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SUPPRESSION OF RIVER ICE
BY THERMAL EFFLUENTS

George D. As hton

PART I. UNSTEADY SUPPRESSION OF RIVER strongly to changes in the meteorological variables and
ICE BY FULLY MIXED THERMAL EFFLUENTS varying discharges, in one case fluctuating over a range

of 80 km. Donchenko also pointed out the necessity
Introduction of considering the hydrodynamic stability of the leading

Imposit ion of a dam and a reservoir on a river gen- edge in locating the position of the ice front.
erall’, results in the release of water during winter
periods at a temperature above that which would or- Governing equations
dinarih be experienced without the reservoir. As a For a flow with temperature uniformly mixed over
result , the ice cover is s’ippressed in the reach down- the depth, w ith no transverse velocity variations, and
stream of the dam. The present analysis examines this steady flow , the governing partial differential equation
ice suppression in an unsteady sense h’, including is
both the effects of unsteady variation of the meteorolog-
ical variables and the storage and release of the energy a (Dpc~ ç )+ -~~~ - (DUpC ~ 

a
associated with the melting and freezing of the ice P w ~~~~~~
cover. The effluent from the reservoir is assumed to
be fully mixed over the initial cross section. In Part
II of this report, the effects of a side discharge of a 

~oE a(Pc~T~) \÷ a 
________

thermal effluent will be considered so as to include the 
~ 

‘ a~ / ~ ‘ a /
effects of lateral mixing.

Previous analytical work on the problem is sparse. (I)
Dingman et al. (1968) analyzed the steady.state case,
that is, assumed constant meteorological conditions where 0 is the depth of flow, T~ is the water tern-
and chose as the criterion for the location of the ice perature, U is the mean velocity in the x (longitudinal)
edge downstream the point where the water temperature direction, p is the density, C~, is the specific heat ca~
was 0°C. They well recognized the limitations of their pacity, z is the transverse coordinate, and E~ and E,
steady-state model (Weeks and Dingman 1972) Paily are respectively the longitudinal and transverse mixing
ci al. (1974) considered a similar problem hut with a coefficients. ~ is the heat flux at the top surface and
step increase in the effluent temperature and inclusion there is assumed to be no flux at the bottom. If we
of the effec t of longitudinal dispersion. Their criterion assume 0, U, p and C~ are constant , then the equation
for ice edge location was also the location of the o°c may be written in the form
isotherm for open surface conditions. Examination of
their results also shows that inclusion of the longitu- ar~ ~~ 

ar~ — a i~. ar~\dinal dispersion term has small effect compared with a: ax 8x (~ ‘~~~
‘)

simple nondispersive routing.
In contrast to these analytical studies Donchenko 

+ a /~ ar ~,\ ~~~~~~~~~~ (2)(1978) pointed out that the ice edge responded 
~~ 

(
‘, ‘~~~[PC D 
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Open Wote r bce Covered

~- j urr I. i)etinItio,, ske tc h ti’, hear r,an %re, ,.wals sis.

We now neitlt’c t lon*itutlinal nh xing and obtain h,~ a ~~

+ ~~ I~ ~~
\_ _

~~~~
_ . - ( t )  whei e a has di,nt-nsions ot ~ ,n~~”C~ and ~ has dimen-

~tz ~t, / pc~,l) sions ot ~~ ~~~~~~ . Depending upon the .*sa ilahiltts
01 input data , one mas aiwas calculate .tn equi~alent

It we further assume that r~ 
is I nil’. mixed .ru oss the ‘.alue ot a, 1’ or h,~ is’. ener g’, budget anal’. st-s . In

width, then general, a,?’ and h~~ are functions ~t time oni’. , sinc~
.

the lengths oser which the .tn.tl’. sis is c_o r k~tl out are
~‘ncralI’, touch shor ter than corresponding spatial

— - (4) var iations of the energ’. budget sa, iahles. I lowest- i , out
~1t ~h pC I) . Sm ain put pose here is not to examine tet inerns nts in

energ’. budget calculations but rather to examine the
I mall’., it a Lagrangian s rewpo ;nt r~ adopted we ma’. implications of the neglect ~ t the unsteadiness ~ t the
w r i te  total blux ~ and the ~-ner ,~‘. res~uired to melt (or t reeie)

an ice cOSt -i •

When the tlow is ~e ..s ”.eied. 
~ ~~~~~~ 

hut noss the
£ )t pC~

I) heat tlux from the water to the ice depends upon the
flow ~ar laNes . hr particular , we take the heat t1u~

Outline of analysis from the waler It s the i.e. 
~~~~~~ 

-~~

A definition sketch is presented in I igure I -
When the top surface of the flow is open to the ~~~ Pr~ , 7 ~ — I ,~

atmosphere, ,~ ~~ where &~ is the heat flux tr~ n1
the wate r surface to the atmosphere above. 

~~~ 
isa where h~ is a heat transfe r coett ic ient and 1rn is the

ct~npJica1ed funct ion which has .i number of components melting ~~~~ (,,,~ • O’ C), ~‘bosed conduit turbulent
depending upon air temperature , wind veloc it’, , hurnidit’, . heat transter correlations .rre genetall’. ol the for m
cloud cover , time of da’, and other factors . For present
purposes, we will assume the wind speed I ~ and air hw~R 

* 
ILcRp~\°~Ip C~

4
temperature I~ are dominating and express ~~ hs the T~ ~ / V~ /simple relationship j

h ‘T T 1 16) wh ere R is Ihi’ h~ draulic radius ~~~ ~ is the a’.t-~ .~~~~

