AD-AOB0 373  AIR FORCE INST OF TECH WRIGHT=PATTERSON AFS OH SCHOO==ETC F/6 17/7
DETERMINISTIC ANALYSIS OF THE EFFECTS OF SENSOR ERRORS ON STRAP==ETC(U)
DEC 79 R H REYNOLDS

UNCLASSIFIED AFIT/GE/EE/79-30




DISCLAIMER NOTICE

THIS DOCUMENT IS BEST QUALITY
PRACTICABLE. THE COPY FURNISHED
TO DDC CONTAINED A SIGNIFICANT
NUMBER OF PAGES WHICH DO NOT
? REPRODUCE LEGIBLY.

P W e L

- AW g - A P ITTRT N

d
TE
!
'
b




AFIT/GE/EE/79-30

il RO SR

’/' _DETERMINISTIC ANALYSIS OF THE
EFFECTS OF JENSOR RRORS ON \
STRAPPED DOWN INS PERFORNANCE, j

i masis)
ij' Richard H. /Re nolds~)
~~m,w_wd“‘~,< 2:;1;;3-r§-——-¢-x-USKF~

v an é\@“;* ------ .
H> 5 Don // (4 7 i{/

Approved for public release, distribution unlimited




AFIT/GE/EE/79-30

DETERMINISTIC ANALYSIS OF THE
EFFECTS OF SENSOR ERRORS ON
STRAPPED- DOWN INS PERFORMANCE

THESIS

Presented to the Faculty of the School of Engineering"
3; of the Air Force Institute of Technology
Air University (ATC)

L S A il " DA A

In Partial Fulfillment of the
Requirements for the Degree

Master of Science
/

2nd Lt USAF

”
. by \:’3‘,0
Richard H. Reynolds ‘

Graduate Electrical Engineering
‘ 3 December 1979

e e




PREFACE

“his thesis was prepared with the interest of providing
insight into the causes and effects of errors in a strapped-
down inertial navigation system operated in a high dynamic

environment. It is hoped that the information provided will

be useful for both myself and anyone else who may be involved
in the development of strapped-down inertial navigation sycstems
for use in a high dynamic environment..

I would like to thank Mr. Jack W. Bell of the Alr Force
Avionics Lab for his help and support in this effort. His
help and support was instrumental in the completion of this
thesis. Also, Mr. Bell Arranged and set up the strapped-down
simulation that was used to obtain the data used in this work

<. as well as sponsoring the entire project.

A further thanks should go to Major Salvatore Balsamo
without whose classroom instruction and general guidence, this
task could not have been performed. Finally, I would like to

express gratitude to my wife, Melinda Canincia-Reynolds, for

the support and assistance she provided.

ii

i i e s S AR,




ST T RTINS e o e ‘“,, _,4.

¢ o D & 1 S S PP § |
List of FigureS.iicieeeassansssesnscnsscsnsancocasssnnns v
List Of TableS.eeeiessoesnssossosnasnssasssnascacesnaneass Viid
List of SymbolS.eeisessvcescncssrsstsscsescscssossssssasnns ix
Abstract..

1.

II.

III.

CONTENTS

Introduction.....'...l.’.‘.‘....l..'.."..I..l..'.

Background..0.‘!0..0‘.‘.l.......'..........l.’.
Statement O0f ProbleM.se ceevsecsssssccccosanses
Plan of Attack..Ol...’.0.0....'..C..!l.......!
Sequence of EventsS.ccessteesscassstrsnssssennn

Description of Computer Simualtion and Navigation
System and Sensor Models and Their Implementation
in Obtaining Data for an Error AnalysSiS.c.esecsees

Overview of Strapped-Down Simulation Cap-
abilitiesii1...‘.‘.‘.".'.
Navigation System Model.ceceieeeectrcecsnnonsas
Navigation Mode EquationS.iieeeseeecesasccsans
Sensor n’odel'..l..'ll...lt‘.'t"‘..!.'..'l'... 1

Accelerometer MOdE€ieeeeeeescosocessanssesse 13
Gyro model..Q.l'.l‘...‘l...l.l....‘...!..\ 17

Flight Profile.l'.l.'.........l..'....‘.l...l' 2?
Sumary..........I.O....I....!.....'...l.....‘ 29

Effects of the Sensor Errors and Structural
Modes on the INS ErrorsS.scscescccessccsccssesscsesscs 30

Effects of Laser Gyro ErrorS.ciccccceccsscsees 31

® 6 8 8 8 08000 Q000 OO RO SO0 RENAENE TSSOSO xi

0 5 8 300 0 0ot 8o et

- Page

LI\ N - [

&

LS B Mo W

Gyro Blas Erroriiiscesssrecescsccscssonnss 5
Gyro Misalignment Error.i.‘...'l......'..' 0
Gyro Scale Factor Erroricciececcssscccceess &4
Gyro Random wWalK Erroricsicccsscscessssenss U5
Summary.'..0..........Q..‘.‘..‘.‘.‘..l.‘I. L‘B

Effects of Quartz-Flexure Accelerometer
Errors..I..O..0...0......'......0.'.!‘0...‘.!0 56

114




Iv.,

.

Accelerometer Bias Error.ccecceccccscccecee
Accelerometer Mialignment Error...cceceses
Accelerometer Scale Factor Erroriceccecsses

Other Accelerometer ErrorSiccccecssescsccss .

Summary.'.".'.'...'..."...........l.‘..‘

;. BEffects of Structural ModeS..ccccoccsscccsesoe
summary.......Q00..00.........0.0.00'.00.0

s conélusions..t.............ll.'......'........

Sensitivity of INS Errors to Sensor Errors....ccce.

sensitivity to Laser GyroliI.C.O.Ql.'.‘.......

Laser Gyro Misalignment Error.....cceeesee

Laser Gyro Scale Factor Error...eceececceces

Laser Gyro Random WalK Error.ccecceccececss
Summary of Sensitivity to Laser Gyro Errors

Sensitivity to Accelerometer Errors...ccceesee

Accelerometer Bias Error...cceececeacocace

Accelerometer Misalignment.....ccceceeveeece

Other Accelerometer ErrorsS...cceesssecsases
Summary of Sensitivity to Accelerometer...

Errbr‘.'-.ll..."........'........'....'Il

Conclusions on Sensitivity AnalysiS...cccceeee

Conclusions and RecommendationS...ecececeecsoscsss

Conclusions...............’.'.'....‘...l.....;.:

Recommendations.Q..l'.'o."o-.'C.'.l.'nn.'.ccc

Bibliographyoﬂi....Q...'.O..‘......‘........'......Il.‘.

Appendiceshl...'...Q........'.......l'.'..'.....l....."

vita...l.0‘........C......"...'.‘..........l’.‘..l.....




Figure

O\U\Pul\)v_-o

10

11

12

13
14

15

16

LIST OF FIGURES

Page
Block Diagram of Navigation System...cccceeccscsceeB
Orientation of Aircraft Body Axis..cicecesceseeesl2
Quartz-Flexure Lateral Acclerometer....esceecss.c1lt
Ring Laser Roll Rate Gyro Model.:.cceeesesassseeel9
Two-~-Degree-of-Freedom Roll Rate Gyro Model.......21_

Comparison of Position Error Time Histories
with Only Gyro Errors Present..ccieecscccescscess2l

Description of Flight Profile...ccoevecncseccseeslB

Simulation Results Obtained with no Structural
Modes, Ideal Accelerometer, and all Laser Gyro
Errors Present.‘.O0.0Q.UQOOOOI......'OI‘OOOQDOCCQBZ

Comparison of Error Time Histories with Laser
Gyro Bias Error only, all Gyro Errors, and all
Ideal Sensors...Q'.IO."'0."000.00000000000'000036

Comparison of Errors for Case of Laser Gyro
Misalignment Error only, all Gyro Errors, and
Ideal Sensors...l..‘...O...'l....ll..ﬁ.......II..“I

Comparison of Errors for Case of lLaser Gyro
Scale Factor Error only, All Gyro Errors,and
Ideal Sensors......l..l.ll....l'l....l.lo.l‘.‘.0046

Comparison of Errors for Case of lLaser Gyro
Random walk Error only, all Gyro Errors, and
Ideal Sensors..l.0.....0.0.........."QQ.O.....0049

Simulation Results Over One Schuler Period

for Case of all Laser GYro ErrorS.ccccececcececee53
A RS '| .

Error Time Histories for Case of all Accel-

erometer Errors Present.cccceseccscscscsscacesased?

Comparison of Errors for Case of Accelero-
meter Bias Error only, all Accelerometer
Errors, and Ideal SeNnSOrveectsccscccsssscensssssabdbl

Comparison of Errors for Case of Accelero-

meter Misalignment Error only, all Accel-
erometer Errors, and Ideal SensorsS...ssssessscceedbs

v

P L Ty




P T

Pigure
17

18

19

20
21

22
23
2l
25

26
27
28

29

30

-

Page

Comparison of Errors for Case of Acceler-
ometer Scale Factor Error only, all Accel-
erometer Errors, and Ideal SensoOrsS.....cocseeseee69

Comparison of Errors for Case for Acceler-
ometer Nonlinearity Error only, all Accel-
erometer Zrrors, and all Ideal SensSOr....coeceees?I

Comparison of Errors for Case of Accelero-
meter Errors only, all Accelerometer Errors,
arld all Ideal Sensors.'.l.l..'...Cl..l..........l76

Simulation Results Obtained Over One Schuler
Period for Case of all Accelerometer Errcrs......729

Comparison of Errors for Case of Structural
Modes and No Structural MOdeS....veeeeesceeasees.8l

Comparison of Errors for Cases of All Laser
Gyro Errors at Full Value, Gyro Bias Error
at 505 Value, and all Ideal SeNSOrS....eeeceeeesss9l

Comparison of Errors for Cases of All Laser
Gyro Errors at Full Value, Gyro Misalignment
at 507 Value, and all Ideal SeNSOrS...eceeececvceesI?

