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PRE.ACE

This work is an expanded version of a set of lecture notes

corresponding to a course qiven by the author during the period

November 1978 to January 1979. Analytical methods for the solution

of moving object search problems are developed from "first principles."

This work complements the first author's CNA memorandum (reference1) 1,-

ýt otherwise there is little overlap with the existing literature

on search theory#(e".'q., references 2, 3, and -P"The approach taken

is tutorial, in that the solutions of harder problems are motivated

by the solutions of simpler problems. There are exercises inter-

spersed throughout the work; the solutions of some of these are

given in the appendix.

This work is concerned with mathematical analysis and not

with modeling target motion or detection functions and not with the

development of computer codes.

Some general reference e references 2 through 7.

I,
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POIMUTIATION OF TI11i SEARCH PROBLEI1

The vm).-i tion of thi, i.wrqet ,ti tiim. t will he dent-ted by

X(t). It is a vector, so that:

X(t) (Xi(t), X2 (t), x3(t)) (1.1)

The target moves in some region, denoted by DT.

The position of the searcher at time t will be denoted by:

Z(t) (ZI(t), z 2 (t), z 3 (W)) (1.2)

The following inputs are needed to formulate the search problem.

4

INITIAL DENSITY

Let p0(x) be defined by:

n (x)dx = Prfx S X (0) S- x+ dx 1 , x 2 -• X (0) S x2 + dx

(1.3)

x3 S X3 (0) x 3 + dx 3)

N,

In this equation, x = (x.', x 2 , x 3 ) is a vector and dx dxl, dx 2 , dx 3 )

Three types of initial densities are considered.

SUNNI



Type 1

Initial density, concentrated at a point. Namely:

Prob{X(O) = 1 (1-4)

Symbolically, onu writes:

W0 (x) 6 (x-x 0 ) N •(Xl-X 0 ), (x 2 -x 2 0 ) j• 3 -x 3 0 ) (A-5)

In this equation, 6(S) is the "Dirac Delta Function" (reference 8).

Exercise (See Reference 8)

One definition of 5(S) is:

lira n -" -S 2n/2
6(S) = (1-6)

rn(lim n .1-7)

Sketch a few of the n(S). Also draw 6 (S), the derivative of 6(S). 'l

Note that 6(S) = 0 if S • 0 and:

S dS 1. (1-8)

fh(S)6(S)dS = h(0) (1-9)

2



Type _2: Nowhere Vanishinq Initial Densities

in this cas;e, L 0 (x) doer, not vanish in DT,. An example

of such an initial. density is the ci~rcular (ýaugssin:

p0x)= 1 3/2 6 r 2/2(; 2 (-0

2 2~ 2½where r= (XI + X 2 +x 3 )

Type_3:_ Compact Initial Data

In this case, po(x) is non-zero in some subregion

DT DT and zero elsewhere (see figure 1).

TARGET MOTION MODEL,

dXan is Vgivt) by:- 1

The velocity of the target is V(X,t) adi ie y

Vhe incremnnt in X is then given by AX =V(X,t)At. Introduce

the transition ftinction (e.q., references 5 and 6), q V~, t, At, x)

defined as follows.

Set-

AX -X(t+At) -X(t) (1-12) 14

Then, the transition function q(r,,t,At,x) is:

qUý,t,At,x)dý Prob{&sAXf.&+d& IX(t)=xl .(1-13)

3
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In this equation, - (ri, K 2 and dt, = t1 ' d 2 d

The right-hand side of equation 1-1.3 is satisfied by each component.

rEquation 1-13 can als (o be rewrittevn as:

q(.,t,At,x)d Probý r. X(t+At) - X(t) F +drIX(t) - x). (1-14)

Deterministic Tarqet Motion

In the case of deterministic target motion,

q(U,,t,At,x) = 6(F - b(x,t)At) . (1-15)

Namely, with ,•,,bability 1, AX b(x,t)At . Let E{'} denote

mathematical expectation. Then:

E(AXIX(t) = x) =t,At,x)d&

- b(x,t)At)dF (1-16)

b(xt)At.

Hence, one writes that:

dX = b(X,t). (1-17)

dt

I .2
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Exercise

ConditionallyOtmnit 'irjetu

I n Lh i n (A.t. ~ (i i i tt i I I in ti .1 iick2v. 1),

with I Na Nmrtl y ,therv aro :i mimhr'r- of pnih ~~.o

voloo i t I cswith a PUovbab i.i ti 1) iu .itdwiih V4uloci y b"t NX L)

If the vRolocitio!; arc' t.ottlnt-~inuous di isitrhut, K .,ju'tinn 1-1.8

mu'd: he Modi fied , of 'tr.

The cla.,dg!: a1i oxapltl IIof (!oid it imvi I Iy dcit:ort i niut-ic t.-.rcet

Mot-ion is the "F~l-ciiu a;It~iarn" (sue t-f ee'nce 2) In[r Lhis caso, the

target flees with aj known \'eiocity huL with unknown henarinq.

S tochast ic _TarjLc! t Nio t. i n

in th is~ ca i-rn, o'ne nH r;luni( t hat. q i en tI) thon

AX =X (t+At) -- X ti)s1 normdtL I d IS t.tr ibu ted %vi t~h muii n ma (x ,t AL +o (At)

Wit~hout luss of qaticrali ty, 6m., assuinos 1 (x , t.) is known wiLh.
completo rCT t:IaLl'y. OnlIy a, Small1 modi F icati lOil .1is needed t~o us&e

a conditionally detortnimaiaPP mean _(x, t:

6



and covariance matrix (a. (.,t)'t + o(,t)) t tlcHre o(At) mouans

a quantity such that:

-- (t 0 (1-19)
At-'0 At

Alternatively, one writues that:

A
E(AXiIX(t) xi = bi(x,t)At f o(At) i 1,2,3 (1-20)

A

Cov(AX AX IX(t) x1= ai(x,t)At + o(At) . (1-21)

Exercise

•* Show that:
A

E{AXiAX IX(t) -x ai (xt)At + o(At) (1-22)

Exercise
A

Let At-O and then (aij)4O . What happens to the density

c.,: t,At,x) for AX?

