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THE ANALYSIS OF A RANDOMIZED COMPLETE BLOCK DESIGN

WHEN OBSERVATIONS ARE SUBJECT TO ARBITRARY RIGHT CENSORSHIP

L. J. Wei

Department of Mathematics, Computer Science, and Statistics
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Based on arbitrarily right censored observations, asymptotically distri-

bution free tests are proposed for testing the equivalence of K treatments

in the analysis of a randomized complete block design with random block

effect. Multiple comparisons procedures which incorporate a pairwise ranking

scheme are also proposed for determining which, if ny, treatme~Its differ

from each other. .
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1. INTRODUCTION

Le (X0 .. 0 0 .. 0~
Let " ill)' "'" ( In' • ,x )' be independent, identically

distributed random vectors with a continuous joint distribution function 
G0

and marginal distribution functions Fi , i = 1, K The null hypothesis

II0 , which we wish to Lest, Is that G0  Is symmetric in its K arguments,

i.e. that

0 0 . 0 0 0O.. 0
G0(xO • ,X(x) = G(X, ,XK)

for all permutations (i1 , PiK) of (1, ,K) Note that H0  implies

that

F (x)= F0(x) ... Fk(x) , for all x R.
1 2 k

Such a hypolthesis testing problem arises when we test the equivalence of

K treatments in tie analysis of a randomized complete block design and

assume that the blocks themselves are drawn at random from a population of

blocks. There are several standard nonparametric tests for this case, for

example, Friedman test and the aligned rank order test (Mehra & Sarangi

(1967), and Sen (1968)). For an ordered alternative il

0 0 0FI(x) w Fa 2 eas K W , for all xhcaR

wcre at least one of the inequalities is strict for some x we have tests

proposed by Doksum (1967) and Hollander (1967). If one is not only interested

in a single global test of whether the K treatments are equivalent, then

multiple comparisons procedures are more appropriate (cf Miller (1966, 1977)).

Now suppose that a clinical trial is conducted to compare K treatments,

the parameter of interest is the length of survival. It is common that at
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the end of the trial, there may be incomplete survival information on certain

individuals. More specifically, the response X may be censored from

right by an independent variable Zij so that the n K-tuples ( ij ' '

cannot always be observed. Rather our observations consist of nK pairs

(Xi,A.)' , where X = min(X0 ,Z ) and A = i , if X is observed
ii ii ij ii ii ij~l ii

and zero otherwise. Furthermore, for mathematical convenience Zij is assumed

to be governed by a continuous distribution function J () , i I, ". K

j =1,",n

In the parametric statistics, the procedure for testing H0 based on

observations (Xi,A ij)' is complicated and no results have been obtained.

Although a generalized Friedman test (Patel (1975)) is available for testing

H0 based on censored observations, it is rather inefficient when there are too

many censored K-tuples in the data. As an extreme example, for the data

(12+, 9 +, 1 3 ) ' , (9,8+,5+) ' , (4,3 ,2+)' , (2,1,I ) ' , where "+" denotes cen-

soring, the generalized Friedman test which uses information only within

blocks leads to no conclusion about H
0

In this article, we propose and analyze test procedureL which allow

interblock comparisons for testing H0 based on observations (X ij,A i)'

A multiple comparisons procedure which selects treatments, if any, that differ

from one another in terms of enhanced survival is also presented.

The corresponding K sample problems have been investigated by Breslow

(1970), Crowley& Thomas (1975), and Koziol & Reid (1977).
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2. DEFINITIONS AND A BASIC THEOREM

Let Fe and F be the empirical and the theoretical survival func-

Lions of X . Also, let ie and F. be the empirical and the theoretical

subdistribution functions of uncensored Xi* , i.e.

