
C=====D0 3 I=1,N

D0 3 1=1,3
3 FUC1,d)=(F2(1)=F1(1))/(0.002*U(J))

Ut () =uQJ)
4 u2(J)=uJ)
C-==--D0 6 J=1,N

DO 6 J=t1,3

X1(J)=0.999*X(J)

X2(J)=1.001%*X(J)

CALL DE(F1,T,U,X1)

CALL DE(F2,T,U,X2)
Comme- D0 5 1=1,N

D0 5 I=1,3
5 FX(1,J)=(F2(1)=F1(1))/(0.002%X(J))

X1(J3)=X{J)
6 X2(J)=X(J)

RETURN

END

SUBROUT INE G(A,Y)
Coeom= SUBROUTINE G COMPUTES THE LEFT-HAND SIDES OF THE STATE,COSTATE,
C--=~=0PTIMALITY, AND TRANSVERSAL ITY EQUATIONS. A USER-SUPPLIED
C---~~SUBROUT INE DE, WHICH EVALUATES THE RIGHT-HAND SIDES OF THE STATE
C-~~=«D|FFERENTIAL EQUATIONS, IS REQUIRED. SUBROUTINE G ALSO USES ANOTHER
C---=--SUBROUTINE, D, TO CALCULATE THE DERIVATIVES IN THESE EQUATIONS.

IMPLICIT REAL*8 (A-H,0-2)

COMMON T0,X0,XF
Com===K=14L*(M+N) +(L=2) *N
Commm DIMENSION A(K),F(N),FU(N,M),FX(N,N),GP(N,L),GU(M,L),GX(N,L-2),P(N,L),
C====1PJ(N) ,U(M,L) ,UJ(M) ,X(N,L) ,XO(N) ,XF(N) ,XJ(N),Y(K)

DIMENSION A(115),F(3),Fu(3,2),FX(3,3),

16P(3,15),6U(2,15),6X(3,13),P(3,15) ,PJ(3),U(2,15),UJ(2),X(3,15),

2X0(3) ,XF(3),XJ(3),Y(115)

H=A(1)
Co==m- DO 1 J=1,L

DO 1 J=1,15
C-===-00 1 I=1,N

001 I=1,3

Co====P(1,J)=A(I+N*(J=1)+1)
1 PCI,J)=AC1+3%(J=1)+1)
C====-D0 2 J=1,L

D0 2 J=1,15
C=====D0 2 I={,M

00 2 1=1,2
Commm=U(1,J)=AC I +MR(J=1)+L*N+1)
2 UG, d)=A(1+2% (J=1)+46)
C=====D0 3 I=1,N ‘

DO 3 1=1,3

X(1,1)=X0(1)

L R W TR
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Cm====X(1,L)=XF (1)
3 X(1,15)=XF(1)
Ce=-==D0 4 J=2,L-1

DO 4 J=2,14
C-=-=~D0 4 1=1,N
00 4 1=1,3
Commee XC1,J)=ACIEN*(J=2)+L 2 (MEN) +1)

4 X(1,J)=A(1+3%(J=2)+76)
C-===<D0 13 J=1,L
DO 13 J=1,15
C--==-D0 5 1=1,M
PO 5 I=1,2
5 ud(=u1,d)
C----<00 6 1=1,N
DO 6 1=1,3
PIC1)=P(1,d)
6 XJCD=X(1,J)
TJ=TO+(J=1)*H
CALL DE(F,TJ,Ud,XJ)
CALL D(FU,FX,TJ,UJd,XJ)
C-====D0 7 I=1,M
00 7 I=1,2
Gu(1,d)=0.
C-===-D0 7 K=1,N
00 7 K=1,3
7 GUCT,d)=GU 1, J)+P(K, J)*FU(K, 1)
IF (J.EQ.1) GO TO 9
Commmn IF (J.EQ.L) GO TO 11
IF (J.EQ.15) GO TO 11
C-----D0 8 1=1,N
00 8 1=1,3 :
GX(1,d=1)=(X 01, d+1)=X(1,3=1)) /(2. %) =F (1)
GP(1,d)=(P(1,d+1)=P(1,4=1))/(2.%)

Comm==el D0 8 K=1,N
DO 8 K=1,3

8 GP(1,J)=GP(1,J)+P(K,J)*FX(K,I)
GO TO 13

Com==- DO 10 i=1,N

9 00 10 I=1,3
GP(1,1)a(=3.%P(1,1)+4,%P({,2)=P({,3))/(2.%H)

Comm=e 00 10 K=1,N
00 10 K=1,3

10 GP(1,1)=GP(1,1)+P(K,1)*FX(K,]) *
GO TO 13

1" GH=1,

Ce====D0 12 I=1,N
00 12 1=1,3

GH=GH+P(1,J)*F(])

GP(1,d)=(3.%P(1,J)=4 . *P(1,J=1)+P(1,d=2))/(2.%H)
C=---=00 12 K=1,N

DO 12 K=1,3
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12 GP(1,J)=GP(1,J)+P(K, JI*FX(K,1)
13 CONT INUE

Y(1)=GH
Ce====D0 15 J=1,L

00 15 J=1,15
Ce=---D0 14 |=1,N

00 14 I=1,3

Com===Y( I+N*(J=1)+1)=GP(1,J)
14 Y(143%(J=1)+1)=GP(1,J)
Ce====00 15 I=1,M
00 15 I=1,2
Co====Y( 14M* (J=1)+L¥N+1)=GU(1,J)
15 Y(142%(J=1)+46)=GU( | ,J)
C-====D0 16 J=1,L-2
DO 16 J=1,13
C-====D0 16 I=1,N
D0 16 1=1,3
Coem==Y ( | +N#(J=1)+L®(MEN) +1)=GX(1,J)
16 Y(143%(J=1)476)=GX(1,J)
RETURN
END
FUNCTION CD(ALPHA,XNM)
IMPLICIT REAL*8 (A-H,0-2)
mso L]
RETURN
END
FUNCTION CL(ALPHA,XNM)
IMPLICIT REAL*8 (A-H,0-2)
CL=0 L]
RETURN
END
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APPENDIX B

NEWTON-RAPHSON METHOD

Consider the set of nonlinear algebraic equations

Fj(xl,xz,...,xn) = 0 j=1,...,N,

Let (xi,xg,...,x ) be an approximate solution. The Taylor series ex-

pansion of Fj(xl,xz,;..,xn) to first order is

Fj(xl,xz,...,xn) = Fj(x},xg,...,x ) + { (xk-xk)aF (xl,xz....,x )laxk

j=1,2,...,n,

£ xi“,x;’l,....x *1 is then defined such that

Fy(x] %5000 X0 +k§§xi’1 - RIF (R kpueexIox = 0 Ge1,2,..00m,
then xi’l, x;’l....,xi’l may be an improved approximation. Thus a set
of nonlinear algebraic equations has been replaced by a set of linear
equations, the solution of which should be close to the solution of the
original equations. This set of linear equations can be solved by the
Gauss elimination method, and the values obtained can be used to obtain
another approximation, and so on, until the difference between successive

approximations becomes sufficiently small, or until it becomes clear

that convergence will not occur. In the latter case, one starts over

with a2 new initial estimate.
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This procedure is called the Newton-Raphson method.
i The n*n matrix having 3Fj/3xk in the jth row and the kth.colunn is
called the Jacobian. It is often necessary to calculate the Jacobian
- numerically by using central-difference formulas.

In the case of a single equation,

xi*l - xi - F(xi)/(dF(xi)/dx).
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