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RELAXATION OF MOMENTUM AND ENERGY OF AN ELECTRON IN A CRYSTAL

IV. INELASTIC SCATTERING ON OPTICAL PHONONS

P.A. Kazlauskas, I.B. Levinson
(Submitted 16 March 1966)

Computed are the iifetimes, times of the relaxation

and fluctuation of the momentum and velocity, and charac- _
teristics of the relaxation and fluctuation of the energy :
with defonmation and polarization scattering on optical
phonons without dispersion and an arbitrary isotropic

E zonal structure.

Introduction

The inelastic scattering on optical phonons of electrons with
an energy of c~hu, is a very common scattering mechanism. It ;
Is known that in this case it is impossible to reduce the term i Ei
from the collision in the kinetic equation to a differential form,
and it is also impossible to introduce the relaxation time into
- the kinetic equation. However, we can determine the times of re-
laxation (and fluctuation) for a test electron, which are com-
puted in this work. These times give a representation about the

rate of relaxation of the energy and momentum; furthermore, they
enter into the balance equation, from which the electron tempera-
ture and drift momentum of the shifted Maxwellian distribution are
defined.
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All the designations and concepts unspecified in the work
follow the werks [1], [2] and [3], which are cited as I, II and
III.

1. Formulae for the characteristic times of the test electron

In addition to the times of relaxation and fluctuation of
momentum examined in § 3 [1], let us introduce similar times for
the velocity:

time of relaxation of velocity

T [ @) wo. nre-ve. .o

time of deviation of velocity

a1 @ we mve-ver. (1.2
time of longitudinal fluctuation of velocity
T = [ @) wo nve- ;. .3

If by analogy with (3.5) of I, we introuuce the times Tla
according to o

S [ & 8 Wi ) o) (1.4
[ ]

the times (1.1)~(1.3) are expressed by +, according to the
same precise formulae as (3.7)=(3.9) of I.

The times of the relaxation and fluctuation of the momentum
and velocity coincide in two cases: for the parabolic band with
an arbitrary nature of scattering and for an almost elastic scat-
tering with an arbitrary zonal structure. In the first rase,
the conincidence is connected with the "uniformity" of the para-
boltec band and, in the second case, with the fact that with an
almost elastic scattering, a small part of the band, which can
always be considered "uniform," is important. Understood by
uniformity here is the independence of quantity p(sNv(e) of ¢.

The times of relaxation and fluctuation of the momentum and
velocity on optical phonons are easily calculated if we disregard

the dispersion of the latter. The results are given in Table (1.1)

where denoted is

Af(@©)=In| Pl TR T A (1.5)
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Under the assumption made, the electron is replaced or loses 1ts
energy by constant portions Aw, 1in view of which

— ‘ -
@ =ty (1.6)
Dt (¢) = -%- (A, -1’0"(-:) . .7

Results for the parabolic band are listed in Table 1.2,
where (1.5) takes the form

|-

AT ()= 2 Arch (-,;) . (1.8)

A7 ()= 2 Arsh (‘;) : (1.9)

Some of the results for the parabolic band, sometimes in a dif-
ferent form, were obtalilned eariier by different authors: 1t and Q
for PO in [6] and for DO in [7].

Let us note that for electrons with an energy somewhat great-
er than the energy of the optical phonon, i1.e., c—-Au, $ha, the
dependence of the emission times on £ 1s identical for the PO and
DO mechanisms. The fact is that with the emission of the phonon,
such an electron is almost stopped, and therefore all the phonons
being emitted have an identical momentum g¢3p(:) and the depend-
ence of B(q) on q does not appear.

