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NOMENCLATURE

; Aij = stretching stiffnesses
a,b = plate dimensions in x and y directions
Bij = bending-stretching coupling stiffnesses
1 Cps = coefficients defined in Eqs. (2.2.4), (3.3.4), and (4.3.4)

Dij = bending stiffnesses
d, = o )/ax
E = Young's modulus of isotropic ordinary material
Ec’Et = compressive and tensile Young's moduli (isotropic bimodulus)
Efl,Ezz = Young's moduli in directions x and y (orthotropic bimodulus)
G13,G23 = longitudinal-thickness and transverse-thickness shear moduli

wu.gzc’Gzt, = transversely isotropic, bimoduluys-material shear moduli

(R «fii'ﬂ=f’£bf§1 thickness of plate

» It: | = ‘potatory inertia coefficient per unit mid-plane area

. Kﬁ;Kg IR .shear-correction coefficients

:w.-LrsA_,, ~_ = linear differential operators defined in Eqs. (2.1.10),

e (3.1.10), and (4.1.01)

" Mi;Ni o = stress couples and inplane stress resultants

2 M¥,N¥ = thérma11y induced stress couples and inplane stress

1 : resultants

. P = normal inertia coefficient per unit mid-plane area
Qx’oy = thickness-shear stress resultants

)
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mid-plane area

temperature

temperature coefficients defined in €qs. (4.4.1) and (4.4.2)
time

mid-plane displacement coefficients (amplitudes of u°.v°.w)
displacements in x,y,2 directions

mid-plane displacements in x.,y.z directions

fiber volume fraction

matrix volume fraction

bending-slope coefficients (amplitudes of wx,wy)

plate coordinates in longitudinal, transverse, and downward
thickness directions

2 /M zny/h

neutral-surface positions associated with ex-o and cy-o
coefficient of thermal expansion

/8, n/b

strain component at arbitrary location and at mid-plane
Poisson's ratio of isotropic material

fiber and matrix Poisson's ratios

major (longitudinal-transverse) and transverse-thickness
Poisson's ratios

stress components

slope functions in x and y directions
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W = natural frequency
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CHAPTER I ﬁ’
INTRODUCTION

The rate of progress of technological innovation is dependent

on the development of new and better materials. The new and rapidly

developing composites made a significant impact on the engineering field
and are responsible for the tremendous progress that has been achieved t
recently in the structural and aerospace industries.

Composites are materials made up of more than one constituent
‘material. According to this literal definition, almost all materials
used in civil and mechanical engineering are composites. Wood consists !
of lignin and cellulose fibers and is clearly a "natural" composite, but
so too are cast iron, steel and other metallic alloys, brick, natural
stone, and of course reinforced concrete. The fact that none of these i
materials are perfectly isotropic leads us to closer definition of a
composite as understood today, especially in the advanced technology
industries such as aerospace and automotive.

Composites are generally laminates in which a matrix material

T . et e e SR Y S

is reinforced in either one or more planes with filaments, fibers or

fibrous material, giving the composite enhanced mechanical properties

over those of either the matrix or the reinforcement when used alone.

e

The matrix can consist of metal, ceramics, glass. concrete, gypsum, or

resins. and the reinforcement can be metal rods or filaments, whiskers
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of silicon carbide or nitride, sapphire, carbon fiber, boron fiber, and
various types of glass, asbestos, and cellulose fibers.

Glass-reinforced plastics are being used extensively and
successfully in the manufacture of storage vessels. They are also be-
ginning to be used structurally in buildings, and a good deal of thought
is going into the design of G.R.P. bridges. The aerospace industry con-
tinues to lead in the use of composites for very high-performance appli-
cations with products ranging from rocket casings and major portions of
fuselage, wing, and empennage assemblies to compressor blades and heli-
copter rotor blades. -

The principal reasons for using composites in place of conven-
tional materials are:

(1) Composites are anisotropic; so in order to get the greatest
economy of material, either for cost or weight saving, the reinforcing
fibers can be oriented in the plane where they will be most effective.

(2) Composites, unlike metals, can often be molded with a varying
thickness at no extra cost. This gives an additional freedom to econo-
mize the material.

(3) Composites have improved strength and stiffness. especially
when compared with other materials on a unit weight basis. For example,
composites can be made that have the same strength and stiffness as
high-strength steel, yet are 70 percent lighter! Other advanced com-
posites are as much as three times as strong as aluminum, the common
aircraft structural material, yet weigh only 60 percent as much!

(4) Composite materials can be tailored to efficiently meet design

requirements of strength, stiffness, fatigue, thermal conductivity,

2
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corrosion resistance, and other parameters all in various directions.

The advent of advanced fiber-reinforced composites has been
called the biggest technical revolution since the jet engine. This
claim is very striking because the tremendous impact of the jet engine
on military aircraft performance is readily apparent. The impact on
commercial aviation is even more striking because the airlines switched
from propeller-driven planes to all-jet fleets within the span of just
a few years.

Currently, almost every aerospace company - developing pro-
ducts made with fiber-reinforced composite materials. After passing
through the different stages of usage, people are now dreaming for the
final stage of an all-composite high-performance airplane.

As the applications of fiber-reinforced composites in structures
become more widespread, the prediction of behavior of plates constructed
of such materials become increasingly important. One of the character-
istics of certain composite materials, known as bimodulus materials, is

that they exhibit quite different elastic properties when loaded along

the fiber direction in tension as opposed to compressinn [1-4] (see Fig. 1.1).

These materials are listed in Table 1.1. In the literature,
this class of materials has variously been called bilinear, bimodulus,
different-modulus, and multi-modulus. Here the term bimodulus is be-
lieved to be most descriptive of a material having different linear
stress-strain relations in compression than in tension.

The first multi-dimensional model was proposed by Ambartsumyan
[ 5] for isotropic material, such as a composite material with spherical

particles. It was later extended to the orthotropic case [6].

3
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The second and third models are the restricted-compliance
model due to Isabekyan and Khachatrayan [ 7] and the first-invariant
model of Shapiro [8]. A fourth model is the weighted-compliance theory

originated by Jones [ 9].

The fifth model is the fiber-governed bimodulus symmetric

compliance model originated by Bert [10].

Stress o

Slope Et

.

Strain ¢

- {uActual
Behavior

Linearized Model

Fig. 1.1. Bimodulus idealization.

A plate subjected to a loading which produces plate bending or
vibration obviously experiences both tension and compression; therefore,

a more accurate analysis should take this into consideration.
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Table 1.1  Some Bimodulus Materials

Tensile Young's Modulus

Reinforcement Divided by
_ Geometry Ref. Compressive Young's Modulus

ATJ-S graphite Granular 5 1.2

ZTA graphite Granular 5 0.8

Glass-epoxy Fibrous 5 1.25

Boron-epoxy Fibrous 5 0.8
Graphite-epoxy Fibrous 5 1.4
Carbon-carbon Fibrous 5 2.0 to 5.0
Kevlar-rubber Fibrous 6 0.77 (transverse)

to 305 (longitudinal)

Polyester-rubber Fibrous - 0.75 (transverse)
to 16.7 (longitudinal)

Based on experimental results reported by Patel et al. [2].

The existing literature available in English on bending of bi-
modulus plates is quite sparse and, with only a few exceptions, is
limited to bimodulus isotropic material [8,11-14]. Shapiro [8] considered
the very simple problem of a circular plate subjected to a pure radial
bending moment at its edge, but he used Love's stress-function formula-
tion rather than plate theory. Kamiya [11 treated large deflections
(geometric nonlinearity) of uniformly loaded, clamped-edge circular
plates, using an iterative finite-difference technique. In [12], Kamiya
applied the energy method to large deflections of simply supported rec-
tangular plates subjected to sinusoidally distributed loading. In [13],
Kamiya included the effect of thickness shear deformation, but only for

the simple one-dimensional case of cylindrical bending. The only analysis

5
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applicable to anisotropic bimodulus material is the work of Jenes and
Morgan [14], who treated cylindrical bending of a thin, cross-ply lami-
nate. A

In the realm of plates laminated of ordinary* anisotropic mat-
erials, the theory due to Reissner and Stavsky [15], is generally recog-
nized as the classical, linear (small-deflection) thin-plate theory.
Although there have been numerous approximate solutions of this theory,

only a relatively few closed-form solutions have appeared. Notable among

these are the works of Whitney [16] and Whitney and Leissa [17] for both

antisymmetric cross-ply and antisymmetric angle-ply rectangular plates

with certain (different) kinds of simply supported edges. For an in-
infinitely long strip of finite width, Padovan [18] presented a solution
for the case of an arbitrary taminate.

Kamiya [19.20] considered problems of thermal stresses in
a bimodulus thin plate. An annulus with axisymmetric steady temperature
distribution was analyzed numerically. Ambartsumyan [21,22] presented

a general theory of strains and stresses for bimodulus materials loca-

ted in a temperature field. Other literature available on thermal bend-
ing [23-27] deals with plates of ordinary materials.

vibration of plates has been treated by several authors [28-
32], but tine problem of bimodulus plate vibration has not been attempted

previously.

Apparently, the present work is first to consider anisotropic,

* Throughout this report, the term ordinary will be used to distinguish

materials that do not exhibit bimodulus action, i.e., materials in which
the tensile and compressive stiffnesses coincide.
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bimodulus, thick plates finite in both directions in closed form except
a few exceptions [33,34].

The problems of static bending, free vibration, thermal bending
and non-linear large deflection (of thick bimodulus composite rectangular
plates) have been analyzed and are presented separately in Chapters II,
I1I, IV, and V. Numerical computations have been carried out and were
compared, and good agreement was obtained with existing solutions of

special cases existing in the literature.




CHAPTER II

STATIC BENDING OF THICK RECTANGULAR PLATES

Consider the case of ordinary (not bimodulus) material. A
single-layer plate constructed of an ordinary material that is macro-
scopically homogeneous is obviously symmetric about the midplane of the
plate, and thus there is no coupling between bending and stretching
during small-deflection bending. Likewise, a plate consisting of multi-
ple layers of ordinary materials of various thicknesses arranged sym-
metrically about the midplane has no bending-stretching coupling at
small deflections. However, in the case of a general laminate, i.e.,
one not symmetric about the midplane. bending-stretching coupling is
induced.

Now, consider the case of a single layer of bimodulus mat-
erial. The different properties in tension and compression cause a
shift in the neutral surface away from the geometric midplane, and sym-
metry about the midplane no longer holds. The results of this is that
a single-layer bimodulus-material plate exhibits bending-stretching
coupling of the orthotropic type i.e., analogous to a two-layer cross-
ply plate (one layer at 0° and the other at 90°) of ordinary orthotropic
material. (See Figs. 2.1, 2.2)

Using Bert's fiber-governed symmetric-matrix macroscopic

material model [10],1t can be assumed that there are two symmetric plane-
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stress reduced stiffness matrices: one, when the fibers are in tension
along their length, and another, when they are in compression in the
same direction. Invoking the Voigt hypothesis in the fiber direction,
for which it is well-established, it is assumed that the fiber-direction
normal strains in the fibers and in the matrix are identical. Then the
criterion for changing from tension to compression can be taken to be

{ the fiber-direction normal strain in each layer. This is a much more
convenient criterion to apply than is the fiber-direction normal-stress

criterion.

2.1 Governing Equations

Consider a plate of thickness h composed of an even number of
indentical orthotropic layers bonded together, arranged alternately at
angles 0° and 90°. The origin of a Cartesian coordinate system is
located within the central plane (x-y) with the z-axis being normal to

this plane (see Fig. 2.3).

Fig. 2.3. Cartesian coordinates for rectangular plate,

n I .




The stress resultants and stress couples, each per unit

length, are defined in the usual way as
h/2

(Nx; N_Y' ny: Qx' Qy) = J 2 (Ox‘ Oy, Txy, sz, Tyz)dz (2.1.])

h/2

(e Mys M) - J-h/? (50 9y» T2 @2 (2.1.2)

The theory developed by Yang, Norris, and Stavsky [35] is

based on the following assumed displacement field,

u = u%(xy) + oz, (x.y)
v = v000y) + 2y (6y) (2.1.3)
w = w(x,y)

where u, v, and w are the displacement components in the x, y, and z
directions, respectively, and Yy and “’y are called the slope functions.
The constitutive equations for an unsymmetric cross-ply lam-

inate can be written as follows:

‘/Nx )  A1p A12 0 By Bi2 O Wruc.’x )
0
Ny A1z A22 0 Bi2z B22 O V’y
) 0
N 0 0 Age O 0 Bes|] vy, T U,
J w oo Y L (2.1.4)
M, Bir Bi2 0 Dnx D12 O L
My Bi2 B22 0 Di2 D22 0 wy,y
+y
\Mny L0 0 Bgs O 0 Dssd \"’y,x X»¥)
and
2
Q \ KeAyy O W, +y _
Y ) o . y oy (2.1.5)
QX J 0 KsAss- W.x + Wx
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Here, differentiation is denoted by a comma, and the exten-
sional, flexural-extensional coupling, and flexural or twisting stiff-
nesses for a laminate of an arbitrary number of layers are defined by

h/2

= ..,,2 j= N
j‘Bij‘Dij) f - Q]J(‘ z,2%)dz , ,j=1,2,6 (2.1.6)

(A

In addition to performing the integrations in a piecewise
manner from layer to layer, one also has to take into account the pos-
sibility of different properties (tension or compression) within a layer.
This 1s worked out in detail for a two-layer cross-ply laminate in

Appendix A.