Comparson of Errors for Cases of All Laser
Gyro Errors at Full Value, Gyro Scale Factor
Reduced 50%, and All Ideal SeNSOrS...ceeeeeeeeso101

Comparison of Error for Cases of All Laser
Gyro Errors ar Full Value, Gyro Random walk
Reduced 50%, and All Ideal SENSOrS....ceceeses0es105

Comparison of Error Cases of All laser Gyro
Errors at Full Value, and All Reduced 50%.......109

Comparison of Errors for Cases of All Acceler-
ometer Errors at Full Value, Accelerometer Bias
Reduced 50/, and All Ideal SeNSOr....coeseseeesslllt

Comparison of Errors for Cases of All Accel-
erometer Errors at Full Value, Acclerometer
Misalignment Reduced 50%, and Ideal Sensor......118

Comparison of Errors for Cases of All

Accelerometer Errors at Full Value, Accel-
erometer Scale Factor Reduced 50%, and Ideal
sensors....l'...‘ll...l.l...l.......000000000000121

Comparison of Errors for Cases of All Accel~
erometer Errors at Full Value, Acceleromerer
Cross-Coupling Reduced 5C:, and Ideal Sensor,...124




—rer o

Comparison of Errors for Cases of
All Accelerometer Errors at Full Value,
Accelerometer Nonlinearity Reduced 50/,
and Ideal Sensors..'..0.'OO'..O.....C..'O.....IZ?

32 Comparison of Errors for Cases of All Ac-.
celerometer Errors at Full Value, All Re-
duced 5%0‘!.!t.‘!‘....ll...‘l...".0000000000130

33 Comparison of Errors for Cases of All Sen-
sor Errors at Full Value and all Reduced 50%..135

Cc-1 Wander Azimuth (Computation) and Earth
Coordinated Frames (Ref 219).cciueereccaceeeeal’50

c-2 Wander Azimuth (Computation) and Body
Coordinate Frames (Ref 2313).ccccececcssscnsesa152

viil

=N




LIST OF TABLES :

Eage

Quartz-Flexure Accelerometer Nominal
values....Q.......I.......l'...."'......l.l.l.16

Laser Gyro Nominal ValueS.sccsseccscsconcassessll
Two-Degree-of-Freedom Nominal ValueS..ceseese .23

Laser Gyro Error Sensitivity.:ieeeeceecocneeeall?

Accelerometer Error Sensitivity..ceeceececeeeel3d

o A R gt T, ¥ ol ¥ wdi e

e

v I PRI b A Pls CYTION R DOT- S 1 e R

oo R - P e e AT

viii




mR = e © X e As
o®

£ O =
00 o
o

2
e

LIST OF SYMBOLS

Definition
Specific Force Vector

Matrix to Transform a Vector from Com-
putational Frame to Body Frame

Rotation Rate of Frame e with Respect to
Frame c

Velocity Vector
Wander Angle
Roll Rate
Pitch Angle

Yaw Angle
Latitude
Longitude
Gravity Vector
Radius of Earth (Assume Spherical Earth)
Altitude Above farth's Surface

Skew Symmetric Form of ﬂg

e

Longitudinal Acceleration Including
Bending Effects

Sample time

Accelerometer Misalignment Error Coef-
ficients

Lag Time Constant

Sensor Bias Error

Accelerometer Cross-Coupling Error
Accelerometer Nonlinearity Error

Accelerometer Scale Factor

ix




Symbol

Subscripts
.x.y.z

I

M

Q
c

Definition

Accelerometer Scale Factor Error

Incremental Value of Lateral Velocity ' =

- Incremental Value of Rotation Rate

Gyro Misalignment Coefficients

Gyro Random Walk Error

Gyro Scale Factor

Gyro Scale Factor Error

Incremental Value of Roll Angle

Indicates

Time Derivative

Position Vector

Vector Components

Indicates

Indicates
Effects

Indicates
Lag

Iteration
Indicates

Indicates
Error

Indicates

Indicates
Error

Subscript or Superscfipt

e
i

0

Indicates
Indicates

Indicates

Indicates

Quantity has been Integrated
Quantity Includes Misalignment

Quanfity has Passed Through a

Number
Quantity Includes Bias Error

Quantity Includes Nonlinearity

Quantity has been Quantized

Quantity Includes Cross-Coupling

Earth Frame
Inertial Frame
Computational Frame

Body Frame




G T A e et b

AFIT/GE/EE/79-30

ABSTRACT

The operation of a strapped-down inertial navigation
system in a high dynamic environment was simulated. Its
performance was assessed using a laser gyro and a quartz-
flexure accelerometer as the sensors. Using deterministic
values for the sensor errors, the effects of the sensor
errors on the INS performance was assessed., Emphasis is:
placed on the effects that the sensor errors have on the INS
errors in a high dynamic environment. Structural mode
effects on INS performance are also evaluated. Following
this an-:analysis of the sensitivity of the INS errors in
position and velocity to each inertial sensor is determined.
Using this sensitivity analysis, the sensor paramenters re--
quired to obtain a performance specification of £ 1 nm/hr
position error and €'3 ft/sec velocity error are defined.
Finally, recommendations of areas for improvement are present-

ed.
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CHAPTER I

AINTRODUCTION

Background

It would be difficult, if not impossible, to determine
when the first inertial navigation system was developed.
The first patent for an assemblage of three gyros and a
gravity vertical as a navigation system was given in 1924
to an American, C.G. Abbot. - Since that time much effort
has been spent in regards to inertial navigation systems
(INS). During the 1930's the éoncept of using accelero-
meters mounted on a stabilized platform was utilized (Ref
518-12).

Through the years many different typeé of INS have been
designed, but they can be classified under two distinct
groups, strapped-down and gimbaled systems. The distin-
guishing feature of these two groups is the way in which
their orientation with respect to inertial space is main-
tained. In the case of most gimbaled systems the platform
is mounted with gimbales such that it remains fixed in some
orientation with respect to inertial space regardless of
the movements of the body on which it is mounted. The
strapped-down systems are fixed to the body and, therefore,
the relation of the platform frame to inertial space is
maintained by updating the transformation matrices using

the information received from the gyros. Because of the




extra computational load required for the strapped-down sys-
to maintain orientation with inertial space, this group of
systems received little attention until the 1960's. As com-
puter technology progressed, the size and weight of equip-
ment necessary to handle this additional computational load
was drastically reduced and more emphasis was placed on
strapped-down systems. As further refinements have been

and are being made in the area of micro computers during

the seventies, development of the laser gyro also pro-
gressed. With these advancés in technology, the potential
of the strapped-down systems have grown. Possible advan-
tages that strapped-down systems could have over gimbaled
systems include smaller size, less weight, and greater
maintainability and reliability. With these factors in
mind, future commitments of resources and money for fur-
thering the development of the strapped-down INS is desira-
ble (Ref 2:1).

Statement of Problem

Past analysis of inertial navigation systems has shown
that the gimbaled systems are more accurate than the strapp-
down systems. The implications are that the reason for this
difference in performance of the strapped-down and gimbaled
INS is due to the harsher environment that the strapped-down
is subjected to. An analysis of the error propogation of
the sensor errors should give insight into the effect of the

sensor errors on the total system errors (Ref ?7:37-38). This
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would then be a basis for working at improving the strapp-
t down INS performance. In undertaking this error analysis,

a digital strapped-down INS simulation recently developed

by the Charles Stark Draper Lab under contract to the Air

Force Avionics Lab at Wright-Patterson AFB is utilized.

Plan of Atta
Using the strapped-down INS simulation developed by the

Draper Lab, a series of INS error time histories will be

generated. From examining the time histories, the effect

of the sensor errors on the INS errors will be evaluated.

By changing the values of the sensors errors, the sensiti-

vity of INS errors to sensor errors will be developed.

Finally, the sénsor parameters necessary to achieve a posi-
\ tion error of £ 1 nm/hr and a velocity error of =3 ft/sec

will be determined.

Sequence of Events

A general overview of the capabilities of the strapped-
down INS simulation is presented first. Following this, a
detailed description of the sensor and navigation models is
presented. Also, a description of the flight profile and
sensor parameters used in the simulations is given. Based
on the simulation analysis of the effect of sensor errors
on INS errors is performed. Conclusions are then drawn

from this analysis.
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CHAPTER Il

Description of Computer Simulation and Navigation System
and Sensor Model and Their Implementation in Obtaining
Data_ for an Error Analysis

The strapped-down inertial navigation system simulation
referenced in the introduction provided the data that is
used in the error analysis that is presented in later
chapters. The simulation is a digital computer program
coded in FORTRAN and is implemented on a CDC 6600 computer.
The program was designed for ease of user interaction, and
proved to be a useful tool for analyzing inertial navigation
system errors.

This section provides a brief introduction to the capa-
bilities of the strapped-down simulation.. A detailed des-
cription of the navigation system and its associated iner-
tial sensors are then presented. Finally, the flight pro-
file used to generate the simulations for the error analysis

is desdribed.

Overview of Strapped-Down Simualtion Capabilities

The strapped-down inertial navigation system simulation

(SDINS) employs an F-4 aircraft model. Nonlinear six-de-

rea-of-freedom equations of motion and nonlinear aero dyna-

mics valid beyond the stall-angle-of-attack are implemented.
Bending effects as well as three longitudinal-and three

lateral-directional structural modes are included.
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The capability for perturbation inputs such as winds and
gusts 1s also available. The other models included are
those for a flight-control system, navigation system, and
thelr associated sensors, as well as a gravity model. In
the work done for this paper, a rotating spherical earth
model is used for the computations, but an elliptical model
is provided in the simulation.

This is only a brief overview of the strapped-down INS
simulation program. Since this work is only concerned with
the details of the actual navigation model and its associat-
ed sensors, this protion of the system is now described in

detail.

Navigation System Model
Presented here is the algorithm used in the strapped-

down INS simulation to represent a strapped-down Local
Vertical Wander Azimuth (LVWA) navigation system. The
following discussion of this algorithm is based on infor-
mation taken form reference (2)., The navigation model can
be divided into two major subseotions, a low-speed loop
computed at 5 hertz and a high-speed loop computed at 50
hertz. This representation results form the need to up-
date the body-to-computational transformation matrix at a
high frequency in order tb maintain accuracy; while the
other computations need not be performed at this high of

an iteration rate.




The high speed navigation loop consists of updating the
body-~-to-computational or local-vertical wander azimuth
transformation matrix, and transforming the navigation sen-

sor velocities from the body frame to the computational

frame and the summation of these velocities over the low
speed computational time period. The generation of the bo-

dy-to-computational transformation matrix and transforma-

:
!
i
!
¢

tion of the velocities are staggered in time; with the

transformation matrix being computed midway between the

;
;
3
¥
:

times at which the transformation of the velocities occur.
The update of this transformation matrix is achieved

using a third order quaternion. It is from this body-
to-computational frame transformation matrix that the
attitude angles are computed for comparison with the cor-
responding true angles generated in the vehicle portion of
the simulation.