E.xer ci se

Restate equations 1-20 and 1-22 in terms of q(&,t,6t,x).

7



Remark-,

1 . Since for stochias.it lo t.arvqet motion l

A A
dX N(b(x,t) .t (( t), 4t(x,t)At -1 (A.t)) , .<(

satisfies the I"t[o Equation" dX b(X,it)dt + "a(X,t) dW,

v.here W(t) is Brownian motion.

2. For the case of stochastic target motion

f Fnq(r,t,At,x)dr, o (At) for n - 3

Exercise

Demonstrate Remark 2.

SEARCH FUNCTION

The final input is the search function (or "conditional

detection function", reference 9) . Let:

A
Op(x,t,z)At Probldetection in (t, t+At)IX(t.)-x, Z(t)=z}. (1-23)

This function must be modeled.

8 r1k~im ma mm m mm mm~ m u mm m~..m mm it..



SEARCH PROBLEMS

The following quantities are of interest in LBearch theory.

Let:

p(x,tlZ)dx =Pr~x X(t) -x + dxjsearch along Z('t),
(1-24)

0 -t g t was not successful}

To obtain oix,tIz) ,consider the joint density

f(x,t; Z)dx -Prfx A X(t) :r x + dx and search along Z(T),
(1-25)

o :a; t was not successful)

Since Pr(A and B3) =Pr(AIB)IPr(B), ona has:

P(XltIZ) = f(XL.LZ) (1-26)

ff(x, t; Z) dxDT

Note that pix,tIZ) and f(x,t;Z) have the same spatial dependence

and differ only by a function of time.

A related quantity, of interest in "time-late"b problems, is

the density in the absence of search:

p(x,t)dx =Prfx t. X(t) g x +- dx) (1-27)

9



THE' SEARCH EQUA''TONS

General Refcren<.e.!: 10, 11 , L2.

In order to derive the search equation, consider the time

increment (t, t + At) Then, in this increin.nt, one finds that

flx,tfAt;Z)dx t -J,(x-4. ,t.Z)Pt a( ,t, At,x-r )f (x- ,t ;dt dx. (2-1)

When the right-hand side is Taylor expanded, one obtains:

A (4

(1 - (x t;Z) A q( , ,t,At,x)f(x,t;Z)

.2
+ f

,+ At q ( F.,' t, At, x- ý f (x-ý. t; Z) 0 ( E) +d d dx •.

IA

1. ~ o I J 7 vL'77

i j

+ At q t Atx-t)f (-ý ,t; ) 0 ý d

1.

4..



!f(xtt+At;Z) = 1-iit f(x,t;Z)fq(E t,vA tX) d& ~

Nq't trV 4A t, x) d

(2-4)

fo 3 + O(At)

Thus a

f(x,t+At;Z) = ( f(x,t;Z) + O3 wi-
(2-5)

2 (A

____)A + oA)+ O(LAt

A A

Equation 2-5 follows from dc.e definition of b(x,t) and a(xot).

Expanding the right-hand side gives:

f (x, t+At; Z) f f(x, t;Z) -ý -pAt X ,D (bif) At

2 (a f)At +o(At)
i



Dividing by At and teakitiq the liit:~S At40 (lives the searrh

equation:

A A A
Ce~. f) -(U.F) - bE(2-7)

Equation 2-7 will be called the stochastic search Co~lti.On (SS;E).

Exercise

Supposc that there is no Search. Loct

f (X,t)d'X Prix :ý X(t) X 4 (.x] Show t~ha~t.. p (X, t)

satisfies the followinq equation:

A 5 (2-8)

Exercise

For the case of det~erministic target motion, show that

f(x,t7Z) satisfies the det~erministic oenirmh c-mquction (DS1E)

A A(2)

12



Remark

Define a flux Ji(x't;f) by:

(xif) - bif] 5 (2-10)

Then, the SSE (equation 2-7) becomes:

n ar1A
5- + - I"(x...f - - if , (2-11)i-l•i i '

This is a conservation or continuity equation.

Now consider equation 2-7. It needs boundary and initial conditions.

1. Initial Condition: f(x,t;Z) P 0 (X) as t+0

where P0 (x) is the initial density.

2. Boundary Conditions are more difficult. Possible ones

are:

a. f(x,t;Z) * 0 for x on the boundary of DT

(i.e., an absorbing boundary).

b. The normal derivative ;f/Dn - 0 on the boundary

(reflecting boundary).

In this paper, the boundaries are simply ignored. This

leads to solutions that are valid far away from the boundary.

13
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They can be modified to sat-isfy any neide,l boundaly' Condi.tion •

(see reference 1.1 or 1).

Remark

f (x, t; V) does not: ill t. e to .

tn fact,

ff (x, t;Z)dx = Prob{ Search up t-o time t is not

f ul . 1 1 (hope fu. ly )

TiHE' SCALED SEATICII EQUATI1ON

Lot 'r, rc b em bo defined as llow,

Tc n ch'iractertiist:i tiin mo,,.ri, Htme available for search

Lc a characLeristic distanco,e.ci , disLance from

cente. t f n0(x) tlo Lii Idorvlary _

A
am maximum value of ai. (xt) over all ij

b maximum value of 1) (x,t) over a.l .i,j,

Now define dimensiorless variables by: .4

A A
l r a b

C cY C a

14



The search equation 2-7 takes the form: '5'

1 £ am ,, 2 b A ,
1 af a b

22 (aijf) - m - (2-12)
T t i, j YYjL c!C

or
af amT a2 bmTc A
asueT c -iJ j "i(a - jT f. (2-13)

Now assume that TcLc are chosen so thatt

mc .a (2-T.4)

Lc

Define: 'b T

A (2-15)

*T

The final non-dimensional search equations is (reverting to x,t

instead of y,T ):

af a 2. C (aijf) "(bf) Jf (2-16)

Remark

When E0 , equation 2-16 becomes the deterministic

search equation.