2 2
The quantities K, and Ks are shear correction coefficients
which may be calculated by various static and dynamic methods [36].
Taking into account the shear deformation, one can write the

equations of equilibrium (neglecting the body forces) as follows:

N 0

x.x ¥ ny.y :
Neyx * N =0

xyox © YLy

Q. * Qy’y =-q (2.1.7)
Mgt My, = Q=0

Myox FMyy -4 =0

Here Nx’x = 3Nx/3x. Ny’y

Substituting equations (2.1.4) and (2.1.5) into equations

x 3Ny/3y, etc.

(2.1.7), we obtain the equations of equilibrium in terms of the

13
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generalized displacements.

0 0 o]
Auu,xx + Asﬁuoyy + (AIZ + AGS)yaxy + Bllwx’xx + BGwa.yy

+ (By, + Bgg) 0

Vy.xy *

0
s

0
+ Ags v, yy b (Biz * Beslyy

(A, + Ass)u?x

+ A,,v
y 22

XX

+ Bgg + Bya 0

Yy, xx Yy,yy ©

K§A55(wx’x + W.xx) + KEAuu(Wy,y +w, -q (2.1.8)

yy) *

(By, + BGS)U?X

0 0
y * Begvay, * Bzzv.xy + (Dy2 + Dgglw

XsXY

2
¥ Dsewy,xx + Dyav - Ky[Ayuly, + W,y)] =0

Y Yy y

0 0 0
Brayy * Bessyy * (Brz + Bge)Vy,, * Dy, o+ Beevy,yy

+ (D2 + Dgg)w

2 =
gy - KlAss(v, + W, )] = 0

Or, in operator form

(o] (o]
ve 0
Lyl $w p =449} (2.1.9)
hv, 0
L hwa { 0 /

k,2=1,2,3,4,5

where [Lkz] is a symmetric linear differential operator matrix with

the following components:
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. 2 2
Liz = Apnd + Agedy
Liz = (A12 + Age) d,d,
Li3 =0
Liv = [(By2 + Beg)/h] dyd,
L5 = (Bll/h) d)‘;z"‘ (BSG/h) dy2
- 2 2
L2z = Aged,” + Azpdy
Lag = 0
LZ“ = (BGG/h) dx2+ (Bzz/h) dyz (2.].]0)
L2s = Ly
2 2
L33 S - KsAssdxz - K“Auudyz
2
L3,+ z - Kq(Aqq/h) dy
Las = - Ks(Ass/h) d,
Lus = (Dge/h2) d2+ (Dyp/h?) d2 - K2A,,/h2

Lus = [(D1z + Dgg)/h2] d,d

Lss = (D11/h?) d2 + (Dgg/h2)d2 - KEAss/h

2.2. Application to Rectanqular Plate Hinged on all Edges

The boundary conditions for a rectangular plate simply supported
on all edges can be specified as follows:
Along the edges at x = 0 and x = a,

w=¢y=Mx=0

08 =
v Nx 0

15

Sagems

v

. "
R T T

L AR A B W

AT s 4 TR oA T 3

S i 37 AL S

E
E
]
!
.




Along the edges at y = 0 and y = b, (2.2.1)
w=y = M =0

wWanN =0

Consider the loading to be sinusoidally distributed in both

the x and y directions:
q = a, sin ax sin 8y

Here
rfa , B8 = /b

@
Hi

Furthermore, a and b are the plate dimensions along x and y axes,
respectively.
The governing equations (2.1.9) and boundary conditions (2.2.1)

are exactly satisfied in closed form by the following set of functions:

W=y cos ax sin gy

v® = V sin ax cos 8y
w =W sin ax sin gy (2.2.2)
hwy =Y sin ax c0S BY
hwx = X ¢0s ax Sin 8y

Substituting solutions (2.2.2) into the governing equations

(2.1.9), one obtains

4 U 1 r 0 \
v 0
\ =
(€] { W \ % (2.2.3)
Y 0
X 0
N 2 k,2=1,2,3,4,5
16
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[ckk] is a 5x5 symmetric matrix containing the following elements:

- Apa? - Aggs?

z - (A + Agglas

0

[(By2 + Bgg)/hlad

(By1/h)a? - (Bgg/h)82

AGGGZ - A2282

0

- (Bgg/h)aZ - (Byy/h)s? (2.2.4)

Ciu

- (KiAsso? + KiAuu82)

- Ki(Ayu/h)s

- K5(Ass/h)a

- (Dgg/h2)a? - (Dp2/h2)82 - K{(Ayy)/h?

- [(Dy; + Dgg)/h?]Jas

- (D;1/h2)a? - (Dgg/h2)82 - KiAgs/h?

2.3 The Positions of the Fiber-Direction Neutral Surfaces

From the kinematics of the deformation

et s (2.3.1)
ey v?y vy
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Thus, the neutral-surface positions, for the longitudinal (x)

and transverse {y) directions, respectively, are

0

—u’
7 = —X = - hu/X
nx ¥y x

0 (2.3.2)

20y * w’ﬂh - hv/Y

Y.y

So, in computations the values for 2.y and zny are first
assumed to obtain the displacements. Actual displacements can then be
obtained by an iterative procedure with the help of the equations

(2.3.2).

2.4 Numerical Results

As the first example, we take the case of a homogeneous
(single-layer) plate of transversely isotropic bimodulus material. The
plane of isotropy is assumed to coincide with the midplane of the plate,
and the inplane Poisson's ratio is assumed to be zero. Then the closed-
form solution reduces to the simplified form [33]. Numerical results

are presented in Tables 2.1 and 2.2.
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Table 2.1. Comparison of Neutral-Surface Locations for
Transversely I[sotropic Square Plate

Neutral-Surface Location Zf

Et/Ec=Gzt/Gzc GZC/EC'O.] 0.3 0.5
Exact Closed-Form Solution:
0.5 - 0.08578 - 0.08578 - 0.08578
1.0 0 Q 0
2.0 + 0.08578 + 0.08578 + 0.08578
Simplified Approximate Solution [33]:
0.5 - 0.08579 - 0.08579 - 0.08579
1.0 0 0 0
2.0 + 0.08579 + 0.08579 + 0.08579
Mixed Finite-Element Solution [33]:
0.5 - 0.08578 - 0.08578 - 0.08578
1.0 0 0 0

+ 0.08578 + 0.08578 + 0.08578

Here, Z = znx/h = zny/h.

e

NS, SR )

R
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Et/Ec'G:t/G

Table &,

Comparison of Maximum Deflections for Transversely
Isotropic Square Plate (b/he0.1, K-25/0)

Dimensionless Deflection N[ch'/qob“

Gzc/Ec‘O‘\ 0.3 0.5

to —~ O
o O w;m

o o v

re — O

o

Exact Closed-Form Solution:

0.05348 0.04774 0.04660
0.03688 0.03283 0.03201
0.02674 0.02387 0.02330

Stmplified Approximate Solution [33]:

0.05004 0. 04000 0.04591
0.03445 0.03208 0.03153
0.02630 0.02342 0.02296

Mixed Finite-Element Solution [J3]

0.08329 0.04743 0.04626
0.0367% 0.03061 0.03178
0.026064 0.0231 0.02313

[t is noted that the neutral-surface location is independent of

Gzc and G:t‘ The agreement among the results obtained by all three sol-

utions is quite good.

According to classical thin-plate theory for a rectangular

isotropic plate with simply supported edges, the dimensionless maximum

deflection is given by

a8 W 1H(b/a)

The values are computed for three aspect ratios using the above

formula and are compared with the present results in Table 2.3 below.
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{ Table 2.3. Dimensionless Deflections for Rectangular I[sotropic g
3 Plate as Determined by the Thin-Plate Theory and the :
: Present Work

Aspect h/b=0.1 h/b=0.01 h/b=0.001

Ratio

a/b Thick* Thin* Thick* Thin* Thick* Thin*

0.5 0.07439 0.07392 0.07401 0.07392 0.07392 0.07392
1.0 0.02908 0.02887 0.02887 0.02888 0.02887 0.02887
2.0 0.00478 0.00462 0.00462 0.00462 0.00462 0.00462

.

*

As examples of some actual bimodulus materials, aramid-cord/
rubber and polyester-cord/rubber are selected. The material properties
used are listed in Table 2.4. The data are based on test results of
Patel et al.[2],using the data-reduction procedure of [10], except for

the thickness shear moduli, which were estimated.

“Thick" denotes the present thick-plate theory and "thin" denotes
classical thin-plate theory.

-

21




Table 2.4. Elastic Properties for Two Tire-Cord/Rubber,

Unidirectional, Bimodulus Composite Materials®

Aramid-Rubber Polyester-Rubber

Property and Units k=1 k=2 k=] k=2
Longitudinal Young's modulus, GPa 3.58 0.0120 0.617 0.0369
Transverse Young's modulus, GPa 0.00909 0.0120 0.00800 0.0106
Major Poisson's ratio, dimensionless’ 0.416  0.205 0.475  0.185
Longitudinal-transverse shear modulus, GPa® 0.00370 0.00370 0.00262 0.00267
Transverse-thickness shear modulus, GPa 0.00290 0.00499 0.00233 0.00475

Q

h

(4

<

Fiber-direction tension is denoted by k=1, and fiber-direction compression

by k=2.

It is assumed that the minor Poisson's ratio is given by the reciprocal

relation.

[t is assumed that the longitudinal-thickness shear modulus is equal to

this one.

Numerical results for single-layer rectangular plates with the

fibers oriented parallel to the x axis are given in Table 2.5, while those

for cross-ply plates are listed in Table 2.6.

The exact closed-form solution developed here for thick, rec-

tangular plates of single-layer and cross-ply laminates of orthotropic bi-

modulus material has been shown to agree well with an existing approximate

solution for isotropic bimodulus plates and with a mixed finite-element

solution.

To show the general trend, plots have been presented in Fig. 2.4.
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Table 2.5. Neutral-Surface Positions and Dimensionless Deflections
for Rectangular Plates of Single-Layer 0° Aramid-Rubber
and Polyester-Rubber, as Determined by Two Different
Methods (Thickness/Width, h/b=0.1)

Chi
Aspect Zx ;y WE,."h /qob“

Ratio C.F* F.e¥ C.F* F.e* c.f F.et

i

Aramid-Rubber:

0.5 0.4453 0.4454 - 0.3304 - 0.3007 0.002544 0.002750
0.6 0.4452 0.4452 - 0.294 - 0.2734 0.004560 0.004827
0.7 0.4447 0.4447 - 0.2564 - 0.2419 0.007393 0.007712
0.8 0.4440 0.4440 - 0.2220 - 0.2%V7 0.01105 0.01140
0.9 0.4431 0.4431 - 0.1923 - 0.1846 0.01545 0.01582
1.0 0.4420 0.4420 - 0.167 - 0.1614 0.02046 0.02083
1.2 0.4394 0.4394 - 0.1285 - 0.1250 0.03160 0.03193
1.4 0.4363 0.4363 - 0.101% - 0.09919 0.04313 0.04335
1.6 0.4328 0.4329 - 0.08223 - 0.08070 0.05406 0.05416
1.8 0.4292 0.4294 - 0.06838 - 0.06724 0.06390 0.06388
2.0 0.4253 0.4254 - 0.05813 - 0.05727 0.07250 0.07236
Polyester-Rubber:
0.5 0.3044 0.3045 - 0.1597 - 0.1234 0.001529 0.00197N
0.6 0.3044 0.3045 - 0.1538 - 0.1245 0.002652 0.003265
0.7 0.3042 0.3044 - 0.1426 - 0.1198 0.004283 0.005075
0.8 0.3039 0.3041 - 0.1299 - 0.1124 0.006517 0.007487
0.9 .0.3035 0.3037 -0.1174 - 0.1041 0.009421 0.01055
1.0 0.3029 0.3031 - 0.1086) - 0.09586 0.01303 0.01430
1.2 0.3015 0.3018 - 0.08728 - 0.0811 0.02223 0.02367
1.4 0.2999 0.3001 - 0.07329 - 0.06941 0.03348 0.03492
1.6 0.2979 0.2982 - 0.06296 - 0.06042 0.04574 0.04703
1.8 0.2957 0.2960 - 0.05528 - 0.05356 0.05793 0.05897
2.0 0.2934 0.2936 - 0.04959 - 0.04828 0.06925 0.07003

*C.F. denotes closed-form solution: F.E. signifies finite-element solution [33].
(For in-plane displacements, see Appendix D)
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Table 2.6.

