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NOMENCLATURE (Continued)
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1.0 INTRODUCTION AND SUMMARY

Coupling between the combustion process and the acoustics of the combus-

tion chamber are important factors in determining combustion stability of a
solid propellant rocket. This coupling results because the combustion process

’ reacts to both the local acoustic pressure and the local acoustic velocity.
Because of the complexity of both processes. they cannot be totally character-

' ized analytically; therefore, laboratory test data are needed in making analyt-
jcal combustion stability predictions. One attractive test method conceivecd

’ by CSD is the rotating valve apparatus. CSD conducted two programs under
AFRPL contract to develop and demonstrate the rotating valve method of mea-
suring the pressure coupled combustion response of solid propellants. The
results show agreement with T-burner measurements when the T-burner vent term
is taken to be zero. In addition, reproducible operation of the apparatus has
been demonstrated at pressures up to 1,500 psi with propellants containing as

much as 18% aluminum.

The rotating valve apparatus also has the potential for measuring the
velocityv coupled response function of solid propellants. Velocity oscilla-
tions of controlled frequency and amplitude can be generated by simultaneously
operating a rotating valve at each end of the motor, 180° out of phase. In
this configuration, velocity coupling dominates, and the effects of other
processes, such as pressure coupling, are minimized. With this modification,
the rotating valve method offers the potential for experimentally and quanti-
tatively investigating many characteristics of velocity coupling which have
been postulated by purely analytical arguments. The nature of these character-
istics determines the manner in which velocity coupling is incorporated into
the overall combustion stability analysis of a solid propellant rocket motor;
thus experimental evaluation of velocity coupling characteristies is essen
tial.

Under AFOSR contract No.F49620-77-C-0048, CSD has investigated the dual
valve approach for measuring velocity coupling characteristics. This investi-

gation included:
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A. Studies to analyze the transient ballistics and provide a method for
data interpretation and analysis

B. Parametric studies to evaluate momentum effects and determine the fre-
quency range for which valid data can be obtained

C. An error assessment of the methods used to reduce experimental data

D. The design and fabrication of experimental apparatus

E. Cold-flow studies to evaluate the performance of the apparatus and to
develop methods for calibrating the apparatus for data reduction
purposes

F. Combustion tests to evaluate the limits of the apparatus performance,
to determine the ability to distinguish differences in velocity re-
sponse functions, to studv the effects of internal flow patterns on

the derived velocity response, and to establish the applicability of
the data analysis procedures.

Substantial progress was made towards developing the dual rotating valve.
Analytical studies developed two models for the burner. one based on linear
velocity coupling and the other based on nonlinear (or amplitude dependent)
velocity coupling. Using one dimensional gas dynamics, these models also
include the effects of pressure coupling, flow turning, and particle damping.
These models predict the behavior of the burner to driving produced by two
valves operating 180° out of phase, two valves operating in phase, and a sin-
gle valve at either end of the motor. Comparisons show these models predict
the proper behavior at low frequency, the proper system damping at the natural
frequencies, and agree with the model for the modulated throat motor.

These models were then used to develop methods for deriving velocity
response functions from experimental data. Reasonable accuracy was demon-
strated for the linear velocity coupling model. For the nonlinear model,
response functions can be derived if the threshold speed is known. Separating
the threshold from the response, however, is extremelv complex. Progress was

made, but development of a useful data reduction procedure was not completed.

Cold-flow tests demonstrated satisfactory apparatus performance. Methods
for cz2librating the mechanical alignment were also verified in these tests.

1-2




Combustion tests demonstrated satisfactory apparatus performance with
both aluminized and nonaluminized propellants. The data show reasonable
reproducibility, significant differences with formulation changes, and an
effect of frequency. Frequency spectra show significant harmonic content which
appears to be generated by the combustion process. Comparisons with analyt-
ical predictions suggest the nonlinear velocity coupling model is qualitatively
consistent with the data.

These results demonstrate the dual rotating valve technique warrants fur-
ther study as a method for investigating velocity response of solid propel-
lants. This is especially true when one considers the early stage of develop-
mernt of the apparatus, and the data reduction process, as well as the lack of
sound mechanistic understanding of the velocity coupling process. These
studies should evaluate the two combustion models for interpreting velocity
coupling effects, should investigate the basic mechanism in greater detail,
and should explore the correlation between laboratory and motor results.

B s
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2.0 TECHNICAL ACCOMPLISHMENTS

2.1 DESCRIPTION OF THE DUAL ROTATING VALVE METHOD FOR VELOCITY RESPONSE

The basic approach in the dual rotating valve method is to mount two
rotating valves on the combustion chamber, one at each end, as shown in figure
2-1. Conventional nozzles are also mounted at each end of the test motor to
control the steady state pressure and the location along the propellant grain
at which the mean velocity is zero. Thus, the instantaneous nozzle area at
each end of the motor may be represented by the sum of a steady state compo-
nent and an oscillating component as indicated in figure 2-1. If the two
valves are in phase, the oscillating components add, as shown in figure 2-2,
producing an oscillating component in the total area. The resulting behavior
is identical to the single rotating valve configuration which is dominated by
pressure coupling effects. If the valves are 180° out of phase, the area
oscillation produced bv cne valve exactly cancels that produced by the other
valve and there is nc net area oscillation to provide pressure coupling. Sig-
nificant velocity oscillations are produced in the test motor, however,
because the venting of combustion gas alternates between the two ends of the
motor. These velocity oscillations couple with the combustion to produce
burning rate oscillations. With a constant net vent area, these burning rate
oscillations produce measurable pressure oscillations. These pressure oscilla-
tions can be related to the burning rate response by using a ballistic anal-
ysis of the burner. Thus, by operating the two valves 180° out of phase,
velocity coupling can, in principle, be studied under conditions which maximize

velocity coupling contributions and minimize pressure coupled contributions.