Let us compare the characteristic gquantities given in Table
1.1 and Table 1.2 and aliso in (1.6) and (1.7) with results of cal-
culations by other methods. For the elastic scattering, when
& > hay, they, cbviously, are converted into quantities which enter
into the kinetic equation and given in vables 3.2 II and 3.4 II,
respectively. For electrons with :<hw,, when only absorption at
low temperatures kT<hw, is possible, it makes sense to compare
the lifetimes and times of relaxation of the momentum with re-
sults of the calculation according to the composite scattering
conducted in III, when 3t is considered that the instantaneous
remission follows behind the absorption, As follows from the gen-
eral theory, the 1lif ‘imes 10 coincide; however, the times of
relaxation of the momentum t are different, although codnciding
in order of magnitude. Thils difference is associated wtih the
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fant that the instantaneous remission changes the direction of the
finite momentum, thereby changing the increment of the momentum
in the act of the compesite scattering in comparison with the
simple absorption. For the mechanism DO, where the scattering 1is
symmetric, this difference disappears

It makes no sense to compare Q and D with the corresponding
quantities for the composite scattering, since In the latter case
the dispersion of the optical phonens is important.

Certain "relaxation times" for the inelastic PO scattering
were calculated by means of the Kuto method in [4] for the para-

bolic band and in {5] for the Keyvnov band; here the virtual trans

fers were disregarded. Result [¥] coincides with the time 1 from
Table 1.2, Thus the calculation according to the Rube method has

a simple physical meaning - this is simply the time of the relaxa

tion of the test particle. However, it is interesting to note
that the result [5] for the nonparabolic zZone colncides with the
relaxation time of the veloclity ' freom Table 1.1 and not with
the relaxation time of the momentum T.

2. Relaxations of momentum and energy as a function of the energy
of the test electron

The general character of the dependence on ¢ of the most
important quantities 1/t(e) and Q{c) for the paraboloic band is
shown on Figure 2.1 (high temperatures AT®My) and on Fig., 2.2
(low temperatures kT €M)

A1l the curves are characterized by an increase when g-«
for DO and a decrease when ¢g=® for PO. This is obviously con-

.1

the mechanism and

nected with the short-acting nature of DO o
long~-range interacting nature of PO of the mechanism. When
s = A, all the curves have a sharp bend connected with the in-
clusion of emission scattering. At low temperatures this bend
is accompanied by a sharp increase in exp{ia/kT} times, owing
to the effective spontaneous emission.

Let us examine first the detailed dependence 1/t(e). For DO
it is monotonic, and for PO it has a maximum in the region of
&~ Aoy both for the high and for the low temperatures. For the

o - ———— Wy




high temperatures, with the transfer from region

region «¢~kT the quantity () in order increases (for DO)

decreases (for PO) (Mg i kDT times.
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Fig. 2.1. Dependence of 1/t(e) and Q(e) on € at high
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Fig. 2.2. Dependence of 1/t(e) and Q(c) on e at low

temperatures.
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Sfable 1,1 Characterintte timen of tnelantte pentterding on optienl
~ phonons without dispercion
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The efficiency of the reiaxation and fluctuation of mcmentum
is described by the quantities

e T T
. e=-=, Caa,';. =g Q1

which show what portion of the momentum relaxes or fluctuated with
one event of scattering. Similar gquantities can be intrcduced

also for the velocity

=2, &= -1-%- 3.2

ot

From Tabie 1.1 and Table 1.2 it is seen that in the region of

the elastic scattering, when e>r b, we have for the PO-mechanism

a(e) =&’ (e}~ oy (€)= 253 {e) ~ &; ()= &}, ()~ A2 ()€1 3.3)

Y W

This is connected with the long-range interacting nature ¢f the
PO-mechanism and indicates that with elastic scattering it dom-
inates the interaction with the long-wave phonons; the latter leads

to the inefficiency of the relaxation and fluctuation of the momen-

0 Py R

ti
: tum and velocity. For the short-range interacting DO mechanism,
where the interaction with the long-wave phonons is wezk, this
i effect is absent, and all o in (3.3) is of the order of unity.
: In the region of the inelastic scattering, when e~hy, both

-for the PO and for the DO mechanism

2e)~2" Y~z (&)~ 1~ (B)~a(D)~], 39

o, Ul il gt

since with such energy the laws of the conservation of momentum
and energy lorbid the emission and absorption of the phonons with
small g (Fig. 2, I).

