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I. INTRODUCTION § SUMMARY

1.1 INTRODUCTION

i 7 Systematic procedures for the identification of dynamic
systems have been developed over the last two decades. These
methods have been successfully applied to a variety of vehicles

e et e bt i b mns =+

and other systems. Most of the methods are based on several
significant assumptions.

(1) Models used in parameter estimation step are correct.

(2) The state and measurement noise follows a Gaussian
distribution (this assumption is made both in model
structure determination and parameter identification).

SRR}

(3) The noise sources are white or have a known rational
spectrunm.

(4) All unknown parameters about which there is information
in the data are identified.

(5) Sufficient data is available such that asymptotic
estimator properties are valid.
Real data often do not follow these assumptions leading
to an inefficient estimator. The following symptoms which indicate
a lack of estimator efficiency have been observed.

(1) Residuals are non-white and non-Gaussian,
(2) The actual estimation errors are much higher than

those gredicted by statistical analysis (Cramer-Rao
bounds).

(3) The estimation errors are unacceptable when too many
parameters are estimated.

A (4) The parameter estimates often have smaller error when
‘ - zero state noise is used compared to the estimates
when true state noise is used.

(5) It is extremely difficult to get good results from
short data records.
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System identification methods are at a stage where the
issues described above need to be attacked. This report formulates
procedures to treat non-Gaussian, non-white noise statistics
in order to develop systematic algorithms and an interpretative

framework for treating actual data.
1.2 RESULTS

The investigation into nonconventional noise sources has
been divided into two parts. The first part develops parameter
estimation methods with non-Gaussian noise in state and measurement
equations. The following is a summary of significant results
of this work.

(1) Heavy tailed distributions can markedly degrade estima-

tion accuracy. Thin tailed or amplitude limited noise
has minor influence on estimation error.

(2) A simple rejection of outliers approach is both statis-
tically inefficient and computationally undesirable.

(3) Advanced methods are developed that lead to improvements
in both state and parameter estimation accuracy.
(Thus, a robust Kalman filter is a byproduct).

(4) A simple example demonstrates that parameter estimation
errors can be reduced by a factor of three by using
robust estimation. A larger improvement is expected
in parameters which are only marginally identifiable.

The second part of the work studies non-white noise. The
following results have been obtained.

(1) The non-white noise does not cause a bias in estimates.

(2) Low frequency noise usually increases estimation error
while the high frequency noise decreases it. Unfortu-
nately, most systems have low frequency noise.

(3) The non-white noise could be ccrrected by building
an appropriate filter or a whiteness insensitive esti-
mator can be designed.

(4) Cramer-Rao bounds based on white noise assumptions
are significantly different than if a colored noise
assumption is used. Since most current analyses are




based on the the white noise assumption, Cramer-Rao
bounds have been a poor measure of estimation errors.
The noise spectrum should be estimated and the correct
spectrum should be used in deriving estimates of errors.

When the noise spectrum is nonrational (not a ratio
of polynomials), optimal parameter estimators are
difficult., It is often reasonable to approximate
the spectrum by a ratio of polynomials.

1.3 SUMMARY

Section II of this report describes parameter estimation
problems associated with non-Gaussian noise. This is followed
by the discussion of non-white noise in Section III. Finally,
conclusions and areas of future investigation are given in Section IV.
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IT. PARAMETER ESTIMATION IN THE PRESENCE OF
NON-GAUSSIAN NOISE

2.1 INTRODUCTION

Measurement errors are the sum of inaccuracies from a number
of sources. These errors can be divided into two broad classes:
(1) systematic errors, and (2) random errors. Each error follows
some probability distribution but is otherwise unpredictable.

The systematic errors are identified during the measurement
system calibration tests. During the parameter estimation stage,
these errors are set to test values or are jointly estimated
with states/parameters of interest. Since random errors change
with time in an unpredictable manner, their effect is minimized
by the use of a filter.

For measurements 1z, dependent on parameters 6, the
most likely values 6 of the parameters 6 can be determined
by least squares, minimum variance, or maximum likelihood methods.
All these methods assume that noise probability distributions
are known and all errors follow the assumed probability distribu-
tions. The Gaussian assumption, for example, leads to the least-
squares solution. Approximations are required to provide practical
solutions in estimation problems. Failures of components in
instrument systems, local inaccuracies, sudden environmental
changes, and the occurrence of gross errors are normally not
considered in the assumed probability distribution of the measure-
ment system noise parameters. Because of largely increased
complexity in modern sensor systems, however, these errors have
become increasingly more important and define the need for estima-
tion procedures that are not very sensitive to departures from
the assumptions on which they depend, robust estimation.




. 2.2 TREATMENT OF NON-GAUSSIAN NOISE

To treat the subject of non-Gaussian noise sources, two
cases are considered: (1) the noise distribution is known,
and (2) the noise distribution is not known.

When the noise distribution is known, maximum likelihood,
minimum variance or Bayes' approaches may be used for parameter
estimation. Such approaches give nonlinear estimators even
i for linear systems. In general, optimal estimators for nonlinear
systems are complex. To illustrate the likelihood method, Appen-
dix A derives a maximum likelihood parameter estimation algorithm
for Poisson noise distribution.

When the noise distribution is not known, two approaches
may be used for estimation and identification.
(1) 1In the first approach, noise probability density functions

are estimated. These probability density functions
are used to derive optimal estimators.

(2) 1In the second approach, robust methods are used.
These methods are minimally sensitive to distributions
of noise. Some efficiency (e.g. accuracy) is lost
if the distribution is, in fact, Gaussian.

The rest of this chapter will deal with robust estimators.

2.3 REVIEW OF PREVIOUS WORK

The significance of the Gaussian assumption has been known
for a long time. Tukey (1960) and Huber (1972) compared variances
of parameter estimates computed by minimizing mean deviations

. 1 -
d = arg m%n (5 ?lxi -xD (2.1)

to thos¢ computed by minimizing mean square deviations

s, = arg m%n (% ? (x; - x)2)% (2.2)




for an error which is normally distributed but is contaminated
by another normally distributed random variable whose mean square

value is three times higher. They showed that a contamination

of 0.2% suffices to make the asymptotic efficiency of the mean
deviation larger than the asymptotic efficiency of the mean

square deviation (Huber, 1977, p.2). Thus, some estimation
methods are very sensitive to deviations from the assumed distri-
bution. Note that the mean deviations method is not the best

for mixtures of distributions or distribution uncertainties.
Maximum likelihood methods, which fit smooth distribution functions
through the actual error statistics (Hall/Gupta, 1974) give
generally much better results. '

One of the main reasons for the sensitivity of the estimation
methods to deviations from assumed error statistics results
from their extreme behavior in the distribution tails (Huber,
1972; Hampel, 1971). Pierce (1852), Freedman (1966), and others
showed that engineering and scientific data have typically outliers
of several percent that fatten the tails of the distribution
of random variables. Test data of submarines and aircraft have
typically 1% to 5% outliers. Legendre (1805) suggested robustify-
ing the least-squares estimator by rejecting all data which
have obvious errors much larger than the remaining data. Airy
(1856) pointed out that this rejection method is not optimal,
since it ignores the information content of the rejected measure-
ment. During the last 100 years, different weighting methods
were developed that reduce the sensitivity of the least-squares
estimator. This research led to the maximum likelihood method
as one of the best linear estimators.

