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¥> Abstract

This note is a continuation of previous work on the singularity expansion
method. Different integral-equation formulations describing electromagnetic
scattering from imperfectly conducting bodies are considered. A set of volume-

- surface integral equations is used to determine the analytical properties in
the complex frequency plane of the field scattered from imperfectly conducting,
finite bodies. Conditions are determined for the constitutive parameters of
the scattering body so that the scattered field can be described only by damped
sinusoidal oscillations when the incident field is a delta function plane wave.

Scattering from a perfectly conducting, finite body within a parallel
plate region is also considered. It is shown that the singularities in the

complex frequency plane of the scattered field are poles and branch cuts. The

.

locations of the branch cuts depend only on the separation between the parallel i
plates. Lo
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I. Introduction 'j

The singularity expansion method for solving electromagnetic interaction
problems is first introduced in Interaction Note 88[1]. Scattering from a
perfectly conducting body of finite extent is considered in Interaction Note
92[2]. It is shown in [2] that the operator inverse to the integral operator
of the magnetic field formulation is an analytic operator-valued function in
the complex frequency (s) plane except at certain points in the left half plane
where it has poles. A representation of the inverse operator in terms of the
natural modes and frequencies is also given in reference [2]. A scheme for
the numerical evaluation of the natural modes and frequencies for perfectly
conducting bodies of revolution has been developed in reference [27]. 1In [27]
the magnetic field integral equation is simplified to account for rotational
symmetry. A computer code for the numerical evaluation of the natural frequencies
and modes is also presented in [27] together with detailed numerical calculations
of some of the natural frequencies and modes for a perfectly conducting prolate
spheroid.

The natural frequencies and modes of a thin cylinder has been calculated 1
numerically in reference [25] by using the electric field integral equation.

Some approximate analytical results of the locations of some of the natural
frequencies of a thin cylinder have been derived in reference [26]. The

integral equation is solved approximately by using Fourier transform methods
combined with the Wiener-Hopf technique. The solution thus obtained gives an
accurate prediction of the locations of the natural frequencies of perfectly
conducting cylinders with diameter-to-length ratio less than 1/100[25]. However,
due to the approximations introduced, the method fails to give the correct
analytical properties in the complex frequency plane of the field scattered

from a thin wire. For example, the approximations introduce additional branch
points which should not be present.

In this note we will consider the general problems of scattering from
imperfectly conducting, inhomogeneous bodies in free space and of scattering
from perfectly conducting bodies within a parallel plate region. The mathematical

methods that we use resemble in a way those used in reference [2].




In section I1I, electromagnetic scattering from an imperfectly conducting
body is first formulated in terms of a volume integral equation for the fields
inside the body. The mathematical formalism used in section III is similar to
the one used in deriving the so-called Oseen extinction theoremtg-lz]. The
integral equation is of the second kind. However, due to the singularity in
the kernel of the integral equation we are unable to draw any conclusions about
the analytical properties of the solution of the integral equation. Therefore,
in section 1V, we reformulate the electromagnetic scattering problem in terms
of a set of volume-surface integral equations. When the scattering body is a
pure dielectric body this set of integral equations reduces to an integral
equation previously used in connection with considerations of uniqueness and
existence of the solution of certain electromagnetic scattering problemsElJ].

This set of volume-surface integral equations is solved by using the
Fredholm determinant theory. From this solution it follows that the scattered

field has two types of singularities in the complex frequency plane. The first

type is due to the singularities of the incident field (waveform singularities).

The second type is due to the scattering body itself. Sufficient conditions
for this latter type of singularities to consist of only poles are (1) the
scattering body is of finite extent and (2) the constitutive parameters o, €,
u together with Ve'/e' and Vu/u are analytic functions in the entire complex
frequency plane. Here, ¢' = ¢ + io/w, and o, €, v are the conductivity,
permittivity and permeability, respectively, of the scattering body.

A knowledge of the order of each pole is necessary when solving transient
electromagnetic interaction problems by using the singularity expansion method.

As of now, no general analytical method of determining the order of each pole

has been found. Therefore, the order of each pole has to be determined numerically

when solving a specific problem. However, a general method for the numerical
evaluation of the order of each pole has been discussed in reference [27].

Scattering from a perfectly conducting cylinder within a parallel plate

region has been treated in references [20] through [24] by using the conventional

method of first solving the integral equation numerically in the frequency domain

and then applying a numerical inverse Fourier transform. In section V of this

note we will investigate the analytical properties of the field scattered from
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a perfectly conducting, finite body, located within a parallel plate region.
The effect of the parallel plates can be taken into account by using the method
of images. Due to the interaction between the body and the two parallel plates
we will get an infinite set of image bodies. Therefore, the theory developed
in reference [2] cannot be applied directly.

The series representation of the Green's function, derived from the method
of images, converges only in the right half of the complex frequency plane. In
order to make use of the singularity expansion method we first have to analytically
continue the Green's function into the entire complex frequency plane. This is
done by finding an integral representation of the series defining the Green's
function. From this integral representation it follows that the kernel of the
integral equation has branch cuts in the left half plane. The locations of these
branch cuts are uniquely determined by the distance separating the parallel plates.

Once a representation of the Green's function, valid in the entire complex
frequency plane, is available, it is easy to show that the operator inverse to
the integral operator of the magnetic field formulation has two types of singular-
ities. One type is poles at those frequencies where there exist nontrivial
solutions of the homogeneous integral equation. The other type is branch cuts
coinciding with the branch cuts of the Green's function.

Before starting with the analysis outlined here we will in section II
briefly consider a surface integral equation describing scattering from a

homogeneous, imperfectly conducting body.
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II. Scattering From a Finite, Imperfectly Conducting, Homogeneous Body

Ry

Before we consider scattering from an inhomogeneous, imperfectly conducting
body we will discuss, in this section, briefly the special case of scattering
from a homogeneous, imperfectly conducting body. Mathematically this scattering
problem can be formulated in terms of a set of two coupled surface integral
equations.

Let the scattering body occupy the region V of finite extent. The boundary
surface of V is denoted by S and the outward unit normal of S is denoted by n.

We also assume that the electromagnetic properties of the scattering body can

be described by the constitutive parameters o, €, u. These parameters are allowed

to vary with frequency, but they do not vary with position within V. (See

figure 1). Throughout this section we use harmonic time dependence exp(-iwt).
Introduce the effective electric surface current j and the effective

magnetic surface current k, defined by

4 = nx (2.1)

k = nxE. (2.2)

Assuming that all sources of the electromagnetic field are outside V we can

derive the following set of two coupled integral equations for j and _F3]
1 -1 inc
si-Li-z) Wk=3]
(2.3)
1
Tk+lok-zld =0

where

Lg = jg(g)XEVG(s_._r_';ik)Xg(_x;')JdS', (2.4)
S
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Figure 1. A homogeneous, imperfectly conducting, finite body.




