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POLARIZATION TEST FOR THE MULTINOMIAL DISTRIBUTION

Khursheed Alam* & Amitava Mitra

Clemson University & University of Southern California

ABSTRACT
The vectorsp = (pl,...,pk)' representing the cell proba-
bilities of a multinomial distribution are partially ordered

3 - j ¥ Lol J - 4 =
if DiZ1 Py 2 Siz1 Ry j l,...,k, where ® (i) denotes

the ith largest value among PpreserPy- If the reverse ilnequality

4

holds we say that p minorizes p' (p 4 ©»'). In this paper we
: s . . o) . - . .

consider a test of the hypothesis H: p € p~ against the alternatc

o

. L o o . .
hypothesis H': p » o, where p~ is a given vector. The test

discriminates between the situations where the total multinomial
nrobability is distributed more or less evenly among the 1 cellis.
It i3 therefore called a rolarization test.

Rey words: Multinomial Distributicn; Schur-lonwen Tuncuicn
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1. Introducticn. Let M(x; v», n) denote the multinomial

&

distribution, where x = (xl,...,x ) ' denotes the vector of cell

k
orobabilities, p = (pl,...,pk)' denotes the vector of cell
frequencies, Z.E X, = n and ¢, p. = 1. Consider a partial
i=1 1 i=1 ¥i

ordering of the probability vectors p, given by the majcocrization

relation: p majorizes g' (p » p') if C

3 s> = 3 gt
i=18(i) = i=1P(1;

j=1,...,%k, where p denotes the ith largest value among

(1)

Ppre--rPy- If the reverse inequality holds we say that p

minorizes ' (

(6

< »'}). A symmetric function f is said to be

Schur-convex 1if f£(p) » £(n') for all p » p'. For example,
- R 2 . , - . 1
0 = “i=1 Pj is a Schur-convex function. Clearly, 7 < Q< 1.

IZ the k mulzinomial events are nearly egually probable then
the value of Q is close to its lower bound. On the other hand
if the total probability is almost concentrated into a single
cell then the value of Q is close to 1. Thus, the w7alue of 2

measures, so to speak, "volarization"of the multinomial distribu-

More generally, the multinomial distribution asscciated with
o 1s said to e more nolarized than the multinemial &
associated with o' if » > »’. DNote that the vector (Z,...,

majorized by every vector p. In this paper we consider a test

- . . o . .
of the hypothesis, H : p 4 » against the alt
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H': o p, whera »n~ is a given value of ». The tast is based

. . - x% 2., . . v = . )
on the statistic T = (“—l xi)/n, rejecting I Ior large ralues
i=

nI T. Ve call it a polarization test. e note that the nolari-

tion test 15 2 one-sided Ltest, whercas, Pearson

codress oI fit 1s twe=siled, dosizned to htast sho




(2)

2 the hypothesis H states that ﬁpl - Py £ p? - pg‘, while

A
It

the reverse inequality holds for H'.

The problem of testing H against H' arises in various sit-
uations. Suppose, for example, that k political parties are
contesting in an election. Let < denote the proportion of
voters in favor of the ith party (i = 1,...,k) at a certain
period of time before the election. It might be cf interest
to know at a subsequent period of time before the election
whether, due to the emergence of certain issue or the occurrence
of certain event, the voting preference had polarized in the
sense that a single party or, at most, a few parties out of the
X parties would share together almost all the votes.

For another example, suppose that the pcpulation.of a variety
of fish is spread out in certain parts of a lake. It might be of
interest to know whether the fish population had concentrated
into fewer parts of the lake at a certain time, that is, the £f£ish

vopulation had polarized due to a change in weather condition o

L8

some other Ifactor.
in the following section it is shown that the given test is
unbilased. For the applicaticn of the test we need T Xnow tiae

distribution of T. Formulas for exact as well as the asymptotic

distribution for large n are given, Numerical results are zilven
showing asymptotic convergence of the distribution.

2. Polarization test. Consider the hyrcothesis H., We reject
4 fnr large values of T. Bv Thecrem 3.7 of Hollander, Froschan

-

and Sethuraman (1977)
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is Schur~convex function of p for any positive number t. There-
fore, the polarization test is unbiased. For the application
of the theoram note that T is a Schur-convex function of x and
that the multinomial probability function satisfies the condi-
f tion required for ;(y,%x) in the theoren.
; For the application of the test we need to find the distri-
bution of T. First we consider the exact distribution of T.
Let [x]+ denote the smallest non-negative integer - x, and (%]~
denote the smallest integer < x. Let Dk(t;pl,...,pk,n)