Eisel! and co-workers suggested a similar approach to generating
controlled velocity oscillations several years ago. Their objective was to
observe the luminosity response of aluminized propellants to velocity
oscillations. Their experiment incorporated two identical choppers for
modulating the exhaust flow. They did not, however, include additional
conventional nozzles for independently controlling the mean flow environment
nor did they attempt to measure and interpret the pressure oscillations
quantitatively.

2-1
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The dual rotating valve approach to measuring the velocity coupled
response offers three potentially significant advantages over the T-burner
method. In the T-burner, the test samples are located where both velocity
oscillations and pressure oscillations produce burning rate oscillations. In
fact, the maximum driving for the velocity oscillations is at best only 50% of
the total driving. Since the T-burner measures the total burning rate
response, the pressure coupled response must be subtracted from the total
response to derive the velocity response. This requires independent measure-
ment of the pressure response. More importantly, the uncertainties in the
total measured response and pressure response add together to increase the
uncertainty in the velocity response. The dual rotating valve method, however,
maximizes the velocity driving and minimizes the pressure driving, which should

improve the accuracy of the velocity response results significantly.

A second potential advantage involves the cost of testing. The T-burner
method requires 10 to 20 tests at each condition of pressure and frequency to
derive a velocity response function value. In the rotating valve method, only
one test is required to obtain a response function value at each condition.
There is also a corresponding reduction in the quantity of propellant required,
which is an important consideration when several alternative propellant formu-

lations are being considered for a particular motor application.

A third potential advantage is the capability for varying the mean flow
environment. Current models for velocity coupling postulate that the mean
flow environment may have a significant effect on the velocity response func-
tion. In the dual rotating valve, shifting mean nozzle area from one end of
the burner to the other end changes the axial velocity profile in the test
motor. Thus, the response can, in principle, be measured under different mean
flow environments. The T-burner does not permit this easy control over the
mean flow and hence cannot test for these effects.

These advantages offer potentially significant improvements in the meas-
urement of velocity response properties over the T=burner approach. The
studies described in the following sections were conducted to assess the util-

ity of this new approach to quantitative velocity response measurements.
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2.2 ANALYTICAL STUDIES

Theoretical analyses of the dual rotating valve were conducted as part of
this program for several purposes. First, the magnitude and phase behavior of
the oscillating pressure must be predicted to see if accurate measurements of
the velocity response can be made over a range of frequencies. The sensitiv-
ity of the pressure oscillations to response function changes must also be
estimated. Finally, a method for deriving the velocity response function from
the measured pressure oscillations is required.

This requires two formulations of the basic ballistic equations which [
describe the oscillatory motor behavior. 1In the first formulation, the
response of the burning rate to velocity oscillations and pressure oscillations ' J
is assumed to be known. The equations are formulated to predict the pressure
and velocity oscillations based on these known responses. The solution of
these equations provides a method for estimating the behavior of the burner and
the sensitivity of this behavior to propellant changes. The second formulation
assumes the pressure oscillations are known and the velocity and pressure
responses of the propellant are unknown. This second formulation, which is the
inverse of the first formulation, is required to derive the propellant
responses from experimental data.

The analyses are complicated by the fact that two qualitative models have
been proposed to describe velocity coupling 2'3’u, a linear model and a non-
linear model. In the linear model, the oscillatory burning rate responds to
the local magnitude and direction (relative to the mean speed) of the velocity
oscillations. In other words, the burning rate response depends on the direc-
tion of the mean gas flow as well as the magnitude and direction of the oscil-
lating velocity, but does not depend on the magnitude of the mean speed. This
model has been used extensively to interpret velocity coupled T-burner data,5’6
motor data,7 and in predictions of motor stability.8

The nonlinear model evolved by analogy to erosive burning. Erosive burn-

ing is postulated to result from increasing the heat transfer to the burning

propellant surface produced by increasing the gas flow parallel to the surface.

9 10

as well as experimental data, suggest there is a

Analytical studies,
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minimum, or threshold, speed which must be exceeded pefore the effect of
parallel gas flow on the burning rate becomes significant.

Extrapolating a threshold speed to oscillatory flows is a central feature
of the nonlinear model. The basic hypothesis assumes the burning rate responds
to velocity oscillations when the instantaneous total velocity (mean velocity
plus the oscillating velocity) exceeds the threshold speed. Analytical formula-
tions which incorporate this concept were included in the Standard Stability

Prediction Program11 but the concepts have never been tested experimentally.

A critical review and evaluation of these two models was the subject of

a recent JANNAF workshop.12 The basic conclusion from this workshop was that A
both models have certain aspects which are reasonable, but other aspects which

are not acceptable. Hence, both models were considered in the analytical

studies conducted as part of this program.

2.2.1 Burner Analysis Incorporating Linear Velocity Coupling
2.2.1.1 Solutions for Pressure and Velocity Oscillations for Given Propellant
Properties
The initial analytical studies were conducted using the one dimensional
equations of motion for the gases in the combustion chamber, a linear velocity
coupling model, and the ideal gas law. After linearizing the momentum and
energy equations and retaining the oscillatory parts, one obtains:

for the momentum equation and

de' | 5 de', M Aqu)' (Mbql‘)
37 Mé— v ( (R +w) | (2)

for the energy equation. The factor M/ M| arises in the velocity coupling term
because the mass flow and flame temperatu-e oscillations are assumed to depend
on the oscillation in gas speed parallel to the propellant. A positive per-
turbation in velocity gives a positive perturbation in speed if the mean veloc- ‘
ity is also positive. If the mean velocity is negative, a positive velocity :
| perturbation produces a negative perturbation in speed. It should be noted

2=5
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that these equations are identical to those used by Culick'3 to estimate

the linear stability of acoustic chambers for longitudinal waves. The
solutions, however, proceed along different paths because the objectives dif-
fer. Culick was intcrested in calculating the change in the complex eigen-
value for the chamber to determine the stability of self-excited acoustic
waves; thus, his solution uses approximations which are valid only near reso-
nant conditions. 1In this project, however, the primary interest is the burner
response to driven flow oscillations at nonresonant frequencies; hence the
approximations which are appropriate for resonant conditions are not valid in

this development.

