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ABSTRACT

This paper reports on a successful application of mathematical

programiing for the Air Force Logistics Command. It presents a pair

of .alticoimodity network flow models which represent the air freight

network utilized by the Air Force to support sixty bases in the con-

tinental U. S. A. State-of-the-art software was developed to solve

these models and this software is currently being used in an inter-

active model to aid Air Force personnel in making annual design changes

in the route structure.
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I. INMRDDUCTIO

The Air Force Logistics Command (AFLC) is responsible for the dis-

tribution system which connects the sixty Air Force Bases in the conti-

nental U. S. A. The Logistics Air Lift System (LOGAIR) is the principal

air freight network utilized by AFLC to support its major installations.

Civilian carriers are contracted each fiscal year to provide a fixed

schedule of service to each air base in the system. Thhse carriers make

no routing or scheduling determinations; rather a system of routes and

schedules is offered for bid each fiscal year. The route structure,

schedule, and assignment of aircraft to routes historically have been

determined via manual procedures. The total bid for the routing system

for fiscal year 1980 was approximately $50,000,000. The civilian carriers

provide the aircraft, and crews; the Air Force supplies pallets and ground

support equipment.

In this exposition we present a pair of optimization models which

have been designed to assist Air Force personnel at Wright-Patterson AFB

in the development of the LOGAIR route structure. One model is a multi-

commodity network flow problem with approximately 15,000 variables and

3500 constraints. The companion model is a fixed charge multicommodity

network flow problem with approximately 25 binary variables, 9000 contin-

uous variables, and 3300 constraints. Routes generated by the first

model together with routes generated manually by Air Force personnel

provide the input to the integer program. This approach to routing

and scheduling problems is novel in that a major component of the

approximation occurs in the development of the model rather than in

the development of the algorithm. Specialized software has been

written for these models and computational experience is reported,
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Finally, we discuss the iuplementation of the models and softvare at

Wright-Patterson Air Force Base.

Although this exposition is directed toward the development of models

and techniques for a particular application, we believe, that the modelling

strategy and solution techniques presented are applicable to several other

routing and scheduling problem.

-2-
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II. SURVEY OF LITERATURE

Due to numerous applications, 'WwtjO g and .6hd&duM problems have

been extensively studied in the operations research literature. Unfor-

tunately, simplifying assumptions are usually made to specialize a prob-

lem for a given situation (e.g. (11, 12, 20]). In school bus routing

problems one is concerned with routing in a single period and with only

a single destination. Problems in this class are almost always approached

with a heuristic method based on a modification of the nearest unvisited

city procedure developed for the traveling salesman problem (e.g. [4, 23,

27]).

Silman, Barzily, and Passy (25] present heuristic procedures for de-

veloping schedules for city buses. They propose a two phase approach for

devising bus routes and schedules. Phase 1 obtains a set of potential

routes while the second phase gives the frequency of travel. Their general

approach is adaptable to the LOGAIR problem but their specific heuristic

in specialized for only routing buses. Billheimer and Gray [8] address

the general fixed-charge multicommodity network flow problem in the context

of Mass Transportation Network Design. However, they assume that all arcs

have infinite capacity which greatly simplifies the solution procedure.

Ferguson and Dantzig [10] present a model for asigning aircraft to

routes. However, they assume the routes given and ignore all fixed charges.

Bellmore, Bennington, and Lubore (5] present a model for assigning tankers

to shipping routes to maximize a utility function. They view the tankers

as the comnodities and assume a possible loading after the tankers have

been assigned to routes. Again the routes are ssmed given and there

are no fixed charges incurred for using a shipping lane. A similar study

on the movement of train cars over a rail system was conducted by White

S .~~~-3-___ ___



and Wrathall [281. Unlike the LOGAIR problem, the netvork topology and

schedules are input for their system. Geoffrion and Graves [13] solved

a large warehouse location distribution problem for Hunt-Weseon Foods,

Inc. However, their model is not applicable for the LOGAIR problem.

