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I. INTRODUCTION

In the process of evaluating various turbulent mixing models, the question kept
arising of how the turbulent flow differed from the laminar flow. A comparison of two

different turbulence kinetic energy models is given in Walker [4] and, in addition, the use of a
laminar viscosity model for comparison with the turbulence models is discussed. This was
accomplished for a reacting shear layer for which experimental results had been obtained.
Therefore, the techniques and results presented herein were utilized to make qualitative
comparisons.

Additionally the techniques presented in this work are directly useful in the chemical
laser program because of the fine scale mixing in the nozzles and the low pressure operationin
the laser cavity. The coding presented herein is applicable only for a N2, O;, NO, NO;, and O;
system but minor coding changes will make these results applicable for any gas at low
pressure.

1. CUBIC SPLINE INTERPOLATION

In order to determine the laminar viscosity of the various gases involved as a function .

of temperature, it is necessary to interpolation Table I for temperatures not given. This could
be done utilizing a simple linear interpolation scheme. However, a more accurate scheme which
does not take an excessive amount of computational time is cubic spline interpolation. This is
a piecewise cubic interpolation scheme that matches the function and its slope at each of the
known points given in Table 1. Cubic spline interpolation is currently very popular and will be
utilized here.

The only problem with this scheme occurs at the end points of the interval. The
requirement that the slopes be matched at this point between the piecewise cubic sections
cannot be met since no other point is available from which to calculate the slope. Therefore a
special treatment for the end points was necessary and the use of a Lagrangian polynomial was
chosen,

The Lagrangian polynomial is given by

n
p(x) =L f(xk) lk(x) )
=0 :

k
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where

n
gk(x) 1 (x - Xl) )
lk(X) - gk(xk) i=o Xy = Xy
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Figure 1. End points nomenclature.

For the end points shown.

P(x) = £(x )1 (x) + £(x)1;(x) + £(x_;)1; _; (%) @

+ f ('xk) lk(x)

T




Now
f(xk) = const
xk - xi = const
henée
dp(x) _ ' ' '
I = E(x )1 (x) + £(x)) 1 (x) + £(x,_ )1, (x)
+ f(xk)li(x)
Now
1 (x) = 1 *
o] (xo - xl) (xo - xk_l) (xo - xk)

{(x'- xp) (x - %) (x - xk)}

(4)
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hence

(x® - xx

&la

lo(x) = (x - xl)

and

1'(") _ (x - xl) (2x = %7 - %) + (x = X 1) (x = %) ©
o (x, = %x3) (x5 = %) (x, - %)

1

*
Xy - xo) (xl -xk_l)Txl - xk)

ll(x) =

{ix = x0) (x = x 1) (x - 30}

11 (x) = ( (x - xO)

X) = x ) (%) = x _V{x, - X, [

d 2
a;(—{x XK g x4 X X g } +o(x-x ) (x - xk)]




(x - x ) (2x - X1 ~ X) + (x - X _q) (x = %)

1.(x) = M
1 (Xl - xo) (xl - xk_l) (xl - xk)
L1 (x) ( )(xl X.) (X - X, ) (x - x)
k- Xp-1 ~ *¥o! Xy 1) -1 T X
(x - xl) (x - xk)
11;-1"‘)= % -x)(x1 X (X -x)[‘x‘xo)
k-1 " Xo! g1 T X)) Iy - %y
g; {xz - X)X - X X + xlxk} + (x - xl) {(x - xk)]
! 1
1 (x) = — (x - x)
k-1 o1 = %) Oy = X Iy = %) [ °
(2x - X, = k)+ (x - xl) (x - xk)]
. (x = x ) (2x = %, -~ %) + (x - %x,)(x - x.)
1, (x) = ° Lk 1 k1l ®
(1 = %) g = %) (x5 = %)
L = e y | = %)
xk xo xk xl xk Xk_l (o]
(x = x,)(x - xk-l)]




1'(x) = 1 (x - x)
k (e = %) g =% 0Ty =% 77 °

d 2
Ix { x" - xx1 - xxk_1 + Xq xk—l} + (x - xl)(x - xk-l)]

' 1
1, (x) = (x = x_)
k¥ (x = x ) (x = x)(x = x_,) [ o

(2x = % = x 1)+ (x - ¥) (x - xk—l)]

(x - x)(2x - Xy 7 X )+ x - xy) (x - Xp-1) o)