-
e
I

i%

In the region of highly inelastic scattering, when ec<hea,, §=

both for the PO a~d for the DO mechanism §

. z2(e)~2" ()~ 1, 3
2@~ G (~a. )~ () ~ By 3.5 i

£

This can be explained 1in the following way. In absorbing the

I
uf

phonon, the electron increases its energy up to M., as a result

I

|
{

of which the absolute magnitude of its finite momentum proves to
be much more than the -initial momentum. It is precisely,




» ?“E‘f’":j; =2
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therefore, that the fluctuation of the momentum is abnormally

great. This has no effect on the relaxation, since the great de-

viation=s in reverse are compensated by the great deviations for-

ward., T..1s compensation is precise, since when e€+0 the momentum
g, as 1is seen from (2.5) I, stops being dependent upon the angle
of

scattefing y, and the scattering is made symmetric at any
dependence of B(q) on q.

The situation connected with the long-range interacting
nature of PO scattering in the region of energy ed»hw, 1is similar
to the situation with scattering on Coulomb centers; however,

there is a significant difference. With Coulomb scattering, by

introducing the small parameter of cutoff £+0 (for example, due
to the Debye shielding), we have that =t

0 is of the order of
& T oty Ty 1s of one order of |[lE|-t,

and the times of the
higher order (connected with a change in the momentum |p-

PI% Ip—-p'L...) are filnite. With PO scattering only Tt
of A1 proves to be small, and =, 1 and T,
as the times of higher orders. The reason for this is the more
rapid decrease in the dipole field of PO scattering in comparison
with the Coulomb field. For this reason, the collision term of

the kinetic equation for the PO scattering can not be reduced to
the Fokker-~Planck

0 of the order
have the same order

form in all three components of the momentum.

Efficiencles of the relaxation and fluctuation of energy are
determined by the relations ‘
%o T T
3=—§-, 3= —% . (3.6}
Usine (1.7), it is possible to show that
= i hm. 2 .
3= (2)- @7

Obviously, this is simply a square of the relative change in en-

ergy in any event of scattering, irrespective of whether it is

emission or absorption. For the efficiency of the relaxation of

energy 1n the reglon of elastic scattering, where s» Ak, we get

()~ '2~.‘+ 1 1‘!3} . (3.8)

The second factor is the relative change in energy in the event
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¢ scattering; the first factor is connected with the fact that
frrom 2N0+1 events of scatitering, N0 absorption and NO+1 emission,
on the average only oneexcessive event of emlssion leads to the

energy relaxation., In the region of the highly inelastic scatter-
Ing  c<ghy o get

$()~1, DO, Po, low temperatures;

B(s)~ 'hk?ﬂ‘ bo

Suy~%? A, PO | high temperatures.

The meaning of these results can be understood If we keep in mind
that 8&(¢) determines the efficiency of the relaxation of energy

e to energy e®*. At low temperatures ¢ My , and the e¢lectron
with <My reaches s¢=e* with one event of absorption. At high
teaperatures the number of events necessary for thls is of e
order of ¢*/Aw. which concurs with (3.9).

Institute of Physlcs and Mathematics of the Academy of Sclences
of the Lithuanian SSR
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Summary

Velacity relaxation and Huctustion times s ¥, are given by (L1) — (L),
When the seattering is elastic, or the band is parabulic, those velocity characteristic times
coincide with correspouding mowentum characteristic times «, v, t, velocity and
wotmentum: characteristic time, energy loss power Q and energy fluctuation “power” O

- are given it Table Li (nonparabolic band) and Tabie 1.2 (perabolic band).

For the most impurtant quantitics - momentum relaxstion time v and energy loss
power Q the dependence on electron energy ¢ is iNustrated in Fig. 2.0 (high lattice tem.
peratures AT>Aey) and Fig 22 (low temperatures ATQAN).
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