Demy &nd Brant [91, in an early paper, were the first to model the

LOGAIR problem. Their model was a large linear program with GUB constraints.

Agin and Cullen [1] present a model for the general vehicle routing and

scheduling problem, and Richardson (24] presents a routing model for co*-

rcial airline schedule planning. Unfortunately, these models when applied

to the LOGAIR problem produces a mixed integer program for which there is

little hope of finding an exact solution.

I-4
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* II1. DECOMPOSITION OF THE LOGAIR PROBLE3

The LOGAIR Distribution Problem when viewed as a single optimization

problem is far beyond the state-of-the-art of mathematical programing.

Consequently, we decomposed the problem into a pair of optimization models.

These models will be referred to as the Route Generator Model, and the

Route Selector Model. The Route Generator Model produces a set of routes

which are combined with routes designed by Air Force personnel to define

the set of potential routes. The Route Selector Model chooses the actual

routes to be flown from the set of potential routes. Due to national

security considerations and agreements with the Navy, certain routes are

forced into the solution.

We now present the notation used to define a route in the context of

the LOGAIR System. A network G - [N, A] consists of a node set N - {1,

S.., N} and an arc set A - {el , a 2 , ... , eM}C((i, J) : i, J e N, i J}.

A finite sequence P - fil' ee, 1 2 ' "' e n , 11 having at least

one arc is defined to be a directed path in a network G if elements sIc N

are distinct and e a (a ) . A finite sequence T {9ls, el, s29

eJ 2 , ... , a , a+ } having at least two arcs is called a circuit in GJnl

if the subsequence (919 oil* 8 2 , eJ2, ... , n +l} is a directed path In G,

sjn (Sn, sn+) and sl - Sn+10 For the LOGAIR problem, a route is equiv-

alent to a circuit. Therefore, the output of the Route Generator Model is

a set of circuits.

Let A denote the node-arc incidence matrix for a network and let C

denote the set of arcs in song circuit in the network. Let y be any vector

such that Ay a O. Such a vector has been referred to as aflow by Berge

and Ghouila-Houri [7]. Let

-5-
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10 if ej cc

zj -

0, otherwise.

Then the vector z is a flow and will be referred to as a vector-circuit

corresponding to C.

For the LOGAIR problem, we use the Route Generator Model to obtain a

vector y satisfying Ay - 0 and yz> 0. We then apply a simple labeling

algorithm to decompose y into a set of vector-circuits and nonnegative

mltipliers such that y = E ai It may be easily shown that such a

decomposition exists [7].

Most mathematical programing models which have been used to generate

a circuit or a set of circuits have resorted to the use of binary variables.

Typical examples include models for the travelling salesman problem and the

n-travelling salesman problem. The unique feature of the Route Generator

Model is that it is a specially structured linear program. More precisely,

it assumes the form of a multicommodity network flow problem.

For an air freight distribution system having N bases, there are a

potential of N(N-1) arcs (i.e. total arcs in a complete network). Suppose

M < N(N-1) arcs are selected for consideration and let A denote the corre-

sponding N by M node-arc incidence matrix. Let cj for J - 1, ... , X, denote

the flying distance associated with each of these arcs, and let c denote

the vector of distances. For each pair of bases, (i, J), let dl denote

the total quantity of parts and equipment to be shipped from base i to

base j in units of pounds per day. Since the capacity of the aircraft

must be shared by all goods with various origin-destination pairs, these

must be distinguished in the model. The typical method for modelling

problems of this type is as a multicommodity problem with the comodities

associated with either the nodes of origin or destination. For our models

the comodities are associated with the nodes of origin. We let the node

-6-



length vector rk denote the requirement vector for coodity k. If rk >o,

then node ± is called a supply point for comodity k with supply of r1 .

