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INTRODUCTION 

Residual stresses are those stresses which reside in the bulk of 
a material when the external forces acting on it are removed.  One 
customarily excludes external forces such as gravity or thermal gra- 
dients.  Since the body under consideration is in equilibrium, the 
resultant force equals zero.  This report describes methods used to 
circumvent some pitfalls encountered when standard X-ray and strain 
gage methods are indiscriminately used to measure residual stress. 

When the residual stresses are long range in nature, that is, are 
reasonably constant in magnitude, sign, and direction, and extend over 
distances comparable to many grain diameters, they are termed macro- 
stresses.  As such they are easily measured by mechanical methods em- 
ploying dissection, layer removal, and careful hole-drilling procedures. 
Stresses of this type produce an X-ray line shift when the sample is 
rotated in an X-ray beam.  On the other hand, when the residual stresses 
are short range in nature, and vary appreciably over distances com- 
parable to the grain diameter, they are called microstresses. These 
cannot be detected by mechanical dissection methods and may or may not 
produce an X-ray line shift, depending on the distances over which the 
microstresses exert their influence.  For example, when the stress 
acting distance is approximately a micron. X-ray line broadening and 
line shifts are observed. As this distance shrinks to approximately 
1000 A or less, X-ray line broadening persists, but line shifts are not 
observed. 

Furthermore, when the actual deformation mode produces extensive 
movement of material in a given direction, complications arise which 
prohibit the use of X-ray methods and computational formulas.  In other 
words, the standard X-ray analysis can produce erroneous results for 
cases where the specimens have been extensively rolled, drawn, stretched, 
compressed, or bent. The standard X-ray methods do, however, produce 
reliable answers when the measurement is made on surfaces which have 
been machined, ground, or peened (ref 1). Here the mass movement is 
not predominantly unidirectional. A relatively unknown, but straight- 
forward way, does exist, however, to correct for the deficiencies of the 
standard X-ray method when extensive amoxints of uniaxial plastic metal 
flow has occurred.  The method, reported by Marion and Cohen (ref 2), 
will be described in a later section.  Some discussion will now be given 
concerning several problems the authors have encountered, using some of 
the "handbook" approaches to determine the stress state of various speci- 
mens . 

CIRCUMFERENTIAL STRESS BY LONGITUDINAL SLITTING 

The stress condition of thin wall tubes is sometimes assessed by 
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Figure 1. Cramptonvs method for computing the circumferential 
stress in thin wall tubes 

Crampton's method (figure 1).  Here one slits a tube its entire length 
along one element and makes use of the beam formula to compute the 
maximum circumferential stress.  The method assumes that a condition 
of plane strain exists.  In other words, the strain and curvature 
change in the longitudinal direction are zero.  According to Crampton, 
the circumferential stress on the outer fibers is given by. 

Et 
(1-v2) k\ (1) 

Where E is Young's modulus, t is the wall thic<ness, v is Poisson's 
ratio, D0 is the mean diameter before slitting, and Di is the mean 
diameter after slitting.  It can be seen from aquation 1 that a tensile 
stress on the outside surface of the tube causss Di to be larger than 
D ; while a compressive stress causes Di to be smaller than D0. 

It is possible to obtain some indication :>f the reasonableness of 
the computed Crampton result by noticing that the length of the thin 
wall tube does not enter into the formula.  Consequently, after axial 



slicing, and the Di relaxation is noted, one can perform another cut, 
perpendicular to the cylinder axis, so two slit cylinders, each of 
length £/2 can be obtained.  These individual cylinders, can be examined 
concerning their new D^ values.  If the new values differ considerably 
from the value produced by the first axial cut, then one can conclude 
that constant axial stress does not exist. The requirement that the 
stress varies linearly from inner wall to outer wall is illustrated in 
figure 1(b). Here, the shaded area represents the stress distribution 
according to the beam requirement.  The sinusoidal type curve depicted 
therein might, however, be closer to the actual distribution.  It is 
concluded that the use of slitting techniques provide, at best, a 
crude indication of the actual stress state in a given specimen.  More 
accurate methods are described below. 