The function of the low-speed portion of the system
model is to perform the necessary operations on the sen-
sor signals in order to find position and velocities. All
signals are defined in the computational frame, but a trans-
formation matrix for transforming from‘computational frame
to earth frame is maintained. It is from this transforma-
tion matrix that latitude, longitude, and wander angle are
obtained (Appendix C derives the transformation in terms of
these quantities). The velocities are taken from the inte-
gration of the accelerometer signals. A further integra-

tion of the vetical channel velocity yields altitude.




Since the vertical channel of an inertial navigation system

is unstable without aiding, a third-order damping scheme is
applied.

The equations implemented in the navigation model are
now examined. Appendix A provides a review of the notation
and reference frames that are used. It should be noted
that the local vertical wander azimuth frame is the same
frame as the computational frame and it is referred to as
the computational frame in the following discussion. The
X, ¥Y» And & coordinates of this frame are defined in an up,

east, and north sense (Ref 1:149-51).

Navigation Model Equations
Figure 1 shows a block diagram of the basic inertial

navigation system model. The accelerometérs provide a
measure of the specific force. The measurement is in the
body frame and must be transformed to the computational
frame. Thus,
£° = cf £° (1)

where f represents specific force, and Cg is the trans-
formation matrix to transform from the body frame to the
computational frame, and ¢ and b represent computational
frame and body frame, respectively.

The bdlock labeled I represents the integration of the

velocity differential equation that is derived in Appendix
B. This equation is
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Y€ = £€ « g - (2wf, ¢ wo ) x ¥° (2)

where g represents the acceleration due to gravity, ¥ie
represents the rotation rate of the earth frame with
respect to the inertial frame, and ¥oc represents the

rotation rate of the computational frame with respect to

the earth frame.

By dividing the proper components of !? the compo-
nents of ggc are computed. (The block labeled w repre-
sents these calculations). They are

w:cy = 'vgcz/(Ro' h) (3)
and
wgcz = vgcy/(Ro *+ h) (&)

where R is the radius of the earth (assuming spherical

earth) and h is the altitude above the earth's surface.

c o
acx‘o since the x axis is the vertical axis). Yoo is

then fed back to be used in the velocity differential

(w

equations. ﬁ:c is also used to formualte Cg. the trans-
formation matrix to transform a vector from the earth

frame to the computational frame. To do this, (using the

c c c
fact Wee © -wce). the skew symmetric form of “Weo is found.




0 “Yees Yeey
ck- -
Wee “eer © Weex (5),
“Veey “ecex 0

Then this matrix is used in the formulation of the rate
of change of a direction cosine matrix:

AC ck c

Co = W.o Co (6)
It is then from Cg that latitude, longitude, and wander
angle are calculated. (Appendix C provides the deriva-
tion of Cg in terms of these quantities).

The gyros provide a measure of the angular rate of

the body frame with respect to inertial space, E?b‘ This

is then differenced with g?c resulting in

» b b .
¥oe T ¥ip " Yi¢ (?)

where y?c, the rotation rate of the computational frame
relative to inertial space is determined by adding E&e
to !:c and then transforming to the body frame.

wre = O (xS, + S (8)

The quantity uge. the angular velocity of the earth frame

relative to inertial space, is used in the velocity differ-

ential equation as well as in equation (8). Assuming a

spherical earth rotating at a constant rate,

10




Wi =[O | (9)

where Wie is the rate of the earth's rotation, 15°/hr.
Thus,

c . nC ‘
Wie = Ce Yie (10)

Completing the gyro loop of the diagram in figure 1 re-

quires the calculation of Cg. In order to maintain the
desired accuracy in calcualting Cg. a third order quater-
nion update is used instead of the direction cosine dif-

ferential equation. However, just as w® is needed to

~ec
calculate Cg. Egc is needed to perform the quaternion
update. Following the calculation of Cg. the Euler angles,
roll, pitch, and yaw, are computed using the elements of
Cg (Ref 2:122-31). (Appendix C provides a derivation of

Cg in terms of the Euler angles).

8x="8, E-z(h/Ro)+3(h/Ro)2] . W§e°Ro(1*h/Ro)(1-sin2L) (11)

gy=-w§e‘R°(1¢h/Ro) sinL (-cosL sin« ) (12)
gz=-w§e'Ro(1*h/Ro) sinL (cosL cos « ) (13)

where g, is the gravity constant (g°=32.1725 ft/secz). :
Ro is the radius of the earth (R°=20.860.000 feet), L !

is the latitude, and & is the wander angle.

11
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Figure 2. Orientution of Aircraft Body Axis.

A final note on the navigation algorithm before examin-
ing the sensor models that are used to generate thie naviga-
tion algorithm inputs concerns the generation of errors in
position, velocity, and attitude. These errors are generat-
ed by the differencing the navigation model outputs with
those from the aircraft equations-of-motion. Therefore, the

error quantities include effects from computational errors

(Ref 1: 58).

Sensor Model

Figure 2 shows the orientation of the aircraft body
axis, There are three gyros and three accelerometers model-
ed for the navigation system, Each gyro measures the ro-

tation rate about one of the principle body axis. Similarly,

e

R AP

e —— ——




there is an accelerometer located on each body axis. It is
with reference to this configuration that the discussiop on
the gyro and accelerometer models is based. Also, only the
roll-rate (2 axis) gyro model and the lateral (Y axis) ac-

celerometer model are presented since they are representative j

of the others. The accelerometer model is presented first 1

and is followed by the gyro model.

Accelerometer Model ¢

The accelerometer implemented in the strapped-down INS

[ TS

simulation is representative of the quartz-flexure class of
accelerometers. The accelerometer error sources modeled in-
-clude misalignment, bias, scale factor, cross-coupling, and
nonlinearity. The model assumes that the statistical data
on these error sources for a specific instrument are sup-
plied as a simulation input. Also, the modei has a limiter
to limit the accelerations to & io‘g.

Figure 3 shows a block diagram of the lateral acceler-
ometer model. The input signal, A, represents the rigid

body acceleration including bending effects. This signal is

AT R s T Y

integrated using a rectangular integration scheme. Thus, i

A, + A )
AL = vk Tylk-1) (14)

yl
2

prry e oo T —

where the subscript I represents an integrated signal,k and
k-1 represents the iteration number, and At is the period be-

tween samples. At this point, the effects of the misalignment

:
?
s
%
b
i
¥
i
?

; 13 ..
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error are accounted for. The coefficient of misalignment,
} v 18 multiplied by the respective signal and then added .

to the integrated lateral acceleration. Therefore,

R % A+ ;& A, g (15)

whece the subscript M represents signal with misalignment
effects and represents the other accelration signals after g
they are integrated. This signal is now fed through a first

% order lag to represent the delays of the instrument.

Ayiug = Aymi(1/s+1)) (16)
i
where ¥ = time constant of the lag and subscript L indicates
the signal passes through a lag. The bias error is added to

N - the accelerometer signal after it passes through the lag net-

work. ;

P

A AyIML + €pas ¢ At (17)

yIMLB ~

where subscript B represents signal with bias effects and

A sl s s - A e Bl O N

G’BIAS represents the statistical value for the bias error
as stated in the specifications for the accelerometer used.

Before the quantization, the nonlinearity error and cross-

e aprra e

coupling error are accounted for,

A A « (C c

yIMLBNC® AyImLp yxPximip * CyyAyimip)fymmes  (18)

15




} Table I

Quartz-Flcxure Accelerometer Nominal Values (Ref 1:170)

Parameter Symbol Value
% Misalignment Coefficients 3.3, 5 x 1072 rad
é Time Constant of lag g 1 x 10”6 sec
E Scale Factor SF, 32,000 pps/g
g Bias Error eBias 50 g
| Cross-Coupling Coefficicnts Cyx J19.6 x 1072 rad/sec
Nonlinearity Coefficients Cyy b g/e?
Scale Factor Error €a 100 ppm

where subscripts M and C represent nonlinearity and cross-
coupling coefficient and ny is the nonlinearity coefficient.
This signal is now converted to pulses by the scale factor,
SFA, and then quantiged.

Table 1 shows a listing of the parameter values that
are used for the accelerometer in the simulations that were
made for this work. The error parameter values are the de-
terministic tolerances as listed in manufacturer‘*s perfor-
mance specifications for a quartz-flexure accelerometer.
These figures are representative of presently available
instruments, but do not necessarily reflect the limit of

achievable performance.




The quantization takes an integer count of the value
of the present signal plus the value of the fractional part
of the previous sample period integer count. This intéger
count is then divided by the scale factor and the effects
of the scale factor error are accounted for resulting in

the incremental value of the lateral velocity,
&V, =( VSFA)“*EA)Aymchq (19)

where EA is the scale factor error and subscript Q repre-
sents the signal including quantization and scale factor.
The incremental velocities are then summed up in the na-

. vigation system subroutine of the strapped-down INS sim-
ulation to be used in the calculation of velocity. This
summation, as was mentioned in the navigation algorithm
description, is done at a higher iteration rate than the
rate at which the velocity differential equation is solved
(50 hertz as opposed to S hertz)(Ref 1:147-49).

Gyro Model

Two types of gyros are modeled in the strapped-down
INS simulation. They are laser gyro and two-degree-of-
freedom mechanical gyro., There are three of each type
modeled, one for measuring rotation rate about each of the
three body axis. The roll-rate laser gyro is descrived
here and then differences of the two-degree-of-freedom
gyro are pointed out. Once again, statistical data on

the instrument error is assumed available. Error sources

17
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modeled include bias, misalignment, and scale factor.
An illustration of the block diagram for the roll rate

laser gyro is shown in Figure &4, Wy, the angular inertial

velocity about the body roll axis including bending effects
is fed into an intrator. Once again a rectangular integra-

tion routine is used. Therefore,

w + W

}331 =

2

After interpretation, .the effects of misalignment error

are accounted for, resulting in

B A1 M b1 the By (21)

where A; and /‘lz represent the coefficients of misalign-
ment for their respective signals. The bias error is now
added to the roll rate signal. It is a function of the
time period and not of a rotation magnitude. Also, at
this point, the random walk is accounted for, resulting

in,

= 3
A ynp = Bpn * €pias At * Ry (AY) (22)

where GBIAS is the bias error and RL is the random walk
error. (RLgENALK* RAN, where E, . . is the tolerance spe-
cifioation and RAN is a random number). The signal is

now converted to pulses via the scale factor, SFGl

18
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A y1ups * BumptSF) (23)

AT < - gD

This signal is then quantized as in the case of the accel-
eromter model, and then is multiplied by the inverse of the
scale factor. The error in scale factor is then taken into

account resulting in incremental value of the roll axis

é rotation.

rgrry

A0, = (1/SFL)(A 1ups) (14 €4) (24)

T v, e,

where €b is the error in scale factor. This signal is now

ey

summed in the high speed loop of the navigation system mo-
. dels before being used in the calculation of the velocity
and position (Ref 1:46-47).
Figure 5 shows a block diagram of the roll channel of
the two-degree-of-freedom mechanical gyro model; This N

model is the same as the laser gyro excepﬁ that it ac-

N gy

counts for errors peculiar to the two-degree-of-freedom
mechanical gyro. These errors are the acceleration depen-
dent and angular dependent terms. Also, the laser gyro model !
requires a lag to account for delays that are not present
in the laser gyro model (Ref 3:122-25).