If r < 0, then node ± is called a demand point for coomodity k with demand

Of Ir For the LOGAI. problem the requirement vectors are defined as

follows:

-d k:L i

'k k - 1, ... , N,
N i 1, *. , No

q k "

Letting -Xk denote the flow of conmodity k in arc ej with corresponding

k
vector x , the Route Generator Model may be stated as follows:

min "-S"

Aot - ,k o_ kk _. 01 N
AZt Z I~ a

Ni xk < Z

k-1

Given an optimal solution to (1), say -1 -2 .1 E * #w

decompose Z into a set of vector-circuits,1 St , and positive

multipliers ol, ... , cp,, such that y - . The vector-circuits

defins potential routes for the LOGAIR system. The algorithm used

to obtain the vector-circuits is presented in Section IV.

Given the notation used above, we now present the Route Selector

Model. Suppose there are L routes in the set of potential routes. Let

the set Ry t {eju GJ2 east e q denote the arcs in route . Let the

arc set be given by A±:1 U L. Then the network used in the Route
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Selector Model is (N, A] where N - (1, ... , NI. Let A denote the node-

arc incidence matrix associated with [N, A].

Table 1 About Here

There are two major types .of aircraft which are currently being used

on these routes, the Lockheed 100 and L188. The L100's are the larger

of the two and are used primarily on routes which service the six largest

bases; Rill, Kelly, cCellan, Robins, Tinker, and Wright-Patterson. The

capacities and cost characteristics which have been determined by AFLC

are as shown in Table 1. From this data, costs for flying a route have

been partitioned into the fixed and variable components, where the variable

component includes only fuel cost. After assigning aircraft types to the

L routes, we obtain the fixed charge (see Table 1 G.), the variable cost

(see Table 1 H.), and the route capacity (see Table 1 E.). Letting f I

and b., denote the fixed charge and aircraft capacity for route 1, respect-

ively; the Route Selector Model is given by

mi I _k + I f yz
k-1 L-l

B.t. Lk k k - 19.k q

Nk k
s _t Ax- , k-=i, ... , N

k 1 xj <.by,. for all e t Rt (2)
and 1 1, ... , L

N k_
Gjc~ t k=l

Yo C {0, 1), , s, ... ,L

k ,

z _> O, - .. N



b*

where H is a large positive number. The above model is a Multicoimodity

fixed charge network flow problem. Solution of (2) provides a set of optimum

routes from the. set of L potential routes which if flown daily v ill guarantee

that the daily demand is met subject to aircraft capacity constraints. The

underlying assumptions associated with this model are as follows:

(i) All cargo has the sas priority.

(ii) Loading and unloading costs have been ignored.

(iii) Cargo volume restrictions have been ignored.

(However, these can be incorporated into the

modal at the expense of increasing the number

of constraints).

(iv) Circuitous routing is allowed to met the demand

constraints.

Since the model is to be used as a planning tool, the Air Force personnel

Involved feel that the above assumptions are reasonable for a planning tool

of this type.



IV. VECTOR-CIRCUIT GMMiZk"

In this section we consider the problem: Give.. aflow r. > 0 on a

network G - [H, A], determine a set of vector-circuits, say (A! ' 2 , ... ,

ZP, and a set of nonnegative scalers {1a l 2' *" * p1 such that

i-i

This problem is related 6o the problem of finding the fundamental basis

of cycles on an undirected graph and that of finding the basis of circuits

on -a directed graph. The former has beens tudei extensively in the lit-

erature (see (2, 6, 21, 26]). The latter has been studied by Murchland

[22].

Since the dimension of the null space (Y : AY . 0, Y.> 0) is N - N + 1

it follows directly that an upper bound on p is X - N + 1. The problem of

obtaining a decomposition of y in which p is minimised may be expressed

as a fixed charge problem. For our purposes, a vch simpler algorithm

which successively locates circuits with maximal flow on each suffices.

Our algoritbm begins with the network G and deletes all arcs having

flow equal 0. Next all nodes which have no incident arcs are also deleted.

An iteration of the algorithm consists of selecting an arc ea = (i, J)

such that

-a mxl

and then finding a directed path, P, of maximm flow from node j to node i.