F (s) = P(X j <s,A = 1) and
I ii ij

n
F.(s) =n I(X <sA = 1)

1 j=1 i ij

where I(A) is the indicator function of the event A , i = I,- K

Furthermore, the joint subdistribution functions of (Xij,Xi1 j)'

(Xij,Xi,j,XkjXIj)I and (XIj, "' ,Xj)' are defined by

Di, (s,t;6,) =P(Xij Ss,X,j <t,A j-6,Ai,j

P(XI t'j s' '
Xii~k,(St~s't'; , '€') -<,Xiej t,Xj- ,Xkj-<

Aij - ,Aitj - EAkj 6 ,Ak -0) , and

GOsI , ... ,s K;6 ,' ,K) P(Xj i< - -X I' 5= 'A j-6P** jaK ) '1 -s '  " K * ZAlj "'" *AKJ K

respectively,

where i , i', k, and k' denote distinct indices. The corresponding

empirical subdistribution functions are defined by

no ... (s, t;s,€) Ix -<,i j 'St' 0 A~ j'ii i j

jJ-1

~T ~e (s,t S' ,t' ;6,E;,6' ,C')

tii' kk'

-1n
n- I (xi :9 SX t ' t'XJ: f9 Jst' A = ' t AJ6P ~ a =')s.1 ij ,%j ,,
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and
n

e(sl "V sK; 6
1 "" '6K) - n-I I(Xlj-< "" < =5AV 6K)

Jul I ' K

All the procedures 'proposed in this article are based on the Cehan scoring

function 4 , where, for any two pairs of observations (X ij,A ij) and

(Xi~jl ,Aij,)'

+ I , Xij > Xi l , A jii = I

O(XijA ij'Xi jI j , 1 30- i)I, Xij c Xi~j I , A ij - I

0 , otherwise.

Now, let pii, = E(XikA ik'Xilk '9Aikl) , where i # i' and k # k'

Under HO V P,,, = 0 which is independent of censoring distributions J, and

Ji, (cf Efron (1967) and Mantel (1967)). Consider Gehan's statistic (1965)

Vii:n for populations i and i'

3 n n

Viiin - 2 ' 'XAi 'X'j ' ' "

Jul j'ul

The following Theorem whose proof is in the Appendix provides the asymptotic

distribution of random vectors <V > where V*

-1 Iin ii,n

9ny Z E (j(Xij~i h i- ,Ii' = 1,... .K and i < I'
j=l j.lIj,

Theorem 1. As n , the random vector <Vii:n> converges in distribution

to a multivariate normal random vector with mean 0 and covariance matrix

a (oikk) , < i 'k <k' Under H

0

aii',kk' -
01',kk' -
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E( i' (Xi - F vi(X > + F i F (xi j ii (xi j
'(i, (ii- k (Xj + ij ii i, J (xj- xJ).

If the censoring variables Zj, "',Z J are interchangeable (hereafter

referred to as Condition A) , then Jl = J2 . JK and, under H, the

random pairs (X1 .,Alj)' ,(XA )' are also interchangeable, j = 1,*"- ,n.
ij , IjKj' Kj

For future references, let F and F T I T F and also

let

02 = E-#(X j) AijF(Xij)) 2  and

E E(F(X 1 j )A .jF(X 1 j))(i(X.1.) -Ai,.F(xi,.))

3. MULTIPLE COMPARISONS UNDER H0

When it is less important to test the overall hypothesis H0  than to

compare certain populations on an individual basis, a multiple comparisons

procedure is more desirable than a single global test. The decision of

which, if any, populations differ from one another can be made by examining

the individual comparison Vii ,  . We would conclude that populations i

and i' differ if IViin I is sufficiently large. A conservative multiple

comparisons procedure at level a can be obtained through an inequality due

to Sid~k (1967), i.e. if U - (U1 , 9" ,Ur)' is normally distributed with

mean Q and correlation matrix R , then
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P .( max IU - u N r(OR)) 2
1:5i<r

Pr( max lUll -U U~N r (O'lr)).

It follows from Theorem 1 that, for large n , one would judge that populations

i and i' as different at level a if

IV 1,n/(0^i,ti /2

where F'6/2 is the 100(1-6/2) percentage point of the N(0,1) distribu-
K(-)2= ^ 0

tion, (1 -6)(K-)/2 1-ct , and ciii' is a (strongly) consistent

0
estimator of a11 , 0

1 1 r s - s -e -e 2 e0ii' ,ii , 
= I I ( +EF Wt F 1(01 dDii (st;SE)

6=0 C=O

Another multiple comparisons procedure can be obtained through the

Bonferroni inequality. But as indicated by Koziol and Reid (1977, p. 1154),

this procedure is less powerful than the one based on gidak inequality.