BLIND HOLE DRILLING METHODS 

It should be noted that residual stresses cannot be measured 
directly.  One must first determine the magnitude and alegebraic sign 
of the strain that exists in a given sample under examination and then 
compute the residual stresses from the strain information.  To obtain 
the strain information, the state of constraint of the material just 
beneath the strain gage is altered by removing a small amount of 
material adjacent to the gage.  This is achieved by drilling a small 
hole in the center of a rosette, consisting of three linear gages 
(figure 2)bonded to the specimen and, connected to a digital strain 
indicator.  The drilling operation relaxes the material at the edge of 
the hole, causes a local redistribution of the stress, which in-turn 
produces the strain change detected by the strain gages in the rosette. 

It has been experimentally observed that the relaxed strains 
depend on the depth of the drilled hole. When the hole depth approxi- 
mates the diameter, further drilling does not significantly change 
the strain gage readings; hence one normally takes as equilibrium sur- 
face strain values those obtained at a depth equal to the diameter of 
the drilled hole.  Unless special precautions are taken when the hole 
is drilled, the strain gage readings will not only reflect the residual 
strains/stresses in the sample but will also reflect the strains pro- 
duced by the hole drilling operation. 

For a given state of stress, the strain gages sense relaxation 
signals which are proportional to the diameter of the drilled hole.  It 
is desirable to obtain a strong signal by drilling a large hole.  Care 
must be exercised, however, in selecting the drill size so that the 
cutting surface area is not too close to the gages and unduly perturb 
the true strain relaxation signal from the drilling operation.  Holes 
of 0.159-cm (1/16-inch} diameter are normally used in practice, because 
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Figure 2. Relationship between the linear strain gage 
elements and the principal directions/ 

they provide relatively strong and unperturbed relaxation signals. 

The radial distance from the center of the hole to the three 
linear elements in the rosette is critical because the strains are 
functions of the inverse second and inverse fourth powers of this 
radius.  Therefore, one should use commercially available precision 
strain-gage rosettes and should not attempt to construct a homemade 
rosette by gluing down three linear gages because the formulas used 
to calculate the stress state assume that all three linear gages lie 
precisely on the same circle of radius R, and are symmetrically oriented 
with respect to each other; as shown in figure 2. 

Hole Forming Methods 

Various techniques have been described in the literature to pro- 
duce the center hole in the strain gage rosette.  These include the use 
of conventional drill bits, specially ground milling cutters, electric 
discharge machining, and abrasive jet machining. 

Bush and Kromer (ref 3) have investigated some problems associated 
with the use of various methods to produce the center hole.  Their re- 
sults for annealed steel are shown in figure 3.  It can be seen, for 
conventional drill bits, that unpredictable errors, ranging from 60 ye 
to -70 ye can result.  When these strain values are converted into 
stress, they amount to an error of + 124.11 MPa (^ 18 ksi).  The rotat- 
ing cutters cause an error ranging from -30 ye to -60 pe. 



A ; ROTATING cuntRS, CONVENTIONAL DRILL BITS 

B : ROTATING cimERS> OMCRCIAL FimRE Arc 

MILLING CUTTER 

C ! ELECTRIC DISCHARGE MACHINING 
D ; ABRASIVE JET MACHING 

Figure 3. Strain effects caused by various hole producing methods. 

The electric discharge machining can cause errors ranging from 30 ye 
to -80 pe, depending on the hole diameter. The superiority of the 
abrasive jet machining method is obvious from the extremely low strain 
values of 2 or 5 ye shown in figure 3.  This method will be described 
in more detail later.  For now, consideration will be given to the 
equations normally used to convert the measured strains into computed 

stresses. 

The equations describing the principal stresses and their orienta- 
tion with respect to the number three gage can be written in two dif- 
ferent ways for the Blind Hole Method.  This choice depends on whether 
or not one considers the linear gage element as a point gage (i.e., of 
infinitesimal length), or as one with a finite length, centered on the 
specimen, at the same location as the point gage.  For the radially 
oriented point gage case, the principal stresses and their directions 
are given by (ref 4): 



E3(A + B cos 23) - ET (A - B cos 23) 
4AB cos 23 

a = ei(A + B cos 23) - e^(A - B cos 23) 
q 4AB cos 23 

where 

i tan-1 JM   ~  2£2 + ei) 
2 (es - el) 