~~~ 
— 

blow seloc it’ . (m s~ 1, ~~, is the water densit’. (kg rn I,
p is the dynamic s iscos it’ . (kg rn~ ~~ 1 . ~~ , is the pet it Ic

where h ,~ is a heat transfer coeff icient that isa function heat (I kg~ “C’t ) , and k~ is the thermal .on~Iu~tisit ’ .
of the factor s noted above. As a practical matter we 

~ th~ wa ter ~W ni~ “C ’). ~ is an empirical t -oett ,crs-rr t :‘~~will use, in the numerical simulation which bolbows , a on the order of t) .023 (see, e.g.. Robsenow and Choi
relationship ol the form 19(4)) for smooth sn, tj t- i’s , When the water is .thos t’

~~~~~~~~~~~~~~~~~~
.1~ — 

-.-—. .—— ~~~~~~~~~~~~~~ — •‘~—.- ——.—--—



1

freez ing and the flow is turbulent, re lief features (ice
- - r~~ i 

~~~ .~~~2-~~-~~*

increase the value of C by up to 50% (Ashton and 0.8

Kennedy 1972). Evaluating the properties at 0°C and
taking R = 0/2, 0.6

ripples) form on the underside of the ice cover which 

, 

°

1.-;,

~ 02 

~~~~where C~ = 1622 W s~~ m~
2 6 °C~ for C 0.023 and

h~~=C ,~!&_ (10) 0.4 
-,

C,,,1 = 2433 W s0
~
8 m 2-6 °C~ for C = 0.0345.

Equation 5 may now be integrated to yield, in Co. 0 2 4 6 8 0 r2
ordinates moving with the flow, X X 0 (Sm)

Tw~ Ta = exp 1”~v~ 
(t_t O)lopen surface (11) Figure 2. Downstream attenuation of water tempera-

T~, 0~
Ta L pC~D j ture beneath an ice cover.

Tw~ Tm = exp ~~ 
( t t 0) 1 ice covered (12)

Tw o_ Tm [ PCpD j
where the initial condition is taken as T~ 

= T,,,, 0 at “C’), T5 is the top surface temperature of the ice cover ,
= o and x x~. Relative to coordinates fixed ~ and we requ ire that T, ~ 0°C because of the state re-

space such that dx Udt the corresponding equations lationship. In the absence of evaporation or conden-
are sation on the top surface , 4i~ = Ø,~ where Ø~ is the heat

flux from the surface to the atmosphere. Ø,~ may be
T
~—T ~ = expI~~

t
~
a (x—x o)1 open surface (13) 

calculated in a manner similar to Ø.~ through intro-
duction of a heat transfer coeff icient h~ applied to theT~. ~~

Ta ~ PC~~D 
difference T,-T2 in the form

Tw~ Tm = exp[
~~~~~~

0] ice covered. (14) ø~ ~~~ (Ts~Ta ). (17)
Tw,o Tm PCp UD

Using 
~~ 

= ~~ allows us to elim inate T~ between eq 16
Equation 14 is shown in Figure 2 for typical parameter and 17 and results in

values.
The melting and thickening of the ice cover is governed Tm ’Ta (18)by the energy balance at the water/ ice interface 

+ 
j  -

k~ h.~
01 (15)

dt
We could also in a similar manner add the effec ts of a

where Ø~ is the heat flux by conduction through the ice snow cover by introducing an additional term p5/k , in
cover (W m 2), p1 is the density of ice (kg m 3 ), X is the the denominator of eq 18.
heat of fusion (1 kg 1), t~ is the ice thickness (rn), and Subst itution of eq 18 in eq 15 then results in
d~/dt is the rate of thickening. The conductive flux
0~ through the ice cover is treated in a quasi-steady man- Tm Ta .. ,, (T 

~
Tm ) p 1X~~1 (19)

ncr by assuming a linear temperature profile through + _L ~~‘ dt
the ice thickness. Thus, k , hja

= 
k 1 (Tm Ts) 

(16) which, if Ta and T~ arc constant in time, may be readily
‘1 integrated. They seldom are, however , so in the numer-

ical analysis eq 19 will he integrated numericall’. in step-
where k 1 is the thermal conductivity of the ice (W m~ wise fashion in the form

3

4 .i ~~~~~~~~~~~~~~~~~~
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Location of ice edge 08 ~ oc:~~~~~E~~~~
Retore examining the ettr-c t 01 sar’ . rug I • it ~ of I 1006 ~~~~~~~~~6ii’tlefl~st to examine the criter ion for the location ~ t the ..~~~~~~f 

, / ‘)  LitC ~ice edge under r~onditions of constant 1~ . Pre~ious in- ‘~~~~. ~ / // /vest4gator’s have generafl’, used the location sf the (1C / / 
/ / ,-.•, I -

isotherm p ethc ted bs anal’. Sis ot the heat loss front the ,I / /
open sOt face (essential)’. the anal’. sis leading to eq 73 ) 1 /w it h vsrioias modifications troni the present anal’. SIS to LI i . -

consider different fornr u%atior-r s tot or to  include 0 Oi 0 .~ 03 04 i)~.

the e f f ec t s  ~ f longitudinal disps’rsiort . I rom eq 13 hs -~~~~~

the present anal’. his,
/ /tlUI~’ 3. Comparison ot dIsto.n~-es dowrrstreanr to ~~~51 ~•PCr, L’D , 

—1 4 ~t,i~ coit’r to, the t r,tc -,,J ot equi/itw iunt £Ic’ut ri. s.- ’

lr ,, = O ’C ~ ,,4 1,, o-1
~ 

and O’~ isvth+’iin IcktJtj Ofl. as (
~,nc(ion ffi,~ wafer

(21 trmperuturrj air teniperuture ratio.