The values of the parameters used in the laser gyro o .
and two-degree-of-freedom mechanical gyro, when obtaining

the simulations for the error analysis, are listed in Tables

T g VIS

II and III. These values are representative of presently

available sensors. ;

20
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Table II

Laser Gvro Nominal Vualues (kef 1:70)

Paramecter Symbol Value
Micalignwent Jocfflcicntsl oy s 5 X 10'5 rad
Scale Factor SFg 1.57 sec/pulse
Biag Errer Bias 0.01 %/hr
Scale Fuctlor Error €g 5 x 10'6 ppa
handom Wulk Lrror €valk 0.005 °/nr

Since the two types of gyro models are available for
the simualtions, a comparison of the results of the simu-
lation.using each gyro model is made. Figure 6 shows the
INS error time histories obtained for both simulations.

The laser gyroprovides better overall performance than the
two-degree-of-freedom mechanical gyro; and it has the addi-
tional errors due to acceleration and angular rate dependent
terms. Based on these results, the laser gyro is chosen

for the simulations used in this work.

22
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TABLE III

Two-Degree-of-Freedom Gyro Nominal Values (Ref 3136)

Y

Paramecters

Symbol | 2-Output Y-Output Source
-Axis -Axis
Misalignment Coefficicnts /‘7‘,/(‘t 10-’* rad 10"'1‘ad
Scale Factor SFG 1.57 sec 1.57 sec
pulse pulse
Bias Error €pias | 0.01 degp 0.01 der
. . € hr hr
Scale Factor Error TDF 50 ppm 50 ppm
¢-Dependent Errors TDF, | 0.02 0.0k
TDF, | 0.0k Q.ﬁz 0.02
TDF3 0.01 'y 0.01
52—Dcpendent Errors TDFa 0.02 n.0 A:
'.I‘DFS 0.00 e 0.02 deg Ay
. yoF, | ©.005 B2 0.005 N2 | a
6 (5 ) [ x
Gy~ Dependent Errors TDF, | o.01 0.01 A2
. )
| T | o.o4 4, 0.04 der | A2
TDFg | o.04 ’Eﬁ 0.0t Bz |72
€ & x
wxw-Dependent Errors TDFIO 0.00 _der_ 0.00 "y
TDFII 80 h 21 20 w
TDF 20 (rad) s x
12 scc o vy
23
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Flight Profile

As is eluded ta in the 1ntroduction. part of the errors
in a strapped-down INS result form the high dynamic envi-
ronment that the sensors are subjected to when the navi-
gation system is used on a fighter-iype alrcraft. Time

histories for the INS errors in position velocity and at-

titude are generated using the strapped-down INS simula-

tions so that the effects of the high dynamic enQifShment“"~"
can be asaessed; Therefore, a flight profila containing
several maneuvers typical of a tactical aircraft mission

is chosen. Figure ? shows the flight profile implemented
for this work. The initial start of the simulation assumes
that the aircraft is in straight and level flight at a
cruise speed of mach .5 at an altitude of 5000 feet, and

a heading of north. At 100 seconds into the simulation,

the alrcraft descends to 500 feet while increasing its
velocity to mach .75. After completion of the descent,

the aircraft performs a snap roll. Following the roll, at
about 360 seconds into the flight, a weapon delivery is sim-
ulated. This mancuver consists of a dive at a 12.5 degree
angle followed by a 3.59 pull-up. After a leveling off
from the weapon delivery, the aircraft performs another
snap roll followed by an evasive maneuver. The evasive ma-'
euver consists of a climb at a flight path angle of 20° with
a bank of 45° to the right for seven seconds fodlowed by a
bank to the left of 45° for seven seconds, leveling off at

an altitude of 5000 feet and a speed of mach .75. Upon

27




1800 ~
1610}
Loiter
3 Revolutions At A 30° Bank Angle
’ [
1000 L.
960 -
Climdb to H = 14,500 ft
Decrease Speed to MACH = 0.5
700 |
600 |- -360° Roll
00 |~ Evasive Maneuver - 4.5 g Pulled
50 3609 Roll
350 Weapon Delivery - 3.5 g Pull-up
250 | 3600 Roll -Maximum Normal Acceler-
225 |- ation is 4.5 ¢
Descent to Hssoo ft.,.MACH=0.7?5
100 (- Cruise at H=5000 ft.,MACH=0.5, North
0 Heading .

Figure 7. Description of Flight Profile (Ref 4:11173)
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leveling off at 5000 feet, the aircraft performs a third
snap roll followed by a climb to 14,500 feet during which
its speed is decreased to mach .5. The final maneuver sim-
ulated is a loiter. During this phase of the flight, the
aircraft turns through three revolutions at a 30° bank
before returning to straight and level flight on a north
heading. This maneuver is completed at about the 1620 se-
cond time point; The aircraft then maintains straight and
level flight for the remainder of the flight time (Ref 4.
133-135).

Summary

This chapter has provided a description of the models
implemented and assumptions made in using the strapped-
‘down simulation to obtain the INS error time histories
used in the deterministic error analysis that is to fol-
low. This is not meant as a complete description of the
strapped-down simulation and does not reflect the full

capabilities of this computer simulation.
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CHAPTER 1II

Effects of the Sensor Errors

and Structural Modes on the INS Errors

This chapter presents a deterministic evaluation of the
effects the sensor errors have on the errors of the strapped-
down INS, Time histories of the INS errors in attitude, .
velocity, and position are obtained using the strapped-
down INS simulation. The simulations are made for the case
with each sensor error source isolated as well as for the
cases where all sensor errors and ho sensor errors are
present. In these cases, structural modes are not sensed.
An additional simulation is used to illusfrate the effects
of structural modes. The flight profile and sensor para-
meters given in the previous chapter are used in the gen-
eration of these error time histories. The analysis and
comparison of these error time histories are presented
in three major sections: effects of laser gyro errors,
effects of accelerometer errors, and effects of structural
modes. For the sections on sensor error effects, a general
overview of the error time history obtained with all errors
present will be presented, followed by a breakdown of the
effects of the individual sensor error sources. Following
these sections, the effects of the structural modes will be

considered. A basis for the evaluation of the performance

ez egit-—




of the INS, when structural modes are not sensed, is set

at € 3 ft/sec velocity error and € 1 nm/hr position error,
Also, in analyzing the simualtion results, use is

made of the error state equations for a local vertical

platform for confirming the results.

Effects_of Laser Gyro Errors

Figure 8 shows the time history obtained for the laser

gyro with all errors present. The roll and pitch Euler
angle errors and the east and north velocity errors as

well as the longitude and latitude errors are low fre-
quency sinusoids with transients due to the maneuvers super-
imposed upon them. The yaw angle error is ramp-like in
‘nature while the vertical channel errors, altitude and
vetical velocit&. are relatively unaffected by the sensor
errors, The reason for the vertical channel'being indif-
ferent to semsor errors is because it is stabilized with a
third order damping system. The alrcraft maneuvers
generally result in the Euler angles experiencing step

or pulsed transients. The local level velocity errors

are effected by the integration of the effect of the pitch
and roll angle errors on the acceleration vectors. This
effect results in the velocity errors experiencing steps

or ramps. These same effects were passed on into the posi-
tion errors, but since the position errors are effected by
the integration of the velocity errors, the effects are

more benign. The position errors then couple back to effect

the roll and pitch angle errors. Since the position errors

A
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have little effect on the yaw angle error, it is ramp-like
in nature. One of the most prominent effects of the maneu-
vers is that of the loiter. The loiter introduces a sinu-
soidal error into the navigation system variables.

The time histories shown in figure 8 are a composite
of the effects of each individual sensor error. Each of
these error sources is now considered separately to deter-
mine their individual effect on the IN3 errors.

Gyro Bias Error. Figure 9 shows the plots of the INS
errors for simulations with only bias error present, all
errors present, and no errors. The bias error plot is re-
presented by the square, the plot of all errors by a triangle.
and the case for ideal sensors is marked with a square.

The presence of the gyro bias error results in the Euler
angles initially ramping off at the rate of the bias error
(0.0lo/hr). The yaw angle error is only slightly effected
by the aircraft maneuvers and, thus, it continues to ramp off
at about 0.0lo/hr. Before the loiter maneuver, the bias error
accounts for about half of the total error, but during the loi-
ter the bias error becomes negligible compared to the other
gyro errors. '

The snap rolls cause a step in the bias induced pitch
angle error. Also, during the loiter maneuver, the ampli-
tude of the oscillation of the pitch angle decreases more ra-
pidly with all sensors present then with only the bias error
present. This indicates that the bias error prolongs the

settling of errors induced by the mancuvers of the
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aircraft. The bias error provesd to be the primary driver
of the pitch angle error. The bias error induces a ramp

of 0.0lo/hr. in the roll angle error that is only slightly
altered by any aircraft maneuvers until theloiter maneuver
is begun. During the loiter, as in the case of the pitch
angle, the bias induced roll angle error tends to slow the
settling of the error induced in the roll angle by the man-
euvers. the bias error accounts for a large part of the
roll angle error except during the phases of the flight
wvhere the snap rolls occur. Here, steps are introduced

by other gyro errors and this causes the roll angle to be-
come much larger when all gyro errors are present than when
the bias alone is present. The east velocity error is large-
ly influenced by the integration of the roll angle's effect
on the vertical acceleration. This gives it a ramp-like
nature with a slope of approximately (3.5 ft/sec)/hr. The
steps are introduced into the roll angle when all sensor
errors are present, resulting in a larger slope in the

east velocity error with all gyro errors present than with
only the bias error present. This indicates that the bias
error is not the main contributer to the east velocity error.
The effect of the bias error on the north velocity error

is more pronounced. The bias error contributes a major
portion of the north velocity error due to gyro errors.
Also, the ramp induced in the north velocity error by the
gyro bias is only slightly effected by ‘the loiter maneuver

and is larger than the error due to all gyro errors.
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The position errors, latitude and longitude, are

mainly driven by the integral of the vélocity errors.
Therefore, they too, exhibit a ramp-like nature, However,
during the loiter there are moreoscillations in the poSition
errors, but this is not caused by the gyro errors because
these oscillations are evident even when ideal sensors are
used. As 1s expected, since position errors are largely
influenced by the integration of the velocity errors, the
bias“error has a similar effect on the position errors as

it does on the velocity errors.