Noether (1967), Birnbaum/Laska (1967), Hdyland (1968) show
that the sample mean is very sensitive to grouping effects (e.g.
tests or experiments done at different times at changed environ-
mental conditions), and pairwise median estimators reduce the

error covariance of the estimate up to 18% in the presence of
gross errors.
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Héyland (1968), Gastwirth/Rubin (1969), Parks (1967), and
Jain (1975) show the sensitivity of estimates to dependencies
and correlations between the errors.

2.4 CONFIDENCE MAPPING FOR ROBUST ESTIMATION IN STATIC SYSTEMS

In the following sections, the method of confidence mapping
is introduced that makes the estimates less sensitive to the
extreme tails of the data, with only a small sacrifice in optimal-
ity of the estimate. This method assumes that only statistics
that belong to the open set, bounded by the confidence boundaries,
follow the assumed error distribution function and errors outside
the confidence boundaries belong to different and unknown distribu-
tion functions. Using this binary order statistic, the errors
outside the confidence boundaries are mapped inside the boundaries
by a confidence function and then treated as if they follow
the assumed distribution of errors. For the estimation problem,
the confidence boundaries have to be chosen such that the error
inside the boundaries are sufficient statistics for the problem
(generally around 20) and the confidence mapping function has
to be chosen such that it does not violate the conditions for
global optimality (convexity condition).

2.4.1 Effect of Deviations from the Assumed Probability
Distribution

The mean of a random variable is
-]
p= j& p(a,x) dx , (2.3)
and its covariance is

var x = fxz p(a,x)dx, (2.4)

- Q0
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where p(a,x) is the probability density function of the random
variable x, and "a'" is a parameter defining the density function

from a particular class.

Deviations from the assumed distribution function (Prokhorov,
1956) occur when the random variables temporarily belong to
a different distribution function. To determine the effect
of deviations from the assumed distribution function we find
the sensitivity of incremental contributions to mean and covariance
due to distribution parameter changes.

The incremental contributions of particular values of the
random variable, x, to mean and covariance are

x p(a,x) (2.5)

=
]

v x2 pla,x) (2.6)

X

and the sensitivities to distribution parameter changes are

b o= x ang:.,__x) (2.7)

Ve = x? QP% (2.8)
The sensitivity of some of the common symmetric density functions
are shown in Table 2.1. The highest sensitivity to deviations
from the assumed distribution functions have normally distributed
random variables. The sensitivity is small for random variables
less than 20 away from their mean, but it becomes large further
away from the mean. The sensitivity of the mean of normally
distributed random variables increases with the 3rd power of
x, and the sensitivity of the variance with the 4th power.
This explains the high sensitivity of the least squares method
to deviations from the assumed probability distribution (Newcomb,
1886; Tukey, 1960; Huber, 1972).
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The sensitivity function of an exponential distribution
function increases only with the 2nd power of x for the mean
and 3rd power of x for the variance; it is therefore less
sensitive to deviations from the nominal distribution function
for large values of x or outliers. The sensitivity function
of a uniform distribution increases only with lst power of x
for the mean and 2nd power of x for the variance. It is there-
fore least sensitive to distribution uncertainties.

The sensitivity functions show additionally that the mean
of symmetrically distributed random variables is not changed
by corruption from other symmetrically distributed random variables,
since the sensitivity functions for the mean are of odd powers
of x. The variance and the uncerta’ .ty in an estimate are
of even power of x and are therefore affected by errors in
distributions.

We also observe that the sensitivity increases with the
third power of the inverse of the uncertainty for normally distri-
buted random variables. This is of particular importance for
the update of innovation processes, which are generally weighted
with the inverse of the square of the estimate uncertainty.

For the number of data n+« the estimate uncertainty becomes
very small and therefore the ratio x/a becomes very large.
Hence, the relative sensitivity to distribution uncertainties
increases with the number of data points.

In summary, the more concentrated the assumed distribution
is at its mean and the flatter the assumed tail, the more sensi-
tive the estimates are to deviations from the assumed distribution.

In order to robustify an estimator, we have to reduce the
sensitivity of the estimator to the tail distribution at the
cost of a small increase in the variance of the estimate for
nominal distribution.

11




2.4.2 Common Probability for Errors Outside and Inside the
Contidence Boundaries

Errors within the measurement accuracy of a sensor systen,
e.g. errors within our confidence boundaries, can often be assumed
normal or Poisson-distributed. Errors outside the confidence
boundaries are generally due to failures, partial failures of
components, and signal combinations not considered in the design
| of the measuring system. These errors are typically exponentially
distributed or do not belong to any dense set of values. An
estimator based on the exponential closure to this mixture of
errors does not give sufficient weight to measurements with

small errors. This estimator will be very robust to uncertainties
in the distribution, but it will sacrifice on optimality, i.e.

the uncertainty of the estimate will be unnecessarily large.

2.4.3 Rejection of Qutliers

Legendre (1805) and Merrill (1972) treat errors outside
some confidence boundaries as total failures of the measurement

system and ignore the corresponding measurements for estimation
purposes. Airy (1856), Ellis (1844), Fisher (1926), and Huber
(1964) point out that environmental influences and partial failures
often cause outliers which contain information in a degraded

k but not lost form. Rejecting these measurements eliminates

the corresponding information contents and hence makes the estimator
nonoptimal. Additionally, this method can lead to estimator
instabilities for errors about the confidence boundaries.

De Laplace (1818) and Edgeworth (1886) showed that the
median is the optimal estimator when errors follow no particular
distribution and can be assumed to be uniformly distributed
in a non-dense set of values. This is a non-parametric estimator
that chooses the median random variable in an ordered set as
the best estimate and rejects all other data. Therefore, its
expected accuracy is directly proportional to the density of

12
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the measurements. Edgeworth (1886) showed also that the median
is better than the least squares estimator for mixtures of Gaussian-
distributed errors.

2.4.4 Confidence Mapping

Weighting the variables with some confidence measure that
reduces the incremental influence of random variables from the
tails of a distribution will robustify the estimator. This
confidence mapping function (Salzwedel, Gupta, 1979) has to
be chosen in such a way that it robustifies the estimator without
destabilizing it for particular errors or groups of errors and
leaves the estimator nearly optimal in the strict parametric
sense.