-Ci * v) 
2Erz 

-f.l   + v) 
2E 

r 4  .   1    3 
L——- J   —2 " —4 1 + v   r   r 

(2) 

ei, Z2,  and £3 are the measured strains, E and v are the elastic 
modulus and Poisson's ra-io, respectively, and r is the ratio of the 
radius of the rosette to the radius of the drilled hole, R/R0.  The 
quantities a and a are the principal residual stress, while the 
angle 3 is measured  to the number three gage element (fig. 2).  When 
the equations listed above are used, it should be realized that the 
strain gages are assumed to act as point gages, i.e., of zero gage 
length.  For the finite length gage, the equations for the principal 
stresses become (ref 5) 

aP,q = E el + E3  +  ei - £3 
2Sl 2S2 cos 23l 

where 

Si = (v-i) + Ri and S2 = -(v + 1) + R2 

here 

Rl - f" 
(3) 

(1 - a ) - v (1 + a2)  dr 
P P 



R2 

Cr, 
../: 

((l - Sa1* - 4a2)+ v(i + Sa4)) dr, 
~T T  1+ 

where rj and T2  are the inner and outer edge dimensions of the active 
gage element, respectively, and a is the radius of the drilled hole. 

An attempt was made to compare the difference in the computed 
stress value when both equation 2 and equation 3 were used with the 
same input strain data.  The results are given in the table where it 
can be seen that the point gage equations (i.e., equations 2) produce 
numerical values for the residual stresses which are 10 to 20 percent 
higher than those produced by the finite length equations  (i.e.j 
equations 3). 

Abrasive Jet Method 

In this method, see figure 4, a carefully controlled stream of 
gas, containing 50 V aluminum oxide powder, is directed against the 
workpiece in a manner which chips away microscopic particles of the 
material to drill the nominal 0.159-cm (1/16-inch) diameter hole. 

GAGE 

NATERIAL, ■ N >/ 

Figure 4. Experimental setup for abrasive jet machining. 
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As seen in figure 3, the abrasive jet machining method appears to be 
the most gentle one to produce the central hole.  Special precautions 
must be taken however to insure that the walls are relatively square 
with the surface on which the rosette'is bonded.  It is also desirable 
to insure that the hole is accurately positioned at the center of the 
rosette.  For the cases where the hole is off-center, the iterative 
method proposed by Sandifer and Bowie (ref 6) can be used to obtain 
corrected values for the stress. When the hole is centered to within 
a few thousandths of an inch, the iterative method is not needed. 
Under certain circumstances, however, the formula used to compute the 
direction of the principal stress can be subject to large errors when 
small errors exist in the measured strain readings. 

Indeterminacy of Beta 

The quantities el, £2, and £3 are equal in an equal biaxial stress 
field.  When these values are inserted into the expression for B in 
equation 2 they produce a value for 3 of 0 degrees.  When £1   - e^  >   Z2 
then 3 approaches +45 degrees. When EI = es > £2, then B approaches 
-45 degrees.  In other words, slight errors in the measurement of £2 
can produce large errors in the computed value for 3. The two points 
to be emphasized are:  (1) in an equal biaxial stress field the an- 
gle 3, describing the principal stress directions, can fluctuate wild- 
ly; and (2) the algebraic sign and magnitude of the computed stress 
are not affected by this uncertainty in beta. 

EFFECT OF THE CENTRAL HOLE ON THE MEASURED STRESS 

It is well known from strain measurements and photoelastic experi- 
ments that geometrical discontinuities such as holes or notches act as 
stress raisers in plate material under tension. This multiplication 
of stress can be expressed in terms of a theoretical stress concentra- 
tion factor K, given by the ratio of the maximum stress to the nominal 
stress on the net section.  In other words, 

Kt = a max/a nominal 

Both longitudinal and radial stresses are produced around a circular 
hole in material subjected to a load. When a uniaxial stress is pre- 
sent, and the hole is many diameters from the edge of the specimen, 
the radial, theta, and the shear components of stress are given by the 
Kirsch (ref 7) equations, namely: 

CTrr = a (1 - a2) + a (1 + 3a.k  - 4a2) cos 20    (4) 
rr   2     T2"   2     "^  "T^ 