15



Remark

It has b~een assumed that bi and ip are quantities

that are 0(1) , i.e., oF the order of I. It could

be that b. are O(r) , in which case equation 2-16

would take the form:

Sc [IZ (b fi b i •) "- q f ( (2 - 1 7 )

For purposes here, equation 2-16 will be used instead

of equation 2-17.

Remark: An Ai-rnative Formulation for E:

Suppose that the initial data were:2 1)
- exp 22

0 * 2 n L 2o J

Under the scaling

xLXi =Yic ,

one obtains:

2 2 22
-~ ~ 12 c

no exp I

16
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PIP, i

If a 2 /2L2 << I , then an alternative definition of e could bet

2
C 2L2

C

In this case, (ajj) and b(y,t) would have different interpretations.

Remark

One could imagine that b(x,t) in equation 2-16 is

not known with complete certainty, but that b(x,t)

is known in a conditionally deterministic fashion. In

this case, one solves an equation of the form of

equation 2-16 for each possible b(x,t) and then

averages over a

17



SOLUTION OF THE DETERMINISTIC ANb

CONDITIONALLY DETERMTNISTIC S, ART-1 EQUATrONS

References: 14,15.

The deterministic search equation is:

3 • ' ( f) - pf (3-1)
at (IX-

with initial data:

f(x,O; Z) W (3-2) 11

and no boundary data.

In order to solve equation 3-1, the method of characteristics

is used. Rewrite equation 3-1 as.:

f + b -If- + f (3-3)

Introduce a new variable S so that:

dt 1= I (3-4) :~

and set:

dx1-• -bi (, t (S) .(3-5)
\~

"18



S~I
Choose initial conditions so that: '

t - 0 when S - 0
(3-6)

xi x xio when S - 0

The solutions of equations 3-4 and 3-6 give a "curve" (or space

time ray) in DT. From equation 3-3t

ToA

df a f dt + if3£dx,

+ b ;f (3-8)
i ix

Thus, on the solution curves of equations 3-4 and 3-5,

df +~ x() 8bi I(9
,-L (S), S, Z(S)) +x(S),s f (3-9)

with

f -PO ) when S - 0 (3-10)

i¾

(see figure 2).

Formally, one can writei 5

f(x,tiZ) - PoxolexE) ,fp (f + b xi) (3-11)1

19
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. ... . .. ..- .. •.

In using this formula, one writes:
.t

xi(t) Xi0. + bi(x'S)ds (3-12)

or t

x xi(t) " b (xS)dS (3-13)

This form is especially useful when b is independent of x. In that

camel t -

X0- x - b(S)dS (3-14)

EXERCISE (A CASE WHERE EQUATION 3-13 IS USEFUL)

Suppose that bi - vi(t) , independent of x . Show that:

(xt[Z) 0 -PO v(S)dS

exp - x -f v(S'ldS', S, ZdS

Write down the integral that gives the probability of detection

by time t.

Remark

Note that equations 3-11 and 3-14 can be summarized ass

f [term due to target motion]x~term due to searoh]

21



COMPUTATIONAL ALGORITHM FOR DBTEP'RMlN iY''IC TARGET MOTION

Steo I

Pick x0( "

!.tup 2

Solve -. (x, t (0)

d.L

d (
d t D x'4•

S t• xPkAif(0) : = (x )

Step a4

Cyvce (i.e., pick a different Y'0 and returin to Stop 1).

COMPUTATIONAL ALGORITHM FOR CONDITIONALLY DETF, RMTNIt.lTC TARGET MOTION

In this case

b(x,t) Pb (x,t) (3-16)t

w..th probability p, Let. f"(x, t ; Z) S-'t si :

if (bf -f ,f (3-17
3..

f (x,0•-Z) 0 x .( - 8 "

22
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In order to determine f(x,t;Z) E Eff((x,tiz)1 ,the following

computational algorithm can be used.

Step_2

ikx 0 -( 10 ' x2 0, x30)

Step3
dxi ~

Solve: -b (x,t) xi(O) *i

Step 4 r

if if

Step 5

Cycle vo step 2 an desired.

Step 6

Cycle through N, (xt)

Step 7

Construct: f(xotZ) E a {ff (Xlti'Z)l

23



ALTERNATIVE COMPUTATIONAL AýGQRITHM i.., .j ,. ,)i j

Step 1

Fix: x0  = (xi 0 , x2 0 , x3 0 )
0 1,0' '2 ' ' 00

Fix: bl(x,t)

Step 3 ,x,,-,, (O)d x .
Solve: b(x t) xi() Xi

Step 4

df +'Solve: -- + f

Step 5. .

Cycle through boý(x,t)

Construct: f(x,tIZ) - E {f(x,tlZ)}

Step 7
Cycle through x0

24



SOLUTION OF THE STOCHASTIC SEARCH EQUATION
IN SOME SPECIAL CASES

General References: 6, 13, 15, 16, 17, 18.

In order to motivate the solutions constructed in the next

section, certain special cases are studied in this section. Study

of such canonical problems (see reference 16) has been very useful

in other disciplines.

First consider the stochastic search equation:

af C a
( f a-- (bif) " if ' (4-1)

LXaxix iia i

with the following assumptions:

1 •if i-j
Al) aii0 otherwise

A2) bi(x,t) - bi a constant independent of position

and time.

A3) The target move, in the plane.

A4M) (x,t;Z) - p , a constant.

The search equation is then:

a a j 2 f+ 2 f [b1a w+br ]- , (4-2)

25



with

f(x,O;Z) p (X) 4-)

Exercise oth

Show that if one sets f(x,t;Z) =w(x,t)e"'t, then:I. w + Ja jb, 2:w (4-4)
1. 2

with w(x,0) = po(x)

CANONICAL PROBLEM: TYPE 1 INITIAL DATA

Assume that:

pO(x) 6 •(x) (4-5)

i.e., Pr{X(O) 0 0} 1

Then, w 1~)ep-(lbt) 2~ +(x2bt) 2 1
w~x t) = e p 2t (4-6) ,•

The right-hand side of equation 4-6 is the Green's function, G(x,t),

or fundamental solution. As t+O

w(x,t) 6 6(x) $(x 1 )6(x 2 ) . (4-7)

,26



Exercise 4

Show that equation 4-6 satisfies equation 4-4.