Gyro Misalignment Error. The second gyro source ex-

amined is the misalignment error. Figure 10 shows the

.results of the simulations made with misalignment error

only plotted against simulation results for the ideal gyro
and for the laser gyro with all errors present. The most
immediately noticable effect of the misalignment error
occurs in the yaw angle error at the points where the snap
rolls are performed, but its most degradiﬁg effect occurs
during the loiter. The misalignment error produces a
rather steeply sloping yaw angle error that rises until
the loiter is completed. Appreciable effects from the
misalignment error are also found in the pitch and roll
angle errors. Steps occur in these errors during the snap
rolls and the evasive maneuvers.

However, the step in the pitch angle error during the
second snap roll is in the opposite direction of the steps

from the other snap rolls. This indicates that the pitch
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angle is sensitive to roll direction, while the roll angle
error has steps at each snap roll that are in the same di-
rection. The misalignment error clearly makes up for a
large portion of all of the Euler angle errors and during
loiter it becomes even more dominant. The step errors in
the roll and pitch angle errors are integrated and result
in ramp errors in the east velocity error. This ramp error
makes up for most of the difference that existed between
the bias error induced east velocity error and that re-
sulting from all of the gyro errors. This increased ramp
effect is enough by itself to push the east velocity error
to the three nautical mile error value. Therefore, reduction
of the misalignment error is highly desirable for improving
the INS performance. Because of the large yaw error and the
relatively small pitch error, the north velocity error is
only mildly effected by the misalignment error during most
of the flight. (The coupling of the pitch angle to vertical
acceleration tends to subtact from the coupling of the yaw
error with the east acceleration). However, during the
loiter, the misalignment error causes the north velocity
error to oscillate as the aircraft turns through the three
turns. Once again, since the position errors are largely
effected by the integration of the velocity errors, the
effects on them due to misalignment error are similar to
those of the veloclty errors.

Gyro Scale Factor Error. A third laser gyro error
- gource considered in this analysis is the scale factor

error. The error time histories obtained for it are shown

by




in Figure 11. The scale factor has less overall effect
on the INS errors than either the .bias or the misalign-
ment errors. The most notable effect of the scale factor
error is the steps it introduces in the roll angle error
when the aircraft does a snap roll. Notice that the se-
cond roll creates a negative step error. This is because
the second roll is made to the opposite direction of the
others. The value of these steps is about 0.00190. Since
the second roll is done in the opposite direction of the
others, the effect of the steps on the east velocity error
and thus the longitude error caused by the scale factor
is small compared to that caused by the misalignment error.
Gyro Random Walk Error. The plots obtained to illus-
trate the effects of the gyro random walk error on the INS
performance are shown in Figure 12. The random walk error
has little effect on the INS errors when compared with the
effects of the misalignment,bias, and scale factor errors.
The only noticable effect the random walk error has is a
step error in pitch angle during the evasive maneuver.
This effect, however, does not cause any appreciable error
in the velocity and position parameters. Therefore, the
random walk error can be considered negligib}e when using
the scale factor, bias, and misalignment errors specified.
Summary. Figure 13 shows the simualtion results for
the laser gyro with all errors present and with a 54 min-
ute extension of level flight added to the flight profile.
Adding this additional flight time allowed the illustration

k5
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of the errors after one Schuler period. Examining the yaw
angle error, it is seen that upon completion of the maneu-
vers, the error ramps up with a slope equal to the bias error
just as it did at the outset. The pitch and roll angle ex-
perience oscillations at the Schuler frequency. As is seen
in the graphs, the amplitude of the Schuler frequency os-
cillation of the roll angle is smaller than the largest

value of step errors that resulted from the high dynamic
maneuvers. Likewise, the pitch angle error has a Schuler
frequency amplitude that is smaller than the largest amp-

litudes of the oscillations created by the loiter. The

implications of this are that the strapped-down system de
finitely experiences degradation in performance when sub-
jected to a high dynamic environment.

The north velocity error is much closer to meeting
the specifications than the east velocity error. Examin-
ation of the 84 minute simulation shows that the north
velocity error reaches a peak at agout one hour. The value
at this point is -4 ft/sec. This results in a latitude
error of 1 nm. Thus the latitude error is the only para-
meter that reaches the specifications and it is quite mar-
ginal.

The overall effect of the laser gyro errors indicates

that improvements must be made before a performace speci-

fication of € 3 ft/sec velocity error and<l1 nm/hr position
error can be achieved. The major problems are in east velocity

error, and thus the longitude error. These error result

52
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from the large roll angle errors created primarily by the
misalignment error, while the bias and scale factor error
would have had about twice as much effect because the sign
of the step errors in the roll angle caused by the scale
factor error are dependent upon the direction of the rolls,
Conversely, the step errors induced by the gyro misalign-

ment error added regardless of the roll direction.

Effects of Quartz-Flexure Accelerometer Errors

A similar analysis to that presented on the laser
gyro errors is now presented for the accelerometer errors.

Figure 14 shows the error time histories generated for the

quartz-flexure accelerometer with all error sources present.
Unlike the gyro errors, the accelerometer errors produce er-
rors in the velocity and thus position errors, which then
couple back to effect the velocity errors. However, the
loiter maneuver still has the same bésic effect on the
accelerometer error induced INS errors. That is, the INS
errors oscillate as the aircraft performs the loiter maneu-
ver.

The east velocity error tends to be relatively stable
except for step errors from the snap rolls and evasive
maneuver. It does oscillate during the loiter maneuver,
but its mean remains fairly constant. The north velocity
error, however, tended to be ramp-like and changed directions
at the point of the start of the loiter maneuver. The posi-

tion errors followed the general nature of the velocity
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errors except that the latitude error did not change direc-
tions. The pitch angle error resenbles the north velocity
while the roll angle is of the same form as the east veiocity
error. The yaw angle error is relatively stable except for
the steps induced by the snap rolls and evasive maneuver.

As was the case of the gyro errors, accelerometer errors

have little effect on the vertical channel. The effect

of the individual accelerometer errors on INS performance

is now assessed.

Accelerometer Bias Error. The bias error is the dom-

inate accelerometer error source. Figure 15 shows the re-
sults of the simulation obtained with the bias as only
.accelerometer error. It produces a ramp in the east vel-
ocity error that is of a much larger magnitude than that
for the case where all accelerometer errors are present.
This results because the other accelerometer errors create
east velocity errors that are of the opposite sign. Also,
there is a sign change in the east velocity error at the
beginning of the loiter. The longitude error follows the
same general characteristics as the east velocity error
except that it does not change signs. Small pulses are
visible on the accelerometer bias error induced east velo-
city error at the points of the evasive maneuver and snap
rolls. The pitch and roll angles both ramp off before os-
cillating as the loiter maneuver begins. The pitch angle
is essentially the same as the north velocity error. The

yaw angle error with bias error only, basically follows the

60
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same wave form as the yaw ahgle error with no accelero-
meter errors present, except that it ramps off after ex-
periencing a step error at the outset of the climb.
Accelerometer Misalignment Error. Figure 16 shows
the effect of the accelerometer misalignment error on the
INS errors. Although the pulses induced at the maneuvers
are more pronounced and the overall error more unsettled,
the east velocity error that results from accelerometer
misalignment has the same general form as that for the
bias error only in the opposite direction. The magni-
tude is about six times smaller than that due to bias, but
it still has the effect of offsetting some of the error
caused by the bias. Also, the pulse introduced into the
east velocity error by the evasive maneuver is more pro-
nounced with the misalignment error. The longitude error
that results is also of the oppositg'sign and about six
times smaller than that achieved'Q;;h the accelerometer

bias error. The accelerometer misalignment had little

effect on the north velocity error, and thus, the lati-

tude error was also relativaly uneffected by misalign-
ment. The misalignment error did however, have an appre-
ciable effect on the roll angle error. The roll angle
experiences steps at the snap rolls, with the direction

of the steps being dependent on the direction of the roll.
This indicates that if the second roll pz4 been in the same
direction as the other rolls, the error in roll angle pro-

duced by the misalignment error would have been increased.
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The evasive maneuver introduces a pulse that is about half
the magnitude of the pulse produced when all accelerometer
errors are present. Pitch and yaw angles show negligibie

effects from the misalignment error.

Accelerometer Scale Factor Error. The effects of the

accelerometer scale factor error on the INS parameter is
illustrated in Figure 17. The north velocity error is only
slightly effected by the accelerometer by the accelerometer
scale facotr error. Likewise the scale factor error produces
negligible error in latitude. However, in regards to east
velocity error, the scale factor error accounts for a

large portion of this error during the period before the
.second snap roll and during the loiter maneuver. The

reason for the decreased effect of the scale factor error
between the second snap roll and the loiter results be-

cause the error in the east velocity due to the scale

factor error is in the opposite direction from a similar

step error caused by some other source. The longitude

error exhibited similar characteristics as the east velo-
city error. The large spike that occurs at the evasive
maneuver which appeared as if it may be caused by the scale
factor error, is much clearer in the longitude error. Since
it is present for the case of an ideal accelerometer, it must
be caused by some source other than accelerometer errors.

The Euler angles are all relatively uneffected by the scale

factor error.
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Other Accelerometer Errors. The other two error sources

modeled for the quartz-flexure accelerometer are the non-
linearity and cross-coupling error. Figures 18 and 19 show
the plots obtained for each of these cases. The only no-
ticable effect either error source has on the INS errors is
the effect of the nonlinearity error on the east velocity
error during the period from the last snap roll until the
loiter. During this period, the east velocity error due

to accelerometer non-linearity subtacts from the velocity
error that results when no sensor errors are present. This
creates a small reduction in the overall error in east
velocity and thus the longitude error during this phase

of the flight.

Summary. The overall errors in the INS parameters
caused by the accelerometer errors are somewhat smaller
than those resulting from laser gyro errors. The bias and
misalignment error dominate the effect of the accelerometer
errors. A reduction in the accelerometer errors should re-
sult in a direct reduction of the velocity errors since the
accelerometer errors are coupled into the velocities in an
additive fashion. Since the position and attitude errors
are driven by the velocity errors, reduction in the velocity
errors should result in reductions in both position and
attitude errors.