Mg (x) = (™! f B(L)X{kz G(r,x';ik)g(r")
s

e R T & g

- D, ") + x @"IV6(,r'51k) nx") - n(@)]-g(@)

- [gx") - g(@®1-9.%6(x,r';ik)} ds’, (2.5)

s itk

where
6(e,r'sik) = Grlz - ') expCikle - x'])

the free-space Green's function, V; is the tangential gradient with respect to r',

Ca4]

, and indicates the principal
S

Ky and k, are the principal curvatures of $

value of the integral, i.e.,

f v = umj
s 6+0 /s-5

Here S-SG is the part of the surface S outside a sphere with radius é and center
at r. The subscript ¢ in (2.3) on the operators kc and gc indicates that the
wave number kc of the medium should be used in the Green's function instead

of the free-space wave number k. Also,

=
n

wlu(e + ic/m)]%, (2.6)

Cu/ (e + io/w)]k, (2.7)

N
L}

Zc being the wave impedance of the medium, Zots 377Q, and ¢ is the vacuum speed

of light.
We will now investigate some of the properties of the integral operators

i e A T TS Y S

L and Y defined by equations (2.4) and (2.5), respectively. In reference [2]
it has been shown that the kernel of the integral expression (2.4) behaves like
[r - L'I-l as r' > r. From this fact it follows that the operator L?, defined
J by L2:g = L-(L'g), is of Hilbert-Schmidt typetz].
E‘ In order to investigate the properties of the operator M we assume that

Ky and K, exist everywhere on S. Let P be a point on S with coordinates




r = (x,y,2z). (See figure 2). We choose the coordinate system in such a way

that, in the vicinity of P, the surface S can be described in the following

way:

'-x=p cos y,

S = {5’ = (x',y',2"') : x
' ' 2 3
Y' -y=opsiny, 2' -z =p £(y) + 0()}. (2.8)
Here 0 £ y < 2m and 0 < p £ ¢, where ex, << 1 and ek, << 1. The representation
(2.8) is valid everywhere on S since S is a smooth surface. Assuming that the
function g(r) is differentiable on S we then have

g - gl = og(l)(;_)cos p o+ oa(z)(g)sin v+ O(pz) (2.9

where

P = Grago,
eP @ = /g,
Moreover, for an arbitrary vector a we have
(2-7)7%6 = af (R) + R(@-R)[R™ £'(®)] (2.10)

where

£(R) =GR J(IKR - 1)exp(ikR), R=r - r'

and the prime denotes differentiation with respect to R. After some algebraic

manipulations we get
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Figure 2. The local geometry of the surface of the scattering body.




(") - g()]-9.96(r, ;1K) = (lnrpz)-l{g_(l)(g)cos v+ g (0)sin y

H
t

- 3[3’51)(_:_)4:0321: + g}(,Z) (g)sinzw

+ cos ¥ sin W[g}(,l)(_xj_) + 352)(5)]]

sk

[ cos ¢ + § sin w]}+ o™h. (2.11)
In order to evaluate the integral (2.5) we proceed as follows. Let S€

be the part of S inside a sphere with radius ¢ and center at r. Moreover, let

us denote the integrand of the integral expression (2.5) by H(r,r') so that

M-g)(r) = fﬂ(g.s')dS'. (2.12)
s

We then have

M-g)(x) = j
S-S
€

H(r,r')ds' + I H(r,r')ds'. (2.13)
S

£
Since € is finite it is easy to see from equation (2.5) that H(r,r') is finite
when r' belongs to S-Se. Thus, the last integral of equation (2.13) is a well-

t
H
defined function of r. From equation (2.11) it follows that }

f H(z,z')ds’ = Lim f @ nw gV @ + 2w g P @2 as?
S S -§
€

5+0 E
+ lim j H,(r,r")ds’. (2.14)
640 /s -5, ;
-1 :

as 5‘ + r. Therefore, the principal value integral,

lim f H, (r,r')ds’, é
S - ‘

1
§-+0 5

can be replaced by an ordinary integral over SE. Furthermore, N(¥) and Q(¢)
are two matrices with elements
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3
nxx(w) = cos ¥ - 3 cos™Y
n,(y) =-3 coszw sin ¥
Xy
(2.15)
n__(y) = nxy(W)

nyy(W) =cos ¥ ~ 3 cos V¥ sinzw
2
4 (¥) = sin y ~ 3 cos™y sin y

2
qu(w) = « 3 cos ¢ sin' ¥
(2.16)

2 () = 4y ()

qyy(w) = gin ¢ ~ 3 sin3w.

From the expressions (2.15) and (2.16) it follows that

2n 2n
J N()dy = f Q(w)dy = 0. (2.17)
)

o

Thus, we have

lim I @ w gP @ + 0w g@P @2 as = 0. (2.18)
§+0 ‘S -5
8
Equation (2.18) implies that the operator M is a bounded operator when operating
on differentiable functions and the surface of integration is a smooth surface.
From equations (2.14) through (2.16) it follows that

-2
|

lﬂ(}_’_.};‘)l"- fr -r' as r' »+r (2.19)

and that the integral




} |H(x,x')]ds’ (2.20) »
S
€

does not exist. From equation (2.19) it follows that the kernel of any iterated

operator g?, defined by

also behaves like |r - Efl-z as r' + r. (c.f. reference [19]). Thus, there

exists no n such that the operator MP is of Hilbert-Schmidt type. Therefore,

the Fredholm determinant theory camnnot be used when solving the set of integral
equations (2.3).
Next, we will study the analytical behavior, in the complex frequency plane,

of the operators L, ;t, M, By making the substitution y = - ik, k = iy

M .
ﬁ
where vy is any complex number we can extend the validity of the set of integral

equations (2.3) to all complex frequencies s = cy. From equations (2.4) and (2.5)

it easily follows that L and M are analytic operator-valued functions of y in

the entire complex frequency plane. It also follows from equations (2.3) through
(2.5) that the integral operator defined by the left hand side of the set of
integral equations (2.3) is an analytic operator-valued function of y provided

that Yc and ZC are analytic functions of y. Here

cl{ueyly + c:/(ce):l};5 (2.21)

~Z
[}

{ue—l v/[y + o/(ce)]}%. (2.22)

N
n

Unfortunately, the fact that o, € and y are all analytic functions dees not
necessarily ensure that Yo and Zc are analytic functions of y. For example,
when 6, € and u are constants we notice from equations (2.21) and (2.22) that
Yo and Zc have branch points at Y, = 0 and Yy == o/(ce). Thus, the operators
Lc and ﬁc are analytic operators in the entire y-plane except along the branch
line C, defined by

C = {y : - o/(ce) < Re{y} = 0, Im{y} = 0}.

12




In sections III and IV we will study electromagnetic scattering from an
inhomogeneous, imperfectly conducting body. When o, €, u and the incident field
are analytic functions of y we will show that the only singularities of the
induced volume current density are poles. This fact implies that the solution
of the set of integral equations (2.3) is an analytic function of y except
for poles when o, €, 1 and the incident field are analytic functions of vy.
Unfortunately we can not draw this conclusion from the set of integral equations
(2.3) for two reasons. The first reason stems from the fact that ZC and Yo
are not necessarily analytic functions of y even if o, € and u are analytic
functions of y. The second reason is due to the fact that the Fredholm
determinant theory can not be used when solving the set of integral equations
(2.3). However, in view of the results in section IV the set of integral
equations (2.3) can be used in finding the natural frequencies and modes of

a homogeneous, imperfectly conducting, finite body. It is a well-known fact

that a surface integral equation is better suited for numerical treatment

than a volume integral equation.

In the next section we will derive a volume integral equation for
calculating the scattering from an inhomogeneous imperfectly conducting body

of finite size.