Instead of using the estimate
E(x) = .fx p(x) dx, (2.9)

where p(x) 1is the nominal probability density function, the
estimate has now the form

E(x) = fx c(x) p(x) dx, (2.10)

where c(x) 1is a confidence mapping function of the form

~ Probust(X) | (2.11)
c(x) = PTx
The variance is then
var(x) = .fxz cZ(x)p(x) dx (2.12)

The rejection method of Section 2.4.3 can be seen as a
confidence mapping function which maps the measurement into
the a priori estimate and hence does not change the estimate.




Winsorizing maps the errors outside the confidence boundaries
into the confidence boundaries. Huber's M-estimator uses a
straight line continuation on the convex maximum likelihood ﬁ
function inside the confidence boundaries to reduce the destabiliz- ‘
ing effect of outliers.

| The estimation problem can be formulated in the form
ro(x,,8) = min, (2.13)
| i 1

where 0(x,8) is some arbitrary function and & 1is the optimal
estimate of the parameter 8.

If Xs belongs to a dense set, R
stated in differentiated form

x> the problem can be

Z¥(x,0) =0, (2.14)
i
where
< v(x,8) = Folx,0)
(Note: p(x,8) = - log £f(x,8) gives an ordinary ML estimate.)

If 6 is a location parameter, the problem becomes

Zp(x;-8) = min (2.15)
or t

n
Q

£y(x,-6) (2.16)
1

, Equation (2.14) can be written
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we get the weighted mean

T ow.X.
8 = —E_WT (2.18)
i

2.4.4.1 Huber's M-Estimator

Discussing Gauss's arithmetic mean (solution to ?(xi- a)=0),

Ellis (1844) introduced a function y(.) that gives different
weight to measurements further away from the mean,

Ew(xi—a) =0, (2.19)

and brought up the question of choosing the function such as

to obtain a stable estimator. Huber (1964) calls this estimator
M-estimator (maximum likelihood estimator) and modifies the
function ¥ such that it corresponds to the ordinary inverse-
log maximum likelihood function,

p(x,8) = - log £f(x,0) (2.20)

and v(x,8) = g% o(x,8), for random variables inside the confi-
dence boundaries and a straight line continuation of p(x,8)
outside the confidence boundaries. This corresponds to a normal
distribution function inside the confidence boundaries and an
exponential distribution function outside. This likelihood
function gives minimum weight to measures outside the confidence
boundaries without violating the convexity condition for a global
optimal estimate.

For normally distributed errors inside the confidence boun-
daries and exponentially errors outside, 0, is of the form

15




The estimator has thus the form

with weights LA mapping errors outside the confidence boundaries
on the confidence boundaries (Winsorizing), which is similar
to the confidence mapping proposed by Newcomb (1886).

2.4.4.2 Robust Likelihood Functions in the Class of Linear
Estimates

The condition for a linear estimator is that the likelihood
function has no power higher than two. The condition for a
unique optimum is that the likelihood function is convex. These
two conditions require that the likelihood function has the form

o(x) = ax2 + b|x| + d. (2.24)

Any robust likelihood function must therefore be a linear combina-
tion of Eq. (2.24) (see Figure 2.1).

16 {.
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REGION OF ROBUST
LIKELIHOOD FUNCTIONS

MAXTMUM
LIKELIHOOD

e c

(1)
(2)

(3)
(4)

Maximum 1ikelihood function o(x) = ax2

Huber's robust likelihood function (2.10). This
likelihood puts minimum weight on random variables
outside the confidence boundaries without violating
the convexity condition.

Robust Tikelihood function.

Region of robust 1ikelihood functions that
violate the convexity condition.

Figure 2.1 Robust Likelihood Functions
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2.4.4.3 Robust Likelihood Estimates in a Class of
Distribution Functions

In Section 2.4.4.1, we discussed Huber's robust M-estimator
for a given distribution or density function. In the following
the theory is extended for the case where the density function

is unknown, but it is known to which class of density functions
it belongs,

f e F, (2.25)

where F 1is a class of density functions, e.g. symmetric density
functions, and f 1is a density function out of F, described
by the parameter ¢,

f = F(¢). (2.26)

The robustified likelihood function is then

L(f(x,8,9)) for |x-8] < ¢
0 (X,8,6) = (2.27)

r(f(x,6,%)) for |x-e] > ¢

where ¢ 1is the confidence boundary, £ 1is a likelihood function
for innovations x-8 inside the confidence bounds (e.g. inverse-
log likelihood function for purely exponential distributions

f), and r is a robustified likelihood function outside the
confidence boundaries, that reduces the sensitivity of the esti-
mator due to outliers and deviations of random values, x, from
the assumed distribution.

The optimal estimate 6 of the parameter § 1is the solution
of

by p(xi,g,g) = min (2.28)
i

18
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If o(x,0,0) is convex and the derivative

V(x,0,0) = 75 0(x,0,0) + 25 p(x,06,9)
is continuous and bounded, Eq. (2.28) reduces to

z W(xi,9,¢) = 0! (Z-Zg)

and in the case of a location parameter to

L y(x;-8,0) =0 (2.30)
1 .
2.4.5 Robustness of Estimators for Finite Density Functions .

Finite density functions have nonzero values only for random
values X .. < X< X ... Therefore, maximum likelihood functions
of estimators for random variables with finite density functions

have the form

zero for «x < Xnin
o(x,8) =4 2(x,8) for x . <X < X o (2.31)
zero for x »> Xrax

Hence, maximum likelihood estimators for finite random variables
have natural confidence boundaries, and values outside the confi-
dence boundaries are considered outliers and rejected for the
estimation problem. The robustness of maximum likelihood esti-
mators for finite random variables is inversely proportional

to the difference between the confidence boundaries.

2.5 APPLICATION TO DYNAMIC SYSTEMS
The concepts presented above for static systems may be

extended for dynamic systems. This section shows the difficultics
in this <xtension and how some of the problems are resolved.

19




Consider a dynamic system in discrete form with state x,
controls u, outputs Yy, and parameters 6.

Xre1 = f(xk,uk,e) + Wy k=0,1,2...N-1 (2.32)
Y = h(xk,uk,e) + vy k=1,2,...,N (2.33)

wy and Vi are process and measurement noise sources. The
standard procedures for the estimation of parameters © are

based on the assumption that Wy and v, are white with Gaussian
densities.

In general, this problem can be solved as an estimation
problem along the time-coordinate in n+l-dimensional space. The
n-dimensional state x of the dynamic system is known with some
uncertainty I at time t=t,. Using the m-dimensional parameter
state of the sytem the state is predicted for the time t=t =t +4t .
Using 6, the uncertainty 108 is mapped into the n-dimensional
plane at t=t,, n,- Hl. Because of parameter errors and disturbances
on the system, the uncertainty increases to H% = IHnH + A measure
y, is taken and an innovation v, = yl-hl(il,é) is formed.