Since the heat balance at the surface determines 14 ~ O”C. the ratio is presented in I igure 3 as -~ tUrtc-
whether or rr,st ice will for m at that surface , it is a bet- tion cit 1~ 0 ( ~~~j

) liii sarious s.dues ot hia h,,,. The
icr indication of the loration of the ice edge than is r at i o is small corresponding to small salues of 1,, ~hthe location of the O~C isotherm. The condition is oh- (either large initial w_ rte~ temperatures or small sub-
tam ed h’. assuming incipient ice formation corresponds ~ tieeiing air temperatures) and large ‘.alues of h,~ h,,,,h? .1: 0 when ‘z 0. F ront eq ~0 this is at .i tent- (large wind spt-eds or sI~ w flow ‘.elcic itiesi. Ner~.rtise
perature I,, ~ iiven h’. saint-s of the tatici correspond . of cool ~C. to cases w Iher~- ‘‘1

i~~~4 which ph~sicalt’. ma’. be inler-preted .is rtio*e
conditions for which ice wilt thick en because the heat1 -! )

~ 17 — ,r” ~~~~ - lass to the atmosphere is greater than the heat ,lt- ij ’ .eri- j
to the undersurfac e t”. the flow - I o put the situation

- . into better per’pectise . I is~ure 4 pme~en1s salues of theSubstttutmng into eq IS  the cot tespor ’.drn~ locatron is _ -

iven hs ratio fs ’r particular ‘.~lues of 1,, ~~. h ,,4. h,, .rnd
Ithich of the two ci item i.s for the ice edge location

— C is operative depends SM) the sequence of an temperatures.- 0 
~~_!_~~_ (Jearl’., water will not f t ee:e until Is tcnhperature hash,,4 decreased to O~C. Thus unless a prior ice cci’. ci is

present , the ntost upstream location ot the it- t’ edge is

r Trn~
Ta / ~~ 1 g ist - it h’. the 0’t ’ isotherm, corresponding to the criteriontO8~ 11 0— r ~ ~T t represented h’. eq 23 .  On the other hand, if an kt- COSt -II ~~i 

rs present and the ice edge is receding downst ream due
to nwttinr~, it will on)’. recede to the location at whichIt is now necessar’. to assume that h = h , which . 

- 
-“ . the n’.elsrng from below equ.th the tenden~,’. to thickenis rejs*.sna~rI~’ at the ice edge since the top surtace of the - - - - -- . - - from above. Thus, durirr it periods of warnhlng air tern-ice edge ma~ be considered wet . The ratio of the dic- . *

- - _ . peraturc’s when the ret- edge is receding dowirstr-eani,tamic es h’. the Iwo criteria iS then given h’. . .  - 
‘

