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he inizial busy nericd, the duration of Lthe Zirst idle
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The initial busy cycle of a gqueueing svstem has always been
a subject of interest. It is of great importance in the study of
si'stems in which the cost associated with unproductive idle periocd

is high and thus *he server has to be 'switch 2£ff' or transfered
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ner system whenever the original svstem is empty for the
first time. Most c¢f the results obtained in the literature Zor

the initial busy cycle, "owever, are not very suitable for comzutsr

aprlications. For the GI/G/l gueue, the in terms
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of Daplace-Stieljes transiorms involving complicated cperators

( 8], egu. 5.18). For the M/G/l gueue, they contain the roots of
a2 certain functiocnal eguation within an uni< circle ([3], equ. 25;.
Chtaining numerical information from these results is nct an 2asy
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ever npeen discussed =horoughly in the litera-zurs.

In this paper, we study a discrece-time singla-server zueuaing
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served Zduring tlhie iniltial busy geriod. This scheme 1s Zilstrisucicn
s - - - - < 3 - < < N 2o = - =
frese; that 13, it requiras no sgec:iic distributicnal assumcticns




for systems having a very general initial condition. When the system

is initiated by the arrival ©f a customer to an empty gJueue, this

scheme will enable us to obtain information abcout the ncrmal busy

cycle. For the gueueing system in which there is a randem 'sez-ugp'
time Zfor customers who arrive when the server is idle([7),[38]) <«his

scheme is also applicable as the set~up times only afisgct ke

initiation of the busy cycle.

2ach customer in this mccdel,

O
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For the actual waiting time
another racursive scheme has been recor+ed in [9].

Let us restrict ourselves to the discrste-time sys<tam observad
at equally spaced epcchs 0, 1, 2, ..., n, ... All events o the
system namely arrivals, transiers from gueue to service and
departures are assumed o occur at instants immediatelw zrior <o

these epochs. We assume that initially the s stem 1is no%t =2m
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and the (k. +l)th, (k.+2)th, ..., Kth, ... customers arriva at

the ssochs T, P P e ey T4 e.. Whers 0<7, LT <o
= ~KA+l" ik +2 <X IKA+L lRA*2
~0 <0 ~0 <~
<Tk<... We also assume that the inter-zrri-ral +<imes
£, = T, - 7, >% r2 mu=ually indarcenient Hut Nt necessarilc
S Terl Tx (x ~O) a muzually iladece > < 33s& g

identically distributed. We write

K oo_ . . - . - ~® <_v . 3
(L) al = Pr (t=vi, v3l,%>%k, I (2) —y=125% 0 F ke 75,
Lot =he service time 0of each customer Ze 5. We wrize

- .o . . - 5 Lo
L2 s, = 2Pr.5=j. , 3zl : z) = _i_-S:27 . Z K+
P ~ J T4 -
T™e customers ara served ia order oI =Zheilr arriwals and Loara2

{5 n¢ limi% on the walting room.




First, letEn (n30) be the virtual waiting time at epoch n.

Let éﬂ (nz0) be the time difference between n and the time of the
first arrival in the interval (n,»). Let Cn (nz0) be the total
number of customers being in the system at the epoch n=0 or arriving
at the system during the interval (0,n]. We shall study the
multi-variate Markov chain {Yn’én;gn}

It is well-known that any stochastic process can be character-
ized as a Markov process if the full set of random variables needed
to specify the state of the process is employed. For the gueueing
system studied in this paper, the instantaneous state of the process
is completely characterized by the bi-variate {Yn’én} . In this
paper, however, instead of studying the bi-variate {V_ A_} , we

~n,-n’

study the tri-variate {Vn An;Cn} . We shall show that this will
{n,%n'z

enable us to resolve our problem more fully (See also [6], (7], [9]).

Now let

n

(3) Vj,l;k

= priV =j,A =4;C =k} (n30,33l,:31,%51).

~

Straightforward arguments result in the following Chapman-Kolmogorov
difference equations for n}0:

n+1 n

(4) Vo, 25k = Vo, 041kt V?,Z+l,k (231,k31) ;
(5) V?T%;l = V?+l,i+l;l (331,31) ;
6 i = Vi, ek at:%=lvg-m+l,l,k—lsm

+ vgrl;k_lsjat (331,31 ,kp2) .
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Let us now consider a second gqueueing system, having exactly
the same description as the one above but admitting no moOre customers
whenever the system is empty for the first time. It is equivalent
to the initial busyv period of the original gueueing system. The
second system will have the same Charman-Xolmogorov diffsrence
equations as (4)-(6) except that the %<erm - .s.a+ does not

appear in (6).

Let the notation for the second queueing svystem be those ZIor

the first system together with the aclitional symbol ~ . He sav
that the chain V_,A_;C_; has {0,.;%x (31,kx21l* as a
~-n'“n’'In

Ccx and Miller [2,p.236] suggest this argroach as on
to investigates the distribution of =the busy pericd
model but do not elabcorate anv further. (See also 4]

From (1), (2), (5)-(6), with the term v X
aZter some routine calculations, we oktain the IZollowing r=al

between the generating functions

(7) AR R S
’ -j=1-2=1"3,2;k
_ 1 73’ 72 "n Zj_l _ l - _;."l
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low  "n L . . . 1
- =) ) < - 1=z Y2y ()=
Tl0=271, 0% (2mid itz (eg
(0 <tz /g1, 0<lt . gl, 30, k3l
whersa E;j is the Xrcnecker delta.
o ik {n30,.32,x31) is the probability zha:
-y v

gueueing system secomes ampty Ior the Iirst time alter

of the X customer at 2zoch a+l and that the [k-1°
would nzva2 arrivad at fhée sv¥sZam 2T 2eDeCcnh (n= s wers




do so. It is therefore equal to the joint probability that

the initial busy period of the original system ends at
epoch (n+l), there are k customers served during this period

and the duration of the first idle period is (%-1). If we

denote this by bn+i K’ we shall have
=T® T on Q’:n - © n 2.n ! [
(8) ’Ln=01l=2‘]l,2,kt > - tzn=lil=lbl;kt S (itlélllhlﬁllkal)

This relationship indicates that the busy period studied
in this paper is what Cohen [1, p. 284] calls the strcng busy
period. A strong busy period continues when an arrival occurs
at the instant of departure of the last customer in the system.
In other words, two strong busy periods are separated with
probability one by an idle period of non-zero duration.

From (7), taking the generating function with respect to

time yields
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If 0<iZlg|t|sl, k21, letting z = £/t in the above equation
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we obtain
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From (10), denoting by BSV) the coefficient of z" in ?V(z)
and by a®'? thne coefficient of z" in ]n_ 2 {z), by induction,
u v=m'v
we get
©  o®  ~n -j-j+n rX  =® n “en
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Egquating the pcsitive-degree cocefficients of t in the above

equation vyields
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Further, eqguating the coefficients of I yields th
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following relations which will allow us to calculate easily
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