As is done for the case of laser gyro errors, an 84
minute simulation is made to illustrate the effects of the

accelerometer errors over one Schuler period. Figure 20
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shows the error time histories that are obtained from

this simulation. Once again, as is true for the case of
laser gyro errors, the major portion of the errors is a re-
sult of the effects of the high dynamic maneuvers performed
during the first 30 minutes of flight. However, The values
of the INS errors due to accelerometer errors.are much
smaller than those caused by the laser gyro errors. Also,
both east and north velocity errors are within the specifi-
cation as is the position errors. This indicates that re-
ducing the laser gyro errors.should be more beneficial

than reducing accelerometer errors.,

Effect of Structural Modes

The simulations discussed in the previous sections
do not account for structural mode effects. This section
presents simulations obtained with structural modes sensed
and provides an analysis of their effects on the INS errors.

Figure 21 shows the time histories of the INS errors
with structural modes sensed plotted against those with
no structural modes sensed. In both cases the sensors
are assumed ideal.

The structural modes produce a definite degradation
in the overall INS performance. The roll angle is effected
less than the other attitude errors. With structural modes
present, the roll and evasive maneuvers produce some large
pulse transients in% the roll angle. The one from the eva-
sive maneuver is nearly twice as large as those from the

rolls. Also, a sinusoid results during the loiter.
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Part of the cause of this sinusoid is the coupling of
the latitude error into the roll angle error. The ?
coupling of the other attitude errors also adds to the ' ‘
sinusoid.

The presencé of the structural modes causes the pitch

angle to be quite sensitive to the aircraft maneuvers.

The pitch angle exhibits a ramp during the initial des-
cent. At each of the snap rolls, the pitch angle error
experiences steps on the order of 0.030. Even though one %
of the rolils is in the opposite direction of the other two, ¢
the steps caused by the snap rolls have an additive effect. ;
The evasive maneuver produces a negative step error that is
. about twice as large as that of the snap roll. The pitch
angle error is also sensitive to the weapon delivery. A
pulse transient results from this maneuver. Although much
smaller than the one at the weapon delivery, the ascent
produces a transient in the pitch angle errar, also. These
transients reflect the shape of the longitudinal structural
modes. During the periods of flight where the pitch angle
error is not experiencing steps or transients, it exhibites
a ramp-like nature. Also, as in the roll angle error, the

f% llatitude error couples back into the pitch angle error during

———

the loiter. » i
The yaw angle also has significant errors induced into ,
it by the aircraft maneuvers when the structural modes are

sensed. However, the yaw angle error that results is nega-

: tive. This should have the effect of reducing the yaw angle
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error when the laser gyro misalignment error is present.
L The roll angle error couples into the yaw angle error re-

sulting in large transients at each snap roll. The evasive

maneuver results in a large negative step error. After the

final snap roll has taken place, the yaw angle becomes quite

benign. There is only a small sinusoid during the loiter,

therefore, there must be a small amount of coupling from
the latitude errors.

One of the most significant effects of the structural

e e Bb e S Smbanct e AT 4
P ——— b E o e

modes is in the north velocity error. The north velocity

reaches a value of -18 ft/sec. The steps that result in the

attitude angle errors during the aircraft maneuvers inte-

e X

grate into the north velocity error causing the ramp-like

behavior. As a result of this velocity error, the lati-
tude error is also driven to exhibit a rahp-like nature and

is quite large (3.6 nm) by the end of the 30 minute .flight.

The east velocity error is less effected by the struc-

tural modes. Until the loiter, the only significant effect

of the structural modes occurs when the aircraft performs
the evasive maneuver. Here a transient occurs that has a
peak value of about 0.5 ft/sec, However, during the loiter,

the east velocity error begins to ramp off, settling again

after completion of the loiter. The peak error during this

period is less than 2 ft/sec. The longitude error then

follows the same characteristics as the east velocity
error, but the transients are more benign due to the inte-

gration.
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The structural modes also have some interesting effects
on the vertical channel of the INS. The vertical velocity
error experiences much larger transients from the maneuvers
when structural modes are present. The largest ones are at
the snap rolls and evasive maneuver. Also, during the loiter
the amplitude of the transients are quite large when struc-
tural modes are present as opposed to when they are not, The
vetical velocity error does however remain fairly small,
with the largest transient being smaller than 3} ft/sec.

The transients of the attitude error never exceeded 20
feet while the mean remains nearly zero.

Summary. The overall effects of the structural modes

~on the INS performance are not good. The most significant

effect of the structural modes occurs in the north velocity
error. Here the structural modes cause an error of nearly
20 ft/sec. This then results in a position error of close
to Unm, These errors are much lagger than the position

and velocity errors caused by sensor errors. Thus, no
matter how much improvement is made on the effects of the
sensor errors, the sensors must be located such that the
structural mode effects are minimized before a desirable
level of performance can be achieved from the strapped-

down INS in a high dynamic environment.
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Conclusions

In this chapter, the effects of the sensor errors and
the structural modes on INS performance have been assessed.
The analysis reveals that the high dynamic environment
results in significant degradation in the INS performance.
The INS errors in local level position and velocity caused
by laser gyroerrors are found not to meet the specifications
of € 3 ft/sec velocity error, while those caused by the accel-
erometer errors are within the specifications. This indi-
cates that improvements must be made in the laser gyros
and/or the methods used to sense the rotation rates. A
change of gyro configuration, for example, could result in
less effect from the coupling of the roll angle error into
the east velocity error.

From examining the effect that structural modes have
on the INS errors it is found that they produce additional
degradation to that of the sensors. The most significant
effect of the structural modes is the large pitch angle
errors that coupled into the north velocity causing a se-
vere error there. Also, since the errors caused by the
structural modes basiqally added to those caused by the
sensor errors, and since the gyro induced errors were lar-
ger, the location of the gyro is more critical than that of

the accelerometers.




CHAPTER 1V

i f INS Erro 0 _Sengsor Err

The sensitivity of the INS errors to changes in the
values of the sensor errors are determin ed in this chap-
ter. A simulation is made with each sensor error reduced
to 50% of the value used for that parameter in the error
analysis presented in Chapter 3. The results are then
pPlotted against the simualtion made with all sensor errors

| present with the parameter values as defined in Chapter two.
These plots are then compared to determine the sensitivity
of the INS errors 3o determine the sensitivity of the INS
errors to each sensor error.

The results of this analysis pertaining to the laser
gyro errors are presented first. Following this, the same
type of analysis is presented for the quartz-flexure accel-

erometer.

Sensitivity to lLaser Gyro Errors

The plots in Figure 22 show the effects of reducing the
laser gyro bias error by 50%. The curve labeled with a cir-
cle represents simualtion results with all laser gyro errors
present, while the curve labeled with a triangle represents
the results with no laser gyro errors. The third curve,
labeled with a square, is the results obtained with all
laser gyro errors present, but the bias error at a value of

’ 50% less than the one used in previous simulations (0.005°/hr).
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Recalling the analysis of chapter three in regards to
the bias error, it should be expected that a change in the
value of bias error should have little effect on the yaw an-
gle error. This, indeed, is the case. The 50% reductian
in bias error resulted in a nearly negligible reduction in
yaw angle error. However, the step errors in the roll an-
gle are slightly reduced and since the steps are additive,
additional improvement over the results obtained with the
0.0lo/hr bias error are obtained at each snap roll and the
evasive maneuver. This results in about a 105 improvement
in the roll angle error at the point where the loiter begins.
During the loiter, the effects of misalignment became domi-
‘nant and negligible improvement is gained by a 350% reduction
in bias error. The pitch angle error shows the most improve-
ment of all the Euler angles with the reduction in bias error.
It too however, is not greatly improved, excépt during climb,
During this phase of the flight the 50/ reduction in bias
error results in a 50/ reduction in pitch angle error.

This is a good illustration of the fact that the effects
of the bias error are less sensitive to high dynamic maneuvers
than those of the other gyro errors.

With the yaw and roll angle errors being only slightly
reduced, the east velocity error has a small reduction in
the value of its slope. By the end of the 30 minute flight,
this has resulted in a reduction of the error by 0.6 ft/sec.
This indicates that the specification of<3 ft/sec position

error could not be reached by simply reducing the bias error.




This small improvement in east velocity error results in an
improvement in the longitude error of 0.0018°, which is not
enough to bring it to within the specification £ inm/hr.

As is found in the analysis of chapter three, the
bias error results in most of the north velocify error when
all errors of the lase gyro are present. This indicates that
the north velocity error should he quite sensitive to bias
error changes. As seen in Figure 22, this is indeed the
case. The slope of the north velocity error is reduced such
that, by the end of the 30 minute flight, it is almost half
of the value that is achieved with a 0.01%/hr bias error.
This brought the value of the errordown to abzut -0.6 ft/sec
after 30 mintes of flight, therefore the 3 ft/sec velocity
" error specification should easily be reached.

This improvement in the north velocity error is passed
on to the latitude error. After 30 minutes of flight, the
latitude error is -0.0012 degrees of 0.072 ﬁm. This, too,
should easily remain within the specification of 1 nm/hr
position error.

Since the vertical channel proved to be relatively un-
effected by sensor errors, improvements in the sensor errors
have little or no effect on the altitude and altitude rate

. errors.

Laser Gyro Misalignment Error

From the analysis of chapter three, the misalignmént
error is found to effect the yaw and roll angle errors and

the east velocity error more than the other sensor errors.
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Figure 23 compares the INS time histories achieved with the

Siwbeypytpe——

misalignment error at 5x10'5 radians. The yaw angle error is
reduced by nearly 50:, while the pltch angle is hardly effect-
ed. The roll angle experiences improvements at the points

where the misalignment error intorduces steps into it.

This occurs at the snap rolls and the cvasive maneuver. The
improvement that results is about a%0% reduction in the
amount of step error caused by the misallgnment error.
This resulis in the roll angle error being reduced by this
amount at cach of the snap rolls, and while, at the evasive
maneuvel, the roll angle error is cut in half. However, dur-
ing the loiter, this improvement is reduced such that by
the end of tho flight there is no more improvement. Once
agailn, this illustrates the fact that the misalignment
error is much more sensitive to aircraft maneuvers than the
bias error.

Since the yaw and roll angle errors couple intoe the
east veloclity, by the end of the 30 minute flight., the
slope chang» has resulted in the velocity error being
reduced by about 2 fi/zec. This puts it just within the
specification that is used for this study., The east velo-
city improvement integrates into an improvement in the longi-
tude error. This improvement is about 0.00, degrees or
0.3 nautical miles. This should be enough of an improve-

ment ot keop the latitude error less than 1 nw/hr.