The problem we face now is to decide where the confidence region
lies. It is better to expand the confidence region about the
predicted state or the measurement, or should we expand it about
the updated state, formed using the assumption that the measurement
as well as the predicted state are included in the assumed proba-
bility space? As long as the confidence region ¢ of the measure-
ment is included in the state uncertainty, n¢ cnz, it cannot

be detected whether a particular measurement falls within its
tail-statistics if it is also included in N2,

We shall first look at the case where the process noise nPenC,
Then, after a sufficient number of measurements nzc HC, and
the confidence region can be expanded about the predicted state x
and confidence mapping can be applied to the innovation sequence, v
(Hampel, 1971; Papantoni-Kazakos/Gray, 1978).




2.6 NO PROCESS NOISE

When there is no process noise, estimators which are robust
for deviations from the nominal measurement noise probability den-
sity may be designed. Following along the lines of the static es-
timation, a cost functional is defined in the following manner,

NooTo-1
J = kfl[ekR (e )e; + log|R(e, )] (2.34)

The weighting R is a function of the error itself. If the
errors in the measurements are known to be uncorrelated, the
matrix R is diagonal. The functional forms for the diagonal
terms of R must be such that the dimensions of the particular
measurement do not affect the confidence bound. Therefore

oL a8
Ek(l) = P (2.35)
1
Ry Cer) = afe (5 (1)) (2.36)

where ek(i) is the ith component of the error vector at time k.
The function p (<) 1is the same for each measurement. To estimate
a;, we differentiate Eq. (4.3) with respect to sy and set the

result to zero (assuming p(sk(i)) is differentiable everywhere).

- 5 =
i = EI - ek(i) + 1 l

¥ k51] [ade (g (1)1 [aﬁpcek(i))l_"

b
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and
30 (£,(1)) 30 (6 (1)) 4y (1)
daj i agk(i) T az.
Lt
3 (£, (1)) £ (1) | (2.38)
* askili ) B oy
Therefore
w 1
2. ket K PO (2.38)
i T (i) |
w 1
k=1 X
with

L g (1) 30 (g (1))
1 ISR Y €9 B TN €9

If p 1is a mild function of the variable gk(i), the above
equation may be simplified to

, 1 N k)
T BN uen i (2.40)

The estimation of parameters based on the likelihood function of
Eq. (2.34) must therefore be done in two steps.

(1) Select an * g and perform a Newton-Raphson optimization
to estimate the system parameters. In this step, deriv-
atives of p(ak(i)) with respect to system parameters

may be ignored.
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(2) Use the above equations to estimate aj. Repeat

the procedure till convergence occurs.

This technique may be modified for the case of gaussian pro-
cess noise and nongaussian measurement noise.

2.7 PROCESS NOISE

To develop procedures for Non-Gaussian process noise, we
assume that its distribution is generally normal with some
contamination from another normally distributed noise of higher
standard deviation. Suppose at any point in time, the process
noise is a realization of the higher variance random variable.
The state at the next point will be highly perturbed from its
expected value. This perturbation may reduce in the following
step, if the system is stable. Nevertheless, its effect will
be felt in a number of subsequent steps. This is very different
from the case of the non Gaussian measurement noise where the
effect of each deviation is felt only in the particular step.

The previous discussion points to two aspects of problems
with nongaussian noise. The nongaussian effect (particularly
the case when one basic distribution is contaminated by another
distribution with higher variance) at one sample point lasts
over many future points. This complicates the problem. However,
because of this reason, it appears that more information is
available to isolate nongaussian behavior.

The critical problem in the development of an algorithm
is to ensure that the nongaussian effects at one point do not
influence the estimates of noise sources at other points. The
most direct procedure to achieve this objective is to identify
the system parameters as well as the process noise variable w
without making any a priori assumption about w. In other words,
w is assumed to be a completely unknown input signal with unspecified
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characteristics. With no assumptions on w, it is possible to
find its estimate only when the number of measurements exceeds
the number of process noise sources.

Let Qk (k = 1,2,3,...N) be the estimate of w based on no
a priori information. Using this estimate, it is possible to
select the values of k for which W may be assumed to come
from a Gaussian distribution. A Gaussian covariance may be speci-
fied for process noise at those points while the other points are
assumed completely unknown. This procedure is repeated till con-
vergence occurs.

The difficulty with using this procedure is its integration
with the parameter estimation algorithm. It appears that the
procedure for specifying Qk has to be reinitialized following
each parameter iteration. The computation time requirements may

be unacceptable. It may be sufficient, however, to update &k

once after several iterations.
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2.8 EXAMPLE OF ROBUST LIKELIHOOD ESTIMATION

Many problems have been solved by the use of robust maximum
likelihood methods. This section presents an example to demonstrate
the improvement in estimation accuracy which may be achieved
by the application of these methods. Monte Carlo methods are
used to demonstrate a quantitative reduction in variance.

Consider the following nonlinear system.

2
Xp =817 %) + 8y x37 + 815 %
.2
+ 8 X + U
14 72 1 (2.42)
2
X; = 8p7 X3 + 8y X37 + 8,5 X,
*+ 054 x22 * U,
with parameters
-1.0 .01 2 -.02
o (2.43)
-.15 .03 -1.0 .015
and forcing function
0
U 1 (2.44)
t e -1t

was observed by measurements

y = X + n.

The errors in the measurements are a mixture of normally distributed
random variables

.05 0
ny = N <0, [0 1‘0]> (2.46)

5 0
ng =N <°' [ 0 10.0] > (2:47)

and




ny 90% of the time
n = (2.48)
n, 10% of the time

Figure 2.2 shows maximum likelihood and robust likelihood esti-
mates of the parameters 811 and 6,3 respectively, for differ-
ent nle#, the space of all random variables, defined by Eq.
(2.48). The variances of the parameter estimates and the output
errors are

I
MAXIMUM ROBUST MAXIMUM LIKELIHOOD
LIKELIHOOD LIKELIHOOD ROBUST LIKELIHOOD
Oq .095 .033 2.9
N
o .201 .050 3.7
23
o .02758 .02804 .98
M
°y2 9.205 9.205 .99

[NUMBER OF DATA POINTS N=50]

The robust likelihood estimation gave parameter estimates for
this example that are 2.9 and 3.7 times better than the parameter
estimates of the maximum likelihood estimator with an average
increase in output error of less than 2% and a maximum increase
of output error of less than 5%.

When the number of parameters is large or if some parameters
are marginally identifiable, further improvements in estimation
accuracy may be achieved by the use of robust procedures.
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2.9 CONCLUSIONS

Accuracy of estimates resulting from experimental data
may be significantly enhanced by applying robust techniques.
These techniques require modification to the least squares type
of performance index in general and to the maximum likelihood
method in particular. Huber's work [15-17] provides good background
for the development of robust methods for dynamic systems.