J00 = 0_ 
2 (1 + a-. (l + Sa1*) cos 20 

Tre "£ (1 
2 

Sa4* 2a2)  sin 20 

Here, a  is the uniform applied tensile stress far removed from the 
hole.  The quantity a is the hole radius, while r is the location 
where the r, 0 components of stress are desired.  From the above 
equations, and inspection of figure 5, it can be seen that the maxi- 
mum stress of 3a occurs at points C and A. Here, r = a, and theta = 
0° and 180°.  In other wcrds, OQQ  = 3a = a max.  Hence, Kt = 3.  It 
can also be seen that a9e = -a at points D and B when r = a and 0 = 
90° and 270°, respectively. Hence, a tensile stress, far removed 
from the hole, produces at points B and D, a compressive stress of 
equal magnitude. 
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Figure 5. Effect of the stress concentration factor on the state 
of stress in a uniaxially stressed plate • 
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The net effect of the stress concentration factor is to produce 
plasticity at the edge of the drilled hole when the measured stress 
exceeds one-third of the yield stress for cases where the gages are 
positioned in a uniaxial field.  When the gage is positioned in an 
equal biaxial field, plasticity occurs when the measured stress ex- 
ceeds one-half of the yield stress.  Beaney and Procter (ref 8) have 
shown, for the uniaxial case, that at stress values less than half 
yield, the errors are negligible while at full yield, the errors can 
rise to 10 percent. 

X-ray Measurement of Stress 

In brief, the X-ray method measures the shift of the diffracted 
beam when the sample surface is rotated a known amount in the incident 
beam.  From the measured peak shift one computes the change in the 
lattice spacing and attributes the shift to residual macrostresses. 
In other words, the interplanar spacing change is used as a strain 
gage indicator to compute the biaxial stress residing on the outer 
surface of the sample. The mathematics describing the X-ray method 
is adequately described in section 2 of an SAE booklet (ref 9).  Equa- 
tion 31 of Section 2 in (ref 9) shows that the stress is given by 

a =     E         1      cot 6      IT   /OQ,   OQ,\ ,,.,. 
(1 +v)    sinAp    — -T80-   [2Qi - ^j  (5) 

where 

E is the modulus of elasticity 

v is Poisson's ratio 

Tp  is the angle the sample normal was rotated in the X-ray 
beam 

G is the angle of incidence of the X-ray beam with the 
atomic planes 

26 is the angular position of the diffracted X-ray beam when 
the sample bisects the incident and diffracted X-ray beams 

264 is the position of the diffracted X-ray beam when the 
sample is rotated an additional ^ degrees about a vertical 
axis lying in the plane of the sample and perpendicular to 
the plane of the incident and diffracted X-ray beams 

There is some controversy in the literature concerning the appropriate 
values to use for Young's modulus and Poisson's ratio; however, the 
SAE paper (ref 9) gives a technique in Section 6.4 for experimentally 
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determining these quantities. 
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Figure 6. Interplanar spacing plot for different residual stress states 

Equation 5 implies that the interplanar spacing, d, is linearly 
dependent on sin2Tj;.  Froir figure 6 it can be seen that a positive 
slope is produced by a tensile stress, a negative slope by a compres- 
sive stress, and a slope of zero by a residual stress of zero.  For 
highly textured samples, the interplanar spacing values oscillate 
above a least square line drawn through the experimental data points. 
It is found, experimentally, that the curve is above the mean straight 
line for those orientations where the reflecting pole density is higher 
than the random level and below it where it is lower than the random 
level.  It is believed that the larger-than-expected values for the 
interplanar spacing results from stress relaxation by dynamic re- 
covery. 

To understand these findings, the shape of the modified stress- 
strain curve shown in figure 7 and proposed by Cullity (refs 10 and 11), 
and Smith and Wood (ref 12) should be evaluated.  It should be noted 
that the positive abscissa describes the contraction of the (hkl) 
spacing when the stress direction is at right angles to the normal of 
the diffracting grains.  Curve A-B-C, the total strain curve, consists 
of an elastic portion, A-B, and an elastic-plastic portion, B-C.  In 
the elastic region, the strain measured by X-rays, called the lattice 
strain, and that measured by mechanical methods (i.e., total strain) 
are both proportional to the applied stress, and have the same slope. 
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In other words, the lattice strain curve and the mechanically measured 
total strain curve are superimposed on each other along the path A-B. 
In addition, both curves return to zero when the applied stress is 
removed if the material has not been taken into the yield region.  When 
the applied stresses exceed the elastic limit, the X-ray method pre- 
supposes that the lattice strain follows the line B-D.  In practice, 
however, it deviates significantly from the line B-D and follows the 
curve B-E. As the applied stress is released the lattice strain curve 
follows the path E-F, and has the same slope as the path A-B. 
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Figure 7. Lattice and total stress-strain curve. 

