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ABSTRACT.

This pamer studies a generalization off the dscre-e-tme

GT/G/ cueueing system. Here, the inter-arr al times are not

necessarily identically distributed. A recursive scheme .s

4erived to -btain the joint distribution of the 4ura-n o

te iniial busy eriod, the duration of the first idle

zeriod and -h e number of customers sered during t-e i.. ta

'-usy period.

KY ,'dORDS A/ND ?ASES: ,', cucue. :n---ia -ines no-

....:-a a -y:t,_ _ tca- . sus-,' ercd. i-

:;umber of cus-cmers served d trnc the in:tazLusv cerod.

n Leave from The New Sout'- ;ales 's!:t Z ec " r c

3. Box L23, Broadway, '"SW 2307, A0stral "a

Researzh succorted H Ertbv U- - ... ...

tract " 0 4 - 5- -04 . r



The initial busy cycle of a queueing system has always been

a subject of interest. It is of great importance in the study of

systems in which the cost associated with unproductive idle period

is high and thus the server has to be 'switch off' or transfered

to another system whenever the original system. is empty for the

first time. Most of the results obtained in the literature -for

the initial busy cycle, however, are not very suitable for comouter

applications. For the GI/G/l queue, they are presented :4n terms

of Laplace-Stieljes transforms involving complicated operators

£8 equ. 5. 18). For the M/G/l queue, thy ontazn the roots of

a certain functional equation within an unit circle ([31, ecu. 23'

Obtinina numerical information from these results is not an eas%

izask and has never been discussed thoroughlv. in the li-terat:ure.

In this oaper, we study a discrete-time sng'Le-serv:e z'-u:n

system in ;..iich the inter-arrival tmsare ual ineect

but no-- necessarl~v identical'-. d-scribut-d; the ser-.-4:e -t:nes

are mutually; indenendent and identicall>: distributed. We s.all

develoce a recursive scheme which nale us to cluaeeasily:

cneoint dlstr:bution of the durarion of thne :-ni--al busy; per--c4,

th-e du-ratio-n of the firs t idl-Ie period and the number :f ZustcmerS

ser-ied dur_'nz h initial bus'; =eri'od. 7his sch-eme :.s dis-tribu::n

re;tnat: Is, itrequires no spec' ' 'srzufn asmc:n

:or t.ranom a v r-a s -:nd e r 2n he moCd-4el. IS -hi scen es S S Z
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for systems having a very general initial condition. When the system

is initiated by the arrival of a customer to an empty auel.e, thnis

scheme will enable us to obtain information about the normal bus,7

cycle. For the queueing system in which there is a random 'se-t-up'

time for customers who arrive when the server is iJdle([7] , [31) this

scheme is also aomlicable as the set-up times on> aff:ec: t

initiation of: the busy cycle.

For the actual waiting timie of each customer in this model,

another recur-sive scheme has been recorted in [91.

Let us restrict ourselves to the discrete-time system obser-:ed

at equally/ soaced e~oochs 0, 1, 2, ... , n, .. All events of n

system namely arrivals, transfers from queue to service and

departures are assumed to occur at instants immediately prior to

these ecochs. We assume that tni~ai he s-stem is notemt

and that there are k~ (k,"l) customers in it at -zh'- eooch n=,

and the (k 0 + )th , (k0.;2)th, .. ,kth, . .. customers arriv-e at

the eo-ochs- 'k ... ... where O<- I---k 0 1' -k -2 ' -

<:.<.. We also assumne that the inter-arri-va. tlmes

Zk ~-~- - (k> )are mutually indecen4den:t '3,,n:t necessari>:-

ie n t aI I distribouted. We write

(1) a4 Pr ' =,1 > k' 132l I .

L at the service time of each customer te S. ie wre t
2 ~ ~ ~ J I.=?.Sj j~l ? (z) z i? L.

'gte cust:omers are served in ordker of their arri":als andter

1s o lmit oDn the -aiting room.
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First, let V (n>O) be the virtual waiting time at epoch n.P' n

Let A (nO) be the time difference between n and the time of the

first arrival in the interval (n,-). Let C (n>0) be the total

number of customers being in the system at the epoch n=O or arriving

at the system during the interval (O,n]. We shall study the

multi-variate Markov chain {V n,A n;Cn }

It is well-known that any stochastic process can be character-

ized as a Markov process if the full set of random variables needed

to specify the state of the process is employed. For the queueing

system studied in this paper, the instantaneous state of the process

is completely characterized by the bi-variate {V ,A I In this~_n ~n

paper, however, instead of studying the bi-variate V n,An} , we

study the tri-variate (V n,A n;C n We shall show that this will

enable us to resolve our problem more fully (See also [6], [7], [9]).

Now let
n.