13




III. Volume Integral Equation Describing Scattering From an
Inhomogeneous, Imperfectly Conducting Body

In this section we will derive a volume integral equation that describes
electromagnetic scattering from a body whose conductivity (o), permittivity

(e), and permeability (v) are functions of space and frequency. Throughout

this section we will suppress a harmonic time dependence factor exp(-iwt).
From Maxwell's equations one can derive the following set of partial

differential equations for the electromagnetic potentials (¢,A) in an arbitrary
medium

2 2

Vo + k0 = - e;l(p - V.p)

3.1
VZ_A_ + kzé = - u (L + V<M - iuP),

Here k = w/c, P is the polarization of the medium, M is the magnetization of

the medium, and p and i represent the charge and current density, respectively,

of exterior sources. The electromagnetic fields E, B are obtained from

E=iwA - V¢
(3.2)
B = Vxa.
We also have the relationships
E=c 1(D-P)
L] o 2T &
(3.3)
B=yu (H+M
where
v.g. 0
(3.4)

<H = 1 - fuD.

From equations (3.1) and (3.4) it follows that

14
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VA - ike 1o = 0. (3.5)

Next, we consider a region V of finite extent with some polarization P
and magnetization M. Futhermore, we assume that there are no exterior sources
of the electromagnetic field in V implying that p = 0 and 1 = 0 in V. Let S
be the boundary surface of V and let n be the outward unit normal of S. The
complement of V with respect to the three dimensional Euclidean space is denoted
by Vl.

properties are concerned. Assuming that all the exterior sources of the electro-

We also assume that the region Vl is vacuum as far as the electromagnetic

magnetic field are at infinity we have the following differential equations for

the electromagnetic potentials

%o + 1% = ¢ lv.p
(3.6)
%A +1%A = u_(iwp - V) in Vv
and
w2 + k% = 0
(3.7)
a+ia=0  in v,

Let G be the free-space Green's function, and let r be a point inside V.

We then have

j (GV2¢ - ¢V'2G)dV' = J V'.(GVd - ¢V'G)AV’
vV-v V-V,

= J n'-(GVo - ¢V'G)dS' - J Re(Gve - ¢v'G)as'  (3.8)
S Sg

where V' operates on the second argument of G(r,r';ik), n' = n(r'), and V6 is a

sphere with surface 55’ radius §, and center at r (see figure 3). It is easy to

show that

lim J R+ (GVd - ¢V'G)dS' = ¢. (3.9)
§+0 Js,

15
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o(x,k), E(E_:k) s¥ (_T_,k)

Figure 3. An inhomogeneous, imperfectly qbnducting, finite body.



Equations (3.6), (3.8) and (3.9) then give

¢+ E;I j GV.PdvV' + J (¢3G/3n' - G3¢/3n')ds' = 0. (3.10)
' s

Similarly, it can be shown that

A+ u J G(iwP - UxM)dV' + J [A3G/an' - G(n'-v')AJdV' = 0. (3.11)
v s

Next, we consider an actual scattering situation. We split the electro-

magnetic field into two parts:

(3.12)

O TN T e

A= Ainc + Asc

where ¢°€ and ésc satisfy the radiation condition at infinity and the differential

equations
v26%¢ + k2%¢ = 0
(3.13)
7245 4+ 1k %%¢ = ¢ in v,
and
VZosc + kZosc - E;lv.z
(3.14)
v2a% + 1% =y (dep - VM) dn V.
The incident field satisfies the differential equations
v2¢inc + kZoinc -0
(3.15)
VAl® el a0 1 vuv.
We now go on to apply the integral formulas (3.10) and (3.11) to ¢5¢
17
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and ésc. Equation (3.10) gives

h ] .

05¢ 4+ ¢} J GV-PdV' + J [(e%¢ - 6%¢)a6/on’ ﬁ
° Jy ~ S + -

o

- 6(3¢5%/an" - 202 /3n') Jas" = rtEV (3.16)

where

¢ (r) = lim ¢(r)
8
rev

and

¢_(r) = lim ¢(x).
g
Tev,

On the surface S we impose the boundary conditions that ¢, A and D°n are

continuous. Since ¢ 7€ is continuous everywhere these boundary conditions
imply that '
sc sc
o |
{
i and
sc sc -1 -1
3¢, "/3n = 3¢_"/4n €, R (g+ P)=c¢ n-P,

where we have made use of the fact that P = 0 in Vl. Suppressing the index + ‘

we arrive at the following expression
o = ol o 71 J GV-PAV' + ¢! J Gn'.Pds' (3.17)
o Jy ~ o Jg= ~

and equation (3.17) is valid at points inside V.

In the same way, equation (3.11) gives

o o e -

scC

+ u;‘ J (1wP - UxM)dV' + J [(Af - A%%)3G/n’
v s -

- G(ﬂ'-v)(_é:c - A% Xs' =0, TEV. (3.18)

18
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We also impose the boundary conditions that A, n-B and nxH are continuous on 8.

Making use of these boundary conditons, equation (3.5), and the vector formula
EX(VXA) = VAn - (E.V)A

we get
A=A 4y J G(VxM - 1wP)dV' ~ y J G(n'xM)ds*. (3.19)
a=a4a o Jy = = oJg =

Equation (3.19) is valid at points inside V. In the surface integral of equation
(3.19) we have used the definition

M(r) = lim M(r).
IS
rev

To sum up, we have the following set of equations for the electromagnetic

potentials, valid in the region V,

A=Al 4y j G(VxM - iwP)dV' - u J G(n'xM)dS"'
v s
(3.20)

o = oine _ 1 j GV-PAV' + e} J Gn'-PdS'.
o Jy - o Jg=— =

Combining equations (3.2) and (3.20) we get the following set of equations for
the electromagnetic field quantities E, B, a'so valid in V,

E=EP 4 o ly I Gv-Pav' - ¢ Ly f Gn'.PdS"
- = ) v - o s

G(VxM = 1wP)dV' - fwu [ G(n'xM)ds' ]

+ 1wy j
° s

v
(3.21)

B = Binc +p VXJ
- = (]

G(VxM - iwP)dV' - uOVXJ G(n'xM)ds’
S

v

where

E1nc - V°inc + i“,ﬁ\.inc
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and
Binc - vainc.

Employing the integral formulas

I GV-Pav' = J Gn'-Pds' + v-f GRAV"
v S v

and

J GVXMAV"' = J Gn'xMdS' + v:j GMdV'*
v s v

to equation (3.21) we get

E= Einc + sglvv-I GRav' + mzuo J GPav' + iquVXJ GMav'

v v v

B = B¢ 4 uOVxVx[ cMdV' - :lwroXI GRdV'.

v v

Making use of equation (3.3) and the facts that

pi®¢ . ¢ ginc (3.25)
= o—
and
2 .2 \
(v + k%) | GRav' = - P (3.26)
v

we can replace the set of equations (3.24) by the fcllowing set of equations

o

= pi™¢ 4 VXVXJ GPAV' + dwy € VXJ GMdV"
v v
(3.27)

i

B=B8 ne uOVXVXJ GMdv' ~ imuovxf GPav'.

v v

From now on we restrict our calculations to linear media, i.e., there

exist 2(r,k) and {i(r,k) such that




D(r,k) = € E(r,k)E(r,k)
and (3.28)
B(r,k) = M H (r,k)H(zx,k).