Some improvement of the above results can be made under Condition A (the

interchangeability of ZIJ, ... ,ZKJ) . It can be shown that, under H0  and

Condition A, the asymptotic covariance structure of < • tn > is identical
(0 2-T)k

to that of the vector having K(K-1)/2 components Yi-Y 1. , 1 < i < it - K

where Y = (Y, '" Y.)' ~ NK(Q'TK) and IK is the identity matrix. There-

fore, one would conclude that populations i and i' differ at level E if

' tv11, i1
(a-) > q

2_OynTn
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where q is the 100(1-ct) percentage point of the distribution of the range

of K independent unit normal random variables (cf. Pearson and Hartley (1966),

2 2
Tablts 22 and 23) and a2 and T are (strongly) consistent estimators of an n

and T :

,( 52)f2-t f )) 2 -
0 = I(Fe(s)-F ds) )' -(s) s))d(F (s)+F(s))

1 K-I2) n

6,E=O i-i i'=i+l

KFe() = K 1  F F(s) and T(s) -1 K K'F

i=1 1 i=i

4. TESTTNG H 0  AGAINST ORDERED ALTERNATIVE Hi

In this section, we present a test statistic S which is a generaliza-n

tion of the onckheere K-sample test (Jonckheere (1954), Patel & Hoel (1973))

for testing H 0  against HI1  based on observations (Xij,Aij' , where

K-I Ysn = I it) Vii,
1 1 =i+l

Large values of Sn  suggest rejection of the null hypothesis H0 . It

follows from Theorem 1 that, under H0 , Sn converges in distribution to a

normal random variable with mean 0 and variance

K-I K K-I K 0

1- 2 ii',kk'
1 1 i' i+1 k-i k' -k+l

0

Note that 0 ,kk' where i, i' k and k' are distinct integers, can be

estimated consistently by
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"0 / (ii (s) - (s)+ t(t) - (t))

(s') 6 SV, (s) + ci(t') (t'))d e (s,t,s'

5. A GLOBAL TEST FOR 110

If we are interested in testing H0  against a general alternative

hypothesis that C 0  is not symmetric in its K arguments, then a global test

is more appropriate. Unfortunately, it is not feasible to get such a test under

unequal patterns of censorship operative on K populations. In this Section,

we assume that the censoring variables Z.j, ... ZKj are interchangeable

(Condition A) and present a generalized Breslow test (1970) for testing H0

based on observations (Xij,Aij)'

Define a vector score statistic W n = (W n' .W Kn , where Win is the

total score comparing the ith sample with the remaining (K-1) samples, i.e.

K

Win= i =i Vl,n

i,#i

It follows from Theorem 1 that, under H0 , W n converges in distribution to

a normal random vector with mean 0 and covariance matrix

2
Y n -"n

r -

2
n n "..-

KxK

where y2= E 2 , = E44'
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K
(K-l)(F(Xlj)-1AjF(Xl.)) + A2mj'(Xmj) and

K-1
= (K-l)(F(XKj) AKj F(X j))+ I A91F(X M)

2 2
Again, y and n can be estimated consistently, for example, by y n and

T , wheren

^2 K 2
n - f[(K l)((S 1)-61  (S))+ > 6F-(m) dGe(sl,(+',sK;6 ,'6.,6K)