(3) v = Pr{V =j,An = ;C n -k }  (n;C,j>l, l,k.l).
jZ;k -n n --n

Straightforward arguments result in the following Chapman-Kolmogorov

difference equations for n.O:

n+l n n
(4) v0,2;k vOq+l;k + VlZ+lk (Zl,k.l)

n+l n(5) vj,' l Vj l + ;(j , r )

(6) vn+l = n + a k j3 n is
,;k Vj+l,Z+l;k a m= I j-m+Il,,k-Im

n k+ v0,; sja (3 >1, lk >2)
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Let us now consider a second queueing system, having exactly

the same descriotion as the one above but admitting no more customers

whenever the system is empty for the first time. It is equivalent

to the initial busy period of the original queueing system. The

second system will have the same Chapman-Kolmogorov difference
n k

equations as (4)-(6) except that the term 10,ikn sak does not

appear in (6).

Let the notation for the second queueing system be those for

the first system together with the a~ditional symbol . We sa'

that the chain "V ,A ;Cn " has {0,2-;k Z>l,k>l} as absorbin.g states.

Cox and Miller [2,D.2361 suggest this approach as one suitable me-hcd

to investigate the distribution of -he busy pericd c-4 :-e

mode! but do not elaborate any further. (See also [4] and 75)
n k

From (1), (2), (5)-(6), with the term v 0 , ,  s a. omizted,

after some routine calculations, we obtain the followina - '-

between the generating functions

(7) -v - n+l jt
-j=ilz 1j,Z1;k z

1 7 vi z VZ- lj -l~l-j .'k - z1 j = v n.  k

ti 2= ', ; - N. z- -... . -

(0 <1 z 41, O<'t 41, ,0, ,;l)

where -, s the Krcnecker delta.

n nGr s the orobablit v:ha -_he seco - d

queueing system'becomes empty for the first time after -:he iear-ure

of the k customer at epoch n-1 and that the 'k- :h :us-.mer

wold e arriv;ed at the system a: ecch n- were .e
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do so. It is therefore equal to the joint probability that

the initial busy period of the original system ends at

epoch (n+l), there are k customers served during this period

and the duration of the first idle period is (Z-1). If we

denote this by bn+l we shall have
Z-;k'

7 7W 'n ^n ktnCO n Zn
(8) Ln=0L%=2 v , Z; k 1n=l %;k (It(<l,K l,k>l).

This relationship indicates that the busy period studied

in this paper is what Cohen [1, p. 2841 calls the ,sttc;,i busy

period. A strong busy period continues when an arrival occurs

at the instant of departure of the last customer in the system. f
In other words, two strong busy periods are separated with

probability one by an idle period of non-zero duration.

From (7), taking the generating function with respect to

time yields

(9) Fl. - l77' t~~f n jZ
L(ztj n=O j=l"Z=ij,C';kzt

v zt -Lv
;=j=14=1v.;k - zLn=OLj=l j,l;k

i .l. .n n-n
,n Z&= Z;kt

+(-kl) Z)k tz n=0 'j=ivj 1,k-i l{

0< z 1<l 0 t 1i 1 k<i k1).
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if O<iKt~, k>,l, letting z = /t in the above equation

we obtain

A%7o^ 1-c n n

(10) V. + T n I =b, ;t

t tij=1LZ= j, ;(;/t t~

+ (1-6kl)T{(. 1/t)2Z (t)~ 0 1 .lkl~/t)

(v) k =U~vjlkl

From (10) , denoting by 3(v the coefficient of z Uin 11v(z)
U

and by, arn the coefficient of z in ~m z yidcin
U= zbyidcin

we get

-~n=O-j=1 j,1;kt nI l1;

1 0
-j~l- 2 l j,Z;k

+ ~ (k-v ~ a t~

- ,k-1 [7'v) u v+1,k u n bn
-= t -u1' u=lau t b,=<1;v

Equating the pcs~ftC'v-degree coefficients of t in the above

equation yields

(12) b' n O 1
-n= =;k - j=1 j, -(J;

-k-i- 7u+, .(k-v) v+lk- ~ 0j
+ a I. V.
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-- k-1-20 7U+Z,(k-v) v--,k-- mZf ,n+u
-v=1l~u I w=J.'u u-W+Z-m=1 w";"

Further, equating the coefficients off .7 ields tnhe

following relations which will allow us to calculate easily

the values off bn. r.; , Z.>l , k>,2) from she eaz~ in itiJa l

distribution v0  -~ m-j' Pr.IV j A0=Z; C 0=ko~

n 0(13) bo. VnZ~~

7k-l-n -u- Z 3 (k-v) v-l,kv0
+ v=P.u=1w=u-n u a '1"n-u,n-u--w;v

k-17 - +Z'(k-v) V-1l,. n-u1
Zvlu= W=l~u a+.o W'7

The recurrence is initiated by V~ 0 (nI>, L

I the Initial busy pericd is initiazted by th-.e a fri a

o: one custocmer to an emo-tv aueue, then a S -

WC1, d:ablle -: a e t-e 4o~nt .4-st-r4 'ut-o

te J:u.rat:n of a ncrmal bus-y cerio'd, the durationr o- a cmal-

4- eriod and the number of customers served durinz a norm~al bU S

7oer rCa

For tne system inwhc there I's a randomse-trm

zcusto:mers who arr:v-,e when th.e server _,Si l e, -.;ewrt

r~'and! n f,: r. -a -i c-' ~n ac :
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