Here &(r,k) accounts for both the permittivity, e(xr,k), and the conductivity,
o(r,k), of the medium,

g(x,k) =[e(r,k) + 1o(x,k)/ (ck)] le,

With

x(r,k) = &(x,k)/[e(z,k) - 1]
and (3.29)
k(r,k) = i(x,k)/[i(e,k) - 1]

we get the following differential volume integral equation for P and

=

XP = Rlnc + VXVXJ

GPAV' + iwc_Zfo GMdV'
v v

(3.30)

kM = B¢ + VXVXJ GMdv' - mij GPav'.
v v

To derive a set of integral equations from the set of equations (3.29) we

L9l

notice that

vaxJ GQdv' = 2Q/3 + f VxVx (GQ)dv' (3.31)
\' v

and
VXJ GQdv' = J Ux(GQ)dv"'. (3.32)
\' \'

Here j denotes the principal value integral, i.e.,

J gdV' = lim J gdv'’
v 6+0 ‘V-v

where Vs 18 a sphere with radius § and center at r. Applying equations (3.31)

21
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and (3.32) to the set of equations (3.30) we arrive at the following set of

coupled integral equations for P and M

(¢ +2)/[3(¢ - 1)]Ip = i€ + f UxVx (GP)dV' + tke”! I vx(GM)dv'
v v
(3.33)

@+ 2/03G - DM = B - qee”? J Ux (GP)dV' + f Ux7x (GM) V"
\' v

The integral
j VxIx (GQ)dv* (3.34)
\Y

is a well-defined quantity for any point inside V provided that Q is a Hblder

continuous function in V. This can be seen from the fact that
vx9x (GQ) = [RE(6',6') + 5(R,6,6")7-Q(x") (3.35)

as R= |r - r'| » 0. Here 8' and ¢' are the polar angles of the vector R=1 - r

Moreover, F and § are 3x3 matrices such that
IS(R,8",0") | = o(R™%) as R=+0 (3.36)

and
j F(e',¢"')sin 6'd6'de' = 0 (3.37)
S

where S is the surface of the unit sphere. The principal value integral (3.34)
has been discussed previously in the literature and we refer the interested
reader to references [ 5] through [8].

The singularity inherent in the set of integral equations (3.33) makes
it difficult to determine the analytical properties in the complex frequency
plane of P and M from the set of integral equations (3.33). In the next section
we will start with the set of differential integral equations (3.27) and derive
a set of volume-surface integral equations for E and H. This set of integral
equations can be treated by means of the Fredholm determinant theory.




IV. Analytical Properties of the Field Scattered From an
Imperfectly Conducting, Finite Body

Based on the differential integral equation (3.27) we will in this section
first derive a volume-surface integral equation describing scattering from an
inhomogeneous, imperfectly conducting, finite body. We will then discuss the
analytical properties in the complex frequency plane of the solution of this
integral equation.

Employing the integral formulas (3.22) and (3.26) to the set of equations

(3.24) we arrive at the following set of volume~surface integral equations

E= Ei“c + J [kz(e - 1)GE + vc::'lve-gjdv' - J (¢ - 1)VG(n'E)ds’

v S

+ ikz J (i -~ 1)VGxHdV'
o B
v

(4.1)
H= R+ J (k%G - 1)GH + 6!

Vi-Hldv' - J (I - 1)VG(n'-H)dS'
\J

S

- ikz"] f (& - 1)VGxEdV'.
[o] v -

In deriving the set of equations (4.1) we have made use of the fact that

P=c (¢-DE=¢" - D,

M= (- DB =G - DB,

For the special case where {i = 1 and ¢ = 0 the set of equations (4.1) reduces to

the integral equations

E = EI™ 4 J [x%(& - 1)GE + vez lve.Elav’ - J (¢ - 1)V6(n'-E)dS’

\Y S

(4.2)

H= HC - ik2;1 f (¢ - 1)VGxEQv'
v
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which have been discussed previously in the literature

the following more general set of integral equations

where

E- ngl-ng' - |

oz
]
|
o
<
]
Sy

= AF

I~
(]

' . ! =
s}_lpds ['il HAV' = E

v

k“(z - 1)GL + ¢ Lveve

k“(i - 1)6L + i Lvewn
(- &)ve

K2z - 1)on + & L(n-ve)ve
1 - w)ve

12G - 1D6n + i (n-v6)Vi
(1 - &) (@-96)

1 - 1) (n-vG)

ikZo(ﬁ - 1)VGx

- 1kz;1(5 - 1)V6x
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Instead of considering the set of integral equations (4.1) we will consider

(4.3)




M, = 1kZ (i - 1) (2xV6)

~ -1
ﬁz = ikZo (& 1)(EXVG).
Substituting
Finc - E}g}nc’
(4.4)
JJ.nc - E.ﬂinc

into the set of equations (4.3) one can verify that the solution of the set of
integral equations (4,1) also satisfies (4.3). In fact, having the solution of

(4.1) we only have to substitute

F =

s

‘E,
(4.5)

J =

=]

"B

into (4.3) in order to show that the solution of (4.1) satisfies (4.3).

Next, we will show that the solution of the set of equations (4.3)
satisfies the set of equations (4.1). The uniqueness of the solution of the
integral equation (4.2) for real values of k has been shown in reference [13].
Without going into the details of the proof we claim here that the uniqueness
of the solutions of the set of equations (4.1) and (4.3) can be shown by using
the technique employed in reference [13]. Let E,» B, be a solution of (4.1)
with the right hand sides equal to Eo and Eo' Moreover, let 22, FZ"EZ’ 32
be a solution of (4.3) with the right hand sides equal to Eo’ Fo =.g-§°, Bo’

J =n-H . Introduce the quantities
o — o




Then one can easily see that E', F', H', J' satisfy the set of homogeneous
integral equations

E' -

‘H'aV' = 0
(4.7)

J' - J L,J'ds’ - J L,-H'dV' - J M +E'dV' = 0.
s 2 v v 2

From the uniqueness theorem it follows, however, that the only solution of the
set of integral equations (4.7) is the trivial solution E' = F' = H§' = J' = 0.
Thus, by substituting the set of equations (4.4) into the set of integral
equations (4.3) it follows that the solution of (4.3) satisfies (4.1) for real
values of k. From the principle of analytic continuation it then follows that
the solution of equation (4.3) satisfies equation (4.1) for all complex values
of k.

We will now continue with the solution of the set of integral equations
(4.3). First we will transform the set of vector integral equations (4.2) into
a set of two coupled scalar integral equations. For that reason we introduce

a set of volumes, Vl’ and a surface, S1 defined by

Vz={£:£-’ir +r',r'€V}

Here 0 £ 2 £ 5 and

r =t max [€-x" + d]
E_"G S

where t 1s an arbitrary unit vector and d > 0. Notice that V° = V and that the




v, b8 vl

Lache 4

regions V are nonintersecting regions and that S0 = S and S1 are two non-

intersecting surfaces. Moreover, define

Ex(g), eV,
E(r-r), r€e V1

Ez(r -2r ), reV2

n(r) =

Hx(r - 3r ), rEV3

H (r - 4r ), rEVZ‘

Hz(_r_- 5r ), rev5

and

F(x), r€es

— - o

o(r) =

J(L-zo)»5631~

The set of integral equations (4.3) can then be transformed into the following

set of two coupled integral equationms

n(x) - J I (' nEhHav’ - J F@rsvods' = 2™ @); rea
2 b

o(r) - J Top(x,x'syIn(x')av’ - j TopEr'sy)o(r)ds' = oinc(g); re:
0 )

Here
5
Q= U Vv,
1=0 1
£=S°USI,
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and I‘“, 1"12, Y21’ I‘22 are constructed from the kernels of the set of integral
equations (4.3) in the same way as the quantity I' used in section IV of reference
[2]. Since we are not interested in the actual analytical expressions of T

11°
I‘12, I‘21 and 1‘22 we leave it to the interested reader to find these expressions.