1, (x) =
(x, = %)) (x, - x,) (x - Xy 1)

Hence the end point slopes are given by:

L = rx1) 0+ £ 10+ £ )1 ()

+ £(x) 1 (x) (10)

where:
1'(x) _ (x - %) (2x - X1 — X))+ o(x - X q) (x = x.)
o (xg - x;?fxq ijk_l)(xo - x)
1'(x) _ (x - x)(2x - Xyl — X)) + x - x ) (x - X))
1 (x) = %) (%) = %)) (x) = %)
' () (x - xo)(2x - Xy - xk) + (x = xl)(x - xk)
1 X =
k-1 (xk_l - xo)(xk_1 - xIT(xk_l - xk)

(x = x ) (2x = x; = x_,) + (x - X)) (x = %, 1)

1, (x) =
k (%, = x.) (%, = X)) (%, = %))




Now when these equations are used to calculate the left end point slope

Xp-1 Becomes Xy

xk Becomes x3

and when they are used to calculate the right end point slope

Xs Becomes Xp_3

xl Becomes xk_2
as shown in Figure 1.

The special end point treatment was incorporated with a cubic spline interpolation

routine developed by Conte and de Boor [1]. The program listing is givenin Appendix A. Asa _

test for this generalized routine, the viscosity function (), was interpolated at several points
including input points to determine how well the cubic spline interpolation program was
working. Table I gives the known input data for (), as a function of xT/e.

The results of the use of the cubic spline interpolation program are given in Table 2.
Note that the interpolation scheme gives very smooth results. Also note that the input data is
under no restriction as to the regularity of the input function intervali.e., A(xT /€) varies from
0.05-5.0.

11l. MOLECULAR VISCOSITY OF NQ; AND O

The reacting shear layer that calculations were made for contained the following
reaction:

NO + O; -~ NO; + O,

Since the mixed stream includes a combination of these gases, it is necessary to know the
laminar viscosities of each of the component gases as a function of temperature. These have

10
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been calculated by Svehla |2] for O. and NO. However, a literature search did not reveal
viscosities of O; and NO: at elevated temperatures.

A method for the calculation of the viscosity of gases is given by Bird, et al. [3]

e/k = 0.77T (1)
T, £
= 2,44 = 12
o Py (12)
or
_ Y
o = 0.841 (vc) (13)

where these functions are utilized in the Lennard-Jones potential

6(r) = de [(%)12— (%)6] (14)

For O;
Tc = 268°K Pe = 67 ATM
V, = 89.4 cm3/gm mole MW = 48.000
For NO;
- o -
T, = 431.0 °K P = 100 ATM
MW = 46.008

Utilizing (11) and (13) for O; and (11) and (12) for NO, produced the following
potential functions for O; and NO2:

i . .

. M
v .- '
o »»*«}L-g:a.» [UWP SEYAR I !
~




¥
S »

GAS e/k o] MW

NO2 331.8 3.97 46.008 1
i
f 0, 206. 4 3.76 48.000

The viscosity for each of these gases is then calculated using:
b= 2.6693 x 107° ii-zMﬂ—T} s (15)
o Qu

Utilizing the potential functions given in Table 2, Equation (15), and the program
developed in the previous section to calculate (), gives the viscosities of O; and NO;.

A program was written to accomplish this called MUCALC and a listing of this
program is given in Appendix B.

Table 3 gives the results of these calculations for NO; as a function of temperature
while similar results for O; are given in Table 4. Finally resuits for the other gases of interest

¢ that have been taken from the literature are presentcd in Table 5. These gases are N, NO, and -
O,. These results are given over the narrower range of temperature of interest for these

: reactions.

Y

&

IV. COMPARISON OF RESULTS OF THIS METHOD WITH OTHER
f" METHODS FOR CALCULATING MOLECULAR VISCOSITIES.

u

In order to determine the accuracy of the technique utilized to calculate molecular
viscosities that were presented in the last section, a calculation was made for CO;, results for
which can be found in the literature. Hence, the properties for CO. were introduced into the
program presented in the preceding section and the molecular viscosity for CO; was
calculated. The program listing for this is presented in Appendix C. Note that this program is

19




- TABLE 3. MOLECULAR VISCOSITY OF NQO, 48 A FUNCTION OF
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TABLE 4. MOLECULAR VISCOSITY OF O3 AS A FUNCTION OF
TEMPERATURE
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identical to the program presented in Appendix B except for the input conditions which are
shown highlighted.