Aspect

Iy

WE;z h3/q b

Neutral-Surface Positions and Dimensionless Deflections
for Rectangular Plates of Two-Layer Cross-Ply Aramid-

Rubber and Polyester-Rubber, as Determined by Two Different
Methods (Thickness/Width, h/b=0.1)

Ratio c.f

F.E*

C*FY

F.EY

C.F*

F.

E*

.4433
4427
.4418
4407
.4396
.4384
.4356
4326
4292
.4257
.4219

N — = = - - 0 O O O O
O 0O O & NV O O O N OV O
O O O O O O O 0O o o o

.3650
. 3644
.3638
.3631
.3622
.3613
.3593
.3571
.3546
.3519
3491

N et s = - O O O O O
© 00 O &N O W oD N OVOh
O O O O O OO O O O O

C O O O O O O O O © o

O O O O O O © O O o ©

L4431
.4426
.4418
.4407
.4396
.4384
.4356
.4325
.4292
.4256
.4219

.3652
. 3646
.3639
.36
. 3622
.3613
.3593
.3570
.3545
.3518
.3490

O O O O O O O O O O o

O O O O O O 0O O O o o

Aramid-Rubber:

.06343 - 0.06223
.05478 - 0.05443
.04794 - 0.04778
.04247 - 0.04237
.03803 - 0.03795
.03437 - 0.03430
.02883 - 0.02860
.02470 - 0.02477
.02160 - 0.02165
.01922 - 0.01923
.01735 - 0.01734
Polyester-Rubber:
. 1285 - 0.1256
1178 - 0.1164
.1097 - 0.1089
.1036 - 0.1031
.09886 - 0.09859
.09526 - 0.09502
.09001 - 0.09000
.08660 - 0.08660
.08430 - 0.08430
.08267 - 0.08267
.08150 - 0.08150

O O O O O O O O O o ©

0
0
0
0
0
0.
0
0
0
0
0

.002472
.004388
.007072
.01054
.01475
.01957
.03043
.04185
.05282
.06277
.07151

.002539
.004527
.007288
.01078
.01487
01933
.02846
.03674
.04356
.04890
.05301

.002576
.004518
.007220
.01070
.01490
.01972
.03054
.04190
.05280
.06264
.07137

.002732
.004772
.007575
.01109
.01519
.01966
.02879
.03707
.04389
.04925
.05337

*C.F. denotes closed-form solution; F.E. signifies finite-element solution [33].
(See Appendix D for in-plane displacements.)
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CHAPTER III

VIBRATION OF THICK CROSS-PLY LAMINATED
BIMODULUS RECTANGULAR PLATES

Thin-plate theory does not take into account either the effect
of transverse shear deformation or rotatory inertia, and hence it becomes
inaccurate for thicker plates. Mindlin [37] considered both of these
effects for homogeneous isotropic plates, by assuming that the displace-
ment variation across the thickness is linear for u and v and constant
for w. He also had to assign a value to the shearing rigidity factor on
suitable physical considerations. His solution does not satisfy the
governing elasticity equations exactly, but does permit the satisfac-
tion of a set of three boundary conditions on each edge. Mindlin,
Schacknow, and Deresiewicz [38] applied this method to the vibrations
of thick rectangular plates with two opposite sides simply supported and
the other two edges with various conditions. The present work, to the
author's knowledge, is the first to consider the bimodulus property in

the thick cross-ply rectangular plates.

3.1 Governing Equations

Consider a plate of thickness h composed of an even number of
identical orthotropic layers bonded together, arranged alternately at

angles 0° and 90° (see Fig. 2.2).
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The stress and moment resultants, each per unit length, are

given in the usual manner as

h/2

(Nx’Ny‘ny'Qx‘Qy) = I-h/z (ox‘oy'rxy’rxz'ryz) dz (3.1.1)
h/2

(MMM ) = J-n/z (0,007, )2 d2 (3.1.2)

The displacement components, u, v, and w in the x, y, and z

directions respectively can be expressed in terms of mid-plane displace-

0 0 0

ments u , v , w and slope functions wx and wy as:

| =
"

Wlxy,t) + zv (x,y,t)

<
[}

Vo(x,y,t) + zwy(X.y,t) (3.1.3)

w(x,y,t)

X
]

where t is time.

Constitutive equations for an unsymmetric cross-ply laminate,

as has already been mentioned in Chapter II, are:

All AIZ 0 Bll 812 0 u?x
) )
. 0 0 AGG 0 0 Bss { v'x + u’y e
Bjy B2 0 Dy, Dy, O v (3.1.4)
X, X
By, Byp O Dy; Dy, O
12 B22 12 U2z Yy.y
_0 0 Bgg 0 0 Dgg _ L Yy ox wx,y)
Q KaAy, 0 W, *+ ¥
Yo 2 vy (3.1.5)
Qy 0 KsAss Woy * ¥,

[ Az ——

WS T SO S

< e s e

STy

S e

By ey




‘Differentiation here is denoted by a comma, i.e., ( )’x z

a( )/ax, and the extensional, flexural-extensional coupling, and flex-

ural stiffnesses for the laminate are defined by
h/2
(] ’D s = ) shy 2 LI Y
(Ag5oBy5:0y5) J-h/Z (Qy5)(1,2,22)d2 (3.1.6)

1,j=1,2,6

As usual, Kf and K% are shear-correction coefficients.
Taking into account the shear deformation and the rotatory

inertia, the equations of motion can be written as follows:

- 0
+ N P u,tt + R wx,tt

N
XX xYy»y

' = 0
s Neyox ¥ Nyy =P Voge * Ry

., *Q

tt

v,y = P Wait (3.1.7)

= nn0
Mx.x * Mxy,y Qx Ru’tt +1 wx,tt

XX

a 0
Mayox *Myy G TRVt Ty e

Here P, R, and I are the normal, in-plane, and rotatory

inertia coefficients per unit mid-plane area and are defined by
h/2

; (P,R,I) = j . o(1.2,22) dz (3.1.8)

where o is the material density.
Substituting equations (3.1.4) and (3.1.5) into equations

(3.1.7), we obtain the equations of motion. In operator form,




ety

wr——ernereTReE

;
/o . '
u° ( 0
vo 0 f
L1y w NERE IR (3.1.9)
h
vy 0
(v ) L0 k.2=1,2,3,4,5

where [Lkz] is a symmetric linear differential operator matrix with the

L

following elements:

Pair. 44

Liz = (Ayy * Agg) d d

y f
L13 = 0 :'
Ll“ = [(812 + BBS)/h] dxdy

L Lis = (By,/h)d2 + (Bgg/m)AZ = (R/M) a2
[ - 2 2. pd2 i
» Laz = Agedy * Aypdf - Pd{ :
)
L23 = 0 3
Lw = (Bgg/NA2 + (Bya/h)dd - (R/M) a¢ (3.1.10) )
Las = Lyy §
%
Lyy = - K3Aged 2 = KA, d2 + Pd2 i
k 33 = - Kshggd? = KA, dy £ ]
L2 1
Law = = Ki(Agu/M) dy §
Lys = = K{(Ags/h) d, :

Lyw 2 (Dge/N2)d 7+ (Dy5/h2)d 2 - K2A,,/h2 - (1/h%)d]

Lks 2 [(012 + Dss)/hz) dxdy

Lss 2 (0y,/h2)d2 + (Dgy/h2)ds - K3Ags/h2 - (1/h3)d]
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3.2 Applicatiorn to Plate Simply Supported on all Edges

The boundary conditions are:

Along the edges at

x
"

0 and x = a,

(3.2.1)
Along the edges at y=0andy =b,

3.3 Closed-Form Solution

The governing equations (3.1.9) and the boundary conditions
(3.2.1) are exactly satisfied in closed form by the following set of
functions:
u- = U cos ax sin 8y elut

iwt

<
]

V sin ax cos gy e

jwt

L3
[]

W sin ax sin gy e (3.3.1)

he. = Y sin ax cos sy et

he. = X cos ax sin gy e “t

Here, » is the natural frequency associated with the mode having axial
and transverse wave numbers m and n, and
azmm/a , B = nn/b (3.3.2)
where a and b are plate dimensions in the x and y directions, respectively.
Substituting solutions (3.3.1) into the governing equations
(3.1.9), we obtain the following:
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where

11}

{13}

11}

11

h

113

LD

U 0
v ]
\ -
[ckn] < W = ﬂ 0
Y 0
N X , 0 .

k,0=1,2,3.4,5
Che
- Ajjad - AggBT + Pt
- (Ao + Agelas
0
- [(By; *+ Bgg)/h]as
- (By1/h)ad - (Bgg/h)gd + (R/h)w®
- Aggat - Axg8% + Puf
0
- (Bgg/h)as = (Bya/h)82 + (R/h)wt

Clg

(KsAggad + KiAy,32 - Pul)

Ka(Ayu/h)8

(Ogg/h¢)as = (Dyz/h")8¢ '(KiA«u/hl) + (1/h%)wt

[(Dy; * Dgg)/h=]as

(031/h3)ad - (Dge/h)82 = (KsAgs/hd) + (I/h)al

3

is 4 5x5 symmetric determinant containing the following elements:

,*
(7]
(9%
P-5
—




The frequency o can be determined by setting {ckil = 0.
3.4 Neutral-Surface Locations
This is the same as in the preceding chapter: z_ . = - hU/X;

nx
zny = - hV/Y. An iterative procedure is used to obtain the final dis-

placements.

3.5 Numerical Results

Since there is no previous analysis for vibration of bimodulus
plates, the present one could be compared only with rectangular plates
laminated of ordinary materials.

Comparisons with Jones, and Fortier and Rossettos are presented
in Tables 3.1 and 3.2 below. It can be seen that the agreement is good.

Table 3.1. Comparison of Fundamental Natural Frequencies

of Rectangular Antisymmetric Cross-Ply Plates
at Different Plate Aspect Ratios

(E“/E22=40 , Glp_/E::=0.5 N \’\2=0.25 y b/h=10)

Y=

Ratis" Y/ B

a/b Jones [31] Present
0.5 '2.050 1.934

1.0 0.825 0.794

1.5 ~ 0.650 0.612

2.0 ; 0.580 0.565

2.5 0.560 0.548

3.0 0.550 0.541

ey o o e

- el
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Table 3.2. Comparison of Fundamental Frequency (m=n=1)
of a Square Cross-Ply Plate

(E\‘/EL_\_=40 , G“\'/Ez.‘\‘:]. Gz3/E::'0,5, \11:=0.25)

a/’h
Fortier and Rossettos [28] Present
10 10.80 10.80
‘ 50 11.65 11.65

Typical results for (bimodulus) aramid-rubber and polyester-
rubber are tabulated in the following tables (Tables 3.3 and 3.4). See
Table 2.4 for the elastic properties and Appendix B for the densities.

Computations, based on the closed-form solution, have been
carried out for thick, rectangular plates of cross-ply laminates and
compared with existing works. Close agreement was reached.

Abrupt changes in the values of Zx and Zy are noticeable which
may be due to the bimodulus effect in combination with the eigenvalue

nature of this problem (see Fig. 3.1).
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Table 3.3. Values of Dimensionless Fundamental Frequencies and ]
Neutral-Surface Locations for Single-Layer Orthotropic '
Rectangular Plates Having b/h=10 and Different Aspect
Ratios
a/b Zx Zy wb2vp/022/ 72 ‘
Aramid-Rubber: ’
0.4 0.0100 0.0137 . 14.2370 3
0.6 - 0.0204 0.0296 8.9952
0.8 - 0.0346 0.0515 6.3712 i.
1.0 0.0818 - 0.3619 4.1732 H
1.2 - 0.0724 - 0.2206 3.8780
1.4 0.3145 0.43442 2.9399
1.6 0.0058 - 0.5673 2.4122
1.8 0.0179 - 0.3207 x 107% 2.1262
2.0 - 0.0257 - 0.0243 1.8935
Polyester-Rubber:
0.4 0.0679 - 0.2661 . 12.8460
0.6 0.7121 x 10'4 0.9147 x 1072 7.4975
0.8 0.1314 0.0952 4.8319
1.0 0.047 - 0.0197 3.3832
1.2 - 0.0613 0.0182 2.5949
1.4 0.0103 0.0034 2.1992
1.6 0.0903 - 0.1354 3.2867
1.8 - 0.0178 0.0474 1.9318
2.0 - 0.0178 0.0474 1.4641
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Table 3.4.