CANONZCAL PROBLEM: GENERAL INITIAL DATA

Assume that:

PO0 (X) - ý(XX 2 ) .

Then (see references 5, 14, or 15)

w(x,t) - G * p

fG(x - , t)p 0 (&)d& (4-8)

Exercise

Assume that:

/ 21 Xl+X2POW exp-- =2 --

Find w(x,t).

Hints GaussiaA functions are closed under convolution

(complete the square).

27



CANONICAL PROBLEM: TYPE 3 INITIAL, DATA

Assume that:

{•(x) in square of side 22,:

po(X) =(4-9)
0ioutsidee

Thent 2 V

W(x,t) = f/; (x - i., t)p(I)d•. (4-10)

9, k

Remark

The one-dimensional analoque of equation 4-9 ist

0 (x) = th(4-11)Po x0 othe r'w ise . '•

and of equation 4-11, is

wlx~t) - -) ,- , dF . (4-12)

(Hard) Exercise (see references 17 and 18)

Use integration by parts to develop an asymptotic expansion

of equation 4-12 valid for small c and J(x-btý < Z..

28
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Remark

All of the above results also hold when bi(xt) - bi(t)

only, independent of x * In this case, the Green's

function G(xt) is:

t2
G(x,t) - xexp - 4( 1  b 1 (S)dS

(4-13)

+ (x2 " b2 (S)dS :

CANONICAL PROBLEMt NONCONSTANT

Allow p to vary, but keep all the other assumptions. The

search equation can be rewritten as:

af -fa 2tf a 2 ] + [b af 1 b af f u(X~t) .(4-14)

The solution of equation 4-14 is formally

f(x,t,Z) u Q * u . (4-15)

But, u w --f , so that:

f(x,tlZ) = *(-m)

- -G*(•*(G*u)) (4-16)

eta.

29

S... .. . . . . .. . .. . ................-.•



I LI
The iterative procedure of equation 4-16 and a suitaTblo frixcd 1.oICIi.t

theorm can probably b1 w,;ed to prrolu•, th') is enc, of ,,oLutinn, t o

equation 4-14.

CANONICAL PROBLEM; OHNSTEMTN-UIIUENBECK PRoCESS3

Assume that- the tarqet movem in on, dime.nreiori with:

b(x,t) -2 x
(4-17)

a(x) = 1

and j - 4 , a constant. Then, if f(x,t;Z) w(x,t)e

w(x,t) satisfies:

IN I W + L (wx) .(4-18)
a3x

Assume that w(x,0) 6 6(x-x) , Feller (reference 5) has shown that:

*w(x,t) tz ] X (419

Remark

All of these problems have solutions of the forma

f w(x,t)e - ['term due to target motion]

x Lterm due to search]

30
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APPROXIMATE SOLUTION OF T•,E STOCHASTIC

SEARCH EQUATION IN THE GENERAL CASE

General references: 1, 6, 10, 13, 14, 16, 17.

Reconsider the stochastic search equation:

with initial data:

f(x,O0Z) - P0 (x) . (5-2)

For simplicity, assume that the initial data is exponential:

S- •"(X)/• vkh(x) (5-3)

Exercise

Cohen and Lewis (reference 13) have shown that the following

"trick"can be used to obtain data in the form of equation 5-3.

Show that formally one can set:

V

¢() -c~oO(x)

h0 (x) - 1 (5-4)

hk(x) 0 k • 1

31
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For
o2 2 2

1.* 2~/f
WJ

find Wx) and the hk(x) .

Hint: Redefine y , in terms of ,•.

Based on the solutions of the canonical problems, one seeks a

solution of the SSE in the form (note ,! does not depend on Z(t)): 01

f(x,tiZ) e (Xt)/ .; (X,tZ) (5-6)
k-O 9

In this equation, 1 (x,t) and gk(xlt;Z) k M 0,1,2,... are to

be determined. Equation 5-6 is called a "ray ansatz."1

Now apply the following procedure:

1. Evaluate Df/ýt, If/)xi and a t/8x ýx if f(x,t;Z) isii4
given by equation 5-6.

2. Substitute into the search equation equation 5-1.

3. Collect terms according to powers of E . One obtains-

¢" (Xt). 4. .r + - { + + ,,*J 0. (5-7)

4. Set each coefficient of Ek equal to zero. This gives an

equation for 4(x,t) if k=-i and for gk(xlt;Z) if k-0,1,2...

32
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Exercise V
Show that the equation that c(x,t) satisfies is:

~+& b ~~+ 'a -0. (5-9)
at i ax~ ij ax axj

Equation 5-8 is the "eikonal" or Hamilton-Jacobi equation. It is

first order, but non-linear. Let:

H (x,p,t) b ipi + j (59)

be a "Hamiltonian" in which p (pl,p 2 ,p 3 ) is a new independent

variable. Then one writes:

Vt + H) T- 0 .(5-10)

Equation (5-8) can also be solved by the method of characteristics.

(references 14, 15, and 16)

Theorem (reference 14,15)

Let x(t) and p(t) be the solutionm of:

dxia 8- H x (0) - xio
(5-11)

S" " • ' Pi(0) "Pi0
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These are called the ray (!Iquati i- (n,- souItit nn curves ,Il

equation 5-I]:
d t) tx 1 . ,cT•- 1(x,p•,t) • "dv ... .. ) .!• 2) "
T i Cit 2I.

S( 0) = •04,

Exer•ci•se

l) Asumethatzi

n ,nd bi(,t) b , u,.t.,Int Writa drown and solv A

tho rnay erimitions..

12) Ausumc,, thot

(aI

and b (x,t) bi(t) only. Writ, down t.hv ray equations.

When can they be solved?

3) What are the ray equations for general (ai5) and bi('C't)?