61, " K=0 m=2

and

K
1 I f[(K- 1)(?:e(Sl)-Te(Sl)+ 7 Z S)
n 6 ... 0 " m=2

[(K-1)( e (sK)6KFe(SK) + K- k6e(s)] de (s, '"s ; l,' K)
2=1

The latent roots of r are (y 2+ (K-l)r) , which is zero, with the latent

vector qK = (i " ,)'/ and (y2_n) of multiplicity (K-I) with (K-i)

latent (any set of) vectors orthogonal to (I,.,1)' ,l,''',K-l , say

(cf Rao (1973), p. 67). For example, when K = 3, 1 = (2

= (2) ( -0)' ,q = ,ll1)' In general, the q are perhaps most

easily found by means of the Cram-Schmidt orthogonalization process. Since P

is symmetric, therefore, Q'rQ - AKxK where Q - (ql' "'" SK) which is an

orthogonal matrix, AK× K - diag (X, X.,O) and X = y - . It follows

that, under H0

1 K-I

T IA > (q'W)n n 1

is asymptotically distributed in a chi-squared distribution with K-I degrees
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"2
of freedom, where n = Yn n ' Large values of T suggest a rejectionn n n

decision of H0 .

For K = 2 and unequal patterns of censorship, an asymptotically distri-

bution free test was studied by Wei (1979) for testing H based on observa-
0

tions (Xij,A )', i = 1,2; j 1,- ,n . This test is reduced to the

above generalized Breslow test when the two censoring distributions J and

J2 are equal.

6. REMARKS

In practice, all the consistent estimators in this article can be

obtained through simple summation processes. Therefore, it is feasible to

evaluate the test procedures by hand calculations and extremely easy if a

small programmable calculator is available.

Although there are several multivariate parametric models available for

life testing in reliability (cf Freund (1961), Marshall & Olkin (1967), and

Block & Basu (1974)), none is satisfactory for survivability theory, espe-

cially for our current settings. For example, there is no continuous multi-

variate distribution function which has exponential marginals and possesses a

physical interpretation in survival analysis. This probably makes nonpara-

metric procedures more appealing in multivariate survival studies.

Also, for lack of appropriate parametric models, the effic 4 ency study of

our new test procedures seems unfeasible. However, since the new procedures

allow interblock comparisons, we expect that they are more powerful than the

procedures based on Friedman statistic.



7. APPENDIX

Proof of Theorem 1.

Let

0i IXj E[v(Xi.Aij*Xi'j''Aij#)jXij,Ai'j'- Pi and
iAt,,) - , where J # j

jli (Xi'jt %A=Ij E w(Ij 'Aij XiI'j I 'A I' j f I Xj 'Aj whr PiJ

Also, let

** , p (Xij ) +  (Xi

j=1 ' ' ij tII j'i'J

and

g(X ij , Aij'Xij'A ) = (ij'Aij'Xi'j Ai ') - P -i'

0 1
ii' 13 -) (Xiij ,' 'i'j' )

Then,

E(V, n V = n-3E S g(XijAij,X , ,,A , ,)12
nj=1 j'=1

-3 n n n n
= n I" > > h(j,j',ZL') , (A.1)

j=l j1=1 £=i =1

where h(j,j',,R,') = i

Because g is bounded, we can ignore any u terms of the sum in (A.1) if u

is of order O(n ) Consider the following cases for which the number of

terms is with order larger than or equal to O(n ) (where Jj ,t and 1'

represent four distinct indices):



(1) h(j j',,' E g(X 1j 'A 1., X11.,A.,pj)E g(~'AtXjjAj# 0

(2) h(j,,.') =h(j,j',Z,9.) =0;

(3) h(j,j',j,ZV) =h(j,j',Z,j')

= EJE~g(X ijA j, X.1.,IAl I)(i i 9 1e$-lzIx ,Aj

= EFE[g(x.. j~ij 9A.X1 ,A., .t)IX 1 ij'i ij iji , il ij-~ A 0

(4) Ii(j J' J,j) = h(j J' J' J' ) := EE[g(X ,jAijtxippAti. ,t~g it$ij

j.[gx iAi~ij'ij1 Xj AisXT~ l 0

It follows that E(V!.p - V** ) 2-~ 0 , as n -*~ By Corollary 6 of
1. ,fn ii ,n

Lehmann (1975), p. 289) and the fact that the vector <V > has a multi-
ii ' n

variate normal limiting distribution N(O,t) , the vector < * > has the
ii' ,n

same multivariate normal limiting distribution N(23t) . Under HO I 0ilMO

it follows that V *

0p(x jA.. (X - and

= j AXij.F- iij)- (X

Q.E.D.
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