Though this section has been concerned with parameter estimation,
similar methods apply for state estimation also. Application
of these methods could provide significant improvement in dynamic
state estimation when Kalman filters are used.




III. PARAMETER ESTIMATION WITH NON-WHITE ERRORS

3.1 INTRODUCTION

Measurement errors are generally correlated due to instrument
dynamics, finite moments of inertia, dynamics and environmental
influences. The environmental influences disturb the system
| and the measurement instruments at the same time or with some
time-delay and hence correlate the system noise and the measurement

Lol ki ams o

error.

hoL ans

The nonwhiteness and the cross-correlation between system

and measurement errors correlate the innovation process in the
Kalman filter unless these effects are compensated for. It

f is shown that estimates will have increased covariances but

will not be biased. Techniques for including the effects of

{ known measurement error correlations in state estimation problems
have been considered by several previous authors (Kalman, 1963;
Henrikson, 1968; Jazwinski, 1970). This chapter describes state
as well as parameter estimation methods for non-white noise.

s 3.2 PROBLEM FORMULATION

In non-white noise problems, the spectrum of the process
and measurement noise sources is often not known. Without a priori
ﬁ knowledge of the noise power spectrum, one of the following
! is required:

# _ (1) Estimate the correlation and adapt the state and param-
‘ eter estimator to the determined correlation.

(2) Sacrifice some of the sensitivity of the estimator
to make it insensitive (robust) against a set of pos-
sible correlations of the worst case correlation.

In the first approach, an additional spectrum estimation step
is required. Once the spectrum is known, procedures for the
known spectrum can be used for state and parameter estimator.
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; The second approach leads to a worst case estimator. A
f certain efficiency is lost if the noise is white but the

-~ estimators are robust with non-white noise, particularly when
; the noise has a spectrum similar to that of the signal,

3.3 ESTIMATORS FOR KNOWN CORRELATIONS BETWEEN ERRORS

Let the discrete linear system (A non-linear system can
be approximated by piece-wise linear systems) be

Xpe1 0% Xk Y T W o k= 0,1,..0,N-1, (3.1)

with measurement outputs

o=
[}

1,2,...,N, (3.2)

where

Xy € R® is the system state,

Yk € R™ is the measurement of the output Hkxk

Wy € RP noise sequence of the system

vy € R™ noise sequence of the measurements
Ek = E[xy]

l. E[Wk] = E[Vk"'l] = 0 k = 0,1,.--’N'1
Define the correlation matrices

! Rex(Ks3) 2 EL(x-Fp) (x5-%) 71,

=Y

.y A T
wa(k’J) = E[wkwj ] ’ 3
oy . 3.
| Ryy(k,3) 2 ElvvsTl, -9
| Ry (k,3) 2 Elwev;T],
k R ~k °k T
Pk+1 me E[(xk+1'x k+1)(xk+1'x k.._l) lYk]’
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~k .
Xpe1 = ElxpqIYyl.

For the white noise ease with a priori known covariance,

T -
E[wkwj ] = wa(k,k)Skj’
T -
E[Vkvj 1 = va(k,k)ij ,
T
E . = 0,
[kaJ ]

the minimum variance filter is between measurements,

“k  _ . -k
Xk+e1 T Pk Xk (3.4)
kK _ “k ~k T
pk+1 = E[(¢k(xk‘xk) + kak) (¢k(wk'xk)+1"kwk) IYk]
kK _ . ok.T k T
Pre1 = Pk * TR I Tico (3.5)

and at observations
~ A~ - “k-
k k-1 Ly, (3.6)

X T X ot Ky - He xy
kK k-1 x-1
Py = PP - K H PETT, (3.7)
where
_ k-1,,T k-1,, T k,-1

is the Kalman gain.

3.3.1 Correiated State and Measurement Noise wi<h A Priori
Anown Covariance

T

For the a priori known covariance, E[wkvj ] = va(k,k)skj #0,

between state and measurement noise an optimal estimator can be
assigned by the method of Kalman (1963), and Jazwinski (1970).
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Let Uk = {ul,...,uk} be an orthonormal basis for the measurement
T, .

~

. . k
Since the best estimate X4 of Xp+1

is the orthogonal projection of Xp+1 into Y , it can be described

by ~k k T
Xpe1 © §=1 Elxppquy Juy o (3.8)
and with (3.1)
o SO E[(¢y * X, + Towy)u, Ju. + E[x...u, lu, . (3.9)
Xk+1 AR RS T S 1 VRS T Xy+1¥g U 40
Since Wi is not sequentially correlated, it is independent of
Yk-l’ and
*k _ ~k-1 T .10
Xgel = %k Xk * ElXpequp Tug. (3.10)
Because the innovation Ve T Vg T Hkik-l is orthogonal to Yk_1
but included in Yk
T N ~k-1 .11
E[xk+1uk ]uk = K*k[yk-Hkxk 1. (3 )
The error in the estimate,i§+1 ol Xpe41 " i§+1,is independent
of the measurement Yo hence E[i§+1 ykT] = 0. This gives,
* k-1, T k-1, T -1 .12
K = [P M * TiRyy TP TH + Rov, ] (3.12)
with
k R <k ~k T, _ k-1, T T 13
Prer & ElXpag Xgop 1 = 0Py To + TRUTY (3.13)
k-1, T T
T KPR Tt Ry Tl
The filter for correlated state and measurement noise is then,
Measurement update:
xkom xRy - HEEh (3.14)
k _ k-1 k-1 3.15
P = P 7 - K H Py ( )
< pk-1, T k-1, T -1 3.16
Ky Pr TH [H 2 "H® + R ( )

Yx
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Time update:

k. -k k-1, T 1, ockel
el = 0%k Y TRy, (Px B Ry 100y - Hexge ) (3.17)
ko K T T k-1, T -1
Pt = P TR T - TR (RPETTHT Ry ] (3.18)
T. T To T T T
Ry T e Ry Tt TRy Ky o

3.3.2 Sequentially Correlated Measurement Noise with A Priori
Known Covariance

Let the measurement noise be correlated through the Markov

sequence
Vsl T Y1V t up (3.19)

} uncorrelated to the state

with driving noise up v N(O,Ruu
k

noise Wi E[ukwkT] = 0, Kalman (1960) solves this problem by

augmenting the Markov sequence (3.19) to the state eamation (3.1):

a . [x a E¢ b o ] a [f_: 0] a . [w
X Zlv] ¢ =~ Lo !v] FZlot1d ™ “lul
a ~ | R 0
H 2 11, RE, =[W ]
0 Ruu

a - .3 a a _a

with noiseless measurements

yak - Hak xak. (3.21)
In the formulation (3.20), (3.21), the error covariance of the
estimate becomes singular. To overcome this problem, Bryson/
Henrikson (1968) and Bryson/Ho (1969) used the difference of
successive measurements, which has additive white noise.
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(3.22)

| "k T Yx T Yk-1Yk-1
f = HRO1Xpo1 * U (3.23)
with
HR 1 = Hi o1 Yie1 i
| . R
Ug-1 = He Tee1 Yke1 t Yk
and
R, = Efup_juty "] = BT R r T, T
uu 4 k-17 k-1 k' k-1 WWy 1 x-1 He * Ruuk-l
The system is now
X = ¢ X + T w
kel TR T Tk (3.24)

