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ABSTRACT

Extensive testing of the transconductance multiplier weight circuits

designed for the antenna nulling project indicates that a simple time delay

feedthrough model fits the measured data very well. Properties of this model

are derived and app lied to the problem of determining the model parameters

from measured data. Plots of actual measurements and model predictions are

provided to demonstrate goodness of fit.
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I. INTRODUCT I ON

Recen tly , there has been much interest in the use of Adaptive Antennas
in Space Communications systems. These antennas are expected to cancel inter-

ference signals automatically. The basic structure of an Adaptive Antenna

system is shown in Figure 1. It consists of several antenna elements, a

weight circuit for each antenna element, and a control circuit. The control

circuit senses the direct’on and magnitude of the interference and sets

the amplitude and phase of the weight circuits in such a way as to form a null

in the antenna pattern in the direction of the interference.

Exper ience with an exper imen tal Adaptive Antenna system has shown tha t
when attempting to obtain interference cancellation over a non-zero bandwidth

the weight circuits often limit the performance. In fact, the weight circuit

performance appears to be one of the most critical features in determining

how much cancellation can be obtained. For this reason, it is desirable to

have a simple analytical model for the weight circuits which can be used to
predict cancellation performance. Having such a model, one could specify in
terms of model parameters the weight circuit requirements necessary to achieve

a desired level of system performance.

Several different types of weight circuits were evaluated in the

experimental Adaptive Antenna system. Though they differ in configuration and

performance significantly , the circuits all have roughly the same characteristic

frequency response. A typical frequency response is shown in Fig . 2. ‘I’his

figure represents the response obtained when the weight circuit is adjusted

for maximum attenuation at a single frequency. It is clear from the figure

that the acheivable attenuation averaged over a band of frequencies decreases

as the bandwidth increases.

The resemblance of Figure 2 to such familiar patterns as the frequency

response of a single-zero digital filter suggests that the simple model of

Figure 3 may apply for the weight circuits. In this figure we model the

actual weight circuit as an ideal weight with an additive term of unweighted ,
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Fig. 1. Adaptive antenna system.