Since the misalignment error ls found to have little
effect on north velocity and latitude errora, little sensil-

tivity to gyro misalignment corror is expected. The simulation
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results obtained with the misalignment error reduced 50%
verify this idea. The improvement in north velocity error
is less than 0.25 ft/sec, while the latitude error is only

reduced by 10'4 degrees (6x10'3 nauticai miles).

laser Gyro Scale Factor Error

Unlike the bias and misalignment errors, the scale
factor error is not a dominant force in any of the INS errors. é;
However, it does account for about V§ of the step error 1§
size in the roll angle error and has about the same effect ;
as the bias error or yaw angle error. These effects couple
into local level velocity and position errors, with more
effect being on the east than the north velocity. As can
be seen in Figure 24, when the scalé factor error is re-
duced by 50%, improvements are noticable in both the yaw
and roll angles and these improvements help to reduce the
local level velocity and position errors.
The improvements in the yaw angle error are small when
compared with the overall yaw angle error, but the improve-
ments in roll angle error are substantial during the snap
rolls and evasive maneuvers. Since both the roll and yaw
angle errors couple into the east vleocity error, the re-
duction of scale factor error results in almost 2 ft/sec
improvement in east velocity error by the end of the
30 minute flight. This translates into a longitude error
of 0.004 degrees (0.24 nautical miles).
The improvements in the north velocity and latitude

errors are not as substantial since the roll angle does
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not couple into these errors. The slight decrease in yaw
angle error, however, does reduce the slope of the north
velocity error resulting in a 0.25 ft/sec reduction of

4

its value. This improvement results in a 2.5x10 ' de-

gree reduction in the latitude error.

ser Gyro Random wWalk Error

As should be expected after the analysis of Chapter
three, improvement in the random walk error does little to
improve the INS errors. Looking at the graphs in Figures
25, the curves plotted with all sensor errors at the values
specified in Table 2 are not distinguishable from those ob-
tained when the random walk was at 50% of this value ( 0.0025
degrees/hr).

Summary of Sensitivity to laser Gyro Errors. Having

determined the sensitivity of each individual laser gyro
error, an B84 minute simualtion is made with all gyro errors
reduced 50%. Figure 26 shows the results that are obtained.
As should be expected, since it has third order damping,

the vertical channel is relatively insensitive to changes

in the gyro error paramenters. However, all other INS errors
show about a 50% reduction as a result of reducing the sen-
sor errors by 50%. Table 4 has a listing of the amount by
which each INS error is reduced when a given gyro error is
reduced by 50%. As can be seen, the results for the case

of reducing all gyro errors is not the summation of the
case ' of reducing all gyro errors is not the summation of

the cases of reducing the gyro errors individually. This
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to be expected since the Euler angle errors, which are ‘
directly related to gyro errors, create errors in the ace j
celerometer measurements which do not necessarily have the |
same sign. This indicates that the effects of the gyro
errors can be overlapping or offsetting to some extent
depending upon the direction of the acceleration along

a given axis.

The simulations presentedin this chapter clearly show
that the INS errors are quite sensitive to the laser gyro
errors when structural modeé are not sensed. Table 4 shows
the results of the sensitivity tests. Examining the figures
presented, it is seen that the east velocity and thus the
longitude would be greatly reduced by a decrease in either
the scale factor error or the misalignment error, while a
reduction in north velocity and latitude requires an im-
provement in the bias error. Since the east velocity and
longitude errors are found to be the worst, the misalign-
ment and scale factor errors should be given more attention

than the bias error.

Sensitivity to Accelerometer Errors

——

A similar analysis to that presented on the sensiti-

vity of INS errors to laser gyro errors is now presented.

for the accelerometer.

Accelerometer Bias Error. The INS error time histories

obtained with the accelerometer bias error reduced to 50%

are shown in Figure 27. As is shown in Chapter three, the

12
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accelerometer errors effect the velocity errors directly.
When the bias error is reduced 50%, the north velocity error,
after the 30 minute flight, is reduced by only a small amount.
However, just before the loiter maneuver is begun the smaller
bias error provides a noticable decrease in the north velo-
city error, (about 27/), which is passed on to the latitude
error in the form of a ramp of reduced slope. This results
in a reduction in the latitude error of about the same amount.
About the same amount of improvement in the pitch angle error.
should be expected and indeed this is the case.

Since the bias error causes a large east velocity and

longitude error that is offset by the effects of the mis-

~alignment and scale factor error, reducing the bias error

by 50% results in a large error (10 times that with all errors
at full value for the east velocity and 8 times that with all
errors for longitude) in these two INS paramenters. However,
this error is the negative of that produced when only the

bias error is present since it is due to the other acceler-
ometer gyro errors. This indicates that if the accelerometer
errors are to be reduced, the reduction in the bias error must
be a comparable reduction in the other acceleometer errors.

Accelerometer Misalignment Error. The misalignment

error has the same type of effect on the INS errors as the
blas error except that the effect on the east velocity and
longitude are opposite in sign and about 1/6 of the magni-

tude as those of the bias error. As seen in Figure 28,

this results in the north velocity and latitude errors having
about the same sensitivity to misalignment error as they do

to bias error, 27/5. The east velicity and longitude crrors are
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effected about the same as when the -bias is reduced, except
that the errors are of opposite sign.

Other Accelerometer Errors. The other accelerometer

errors, scale factor, cross-coupling, and nonlinearity, have
little effect on INS errors and therefore ihe sensitivity of

the INS errors to these errors is practically zero. The

results obtained for these are shown in Figures 29, 30, and 31.

Summary of Sensitivity to Accelerometer Error. The most

notable effect of the sensitivity of the INS errors to the
accelerometer errors is in the way the bias and misalignment
errors offset each others effects on the east velocity and
longitude errors increasing 10 times and 8 times respectively
when either the bias or misalignment error is reduced. This
indicates that it is desirable to make comparable changes in
both accelerometer errors at the same time rather than just one
or the other.

The north velocity and latitude errors are equally sen-
sitive to changes in bias and misalignment error. However,
the effective change is only 277 for each. (Figure 32 shows
a comparison of the results obtained when all accelerometer

errors were reduced 50% and those obtained with the original

values for an 84 minute simualtion). Meanwhile, the east

velocity and longitude errors are increased when the accel-

erometer bias and misalignment errors are reduced separately,
because these INS parameters are dependent upon the difference

in these two errors rather than the sum.
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Table 5 shows a comparison of the results obtained

in the sensitivity analysis on the accelerometer. Note

that when the bias and misalignment error are reduced sep-
arately, the east velocity and longitude errors are in- ...
creased. This increase disappears when both error sources
are reduced since the east velocity error and thus, longi-

tude are dependent upon the difference in the two gyro'errors.

Conclusions on Sensitivity Analysis

After examining the effect on INS performance of both
laser gyro and accelerometer errors, it is found that the
laser gyro errors create more degradation. The findings
show that improvements in gyro errors are necessary to a-
chieve a perfofmace specification of ¢ inm/hr position error
and € 3 ft/sec velocity error when no structural modes are
sensed.

The sensitivity analysis just discussed indicates
that this performance specification is achievable by reduc-
ing the sensor errors by 504. Figure 33 shows the INS error
time histories for the case using the sensor error values
stated in Chapter two, Tables 1 and 2, and that using
56% of these values. This shows that with the 50% values
for the sensor errors, the performance specification is met.
This specification could also be met at some lower value,
or a differnt combination of lower values, of the sensor
errors.

The implications of this analysis have been that to
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bring strapped-down INS performance in a high dynamic

environment down to a competitive level with gimbaled

systems, improvements in the quality of gyros used on the
platforms is a necessary step.
!
!
§
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CHAYTER V

conclusions and Recommendationg

This section consists of two parts. The first part
is the conclusions that have been drawn from this research
effort and the sencond is recommendations for further study

in this research area.

Conclusions . ’
)

Several conclusions can be drawn - from this research
effort. First of all, it has been shown that the laser gyro
offers better performance than the mechanical two-degree-of-
freedom gyro. This is determined by comparing results ob-
tained using presently achievable performance specifications
for each of these classes of instruments. The INS perfor-
mance obtaincd for each is then compared against a perfor-
amnce specification of € 1 nm/hr position error and £3 ft/sec
velocity error when no structural modes are sensed. Due to
its inherently larger misalignment error, the two-degree-
of-freedom gyro was found to result in a much larger east ve-
locity and, thus, longitude error, than the laser gyro.

Another conclusion that is drawn from this work is in
regards to the study on the individual sensor error and struc-
tural mode effects on INS performance. 1In this portion of
this work, it is found that the IN3 errors are degraded more

80 by the laser gyro errors than the accclecrometer errors.
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Also, it is found that the structural modes create substan-
tial degradation, especially to the north velocity and lati-
tude errors, of the INS performance. This analysis is made
based on the assumption that the sensor are in an orthogonal
triad at the center-of-gravity of the aircraft. This result,
coupled with the laser gyro errors being more of a factor in
INS performance than accelerometer errors, indicétes that
strong consideration of the location of the gyro should be
made.

Still another important point brought out in this re-
search is the sensitivity of the INS errors to sensor errors.
Since the effects of the accelerometer errors on INS per-
Tormance are practically negligible when compared to the
effect of the laser gyro errors, the results of the sensi-
tivity analysis on the laser gyro errors is more importance
than that of the accelerometer. The sensitivity analysis
indicates that the bias, misalignment, and scale factor errors
are responsible for almost all of the laser gyro error induced
INS errors. Using once again the ¢ 1 nm/hr position error
and € 3 ft/sec velocity error specification it is found that
a. 50% reduction in the laser gyro errors would resutl in an
INS performance improvement of 50% which would be enough to
meet the specification above.

A final overall conclusion is that although thé high
dynamic environment of a fighter-type aircraft causes unac-
ceptable degradations in the INS performace, it does seem
feasible that there is a bright future for the strapped~down
INS.
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Recommendations

B | In performing the research for this paper, several

recommendations for future study have come to mind. Among

these are to investigate both

ration. The sensor location is important because of the
detrimental effect that the structural modes have on the

3: INS performance. Also, a different sensor configuration

could reduce the magnitude of

on the INS errors.

that it incorporates and F-15

ey b~ i A

the strapped-down performance.
phasis should be on the laser
meter. Also, a more detailed
more insight into the minimum
| that is necessary to meet the

study.

gards to the simulation used in the present research. The

present simulation model is an F-& aircraft. It would be

141
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sensor location and configu-

- PP 7

LA o

the misalignment error effects :

Another possibility for future study would be in re-

-better, though, if the simulation could be updated such

or F-16 aircraft model.