IR A A

From the definitions of the kernels of the set of integral equations (4.3) we

can derive the following asymptotic expressions

Irp@-xl~le-x' - - pr |7

b atggade ¥ n v

when r € V, and r' € Vj and r

+
(2}
)
~
[ ad
!
Cde
~
o]
we

Ir - ~lz-x"-d- j);ol'2

vhen r € V, and r'€ Sj and r' >

frt

SR D} 3
Ity @ -~ lz-x - @ -9l

' ' - - .
when r € 5, and r' € Vj and r' »r - (4 j)E-o and

b4

-1
- ! -~ - L -
lr22(£ r )l l£ r ¢} j)_{ol
] ' - -
v.ahenEG_:.Siand_x;ES‘_i and r' +r - (4 -1)50‘
Introducing ¢ = (n,0) the set of integral equations (4.8) can be cast
into the following operator form

@- D¢ = oi". (4.9)

The operator [ is determined by the kernels Ti1e Tyos r21’ oy and the domains
of integration Q,I. It is easy to show that the kernels defining the iterated

operator 1_‘3 have logarithmic singularities at those values, of (r,r') where I

11°
r12’ r‘z1 and r22 are singular. Since any solution of the integral equation
(4.9) also satisfies the integral equation
3 in
L-L)s=8" (4.10)
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where

we will consider the integral equation
3
-9 =y. (4.11)

A solution of the integral equation (4.11) is derived in Appendix C.
Provided that &, V&/&, | and Vii/ii are analytic functions in the entire complex
frequency plane it follows from the analysis presented in Appendix C that poles
are the only singularities of the operator inverse to the integral operator
defining the left hand side of (4.11). The location of these poles are given

by those values of v, , Where there exists a nontrivial solution of the

[23n

homogeneous equation
xL-1"-¢=0. (4.12)

To conclude this section we have shown that there are two types of
singularities in the complex frequency plane of the field scattered from an
imperfectly conducting, inhomogeneous body. One type is due to the singularities
of the incident field. The other type is due to the scattering body. Sufficient
conditions for the latter type of singularities to consist of only poles are that
the scattering body is of finite extent and that &, Ve¢/#, i, and Vi/i are analytic
functions throughout the entire complex frequency plane.

The approach we have used is based on a formulation of the electromagnetic
scattering problem in terms of a set of coupled Fredholm integral equations of
the second kind. This approach resembles the approach used in deriving the so-
called Oseen extinction theorem[9-12]. When solving for the natural frequencies
and natural modes of a particular scattering body it might be advantageous from
the numerical point of view to use other formulations. One method that can be
used is an integral equation of the first kind for the induced polarization

current and magnetization current used in reference [17]. 1In comparison to
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different formulations used when solving electromagnetic scattering problems
involving perfectly conducting bodies, the formulation used in this note
resembles the magnetic field formulation whereas the formulation used in
reference [17] resembles the electric field formulation. Finially, as we
have seen in section II, scattering from a homogeneous, imperfectly conducting

body can be formulated in terms of a surface integral equation.
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V. Scattering From a Perfectly Conducting, Finite Body
Within a Parallel Plate Region
In this section we will consider electromagnetic scattering from a perfectly
conducting, finite body located between two parallel plates. With the use of

image theory we will first formulate an integral equation for the scattering

problem valid for real frequencies. Next, we will find the analytic continuation
of this integral equation to the entire complex frequency plane. Finally, we
will discuss some of the analytic properties of the solution of the integral
equation.

The geometry of the scattering problem considered is depicted in figure 4.
From the theory of images it follows that the integral equation derived from the

magnetic field formulation can be cast into the following form:

[

GL-D-1-1" CRY

Here j is the induced surface current density on the scattering object, 1 is the

identity operator, L is an integral operator defined by

L= J_r_l_"[V" (Q;j_)]ds', (5.2)
S
and n is the outward unit normal of the surface S of the scattering object.
Moreover,
- +
g=¢ +6, (5.3)
¢ =1IG, (5.4)
G-(E,Ef;ik) = Z (AWR;)—I exp(ikR;), (5.5)
- b
R = [(x - x' - 2nd)2 + (y - y')2 + (z - z')2] y  (5.6)
+ + +
& =16, (5.7)
+ A A A A AN
L =-xx+yy+ 23, (5.8)
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Figure 4. A perfectly conducting body within a parallel plate region.
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6*er'sik) = § @iRD ™ exp(ikr)), (5.9)
+ - 2 C
Rn = [(x +x" + an)2 + (y-y")" + (z - 2')2] s (5.10)

and d is the spacing between the perfectly conducting, parallel plates.

We observe that the series representations (5.5) and (5.9) of G-(E,L';ik)
and G+(£L£';ik), respectively, converge for real values of k except for k = nn/d
(n is an integer)Eza]. We will later return to the question of convergence of
the series representation of the Green's function in connection with the problem
of finding representations of Gt(g,gf;v) which are valid in the entire y-plane.

We will now investigate the kernel of the integral equation (5.1),
Ux(G3) = V(G +§) + Vx(G -1). (5.11)

+
Here V operates on the first argument of G (r,r';ik). Making use of Cartesian

coordinates (x,y,z) one has

(Ghg) = T £@HDE;
x(G +1) = _020 (R D -1 (5.12)
where
£®) = (4R "I(iKkR - 1)exp(ikR)
and Qi have the dyadic representations:
2;(5,5') =-(z-2z")xy + (y - y")Xz + (z- 2")9%x - (x - x' - 2nd)¥2

- (y-y"zx + (x - x' - 2nd) 2y,

+ AA AN ~ A ~ A
D(,r') =~ (z~-2z")xy+ (y -y")xz ~ (2 - 2")¥% - (x + x' + 2nd)yz

+ (y - y")2& + (x +x' + 2nd)29.
Thus, L can be split into two parts (c.f. (5.2), (5.3) and (5.12)),

L=-L +L' (5.13)
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where ;f are two integral operators with kermels K

» having the representations,

Here
.t
K (r,r';ik) = £(R)DE (5,2"),

and gi are two dyadics,
~ ' = - - ' - L] holiel - ' _ ~n
gn(gtg ) [y -y )ny +(z -2 )nz]xx + (x - x 2nd)nyxy
+ (x - x' - 2nd)nz§§ + (y - y')nx§ﬁ
- Lz - z')n, + (x - x' - 2nd)nx]§§ + (y - y')nz§2

+ (z - z')nxiﬁ + (z - z')ny2§

-0x - x' - 2nd)nx + (y - y')nyjii,

E;(Ltg') =L - y')ny + (z - z')nzjii + (x+x'+ 2nd)nyi§
+ (x +x' + 2nd)nz§2 - (y - y')nx9§
-Lz-2n, + (x+x'+ 2nd)nx]§'§ + (y - y')nzii
- (z - z')nxii + (z - z')nyi§
=[x + x' + an)nx + (y - y')ny]ii.