- 2

$r* 
~~~~~~

“ 

~~~~

-

~

-_

~~~~

____
—: 

-

~~ 

. •——.—

~~~~~ ~~~~

•—

~~~~~~~~~~~



70 I I I

8 0 —

0

C,)
Cl)

S
90— —

~18—6—2O 161I
100 I I I I I I I

111.4 115.4 119.4 123.4 127.4 131.4

FREQUENCY (MHz )

Fig. 2. Typical weight circuit frequency response.
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but delayed feedthrough from input to output. De~pite this model ’ s apparen t
simplicity it has been found to be applicable to a variety of different weight

circuits.

This report addresses the problem of fitting the model of Figure 3 to a
particular weight circuit design--the transconductance multiplier. The

general structure of this circuit is shown in Figure 4. Note that the weight

setting is determined by two control vol tages V1 and V~. For a complete des-
*

cription of this circuit see TN 1979-11 . In order to confirm that time

delayed feedthrough is indeed a valid model , extensive measurements were made
on individual weight circuits. Calculations were then made to determine what

values of y and r (f rom Figure 3) give the best overall fi t of model to
measurement for a particular weight circuit. The measured frequency response

and the frequency response predicted by the model were then plotted on the

same set of axes so that a visual comparison could be made. These plots were

made for a wide variety of weight settings over a frequency range of 121.4

±10 MHz. Inspection of the plots (see for example Figures 7 through 16)

reveals that the model predicts the observed behavior very well.

It should be borne in mind that a more complete model must include
several effects other than feedthrough. These are illustrated in Figure 5.

Several features of Figure 5 should be emphasized. First, there is an over-

all delay associated with the device. The mismatch of this parameter from

channel to channel (see Figure 1) is another potential source of performance
degradation in the antenna system; however, it is not as important as the

feedthrough because measures can be taken to trim out variations in this

• parameter (see TN 1979-11). The over-all delay is mentioned here only

because it must be subtracted from the measured data in order to obtain a

measurement of the feedthrough.

*J, N. Wright, “Transconductance Multipliers for Weight Circuits in an Adaptive
Null ing System,” Technical Note 1979-11, Lincoln Laboratory , M.I.T. (1 June
1979)
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Second , are the parameters ct~ , c4Q~ B1, and These have been included

to indicate that the gains of the inphase (I)  and quadrature (Q) paths are
not precisely equal and that the V

1 and V
Q 

vol tages do not represent perfectly
orthogonal axes. These features have virtually no effect on the performance

of the antenna system. However, system designers can be expected to have an
interest in the gains of the I and Q paths. It should be clear that if the

gain of the I path equals the gain of the Q path then the two gains can be
treated as a single insertion loss for the weight circuit , which specif ies the
minimum attenuation that it is possible to obtain within the allowable range

of V
1 and VQ 

voitages.

II. PROPERTIES OF TIME DELAYED FEEDTHROUGH MODEL

In this section, the properties of an ideal weight with time delayed

feedthrough (Figure 3) are derived. It will be seen in the next section that

when the feedthrough is small , all of the other effects, such as over-all time
del ay can be separated and hence compensated for in the determination of
y and from the measured data. (For the transconductance multiplier weights

and any others with comparable over-all delay, a yr 1 product of about 1/2 nsec.

or less is sufficiently small. The transconductance multiplier weights had

yr
1 
products of approximately 250 psec.; therefore, effects of over-all delay

were easily compensated for.)

In the development below , the symbol V
0(t) is used to represent the

output of a weight circuit (whether ideal or non-ideal) whose input voltage

V
~~
(t) = coswt. Since both the ideal multipl ier and the mul tipl ier with

feedthrough are linear dev ices as far as V
1 is concerned , (that is, for

fixed control voltage) it should be clear that scaling the input signal V1~ (t)

by a factor of K also scales the output by a factor of K, and that shif ting
the phase of the input (for example , using V~~ (t) = cos (wt + $) ) shif ts the
phase of the output by the same amount. A closely related symbol is 1V01 ,
which denotes the peak ampli tude of the signal V

0
(t). With these definitions

in mind , we can proceed to develop the properties of the weight model.

8
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An ideal weight (Figure 3) is defined by Equation 1:

V (t) = Icosut + Qsinwt (1)

where V0(t) has been normalized by the assumption that V~~(t) = cosut

as described above.

It is clear that in order to obtain an output of Acos (wt + $) ,  the I and
Q control voltages must be set to

I = Acos$ Q = -Asin~ (2)

since

cos+coswt - sin+sinwt = cos(wt + 4~) (3)

Incorporating a time delayed feedthrough in parallel with the ideal
weight as shown in Figure 3 yields equation 4.

V
0
(t) = Icoswt + Qsinwt + ycos(wt - wr 1) (4)

We have now unfortunately lost the simple relationship between the output

amplitude and phase and the control voltage that is expressed by equation 2,

however, we can recover it by making a simple change of variables. We can

set the in-phase and quadrature terms to cancel the feedthrough completely at
any single frequency. The equation we have to solve is equation 5 in which

is the frequency at which the feedthrough is being cancelled.

I0
cosw t + %sinw0t = -ycos(w0

t - w0r 1) (5)

Using the identity of equation 3, we obtain :

(cosw0r1
)cosw t - (sinw

0
r1) sinw0

t — cos (w0t - w0r 1
) (6)
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hence setting 10 
= -ycos w0r1 and Q0 = -ysin w0r1 will completely null the

feedthrough at frequency w1~. If we now make the change of variables
I = 1

0 
+ I~~ = + then at frequency 

~~ 
we have:

V ( t) = I cosw t  + Q
~
sinu t (7)

To obtain an output of Acos(w
0
t + •) at frequency w~ , we need only set

and as indicated by equation 2. An expression for V (t) that is valid

at all frequencies is:

V (t) = I coswt + Q sinu t + (cos(wt -tirr1) - cos(ut - ~~r 1))  (8)

Insight into the feedthrough model may be obtained by considering Figure

6. This Figure shows that equation 4 may be pictured as a fixed phasor (I-jQ)

plus a small rotating phasor ye jWT l. Study of the figure for various values

of I and Q should make clear why some of the measured data (Figures 7-16)
shows curvature in only the phase plot, some only in amplitude, some in both,

and some in neither. The assumption made in drawing Fig . 6 is that u3 varies

over a range of frequencies small enough so that ye~~~
tl sweeps out less than

1/2 radian.

Let us suppose now that is the center of the frequency band of interest

Although it will not be clear until the next section why we are interested in

this, let us compute the slope at of both the amplitude and phase of the

frequency response of the ideal weight with feedthrough.

The ampli tude slope in dB/rad/ sec is proportional to :

a~ ‘v 1 2 
~~~ 1 2£fl~ & = 1 