Theorem (refer:ences 14 and 15)

If the solution curves of equaiio0i 5-11 do't L intersect,

thern Pi - ;nl1/axi and f(x,t) , the solution of equation 5-12, is

also a soJution of equation 5-8.
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Initial conditions are still needed. In light of equations

5-3 and 5-6, one has:
k k(x) e= H'0/ qg(X,O,Z) •k (5-13)AI. . I..5 Akh

k 
•

S~ Hence, one setsi

x(O) IN xo 0

Henos 
(5-14)

pi (o) 'A-••

X0

f(x010) (xo

Thus, the following algorithm can be used.

ALGORITHM FOR SOLUTION OF THE HAMILTON-JACOBI EQUATION

1. Pick x0 (arbitrary).

2. Solve:
dx aHx()
-a " io

- ~ ~(5-15) ,dpi _DH 0-

X 0

3. Set O(x,0) - ON) and solve:

S aipiPj (5-16)

4. Cycle through x0 .
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ALTERNATIVE~ ALGORITHM FOR THE SOLUTION OF THE HAMILTON-JACOBI E~QUATION

The following alternative altimi-ithm can also be used.

1. Choose a point x at time t.

2. Find the point x0  such that the solution of

dx~ ~ X j(0) - x 1

dpi - H ()=
pi~xo

p~asses through the point x at time t.

3. Set flx) and solve

It 2.ai,9ipj

This generates 4ý(x,t)

4. Cycle through x at time t.
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Variational Interpretation (references 6, 10, 14, 16)

Define a Larasn•ian L(x,dx/dt) by:

dx
L(x,R ,t) + H(x,p,t) dt P(5-17

Exercise

For H(xp) given by equation 5-9, show thati

dx 1 3 -d b

L (5-18)

In this equation, (aij) is the inverse of (aij):

(ajj)(ajj) - ~~

Let

C{t,x) -. (set of all paths u(S) with u(O)-x 0  and u(t)-x)

(see figure 3). Then, according to Hamilton's principle:

O(x,t) - t, 0 X du L . (5-19)

This formulation is often very useful for numerical evaluation of

S3(x,t).
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FIG... . ,"ILLUSTRATING HAMILTON'S PRINCIPLE
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Remarks

1. If there is a deterministic trajectory connecting

(xo,O) and (x,t), then L I dx-, t vanishes on

that trajectory.

2. If P0 (x) = 6(x-x 0 ) then the pi's can be treated

as parameters (see reference 1 or 6).

3. If p0 (x) is type 3, i.e.:

F(X) xEDTCDT

POWx - 0xD0 XODT
T

there may be difficulties with the ansatz (equation 5-6)

(i.e., rays may intersect for x0 near the boundary
of DT). More work (boundary layer solutions or

uniform methods) can eradicate the difficulties.

Now consider g0 (x,t;Z).

Exercise

Show that g 0 (x'tlZ) satisfies the following equationt

ago a/ - + b a -
+ ii Jxj aix

(5-20)

Bal 2bi+ xtJA +a j + (xtZ) Joi x, xi axj i g =

39
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This is a first-order linear differential equation for 43,(X,tiz)i

it is called a transport equation. Note~ that. if (a ij) r(n)

then equation 5-20 becomes the deterministic search equation.

To solve equation 5-20, recall, that%

dx=t_ b +3ai (5-21)

a I F, j

Then equation 5-20 becomes:

ag0 dx iag 0  -[ h

i+ \dt FI+X. axax /
(5-22)

+ >, b± + xftlz)] go
i x

Thus, on the rays:ti

dg0 t + {rct ' (5-23)

In this equation:

Pit) 7 + a i xj7 j2 t'bi (5-24)
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An alternative formulation is obtained by following reference 6.

Let J(t) satisfy:

di - . (dx 1 (5-25)

Then equation 5-24 becomes:

di ait a e

so that a 2 ./ax ixj does not have to be computed.

Remark

Ludwig (reference 6) interprets J as the Jacobian

of the transformation from physical to "ray space."

Initial Condition

From equation 5-3 and 5-6, it is clear the the appropriate

initial data is:

g0 lx0 ,O0Z) - h0 (x 0 ) . (5-27)

The other functions gk(x~t:Z) are determined in a similar fashion.

41

- F .F . . . . . . .



SUMMARY OF COMPUTATIONAL ALGORITHMS

In this section, three alyorithmns aro jiven for the solution

of the three search equations corresponding to different types of

target motion.

DETERMINISTIC TARGET MOTION

Equation:

af ~~ (b f) 'f
Yu£ i X

f(x,O;Z) PC W0 x).

Algorithm

1. Pickx

2. Solve
bi(x't) x (0) x

3. solve
•-df ;b . bi(x(t),t) 

"

t b xi + i(x(t), t, z r

with f(O) - po(xO)

4. Cycle to I or 2.
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CONDITIONALLY DETERMINISTIC TARGET MOTION . i"
Equationt

- - Xi i~ ) 1

f(x#10;) -POWx

b (xjt) drawn from a distribution B(b 0)

Algorithm

1. Fix a~ and let f(x,tjZ~ca) denote the solution of (1)

with a~ fixed.

2. Obtain f(x,tZlct) by using steps I through 4 of the

previous algorithm.

3. Calculate:

f(xt,0 Z ) -Po{f(xtlZ(c)1 f f(xtiZja)dP
(dB(b )01

STOCHASTIC TARGET MOTION

Equationt

;f (b f(a ) df
i a ibd.)

flxOiz) - ec(,) /c { f(x J )-

f(x,01z) k- h"(x/ k, (kX)

k-sO
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Algorithm for flx,tjZ)ý. e'•(x't)/,-9g (X, t;Z i

1. Pick x at t find x

2. Find pin0

3. Solve the ray equations:
dx 4  H x (0) x

n- xj Pj(0) pin

where
H(x,pt) ŽD bipi + a •, ijj Pj

4. Solve for 4

iti,j ilJ

*(O)- O(x0 )

5. Evaluate the Jacobian J(t) or calculate 2k/axiax

6. Solve for go:
dg -0  [ 1,(t ) + 4,(X ,t ,Z) g o

gO(xo,OZ) a ho(xO)

7. Cycle to 1.
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OPTIMAL SEARCH FOR A MOVING OBJECT

General References: 2, 3, 17.