Values of Dimensionless Fundamental Frequencies and
Neutral-Surface Locations for Cross-Ply Rectangular
Plates Having b/h=10 and Different Aspect Ratios

a/b Z, 2, wb?/o 705, /%
Aramid-Rubber:
0.4 - 0.2196 x 1072 - 0.0152 14.1740
0.6 0.1929 x 1072 - 0.0363 8.5910
0.8 - 0.0205 - 0.0353 6.0253
1.0 - 0.019 - 0.0383 4.452)
1.2 0.0312 - 0.0209 2.0092
1.4 - 0.0109 0.0159 2.6748
1.6 0.0142 - 0.7792 x 107¢ 2.3851
1.8 - 0.1409 x 1072 0.1801 x 1072 0.8723
2.0 - 0.0241 0.3046 x 10°° 1.7419
Poiyester-Rubber:

0.4 0.0742 0.4955 x 1072 7.7991
0.6 0.0283 0.1847 x 1072 4.3010
0.8 - 0.0276 0.0219 2.7333
1.0 - 0.1028 0.0449 1.9735
1.2 - 0.1989 0.0667 1.6037
1.4 - 0.8590 x 1073 0.1042 1.2888
1.6 - 0.2123 x 107°¢ 0.3120 1.133

1.8 - 0.3218 x 1070 0.7538 1.002

2.0 1.2780 0.8525 0.9613
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Fig. 3.1. Vvariation of fundamenta! vibration frequency with aspect
ratio for two-layer cross-ply rectangular plates.
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CHAPTER 1V {

THERMAL BENDING QF CROSS-PLY THICK
BIMODULUS RECTANGULAR PLATES

Based upon the mathematical theory of elasticity of bimodulus
materials and upon the Neumann hypothesis, Ambartsumyan [22] dealt with
the development of the theory of thermoelasticity for elastic bimodulus
material. Kamiya [20] developed the fundamental equations for axisym-
metric plane stress problems for a bimodulus thin plate. Das and Rath [26]
presented ananalysis of thermal bending for a moderately thick rectangular
plate subjected to a temperature distribution which is antisymmetric about

the middle plane of the plate, but is arbitrary along the direction perpen-

dicular to simply supported edges and constant along the other perpen-
dicular direction. Bapu Rao [39] treated thermal bending of thick iso- i
tropic rectangular plates taking into consideration the shear deformation
capability.

The present analysis deals with the thermal bending of unsym-

metrically cross-plied bimodulus rectangular plates simply supported on

all edges.

4.1 Governing Equations

The plate is subjected to a sinusoidal temperature distribution,

T, Thus, temperature terms appear in the constitutive equations. The
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thermoelastic constitutive relations for the material are written as

follows:

9y iy @
o %] Q2 Q2
Oxy 0 0

2 0

(s)
[51 - o

T

2 0 €2 = apT f
Qe6] 1 €6

The stiffness matrix [Q] takes different values in tension and compres-

sion depending upon the sign of the fiber-direction strain.

Qijc
Qjt

ifei<0
if € > 0

(4.1.1)

(4.1.2)

The coefficients of thermal expansion a; and «, in the x and y

directions, respectively, also depend upon the sign of the fiber-direction

38

strain. Also,
Q. ife, <0
- Jc ! (4.1.3)
J ajy if g > 0
The laminate constitutive relations can be represented by:
( T = =
N, +N] Ay Ay 0 Byu/h o Bum o | )
T 0
Ny+Ny Ao Ay 0 Bya/h By,/h 0 v,y
) )
ny L 0 0 AGG 0 0 Beg/h V.X+U.y ?
(M +M)/h [ |8, /h B /h O Dy /h2 Dyp/he 0 .
T
(My+My)/h B,,/h Bo/h 0 Dyp/h? Dyp/h2 0 hwy‘y
0 0 2
\Mxy/h J ] 0 0 866/" Dss/hJ hwy‘x hwx‘yj
(4.1.4)




2 (o
A 0 ., +
(o, Kol oMy Yy (a15)
IQX L 0 K5A55 Iw?x + wx . 1.
; where the thermally induced inplane forces are ;o {
T .
N h/2 H
X / Q1a; *+ Q202 {
T¢° T dz (4.1.6) :
Ny -hy2 Q221 * Q220 :

and the thermally induced moments are

IMTI h/2
x \ J {’01161 + Qp20;

I
My J =h/2 { Q201 + Q2202

5 TR (PR

2T dz (4.1.7)

As usual the stretching, stretching-bending, and bending stiff-
nesses for the laminate are defined as

h/2

(AyoBigDig) = [ (0)(12.22) a2 (4.1.8)
/2

i,3=1,2,6

Including shear deformation, the equations of equilibrium are:

+N

0

Neox ¥ Nyy,y ™

Mex Mxy,y -

+ - =
MXYsX MY:Y Qy 0

0 = 0

T -

Substituting equations (4.1.4) and (4.1.5) into equations
(4.1.9), we get:



i

4
4 ) ( NI,XW
vo N;,y
L, $wp=<o0 o (4.1.10)
hoy My x
\hwx J \ ”;’VJ

k,2=1,2,3,4,5

where [Lk2] is a symmetrix linear differential operator matrix with the

following elements:

- 2 2
Lip = Appd o+ Assdy
Liz 5 (A12 + Ass) dxdy
Li3 20
Lis = (B12 + Bgs) dxdy

= 2 2
Lis = Bnud; + Bsedy
Loz = Ased?2 + Appd?2

X y

L3 = 0
Lzu 2 BGGd)% + BZZdj (4.].1])
Ls = Ly
Las = - Kihssd? - KA d2

2
Lay = KuAuudy

o2
Lis = - KsAssd,

2

Luy 3 Dsadxf* Dzzdy?' KyA yy

Lys = (012 + Dss) dxdy
2
Lss = D11d,?+ Dged ? = Kshss
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4.2 Application to a Simply Supported Plate

The boundary conditions, as usual, are:

Along the edges at x =0 and x = a,
W= wy = Mx + MI =0
Cen +N =0
Along the edges at y =0 and y = b, (4.2.1)
We g M M; =0
u® = N+ N =0

4.3 Closed-Form Solution

The governing equations and the boundary conditions can be
satisfied exactly by the following for T sinusoidally distributed along x and y:
u® = U cos ax sin 8y
v® = ¥ sin aX CoOS By
w =W sin ax sin gy (4.3.1)
hwy = Y sin ax cos gy
hwx =z X Cos ax con By
where
a=mr/a, 8 =nn/b (4.3.2)
Here m and n are integers, and a and b are plate dimensions in the x and
y directions.
Inserting solutions (4.3.1) into the governing equations

(4.1.10), we get the following:
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where

o o o o o o © o o o o o 'a) o

£ w [ w [} ~ > ro — — — p— —
w» £ w £ w w £ w [ w» £ [™ y] e
(2] [11] " [1H) (11} i e (1] [11) " w m " i

(2
v
w

"

\x‘ \

MT

YY)

k,¢=1,2,3,4,5

[ckz] is a symmetric matrix containing the following elements:

z - Ajjal- Agg8?

- (Ay2 + Aggas
0

- (By2 + Bgg)as
- Byja? - Bggs?

- Aeéui - A2262

- KsAgsa® = KAy, 82

KiAuue
- KgAssa

- Dgga? = D3282 - KiAyy

(D2 + DgglaB

. U2
Dy1a? = Dgg82 = KsAss
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4.4 Mean Temperature and Temperature Gradient Sinusoidally

Distributed over a Rectanqular Region
Let ;
T(xay2) = Ty(xy) + (2/h) Ty(x.y) (4.4.1)
where
- ]
T (x,y) = T_sin (mmx/a) sin (nmy/b)
° 0 (4.4.2) i
and T](x.y) 2 T] sin (mnx/a) sin (nny/b)
For Case I, L 0 and zny < 0 with - governing

layer 1 (0°) and 2oy layer 2 (90°) (see Appendix C for the remaining cases).

b4

T ny
N = J Q122 122 * Q222 %222) T2
-h/2
0
+ I Q12 22 * Qg2 opy2) T8
Zny

b4

nx
+ J Q121 2121 * Q21 %220
0

h/2
+ I QM+ Qo o) T (4.4.3)
nx

Td2

Let
(@122 122 * Q222 %222) = #122
(Qnz oz * Qaz 212! = Bz
Q121 :121 * Q221 2220) = By

Q1 o1 * Qo %) " By etc.
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Then,

(z._-0)

.
Ne = Br2a TolZpy + /2) + 813, T(0 - 2, ) + 8y5) Tolz,

2
To(h/2 -zt B]ZZ(TI/Zh)(Zny - h2/4)

* A x)
2 2
* Ena(M/20(0 -z, ) + Bypy(Ty/20) (2, - 0)
2 _ 42
+ 8y0,(Ty/20) (274 - 22)

T =
Ny = (Bugp + 813 {(Tgh/2) + (8157 = 8y39) Tozp, *+ (Bygp - 8qy,)

o 2
Tozny +(By1q - By)(Tyh/8) + (815 - 8111 (Ty2,,, /2h)

2
-

ny/2) (4.4.4)

+ (819 = 8172)(Ty2
Similarly,
i _
Ny = (80 * 82110 (Tgh/2) + (B9py = 817) Tozp, * (B0 = Bayp) To2yy

+ (82]] - 5222)(T]h/8) + (822] - 82]])(T Zz /Zh) + (

1%nx 8222 ~ 82]2)

(Ty2,,/20) (4.4.5)

Now,
h/2 0 2 h/2

nx
Bi12 Tzdz + J 8127 Tzdz + I B Tzdz

0 2 ,
ny nx ,
r

T
M = I 3122 Tzdz + J

X -h/2 2

2 2
= (B1qq = 8120 0h%/8) * (8159 = 81300 21, 72) + (8155 - 817,002

oZny/?)

5 3 3
* (Bygg* By JM2/28) 4819y = 8y T2, /30N +(8y o) - 811,02, /30)

(4.4.6) ;
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And similarly,

T
"y = (82]] = 8222)0‘0“2/8) +(822-| = 821])0‘0an/2) +(5222 = 82]2)(Tozny/2)
+ (Bypp* 8211 )N2/28) 48,51 - 851 )12, 7300+ (85, - 8212)“11 /3n)
(4.4.7)

Using equations (4.4.4), (4.4.5), (4.4.6), and (4.4.7), we obtain the

following:

: ] a
Neox = 3l(81g0 % 8717 0Tgh/2) + (8151 = 81110 ToZny + By~ B412) T2y

* (847 = BygphTh/B) + (89 - 899 (Tyzg,/20)

+ (8192 - 8172)(Ty ny/Zh)} (4.4.8)

T - - -
Ny y = BU(Bopp + 81 NToN/2) + (Bpp0 = 8oy 1) T2, * (Bppp = Bpy) T2y,

- = 2
+ (Byyy = By XTih/8) + (Bygy = By )(Tyz,/2h)

+ (Bypp - B12)(T;2 ny/zn) (4.4.9)

Mo x = 0008117 = ByppXToh2/8) + (85 = 8111) (T20,/2) + (8195 = 8175)
(Tozny’Z)*(Bmz*Bn])(T h2/28) + (8151 = 8499) (T125,/3h)

(4.4.10)

* (812 = B1yp) (Tyzgy/30))




T

My = 8008y = 8ppp) (Th/B) + (Bypy = 8yqq ) (T2, /2) + (899 = 8515) (T2 /2)
.. .
+ (8ygp * 899 (T{h?/28) + (8551 = By ) (Ty2,/30)
T .3
) 4.1
+ (899 = 8212) (Ty2qy/30) (4.4.11)

4.5 Neutral-Surface Locations

As explained already,

2o, = - WU/X .z, = - /Y (4.5.1)

Numerically, the values 2. and zny are computed as follows:

The values of L and zny are assumed in the beginning to get
displacements. The above equations are used to obtain the new values of
Zax and zny and fed back to get one a more accurate set. This procedure
is repeated until the actual deflections are obtained.

4.6 Numerical Results

Numerical results are compared with Boley and Weiner's work [40]
for an isotropic-ordinary-material, single-layer, thin rectangular plate.
Close agreement has been obtained (see Table 4.1 below).

Table 4.1. Comparison with Boley and Weiner's Work [40] for an Isotropic

Single-Layer Thin Rectangular Plate at Different Aspect Ratios
(Ell/EZZ = 1.00 N vVi2 = vy = 0.3 N b/h = ]0)

Aspect Deflection, W/h {m=n=1)
Ratio,
a/b Boley and Weiner [40] Present
0.5 0.5300 0.5264
1.0 6.5858 6.5789
1.5 6.3112 6.3063
2.0 2.1104 2.1058
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Typical numerical results for (bimodulus) aramid-fubber and
polyester-rubber are listed in the following tables (see Table 2.4 for
the properties).

The solution for an isotropic,ordinary-material,single-layer,
thin rectangular plate has been specialized from the present analysis and
is compared with such a solution available in the literature. Good agree-
ment was obtained.

Sudden change in the deflection has been observed in the case
of aramid-rubber. To show the general trend, graphs have been plotted

(see Fig. 4.1).




Table 4.2.

Values of Nh/a§ T.b? and Neutral-Surface Locations
for a Single-Layer Orthotrgpic Rectangular Plate
(b/h=10 , a,%/a\%=0.5 ,

TO/T1=1.0)

/a2c=l.0

y Ay

t/uztno_] .