To obtain the solution for nonresonant conditions, equations 2 and 3 can
be combined to eliminate dM'/dZ by assuming separation of variables and
replacing 3(')/97 by iA(A). The result is then differentiated with respect to
Z. Terms containing M' and dM'/dZ can then be eliminated to yield

:25 B [ﬁ (Tk+ - Ag% Y(g%'ﬁ/d—z')]ﬁ—ﬁ - T, @+ d¥/d2) & =0 (3)
where

s 1 ': imi:,.:Md + (1= Ry % (1)

R NS ()

YE(Rv”’v)—,—;:T g_g (6)

Two approximations have been made in the derivation of equation 3. First,
M2<<! which limits the analysis to low mean flow speeds. Second, My<<Q has
been assumed. If the magnitude of the velocity response is of the order of
unity, then MY is of order ﬁ2_ Q, on the other hand, is of order M. At high
magnitudes of velocity response, this approximation breaks down. This point
will be discussed further in section 2.2.2.3.
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Equation 3 is second order and has variable coefficients. By letting

r & (CZ - N)2/C (7)
2 an 2dM
C=0'5(d2)(Q+Tk+ dz) (8)
1
— i — —
A Q_+dM/dZ) X1 oM ( dM 9)
N = -0.5Y ( 9 + 7 4z Q + Ik+ 2 iz
k=T (Q+ dM/dz)/ (4C) (10) ,4
equation 3 can be transformed to a Kummers equation.’u
25 2 (1)
e 28 2L o2 E s
2 2 dr
dr
The solution becomes15
1
= (12)
L a 1 E 13
€= D K (k,z,r) + Er+ K {k + 2,2,r}

The constants of integration can be evaluated from tﬁe nozzle flow equa-
tions at each end of the chamber. Assuming the nozzles and valves behave in

a quasi-steady manner, one finds

/y P e A A= s A A

W, o=8 {“’o + 0.5 (T/T)o} =M T € - (de/dz) (13) 1
at Z = 0 and

A = A A — - A A
at Z = 1.

At this point, there is a dilemma in relating the nozzle equations for
‘ the oscillating Mach number at each end of the burner to the values derived

from equations 1 and 2. The nozzle equations are in terms of velocity and tem-
‘ perature oscillations whereas equations 1 and 2 are written in terms of velocity

and pressure oscillations. If the flame temperature oscillation were known

( 2=7




separately from the burning rate oscillation, it would be possible to introduce !
an equation for the entropy oscillation in the burner. The solution to this

entropy equation would yield the gas temperature oscillation at the nozzle f
entrance in terms of the pressure and the flame temperature oscillations.

Without explicit knowledge about the flame temperature oscillation, however, an
approximation must be made. Conventionally, the entropy oscillation at the

nozzle entrance is assumed to be zero, which yields
>+
Y

With this approximation, the nozzle boundary conditions become

(15)

| |ro>
3| (3>

1
2

A [-d€ =l A o A
QM = (Tz) o ¥ MoTkeo M [O.Seo (7-1) + \po] (16)
at Z = 0 and

M, = :ié_) +MTEé = QM |0.5¢ (‘1—1)+$/
& az % B b 1 (7)

Because Y changes sign when the mean flow Mach number goes to zero, two
sets of constants are required: one set for 0<Z< )_(1 and one for 7-(1<Z<1. The
additional boundary conditions are obtained by requiring the oscillatory pres=-
sure and velocity to be continuous for Z = i1.

Thus, if the acoustic response, particle damping parameters and chamber
dimensions are known, the oscillating components of pressure and velocity can
be predicted for any point in the chamber. Furthermore, these predictions can

be made for any phase relationship between the two values, simply by selecting
A A
appropriate values of Y and (2%

There are several significant features to this solution. First, momentum
and energy effects are included along with the transient mass balance contribu-
tions. Second, the analysis includes pressure coupled response, flow turning
and particle damping effects. Third, the analysis permits the study of the
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two-valve configurations as well as the one-valve configuration. Fourth, the
analysis is not restricted to low frequencies. Thus, equation 12 is a general
solution which should be valid for one-dimensional burners at all frequencies.
This model was programmed in Fortran for the Burroughs 6700 computer. The

basic definition for the Kummers function!® was used to calculate these
functions.

2.2.1.2 Verification of Solution

The solution of the equations described in the preceding paragraphs was
verified in two ways. First, at low frequencies, the equations should reduce
analytically to the equations derived for the pressure coupled rotating
valve,16'17 when the velocity response is set at zero. For low frequencies,
the Kummers functions in equation 12 approach unity. With this simplifica=-
tion, equation 12 leads to the identical result reported in references 16 and
17 for the case of one valve and for both valves when operated in phase.
Numerical calculations also yield identical results. This is an important
point since it provides a numerical verification of the computer programming

in addition to the analytical verification.

Second, this model should predict the correct acoustic damping when the
combustor is driven at frequencies near the natural acoustic frequencies. 1In
particular, one would expect the frequency difference at the half-power ampli-
tudes (i.e., 0.707 x the peak amplitudes) would be related to the overall sys-
tem damping of the self-excited system by the expression

o _ mAf (18)
f f

The left side can be evaluated independently from Culick's solutions

while the right side can be evaluated from numerical solutions of the model.

This comparison has been made in three cases and the results are shown in
table 2-1.