the criterion of heat balance represented h’. eq - ‘ ap-
1 r 

~
- 

~ 
—

~ 
plies. During periods ot cooling air temperatures, the(s x0, 

k~, 
1m a (~ + “wa)  O”C isot herm location governs firs t ice ,rppe.irance and

e ~~~~ h~JJ 
~~~ 

eq 21 applies. In the simulation that follows, the order
I 1m ’ T 4l Ot logic in the calculation of ice thickening results ri

~ log, 

~~ 
either the O”Ccrite r Ion or the heat balanc e c r u e t  iona being naturall~ satisfied, although the latter is cml’.
approached .r~~rnptoticall’. in time because ~f the on-and, of course, the ratio is alwass less than units for sIead~ nature of the calculations.

4

I I _ ~~~~--.~~~~~i!i~~~~~~~
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10 since increased depth results in slower attenuation of

oe 
T,, due to~ (through the velocity effect) than occurs
by simple reduction of velocit y as a result of width

~‘. I 06 increase (since U has small effect on the attenuation of
ft T,,) . The above reasoning is perhaps made more clear

0.4 by c’aminatiori of the decrease in T,,~ with distance

\ described by eq 14 , whic h is presented in Figure 2.
o 2 Again , the analysis about to be described would allow

quantitat ive examination of specific cases.
Q __  - L_ - I - —o -5 -10 -iS -20

t o  T~ t ct Numerical simulation
The numerical simulation is quite straightforward.

00 The temperature evolution along a reach is computed
ft using eq 5 in the difference form

= T~~- -~-—-& (25)

where the superscript i denotes a time s t p , and the sub-
o -s - - --—i sc ript denotes a distance node. Since eq 25 is in theo 5 -io -‘5 -20 - . -

Ta ~ C) Lagrarigian sense , this requires that = L’, At. This
requires , in turn, that the total reach he subdivided into
subreaches with lengths vary ing if U varies but this pre-

Figure 4. Comparison of distances downstream sents no serious problem. 1’. pical time steps used were
to edge of ice cover for the criteria of equilibrium of the order of 1 200 to 1800 seconds. At the conclu-
heat fluses and 0°C isotherm location as func - sion of each time step, the thick n ess of the ice was
zion of the air temperature and initial water determined at each j node point using eq 20 written
temperature. in the form

Figure 3 serves mainl y to indicate the conditions — i~ 1 ~~~~ —/i ‘T~ 
LT 126)

for which the 0°C isotherm criterion is a poor approx- wi W i rU

imation for the location of the ice edge under stead 1 2! + 1
stat e conditions. The numerical simulation presented k 1 h i~
below is sufficiently simple computat ionally that the
unsteady effects of T~ may also be inc luded. The The initial temperature at the upstream end of the
regions for which the rat io is negative , of course , are subreach was specified for each time as was the air tern-
where the analysis presented herein is most useful , as periture. For the exantples presented, dai ly averages
the 0°C cr iterion would predict finite lengths of open were used although it would be quite easy to specif y
water while, in fact , no open water will exist except in a more deta iled time variat ion. In the calculation of
the very near field. This region also corresponds to the ~r at each / node point , it was necessary to use either
conditions which Silberman (1974), in a discussion of eq 6 or eq 8, depending on whether the surface was
Paily et al.’s (1974 ) analysis , suggested resulted in open or ice-covered. In the thickness calculations, 6~
plunging of the warm discharge beneath a cooler , but was taken equal to zero if T4 -

> 0°C. After the new
lighter, layer of near 0°C water. Such a plunging phe- ice thickness was calculated, it was set equal to zero if a
nomenon undoubtedly occurs for small velocities and negative value resulted. In the example simulations
small densimetric Froude numbers and clearly is the presented here, h~ 4 and h~ were assumed equal.
case for warm water flowing into large bodies of water. The problem also requires specifications of initial
Similarly, the reappearance of open water downstream conditions. In Figure 5 are presented Iwo examples
from an ice-covered reach may be explained by the of the effec t of specifying a constant-thic kness initial
ex istence of a larger velocity downstream from a region ice cover of either zero or finite thickness. Ta was

of smaller velocity, since Ø,,,~ 
is increased more or less maintained at a constant value of -5°C. The distance

proport ionally to the velocit~’. The effect would be to ice edge stabilizes, after many days, for the finite
more likely to occur where the lower velocity results initial thick n ess of 0.3 m and, after several days, for

from increased depth rather than front increased width , the zero initial thickness. In the latter case , the time 

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
.
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40 - The program is listed in Appendix A.i~.O0m
0

U.0 5m. ’ Uncertainties and limitations

presented above and a number of limitations to its
- applicability. Uncertainties, aside from the difficulties

~~~~~~~~~~~~~~~~~~~ There are a number of uncertainties in the analysis

of accurately representing the meteorolog ical variables,
- include some uncertainty in the calculation Of h wa,

h~1 and h.~. For example, h~ 1 is known to increase by
about 50% due to the relief features which form on the

2 20 - underside of the ice. Since these relief features appear
as a consequence of 0w,, it is probably reasonable to0

,,0.0.o m use the higher value in calculations. There is also con-
u.0,25m.- ’ s iderable uncertainty that the ice edge location pre-

/
X

~~ 

ziicted by Use of eq 19, which leads to eq 23, is appro-to - priate. For the case of increasing air temperatures and
a downstream receding ice front , it is probably a good
approximation . For the case of decreasing air tempera-
tures and an ice front moving upstream, it is probably
poorer because the hydrodynamic forces acting oil a

0 5 ‘0 15 20 25 new ly formed thin ice cover result in initial thickeningTrn ,i (days) by accumulation rather than by thermal thickening.
Figure 5. Example simulation of the movement One possible improvement would be to calculate the
of the ice edge in response to an abrupt release ice product ion under such cases and locate the ice
of ther’rj / effluent for different assumed initial front by use of the equilibrium accumulation thickness
ice conditions. predicted by the analysis of Pariset and Hausser (1961).

Even that approach, however, would be limited by the
to stabilize is longer than the time of travel to the fac t that above a velocity of about 0.6 m s~

1 it is dif-
equilibrium ice edge location because ice is grown until ficult for a cover to even form by such accumulation.
the temperature front reaches the ice edge and this ice, The limitations imposed by the simplifications of
in turn, must be melted before equilibrium is achieved, the analysis are several. Longitudinal mixing has been
A better set of initial conditions could probably be neglected but this is considered to have a negligible ef-
obtained by running the simulation for a few days prior fect compared with the thermal inertia of the ice cover
to the period under investigation. Figure 5 also j l itself. The assumption of complete vertical mixing
lustrates the potential errors in neglect ing the ener gy m~rkes the analysis inappropriate for locations very close
required to melt the ice cover in the steady.state analyses to tI c source of thermal effluent, unless the effluent is
referred to catt ier, already k-fly mixed as is the case for reservoir discharges.

There is one particular circumstance where the above The assump:lon of complete mixing across the width of
anal ysis must be modified. When the air temperature the flow, and consequent neglect of lateral mixing and
is cooling, the ice edge location moves upstream. How- dispersion, is important both near the source of the
ever, eq 26 is not applicable here until an ice cover effluent and well downstream near the location of the
exists and ice will not form until the water has cooled ice front. The source problem is reasonably self-evident,
to 0°C. In this case, the 0°C isotherm location is the At the ice front , the limitation occurs because of varia-
more correct location than the location given by the t ions in depth and velocity across the width of the flow
case corresponding to ØW~ 

= 0wa as ,~ -. 0 (eq 23 in which, because of the resulting lateral variations in
the steady-state case). There are thus two locations for dT

~/dt, cause a lateral ly uniform temperature distribu.
the ice edge, depending on the prior history of the ice tion to become non-uniform. Thus, it is common that
cover extent, the ice fron t is observed to be somewhat V-shaped,

Finally, while no complete field data are available at with the apex of the V downstream and near the thaI-
the time of writing the simulation has been applied to weg of the channel. These latter effects are currently
the 1965 data presented by Dingman et al. (1967) but under analysis by introducing lateral mixing into the
with an estimate of T~ o~ 

Uand D. The results are formulat ion and require the additional consideration that
presented in Figure 6 and show reasonable agreement the dispersion coefficient for closed surface flow is ap-
with the three observations available, proximatel y half that for open surface flow at the same

- 
depth.
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PART II. EFFECT OF TRANSVERSE MIXING complete over the depth and that there is no lateral
ON ICE SUPPRESSION mixing due to transverse velocities (secondary currents).