________ 

(9)
aw 1v01 2 aw 

. I
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Fig. 7. This extremely curved plot is obtained by setting the V1 and V~
control voltages for maximum attenuation at a frequency of 119.4 ~41z. A
nul l depth of 85 dB from minimum attenuation was achieved. The phase plot
which corresponds to th is plot is Fig. 8. The V1 and VQ settings for this plotwere V1 = —5.0 my and VQ = -6.0 my.
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Fig. 8. This is the phase plot which goes with Fig. 7. Note the large
phase change in the vicinity of the null.
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Fig. 9. This almost straight-line plot is obtained by setting V1 and Vq for
an attenuation at center frequency at 49.20 dB and a phase at center frequency
of -47.2°. This plot would be suitable for curve fitting since it and its
corresponding phase plot (Fig. 10) are so straight. The V1 and VQ settings
were Vj = l 0mv and VQ = 0.O v.

14

Ww - -v----- -- -___ 
~~~~~~~~~~~~~~~~ 

. _ ,  —. .- — — —
~~~~

- , ..  - 
III.



—20 1 I I I 1

- 
118-6-201681

MODEL PREDICTION 
-

—32 — —

MEASUREMENT -

—44 — —
4)
V

Lai - -
Cr,

-

-68 — —

-80 I I I I I I I I
111.4 115.4 119.4 123.4 127. 4 131.4

FREQUENCY (MHz)

Fig. 10. This phase plot corresponds to the amplitude plot of Fig. 9.
Nearly all of the phase slope here is due to the overall delay 

~~~~

, 1

is

—-~~ — —. —- — -~- ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —— — -P-- — —~ P— __—



60 I I I I I

118—6— 201111

6 5 —  —

8c~ I I I I I I I I
111.4 115.4 119.4 123.4 127.4 131.4

FREQUENCY (MHz)

Fig. 11. This amplitude plot exhibits a fair amount of curvature and hence
would not be suitable for curve fitting . However, it illustrates the pre-
dictive powers of the model nicely as does its companion phase plot (Fig. 12) .
The V1 and VQ settings here were V1 = -6 m v  and VQ = -6 mv.
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and the phase slope in deg/r ad/sec is propor tional to

-atan~~(Aq/A i) = -1 a(Aq/Ai)
2 .2 3w1 + A q /Ai -

where Aq and Ai denote the amplitude of the quadrature and in-phase parts of V0
respectively.

The use of equation 3 in equation 8 enables us to determine Ai and Aq as

follows :

Ai = 1~ + y(coswc1- cosw0r1
) (11)

Aq = Q + y(sinwT
1
- sinw

0
7
1) (12)

2 .2 2Since I V Ø I = Ai + Aq we obtain :

2 2 2 21v01 = + + 2y ) + 2I y (coswr1 
- cosw

0
r
1) 

+

2Q y(sinwr1 
- sinw

0
r
1
) - 2y2cos(wr

1 
- w0t1) 

(13)

Hence :

3 I V  1
2 I

3w
0 

~~~~~~~~~~~ 
+ 2Q yrcosw r

1 
( 14)

w=wo

By equation 9 we have :

3l n lV I
2 

= 
2yt 

~~x
c05wotl 

- I sinw r 1) (15)
3w 1 2 + Q 2

w=w
o

22

-.