The path P together with the arc a forms a circuit. The smallest flow on

any arc in the circuit is called the blocking flow and determines the capa-

city of the circuit. This circuit is retained as one of the routes, and

the blocking flow is subtracted from each arc in the circuit. All arcs

whose flows are reduced to tero are deleted and any nodes which become

-10-
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isolated are deleted. This completes one iteration of the procedure.

Since each iteration reduces the size of the graph by at least one arc,

the algorithm is finite. An example is illustrated in Figure 1.

FIGURE 1

ABOUT HERE
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V. COMPUTATIONAL EXPERIENCE

The primal partitioning code for solving multicommodity network flow

problem reported in (3] has been specialized for the Route Generator Model

(see [17] for a complete description of the primal partitioning algorithm).

This system carries the inverse of the working basis in product form using

the technique described in [151. The reinversion routine is based on the

work of Hellerman and Rarick (19] and uses the spike swapping procedure

described in [16]. The route selector algorithm (Section 4), has also

been coded. Both codes are written in standard FORTRAN and have been run

on a CDC Cyber 73.

The Civil Aeronautics Board provided the distance matrix for the 60

Air Force Bases in the continental U. S. A. and the Air Force Logistics

Command provided the point-to-point demands (dij) for the fiscal years

1979 and 1980. From this data two test problems for each year were gener-

ated. The two test problems differ only in the number of arcs used to

define the network used in the Route Generator Model.

The termination criterion used for problems 2 and 4 was to check the

objective function every 1000 iterations and terminate if the objective

function value became less than .5E+9. This number was selected arbi-

trarily, though keeping in mind that the routes generated by AFLC personnel

for 1980 yielded a cost of p2225E+11 pound-miles. The two smaller problems,

problems I and 3, were solved to optimality. Table 2 summarizes relevant

information obtained in solving these problems. Note that the vector-cir-

cuit generator takes only a few seconds while the multicommodity code re-

quires more than 20 minutes to obtain an acreptable solution.

TABLE 2.

ABOUT HERE



We also designed and implemented a large-scale FORTRAN computer

code to be used in obtaining the solution of the Route Selector Model.

The code employs a branch-and-bound scheme with separation and candi-

date selection guided by heuristic rules. The free integer variable

furthest from an integral value is chosen for separation. The candi-

date subproblems most recently created are chosen first with preference

given to those whose separation variable was fixed at 1 when created.

The branch-and-bound tree was kept on disk in groups of 16 nodes, uaking

use of the CDC mass storage input/output subroutines. The system was

designed to allow the user to terminate a run with the current branch-

and-bound tree and later restart with that tree.

It is shown in [18] that the continuous relaxation of a candidate

subproblem can be formulated as a minimum cost multicomodity network

flow problem. Thus we make use of a specialization of the primal par-

titioning code of (3] for efficient solution of the relaxed candidate

subproblems. The route selector system was tested on the 1980 data

using 17 routes supplied by AFLC personnel and 8 routes supplied by the

Route Generator Model. This yielded a fixed charge multicosuodity model

having 25 binary variables, 9349 continuous variables, and 3355 constraints.

Beginning with an initial feasible solution supplied by AFLC personnel,

the system was used to generate a branch-and-bound tree having 1023 nodes.

This required 46 restarts and took approximately 23 hours of computer time

over a 3 week period. At the termination of the run, there were 15 nodes

remaining in the candidate list. Only one new incumbent was developed

during the computation but the estimated cost savings of'this incumbent

was approximately $800,000. The new route structure involved the sub-

stitution of one of the 8 routes generated by the Route Generator Model

for one of the original 17 supplied by the Air Force.

--13-
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VI. IMPLEMENTATION

The two models and specialized software systems described above

evolved over the period 1976 - 1980. All code development was done

at Southern Methodist University by the authors for the Directorate

of Transportation (LOT) located at Wright-Patterson Air Force Base

in Dayton, Ohio. LOT personnel had many years of experience vith the

LOGAIR system, but they had little background in mathematical analysis

and no background in either mathematical or computer progrsming. Even

though the client was a naive user of optimization models, the problem

was ideally suited for operations research analysis. The important

characteristics which made this study feasible are as follows:

(i) The problem was well-defined.