From (5.14) one can derive the following asymptotic expression for
+
K (r,r';ik),

KE(r,r';4k) = ¢ An" )
=n I s < An

exp(2ikd|n]) + f(;,g)bn

(5.14)

(5.15)




where bn = O(n—z) as n > = and A is a constant dyadic. Thus, we have

K'(r,r'sik) =+ A ! exp(2ikd|n]) + g(_g,g';ik) (5.16)
n#0
where gf(g,z';ik) is well defined for all real values of k and r # r'. Moreover,

since

7 a7 exp(2ikdn) = - 1a[1 - exp(2ikd)] (5.17)
n=1
+
the series representation (5.14) of K (r,r';ik) converges for all real values
of k such that k # nn/d. Also from equation (5.15) the series (5.14) converges
conditionally for k = nn/d. In passing we want to point out that the series
o - . +
K(r,r';ik) = cZoligh(g._r_';lk) + K (r,r';ik)] (5.18)

converges absolutely for all real values of k. This can be seen from the fact
that for large n we have asymptotically:
- +
R (z,r';ik) + K (r,r';ik) = C(r,r')e (5.19)
-2
and c = O(n ) as n » o,
To conclude our considerations for real values of k we will briefly
investigate the convergence of the series representation (5.4) through (5.10)
+
of the dyadics G (r,r';ik). Employing the methods used when deriving (5.16)

+
it can be shown that one representation of G (r,r';ik) is given by

* + T -1 +
G (xr,r';ik) = Qa(g,gf) ) n " exp(2iknd) + G

G, (r,r';ik) (5.20)
n=]

where g;(g,g';ik) is well defined for all values of k and r ¥ r', and g:(g,g')
is well defined for r # r', Thus, from equations (5.17) and (5.20) it can be
seen that the series representations (5.3) through (5.10) of gt(gxg';ik) diverge
for k = nn/d (in contrast to the series representation of gf(gtg';ik)).

Until now we have only considered the operator L = L(y) when y is a purely

imaginary number. In order to find an analytic continuation of L from the
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imaginary axis into the complex y-plane we first make the following observation.

The series

v = § GrE) ™ exp(-y)) (5.21)

converges for Re{y} > 0. Therefore, the definition of L(y) from Gz(g,zf;y)

by equations (5.2) through (5.10) can be extended to all complex values of y
such that Re{y} = 0. Next, we will find an operator A(Yy), defined almost
everywhere in the entire complex y-plane, and such that A(y) = L(y) for

Re{y} = 0. 1In order to find A we start with the following representation of L,

Lrlot D gyt L) (5.22)
m=2,3
2=0,1
where
(%.5) (.I;) = Js%(r’r')Y) + g(z,s';y)]of(};')ds"
(%2._{)(1) = Iss-(Y;L’E';m’Z)émQ(E’E—')'i(E')dS')
and

v £, % -m t
nzl n (Rn) exp(-an).

&+
87 (ysx,x'5m,0)

+
The analytic properties in the complex y-plane of the functions S‘(Y;E,Ef;m,z)
are investigated in Appendix A. In this appendix we have shown the existence
and given a method of constructing two functions, zt(Y;g,E';m,ﬁ), defined almost

everywhere in the entire y-plane, and such that
L z L
I“(v;r,r'ism,2) = S (y;r,r';m,2) (5.23)

+*
for Re{y} =2 0. Moreover I (ygx,r';m,L) are analytic functions in the entire

y-plane except along the lines Cn, defined by

Cn = {y : Re{y} <0, Im{y} = nn/d, n integer},




S
where Z!(y;L,E';m,%) are discontinuous (see figure 5). Thus, we can define
an operator 4 = A(y),
A=L + § G, +4aT) (5.24)
= = =m{  =me )
m=2,3
2=0,1

where
@& D@ = JSZ-(Y;L,L';N.Q)

'y, ' '

B (x,r)-£(x')ds

and ;b is defined by equation (5.22)., From equations (5.22) through (5.24) it
follows that

ACy) = L(Y)

for Re{y} = 0. Moreover, A(y) is an analytic operator-valued function of Y
except on the lines Cn' Of course, the lines Cn can be considered as branch

cuts in the complex y-plane of the operator A(y). The operator A is the analytic
continuation of L into the complex y-plane.

We now go on to consider the solution of the integral equation

inc

1=1 (5.25)

NI~

I
]

&

for any complex value of y. Since A(ik) = L(ik) it follows from the uniqueness
theorem that the solution of the integral equations (5.1) and (5.25) are

identical for y = ik. Next, we will consider the analytic behavior in the complex
Y-plane of the solution of the integral equation (5.25). It is easy to show

that the operator A?, defined by Af-i = A+(A-f), is of Hilbert Schmidt typeEz].
The integral equation

(%;_ A‘2)..1: (%;+A).1inc z £:I.nc

can then be solved by using the Fredholm determinant theoryEz]. Following the
procedure in reference [2] one can easily see that the inverse operator

(% I- A)-l has two types of singularities. One type is poles at those values
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Figure 5. Branch cuts of the operator A(y).
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of vy, Y where there exists a nontrivial solution of the homogeneous integral

equation

[% -I= - A(Yn)]’ln = 09 111 * 0.

The other type of singularities of the inverse operator (%-;=- A)-l is dis-

continuities along the lines C, where the operator %-;=- A is discontinuous.

For the case where all the poles of the inverse operator (%';=‘ Q)-l

are simple poles we get the following time-domain representation of the induced

£2]

current, J(r,t), due to a delta-function incident TEM wave,

inc _ S
H = 106(2 - ct), 10 on

3(x,t) = Ulet - z°>[n2m<1i“°(yn>exp(vnzo>.%>E<gl-;m,%>]“;mexptyn(cc - z)]

+ (2r1)7} ) [ [gn(s)-j_i“c(—g + imn/d)exp(-ctf + 1nnct/d)]dg]
(o)

-C0

Here

3¢ = nx§ exp(~y2),

dA/dy evaluated at y = y_,

B
=n n

j and h__ are linearly independent nontrivial solutions of the homogeneous

integral equations

vwhere Af is the adjoint operator of A. Moreover,




oy ot |
B_(5) = E2(6) - EL(E), ;
BE(E) = lm [§ L- AGE + in + dna/d)T

n+0%

and we assume that the inverse operator [%-;‘- A(y)]_l exists as y approaches

Cn {(from above or below).

To sum up, we have shown that the singularities in the complex frequency
plane of the operator inverse to the integral operator of the magnetic field
formulation are poles and branch cuts. The location of the branch cuts is
uniquely determined by the distance between the parallel plates. Based on the
theory developed here we might in the future undertake a numerical study of the
location of the poles. As we have seen, the main problem is to find a represen-
tation of the integral operator that is valid in the entire complex frequency
plane. There still remain some problems to be solved in the construction of
this operator. Needless to say, the "ordinary'" series representation, derived
from the method of images, is not valid throughout the entire complex frequency
plane.

Based on eigenfunction expansions different representation of the Green's

function is given in Appendix B.




Appendix A

In this appendix we will consider the following sums

oo

S(g;m,L) = z nzk;m exp(-;Rn), m= 2 (A.1)
n=1

Rn = (n2 + an + B)%.

The series (A.l) converges for Re{z} > 0 when m and ¢ are any finite integers.

It also converges for Re{z} > O when m 2 2 + 2. In this appendix we will find

the analytical continuation of S(Z;m,%2) into the entire Z-plane when m > 2.