= P/T < t; denote the cumulative distribution function (cdf) of

T for k > 2. The cdf is recursively given by

fO, t <n/2
! n nt n2 iy
SR ) LA Z_.)z o oy (-p) MY
(2.1) 2 \-/Plr Al,n "’<“ r=[£ _ (E _ n—-)‘]“}_ r
i 2 2 4 .
l, t ~n 5 = t < n
- {0, t<n/k
i
n n 1 - '
- + - - = N
Sl mE-pa-pT 1
L (1o, (1-2,) i
. =‘| - {1_ _ _ _I‘_l _ -]:— ': + o N S
(2.2) Dk(t,pl,...,p_(,n) i r [k (n(t k)(l k> ] i
nt—rz;pl Pl n-r n N
e D - AR TN -
| k Pk *
' ll t n
The recursive relation is based on the fact that the conditiona: 1y
Zistriouti £ = (= X ) iven x is H(“'Ei— ’
Jistrigcution oL g = (RyreeesX 1)y Jive X R f'l-Pk e ey |
!
0, l
1 n - <.,

=
|

=<

[£8]
v

Jext we consider the asymptotic distrikbution of T for lar:ze |

2. The covariance matrix of x is nl = n(d - » '), where oprinre )

“danotes the transpose and D denctes the diagonal matrix with i<h




? (4)

diagonal element equal to py. Let A

AR
eigen value of .
2igen value is

¢ o= (1,1,...,0)"'.
1

. zing T whose first row is equal to (== ""'jF) and let y = P Xx.
X ~

vk
The first component of vy is equal to %: .

v X

written as

(2.3) Ey = (5

f15

<

. 3 . .
it 2y = : t, > .
ahers oy -i=1 ?i . It 1s easy to see tha Ql Q
S

k-1
An eigen vector corresponding to the zero

denote the non-zero

Let P denote an orthogonal matrix diagonali-

1

Let the mean of vy Dbe

~ Vsum N
ne;va R I
RS S SR S

we haven T =x' x=v' y'. Since x is asvmptotically distriputed accoriincg

=2 the multirariate normal distribution with mean

~ave Ior larze n

. . ) dn LR 2
12.6) T &+ Z._ Z.
-k i=1 1 71
~
- ' i 34 i ) 3 3 vAS Yy o
where T means "asymptotically distributed as” and 2. is normally distriputec
4L
with variance 1 and mean equal o +n e tlorecver Z,s....2,, | e independent,
e 4'\—
: 2 . 2 . - : 2 "
et 2, - . 3Since Z7 is aistributed as | - ‘non-central
- 1 4.0y
shi=goiar? witch L degr2e oI freedom and non-g¢entrility paramater
5 -1 .
< iaioS. o Tro Tae monent generativ: funotion of Ro= 07 0 027 1s
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(2.7) M(t) = E e

. \155 £ k-1 ,
= enp(n ;;_] ) I (1-25.¢£) °  t < 0.
1-27.t 1i=1
i

From (2.7) it is seen that
. — 5 - T‘k.“l 22 , y‘k"l “2 :2 -~ d

(2.8) S e VS B C IR M SR O I

where V denotes a standard normal random variable. From (2.4),

(2.3), (2.6) and (2.8) we have that
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(2.9) e (9 -2

Suppose that Ql - Q" = 0. Two cases arise: (i) pl = 92 = ...= 0,
~
l < - . I . . 3 . - - -
= 2 and (ii) pipj = 0 for 1 = j. In case (i) we have L=,
cee = . _, = fand from (2.3) i, = 5 = ...= i . = 0. Therefore,
; k-1 k 1 2 k-1
2, . . 2 . . - - .
Z.l is distributed as . 4 {central chi-sguare with 1 degree oI Ireedom:

and (2.6) we have

“k-1"

n case .i1) we have T = n with probability 1,

denote the values of 9Q and respeccivelr,

[l ®]
c

l ’
for » = p7, and let V¥V dencte the upper s - gquantile of the standari

normal distripuation. Let T denote the critical wvalue c¢f the uwclar-
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vel of significance egual to ., 2as derived Ironm

2.1 ard 72.2). From (2.9} the value of T ZIor larde n 13 anorox- S




(6)

Also, the asymptotic power of the polarization test is equal to

2
r— OO - o )
5 ( LELQ_:_QSL - (Nl (@7 Yy V)
2 2 4
2(Ql - Q) Ql Q
where ? denotes the standard normal cdf. For 2 - Q° = S , where
v
¢ is given positive number, the asymptotic power, that is, the

Pitman efficiency is equal to ?(%(Q? - ()Y 7) <. V.

In order to comvare the asymptotic formula with the exact

formula we show in the table pelow values of P ‘T -~ T:

, Cerivead

from (2.1) and (2.2), where T1 is given by (2.11) fcor . = .95,
x =2, 3, 4 and certain values of n and po. It is seen from the tacle
that n = 100 is not sufficiently large for the asymptotic probabil-

itv to match with Lhe exact probability. It is interesting to

Q.

observe that the figures in columns 2, 3 and 5 agree except Ior one

entry. We have checked the figures given in the table with the

&

result obtained Irom a simulation study.

Jjalues o P T <« T

)
(¥
fa

L0, E IR ETER L LY L0003, .34, .90 2,.2,.2
L3 1.300 DR Bk 1.000 LT3
29 .37 3 1.0 a3 1.060 .812
14 229 22 - .920 8344
53 347 347 =02 .947 .301
33 L0602 ) 202 L9653 S
35 e L2 322 L9352 B




(7)
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