*
o1 = Hp X ¥ HeerTx Wi * Yo k>1

Y = Brer®x - Y Mg

with vy v PKO,RVVO) and E[xovoT] = 0, we get from the augmented
equations (2.20, 2.21)

o S T T -1 i R
Xl = xo + PO Hl [HlpoHl + RVV ] (yl Hlxo)
° (3.25)
1 . T T -1
Py = Py - P Hy [HiPoH ™ vao] HP,

The filter for system (2.34) is found by the method of Section (3.3.1),

‘ SRR O T Ry, ] (3.26)
‘ 1 PR T e R g - g )
PRyl = e ke T " R, r,T (3.27)
6, P, fH2T + rkaui][H;PkkH;T e RN e K T

Tr T
wa r‘k ]
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with
- T T
Ryur = Ry Tk oy (3.28)
* _ T T
Raw = Hk+1Fkakak Heop ¥ Ruuk

The solution for time correlated measurement noise of continuous
systems is shown by Bryson/Ho (1969) p. 405ff, Mehra/Bryson (1968),
Bryson/Johansen (1965)

3.4 CORRELATED ERRORS WITH UNKNOWN COVARIANCE

3.4.1 Impact of Correlations

Comparing the optimal estimator for white noise (3.3 - 3.7)
with the estimators for correlated measurement and state noise
(3.14 - 3.18) and sequentially correlated measurement noise, we
observe the following:

(1) Contrary to the white noise case, the time update of

the optimal filter for the correlated noise requires
feedback of the innovation sequence, y - Hx.

(2) If the measurement noise couples with the state equations,
the Kalman gain for the optimal filter is different than
the gain for uncorrelated errors.

To further investigate the impact of correlated noise on the
estimation problem, the worst type of correlation is determined
in Section 3.4.2, and its effect on a parameter estimation that
assumes uncorrelated noise is investigated.

3.4.2 Worst Type Correlation Function

We first consider a system without process noise, but with
additive measurement noise. Let the system be defined by




x=f (x, 6, u, t) (3.29)
- y =h (x, 6, u, t) + v, (3.30)
where X: state space
. €: parameters
{ u: control !
v: additive measurement noise with '

covariance R.

v

To obtain the maximum likelihood estimate, we minimize

min St <t (3.31)

J =7 (y-h) TR 1(y-n)de, t ax
t

The worst case noise maximizes estimation error and hence
minimizes the information matrix. Since functional char-
acteristic of non-white noise is best described by its
frequency distribution, we transform our estimation pro-

blem into the frequency domain. Assuming all functions have
] Fourier transforms, the cost function in the frequency domain

is,

-7 * ool

J v O-h) dw . (3.32)

The information matrix for the parameters 6 is then

w
3 Mg = smax o Suv 57 du (3.33)
w

i ‘ where

cov e =M,
We now find a frequency distribution of the noise spectrum such

that the information matrix, M , is a minimum and the co- :
variance of the noise is a constant.
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min M

a4 > va(m)

£ - E

va(m) dw = constant. (3.34)

max

S Adjoining the constraint and the information matrix gives

@ *
_ .max 2h -1 o2h
M= ({) {_39 va (w) 36 + A va} dw-const.

S max

A good measure of matrix M is its trace,

(=24

- sh* -1 3
tr M= fotr{ g ()

58 Svv + A va(w)} dw - ¢

Q>
D

tr M 1is a minimum if

e

atrM _ -13h 3h -k % -
S-S'\—r;- i{"(svv -a—e-é—svv ) + A*} de =0

For the integral to be zero, the expression under the integral
has to be zero. We get, therefore,

*
* _ oh(w) ah (w) 2.
Syv(w) A Sy, (w) = ae( > 30 =: H(w)

dim e > dim v »

& i va(w) dw = const = S.

= Since both va(w) and H(w) are symmetric,A also has to be

symmetric, and we can decompose the equation
% Li* _ o ouk ok,
(vaA ) (vaA ) = H =H*H"™;
hence,

S () = A% yE

vV

39

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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Using the constraint

A% f HEw) do = S, (3.42)

G
the language multiplier is

A% = {7 H%*(w) dw} 871 . (3.43)
w

Then the spectral noise distribution for the extremum of the
information matrix is

va(“)

-1
[/ HE(w)dw}s 1]~ H%(w) (3.44)
(]

SVV(w)

S{£H%(w)dm}'1H%(w) : (3.45)

Writing the equation in the form
-1 - % -1
{isvv(w)dw} S v (@) {£H (w)dw} “H?(w) (3.46)

shows that the information matrix M is a minimum if the dis-
tribution of va(w) is the same as the distribution of H%(m).
For an estimator of this type, the estimates follow the weighted
noise in a maximum fasion, as observed in many estimation prob-
lems. The residual errors of the estimates will then be mini-
mized and give the illusion of a good parameter estimate; even
so, the parameters just follow the noise. Clearly, estimation
errors may be significantly increased if the noise is the same
frequency range as the signal.

3.4.3 Effect of Worst Case Noise Distribution on Estimation Error

The information matrix is

w *
fmax oh S -1 3h dw

tr Mf = 38 °vv 39 s (3.47)

Ymin
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and the trace of the information matrix is

*®
w
max oh -13h
S trfgg SVV sg}dm

r tr Mf !
min
*

3h %ﬂ s “lide > (3.48)

w
3 : J.max
' 0 vv

tr{

Q

w_ .
min

O RT TR

A w -
; tr Mf smax tr{H(w)va l(w)} duw

“min )

The worst case noise of the optimal filter is

A

= T o ky-lgk
va(w) = S(H *) "H*(w)

., Tw) = W) %l g

w — -
MAX Lo (W) ST dw
®min

tr Mf

tr Mf

tr ({{H?(s) du}{fH?(u)do}s™1}, (3.49)

For the filter assumption that the noise is white, va(w)=s=
constant, the trace of the information matrix is

w -
tr Mg = /™% tr(H () 57!} da
: “min
{.
w * -
= M I (W)RY (0)STY) du
| “min
: w % -
| tr M2 = tr{ (/™ (HiW)HT ()} du ST1) . (3.50)
“min
3
b ‘ Since the product of integrals is larger or equal to the integral
' of a product,
a
: tr M > tr Mg . (3.51)
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Therefore, the error in the parameter estimate increases if
white noise is assumed for an estimation problem with non-
white errors. A good measure for the degradation of the
maximum likelihood estimator if worst type noise is present
and white noise is assumed is,