Let N be a finite integer such that

fal + (8] < N =< |a] + |B] + 1. (A.2)

We then have

S(g3m,2) = H(z;m,2) + D(g;m,R) (A.3)

where N-1

) an;m exp(-cRn)
n=1

H(z;m,2)

and

--]

z nR'R-m exp(~-ZR ).
n n

n=N

D(z;m,2)

Since N is finite it easily follows that H(zj;m,2) is an analytic function in the

entire ;-plane. Next we consider the expansion

R; exper)) = ] £, (c,mn ™ exp(-n2). (A.4)

The analytical expression for fk(;,m) is rather complicated. We will here only

consider the convergence of the series (A.4). We have




an =n m[ akn ] (A.5) '
k=0
and the expansion (A.5) converges for mn = N. Moreover, it is easy to show that

there exists a finite constant A such that Rn > nA for all n. We then have
s k
|R™ exp(~zR )| < (nA) ™exp(-zn J an )|
n k=0

-k+1

= (nA)-mlexp(-Cn -Cay - ¢ ) a.n )]

k=2

= () |01 + ¢ (2)Jexp(~tn - za))| (A.6)

where

[ «© 1
L -1 ~k+1
c (z) = () [ a. n ]
n QZI kZZ k

Furthermore, we have

© © e [
lc @) < ] |;|2(z:)‘1[ ) |ak|N-k+l(N/n)k-f] < 7 e *an ™t @
=1 =1

where
o0

C = z IaklN-k+1 < o,

k=

Comparing equations (A.4) and (A.7) we obtain
-m k, -1
(£, (zom) | < cA[Ng [T (k! |exp(-2n ~ za, |, k= 1. (A.8)

From equation (A.8) it follows that the series (A.6) converges for all complex
values of 7. In passing we also want to point out that, from the construction
of fk(c,m), it follows immediately that fk(c,m) is an analytic function in the
entire g-plane.

From equation (A.8) it also follows that

D(gim,e) = § ] fk(c,m)nﬁ-m exp(-ng) = § ] fk(c.m)u"-ul exp(-nz). (A.9)
n=N k=0 k=0 n=N




From the definition of the I' function it follows that (c.f. Appendix D of
reference [ 28])

n-l exp(-nz) = CF(1)3°1 J xl-l expl-(¢ + x)nldx (A.10)
o
and -
J ™% expl-ng) = Er(z)]'le(c) (A.11)
n=N
where
F (2) = J b exp[-(x + Z)N]/[1 - exp(-z - x)Jdx. (A.11)
o

Equation (A.ll) is valid for Re{z} > 0 when & = 1 and it is valid for Re{z} 2 0

when £ = 2. Thus, we have

D(z;m,R) = kZO £, (CmF _ (@©)/T@ - 2). (A.12)

The convergence of the series (A.12) follows from the following consideration:

for Re{z} > 0 there exists an ¢ > 0 such that
I - e-(C+x)| > e
and from equation (A.11) it then follows that
IFR(;)] < e~1F(l)N-2|exp(-Nc)|. (A.13)
The convergence of the series (A.12) is now clear in view of equations (A.8),

(A.11) and (A.13).

Introduce the function

02(;) = J 241 expl-(z + D)NJ/[1 - exp(~z - ¢)Jdz (A.14)
c

where the path of integration, C, is along the real axis in the complex z-plane.

One easily sees that OE(C) is an analytic function in the entire Z-plane except
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on the lines Cn’
C, = {t : Re{z} < 0, Im{¢} = 2mn, n integer}.
We also notice that
¢z(c + 2nin) = Qz(t)

so that we can limit our investigation of ¢2(;) within the band
{; t - ©» < Re{zg} < », =1 < Im{C} < n}. From equations (A.11) and (A.1l4) it
follows that

%(c) = Fz(c) for Re{z} > 0.

Thus, the function ¢2(§) is an analytic continuation of the function FQ(C)'
Making use of complex contour integration it is easy to show that the limit

values

lim ¢E(£ + in), £ <0 (A.15)
n+0

exist. Moreover, we have

lin ¢ (5 + 1n) = lim &, (¢ + in) = i (=g)* (A.16)
n-+0- n-+0+

Thus, we can define a function A(Z;m,%),
[
a(Eim,e) = ] £ (zme _ (£)/T(m - 2) (A.17)
k=0
and for Re{z} > O we have

A(gim,2) = D(g3m,R). (A.18)

It is easy to show that the series (A.17) converges for ¢ & Cn (c.f. the proof
above concerning the convergence of the series (A.12)). Thus, the function
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A(z;m,2) 18 an analytic function of ¢ in the entire Z-plane except on the lines

Cn. We use A(Z;m,%) as the analytic continuation of D(Z;m,2) into the entire
g-plane. From equations (A.3) and (A.18) it then follows that the function
I(g;m,L),

Z(l;;m,l) = H(C;mrz) + A(;;myz)’ (A-lg)

in an analytic continuation into the entire f-plane of the function S(z;m,2)
defined by equation (A.l).




Appendix B

Using eigenfunction expansions we will in this Appendix find a representa-
tion of the scalar Green's function different from the one used in section V.

The Green's function Gl(g,gf;y) of a parallel plate region satisfies the

differential equation
22 10 .1 3% Lt 2 §(p=p")
St st gt v 6 = - R 60 - #8z -2 (B.D)
3" PP % a° 0z

for 0 <z <d and the boundary conditions

aG

‘az— =0 when zZ = O,d.

To find G1 that satisfies equation (B.l) we proceed in the usual way. Let

) Z Aanm(Anp)[Km(Anp')]-lcos(nnz/d)cos(nnz'/d)exp[im(¢-¢')]g

n=0 m=-o '

p>p
GI(E’E';Y) = « - (B.z)
nZO mz-mAnmIm(kno)[Im(knp')]'lcos(nnz/d)cOs(nnz./d)exp[im(o_¢')]’

p <p'

where
22 =+ @nia)?

and Im(c), Km(;) are modified Bessel functions. Note that (B.2) satisfies the
boundary conditions (B.1). To determine the constants Anm' multiply the
differential equation (B.l) with cos(nnz/d) and perform the integration

d (21 ¢p'+e
lim I J I (+e++)pdpdedz.
e+0 ‘0 ‘0 ‘p'-e

After some straightforward algebraic manipulations combined with the Wronskian

for the modified Bessel functions we obtain

A= (e“nd)"xm(xnp')xm(xnp " (B.3)




where € = 1if n2>1 and €, = 2. Substituting (B.3) into (B.2) we have

G, (x;r'sy) = ) (ennd)-lIm(Anp<)Km(Anp>)cos(nnz/d)cos(nnz'/d)exp[im(¢-¢')]
n=0 m=-cw (B.4)

where P (p)) denotes the smaller (larger) of p and p'.

Next, we consider the analytical properties of Gl in the complex y-plane.
In doing so we first observe that the series representation (B.4) converges for
all finite values of y such that A (y) # O when r ¢ r'. The convergence is
easy to show from the asymptotic expansions of the Bessel functions. From other

representations of Gl(g,gf;Y) one has
6, (x,x'sy) ~ Gnfr - 1’ DlexpCylz - 2') & ror'.

We also note that the function An(y),
/2 2 1
kn(\') = " + (nxn/d)

is multiple-valued but can be made single-valued by introducing branch cuts
parallel to the negative real axis and starting at *imn/d. These branch cuts
have been denoted by C, in section V. (See figure 5). Since kn = 0 at irn/d
it is clear that the branch cuts for An also make Im(Anp) and Km(Anp) unique
functions of y. Thus, Gl(gag';Y) is an analytic function in the entire y-plane

except on the branch cuts Cn'




Appendix C

In this appendix we will find a solution of the integral equation (4.11)

of section IV,

Q- ;3)-1-1. (c.1)

The quantities ;3, ¢ and ¢ have been defined in section IV.

akdide:

The operator equation (C.l) has the following explicit representation

n(r) - J Ay et syIn(x)av' - J A p(xax'sv)o(r')ds’ = n,(0),
Q z

re

N ) X

(c.2)
o(r) - J AZI(E_,Z_';Y)TI(L')CW' - j hyp(r,r'sv)o(e')das’ = o, (0),
Q z

rez:

Here A“, Alz’ A21, A22 have a logarithmic singularity at those points where
1"11, I‘12, 1"21, 1"22 are singular.