The comparison of the results from this method and that of Svehla are shown in Table 6
for CO,. The differences between the results range from 1.4 percent at 200 ¢ degrees K and

increase monatonically to 3.3 percent at 5000 degrees K. Hence the conclusion is that the
calculational method results in small deviations from accepted results for gases for which the
more vigorous treatment has been exercised.

V. INTERPOLATION FOR y; = u(T)

Having now established an interpolation routine for specie viscosities and having
calculated specie viscosities for NO; and Os plus estimating the general magnitude of the error
involved it was necessary to establish that the interpolation procedure was working correctly
for individual species. This was accomplished by programming MUSPEC which is given in
Appendix D. This program utilizes the viscosities of N3, Oz, NO, NOz, and O as input and
calculates the viscosities of these species at various temperatures between 500 degrees K and
600 degrees K.

The results of these calculations are shown in Table 7. These results can be c&mpared
with the data presented in Table 5. This comparison shows that the calculations are
consistent and reasonable. Hence, the procedure for the calculation at the individual
viscosities has been verified before proceeding to the mixture of these gases given in the next
section.

V1. CALCULATION OF THE MOLECULAR VISCOSITY OF A
MIXTURE OF GASES

Having established the calculational procedure for individual viscosities of gasspecies,

the remaining task is to calculate same for the mixture resultmg from the chexmcal reaction.

The viscosity of the mixture of gases is not simply a mole fraction averagc “of the individual

viscosities but depends on the individual species in a more complex manner. The
mathematical model due to Wilke is given [3] as follows

X.U.
1 1 (16)

x.9
31313

T A XA o e ommimie s

..




TABLE 6. COMPARISON OF THE VISCOSITY CALCULATE

METHOD AND THAT OF SVEHLA.

MOLECULAR VISCOSITY OF CO2 AS A FUNCTION OF TEMPERATURE
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where -
- ] ¥\ 2
MW. M MW.
0. . = ._1_{14. M_WJ_-} {14.(_1) <M_Wl> } an
lJ ‘/8 2 Uj i

Equation (16) has been shown to reproduce measured values of umix to within 2 percent

|

for certain gases. The dependence of umix On composition is extremely non-linear for certain
gas mixtures, however.

Nevertheless, it is the best available technique and will be utilized here.

A test program was written to compute the viscosities of various mixtures of gases. The
listing of this program is given in Appendix E. This program utilizes subroutine LAMVISC
which performs the mixture calculations for the laminar viscosities according to the technique
of Wilke given above. It also utilizes the subroutine MUSPEC which is a variation of Program
MUSPEC discussed in an earlier section.

The results utilizing these methods are given in Table 8 for various mixtures of N2, Oz,
NO, NO:, and Os. Comparing Table 8 and Table 5 will convince one that the results are
reasonable.

VII. CONCLUSIONS

A computer code has been generated to determine laminar viscosities of gases as a

function of temperature. This method is approximate but it provides results useful in making
engineering analyses. The specific gases for which laminar viscosities were determined
included NO; and O3, but the method is applicable for other gases.
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TABLES. umix = £mix (T) FOR VARIOUS MIXTURES OF N2, 05, NO, NO2, and O3
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APPENDIX A
PROGRAM LISTING FOR TEST - A ROUTINE TO CHECK THE
ACCURACY OF THE CUBIC SPLINE INTERPOLATION ROUTINE