The effect of longitudinal dispersion is also neglected,
Introduction although for rivers it is negligible compared with the

Rivers are commonly used for the disposal of ther- transverse mixing effects and the unsteady effects due
mal wastes and, in most cases, the disposal occurs in to variation in 0 resulting from air temperature varia-
the form of a side channel discharge of heated effluent. tions with time. The product pCi, is effectively con-
During periods of ice cover , the effect of such effluents stant over the range of T~ of interest so that eq 1 may
is to suppress the ice cover from its otherwise natural be written in the form
thickening and, in the vicinity of the release, open water

—

often results. The intent of this work is to explore the aT~ aT~ — a “ aT
w) .-_-

~~
..__ (2)extent of this ice suppression as a function of the para- ax az (~ ~~~

“ pC~,D
’

meters which have most significant effect on the sup-
press ion. Part I of this report dealt with the ice sup- The heat flux 0 at the surface depends on whetherpression resulting downstream from an effluent fully or not an Ice cover is present. If an ice cover is present,mixed with the flow as would be experienced down- 

~ may be reasonably represented by an expression ofstream from a reservoir release or from a power plant 
the formwith an outfall diffuser operated so as to provide com-

plete mixing.
0wi h~ 1 (Tw Tm) (3)

Analysis of dispersion and heat loss where 0w( is the heat flux from the water to the ice,
The governing differential equation is ~~ 

is a heat transfer coefficient applied to the tempera-
ture difference T

~-T~ between the flow and the ice!
a(pc

~T~) 0 a(pC
~

T)
~~ a 

(E ~~~~~~~~ 
water surface which is at a temperature Tm = 0°C be-
cause of the state relation. The heat transfer coefficientax az ar 0 h~, depends on the flow variables. By analogy with —

closed conduit turbulent heat transfer , h
~ j is deter-

‘5.mined from a Nusselt-Reynolds.Prandtl number cor-where p is the density (kg m 3), C~, is the specific heat relation of the form(/ kg 1°C 1), T~ is the water temperature (°C), E1 is
a transverse dispersion coefficient (m2 s’t ), çb is the
heat flux at the top surface (W m 2), I) is the depth (rn), hwt 1

~~. c(4~2~
’)
0’
~ (~

c~)Q4 (4)x is the longitudinal coordinate, z is the transverse co- p ,ordinate, U is the mean velocity, and t is time. Equation
I implies that mixing of the effluent with the flow is where h

~1 R/k ~ is the Nusselt number , URp/p is the

8
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Reynolds number , uC~/ k~ is the Prandtl number , R the flow velocity is unclear, lit open water areas faris the hydraulic radius, k~ i~ the water therntal conduc- from the ice edge, it is reasonable to expect L 1 = ‘10~tivity (W nt ’s 0C’I ), and p is the dynamic viscosi ty while under the ice cover fat from the edge L L ,,.(kg in ’1 
t ’). C is sontewhat uncertain but is of the ihe nature ot the numerical simulation presented beloworder of 0.023 to 0.030 depending upon the under- makes it convenient to assume an abrupt ~hantge’ in I ,surlace roughness of the ice. The Prj ndtl number for at the ice edge. The finite difference algorithm usedwater is 13.6 at 0°C and decreases wit h increasing tent- effectivel y causes a tran sition from L ,1, to! ,~ over aperature. At 0°C, dPr/ dl w —0.4 °C 1, so in the range distance depending on the width of the grid elements .0°C to 4°C the error in assuming Pr contstant yields at

most about 5% error in calculation of h~ and w ill be Analysis of ice thickening and meltingneg lected in view of the uncertainty in C. The melting and thickening of the ,.e stiyer areIf the water surface is open to the aintosphere, t hen governed by the energy balance at the wate r i t t ’ . ‘t~ei0 depends on the energy budget at the water surface. lace (Fig. 1)
For present purposes, we wil l approximate 0 by

0i~~~wi P A  ~~ (I))0w a~~~ w a ( T w~~ a ) (5) di

where 0wa is the hej i flux front the water to the air , where c~ is the heat flux by conduction thrtsuØt the ite
‘~w~ 