(ii) It was a planning (as opposed to an

operational) problem in which the plan

was reevaluated annually.

(iii) The problem involved a large cash outlay,

$50,000,000. Hence a 1% savings was very

significant.

(iv) Most of the data was already being collected

and stored on magnetic tape. There was essen-

tially no new data which had to be collected

by the client.

(v) The client had been attempting to solve the

problem manually and had an appreciation for

the complexity of the problem.

Rather than Implement both models simultaneously, ye chose to Install

the system n three phases. The first phase involves the Route Selector

Model In which all binary variables are fixed by the user. The user



selects the routes and the system loads the routes to optimally satisfy

the demand. An elaborate report generator was attached to this system

to provide the client with detailed information about flow in the system.

In particular, legs of routes running at 100% capacity and underutilized

legs are highlighted. This system has been implemented at Wright-Patter-

son and was used to help develop the LOGAIR route structure for fiscal

year 1981. The second phase involved using the Route Selector Model in

a partially interactive branch-and-bound mode. This involves some deci-

sion making on the part of the client and has been delayed until we gain

more experience with the phase 1 model. The final phase involves coordi-

nating the Route Generator Model with the Route Selector Model.

-1--



REFERENCES

1. Agin, N. I., and D. E. Cullen, "An Algorithm For Transportation

Routing and Vehicle Loading", North-Holland/TINS Studies in The

Management Sciences, 1, (1975), 1-20.

2. Aho, A. V., J. E. Hopcroft, and J. D. Ullman, The Design and

Analysis of Computer Algorithms, Addison, Wesley, Reading, Mass.,

(1974).

3. Ali, A., R. Helgason, J. Kennington, and H. L*11, "Computational

Comparison Among Three Multicovoodity Network Flow Algorithms", to

appear in Operations Research.

4. Angel, R. D., W. L. Caudle, R. Noonan, and A.- Whinston, "Computer

Assisted School Bus Scheduling", Management Science, 18(6), (1972),

B279-B288.

5. Bellmore,.H., G. Bennington, and S. Lubore, "A Multivehicle Tanker

Scheduling Problem", Transportation Science, 5, (1971), 36-47.

6. Berge, C., The Theory of Graphs and its Applications, John Wiley,

New York, (1962).

7. Berge, C. and A. Ghouila-Houri, Programmin, Games and Transportation

Networks, John Wiley and Sons, New York (1965).

8. Biliheimar, J. W., and P. Gray, "Network Design With Fixed and

Variable Cost Elements", Transgortation Science, 1(1), (1973), 49-74.

9. Deimy, W. S. and K. E. Brent, 'Design of a Military Air Cargo Trans-

portation System by Use of a Large Scale MAthematical Prograuming

Model", Working Note Number 5, System Studies Branch Air Force

Logistics Command, Wright-Patterson APB, (undated).

10. Ferguson, A. R., and G. B. Dantuig, "'The Allocation of Aircraft to

Routes - An example of Linear Programing Under Uncertain Demtand",

Nanammut Science,, 3, (1957), 45-60.

-MOO-



11. Frank. H. and W. Chou, "Routing in Computer Networks", Networks,

1, (1971), 99-112.

12. Frank, H., I. T. Frisch, R. Van Slyke, and W. S. Chou, "Optimal

Design of Centralized Computer Networks", Networks, 1, (1971),

43-57.

13. Geoffrion, A. M., and G. W. Graves, "Multicoumodity Distribution

System Design by Benders Decomposition", Management Science, 20(5),

(1974), 822-844.

14. Hadley, G., Linear Algebra, Addison-Wesley, Reading, Massachusetts,

(1961).

15. Helgason, R. V., and J. L. Kennington, "A Product Form Representation

of the Inverse of a Multicomodity Cycle Matrix", Networks, 7, (1977),

297-322.