. ON3
: an:hwc
XQ/7XU/E40AL0=(1*9)}D O
xo\.nuo>—co.—.m.ww_uc>_c.u.~zn~u
. T40AIQe 2= 1*]82) 9+ ([*2) J2€JUALIY
XQ/7 ({1 )0=(l*1*1)D)=14UALO
(LIIx=([*1)]1xmX0
: Nel=1l 01 OU
s (QUl*9) 9 LOVL)IX wUIdNINIQ
(D*IX*N) 42) IvD 3IvIiduaens
6L/81/90 ‘dEEY*9°®y NLJ . © I=dav | wL/vL uuogcu uz—h:camsv
- e . und
R S 3UNLLINVD VS
: . . LUsex=x ol
.. . Lus 04 09
. . o ®lex=k U8
. o 1=is51411
. SraxiieLiedxi 4l
QL 9=a=lX.
ud 0L, c¢._.cm.~uup~.ue
Ul cw D (sESeSL |°x) 4]
.c ¢~wo-.x.uo.x~.o vl3exdesxeeslas®UN*Llaa*al) Lyna0d Ov
X4* KT {09 9) gL bR
(D%14*N* X1 D1 d1In=X4
) R . mcw.~u~ v 00
C . ~—'hrnx‘
(DS IXN) 403 vD Nvd
(J1a*N) INT 1S 1TVD
. . L=
(¢)> *e))
(1) t*¢))
3._....:“...:..:... 1ivd
(le () {1Ixd Q¥
TNt Uy QU
coLetl=1) (I)1x ve
. eLe1l Ve ve
*le(l=t) (IYIR 9E
; . e*.¢c v @
(®eil=l} (1)iX ve
i QY eyE ve U
Qe (l=1) (1)ix ot -
Qeed vl od
=(L)in
z45441
. AL ZACASL I ENE T B
2619°*GEEY e 9069°°HT129°°GO0L 2Lyl d¢cwen®r it u tur gL
SE948°°6926° mcmw..«oro..mcma..na«a..ccca..»c::..rrxm.c
mom..occo. %o..mnp ..-to..opxo.. thntthnbn® Loy, .o.a 3]
! 1s0e0 _.a« ISEAT MBI M NS Hy* —.mcc tegzul® PASE S
.cn *1*9qleleg 1T %9nT"® —.sa—.ﬂ :eu._._nn Tewee® p.xcm.—.ccn..v
: CHLd 1962 1 ol I*CEE 1EYt® I°GLE  I*ha0L (*ody’ _.mxc —.azc ¢
R ACI L L N L N T S S T A S T A S T A SR S R M ST L M ST SN
.mCe.m.crn.m.nwm CA LI AL IS A AL FA A AT R AT I SR T B vnpv”.vcwuu
. 5 o

. : . .m.v..cc—.nxu..cc—.e.u..ec—._- wofsnamlu
Nully ) vy 490 1> Liive 2
QN3 809 - UJ<~s°z>4ca NV I9ONVEOVT ONISH 3NILIUG £13 4NI la3 oUd u¥Ig0nd AS4L 2
ah:nh:cutuaqhobzah:c.hvw» wYauloea

6L/81/90 . - unncocm¢ NLd Awonxxn L lslao v/ 1541 Avovvsa

ot

uy

oY

" st.

vt

114

V¢

ot

el




"
~
L d z . [ 1
= < N ~
~ - . ~
. < [ @ .
T 2 <
<€ a ol
< [C] (-]
«
-t
K] < '
-3 @ .
- a -
") - .
® - 2 » ®
[34] . [ ] ™
[y - -~ ”m
<+ [ x L -
* w - *
) - 0 .
- . » i
K3 2 [ )
h [ - .
2 - ” 2
o [} a
. <« a 'S -
-t -
[ 4 bl =
< . . —
w o~ L 4
- )
- ; ~
z PR e
(-] N »x
a © ox a
s S - *
- Loty & -
74 . NC=ON ey .
< K3 3~334 e
) sEsnd ™
- - =y T - -
ve o TeLE X o
e W 8 o e ~
xd ¢ C St - ‘.
2 . TITION g P
o - o wrrnr § "o =Y
-y & s NN — *
[ =1 MO [ ] e )
- oty da@aax L. e
- - *eO S . o~
R~ X AN = e - g ~
- —e W B A C gL ~ <O [
" -t ¢ € ~e o~ doeex # T e c o -
- Ui = = [ ] -l - Ko ™ ™ »
Q =2 o LR Keateat iy [ Qa - e
[3 aC © ¢C Xrxxx¥<dqadx < Cce < C=0c - ;
Cm = —w————t s e S — o~ e tme
28 = Pt Pt Dt Pt Pt s T\ (gt e o, T i - bt
w - -~ HEM MR NI LIS St 0 C e (=2t X
< w xONS LA TN N N NN Rededebnd) ] UX waof ~o C it ®
~ @wC (=S ttlommmmnmmn st e X [ o a [ P 10 - -
- F3 -—— EE XX ANt O~ - 2NN 0 X o 210w
< —IUVChH e Cm wewww=jjll)iqagqar <4 2Cm1Cc s & " ML
~ r-c_.-l-'-s— Am Fetermmy XX W XX ~ CHNE G Qe Qe h
Dmav 2~ 2 RErBA—weow—l HNLZ Y au Qe Al XC2
ChrmZsS o Cw 111 )mmmmmmn\My 'S 2 XN tmI T eN =
QEIB M= gy X RR MR RXXGIAI~D O XTI %C ¢ Nlx D
JCE _~RnE ZHHBHUARENNAQGAG O F 2 A e d ol g =1 =0 =
- S2CU N HCHHC A NS oA ) ) S~ Z S XU ) X X CL W2
I COICCHRY Ny daIdITTOUC RN XRY I W © W OO E vt e ribn( i =G (T At
- 2 . <
o Cg < © < £ < ¢ © <
[ @a - N ” = Lol - m
2 (% :
w a
(=4 ¥
'Y 2
2 [
- »
" » ‘ ®
g e
a >
x (™
-
v v e ¢ e '
— - [ .
- - N LN v — 'ﬂ