is a heat transfer coefficient applied to the difference cover (W ma), p, is the densits of ice (kg nt 3 ), A s the
between the water temperature T~ and the ambient air heat of busion (/ kg1). VI is the ci ’ thicknes s (m), and
temperature T~. Coefficient 

~~~ has large dependence dvii di is the rate of thickening. I he condui iive flux
on the wind velocity, generally of the form O~ through the ice cover is treated in a quasi-steady

manner by assuming a linear temperature profile through
hwa = a 4-b V~ (6) the ice thickness; thus,

where a is the heat transfer coefficient for still air and
b V~ is the wind effect with I’~ the ambient wind 0~ 

k i (l ’ m _ Ts ) 
( 10)ve locity at some specified distance above the surface, VI

In numerical examples presented later , h5~ will be
taken constant although the effec t of eq 6 may easily where k1 is the thermal conductivity of the ice (W ni_ I
be included in the numerical analysis (or , for that mat- 

oC~l) and T~ is the top surface temperature of th’ -t itt
ter, hwa can be ca lculated from even more detailed cover and we require that T~ s 0°C because of the state
energy budget calculations of 

~wa )’ relationship, In the absence of evaporation or conden-
The transverse mixing coefficient also depends upon sation on the top surface, Ø~ 

= 0~, where ~~ is the heat
whether or not the flow is ice-covered or open. We here flux from the surface to the atntosphere. 0~ may be
relate E, to a coef ficient k times the product of the ca lculated in a manner similar to ~~~ through intro-
shear velocity U. and hydraulic radius R in the form duct ion of a heat transfer coeffic ient hia applied to

the difference T5 —I
~ in the form

= k U.R (7)
0~~~

hj a (T s Tj ). ( I i )
where For open channel flow R ‘ 0 and for covered
flow R D/ 2 . Denoting L , for open flow by L,~,, .i-’d Using Oi = 0~ allows us to eliminate I, between eq 10
for covered flow by L ,,  then and I i and results in

‘.10 — - It= ‘1 k U,0. (8) 
0~ 

= 
Tm _ I a 

- (12)
1i+±

Engmann (1977) has measured !, for both covered and k 1 hi~open flows and found results consistent with eq 8, with
k in the range 0.15 to 0.2 which may be compared to We could also in a similar manner add the effects of aa commonly used value of 0.23 (Okoye 1970). How- snow cover by introducing an additional term 7i 5/k 5 inever , it the river is not straight , cons iderably larger the denominator of eq 1 2.
va lues of k are o bserved (Paily and Sayre 1978). Substitution of eq 12 in eq 9 then results in

The situation for a partially open ice cover where
the edge of the ice cover is mitre or less aligned with

9
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Figure 1. Definition sketch for heat transfer analysis.

Tm _ Ta _ h ( T T ) A~~ (13) -~~~
_

~~
__ (16)

di fJCpD

k~~~h~ where the E values depend on whether or not the flow

which, if T~ and T~ are constant, may be readily inte- is ice-covered (E = 
~~ 

or open (E E10) at the respec-

grated. They seldom are, however , so in the numerical tive / grid points. The 0 term is also dependent on

analysis eq ~3 will be integrated in step-wise fashion whether or not the flow is ice-covered and we choose

using the 1,1 location for the determination. Thus

At 
[T

m re “Ii (T~ 
_Tm

)} 
(14) 0w1 = h

~j T~ (ice cover present) (17)

0wa = 
~~ 

(T1_ T
~

) (open surface). ~l8)

and,of course, ii the resulting value of ~ < 0 after a Solving eq 16 explicitly for T~
t results in

time step, then ‘i is set equal to 0 and open water exists ,

Numerical slmu~ t~ n = ~ ~~~~ ~~ T~ (19)

Because the numerical simulation presented below
considers the effect of variations in the initial effluent where the coefficients a, b, c and dare given by
temperature with time, it is convenient to transform
eq 2 to a Lagrangian coordinate system moving at the = At (E- -.-E- _ 1) (20)
mean velocity of the flow, Thus, introducing Udt dx , 2(&)2 ‘

eq 2 becomes, for a parcel of water moving with the
flow,

b= 1-  Ath~i At (E14 1 +2E 1 +E1_ 1 )
DT

~ a 
(E ~T)  

pC~D 2(Az)2
(15)

Dr àz ‘ a1 pC~D (ice cover) (21)

The explicit finite difference equation used in the simu~ At h5,,1 
— 

A: (( +2( +E )lation is b = 1
PCpD 2(&)~

-
(open surface) (22)

At

(( 1~1 +E1 ) T1~~-~E1.1 +2Ej +E1.,)  T~+(E 1+E1 , )  71-I 
~~= Ar (E 141 +E1 ) (23)

2 (Ai)2
2(Az)2
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FIgure 2. Results of example s/mu/at/on for a smaller river under steady-state
conditions.

______ 
Initial conditions must also be specified. Since one

I ~o ~~ seldom has detailed knowledge of ice thickness varia-
t ions, the choice is practically between ant initial uni

0.5 - form ice thickness or an initial open water condition.
In either case, even for steady effluent temperatures

0.4 
and steady air temperatures, it ta kes some time for an

\ equilibrium state to be reached. In the case of an initial
3k m zero thickness ice cover , this is due to the requirement

of melting ice which has grown during the period before
( C )  0-3 \ the thermal “front ” reaches a downstream point. In

the case of an initial uniform ice thickness, the t ime

02 
. 6 k m  \ to reach equilibrium may be quite long because of the

- large thermal inertia of the ice cover. In the example
\~~ \ simulations which follow the in itial conditions have

9k m been taken as zero thickness and T,,,, = 0°C. In applica-
0-I tion, the most reasonable approach would seem to be

to run the simulation for several days prior to the period
of interest unless, of course , the situation to be in-

C0 10 20 30 40 ~~ vest igated is the one of abrupt release of a thermal ci-
ibm ) fluent.

A complete listing of the computer program ma~ he
Figure 3, Lateral variation of water tempera- found in Appendix B.

tures for example simulation after five days.
Example simulations

d = 0 (ice cover) (24) In this section two example simulations are presented.
The first example is that of a smaller river s0 m wide

d = 
Ath~1 (open surface). (23) 

and 2 m deep with a mean velocity of 0.5 nit s~~. 1 he
thermal effluent is distributed over an initial width of

P P 10 m at a temperature of 1.0°C, which corresponds to
a heat load of 42 MW. An initial thickness of 0.0 m is

Again, the value of the E’s depends on whether or not assumed, and the air temperature is maintainted con~an ice cover or an open surface is present. stant at -5°C. Other parameter values used are h~1
-2° —-IThe above explicit scheme is stable for 25 W m C. (corresponding approximately to a

mean wind velocity of about 4 5  m ~.t ), k 0.2, U.
2E At < 1 (26) = 0.04 m s 1,and C 0.023. A grid spacing of Az
(Az) 2 = lOm and tx 300 m (A t 600 s) was used.

In FIgure 2 the ice edge location is shown for times
and the appropriate value for E Is, of course, E0, since of one, two, three, four and five days after initial titer’
it is larger than E1 for the same total depth. mal effluent release, and it is seen in the figure that

11
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Figure 4. Lateral variation in ice thickness for
example simulation after five days.

5 -

0

- 5 -

(C ) -10 -

-IS -

-20 ‘
24-d ay

!i!!~ !!tion Period

n i I
10 13 20 31 Jars

TIme (days)

Figure 5, A typkal winter daily air temperature variation used In the
example simulation of a wide river,

equilibrium was achieved after about three days. Also the river at x 0 the ice edge would have been located
shown in Fi gure 2 is the boundary ol the region unaf- in the vicinity of 1.5 km.
fected by the thermal effluent after five days (defined The second simulation is for a very wide river, in
by an Ice thickness differential of A?) < 0.001 m for fact sufficiently wide that reflection from the far bank

= 0.11 m) and the location at which the ice thickness has no effect on the results both because of its distance
was one-half its undisturbed value after live days. In and the decrease in T5,, due to heat losses to the ice

Figures 3 and 4 are presented lateral profiles of water cover. The flow was characterized by a depth of 4 m
temperature T~ 

and ice thickness 7) respectively, at and a meant velocity of 0.5 m s ’s , and a heat load of
various distances downstream from the release point, in 540 MW was distributed over an initial width of 32 m
both cases for I = 3 days. We also note that had the with a corresponding water temperature of 4.0°C. This
thermal effluent been fully mixed across the width of heat toad was maintained constant while the air tern-

12
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FIgure 6. Vdriation of length of open water Figure 7. Variation of maximum width of open
for the wide river example simulation, water for the wide river example simulation.

cases of open water extent corresponding to 24 j anuary
z(m) (maximum extent ) and 28 january (near minimum

40 60 120 160 extent ) arc presented in Figure S. The extl’emL’ fore-
1 shortening of the .s scale relative to the z scale in Figure

8 (a ratio of 250:1) somewhat obscures how tong and
10 narrow are the open water extents . Finall~ we note that