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
•—

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•-— ~~~~~~~~~~

--



Finally, by making the substitution of equation 2 (where A denotes the

center frequency ampli tude and $ the center frequency phase) and using a
trigonometric identity we obtain: 

-

K 3 l n I V 0 I
2 _K

aYT1
= 
2 3~ 

= 
A sin(w r1 

+ •) (16)

w w
0

where Sa denotes the amplitude slope and K
a 

is a posi tive constant which is
dependent on the units.

By means of equations 10, 11, and 12, we can obtain the phase slope as
well. The result is:

-K 3tan~~(Aq/Ai) -K yr
1

= 3w = A — cos(w r
1 
+ 4~

) (17)

0

It will  be seen in the next section that equations 16 and 17 are usef ul
in obtaining numerical values for y and r

~ 
from swept frequency response

data on individual weight circuits.

One issue needs to be briefly discussed. In equation 4 the feedthrough

term is shown as being a pure time delay of the input without any additional

fixed phase shift. That is, the feedthrough term was shown as ycos(wt - wt
1

)

rather than say ysin(wt - w7
1
). It turns out , however , that on the basis of

a nar row-band measurement , it is not possible to distinguish between models
which differ by only a fixed phase shift in the feedthrough path. For example,

if one were to attempt to fit  the data to a model with a sinusoidal
feedthrough term rather than a cosinusoidal term one would obtain equally as
good a fit .  The only difference would be different values for y and 

~~
however , the product y r 1 would be unchanged . By narrowband we mean that

23
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r 1(~w) < 1/2. The measurements of the transconductance weights had a

product of approximately 1/4; therefore, they were narrow band measurements

and the above ambiguity applies to them. It is known, however , that only the
product 

~~ 
is important in specifying system performance ; therefore, the

ambiguity is unimportant.

III. DETERMINATION OF MODEL PARAMETERS

In order to determine the model parameters y, r1, and r2 it is necessary

to measure the frequency response of the weight circuits for a variety of
weight settings. These measurements can be made with a network analyzer.

Figures 7 through 16 are typical plots of the data measured in this way. As

done in the previous section, let us denote the center frequency ampl itude by
A and the center frequency phase by 4,.

A. Determination of

From equation 17 we see that if A is made large enough (compared to
yr 1) then the phase slope due to the feedthrough will be very small. Hence

any phase slope which does appear when the weight circuit is set for low
attenuation (large A) will be due only to the overall time delay, 12. This

phase slope must first be subtracted from all measured phase slopes in order

to obtain y and 11.

B. Solution of Equations 16 and 17

The network analyzer should be used to obtain frequency response

data with the control voltages set to obtain several values of A and 4 , .

Values of A corresponding to attenuations from -45 dB to -70 dB were found to

be most usefu l for the transconductance multi plier weights. These values for

A correspond to the actual attenuation of the device--no correction for average

insertion loss is implied . Out of all the measured data some cases will be

found to have amplitude and phase characteristics which are approximately

straight over the frequency band of interest (see for example Figures 9 and
10). To minimize the effects of noise on slope determination these are the only

24

LA



cases wh ich should be considered in the solution of Equa tions 16 and 17 .
One should take enough measurements to be able to pick about 8 cases with

straight amplitude and phase characteristics and a good spread of 4, values from

0° to 360°. Finally, several measurements should be made with the control

voltages set for nearly maximum attenuation. This allows one to verify the

correctness of the model by its ability to predict behavior near null (maximum

attenuation) .

To obtain an in i t ial estimate of y and r 1 we can solve equations

16 and 17 for y and -r 1 given values for S
a and S estimated from measured

data for a particular A and 4,. (The y and r
1 values determined in this way

would be the exact answer if the model were perfect and the measurements

noiseless.) This process can be repeated for each measured Sa~ 
S~, pair. Then

the resulting y and values -- which hopefully will show only a small spread

- - may be averaged. These average values can then be used as a starting point

in a least squares fitting routine.