In this section, the problem of optimal search is formulated

and a method of solution is sketched.

Let CWz be the set of allowable search path.. For example:

CWZ TZ(t), Z(O)-z0 , Z(Tf)-zft~ dZ 9 vs d2 1. 6a (7-1)

is the set of search paths with constrained endpoints and constraints

* on velocity and acceleration.

* Three possible objective functionals are the following.

(Other functionals could be used.)

FUNCTIONAL #It INSTANTANEOUS PROBABILITY OF DETECTION

Lett

Jl{Z,tl E EW~Px~t.Z)) (7-2)

Note that j1{Zot) is the (averaged) instantaneou, probability of

detection. A search plan that maximizes J {Zlt) is called myopic.

From the definition of P(x,tIZ) ,one obtains thatt

bf tZf(x,tp'Z)dx

77f(x~tIZ)dx
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When Jl(Z,t) is extremized, one has the following interpretation.

Consider an interval (O,T). Divide it into k subintervals

(ti, ti+ 1 ) with to 0 0 and tk T.

Next# maximize J {Z't 1 for i -lt2j...ok-l. The optimal

path is the piecewise linear set Lz0 , Z13 , EZ I Z2 - , otc., where

S- Z(t).

As k4w , a continuous curve Z*(t) is obtained.

FUNCTIONAL 021 PROBABILITY OF DETECTION BY TIME T8

Let

J 2 (Z,T 5 } - 1 - Jf(x,T lZ)dx (7-5)

This functional, J2 {ZT,Ts ,is the probability of detection by

time T.. One seeks the path Z*(T) , 0 9 T : TS that maximiles

S J 2 {ZT 8  . Also, note that f(x,tiZ) satisfiest

~ 2 (a ) f b -l-f • (7-6)

In terms of control theory, this is an optimal control problem for

a distributed parameter system with control in the coefficients.

There is essentially no theory for this sort of problem.
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F'UNCTIONAL * 3s MEAN TIME TO DETECTION

The probability density for the time of detection can be

determined as follows. Let T. be the total time available for

search. Let h(t)dt - Wrdetection occurs in (t, t+dt)) .Then:

att F
h(t) W(7-7)

0 t > T

is the desired probability density.

The mean time to detection in then:

J3z1 I' th(t)dt (7-8)

-Ft[-Jf (xttiZ)dx dt .(7-9)

SOLUTION OF AN OPTIMAL SEARCH PROBLEM

Consider now the problem of finding Z*('r) E C(Z) that

maximizes a (ZeT} .in order to make any progress, the functional

will be converted to a function as follows. The functional J {Zot}

can be rewritten ass

J2(z~t) - 1 xj cZ k,,(X~tZ)dx

Z - kG0Xt/ (xt ~d (7-10)

1k - Xc~k(Z't) .(7-11)

ku 0
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iV I
The integrals Ik(Z,t) aro defined by:

kkI k(Z't) f e- (xt) qk

These integrals can be anal.yzed by Lapl•.ace's method (roferance 17)

Let x*(t) denote the minimum over DT of x(x,t). For

simplicity, assume that thorc-o .Is only one minimum. ro;n rofecrence

17, page 338, one has that:

Ik(Z,t) N e x*(t),t)Ir n/2 f; =O k
k (Z t) e(211r.)(7-13)

In this equation, n 2 or 3 is tho dimension of the space in .

which the target moves. The varabl', .i, are now uoordinates

(reference 17, page 3.34),

" 4, (7-14) "

and

gk (x* (t) ,t; Z) 7"5
Gk0 - . .. . I (7-15) .:

det

'1)X*t

It is often sufficent to use on the first one ur two ters of

the full asymptotic expansion.
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Thus, j2{Z,T has now been converted to a function, rather than

functional:

J 2 Z,Ts} S - ( 2 -:)0 n/2 e" (X*(TS) 'TS)/, 1

(7-16)

"k LJj

One now determines the function Z*(t) that maximizes
equation 7-14 on 70, TS. Here, Z(t) occurs in the G -term,

equation , *kO"trs

which depend on gk(x,tlZ) by equation 7-15, and the dependence of

*k on Z(t) is qiven by equations such as 5-23.

g'4

Remarks

1. it is still* in most cases, necessary to use a

computer to obtain Z*(t) . However, by going from

functional to function, the amount of work required

has been vastly reduced.

2. It may be possible to solve some of these problems

by "dynamic programming."

49



REFERE.CE.

1 Cetertor ava AnklysS, oninind= (NA)7-13'ý,"NeWMotodk

1. Center for Naval Anaye, imrni: CN)7- d(~ 'ew Meto
inB.Oh.or Mov ian Unclassiived hrt ~nc1 ~~~~rI

3.Soe2. er fOtml.CSac, cdei I-s NcewYork,"

A1 oca975.mrndm195

5. Faller, W. , "An Tntroduction to Probability Theory and Its
Applications," Wiley & Sons, Now York, 1965.

6. Ludwig, D.,"rersistonce of Dynamical Sys-toms Undni: Random
Perturbations," STAM Review, 1975, .1.7:603-635.

7. Arnold, L., "Stochastic Differential, Equations," Wiloy &Sons,
New York, 1.974.

8. Lighthill, M.J., "Generalized Punctions," Cambridge University

Press, Cambridge, 1915.V 9. U. S. N.A., "Naval. Operations Analysis','1 1975.

10. Ludwig, D., "Stochastic Population Theories#" Springer Verlag,
New York, 1974.

11. H~ellman, 0., "On the Effect of a Search Upon the Probability
Density of a Tari.get Whoso Motion is a fliftfuslon 1.rocess,"
Annals of Mathematical Statistics, 1970, 41:.171.7-1.724.