The method we will use in solving the set of integral equatioms (C.2) is
based on the Fredholm determinant theory. Introducing the resolvent, Rl (r,r';v),

which satisfies the integral equation

R)(x,x'5v) - 19“11(5’5"”)“1(5"’1';Y)dv" = Ay (25T (.3

C18]

we can transform the first equation in (C.2) into the following equation

n(x) = n,(x) + J Ay (Esx'5y)o(x')ds" + I R, (x,r';v)n;(x')av’
b Q

+I Ry (x,r'3v)A) ("2 v)o(")dV " ds" (C.4)
axz

Substituting the expression (C.4) into the second equation of (C.2) we arrive i
at the following integral equation for o(r), .
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o(xr) - J A'(z,x';y)o(x')ds' = o'(x), re . (c.5)
z

=
”~~
rt
-
i
e
<
o
[}

Ay (Eox'sy) + A (E,x"5y) + Ay(r,x’sy)
A (eox'sy) = J Agy (E,x"5v)A (2", 2" 5y)dV"
Q

AZ(E.’I.' ;Y) = J A21(£,£l|l ;Y)Rl (E."' ’E";Y)AIZ(E"’E' ;‘Y)dV"'dV"
QxQ

Q
~~

i~
S’

n

0,(@) + 0,(x) + 05(x)

9, = JQAZI (r,r’ 3YIn, (')av!

04(x) I Ry B2 3YIR (252 5y, (") AV AV,
QxQ
All the operations we have performed so far are strictly formal and we

will now go back and examine the validity of each operation. First, we notice
that the kernel A11(£m£'3Y) is a square integrable function on the domain
ixQ, Thus, the integral equation (C.3) can be solved by using the Fredholm
determinant theory. Moreover, in the following we assume that &, V&/&, { and
Vi/u are analytic functions of vy = s8/c. We will also assume that the incident
field is an analytic function of y implying that n and 0, are analytic functions
of y. It then follows from equations (4.3), (4.8), (4.10) of section IV and
(C.2) that the kernels All’ A12’ Az1 and A22 are analytic functions of y
throughout the entire complex y-plane. Following the procedure used in reference
[2] 1t is easy to show that the resolvent, Rl(g,gf;y), is an analytic function

1(11)

of vy except for those values of vy, vy '/, where there exists a nontrivial

solution of the homogeneous integral equation

n(_t_') - J AII(E’E.';YI(‘I))n(E')dV' = 0, (C.6)
Q
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The resolvent has a pole at y = yél). :
Let A be a domain in the complex y-plane such that Rl(g,gf;y) is analytic

in A. (We will discuss later what happens at the poles of R1(£t£'3Y))' From

the integral equation (C.3) it follows that RI(E,Ef;y) has a logarithmic

singularity at those values of (xr,r') where All(g,zf;y) has a logarithmic

singularity. From the Schwartz inequality it then follows that Al and A2

are square integrable functiomson OxQ. The integral equation (C.5) can then

be solved by using the Fredholm determinant theory. Since o' is an analytic

function of vy on A it follows that the only singularities in 4 of the solution

of the integral equation (C.5) are poles at y = y; where there exists a non-

trivial solution of the equation

a(r) - JZA'(EtE';Y;)c(E')dS' = 0. (c.7)

It now follows that the operator inverse to the integral operator defining
the left hand side of equation (C.5) has two type of singularities. One type is
poles at those values of y = Y; where there exist a nontrivial solution of
equation (C.7). The locations of the other type of singularities (if any)
coincide with the locations of the poles of the resolvent Rl(g,sf;y).

In order to investigate the behavior of the solution of equation (C.5)
around the poles of RI(EJE';Y) we will go back to the set of integral equations
(C.2). 1Introducing the resolvent Rz(g,gf;y) satisfying the integral equation

Ry(x,r'sv) - LAzz(E’L";Y)Rz(E_",L';Y)dS" = Ay (5,r"5v) (C.8)
we have
o(r) = o,(x) + J Ay (B2 3vIn(x')dv’ + J R,(r,r';v)o (x')ds’
Q z
+I Ry(e,r'iv)A,, (2" vIn(c")ds av", (c.9)
IxQ

Here n(r) satisfies the integral equation

n(r) - J A"(x,x'sy)n(r')av' = n"(x), reEn (c.10)
Q
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where

el
—~
I~
-
|~
'l-
-
A4
N

A (EE' ) + Ag(T,r'sy) + A, (T,r'sy)

A3(£,£';Y) = f AIZ(E,_E";Y)AZI(E",E';Y)dS"
z

A4 (E’.E.' ;Y) = J A]_Z(E’E"' ;Y)Rz(_‘:,"' ’.E";Y)AZI(E"'!_' ;Y)dV"'dV"
Ixg

3_

~~
[La]

A4
[

n (@ +n,(@ + n3(_r_)

n,(¥) LAIZ(L,L';Y)OI(E')dS'

ny(x) =j Ao (L' sYIR (22" y)0, (£")dS ds",
IxL

First, we observe that the only singularities of the resolvent Rz(g,_l_'_';y) are

@

poles at those values of v, s Wwhere there exists a nontrivial solution of

the homogeneous integral equation

o(r) - J Azz(g,_l;_';viz))o(g')ds' = 0. (c.11)
I
Assuming that y(l) # y(z) for all possible combinations of m and n it follows
m n

immediately by comparing the solutions of equations (C.4), (C.5), (C.9) and (C.10)
that the only singularities in the complex y-plane of the solution of (C.2)
are poles.

For the special case where there exist an m and an n such that y:ll) = YéZ)’
we return to the set of integral equations (C.2). Dividing the volume Q into
N1 equal subvolumes and dividing the surface I into N2 equal subsurfaces we can

approximate (C.2) by the following set of equations

N
¢1 - jZl "11%53 - °11' (c.12)
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Here N = N, + N

1 2?
n(sj), 1<3j< Nl
¢j =
o(gj), N1+ISjSN
lsfmy,  1s3sN
Gj =
llzil/x,, N +1<jsN

9]l is the volume of the region 2 and ||Z]| is the area of the surface I. The
elements Aij are determined by the kernels All’ A12’ AZl’ A22:

rAll(Ei’E-j)’ LEo, gje Q

)Au(gi.sj), LE N gje z
My =

A21(£i'£j)’ Eie Z, Ej € Q

\A22(£1’r ), L, €15, gje zZ.

The solution of (C.2) can be obtained from (C.12) in the proper limit as N1 + ®
and N2 + o, This way of obtaining the solution of (C.2) follows closely the
Fredholm method of obtaining the solution of an "ordinary" second kind integral
equationtlsj. From the solution obtained in this way it is now easy to show
that the solution of (C.2) is an analytic function of y except at the poles y

[2] n

where there exists a nontrivial solution of the equation
3
Q-LD-¢=0.

This completes our proof that the only singularities are poles of the

operator inverse to the integral operator [ - I_3.
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