The first case contained only pressure coupling effects and used one
valve. The second and third cases incorporated both pressure and velocity

coupling, as well as particle damping effects. In case two, the response

2-9
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TABLE 2-1. COMPUTED SYSTEM DAMPING (a/f)

TU126
Case Culick Analysis Equation (12)
1 0.112 0.117
2 0.155 0.156
3 0.102 0.108

functions were low (i.e., 0.2) while in case three, they were approximately an

order of magnitude higher.

The excellent agreement found between these two methods substantiates the
analysis. This demonstrates the analysis is not limited to the low frequency
bulk flow conditions of the rotating valve, but is also applicable to the
higher frequency conditions near the acoustic mode frequency. Thus, this
model could provide a basis for interpreting data obtained in the modulated
throat motor 18 as well.

2.2.1.3 Solutions for Velocity Response from Measured Pressure Oscillations
The analysis in the preceding section calculates 26 and 91, for input
values of the propellant responses. In combustion tests however, Qo and @H
will be measured and a procedure is needed to derive the responses from the
data. Efforts to obtain analytical solutions were not successful. Since the
responses are implicit in equation 12, rearranging the forward solution to
obtain expressions which are explicit in the response was also unsuccessful.

This left two alternatives: a trial and error approach, and an approxi-
mate solution. 1In the trial and error approach, one would assume the response
value and estimate the expected magnitude and phase for the pressure oscil=-
lations. These would be compared to the data; new values for the response
would be estimated; and new values for the pressure oscillations would be cal-
culated. Attempts to apply this approach met with little success. The prin-
cipal difficulty was in developing a method for estimating the new response

2=-10




value from the comparison of the estimated and the observed pressure oscilla-
tions.

Attention was then directed to developing an approximate solution. A
large number of numerical calculations were made to examine the predicted
behavior of the pressure and velocity oscillations. To conduct these
calculations, a method of selecting response functions was needed. A rational
basis is provided by using thermal wave combustion models. 19,20,21

_nl+A-R)
PN +AM1-R

(19)

and

s m(l + A - R)
v A *AA - R (20)

The combustion parameters, A and R, can then be determined from pressure
response measurements. The parameter, m, must be selected arbitrarily, although
unity appears to give reasonable values, based on limited experimental values

of velocity response functions from T-burner tests.22,23

Using values for the aluminized propellant, ANB 3066, (A = 15, R = 4.97,
n=0.27, m= 1, T= 31.5) and the valves out of phase by 180°, a large number
of calculations were run for the experimental geometry to be used in this
study. These calculations showed that at low frequencies (i.e., Az 0.75) the
oscillating velocity is essentially spatially uniform. The magnitude is deter-
mined strictly by the size of the oscillating area of the two valves relative
to the time-averaged area. In addition, the oscillating pressure is shown to

be nearly a linear function of axial position.

Using the linear pressure observation, an approximate solution of the
energy equation, which is explicit in the velocity response, can be developed.

T‘kgo + (ZTk-'l- dﬁ/dz) il (21 x é0)4\( ﬁl = ﬁ0) (21)

(dM/d2) ﬁl (1 = 2&1)

(Rv + wv) =

2-11
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The accuracy of this approximation has been examined numerically. The
exact solution was used to predict oscillating pressures and velocities using

l
estimated combustion parameters for ANB 3066. These pressures and velocities l
were then used to simulate experimental observations as inputs to equation 21.

The velocity response derived from equation 21 was then compared with the orig- '
inal input value to determine the accuracy of the approximate solution. Fig-

ures 2-3 and 2-4 show comparisons of the derived and input velocity responses '
for a variety of conditions. This comparison was made using the imaginary

part of the response since this is a parameter used in motor stability

predictions. '

The results in figure 2-3 were obtained by assuming the propellant con- } J
tained no metal. With the valves phased by exactly 180°, the maximum error
between the input and derived response is +10% at the point where the response
is a maximum. Allowing for phase misalignments of 3.5° between the two rota-
ting valves, this error increases to +20%. This error is typical for the

experimental conditions and hence +20% accuracy is expected for this procedure.

Figure 2-4 shows the effect of particle damping on the comparison between
the exact and derived velocity response. These calculations were made by
using the maximum particle damping at each frequency. Again, the agreement is
better than +10%. The approximate analysis, therefore, appears to provide a
reasonably accurate solution at the lowe: frequencies for the conditions
examined. This approximate solution also suggests a good method for estimat-
ing initial inputs if the complete trial and error analysis is ever required
to improve the accuracy of the data reduction process.

2.2.1.4 Second Order Acoustic Analysis

Experimental studies, which are described in detail in section 2.3,
showed significant generation of frequencies which are harmonics of the driven
frequency. Since the waveform of the area oscillations has low harmonic con-
tent,16 they must be generated by nonlinear burner acoustics or by nonlinear
combustion processes. Therefore, an analysis was conducted to estimate the
harmonic content produced by second order acoustics and linear velocity

coupling.
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In this second order analysis, each variable is written in the form:
€e=€%+ €' +¢" (22)

By expressing velocity, density, burning rate, and flame temperature os-
cillations in this manner, separate conservation equations can be derived for

the zeroth, first and second order perturbations. The second order equations

are:
ges 5 " + M'_M_") + _d_Mo M= - L a(M')z e a(MoM') e d_Mo ilﬁ_
9z 0T FY) dz * 2 9z 9z dz o L23)
™
" 1 o o|T m
€ oM' oM u alide’  2M [ f b ]
A FTECd Y= € FH -l b
(] A}
R R e
€ 3z 9z © dz “mo, Tf°

In these equations, terms of order (M°)2 have been neglected and the

density perturbation is related to the pressure oscillation using the isen-
tropic approximation.

There is a problem defining ;& and %i . In the first order equations,
only the sum of these terms occurs, as it does on the left hand side of equa-
tion 24. These terms, however, also appear separately in equation 24. To sep-
arate %% from ;% it was assumed that ;g is related isentropically to €'.