12. Ciervo, A., "Search for Moving Targets," Pacwific Sierra Research
Corporation, Report 619B~, 1976.

13. Cohen, J.K. and R.M. Lewis, "A Ray Method for the Asymptotic
Solution of the Diffusion 1Ep.qafton," Journal Institute of
Mathuniat~i~cl Applications, 1967, -3: 226-290.V

14. Courant, H. and 1). Hilbert, "Methods of Mathematical Physics,
Volume II," Wiley 0 eons, New York, 1962.

50



"N, Ir I IN-

15. Carrier, G.F. and C. Pearson, "Partial Differential Equations,"

16. Keller, J.B., "Rays, Waves, and Asymptotic.," Bulletin of
Amnerican Mathematical. Society, 1978, 84: 727-750.

17. Bleistein, N. and R.A. Handel.sman, ,Asymptotic Expansion of
Integrals," Irvington, New York, 1978.

18. Olver, F.J.W.,"Auymptoticu and Special Functions," Academic,
New York, 1974.

51



APPENDIX A

SOLUTIONS OF EXERCISES

in this appendix, written by James Thomas, Jr., the solutions

of most of the exercises are given.

EXERCISES

6(S) li -e- /

Urn F (S)

with n (S) -~ S2n/2

Sketch a few & n(S).

Sketch the corresponding n' (S) ,where the prime indicates a

* derivative with respect to S

SOLUTION:

R~efer to the following computer graphics.
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-n

-n=35,000

10,000

3,000
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n s /el 2~~

-nS

10,000

-35,000-u

0 1

* ~A- 3
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EXERCISE:

Show that for det-urminist.:ic tarqct motion:

var{AXIX(t)-xl 0. 7

SOLUTION:

For deterministic target motion, the transition function,

q(F,,t,At,x) is given by :

q(&,t,At,x) 6(t b(x,t2 At).

Substitution of this in the expression,

2 - 2

E{(A.X) } S dr

yields

E{(X)2 ~ ~(F,-b (x, t) At) W, Lb(y, t) (A t)

Consequently,

var(AXi E{(AX) 2  LE (AX2

A- 4



For stochastic target motion, given X(t) - x AX is distributed

with mean

b(x,t)At + o(At)

and covariance

caij(xjt)At + o(At)

where

0--t 0 as At 0 o

Alternatively:.

E{&Xi IX(t)-x} bi(x~t)at + o(At)

and

E{AXiAX IX(t)ax) w ca A t + o(At).

EXERCISE:

If AX is normally distributed, what happens as e-*O with

kij bounded? Write the alternative conditions for stochastic

target motion in terms of q

A-5
.,
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SOLUI'ION: Let dX -X(t + dt) -X(t)

in several dimensions,

if two new functions are defined such thait

qjij(ý~ij~jtidt.x) Ja i

and

q1j(&ifttdt#x) 1 f.fd F,1d 2 ...dj t'p2" F'~jtdtx

then the alternative conditions for stochastic target motion can be

written

E(dXjIX(t)u'x1 a bi(x,t)dt + o(dt)

- ý J' i (&td~)

and

S(dX i dX iIX(t)-x) = -aijdt + O(dt)

Sy d~ C ,i d ,j t, dt )F

Now, given that dX is normally distributed with mean,

b(x,t)dt + o(dt),

A- 6



and covariance, 
H

Eaij (xt)dt + o(dt)

i'jttx~ 1 o a

qi27rL.iaijdt+0 (dtxj

e fp Ec-b idt-o(dt)IC i-b dt-o(dt)J
ex --

ex . .. 2Lca ij-dt+o cat)] .•

As e+O with ai, bounded, qij(&i'j'%tidt'x) becomes a delta

function analogous to the &n (S) of the first exercise. Consequently,

the target motion becomes deterministic in X , i.e.,

dXi - bi(x,t)dt with probability 1 .

A-7~
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EXERCISE:

For one-dimensional. target motion with dX1.-N(b(Xt)dt + o(dt);

ca(xpt)dt + o(dt)), show that

tn,,dt,x)dF o(dt)

for n a 3 , where

o dt_ .,. 0 as dt 0

SOLUTION a

For dX-N b(x,t)dt + o(dt), ca(xt)dt + o(dto) ,

qU~t~dtXx e [a t) dt+o(d t)J2[ra (x , t)tdt+o (dt)
q•,+,d•,x) v/21t•cal(x, t)todt'": •

For convenience, let

qlU,tdtx) _ 1 e

with A - Ea(x,t)dt+o(dt)

and B a b(x,t)dt+o(dt)

Now2

nq(',tdttx)d& - -- Jef dlei

A-8
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Making the change of variable,

y - • -B,

2

Snq(&,t,dt,x)dt S L. J_'L:y + Bn e' dy

1 S.y n +any n'.B 2 n (n-l). y n-2+ 3 dy,/ __ _ A.

for which only the even powers of y are non-vanishing.

For n event

S'n q(ý'tdtx)d 2 2 +B2 n(n-l) y.n-2.+...-] dy
V21rA 2

rdn+\ /2A\n/2[l +

2 n/2 ý+%)•a)n/2 (dt) n/2+r.,1, , ohhr
2n2r +n2 tcj ( t erms.~ii of higher

order in (dt).

Thus, Sfnq(ý,tdtx)do - o(dt) for n even a 4.

For n odd: 2

Sfn q(&lt,dt,x)d& 1 S-i ~ y nll n"+B 3 nr l (-? y n3+... syJee dy

.. •r(n ) (2,n) L[. 2,• ]
2 _ rl(.•.\b. (ea) C(dt') +terms

higher order in (dt).
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.... pýkW 77'

Thus,

f(Ct, dt,x) di, o (dt) f:o r n odd ;t 3;

and

F. ~Fq(tot,dtax)dl, o o(dt.) foi n~ ý 3.

A- 10



EXERCISE:

Suppose that there is no search, Let

p(x,t)dA(x) -ProbfX(t)(-dA(x))

What equation does p satisfy?

SOLUTION:

p(!irt+dt) ., t)d

a 'dj~- I- . (qp)42+ a NOq)

P-'13 CO aia

where qp -q(jt,dttE)p(E,t)

a2

Thus#

p~tjt~t)P(!~t P~2~~bi(x.t)dt + a Cdt)3

1 2 + o(dt)].