Thus, this result will produce a net mean compressive residual lat- 
tice strain which is represented by F-A, with large fluctuations from 
the mean being exhibited by individual diffracting crystallities.  This 
net residual lattice strain produces an observed X-ray line shift which 
is interpreted by the X-ray stress formula as an indication of the 
presence of compressive macrostrain in the specimen. The picture be- 
comes clearer when one considers the findings of other researchers 
(reis 13, 14, and 15) and also remembers that the X-ray diffraction sig- 
nal arises predominantly from coherently diffracting domains which are 
centered in the subgrain interior regions. 

Cullity proposes a rather new explanation for the anomalous com- 
puted residual stress values for uniaxially plastically elongated ma- 
terials. He cites the work of Keh and Weissman (ref 16), Neurath and 
Waite (ref 17), and Merrill (ref 18) which indicate that, in uniaxially 
elongated metals, the subgrain walls remain in tension.  Because the 
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X-ray beam predominately samples the subgrain interior, it can readily 
be seen that equation 5 is preconditioned to predict overall compres- 
sive stresses in the sample. The reverse prediction would occur if the 
subgrains were put into tension, by uniaxial compression. 

Marion and Cohen (ref 2) have extended the work of Weidemann 
(ref 9) and have put forth the formula given below to describe the be- 
havior of the interplanar spacing dt)^ on sin2\|j.  Here the nonlinear 
dependence of d on sin2t|; is attributed to the relief of microstrains 
in subgrain interiors. The degree of relief depends on the orienta- 
tion of the grain to the stressing system and to the texture developed 
during the plastic deformation process.  The Marion-Cohen approach 
separates the nonlinear and linear components of d by means of the 
expression 

dcf),^ = (dmax - de) f(a,e) + d|  (1 + v)  a,}, sin2i(; + dR      (6) 

The term dmax  is the interplanar spacing in a region where the strain 
is fully relieved, while dg corresponds to a region which has not been 
relieved.  This means that the quantity (dmax - dg) describes the range 
of interplanar spacings present in the sample.  The distribution func- 
tion f(a,B), describes the orientation dependence of d and is obtained 
from the observed integrated intensity of the diffraction peak at each 
$  inclination.  The distribution function is normalized to unity. 
Equation 6 is solved by measuring the interplanar spacing, d(j),^, and 
the normalized distribution function, f(a,3), as a function of sin2t|; 
for six orientations of the sample.  This overdetermined system of 
equations is solved by means of a least squares computation to yield 
the stress, o^.  The necessity of using equation 6 for a given sample 
is readily determined by plotting interplanar spacing measurements as 
a function of sin2^ for 5 or 6 orientations of the sample.  If the plot 
is linear, then the standard formula shown in equation 5 can be used to 
compute the stress.  When the plot oscillates, the more sophisticated 
Marion-Cohen expression must be used. 

SUMMARY 

It can be shown that the indiscriminate use of dissection strain 
gage and X-ray methods to determine the stress state of specimens can 
introduce large errors in the computed result. 

Note that for thin-walled tubes that the Crampton dissection meth- 
od required a condition of plain strain in addition to a linear varia- 
tion of the stress from the inside wall surface to the outside wall sur- 
face.  Since the formula to compute the maximum circumferential stress 
was length independent, the condition of plain strain could be readily 
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verified by cutting the slit tube, of length £ into two tubes of length 
%I2  whereby the new diameters could be compared with the diameter ob- 
tained from the slit tube of length £. 

A comparison of various blind-hole drilling methods in annealed 
steel indicated that abrasive jet machining causes a negligible error 
in contrast to other hole drilling methods which introduce errors range 
from +60 to -70 ye.  It was pointed out that the standard equations to 
convert strain readings to computed stresses assume that the strain 
gage is in reality a point gage (i.e., one of zero length). When the 
actual gage length is taken into account, the computed stresses can 
vary significantly.  For cases where the strain gage is placed in an 
equal biaxial stress field, it was shown that small errors in the 
measurement of £2 can produce large fluctuations in the computed value 
for B. 

The standard X-ray stress equations were reviewed, and it was noted 
that a nonlinear plot of interplanar spacing versus sin*' ^ identified 
those samples where the standard X-ray equations could not be used. 
The oscillating dependence of d on sin^ ty  was attributed to the relief 
of microstrains during extensive plastic deformation and the production 
of a strong texture. The curve tended to lie above a mean straight line 
drawn through the data points for diffracting plane orientations where 
the pole density was higher than the random level and below it where 
it was lower than the random level. When measurements of the inter- 
planar spacing were taken for six 41 tilts, the non-linear dependence of 
d could be separated from the linear component by using the Marion- 
Cohen formula. 
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