Ly

Wh/a,t Tibe

PN =t et et — - OO O O O
O O oo WO NOD;

Aramid-Rubber:

.1666
.2237
.2745
.3160
.3473
. 3690
. 3886
. 3861
.3709
.3498
.3266

o

O O O O O «~ — = = -~ N
O O O O O O o © o o

O O O O O O O O O © o

PN ot ot ot et e O O O O O
O O BN O W N oWL,

Polyester-Rubber:

2.1099 0.6511
1.6790 0.8482
1.4029 1.0080
1.2112 1218
1.0710 .1903
0.9649 .2194
0.8172 .1933
0.7233 .1062
0.6630 .0015
0.6258 .9016
0.6060 .8158

O O = b b et et

O O O O O O O o o o o

(See Appendix

for the in-plane displacements)

48




Table 4.3. Values of Nh/uzt .62 and Neutral-Surface Locations
for a Cross-Ply Rectahgular Plate (b/h=10 , a;%/a,t=0.1 ,
a1t/a,€=0.5 , ay%/a,€s1.0 , T, /T=1.0)

a/b Z, Z, Wh/a,t T,b2

Aramid-Rubber:
-1

0.5 0.1276 - 0.1510 x 103 - 0.2620 x 10
0.6 0.1184 - 0.1722 x 103 - 0.3983 x 107
0.7 0.1165 - 0.2347 x 10° - 0.5973 x 107!
0.8 0.1191 - 0.5316 x 10° - 0.8814 x 107
0.9 0.0578 - 0.3450 0.3660 x 1072
1.0 0.0980 - 0.3498 0.4432 x 107
1.2 0.1304 - 0.4327 0.5848 x 107
1.4 0.1399 - 0.3375 0.6998 x 107
1.6 0.1402 - 0.3339 0.7852 x 1072
1.8 0.1358 - 0.3316 0.8453 x 1072
2.0 0.1286 - 0.3302 0.8862 x 1072
Polyester-Rubber:

0.5 0.7482 - 0.8415 - 0.5453 x 107"
0.6 0.7433 - 0.8470 - 0.7863 x 107
0.7 0.7477 - 0.8516 - 0.9269 x 10”!
0.8 0.7584 - 0.8439 - 0.8915 x 107
0.9 0.7772 - 0.8237 - 0.6903 x 107
1.0 0.8075 - 0.7973 - 0.3825 x 107"
1.2 0.9274 - 0.7628 0.2514 x 107!
1.4 3.2603 0.4369 - 0.7672

1.6 3.3521 0.4656 - 0.8295

1.8 3.3178 0.4636 - 0.8473

2.0 3.2126 0.4440 - 0.8402

(See Appendix D for the in-plane displacements)
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Fig. 4.1. Variation of dimensionless deflection with respect to
aspect ratfio for two-layer cross-ply rectangular plates.
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CHAPTER V

LARGE DEFLECTIONS OF BIMODULUS CROSS-PLY
THIN RECTANGULAR PLATE

This class of praoblem has been attempted in different ways by
various people [11,12,41-49]. Nonlinear bending of ordinary orthotropic,
single-layer thin plates subjected to uniform loading has been treated by
Niyogi [41] among others.

Perhaps the first large deflection analysis of unsymmetrically
laminated plates was due to Pister and Dong [42], who considered isotropic
rectangular plates. The arbitrarily laminated fully anisotropic equations
of the von Karman type were probably first presented by Whitney and Leissa
(17], who did not solve them. Large-deflection analyses of unsymmetrical,
laminated rectangular plates have been published in [43-49].

Large-deflection analyses of plates made of bimodulus materials
have been limited to isotropic bimodulus materials. Kamiya [11,12] ana-
lyzed both the circular and the rectangular planforms.

Due to the complicated algebra involved in the nonlinear be-
havior of thick plates, the work in this chapter has been reduced to thin
plates. An approximate solution is obtained by using the Galerkin

technique.
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5.1

Basic Equations

Consider a thin rectangular plate of thickness h and plate

dimensions a and b (in the x and y directions, respectively) subjected

to nonlinear bending.

In view of Kirchhoff's thin-plate hypothesis, the displacement

components u, v,andw in the x, y, and z directions can be expressed in

terms of mid-plane displacements uo. v°, and w° as:

u = ul(x,y) -z W (X,)

v=YV

w = w(x,y)

o

X\y) - 2 W.y(x.y)

where the comma denotes differentiafion.

-

B, O ( ul, + w22

B,, O v?y + w,§/2

0 B | | 4%, 040
$

012 0 - w’xx

022 0 = Nsyy

bending coupling, and bending stiffnesses defined by

52
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The laminate constitutive relations can be written as:

L

(5.1.1)

(5.1.2)

The quantities Aij' 313' and D1J are the stretching, stretching-




h/2

(Aij'BiJ’DiJ) . I-h/Z (1,2,22) Qij dz (5.1.3)

1,j=1,2,6

The equilibrium equations are (neglecting body forces and body moments):

+ =
NX'X ny Wy 0

+ =
Megux * Mgy = 0 (5.1.4)
Neasx ¥ oy * Moy * M P Mayxy "My t97 0

where q represents the normal load.
Substituting equations (5.1.2) into equations (5.1.4), we get

the following. For equilibrium in the x direction:

0 0
Ari (U + Wo Wy, ) * Alz(v'xy * w.yw.xy) = BuiWa gy - Bravsyyy
+ Agg(ud  + Wt w, W bW, W) - 2Bgg W, =0
861 0yy © Thxy T Ty Ty XYy

or

(] 0
+
Allu,xx Assu,yy

0
+ (Al2 + AGG)V,xy + W.X(Allw.xx + Asew,yy)

+ W-y(sz + Ags)w,xy - Byw, - (B + 2855)“. 0 (5.1.5)

=
XXX xyy

For equilibrium in the y direction:

0
Aﬁﬁ(uoxy + V? + W, W, + W, W, ) - 2866“9

XX X Xy y XX XXy

0 Q
+ A;z(u.xy + "'x"'xy) + Azz(V.yy + w.yw.yy)

- Biawy,, = Baaws 0

-
xxy yyy

or
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*+Aggw,

)

0 0 0
Aaavsyy + Asevy,, + (sz'*Ass)“-xy * W (AW,

Y XX

+ W,X(Alz +A55)W,Xy - Byow, - (BIZ+ZBGG)W’

=0 5.1.6
yyy Xy ( )

For equilibrium in the z direction:

o .1 ° v 12y, (. -
[All(u'x + 2 w,i) + Alz(v’y + 2 woy) + le( w'xx) + 812( wayy)]wsx

o )
+ Z[Aﬁs(u’y + V,x + w)xw;y) + BGG(- ZW, )]W,

0 o 1.2 '
+ [Alz(“- “'x) 22(V'y * s wty)- BioW, - Bzzw,nyW,yy :
;
2 (o} 2 §
* Bll(“’xxx * o xMaxxx w’xx) * B12(v’xxy * w’yw’xxy ¥ w’xy) i
" DM - e ELIY :
o 0 2
+ 2[865(u,xyy F Voxy F WMyt Waxy F WMy * Warxoyy)
0 2
+ B (V? + W, w, w,z ) - D w, - Dzzw’ + q = 0
221 yyy yUyyy yy 12T xxyy yyyy
or ;
B, ,u° + (By, + 2Bce ) {u® +v9 )4 B, vo !
1Y%y 12 66/ oxyy T Voxxy 2Dyyy ;
+w, [Bryw,,  * (B + 2B Wayyyd * W [Bagw,y oy *+ (B + BeeIwayyy]
+ 2w,xx(366 - Bl2)”‘yy + ZW'XyW,xy(Blz + Bgg) - W'yye'zz"'yy
- Duw,xxxx - 2(Dy, + ZDGG)W’XX)',Y = 022"‘:yyy‘y
s 102
+ {q + Waxx[A11(U?x ? L ) + A12(V. 2 W’ )]
] 1 ] 1.2
+ w,yy[Alz(u.x + 7 N.x) + Azz(v.y + 3 W, )]
0 0 - = 5.1.7
Zw,xy[Ass(u.y PRI WBggwa, 1} = 0 ( )
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5.2 Simply-Supported Boundary Conditions

Along the edges at x = 0,2

W=w,. = Mx z 0

yy
08 =
v Nx 0

Along the edges at y = 0,b (5.2.1)

e *M =0
wEW y

XX

0
=N =0
vty

5.3 Solution
The set of equations (5.1.5-5.1.7) are coupled and nonlinear in
nature, and an exact solution appears to be extremely difficult to obtain.
Hence, an approximate solution will be obtained here., Let
q = Q sin ax sin gy
w =N sin ax sin gy
o (5.3.1)
u = U cos ax sin gy

v? = V sin ax cos gy

By the Galerkin method (equations (5.1.5)-(5.1.7) and equations (5.3.1) are
combined):

b
o o
1 {(Al‘"’xx + Asev.yy + (A2 + Ase)V?xy + "‘x(Allw‘xx + Asew.yy)

+"'y(A12 +A5dﬂ.xy°811w.xxx - (Bxg +2366)"‘xyy)} cos ax sin gy dxdy=0




ab
[
00

or

or

or

+

<

+

u(

2 2
ALy %2- U cos? ax sin? gy - Ags %— U cos? ax sin? gy
nZ 3 2 cos? 3
V(Aj2 + Agg) 35 c0s? ax sin? 8y - Ay oy WP cos® ax sind gy sin ax
Age =T b W2 cos? ax sind gy sin ax
2 nd 2 2 n3 2 2
W(A;2 +Agg) ap? Cos? ax cos? gy sin ax sin g/ +B W a7 €0s? ax sin? gy

3
W(By2 + 2Bgg) 3pz cos? ax sin? gy} dxdy = 0

2 2
My U R A BT U - (At A B

3 8ab 8ab 3 Jab
A1 37 W2ogoT - Aes 37 b Waegez * WA(A12 * Agg) 3p7 e 3p7

ab

K | 3
By Ty - 3P+ W(By, + Bgg) 7 B = 0

Allﬂ'zb Assﬂ’za

et )tV (A Agg) TJ
a "3b 3
- Wi+ + (B, + 2Bgg) E]
*N2[+‘A11 ”§+§Ass b (Alz + Agg) 1 = 0

z3b

U (162 + Agga?)} VO (Ayy *Agg) )} +W(- 12 8y - I (Bya + 2Bg))

B2
+ “2(8‘% (A1) 2!’ + Age - ;‘ (ARy2 *+ Aggl))} = 0 (5.3.2)
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Similarly,

ab
) 0 0
! £ (AzgVsyy + AseVay, * (Arz + Agelu, ) + va(Azz‘“-yy * ReeWs, )

+ w,x(A12+A55)w,xy-322w, - (B12 * 2Bgg )W, }sin ax cos 8y dxdy=0

yyy XXy

or

ab
"’2 ] 2 "2 s
(= Ayy pr V sin? ax cos? By - Agg 77 V sin? ax cos? gy
00
3
- (Ap; + Agg) U3 - s‘in2 ax cos? gy ~ A,,N2 %3- sind ax cos? gy sin gy

3
- Aggh? ;"13 sind ax cos? 8y sin gy

. .
" . , 3
+ A1z + Agg)W? Tz sin ax cos? ax sin gy cos? gy + By, £3 W sin? ax cos? gy

+

3
(By, + 2Bgg) W —al'z-s sin? ax cos? gy} = 0

or

ab
AZZBTVT'AGS"Z'V“‘(Alz"'AGG)U"B'T A2oW? £ ?%9

n3 8&
AseW? 75 Gaz * (R12 *+ Age)W? T ‘g“;g + Bl ﬁ'a' %‘

3 ab
(812 + ZBGG)“ fz‘s %‘ = (

+

or

VI* Aoz TR+ Ree T2 + U(Ay, * Age) I
- W(B n3a 13
22 37 * (B1a + 2Bg6) 33l
+ H2[+ A, g&g + Ags g_ - (sz AGS) g%) =0
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or

2 2
UET (Aiz + Age)d + VT (3 Agp + 2 Age))

33 3
+ Wi~ B,, Z—b, - Z—a (By, + 2Bgg)}

+ Wz{% (%; Ay + Agg - %‘ (Aj2 + Agg)t = 0 (5.3.3)
Also,
ab
Builyyy *+ (Brz + Beg)(ud,  +v3 ) 8223y
00

Fwa [BraWa e * (Bra + 2Bgglw, ]

Yy

+ Wsy[Bzzwo + (312 + 2Bgglw,, .. ]

yyy XXy

* 2w, (Bgg - Blz)"-yy + zw’xyw’xy (By, + Bgg) - w’yyB22w‘yy

- Dllw'xxxx - 2(012 + ZDGG)w,xxyy - DzEW,yyyy

+q+ W,xx[All(u?x + % W-i) + A12(V?y + % w,2)]
0 1 2 0 1 2

o 0 X .
+ Zw’xy [Ase(u»y vyt w.xw,y) - 2866w,xy]} sin ax sin gy dxdy=0

3 3 3
I {%g By U sin? ax sinZ gy + (By, + 2866)(5%7 U+ é&s V) sin? ax sin? gy

3 4
+ B2z 57 V sin? ax sin? gy - By W2 Ip cos2 ax sin ax sind gy

N
- (Byy + 2Bge) ;;52 W2 cos? ax sin ax sin3 gy
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or

nl

- Ba,We oF sin3 ax sin 8y cos? gy
ﬂ“ ) : .
- (B2 + 2Beg) Jzpz W° sin3 ax sin 8y cos? gy
ﬂl‘ 5 . .