~~~~~ \ 
the example presented is also valid for a release at the

~cç centerline with a heat load of twice that used since the
20 boundary condition at the ban k (ar/ az 0) is the

same by symmetry.
X (km)

30 ~~ 
Field comparison

24 JOftJ~ It is desirable to test the simulation against actual
field observations. One very limited set of data was

40 - t 
obtained of the open water that existed downstream of

I 
the Riverside Power Plant on the Mississippi River up-
stream of Bettendorf, Iowa. The data consisted of ob-

50 - lique angle aerial photography of the open water area
and wore obtained on 17 February 1979, Fi gure 9
shows a view of the power plant and near-field mixing

60 - zone. On the cover there is a view L~oLi.tg dnw~sstream
from the vicinity of the-plant. Figures 10 and 11 are

Figure & Maximum and minimum open water similar views from points farther downstream. In Figure
extents for the wide river example sImulation. 11 an ice edge may be seen , although farther down-

perature varied as shown in Figure 5 (taken from an stream there were numerous patches of open water in
actual temperature record in the midwestern United the plume area. Other data were obtained subsequent
States for 1972). An initial thickness of 0.0 m was to the aerial photography; their sources are as follows:
used and othe’ parameters were as follows: h~5 25 RIver hydrography: 5 m depth fairly uniform
W m 2 °C~ , k = 0.2, U. = 0.04 m s ’t , C 0.03, Az along west side of river; obtained from hydro-
= 16 itt, Ax 1350 m (corresponding to At 2700 s). graphic charts of the river.

Figure 6 presents the resulting length of open water Mean velocIty : 0.61 ms ’1 , obtained from a
and FIgure 7 the maximum width of open water, the float measurement on 13 February 1979. River
location of which varied somewhat in the longitudinal flow discharges were reasonably uniform over the
direction (from about 6 km to 25 km). The extreme period 13 to 1 7 February.

13
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FIgure 11, View downstream near end of open water extent. (Our apology for the
poor quality of the photograph.)