- 1 L% __
% tr (M, lea] = tr {([H %" 1£ H(w) dw}% . (3.52)

where p 1is the number of parameters. The error covariance
of the parameter estimate 6 increases, therefore, by the noise
distribution factor

f

= : (3.53)
nd tr{[H'%H‘%g]‘1£H(w)d}

3.4,4 Example: First Order System

Let the parameter sensitivity be

1
3h for 0 < w< w
gg(w) = 1+jw - “max , (3.54)
0 for « > Whax
with the noise spectrum
C for w < W,
S(w) = c max , (3.55)

] for w < w< w

W max
"1*(&)2 max

and the covariance w
/MX s(y) dw = R . (3.56)
0

®
. . . . _ oh -1 %h
The trace of information matrix is, trM = £ tr {a_e Sw(m) 38 }daw . (3.57)

In the white noise case the spectral distribution is constant, S(uw) = -

The trace of the information matrix is, therefore,

] (] w
tr M = ymax 1 max 4, . MAX ,pc4ap wraxe  (3-58)
“min 1+w2 R R
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- , For a mixture of white and non-white noise:
p— - . o for 0 < w < iy
max

S(w) = C/TTE;_—TT (3.59)
3 max for Wy, <w 2wy
, YI+u2 max max
) with C = R
? ' W + /1+ww Arsh[wmax/1+ww - wy, ¢1+wmax]

3 wmax max

For the white noise section,

w

% 6w T%GT dw = % arctan Wy, (3.60)
i
L non-white section,
r W w w

oM e = L MY L gy = 1 Arsh(w)| ™,
- 1w w 1w V1+w? 1 w
1 w w w
3 *

w, +/1+w_Z2 Arsh w *

tr M, = W g [arctan w, * 5352—9-], with (3.61)
»’1+ww2

*
w = w Vitw 2 - w,  vY1+w 2

max w w max .

The error covariance of the estimate for the non-white case
relative to the white noise case is then tran'l/ter'l.

Figure 3.1 shows this covariance ratio for different degrees

. In

of non-whiteness, indicated by the ratio W, /mmax

max
this example, the error covariance for the worst type of noise

! ‘ spectrum is 64% larger than the covariance for white noise.
‘ For higher order systems non-white noise will degrade parameter
estimates even more.

] Non-white noise has therefore a significant influence on
4 parameter estimates and should be considered in estimation procedures.
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3.5 ESTIMATION OF CORRELATION

If large data sets are available the distribution function P
! and/or density function may be estimated. In the following, |
i a method for estimating the distribution function is outlined;
the density function can be estimated in a similar way.

l The estimate ﬁ(x) of a distribution function F(x) may
be described by a parametric form,

' F(x) = £(a,6(x)), (3.62)

where x 1is a vector of unknown coefficients and ¢(x) is
] a set of independent functions of x, e.g. moment functions.

The coefficients a may then be estimated by minimizing
a suitable function of the error f(®,¢(x))-F(x). In the least
square sense, the estimate of o of o 1is,
o« = arg min E[£(x,6(x))-F(x)]% (3.63)
a
If f(x, (x)) 1is a linear function of «a,

£Qa,0(x) = alo(x) , (3.64)

the least squares estimate (LSE) of a becomes

a = [E{o(x)0T(x) 11 LELO(x)F(x)}. (3.65)

L gl

For numerical evaluation, it suffices generally to replace the
estimate by an integral. The estimate of o becomes then,

feasu ik s ol o it S ia e

a = i (x) 8T (x)dx) ! RIGLIGLES (3.66)
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where Ndx = dxi, and R 1is the range of x where the estimate
is desired. Kashyap/Blaydon (1968) developed a gradient algorithm

which sequentially updates estimates o when new data are avail-
able.

For the estimation of mixtures of normal or exponential
density functions, it is numerically easier to estimate the

logarithm of the density function, by either maximizing a regres-
sion criteria,

JR - E [1n f(a,x)] = Jf(x) 1n E(a,x)dx,

(3.67)
Jf(a,x) dx =1

or, equivalently, minimizing an error or information criteria
(Young, Coraluppi, 1970),

Jp = Efln £ 1 2 e £ gy (3.68)
f{a,x) f(a,x)
The estimated density function may now be used to design a maximum
likelihood estimator. The sequential correlations of the residuals
of this estimator can then be computed and adaptively or iteratively

included in the estimator.
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3.6 BOUNDING LINEAR ESTIMATOR

In many measurement systems, auto correlations of
measurement errors are known, but little information is
available about cross correlations between error sources,
correlations between system and measurement errors, and
sequential correlation (non-white errors). Hence, an es-
timator that includes a priori knowledge of cross correlations
and sequential correlations cannot be designed. Estimators
for such systems can be designed with an upper bound on
estimation errors.

3.6.1 Bounding Linear Miminum Variance Estimation

Let us assume a system,
Xpe1 = O X * Fk Wies k=0,1,...,N-1
with output measurements,
Y = He X * Vi k=1,2,...,N,
where Xy € Rn; Yk» Vx € R™; Wy € RP.
Then a bounding estimator provides as estimate ; of x, such that

E[(xp-Xp) (X -x;) 11 < Pp(k|k).

Combining Xgs W, V in a composite state,

et T T T T T
X"yt [xo Wy sV serenWig Yy ]

and with the composite measurement vector,

the measurement matrix becomes,




TP

ST T TR Y R e T

H1¢0 HiTy I 0 0 0
Hy¢0ty Hy9¢T 0 Hyry 0 0
Hi: = mi
Hi¢0.o.¢i-1 Hi¢1ll.¢i-1r0 0 Hi¢2!oo¢i_1r‘1 Hiri_l I
— -
n + (p+ mi
Then the causal system can be written
z; = Hi X4
For w, v random zero mean variables the predicted value for
the composite state L 9 is
E[x:] = X; = [X,0,8 0]
i i 0 272
with positive semi-definite covariance
R, = E[(x;: - X:)(x: - %))
i i i i i
of order n + (p + m)i.
For sequentially and colored noise, the correlation matrix is,
B
Ry = Ryx(0,0) Rxow0 Rxov1 Rxow1 Rxov2 Tt Txgvy
R R R R R ce
WoXo WoWg WoVy WoWq WoVa Ry vy
R R R, - R R ... R
VX V¥ v VW, ViVa Vivs
//
y
R R, R R R R,
¥i-1%0  Yi-1%o  Mia1Vi Yia11 Yie1v2o Vi
R R R R R R
L
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with no sequential correlation,