+ 2(Bgg - B12) 3762 Wsin3 ax sin3 gy
+ 2W2(By, + Bgg) —by s i 2 2

12 66) 3757 SIN aX SIn By COS< aX COS< gy

'n"’ . . 11'" N .
- Bgz pw W2 sind ax sind gy - D W = sin? ax sin? gy

TTL‘ P s N ﬂ'“ . .
- 2(Dy, + 2Dgg )W 3257 S$in? ax sin? By - Dy W ¢w sin? ax sin? gy
s .2 .2 773 T s 03

+ § sin® ax sinc gy + Ay, 37 UW sind ax sind gy

ﬂ" 3 . A 2 . ﬂ3 N .
- Ay 5w WP sin? ax cos? ax sin* gy + Ay, WV 75 sin3 ax sin3 gy

T\'“ N . 173 . .
- A2 3757 W3 sin® ax cos? gy sin? gy + A;, 257 W sind ax sind gy

ﬂl‘ ) N ﬂa : .
- A2 57 W3 cos? ax sin? ax sin® gy + A,, 57 VW sind ax sind gy

“.’-0 N N
- Ay v W3 sin* ax cos? gy sin2 gy

173 . 2 . 2
+ 2Ag¢ UW 352 Sin ax cos< ax sin 8y cos< gy
1\'3 . 2 . 2
+ 2Rgg VW 375 STn ax cos® ax sin 8y cos< gy
3 _m° 2 ; "

*+ 2hgs W3 STz sin? ax cos? ax sin? gy cos? gy

&
- 4Bgs W2 S7p sin ax cos? ax sin gy cos? gy} = 0
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- By W2 Tg—a‘% - (Byy + 2Bgs) E-}%zwz %ag - ByoW? %;g%g
- (By, + 2Bgg) Ther W2 22+ 2 (8, - 8,,) 3 162
- 2(D1z + 2Dgq) w—zgfatlb‘DzzW%:'aig*QgTb"An alfow]Q_snazp'
- A‘11 2a 35 W3 3634b + Ay WV _,%1_96_‘?}1 - Aps W“ 36a4b v Ay, E%;‘UN ]9_?:9

“ 3ab 16ab 3 3ab 3 4
AW oirpr G * A b“f WP - Aoy gkt B+ 2Ags N 27 o2

3 4ab 4 “ 4
oW T 222 + 2 W iy - 4o W2 oy 20 - 0

+

n3b 3 +3a
U{Bll —w' + (812 + 2866 ~4—b'} + V((Blz + 2866) 4_a_ + 322 m.}

f W= 0y 01 20y, + 20g)
= 07 - 20y 66) 3ap - D22 gp3

m28b 728

+ WA{-By1 "3 - (Byp + 2Bes) gop - Baz gp3- - (Biz * 2Bge) g 9ab

216 24 216 4
+ 2(Beg - 8)2) “gab + 2(By, * Bes) g3p - B2z Trgab 4B¢6 g9ap’

4 4 4
3. m3b ™3 '3 n43a n4
* WM 17837 - M1z 128ap - M2 T28ap - A22 17867 * 2Aes §aap)
16b 16 8
+ WAL 557 + A2 gp- + Ass gp)
VA, 2 4 Apy TG+ 2Agg 3ot +q, 3= 0 (5.3.4)

The above three equations yield a cubic equation in W which can

be solved by using a standard subroutine (such as ZRPOLY).
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5.4 MNeutral-Surface Positions

By Kirchhoff's hypothesis, the neutral-surface locations are

defined by €y © €y = 0 which implies

= 0 =
Zx u'x/w’xx U/Wa

(5.4.1)
o
= . = w
zny v,y/w vy V/uWs

The iterative method is applied as in the other problems to get the actual

deflection.

5.5 Numerical Results

The present solution is compared with that of Kamiya [11], the
only solution available for large deflections of bimodulus isotropic
rectangular thin plates,simply supported on all edges. Good agreement is

obtained (see Table 5.1).

Table 5.1. Comparison of Nondimensional Deflection, W/h, witg
Kamiya;s Solution [11]. (a/b=1, vC=0.2, qoa“/E23~h“
=16,91

! ™~ b = 3
t .c 16.91 WE;, h“/qoa ZX an/h Zy Zny/h
E*/E
Kamiya Present Present
1.0 0.4000 0.4010 -0.0795 -0.07958
1.5 0.3200 0.3177 -0.0398 -0.0100

2.0 0.2700 0.2658 0.2658 -0.0167




A —— g ]

1 Table 5.2. Dimensionless Deflections and Neutral-Surface Locations
§ for a Single-Layer Orthotropic Rectangular Plate at
§ (1) q = qb*/E;xCh* = 1.0, (ii) q = q 0*/E22Ch* = 200

| P N N A r— "
, (i) (ii) (i) (i1) (i) (ii)
| Aramid-Rubber:
0.5 0.0768 0.0876 - 0.0688 - 0.0803 0.665! x 10°% 0.0139
i 0.6 0.0780 0.0828 - 0.0636 - 0.0724 0.1384 x 10> 0.0278
! 0.7 0.0780 0.0732 - 0.0598 - 0.0667 0.2567 x 107>  0.0489
i 0.8  0.0795 0.0611 - 0.0564 - 0.0644 0.4377 x 107> 0.0774
§ 0.9  0.0795 0.0462 - 0.0536 - 0.0659 0.7001 x 107>  0.1126 :
{ 1.0 0.0805 0.0290 - 0.0512 - 0.0699 0.1063 x 10"  0.1530 !
1.2 0.0805 -0.0093 - 0.0477 - 0.0885 0.2178 x 107°  0.2435 )
1.4 0.0805 -0.0498 - 0.0464 - 0.1146 0.3945 x 107°  0.3395 :
1.6  0.0805 -0.0906 - 0.0446 - 0.1447 0.6528 x 10°°  0.4365 ;
: 1.8 0.0789 -0.1370 - 0.0446 - 0.1765 0.1003 x 107"  0.5326 {
{ 2.0 0.0773 -0.1699 - 0.0486 - 0.2086 0.1449 x 10"  0.6270 :
i
Polyester-Rubber: ]
| 0.5 0.0706 0.0565 - 0.0515 - 0.0441 0.3090 x 10°°  0.0572 §
% 0.6 0.0706 0.0376 - 0.0491 - 0.0390 0.6361 x 10>  0.1058 i
: 0.7 0.0706 0.0126 - 0.0471 - 0.0390 0.1166 x 10°%  0.1674 :
: 0.8 0.0716 0.0126 - 0.0454 - 0.0504 0.1962 x 10"  0.2389 §
0.9  0.0716 -0.0447 - 0.0441 - 0.0619 0.3087 x 10"  0.3094 ‘
1.0 0.0716 -0.0747 - 0.0441 - 0.0796 0.4597 x 1072  0.3832 .
1.2 0.0703 -0.1334 - 0.0427 - 0.1231 0.8974 x 10°%  0.5305
1.4 0.0683 -0.1899 - 0.0427 - 0.1712 0.1529 x 10}  0.6743
1.6  0.0656 -0.2433 - 0.0437 - 0.2202 0.2344 x 10"  0.8130
1.8 0.0623 -0.2929 - 0.0472 - 0.2681 0.3298 x 10"  0.9453
2.0 0.0589 -0.3382 - 0.0503 - 0.3137 0.4337 x 10" 1.0700
(See Appendix D for the in-plane displacements)
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Table 5.3. Dimensionless Deflections and Neutral-Surface Locations
for a Cross-Ply Bimodulus Rectangular Plate at
(1) q = q b*/ExpCh" = 1.0, (1i) q = qob“/Ezzch“ = 200
a/b i z.x Ly ’y W/h W/h
(i) (ii) (i) (ii) (1) (ii)
Aramid-Rubber:
0.5 0.0934 0.0875 0.0280 - 0.0316 0.7149 x 10'4 0.0139
0.6 0.0934 0.0827 0.0247 - 0.0329 0.1480 x 10'3 0.0278
0.7 0.0934 0.0731 0.0221 - 0.0398 0.2734 x 10'3 0.0488
0.8 0.0934 0.0611 0.0202 - 0.0544 0.4645 x 10'3 0.0774
0.9 0.0934 0.0462 0.0189 - 0.0766 0.7402 x ]0'3 0.1126
1.0 0.0934 0.0292 0.0189 - 0.1033 0.1121 x 10'2 0.1531
1.2 0.0934 -0.0072 0.0172 - 0.1633 0.2284 x 10'2 0.2404
1.4 0.0921 -0.0397 0.0172 - 0.2184 0.4127 x 10’2 0.3187
1.6 0.0909 -0.0625 0.0172 - 0.2580 0.6800 x 10'2 0.3741
1.8 0.0895 -0.0752 0.0172 - 0.2815 0.1041 x 10'1 0.4077
2.0 0.0874 -0.0826 0.0188 - 0.2950 0.1498 x 'IO'1 0.4270
Polyester-Rubber:
0.5 0.0895 0.0634 0.0815 - 0.0959 0.3519 x 10'3 0.0616
0.6 0.0895 0.0438 0.0805 - 0.1128 0.7206 x 10'3 0.1124
0.7 0.0895 0.0181 0.0805 - 0.1413  0.1312 x 10'2 0.1759
0.8 0.0895 -0.0104 0.0805 - 0.1789 0.2188 «x 10'2 0.2469
0.9 0.0895 -0.0396 0.0805 - 0.2216 0.3403 x 10'2 0.3307
1.0 0.0895 -0.0678 0.0805 - 0.2673 0.4999 x 10'2 0.3931
1.2 0.0869 -0.1437 0.0832 -~ 0.4042 0.1527 x lO" 0.5994
1.4 0.0869 -0.1437 0.0832 - 0.4042 0.1527 x lo'] 0.5994
1.6 0.0854 -0.1554 0.0856 - 0.4356 (0.2217 x 10'] 0.6444
1.8 0.0840 -0.1576 0.0882 - 0.4517 0.2947 x 10’1 0.6669
2.0 0.0828 -0.1542 0.0909 - 0.4605 0.3659 x 10'1 0.6776

(For the in-plane displacements, seee Appendix D)
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Comparison of the present theory with the existing solution for
bimodulus isotropic thin plates shows close agreement. Typical computa-
tions are shown in the above two tables, and graphs are presented (Fig. ‘

5.1) to observe the general trend.
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“/Ezzch“ = 400
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/ /// ’///’
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(b) Polyester-Rubber

Fig. 5.1. Variation of dimensionless deflection with aspect ratio
for two-layer cross-ply rectangular plates.
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CHAPTER VI

CONCLUSIONS

e

® o

Good agreement exists between the closed-form, small-deflection

solutions presented here and previous approximate analyses carried out
by several authors for special cases (isotropic bimodulus material) as

was shown in Chapters II-IV. It is also shown that the exact solutions

T T TS T Tl o

developed here offer a good check for finite-element analysis available
(see Chapter I1). The results of Chapters III and IV can also be used
for this purpose.

Good agreement was also obtained between the approximate
Galerkin-type solution presented in Chapter V and an existing solution
for the isotropic bimodulus case.

It has been observed that for materials with different proper-
ties in tension and compression, the location of the neutral surface
may vary considerably from the geometric mid-plane. Materials with
markedly different properties in tension and compression are, of course,
most affected.

There is a sudden jump in neutral-surface locations with the
change in aspect ratio in the case of free vibration. This is probably
due to the eigenvalue nature of this problem. They also assume out-of-
plate values in the case of thermal bending.

Stacking sequence for two-layer, cross-ply laminates plays an
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important role in both the amount of deflection and the failure mode.
For some plate aspect ratios, the maximum stress can be developed at the
bottom of the plate. However, if the stacking sequence is reversed, the
maximum stress may occur in those fibers closest to the mid-plane.

Typical computer programs are presented in Appendix III.
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APPENDIX A

DERIVATION OF THE PLATE STIFFNESSES FOR TWO-LAYER
CROSS-PLY LAMINATE OF BIMODULUS MATERIAL

In the solution of problems involving laminates comprised of
bimodulus-material layers, it is necessary to evaluate the integral forms
involved in the definitions of the plate stiffnesses, Eq. (2.1.6). This
is accomplished here for the case of a two-layer cross-ply laminate.

Each layer is assumed to be of the same thickness, h/2, and
the same orthotropic elastic properties with respect to the fiber direc-
tion. Since each layer is oriented at either 0° or 90° to the x axis,
the laminate is also orthotropic, i.e., there are no stiffnesses with
subscripts 16 and 26.