Corrected first order response function values were then used for 2: .

The solution for the second order perturbations was obtained by
expressing the equations in finite difference form. The burner was divided
into 10 stations and the equations were written for the segments between the
stations. This gave 20 equations for the variables €", through e"q g and M",
through M",, (nine momentum equations, nine energy equations.and a boundary
condition at each end). The first order solution is also needed at each sta-
tion. Since the left hand sides of the first and second order equations are
identical, the first order solution was found in the same manner. These
values were then used in the right hand side of the second order solution.
The product of two first order perturbations gives a steady component and a
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component at double the frequency of the first order perturbation. Fried1y22
showed that if €' = Re[e éi“m] then

(e’ = 0.5 Re[(é) (E)* + (é‘)ze“‘*"]

The results of this analysis for the same cases treated in the parametric
study in section 2.2.2.2 are shown in table 2-2. The double frequency ampli-
tudes produced by second order acoustics are clearly very small. Hence,
nonlinear acoustics are not expected to be a significant factor in the

generation of harmonic frequency components.

2.2.2 Burner Analysis Incorporating Nonlinear Velocity Coupling
2.2.2.1 Formulation of Nonlinear Velocity Coupling Model

The nonlinear velocity coupling model used in this analysis combines some
kinematic concepts extrapolated from steady state erosive burning with a fre-
quency dependent response function. This model, which has been studied by
Price,2’3 Culickll and Condon,23 was developed by heuristic arguments to
qualitatively explain some observed instabilities.

The basic approach assumes the velocity oscillations generate an oscilla-
tory heat flux to the burning propellant surface. Since the heat flux depends
on the magnitude of the velocity and not the direction, the oscillatory heat

TABLE 2-2. PRESSURE AMPLITUDES FOR LINEAR COUPLING WITH NONLINEAR ACOUSTICS,
ANB 3066, X = 0.1256

T6194
Frequency At Driver Frequency At Double Frequency Ratio, dB
0.0598 0.616=2 0.998-5 -56
0.1197 0.484=2 0.765=> -56
0.1795 0.438-2 0.636=2 -57
0.2394 0.412°2 0.562=> -57
0.2992 0.372-2 0.560-5 -56
0.3590 0.298-2 0.567-> =54
0.4189 0.206-2 0.574=5 =51
2-15
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flux to the surface is rectified. A threshold speed is then added to the
model by requiring the instantaneous speed to exceed the threshold before

oscillatory effects are produced in the burning rate. These basic concepts are
shown in figure 2-5. The driving velocity oscillation is compared in fig-

ure 2-5A to the mean velocity and the threshold speed. The "effective" velocity
(i.e., the heat flux) is shown in figure 2-5B. Mathematically, tuis model can

be formulated as follows. The effective oscillatory velocity can be written:

M*h(M*) = ﬁ*h(_ﬁ*) +uo + Re[ﬁl elcx]-F Re [ﬁ 2€12wt] (25)

+ Re [ﬁn eim]

where
(26)

Figure 2-5. Effective Velocity for Nonlinear Velocity Coupling
21057
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In equation 25, h( ) is the Heaviside unit step function, which is unity if the
[ argument is positive and zero if the argument is negative.

The term E1 is the amplitude of the rectified wave at the driver fre-
quency. This term is then combined with a "response function" to produce
burning rate (and flame temperature) oscillations according to the equation

r,f;b !ff A A
— + T— = (Rp +wp) Te + (R +w)) iy (27)
..

A more complete analysis of this model can be found in papers by Price
and Dehority,2'3 Culick,u and Condon,23 and in the Standard Stability Predic-

tion Program Manual.'!

For given values of ﬁ, M and M¢n relatively simple expressigns can _

ng and-‘-!l

be derived for ﬁ1/ﬁ which are valid for a particular domain of M M-
i th th
' Figure 2-6 shows a plot of |M|/My versus [M//Myy in which four distinct
‘ regions are identified:

In region A: il o 7 )
A=, fa < M
; 0 (Ml + M| £h (28)
M
In region B:
A -—
Bl o B g~ > omy) (29)
A =
M Ml
In region C:
il ? 5
ﬁ} = [(lﬁl - Mth) cos 91 + lfl (m- 261 + sin (201))] — (30)
M mM| IM|
for (1Ml - I§] < M)
| — A
! and (Ml + [M| >Mth)
A -
. and (M| - M <M.)
' 4 ~1 L A
where 81 sin BMth IMI)/IMI]
: , 2-17 ; :
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In region D:

A

1 = _2 |(Ml = M) cos 6, +_lﬁl (7-26q + sin (26 )]—ﬁ—
T [ ¥ AT

2 ¢ M +M A 3
+T b Bl € Ef' ( m - 202 + sin (202)]__&4
mi | M i
(31)
A e
for M - IM
CM- M > M)
6, = sin™' |a, - H))/
. th
6, = sin™ |+ M)/ IR
2 th
M|
Mlh
Nonlinear
velocity
coupling
3 —with :
rectification Nonlinear
velocity
D coupling with
no rectification
2
C
1 Linear
B velocity — |
o coupling
No
velocit
0 coupling
: : F 3 I
th
Figure 2-6. Domain of Various Types of Velocity Coupling
21058
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These formulas were coded for a digital computer. The validity of the
calculations was established by comparing these results with direct computa-

tions of the Fourier coefficients from the time domain wave form.

A similar analysis was performed to obtain ﬁo and ﬁz. The 52 is of
interest because it produces a harmonic of the driven frequency and the burner

data show significant harmonic content.