A final recommendation should be to continue to refine
eand improve upon inertial sensor technology. The sensiti-

vity analysis indicated that a big.step forward in improving

In this area, however, the em-
gyro rather than the accelero-
sensitivity analysis may lend
reduction in sensor errors

specification used in this
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Appendix A
Notation

A brief description of the notation used in this paper
is presented here as an aid to someone unfamiliar with this
notation. Several different coordinate frames have been
used in this paper. These coordinate frames are indicated
by a lower case letter used as a subscript or a superscript,
with the superscript indicating the frame in which the quan-
tity is coordinitized while the subscript indicates the
frame the quantity is referenced to. The coordinate frames

used are as follows:

Inertial frame (i): This frame has
origin at the earth’s center and is
nonrotating with respect to inertial
space.

Earth frame (e): This frame is non-
rotating with respect to the earth and
has its origin at the center of the
earth. The unit vectors are defined
as follows: xg points toward the e-
quator and the Geenwich meridian,

Ye pounts toward the equator and 90°
e, z, points toward the North Pole.

Computational frame (¢)s This is the
frame in which the navigation calcula-
tions are done. It's origin is at the
center of gravity of the aircraft and
the unit vectors are defined as fol-

lows: Xq is positive up with respect

143




to Earth's surface, Yo is positive ;

East with respect to Earth's surface, i

Z, is positive at some angle - i

(wander angle), from North with res-

pect to the Earth's surface. !
!
%

Body frame (b): The body frame has
its origin at the center of gravity
of the aircraft axes. Its unit vec- B
tor are defined along the aircraft
axes. Its unit vectors are defined
along the aircraft axes, Xy is out il
of the top, Yp is out the right side, ﬁ
and 2y, is out the nose of the aircraft. f

Vectors are ‘denoted by a iine underneayh the vector
symbol; and if needed have a superscript to indicate the
coordinate frame in which the vector is expressed. As
an example, f£C is the specific force vectﬁr coordinatized
in the computational frame. When angular velocities are
used, a double subscript is used to indicate the two refer-
ence frames between which the angular velocity exists.
¥;, is the angular velocity vector of frame (e) with
respect to frame (i).

When the individual components of a vector are used,
they will be indicated by the same symbol as the vector
quantity, but without the underscoring and with an addi-
tional subscript x, y,» or z to indicate which component.
therefore, wgex is the x component of angular velocity of
the earth frame with respect to the inertial frame as co-

ordinatized in the computational frame. When all compo-

nents of a given vector are being defined, the following
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configuration will be used:
c
Yiex

c
w1ey
{.C
W.
iez
_iez

(]
Yie © (A-1)

Direction cosine matrices are used to transform a vec-

g WM R T AL 5

tor from one reference frame to another. They will be de-
noted by a capital C, with a superscript denoting the frame
the vector is being transformed to and a subscript denoting

the reference frame the vector is transformed from. Thus,
£ =cf ¢ (A-2)

The elements of the direction cosine matrix will be defined

as follows:

o8 CCB11 CCB12 CCB13 (he3)
b CCB21 CCB22 CCB23
_CCB31 CCB32 CCBB?J

The values of the individual elements of a direction
;aéine matrix are determined by knowledge of their ini-
tial condition and the angular rates between the two frames
of interest. Thus, if w b (coordinatiged in either frame)

b b
i are known, then Ci

and the initial conditions of C (t) can
be completely specified.

Another notation that has been employed is that for a
skew symmetric matrix. Wwhen a cross product between two

vectors is desired, (w;, x r)®, and the cross product is
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coordinatized in a single frame, it is defined as,

Wie 2° = (we x ©° (A-4)

Therefore w§§ is defined as,

e
ek ° “Viez Yiey ( )
Wy = [e w€ A-5
ie Viez 0 “jex
e e
“Wiey VYiex 0 |

A final note on notation is in regards to the time
derivatives of vector quantities. Two notations will be
used. These are dot above the vector or a lower case p

Preceding the vector.
L= = pC (A-6)

When the operator p is used, if the vector quantity has
& superscript to indicate the frame it is coordinatized
in, p will indicate the time derivative of that guantity
with respect to the reference frame indicated by the su-
perseript. If no superscript is used, the frame that the
time derivative is taken in will be indicated by a sub-
seript on the p. Therefore, the Theorem of Coriolis can

be stated for any vector V as,
Fiv € pb‘Y' * Wiy X v (A-7)
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Appendix B

erivative of the Velocity Differential Equation

The velocity differential equation used in the strapped-
down local vertical wander azimuth navigation model is de-
rived here for completeness. This equation is,

g c
Y=g+g- (205 +w,.)x¥ (B-1)

From Newtonian mechanics, the second derivative of

position as seen from an inertial frame is,
Ppp=G+f (B-2)

where f is the specific force and G is the mass attraction
vector. Defining g as the gravity vector composed of mass

attraction and centripetal components,

x (w. xr) (B-3)

=8 -w, =ie

equation (B-2) can be written as,

piz E=g+ Lrw,x (W, xx) (B-4)
Now, defining velocity as the time rate of change of the

position vector as seen from the earth frame,
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Y=Dp (B-5)

and applying the Theorem of Coriolis, the time rate of
change of position with respect to inertial space is found

to be,

P; L= P.L +W. XTI
1 e' 1le (3-6)
=¥ +tw . xr

Taking the derivative of this equation results in,

2
Py = p;V +w, XDpir

PV * Wi, xV +w x(w.xr) (B-7)

Now, substituting into equation (B-4) yields,

Y=g+ f-w xV (B-8)
Applying the Theorem of Coriolis againg gives,
Y+ W, xY (B-9)

Equating equations (B-8) and (B-9) yields,

i<

pY=£f+g- (w: +w )x
¢ ie =ic (B-10)
=f+g- (2w +w )x}Y
which when coodinatized in the computational frame is the
velocity differential equation implementin the strapped-

down simulation navigation model.
' 148




Appendix C

Coordinate Frame Relationships

Two transformation matrices are used in this report.
These matrices are Cg. and the body-to-computational trans-

formation matrix, and C:. the earth-to-computational frame

transformation matrix. This section provides the deriva-
tion of these matrices. The earth-to-computational frame
transformation is considered first.

N

Figure C-1 shows a diagram of the relationship between

R R e T

the earth frame and the computational frame. These two
frames are aligned when «, L, and 1 are all zero. At this
orientation the respective x, y, and z components of each

frame are aligned. To get the transformation matrix between

these two frames, the directional cosine matrix for a rota-
tion of about X.+ of about y., and of about z_, (¢ = wan-
der angle, L=latitude, l=longitude), is found. Now defin-
ing the order of rotations as first the 2, axis rotation,
then the Yo axis rotation, and finally the rotation about

the X, axis, the direction cosine matrices are multiplied

TR A AT I, AW P, AN TP o 7, Tk 7

tdgether to form C:.

. -; 0 0 r--cos.l'.. 0 sinl rcosl sinl 67 §
; Cgﬂ 0 cosx sin 0 1 O |{-sinl cosl O (Cc-1) g
0 -sinx cos |-sinL 0 coskL 0 0 1 %
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Figure C-1. Wander Azimuth (Computation) and Earth
Coordinated Frames (Ref 2:9)
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Defining the elements of Cg as

—

CCE11

21
AN

c§ = |CCE
CCE

results in,

CCh11=cosL cosl

CCE 2=cosL sinl

1

CCE13=g1nL

CCEZl=—siJu<sinL cosl sinl cos«
CCE22=—sinu sinl, sinl cosl ‘cosw
CCE23=91nm cosl

CCE.,=~cosx sinl dosl sinx sinl

31 _
CCE32=-cosu sinl sinl sina cosl

CCE33=cos« cosL

From this, latitude, longitude, and wander angle can be

calculated.

2 13 .
+ CCblB) ) (C=4)

"1 VY 1 ‘12

L = tan ((,(.1..13 /(CL,L11
= -1 OV 8 o ’ -

1 = tan”"(CCi,, / ceiyy) (c-5)

&= tan‘l(CCE23 / CCE (c-6)

33
The other transformation matrix used is the one to
transform a vector from the body-to-the-computational

frame. Figure C-2 shows the relationship between these




—t O

(-4

Line.parallel
to plane zc—Yc

P
H
H
i
¢
E
2

East

Note: Origin of c frame displaced from
that of b frame only for clarity
of diagram; they are actually co-
incident at vehicle CG.

Figure C-2, ‘Wander Azimuth (computation) and
Body Coordinate Frames (Ref 2:13)
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frames. As was done with the earth-to-computational frame
transformation, the body-to-computational frame transforma-
tional matrix is defined as the product of three direction
cosine matrices. Using the Euler angles for the respective

rotations results in a rotation of () about z

o 6 about Yo

and finally (¢ + « ) about X1

1 0 0 cos6 O sinff{cos® -sin® 0
0 cos(y+x) sin(r+x) 0 1 O sing cos® 0 (c-7)
0 -sin(¢+«) cos(v+s) }-sin® 0 cosB||0 0
where is the roll angie, 'is the pitch angle, and
is the yaw angle.
Defining the elements of Cg as,
. !ECBll CCB12 CCB13
Cp =,CCByy  CCBy, CCByg| (c-8)
CCB31 CCB32 CCB33
results in, {
CCB,,= cose cos $ (c-9)
CCB, ,=-cose sin ¢ (C-10)
CCBlB= sin e (C-11)
CCB,, = cos(V+d)sind - sin(¥P+d)sine cosd (C-12)
CCB,,= cos(W+d)cosd + sin(¥+d)sine sind (C-13)
CCB, 4= sin(v+d)cos @ | (C-14)
CCB31=-sin(V+d)sind)- cos(¥Y+&)sine cos P (C-15)
CCB32=-sin(‘0’*d\)coso + cos(y+d)sine sing (C-16)
CCB33= cos(w+d)cose (C-17)
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From these elements, the Euler angles, roll, pitch, and

yaw are determined:

o= tan'l(-CCBlz / cCB,,) (c-18)

@= tan'1(00313 /(ccnf1 + ccsfz)i) (c-19)

Y= -1 - -
tan (00323 / c0333) A (c-20)
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20.\\“errors in position and velocif& to each inertial sensor is
determined. Using this sensitivity analysis, the sensor

/ggnametérs required to obtain-a performance specification of
(€)1 nm/hr position error and &/ 3 ft/sec velocity error are

‘defined. Finally, recommendations of areas for improvement
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