The bottom layer is denoted as layer 1, i.e., ¢ =1 in Qijkz’
and occupies the thickness space from z = 0 to z = h/2, where z is mea-
sured positive downward from the midplane. The top layer is denoted as
layer 2, i.e., & = 2, and occupies the thickness space from z = - h/2
toz=0.

In the general case derived in this derivation, it is assumed
that the upper portion of the top layer (2=2) is in compression (k=2 in
Qijkz) in the fiber direction and that the lower portion of the top layer
is in tension (k=1), while the inner portion of the bottom layer (2=1),

fromz =0 to z = z.0 is in compression (k=2), while the outer portion
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(from z. to h/2) of layer 1 is in tension (k=1).

Thus, the general integral expression for Aij' the first of

Eqs. (2.1.6), may be taken as the sum of the integrals for each of these

regions:
Case 1
12y<0, Zx>0)
h/2 g
A,. = I .o 4z
1] -h/2 ijke
jzny q i s 0 . i+ Znx . o h/2 . d (A1)
= . 4 . Z .. . s Y 4
- ije2 j iji12 f ij2l J ijn
h/2 Zny 0 2oy

Since the planar reduced stiffnesses Q; are each respec-

ijke
tively constant in the appropriate regions, Eq. (A-1) integrates to the

following result:

Aij = (Qijzz + Qij]1)(h/2) + (01J2] = Qij]l)znx

(A-2)
* Qyj22 = Q451207
or
Ay = (V2 Q500 * Cign) * @y - Qg
(A-3)
* Q22 - Y2y
Similarly
h/2
Bij = J‘hlz zQika d2
Zny 0 z. h/2
= I_hlz zQiJZZ dz + Iz 201312 dz + f 201j2] dz + Iz zoijl] dz (A-4)
ny 0 nx
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- (‘ Qijzz + Qij]])(hzls) + (Qij21 - Qijll)(znxz/z)

+ (Qijzz - Qile)(znyz/Z)

or
2 . .
. Byg/t* = (/8= Q500 *+ Qyypy) * (Qypy - Q499 (2,2/2)
| * Qg0 - Qip)(2,2/2)
§ Also
% h2
| 04 = [-h/Z 220 5, 42
j = J Y g dz + 0 2 “x 2 h/2
g2t M2 IZ 2 Qijlzdz‘*[o 2‘01321dz'*fz 22Qy4yy dz
ny nx
= (01j22 + Qijl])(ha/za) + (QijZ] - Qijll)(znx3/3)
* Q22 = Qy12)(293/3)
or

3 2
D1j/h (]/24)(Q1j22 + Qij]]) + (ijZ] - Qij]])(ZX3/3)

* Q502 - Q0 (233)

Similarly
Case 2
(zy>6. zx<0)

A I“/Z
= Q dz
13 -h/2 1jke
b1 2

I nx ] iz + ]0 ; ny h/2
- 2 +
-2 4922 - Q12 92 Io Qo 92 ¢ ]zny Qg &

76

(A-5)

(A-6)

(A-7)

(A-8)
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)z

= (Qyin * Qy22)(V2) + Q5 = Qgyp)zn, + Qo1 - Qyylzgy

or

Avim = Qi * Q432272 *+ Q4505 = 9451202, * (Q441 - Q50002
and '
(A-10)

Big/m* = Qygny - Qy2a)/8 + Q09 = Qi512) (22/2) + (@5 - Qy5)(Z2/2)

131

Dyg/™ = (Qyz11 * Q53220728 *+ (Qy595 = Qujip) (43/3) + (Qyyp - Qy59y)(Z,2/3)

Case 3
(Z,>0, 7,>0)
y
Apg/h = (Qygpq * Q4502072 + (Q4507 = Q4597024
Byi/M? = (Q459q = Q4300078 + Q55 = Q4499)(2,2/2) (A-11)
D;5/0% = (Qqiqq * Q3000728 * Q401 = Q4519)(Z,373)
Case 4
1Z.<0, 7 <0)
x*V Cy
A

13/ = Qygnn * Qyye2)/2 * Q505 - Q459002

Byg/"* = Qygar = Q)78 + gz = Qyypp)(2,272) (A-12)

Dyg/h® = (Quyqq + Quyp0)/28 + (Qy55p = 0453,)(2,%/3)

17

—




For neutral surface going out of plane,

Case 5
Qx>5.5. Zy>-0.5)

Aig/h = Qygp) + Q440,072
Big/h* = (Qy - Q51278

Dij/h? = (Qy59y + Q45120724

Case 6

x>-0.5, Zy>0.5)

Afj/h = (ij]] + Qijzz)/z
Big/M = Qygpy - Q4590078
Dij/h3 = (Qij]]'+ 01322)/24

Case 7
IZX>U.5, Zy>0.5)

AUARECHPSIEN V.
B3/ = Qa1 = Q450,078

P1g/h? = (5590 + 0y5p5)/28

Case 8

{Zx>-5.5. ;y>-0.5)

AiJ/h = (Qij]] + Qile)/z
Big/M? = (Qyyq - Q412078

D13/M = Qypg + Q4550728
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Single Layer
For a single layer (0°),

T FREIT TIPS

Ajg/h = gy * Q0072 * Q441 = Q1024

Byg/M = Qygny - Qyn)/8 * Qg1 - Q44090272

Dy5/h% = (Qyyqq + Q45910728 + (Qy5y = Q44170273

For neutral surface out of plane,

Case 1

(Z,>0.5)

A/ = Q452

Bij/hz =0

3.
Dij/h Q97712

ij2

Case 2
lzx>-U.5)

Ay = Qm
By4/h2 = 0




APPENDIX B

DENSITIES OF ARAMID, POLYESTER, AND RUBBER

Fibers:

According to the Kevlar Data Manual [50], the densities of the

fibers of aramid and polyester are:
Kevlar (aramid) = 0.052 lbf/in3

Polyester = 0.049 lbf/in3

Rubber:

Reference [51] lists nautral rubber and isoprene rubber at
specific gravity, 0.93, and SBR plus BR rubber at specific gravity, 0.94.

Taking 0.93, the density of rubber can be calculated as:
Density = 0.93 x 62.4 Ibf/ft3 (H,0)/1728 ind3/ft3

= 0.034 lbf/in3

Composite:
If o represents the density (f for fiber and m for matrix) and
V represents the volume fraction, the density of the composite o ~an be

written as:
o *efle*on'n

=+ (op=-op Ve
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P

The values of Ve according to Ref. [2] are:

Aramid/rubber : 0.140
Polyester/rubber: 0.149

Thus, the densities of the composites can be listed as follows:

Density

Composite o(1be/1n)
Aramid/rubber 0.037
Polyester/rubber 0.036
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APPENDIX C

THERMAL FORCE AND MOMENT EXPRESSIONS FOR CASES II - VIII

Expressions for lex, szy, lex- and MZTy were derived for Case

I in Chapter IV. In a similar way, one can obtain the expressions for the
above-mentioned quantities for the remaining seven cases as follows:

Case II

———3——*
Y zny>0

Gf(ﬁxzz*ﬁln)(roh/z) + (8)2; - )(Tz )

0 nx

*+ (8111 -8122)(T1h/8) + (8121 - 8111)(T12.2/2h)}

B{(5222+3211)(T0h/2) + (832 ’3211)(T°an)

+ (8211 - 8222)(T1h/8) + (8221 ‘8211)(712éi/2h)}

(c-1)

MItx * a{(B111 - 8122) (T h2/8) + (815, - 8111 )(T 22 /2)
+ (3122+8111)(T1h2/24) + (812 -31“)(?12“3)(/3“)}
szy = 8{(8211 - B222) (T h2/8) + (821 - 8211 )(T 22 /2)

+ (8222 = 8211)(T1h2/24) + (8,2, ‘3211)(7126;/3h)}




C—

1 o e e

0 A W 4 AN 3 i

A —

Case III

znx<u' zny>°
T
NI.X = a{(3122+8111)(T0h/2) + (8121 -3111)(T°zny)

* (B122-8112) (T z, ) + (8111 - 8122) (T1h/8)

+ (8121 - 3111)(?1Z;§/2h5 + (8122 - 8112)(Ty2 2 /2h)}
Nz,y = 8U(B222+ 8211} (T W/2) + (8221 - B211) (T2, )

+ (Ba22-8212)(T 2 ) + (8211 - 8222) (T 1h/8)

+ (8221 ‘3211)(T1233/2h) + (8222 '3212)(T12;;/2h)}
Mi,x = al(gyn -5;22)(T0h2/8) + {8121 '3111)(T02g;/2)

+ (8122 - B112)(T 22 /2) + (8125 + 8111 )(T h?/24)

+ (8121 - 8111)(Taz 3 /30) + (8122 - 8112) (a2 3 /30))
My y = BU(B211 - B222)(T h2/8) + (8,2, '3211)(70253/2)

+ (B222 - B8212)(T 22/2) + (B335 +8211) (T h2/24)

2
oznx

+ (8221 - 3211)(71253/3h) + (B222 - 8212)(T123 /3h)}

Case IV

z__<0, zny<0

nx

Nlrx = al(B122 +8111)(Th/2) + (8127 - 8121)(Tozny)

+ (8111 - 8122)(T1h/8) + (8, ‘8121)(711g§/2h)}
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T
Nz,y

.
My x

:
M2,y

Case

= B{(Bzzz'*3211)(roh/2) + (Ba22 - Ba21)(T )

o%ny
+ (8211 - 8222)(T1h/8) + (8222 -8221)(T12;;/2/h)}
= a{(slll '3122)(T°h2/8) + (8122 ‘3121)(TOZ;;/2)
+ (By2+ 8111 )(T(h2/24) + (8y, - 8121)(T1253/3h)}
= 8{(8211 - B222) (T h2/8) + (8222 - 8221 )(T 2.2 /2)

o“ny

+ (8222 +8211)(T1h2/24) + (6222-6221)(1‘,zn3y/3h)}

For neutral surface going out of plane,

v

ZX>U.5, Zy<-0.5

Ni,x = al(B12) +8112)T /2 + (812) - 8112)T1/8)

szy = 8((8221 +8212)T /2 + (8221 - 8212)T1/8)

MIIX = al(B121-8112)T /8 + (8121 +8112)T1/724)
Mzty = 8{(B221 - 8212)T /8 + (822) *8212)T1/24}
Case VI

x <705, Zy>0.5

NITX = a{(812) +6112)T /2 + (812, - 8112)T1/8)

Nzty = 8{(B221 +8212)T /2 + (8221 - 8212)T1/8)

"1Ix = a{(B12) = 8112)T /8 * (8121 +8112)T,/24)
Mzry = 8{(822) - 8212)T /8 + (8221 +8212)T1/24}
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o+ e — e - e

Case VII

AN y>0.5
I

Nisx * al(8111 +8112)T /2 + (811 - 81,,)1,/8)
T

Nasy = 8(B211 +8212)T /2 + (851, - 8,1,5)T,/8)
T

Mix = allBryy - 8112)T /8 + (811, +8y,,)1,/24)

Mo,y = 8L(8211-8212)T /8 + (8, +8,,,)T,/20)

Case VIII
-0.5, Z <-0.
< y 5

T

Nisx = al(B1a1 +8122)T /2 + (8151 - 8y52)11/8)

T
N2,y = 80(8221 +8255)T /2 + (825) - 855,)1,/8)

Mix = al(B121-8152)T /8 + (81, +8,5,)1,/20)

r
May = 8{(822, ‘3222)70/3 * (8221 +825,)T,/24)

For a single layer, change B112 to By,

and 8227 to 83;;.
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APPENDIX D

IN-PLANE DISPLACEMENTS AND SLOPE COEFFICIENTS

The in-plane displacements and the slope coefficients correspond-

ing to the middle-surface deflections presented in the preceding chapters

are listed in the following tables.