In regions A and B:
K =0 (32)

In region C:

en 01 | 1 (33)
m

s o)
—
[}
1]
s
3
]
—
[mEmE)
=
I
o)
=
=
[ ]

if M| > M B~ B~ (M - Mth)
In region D:
= e Mth = S Mth) b1 + JﬁL' cos @
Ho 2 1r P 1
(M + M) (M +M.) 6 .
) th' B2 oA @ W)
2 - T m Z
P of [P IM]
1 = sin ——A—_“
b
P Mth + |M|
02 = sin e
M|
if 1M|>Mth Mo =i = (M - Mth)
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In regions A and B: A
A (35)

In region C:

M. - M| 2 M1 J
a2 (th : ML e
By =2 ( 3 sin 2{)1 + 6 cos 30l 5 cos 01> (36)
o LN Ml
01 = sin =
Ml { A
i
In region D:
M - M = (ﬁ
A 2 ( th L IM| H
“2=7<——2—-— sin 291+-6—cos 301——7———cos 01)
e} (37)
IMI + M A A
2 th IMI o 0
+ = <————~2 sin 292 + —g cos 302 >~ cos 2)

Plots of H,/M and ﬁz/ﬁ are shown in figures 2-7 and 2-8. The figures
show that the fundamental component of the rectified velocity varies almost
linearly with M for a constant amplitude of the driving velocity oscillation.
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The second component ﬁz depends on both M and ﬁ in a manner that is not easily
generalized.

2.2.2.2 Solution of Ballistic Equations Incorporating Nonlinear Velocity
Coupling
The nonlinear velocity coupling model can now be incorporated into the
ballistic equations for the burner. Essentially this amounts to replacing the
linear velocity coupling terms in equation 2 with nonlinear velocity coupling
terms. This presents an additional complication. The nonlinear terms vary

with axial position which changes the form of the second order wave equation
derived from equations 1 and 2.

This effect can best be explained by examining the velocity distributions
in the burner as shown in figure 2-9. This plot shows M versus Z. The locus
of the minimum and maximum values of M(Z) during oscillation are shown dotted
above and below M. Two horizontal lines representing the plus and minus thres-
holds are also shown. The burner is divided into five regions since egch

e Mean plus
velocity
oscillations

+ Threshold

- Threshold

-a— Velocity —e
o

3w — - § ———]

23 Z4

Figure 2-9. Description of Regions Containing Nonlinear Velocity Coupling
V-10464 21061
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region has a different formulation for the velocity coupled driving. In
regions 1 and 5, linear velocity occurs since the M + M' is always greater than
the threshold value. In regions 2 and Y nonlinear velocity coupling occurs,

while no response is generated in region 3.

This situation requires the solutions of equations 1 and 2 for each
region of the burner. The linear solutions developed in section 2.2.1.1 can be
used directly in regions 1 and 5, and in region 3 by setting the velocity
response to zero. Regions 2 and 4 are more difficult since both M and M vary

with axial position.

One could always resort tc numerical integrations which incorporate these
effects at each axial position in regions 2 and 4. However, the basic objec-
tive of this analysis is to predict the low frequency behavior; figure 2-7 sug-

A

gests an approximate approach. At low frequencies, M is nearly independent of

axial position. Since M is linear with axial position, figure 2-7 suggests

ﬁl/ﬁ is a linear function of axial positionin regions 2 and 4.

By using this approximation, a simple expression for the velocity coupled
driving in each of the five regions can be written by redefining the velocity

coupled driving term, Y. For nonlinear velocity coupling, Y becomes

! dM
M e Eé (Rv e 0%) in region 1 (38)
- Zu= 7
_dM : 2 i
¥ e = (Rv + “V) K E}_:_E; in region 2 (29)
T =0 in region 3 (40)
y=8 +w)KE_Z3 i ion 4
5 e 3 4 24 = 23 in region (L41)
dM
Lt~ (Rv o) in region 5 (42)
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The second order differential equation 11 can be derived if the constants
C and N are redefined as

R i T ISR~ |

dM
. dM 1 dM aM |+ dz
i [Tk+ Ot 2@t Gz B Gc] FaR R E S 10 . *
|
3 S 4 & 1
2 = dM dM 1 dM dM Q + dz
K= —_ + + —_ —_— w ) — L’u
2 xle[Tk Q 2dz+de (Rv+ v) GCJ+(RV+L~V) 5 ©, g (L4) |
A
where
ot 3 o : : (45)
GC 1\1/(21 22) and Gn ZZGc in region 2
Lo N 4 . ; (46)
GC 1\4/(24 23) and Gn ZJGc in region 4
oy
K, =|=|at Z, (47)
M
K& = —; at Z4 (48)
M

The constants, Kq and Ky, arc 1 if regions 1 and 5 exist. There are
conditions, however, where these regions do not exist and hence where K, or K,
will be between 0 and 1.

The solution is essentially the same as in section 2.2.1.1, except
there are five regions instead of two as in the linear case. Some iteration
is required, however, since the locations of the boundaries between regions
depend on ﬁ(Z), which is not known until the final solution is known.
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As a first guess, ﬁ at each end of the burner is calculated from equations
16 and 17 with € = 0. Intermediate values are assumed to be linear between
the ends. From these estimates of ﬁ, the locations of the region boundaries
can be estimated. The solution in each region is defined in terms of the
Kummers functions. Equations are written equating € and ﬁ at the interfaces
between the regions together with the boundary conditions for ¢ and ﬁ at
Z =0and Z = 1. A total of 10 linear complex equations and 10 unknowns
' can be solved to obtain the coefficients D and E in each region. From
these coefficients, M at the interfaces can be established and new estimates
l for the locations of the interfaces can be made. This iteration is continued
until the changes in the locations of the interfaces are as small as desired.

In practice only, one iteration is usually required.

A FORTRAN computer code was written for this analysis on the Burroughs
6700. Besides the normal checking process, cases were run with a zero
threshold speed and low amplitude area oscillations. Under these conditions
the nonlinear model becomes identical to the linear model (except for the
small region where |ﬁl>>ﬁ- Excellent agreement with the linear model

was observed.