Now, let us suppose we have chosen Sa~ 
5 , A , 4, from a selected

measurement. From Equations 16 and 17 we see that if the model holds then :

S K sin(w r + 4 , )  Ka a o l  a
= k cos(w r + 4,) = ~~~~ tan(w

0
r

1 
+ 4,) (18)

p p o l  p

which indicates that:

K S1 -l P~~= — (tan K S - 4,) (19)
(I) a P

Hav ing obtained 11 we can easily use either Equation 16 or 17 to obtain y.

Having done this for several cases of Sa~ S , A , and 4 ,,  we may wish to
find the ‘

~
‘ and 1

1 
values which give the best least-squares fit to all of these

several cases . This is the method by which the parameters given in the next
section of this report were determined.
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C. Determination of Least Squares !~
A least squares f it is obtained by picking y and r

1 
values which

minimize a criterion of goodness. Adequate results were obtained using the

criterion :

E ~~~~~ ~~ - S~) 2/(S~) 2 
+ (S~ - S ) 2/ (S )2] (20)

8 selected
measurements

where S~, S denote the pred ictions which the model makes for Sa and S~ when
given a value of y and of 11, and S~ , S denote the measured values . It

should be recognized that and 5m are functions of A and 4 ,,  that S~ and

S~ are functions of y, r 1, A, and 4, (see equations 16 and 17) , and that the
summation in Equation 20 is over a set of A and 4, values.

A strategy for picking y and r
1 
to minimize E is to allow y to vary over

a reasonable range in a computer program loop and manually enter successive
values of r

~ 
to minimize E. Each run of the program uses a single r~ value

and tries each y value in the loop to find which one minimizes E. The program

then prints out the y value which minimized E for the given r1 value and what

value of E resulted . The user then picks another value of and reruns the

program -- stopping when E is deemed small enough. This strategy avoids the

complexity of a gradient search method and was found not to take too much

operator time.

IV. MEASUREMENTS

- Extensive measurements of the frequency response of transconductance

multiplier weight circuits #2 and #3 were made on a Hewlett-Packard network

analyzer. Values of y, 11. and t
2 
were determined as described above and then

plugged into a program which simulated the entire model shown in Figure 5. In

both weight circuits very good agreement between model and measurement was

obtained (see Fi gures 7-16).

26



The values of y, Tl~ 
and r2 determined were as follows :

WEIGHT #2 WEIGHT #3

y = •7.86xl0 4 
y = -6.52xl0 4

= 4.66 nanoseconds Ti = 4.15 nanoseconds

T
2 

= 5.7 nanoseconds 12 = 5.7 nanoseconds

Although the gains of the I and Q paths were not precisely equal, they
were never more than about 1 dB apart so it is reasonable to speak of a single

insertion loss figure of between 12 and 13 dB for both weight circuits #2
and #3• It should be emphasized that in these plots (as well as in the rest

of this report) all attenuation values are the actual attenuation that the

circuit produces. There has been no correction for average insertion loss,

overal l time delay, or any other effects.

A number of plots were made of measured and predicted frequency response.
See for example Figures 7 through 16. Sol id l ines are the measured data and
dotted lines are the data predicted by the model. Perhaps the most striking

feature of these plots is that even though all the curve fitting was done

with straight l ine data (as shown in Figures 9, 10, 15, 16) the model still
manages to predict the measured data even when this data is very curved

(as shown in Figures 7, 8, 11, 12, 14). The data is for weight circuit #3.

V. CONCLUSIONS

As inspection of Figures 7 through 16 will  ind icate, it is possible to
obtain a simple model of the transconductance multiplier weight circuit with

parameters determined from measured data on individual circuits. This model

allows pred iction of antenna nulling system performance and thus allows one
to intelligently specify the performance equirements on the weight circuits

needed to achieve a specified degree of interference cancellation or conversely

to infer from the state-of-the-art in multiplier circuits the amount of

interference cancellation achievable with antenna nulling systemc due to

multiplier limitations.
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