32




33

L o gn3 ge.
‘- NHILL b ‘
:.z.eqmo\..~o...z.N.u.1?5zl;2.~.u.n:.zom.u 0y
, : . {='Na0N -
N*2zw 0% Qg
. Lahzrs sl
:lz.m.uoco.t.ﬁubu.xomwu [11% .o
.T:.:.oco.:_....:cu::c:c -
Al=nl LA/ (Len)Qezg - . :
. neZeW 0L LU o -
. ..-.z.:..a.c...nn.icq.o ve : - ot
..x.o:cc:ox.co.—.o.z..,....:ct.:::c.mu.:.m.u
. ’ Ne2=2a y¢ 0Q
. . .x.O\:—ix.:ula:.:u.u:..w:
. : . A=A X (W) J KW X
. . Taneed=n 01 UQ .9
: I*Na TN T L
. : \qo.;\:.c.:ve!pc 1hwc .
(vol)oviqe Soﬂ..a..ec?.:u.:-c—:s NOfSnIw]Q . i
T AICLATNY IND 1aS  INT LIRS - ) |

6L/81/90 BECY*9°y Nig teiav  wi/9s INIVES NI Lnuaens

- - -y A ey
M itimgs s ol ot s b as }»x..:.,;u.‘.l,..} S L] -

’




APPENDIX B
PROGRAM LISTING FOR MUCALC - A ROUTINE TO
CALCULATE THE MOLECULAR VISCOSITY OF NO:
AND O; FROM 200 DEGREES K - 5000 DEGREES K
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APPENDIX C
PROGRAM LISTING FOR MUCALC SPECIALIZED FOR
CALCULATION OF THE MOLECULAR VISCOSITY OF CO;
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- ' APPENDIX D
PROGRAM LISITNG FOR MUSPEC - A ROUTINE WHICH
CALCULATES u = u(T) FOR N;, 05, NO,, NO, AND
. O; AT TEMPERATURES BETWEEN 200 DEGREES K AND 1000
DEGREES K
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APPENDIX E o
PROGRAM LISTING FOR LVSCTST - A ROUTINE TO
CALCULATE pmix = umix(T) FOR MIXTURES
OF N, O;, NO, NO;, AND O;
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SUBROUTINE CALCCF - IDENTICAL TO CALCCF IN APPENDIX A

SUBROUTINE ENDPTSL - IDENTICAL TO ENDPTSL IN APPENDIX A

FUNCTION PCUBIC ~ IDENTICAL TO PCUBIC IN APPENDIX A

SUBROUTINE SPLINE - IDENTICAL TO SPLINE IN APPENDIX A
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? SYMBOLS
Lo 0 - Viscosity potential function of (¥T/e)
E
3
€- Characteristic energy of interaction between molecules, erg/molecule
E S .
; r- Intermolecular distance, cm
f
} o- Collision diameter of a molecule, A
T, - Critical temperature, degrees K
& Critical pressure, atm
¥
:_ V. - Critical volume, gm/gm-mole
-k
K- Boltzman constant, 1.3805 erg/molecule-degrees K
F
& @(r) - Lennard-Jones potential, Equation (14)
MW; - Molecular weight, i specie, gm/gm-mole
i - Molecular viscosity, i specie, poise
Xi - Mole fraction, i" specie, dimensionless

Viscosity weighting function, Equation (2)
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