A parametric study was then performed assuming the propellant responses
followed the thermal lag model. Figures 2-10 through 2-12 show the results
for a typical propellant and burner geometry. In figure 2-10 the amplitude of
pressure oscillation follows the general trend of decreasing amplitude with
frequency expected for the bulk mode. Figure 2-11 shows the ratio of the pres-
sure amplitudes at each end of the burner. The corresponding phase angles are
shown in figure 2-12. 1In the amplitude ratio vs frequency curve, the minimum
tends to shift to a lower frequency as the threshold velocity increases. The

plot of phase in figure 2-12 shows that the Men 0.03 curve has a different

character from the other three curves. For Myy = 0.03, all the velocities are

less than the threshold and nc coupling occurs. There is a drastic change
fram Myy, = 0.02 to 0.03. Additional cases were run to study this change in
greater detail. These cases, which are presented in figure 2-13, show that as

the amount of velocity coupling approaches zero, the character of the phase
curve changes rapidly.
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Figure 2-10.
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Figure 2-11.
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Approximate solutions for amplitude of the pressure oscillations
generated at the higher frequency components were also made using this anal-
ysis. The oscillations in gas speed can be decomposed into the Fourier compo-
nents and each component can be assumed to drive the propellant independently.
Once the first order solution is obtained, the burn rate oscillation at the
double frequency, for example, can be obtained by integrating (Ry +(QV)DF32
over the regions containing nonlinear velocity coupling. Assuming the burner
operates in the bulk mode, the pressure oscillation at the harmonic frequency
can be estimated from the equation

- el ={B, ) DF<“2>
DF ¥y (R +w) + 1-37 2iA
(dM/dZ)

Estimates for the pressure amplitudes at the second harmonic of the
driver frequency were made assuming combustion parameters for ANB 3066. These
results are tabulated in table 2-3 below.

TABLE 2-3. PREDICTED PRESSURE AMPLITUDES FOR NONLINEAR VELOCITY COUPLING
WITH LINEAR ACOUSTICS (M = 0.0, ilz 0.1256)

T6195
Pressure Pressure
Amplitude of Amplitude
Driver Driver Second
Frequency Frequency Harmonic
0.0598 0.762 x 10-2 0.367 x 10-3
0.1197 0.527 x 10-2 0.346 x 10-3
0.1795 0.452 x 10-2 0.314 x 10-3
0.2394 0.418 x 10-? 0.202 x 10-3
0.2992 0.377 x 10-2 0.122 x 10-3
0.3590 0.303 x 10=° 0.81 x 10-%
0.4189 0.21 x 10-2 0.59 x 10-%
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These results show that measurable harmonic generation would be produced
by nonlinear velocity coupling effects. Since the threshold speed was zero in
this case, the harmonics resulted from flow reversal alone. This point will
be discussed further in section 2.3.3 when harmonic content of observed pres-
sures are compared to these predictions.

2.2.2.3 Solution for Nonlinear Velocity Response from Measured Pressure
Oscillations
The approach to deriving the nonlinear response function, (R, +c«) from
measured pressure oscillations is similar to the approach used in the non-

linear case, section 2.2.1.3. The energy equation for the nonlinear case can
be written

aM _|am . M|, < de ~  (50)
—==TR +w) - -y =€ - M—-
22 TiE |, B A dz] e B g B AL

M(Z) and € (Z) are assumed to vary linearly with axial position. Hence, the
pressure can be defined in terms of the measured pressure at each end of the
burner and the flow oscillation can be derived from the transient nozzle flow

equations, i.e., equations 13 and 14. Equation 50 can then be integrated to
yield

~ ~ bl ,1 @ 1 s d_p ~ ~ 5 A
M(1) - M (0) _o/ [dz'y(Rp +wp) iA ‘de][eo + (e1 eo) Z] dz

1 dM = % ~
= (Z -X.) (e, -€) dZ + (R_+w) &
o dz 1 1 o v ¥oase % ule

Since M(1) and M(0) are calculated and €(0) and € (1) are measured, the
three integrals canlbe evaluated and a value can be obtained for (Ry + ¥ )est,

In evaluating . ﬁle , a linear relationship between ﬁ1 and M is assumed
for regions 2 and 4.

An effort was made to improve the accuracy of this estimate by using bet-
ter estimations for €(Z) and ﬁ(Z). Equation 51 can be used to get a new M(Z)
by integrating from O to Z instead of from O to 1. Similarly, the momentum
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equation can be used to improve the estimate for 2(2). This equation can be
written:

m>
>

4 _ &~ d@E W

- - - iXM (52)

A
With an estimate for M(Z) this equation can be integrated to get a new esti-
mate of &(Z). This process could be repeated many times to get better esti-
mates for (Ry + @,)qgt -

This scheme of successive approximation was implemented numerically by
dividing the chamber into 50 elements. The method converges rapidly; five
decimal place accuracy is achieved within five trials.

The applicability of this inverse solution was examined over a range of
conditions by using the forward solution to estimate the pressure oscillation
characteristics. In many cases, good agreement was found between the derived
and input values for the velocity coupled response function. In other cases,
substantial inaccuracies were noted, particularily at frequencies where the
magnitude of the velocity response is large. Figure 2-14 shows examples of
both results. With lower values of dM/dZ, good agreement was found while

higher values of dM/dZ show significant discrepancies.

One possible source for this difficulty is the assumption that Q>MY
which was carried over from the linear velocity coupling analysis. Parametric
studies appear to show that cases when this assumption is valid provide better
agreement. Additional study of this point is needed to develop a better under-

standing of the limitations in this data reduction procedure.