R = R = R =0 for k# 3 ,

the covariance matrix Ri becomes block diagonal and the
estimator can be written in a Kalman filter type sequential
updating form. With va = 0, no correlation between the
noise sources, R becomes diagonal. The estimator becomes
now a regular Kalman filter for Gaussian white ngise. If Ri
is known, the linear minimum variance estimate X3 of X4 is,
T

1711z,

o= T
X; = X, ¢+ RiHi [H.R.H. i

i i1 N Hixi] !

with error covariance,

o \T

E[(x; - x;) (x5 - X;) T

-1
] HiR-

- T
] - R~ = RiHi [H-R-H. i

i itivi
For an estimator of the form,

. = X. + K.(z. - H.X.
X5 X; Kl(z1 H1x1) ,

the error covariance of the estimate is
E[(x; - x;)(x; - x:)T] = [T - K;H,] R, [T - K,H,]T
i XXy oo oxy it R4 s

For an upper estimate Qi > R

T T
[T - KyH;1 Ry [T - KHg)' < [T - KjHi) Qg [T - K;Hy)

(pos. semidefinite if m>n). With the minimum variance gain

T T,-1
K; = QgH; [HQiH;°1 7
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L i< o ochllh i

the bounding estimator is

- T Ty-lp, o=
X; = Xy ¥ QuH; T [HQH; T Tz - HiXy)

o 2N T ) T Ty-1
E[(xi xi) (Xi xi) ] < Qi QiHi [HiQiHi ] HiQi
Since this estimate is a bounding estimator for every Q>R, Q
can be chosen such that _

Q = diag Q,
and a sequentially updating bounding estimator can be designed.
The residuals of the bounding estimator may be tested for non-
white and correlated noise. This information can then be used

to tighten the bounds of the estimator.

3.6.2 Bounding Likelihood Estimators

In a similar way, for the bounding linear minimum variance
estimator bounding likelihood estimates can be determined by
deweighting the innovation sequence of a sequential estimator.
The negative log-likelihood function becomes then

NLLF = (y - HOT Q" Y(y - HX) + 1n|R]|,

where Q = diag Q > R is an upper bound of the error covariance.
This change can be incorporated in existing state and parameter
estimation algorithms in order to get a bounding estimator for

correlated and non-white noise.

3.7 CONCLUSIONS

The estimation problem for correlated as well as non-white
noise was analyzed. Estimation for a priori known correlations
are shown. The degradation of a filter due to non-whiteness
of the noise was shown for a linear filter that assumes white
noise. Estimators that give unbiased estimates for correlated
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and non-white noise, with bounds on the estimate error co-
variance, are shown. Further research is necessary to deal
with the problem of non-white noise due to non-linearities

and unmodeled states.
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IV. CONCLUSIONS AND RECOMMENDATIONS

4.1 CONCLUSIONS
\\\5

and process noise is significantly non-white and non-Gaussian.

Analysis of test results indicates that the measurement

Some analyses indicate that 10% to 15% of the data points may
deviate significantly from non-Gaussian distribution. 1In addition,
numerous sources lead to non-white noise.

These errors effect both the accuracy of state and parameter
estimates as well as the estimation of accuracy levels. In
this report, techniques have been developed to treat systems
with non-white and non-Gaussian noise. These techniques provide
good estimates under given whiteness and Gaussianess conditions.
The procedures are simple and can be easily incorporated in
the standard maximum likelihood and model structure determination
methods.

N

4,2 RECOMMENDATIONS

Algorithms used in system identification and parameter
estimation should be modified to include the effects of non-
white and non-Gaussian noise. Such modifications are necessary
to significantly improve the accuracy with which parameters/states
are estimated.
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INTRODUCTION

In many problems of interest, the state equations are governed
by

x = Fx + Gu t,< t<T (1)
and the measurements are arrival times based on Poisson processes.
The probability of arrival in an interval t to t+At depends
on a linear combination of the state variables

p(t, t+at) = Hx(t)at (2)
Consider a scalar arrival sequence described by~the above process.
Given the arrival times t, < ty < tg ... ty, the problem is
to estimate unknown parameters in F, G, and H.

This solution will be useful in low-intensity image processing
(where photon release follows Poisson process) and medical imaging
with radioactive tracers.

MAXIMUM LIKELIHOOD ESTIMATION

The probability density functin for arrival times
t.» i=1,2, ...N follows the equation

N A (3)
2] ty) = £(ty,t...t) = 1w, e Mi
i=1
t.
wg = f 1 Hx(t)dt (4)

tio1
The negative log likelihood function (NLLF) of parameters
given the arrival times is

N
J=- In{@(e|t;)] = 151‘ {u;-1nu ] (s)




The first gradient of the NLLF is

N du,
%% - 151[1-5;] jﬁé (6)
t.
3ui f 1 3
- (24 x(e) + 0 2X(t)y 4 (7)
R 5o dt

The second gradient is obtained as follows

- 2
2 N PTI 1, ¥4
a°J _ 1 i ( 1) + (1-=) __z_]
p0?  ai1'yl 8 \T "ioee )

The second gradient may be approximated as follows

T
325 _ ;‘ 1 (3“i)(3“i) (9)
392 isl;iz 90 /\ 38

For a single count at t;, one parameter may be estimated by
setting

t
“1’f1 Hx(t)dt = 1 (10)
to

The second gradient matrix has a complex distribution. Its
expected value may be approximated by

2 N [ 3%. \/3T. \T
:p - () (1)

i=1
where ti's are such that
Yy
= [ Hx(t)dt = 1
ti1

My
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COUNTS OVER A SAMPLE PERIOD

The arrival times are difficult to use in estimation when
there are many occurrences over the time period of observations.
The estimation may be based on the number of counts over a set
of sample periods. Let Yi» Ype+ YN be the number of counts
over periot tor tot t,...to+N t. The likelihood function of
parameters ¢ based on measurements Yi» i=1,2...N 1is

N 03 - -
o1y = £ivle) = 1 1Moy (13)
1= *
to+iA
P | N . -"HX(t)d‘t .o e e o e ee-
Pt rGi-1)a (14)
The negative log-likelihood function is
N
J = -1n[2(sly)] = I bys InGugd vuy + Inyg) (15)
The first and the second gradients are
N Y- oy,
U= ( - u—l) -5 (16)
i=1 i
225 N [ys feu\/au\T Yy 32“1
2y T |k, <_)<__> +(1- u—,>7- (17)
An approximation to the second gradient is
92 N y: [ou.\/3u,; T
2. 4 (_1)(.;) (18)
5 i=1 2 30 )\ 36

A Newton-Raphson step may be taken in an iterative procedure
as follows

—

< e e




-1
o= (29) ()
36 9% (19)

This procedure may be continued until convergence occurs.

The expected value of the second gradient matrix is

T
ge 3 L ()3
~ 30 /\96 (20)

i=1 Hi

There is no approximation in the above equation,
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