Daily air temperatures: average of daily maxi- supplied by Iowa-Illinois Gas and Electric Corn-
mum and daily minimum air temperatures re- pany). The effluent water was then mixed over
corded at the Quad-City Airport in Moline, II- a width of 30 rn of the river flow to obtain the
linois, which is located about six miles from the 2.97°C, Considerable uncertainty exists in this
river site. value since only monthly plant operating figures

Initial width of mixing: determined from were available. Further, the intake and outfall
aer ial photography to be approximately 30 rn. geometry are sufficiently comp’icated that a sim-

Effluent source temperature : 2.97°C. This pie near-field mixing analysis was not feasible.
value was obtained using design temperature Wind speed : Not recorded. In lieu of site in-
rise of water passing through the various plant formation, hwa and h,~ were arbitrarily taken as
units after correcting for plant capacity (figures
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12 is that also depicted in Figure II. Ilowesci ,
~a,er,0 60 120 tensive patches of open water ex isted in the thermal

plume area downstream and the solid line shown in
Figure 12 is the outline of this ~uca. Ihe accurac~ of

2 the simulation is difficult to evaluate from these limited
I? Feb s.,vat,an data, both because of the uncertainty in the input

parameters , and because of the rapid advance upstream
4

of the ice edge, resulting from a tour-da~ cold per iod.
1 he simulation was performed using .i transverse grid

6 interval of I S m , a total grid width of 150 nr, and a
— time step of 409,8 s .

U is planned to conduct a more detailed field study$
— at this site to include direc t measurement of water tern

perature profiles, ice exten t and meteorological var iables.
ID These data will allow .r better determination of the

- L t o  is quality of performance of the simulation.

I Uncertainties and limitations 
.

$2 ~~l

The uncertainties present in the .rnal~~is largeR i t -

$4 late’ to the magnitude of the coeffic ients used. h~~ and
IT F b  S,mulol,on

/ h~ (assumed equal in this anal~sis) can aiw.n s be better
16 approximated if more extensive meteorological intor-

mation is available. The magnitude of C used to est i-
mate h~ 1 should be verified by actual field measure-

‘. ments and one virtue of the present work is a means of
est imating whether a particular field s ite is sufticientl~Figure 12. Comparison of nunter ica/ simu/atio’7 well-mixed hori,ontails that measurements of temper-

results for 16, 1 , 18 February and obsers’ed open atures iii the streaniwise direction w ill .rccuratel~ ~ieki
wetCr extent on 17 February. a value of C. The ice edge location results from .i

melting (or freezing) analysis that assumes the cover-2 ec.l25 W m ; this corresponds approximately is stable for v et s small values of ‘?. This is probabl~
to an average wind speed of 4., m ~ reasonable in the lateral direction Since at the’ ice edge
Using the above informat ion, three simulations were 

the thickness changes rapidly with z. It is I ess certain
run on the computer using values for the mixing co- at the downstream edge since the ice thickness tends
efficient of k = 0.20, 0.40 and 0.80 rn2 s’1 . The last 

~ ~~~~~~~~ and be quite thin over taitI~ large -‘ di~-
value provided the best agreement with observation of 

~~~~~~ Ocher limitations in location of the downstream
the three runs and the resulting open water extent is extent are discussed in Part I.
shown in Figure 12 fo r the days of 16, I?  and 18 The analysis has assumed a uniform distr ibution of
February. Also shown is the observed open water cx- velocit ’. and constant depth in the -

. direction which
tent on 17 February. is part icularly convenient since time ste ps then cor-

Some interpretation of Figure 12 is in order. Ap- respond to distance steps. Holley et al. (1972) have
proximately 7 km downstream from the plant the ice discussed the effec t of lateral variations in velocit~ and
edge appears to be pinched at the location of a SU5 depth on the dispersion coefficient, and it can he sig-
pension bridge over the river. This is perhaps explained nificant. One improvement in the present anal~ sis
by the presence of a pier located approximately at the would be to incorporate such effects , perhaps even
ice edge location which may act to stabilize the cover, with a quasi-steady shift of the ve locities towards the
At a distance of 11 km Lock and Dam 15 severely open areas as the cover is melted away . One procedure
changes the local flow geometry since all the river flow possible is that suggested by Sayre and ‘r eb (1973), who
passes through roller gates on the opposite side of the utilized the Manning relationship on a local basis to de-
river. Evidence of the thermal plume existed down- termine the transverse distribution of water discharge.
stream of L & D 35 but no attempts were made to Finally, secondar~ currents can result in considerable
simulate the complex flow conditions resulting at the magnification cit the et f ec t ist ’  value cit k whe’n the
dam. The simulation was arbitrarily extended using river meanders. Incorporation of these effects would
the upstream depths. The “ice edge” shown in Figure

1_
- - -

~~~~ ~-~~~~~ - -
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probably require an implicit algorithm rather than the
conveniently simple explicit algorithm used herein.
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APPENDIX A: UNSTEADY FULLY MIXED
ICE SUPPRESSION
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APPENDIX B: UNSTEADY LATERAL
MIXING ICE SUPPRESSION
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A facsimile catalog card in Library of Congress MARC format is
reproduced below,

Aahton, George D.
Suppression of river ice by thermal effluents / by George D.

Ashton. Hanover, N.H.; U.S. Cold Regions Research and Engineering
Laboratory; Springfield , Va.: available from National Technical
Information Service1, 1979.

iv, 26 p., illus,; 27 cm. ( CRREL Report 79-30. )
Prepared for Directorate of Civil Works — Office , Chief of

Engineers by Corps of Engineers, U.S. Army Cold Regions Research
and Engineering Laboratory under CWIS 31361 and 31362.

Bibliography : p. 17.
1. Cold regions. 2. Heat transfer. 3. Ice. 4. Ice openings.

5. Rivera. 6. Thermal diffusion. 7. Thermal pollution. I. United
States. Army. Corps of Engineers. II. Army Cold Regions Research
and Engineering Laboratory, Hanover, N.H. III. Series: CRREL
Report 79—30,
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