So far, this method has assumed the threshold speed is known. Consider-
able effort was devoted to the development of a method for deriving this
threshold speed from the data. No direct method could be found for deriving
the threshold explicitly from the equations. Parametric calculations showed
that if several values of M, are used for a given set of ¢, and €, a curve
of Im(Ry + w,) versus My, can be drawn. Figure 2-15 shows two such curves
for different values of Xq. In the forward solution, each set of Im(R, + )
and My, (for constant X,) produces €(0) and €(1) values which are nearly
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identical. Thus, there is really no unique solution for M¢p and Im(R, +w,).
Qualitatively, this is equivalent to stating that conditions of low response

and low threshold speeds cannot be separated from conditions of high response
and high threshold speed. In other words, figure 2-9 shows a little response
from a large surface is equivalent with a large response from a smaller sur-
face. Since the burner is operating in the bulk mode, perhaps this result
should have been expected.

The effect of errors in pressure measurements on the derived value of
(Rv + @,) was also evaluated by using this inverse analysis. One of the cases |
used in the parametric study in section 2.2.2.2 was used as a base case. Two
other cases were run: one with 26 changed by 5% and ?1 held constant, and
another with ?1 changed by 5% and ?o held constant. The error in the response

produced by errors in the pressure measurements can be written

(R +¢) (R, +w) .
= 9 v v 2 0 v V' A€ (53)
s8R, +w) —3——30 &€, +a—'gl—— 1

This equation can be normalized by the base case parameters.

AR, +w) &, a(R, + @) A_;o € a(R, +W ) €

(Rv +""v) (Rv i wv) o € (Rv ) wv) s ?1 21

(54)

x
o €o

The calculated results for A= 0.359 and Mgy = 0.01 are:

A (Rv + wv)

o1 297 €o
(R +w)
v v

é
. 0.52 ( 13.005(A 1)

)+ 0.365e
1

(o}

This indicates that the percent of error in (R, + w,) can be expected to
be about the sum of the percentage error in 30 and @1. Similar results were
found for other cases evaluated. Hence, the data reduction method does not ‘
magnify the source of error. |
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Finally, the effect of errors in the phasing between the area oscilla-
tions at the two ends was investigated. Figure 2-16 shows the effect of changes
in the phase angle on the amplitude of the pressure oscillation, \311.

When combined with equation 54 this calculation shows the importance of
minimizing errors in phase angle to achieving reasonable accuracy in the

derived response.

Significant effort was also devoted an alternative approach for deriving
the vel .city response from experimental data. This approach is based on
Newton's Method. The Kummers function analysis in section 2.2.1.1 calculates
- (Rp + wpr Ry + w,» Mpp) and € (Rp + wp, Ry + @y, Myp). The effect
of small changes in (Rp + wp) and (Ry + «,) on 36 and ?1 can be expressed
as:

A ~

€ €
0 €5 9 (] a (Rv 4 QL) + ng_ dM

€ ==——>—d (R + 4 )
TR M (A JEE am . “en (s5)

10
i ANB 3066
' T Y, = 1841471180
X, = 0.125
07 —1 1
06 My =0
G
= 05 ’
<w
04
03
02 -
01
0 T T T T -
0 0.1 02 03 04 05 06
A

Figure 2-16. Effect of Phasing of Driving on Amplitude of €,
21074
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. By 26 de, (56)
de, = ———d (R_ + +— - d (R +w) + d M
% d (Rp +%) ( P wp) a(Rv(;t- “’v) ( v v) 5Mth th '

These equations can be used to set up an iterative procedure for obtaining
(Rp + wp) and (R, +w,) given &, € and My

e

4P €, y (57)
£ =8  wamee—ree § (R +4 } - R_+w) j+
o oi B(Rp + o%) [ P P p o iJ

3 €o

A ~ ) él
- T — R (Rt )
el €11 a(Rp +wp) [( P ".“Qp)i_'_1 ( P wp i} + (58)
9 El
B(RV +wv) [ (Rv " wv)i+1 it (Rv = w\v). }

where:

(R 4w ). is the i th estimate of (R + w_)
P P1 P P

i +
(Rv + u;)i is the i th estimate of (Rv cuv)

e - is the value of & obtained in the Kummers function analysis using

o
(Rp + “b)i and (RV + “%)i

eli is the value of 21 obtained in the Kummers function analysis using
+
(Rp +¢,.Jp)i and (R +w ),
¢  is the measured value of é
0
A

€1 is the measured value of él

These equations can be used to solve for (Rp + «wp)j,q and (Ry + @y)j,q.
The partial derivatives must be calculated from the analysis by incrementing
the independent variables slightly.
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‘ 38, =90J:(Rv+wv)i+A, (Rp+wp,J 8

MR+ w) & (59)

A
' d /f\o ) go [(Rv +wv)i ; (Rp +wl)i x A]' €ai (60)
(R_ + 4
’ a( p wp) A
This procedure worked using the ?o and ?1 from the forward analysis to A

recover the values of (Rp + wp) and (Rv + wv), when the value of Mth was con-
sidered known. However, when studies were made to extend the method to derive
values of My, the method did not converge. Again the basic problem seems to
be the inability to separate combustion conditions of low response and low
threshold from conditions of high response and high threshold.

A variation of this method was also studied. The amplitude and phase of
the pressure oscillation are measured at each end of the burner. With four
equations and assuming the real part of (Rp + wp) is known from a single rota-
ting valve test, it should be possible to solve for Im(Rp + wp), (Ry +«,) and
Mth' This approach was explored but again solutions could not be obtained.
Further study showed the equations to be ill-conditioned and development of
this approach was terminated.

2.3 EXPERIMENTAL STUDIES
2.3.1 Apparatus Description

A dual rotating valve apparatus was designed and constructed as an inte-

gral part of this program. The basic apparatus layout is shown schematically
; in figure 2-17. Figure 2-18<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>