16. Helgason, R. V., and J. L. Kennington, "Spike Swapping in Basis

Reinversion", Tech. Report OREM 79001, Department of Operations

Research, Southern Methodist University, Dallas, Texas (1979).

17. Helgason, R. V., and J. L. Kennington, Algorithms For Network Programm-

ing, fortkcomaig in 1980, John Wiley and Sons, New York.

18. -Helgason, R. V., "A Lagrangean Relaxation Approach to the Generalized

Fixed Charge Multicoumodity Network Flow Problem", unpublished

dissertation, Department of Operations Research, Southern Methodist

University, Dallas, Texas, (1980).

19. Hellerman,.1-., and D. Rarick, "Reinversion With the Preassigned

Pivot Procedure", Matheatcal'P rsq g, .. ,. (1971), 195-216.

20. Kalaba, R. E., and X. L. Juncosa, "Optiml Design and Utilization

of Coummication Network", Management Science, 3, (1957), 31-44.

21. Matti, P., and N. Deo, ."On Algorithms for Enmerating all Circuits

of a Graph", SIAN-J. Coanut., 5(l), (1976), 90-99.

-17-"



22. Murchland, J. D., "Construction of a Basis of Elememntary Circuits

and Cocircuits in a Directed Graph", Combinatorial Structures abd

Their Applications, Gordon and Bread, Now York, 1970, 285-288.

23. Newton, R. X., and W. f. Thomas, "Bus Routing in a Multi-Sehool

System", Comput. and Ops. Res., 1. (1974), 213-222.

24. Richardson, R., "An Optimization Approach to Routing Aircraft",

Transportation Science, 10, 1, (1976), 52-71.

25. Silman, L. A., Z. Barzily, and U. Passy, "Planning the Route System

for Urban Buses", Comvut. and 0ps, Res., 1, (1974), 201-211.

26. Tarjan, R., "Depth-First Search and Linear Graph Algoritbms",

SIAM J. Comput., 1(2), (1972), 146-160.

27. Verderber, W. J., "Automated Pupil Transportation", Comput. and Ops.

Res., 1, (1974), 235-245.

28. White, W. W., and E. Wrathall, "A System for Railroad Traffic Schedu-

ling", Tech. Report No. 320-2992, IBM-Philadelphia Scientific Center,

(1970).

'1



TABLE 1. AIRCRAFT CHARACTERISTICS (1980 DATA)

Aircraft
Aircraft CharacteristicsL10LS

A. Transportation Cost 3.5260 I 2.4128
CS/mile)

B. Fuel Consumption Coat 0.9936 1.0304
(S/mile)

C. Empty Weight 74,746 56,013
Ciba)

D. Full Weight 120,746 86,538
(iba)

E. Usable Cargo Capacity 43,160 28,640
(iba)

F. Total Cargo Capacity' 46,000 30,525
(Cargo plus pallets)
Ciba)I

G. Variable Component of 0.87703x105  1.269lxl0O
Coat - 5

F B
E D

H. Fixed Component of 3.1475 2.0493
Coat
(S/mile)

F *
A --- D-



Table 2. COMPUTATIONAL EXPERIENCE WITH ROUTE GENERATOR MODEL

Row Description Problem Nuibe
| II1 2

PROBLEM CHARACTERISTICS

Nodes 60 60 56. 56

Arcs 249 313 237 305

Comodities 61 61 57 57

LP rows 3967 4031 3483 3551

LP colums 15009 18913 14277 18425

Linking Constraints 246 310 234 302

Data Source Year 1979 1979 1980 1980

SOLUTION STATISTICS

Objective function value .36235 .41256 .15632 .44889
xE+9

,

Termination Criterion optimal , conditional optimal conditional

Time in CP minutes 21 29 19 26

Iterations 11,605 13,000 11,349 12,000

Reinversions 77 87 76 76

Time for.vector-circuit 6.3 8.1 6.2 7.8
selector in seconds

Conditional termination when obJ value < 51 + 9.

-20-
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