Table D2.5. In-Plane Displacements and Slope Coefficients

Associated with Table 2.5

a/b (UE;2h3/q p*)x1072 (VE;;h3/q_b*)x10”

2

XE22%h3/q 0*)x1072 (YE,Ch3/q b*)x1072

Aramid-Rubber (NL=1)

0.5 0.0510 - 0.0238 - 0.1162 - 0.0730
0.6 0.0824 - 0.0386 - 0.1883 - 0.1333
0.7 0.1204 - 0.0552 - 0.2754 - 0.2187
0.8 0.1725 - 0.0720 - 0.3727 - 0.3295
0.9 0.2064 - 0.0877 - 0.4745 - 0.4634
1.0 0.2495 - 0.1013 - 0.5754 - 0.6161
1.2 0.3264 - 0.1209 - 0.7575 - 0.9569
1.4 0.3844 - 0.1308 - 0.8982 - 1.3101
1.6 0.4222 - 0.1313 - 1.0509 - 1.9486
1.8 0.4427 - 0.1269 - 1.0778 - 2,2132
2.0 0.4503 - 0.1269 - 1.0778 - 2.2132
Polyester-Rubber (NL=1)
0.5 0.0150 - 0.0073 - 0.0503 - 0.0449
0.6 0.0252 - 0.0122 ~ 0.0848 - 0.0787
0.7 0.0387 - 0.0184 - 0.1304 - 0.1281
0.8 0.0554 - 0.0256 - 0.1871 - 0.1960
0.9 0.0749 - 0.0335 - 0.2539 - 0.2845
1.0 0.0967 - 0.0419 - 0.329 - 0.3945
1.2 0.1442 - 0.0588 - 0.4947 - 0.6760
1.4 0.1915 - 0.0744 - 0.6616 - 1.0211
1.6 0.2327 - 0.0873 - 0.8096 - 1.3972
1.8 0.2646 - 0.097 - 0.9264 - 1.7716
2.0 0.2863 - 0.1041 - 1.0087 - 2.1199
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Table D2.6. In-Plane Displacements and Slope Coefficients
Associated with Table 2.6

a/b (UE2,®h3/q 0*)x1072 (VE;h3/q 5*)x10™3 (XE;; h3/q b*)x1072 (YE22h3/q b*)x1072

Aramid-Rubber (NL=2)

0.5 0.5967 - 0.5570 - 0.1114 - 0.0716
0.6 0.4608 - 0.4168 - 0.1789 - 0.1290
0.7 0.3612 - 0.3197 - 0.2602 - 0.2099
0.8 0.2855 - (0.2487 - 0.3517 - 0.3151
0.9 0.2267 - 0.1951 - 0.4485 - 0.4429
1.0 0.1804 - 0.1539 - 0.5456 - 0.5899
1.0 0.1804 - 0.1539 - 0.5456 - 0.5899
1.2 0.1148 - 0.0969 - 0.7247 - 0.9220
1.4 0.0736 - 0.0618 - 0.8672 - 1.2718
1.6 0.0478 - 0.0400 - 0.9673 - 1.6084
1.8 0.0315 - 0.0265 - 1.0289 ' - 1.9144
2.0 0.021 - 0.0179 ) - 1.0603 - 2.1832
Polyester-Rubber (NL=2)
0.5 0.5139 - 1.1570 - 0.1169 - 0.0739
0.6 0.3980 - 0.9203 - 0.1881 - 0.1330
0.7 0.3113 - 0.7477 - 0.2731 - 0.2152
0.8 0.2440 - 0.6133 - 0.3660 - 0.3195
Q0.9 0.1909 - 0.5045 - 0.4597 - 0.44Y7
1.0 0.1489 - 0.4146 - 0.5475 - 0.5754
1.2 0.0898 - 0,2787 - 0.6882 - 0.8497
1.4 0.0541 - 0.181" - 0.7730 - 1.0991
1.6 0.0330 - 0.1267 - 0.8099 - 1.3047
1.8 0.0206 - 0.0872 - 0.8138 - 1.4662
2.0 0.0132 - 0.0612 - 0.7979 - 1.5905
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Table D4.2.

In-Plane Displacements and Slope Coefficients

Associated with Table 4.2

a/b  Uh/apt Tib2  (Vh/a,t T162)x100  Xh/apt Tib2  (Yh/a,t T;b2)x10!
Aramid~Rubber (NL=1)
0.5 - 0.1596 - 0.1163 - 6.9363 -~ 0.6982
0.7 - 0.2226 - 0.1669 - 0.1430 - 0.6081
0.9 - 0.2854 - 0.2034 - 0.2395 - 0.5857
1.0 - 0.3168 - 0.2172 - 0.2959 - 0.5886
1.2 - 0.3795 - 0.2383 - 0.4236 - 0.6131
1.4 - 0.4421 - 0.2531 - 0.5692 - 0.6556
1.6 - 0.5045 - 0.2638 - 0.7298 - 0.7110
1.8 - 0.5669 - 0.2716 - 0.9018 - 0.7765
2.0 - 0.6292 - 0.2775 - 1.0813 - 0.8495
Polyester-Rubber (NL=1)
0.5 - 0.1619 - 0.1333 - 0.0767 - 0.2048
0.7 - 0.2226 - 0.1848 - 0.1587 - 0.1833
0.9 - 0.2826 - 0.2197 - 0.2639 - 0.1846
1.0 - 0.3124 - 0.2325 - 0.3238 - 0.1906
1.2 - 0.3119 - 0.2516 - 0.4550 - 0.2108
1.4 - 0.4310 - 0.2647 - 0.5959 - 0.2393
1.6 - 0.4398 - 0.2740 - 0.7388 - 0.2736
1.8 - 0.5482 - 0.2807 - 0.8760 - 0.3114
2.0 - 0.6062 - 0.2858 - 1.0002 - 0.3503
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Table D4.3. In-Plane Displacements and Slope Coefficients
Associated with Table 4.3

a/b  (Un/apt T1b2)x1070  (Vh/ap® F1b2)x1070  Xh/apt 102 Yh/a,t T b2

Aramid-Rubber (NL=2)
- 3.3455 - 0.1701 x 10

0.5 2.6210 - 1.1264
0.7 - 5.4763 - 0.2371 x 10* 4.7012 - 1.0100
0.9 0.0229 - 0.7557 - 0.0397 - 1.2135
1.0 0.0547 - 0.7789 - 0.0558 - 0.2227
1.2 0.1112 - 0.8233 - 0.0853 - 0.2403
1.4 0.1513 - 0.8597° - 0.1081 - 0.2548
1.6 0.1738 - 0.8867 - 0.1240 - 0.2655
1.8 0.1821 - 0.9054 - 0.1341 - 0.2730
2.0 0.1803 - 0.9177 - 0.1401 - 0.2779
Polyester-Rubber (NL=2)
0.5 - 46.395 - 32.850 6.2344 - 3.9037
0.7 - 66.708 - 33.152 8.9231 - 3.8930
0.9 - 63.472 - 34.827 - 8.1669 - 4.2283
1.0 - 55.893 - 36.025 6.9217 - 4.5183
1.2 - 40.106 - 37.695 4.3247 - 4.942
1.4 - 37.079 - 0.1555 x 10° 1.1373 0.3559 x 103
1.6 - 42.873 - 0.1650 x 10° 1.2790 0.3544 x 10°
1.8 - 47.826 - 0.1578 x 10° 1.4415 0.3404 x 10° !
2.0 - 52.199 - 0.1428 x 10° 1.6249 0.3218 x 10° !

N S g AP S B AV T RVT AT T W Wy
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Table 05.2. In-Plane Displacements Assoctated with Table 5.2

Aramid-Rubber (NL=1) Polyester-Rubber (%-l)
() () () Af
0.5 0.3214 x 1070 -0.1441 x 107 0.1377 x 10°%  -0.5047 x 1075
0.6 0.5647 x 10°°  -0.2793 x 1072 0.2374 x 10°%  -0.93¢5 x 1070
0.7 0.9079 x 1075 -0.4561 x 10”3 0.3743 x 10°%  -u.1730 x 1074
0.8 0.1366 x 10°%  -0.7508 x 107 0.5517 x 1074 -0.2004 x 1074
0.5 0.1958 x 10°*  -0.1185 x 107 0.7719 x 10°%  -0.4209 x 1074
1.0 o0.2688 x 107 -0.17117 x 107¢ 0.1029 x 1073 -5.6247 x 107
1.2 0.4615 x 10°%  -0.3269 x 107 0.1651 x 10™3  -0.11v9 x 1073
1.4 0.7139 x 10°Y -0.5631 x 1074 0.2345 x 1073 -0.2068 x 1073
1.6 0.1027 x 1070 -0.9065 x 10" 0.3018 x 1073 -0.3290 x 107
1.8 0.1382 x 1073 -0.1373 x 1073 0.3567 x 10°°  -0.dgu? x 1073
2.0 - 0.1758 x 1073 -0.2007 x 1073 0.3981 x 1073 -0.6547 x 1073
a/b (i) (i) (1) dn
0.5 0.7656 x 1073 -0.3512 x 103 0.2051 x 1072 -0.8036 x 107
0.6 0.1195 x 1072 -0.6279 x 10> 0.2072 x 102 -0.1289 x 1072
0.7 0.1605 x 1072 -0.1012 x 107 0.9315 x 1073 -0.2085 x 1072
0.8 0.1857 x 1072 -0.1543 x 1072 -0.1215 x 1072 -0.3786 x 1072
0.9 0.1816 x 1072 -0.2295 x 1072 -0.4870 x 1072 -0.5964 x 1072
1.0 0.1382 x 1072 -0.3351 x 1072 -0.9015 x 1072 -0.9549 x 1072
1.2 -0.6108 x 1073 -0.6757 x 102 -0.1856 x 107" -0.2047 x 107
1.4 -0.3813 x 107%  -0.1221 x 107! -0.2876 x 107! -0.3620 x 107
1.6 -0.7777 x 1072 -0.1981 x 10” -0.3886 x 107! -0.5615 x 107
1.8 -0.1216 x 107! -0.2949 x 107! -0.4835 x 107 -0.7949 x 107
2.0 -0.1675 x 107! -0.4106 x 107 -0.5686 x 10”1 -0.1053
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Table D5.3. In-Plane Displacements Associated with Table 5.3

: Aramid-Rubber (NL=2) Polyester-Rubber (NL=2)

% a/b () ) () d)

g 0.5 0.4194 x 107> -0.6301 x 105 0.1982 x 10°%  -0.9016 x 10°°

' . 0.6 0.7255 x 1070  -0.1140 x 107° 0.3383 x 10°%  -0.1823 x 1074
0.7 0.1148 x 10°%  -0.1889 x 1075 0.5280 x 107 -0.3298 x 1074
0.8 0.1705 x 10°%  -0.2944 x 107° 0.7696 x 10°%  -0.5484 x 107%
0.9 0.2412 x-10°%  -g.4382 x 1075 0.1062 x 103 -0.8536 x 1074
1.0 0.3282 x 10°%  -0.6299 x 1077 0.1399 x 1073 -0.1259 x 1073
1.2 0.5547 x 10°%  -0.1200 x 107 0.2173 x 1073 -0.2402 x 1073
1.4 0.8529 x 10°%  -0.2126 x 107 0.2972 x 1073 -0.3993 x 1073
1.6 0.1214 x 107 -0.3567 x 1074 0.3708 x 1073 -0.5964 x 1073
1.8 0.1626 x 10" -0.5737 x 10°% 0.4308 x 1073 -0.8177 x 1073
2.0 0.2055 x 10°3  -0.9012 x 1074 0.4750 x 1073 -0.1046 x 1072
2/b (3i) (i1) (11) (i1)
0.5 0.2483 x 107%  -0.1847 x 1072 0.7623 x 10°3  -0.1374 x 1073
0.6 0.2562 x 107 -0.3998 x 1072 0.1194 x 1072 -0.2888 x 1073
0.7 0.1401 x 1072 .0.7835 x 1072 0.1599 x 1072 -0.6180 x 103
0.8 -0.1053 x 1072 -0.1391 x 107 0.1849 x 102 -0.1338 x 10°2
0.9 -0.4506 x 10°2  -0.2240 x 10°)  0.1807 x 1072 =0.2729 x 10~2
1.0 -0.8479 x 1072 -0.3307 x 1077 0.1391 x 1072 -0.50% x 1072
1.2 -0.1568 x 107! -0.5676 x 10°]  -0.4823 x 1073 -0.1241 x 107}
1.4 -0.1938 x 10°'  -0.7625 x 107! -0.2872 x 10~%  .0.2195 x 10"
1.6 -0.1973 x 10‘: -0.8835 x 10‘: -0.2872 x 1072 -0.2195 x 107
1.8 -0.1835 x 100  -0.9482 x 10~ -0.5559 x 1072 -0.3967 x 107!
2.0 -0.1636 x 107! -0.9814 x 107! -0.5559 x 10°2  -0.3967 x 10"
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APPENDIX E

TYPICAL COMPUTER SOLUTIONS

Sample computer printouts are attached. The programs are
presented separately for each problem. They are self-explanatory. The
dimension statement allows required values for different quantities. For
example, reduced stiffnesses take 5x5x2x2 values (2 represents 2 layers,
and the other 2 indicate different properties in tension (1) and compres-
sion (2)) and THETA takes either zero or 1.5708 radians.

The ISML 1ibrary subroutine LEQT2F solves N equations in N

unknowns. EIGZF solves eigenvalue problem, and ZRPOLY solves cubic
equation. It should be mentioned that WKAREA, WK, etc. are part of such
subroutines.

The values of 20y and zny are assumed in the beginning to get
the displacements. An iterative procedure is then adopted until a pre-
cision of + 0.0001 is achieved to get the actual deflections. Later on

the whole procedure is repeated for different aspect ratios.

Computations are carried out for a single-layer rectangular
plate by making NL=1 (number of layers) and, of course, with a proper set
of equations for A‘J. Bij’ and Dij' With proper Aij' Bij‘ and DU and
NL=2, the program calculates the deflections and neutral-surface loca-
tions for a two-layer, cross-ply rectangular plate. THETA takes the

values 0 and 1.5708 (corresponding to 0° and 90°) radians for the two-
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layer, cross-ply case.
Close attention is needed to use the equations for stiffnesses

and neutral-surface locations.
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