+ PECa j (xrt~dt+

Dividing by dt and taking the limit dt+O

2

a t ax i 2 ;x' ax~a i
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EXERCISE:

For doterministiLc tarret motion, show that

- L i 1

SOLUTION:

For deterministic tarejot motion, f.-,-0 in the stochastic

meorch equation %,ith a,. lmundd.

'. Search equation becomes

This result is also obtained by' setting

q(F.,t,dt,y) a <, - b(x,t)dt)

A-1.2



EXERCISE:

Suppose that bi(xt) = (t) Show that

t

f(x,t;z) - f(x v(S)dS)

"exp q -j v(S')dS', S; d

7A Write down the integral that gives the pru!). bility of detection

by time t

SOLUTION: 
@b

I 
• b i =

If b i(x,t) = vi(t) , 0 and

f(x,t;Z) P (xO)traj xexP + C dS

f(x,tlZ) P o(Xoltiaj Nexjp - (x(S) , ; d

S

Now x(S) - x +0 v(S')dS '

and x 0  - x-S v(S)dS X- v(S')dS'

A-13



Thus,
t

x (S) X W) v(S' )dS' (')q

ft

x x(t) v(S' )dS'

andvs'd, ,) ]

f, f(X,t;Z) a v (S) dS

Prob~detectiori by time t I . Prolifro cletqction-1

1ff (xtitZ) dx

1 0( ftV(S)d)
0

A-14



EXERCISE:

Let f(x,t) -w(x,t)e .Show that

and W(KO) W ~ 0 x.

SOLUTION:

Given f(x,t) -w(x,t)e 4

aW edi- t - iw(x't)e-ý~t

0~ a- f(x,t).

For a di and b constant,

axaii

2

afa f -f

A-15



Thus,

e, ->b.

iWtj lj Dyx - j 1 1

i ij b a e-Tt

and (5 a

Also, p() W f (x,O0) w 0~,)

k.4,

A- 16



EXERCISE:

In two dimensions, w(x,t) - G(x-&,t)p 0 (")dC, with

22

G 0(x) i 2

r Find w(x,t). HINT: Gaussian. are closed under convolution. 4

SOLUTION:
w(x,t) -!~-,)O•d

/• • [ I•-bt-••1 + (x2-b•'-• 2• 2

- d~d~ 2t ({x 1-blt-•: 12t J•1
X1 [ 2L 21

Assm 2 "

A-17
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2 2
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S.... .. § . .

WO 0 ---

Now,
(x 1 'blt-Fl) 2 2 _ 2(x 0-b t).,1  + (xl.b t) 2

and
2 -2 ..2 2 2.

(x1 -b t-ý 1  2% 2(a +rt)Q 1 -24afxj-bj~t r.+ (X'bt
-+ r

ti

4 2 2.

consequently,

(x -b (lb t'l)2 (, ) 2

exp 2,t dt,2et!
F -2 (t 2 2cvc~ 1 bt 2

_C (Xl-b t)2 a P (x 2bt) F(x -b• t)x -b
A-11

~~77~ +t)~ o+t

4a~c2

2 2 2 ~

(x b 2't (i (x~t 12b Id )
fexp~ jd&[ cL 1a

2x L2 2 b2j~, -
-exp 21~fe dy

A-18



I27to 2 ct ep (x 1-b It) 2
S....

2 21r r -

f ((2_bbtt)2Similarly,[ 2 - 2 2l7N(-b 2t-ý 2) 2) -br2t)'p 2 " - n - axp[ (X2
fe2a 2a+t 2(a +ct)

and

2 21
N xb it-& 1) (C)w(x,t) - d2t " &--TId~1

'.... a t 2a¢

N2 2( 2 -b 2 t-F 2) 2fexp et[ r &

2 2

- 1(x 1-b t) + (x- 2 1)
27r(c +ct) 2 a7Iý
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M
EXERCISE:I

Con~sider the one-dimensional equation-,

w(x~t) 7)(.)0 F

if~(' /2 1 use integration by parts to derive an expansion

SOLUTIONt

Substituting in for ý(F,) gives

)22( ~ ~-(-bt-$)2 /2Ft -,(xb-)/c

/2¶TEt 2Z1

2 2

-j &x (b- b)2 2t-; d 2c -.f: *-(x-b -b)2 t-C d2

72 I'):

A-20



m - /2irct -, e2tt e bt-&) /2etd

1 jV27vet -C~xtf d* [(Xbt- 2 /2et] dC

Now integrate by part.

-01(xt) 1bt -) 2xb-. /ct (btR)/t
(x-bt-~) x-StdE -

22

-~(x-bt-F2)

Now repeat the process.

*~A- 21



EXERCISE:

For solution of the search equation taking the form,

x,t) "g (X, t;.) eXpL-X, t ) ,I

pick g(x,t;E), *(x,tjc) and find the b necessary to satisfy

the search equation.

SOLUTION:

This is an audience participation problem. It would defeat the

purpose to give a worked example.

A-22



EXERCISE.

Using the ray ansatz,

_ •~(.,tt;Z) k"x t I Z(,,.t"('••

The equation for 41x,t) is obtained by setting the coefficient of

obtained from the search equation equal to zero. Show that

this equation is

1ii
+ b b + -f a 1," 0.

at i 1ax.j aI (XT

SOLUTION:

! The search equation,

S(ai f

iax " i, j ýXja Xj

is written equivalently as

A23

.,a



For f (x tl Z) rlCCk.O £7, e(fxit)~r

af kre Ekag k-i1~l~~/

k -ak k-i

afC I;~ gk

I Xi kmO TX

and teeao qainboae

2 a2ý~ j)

a- k -/a 1 1 [o P V ;. -M- I( L 1 ?) 9

-I .9 xI ,

T ~~~k-2 k]*/

A- 24(aX$ (a

and te serch quaton bcome

[-k.ag:..",k-1(



One now equates terms with the same power of c The equation

for *(x,t) is obtained by looking at terms involving 1/e %

qo 1 9-1/#'~ -~ ~~~ ~-

+ b,

This yields

ao+ a( \i.L + 2,' L' b

the desired result.

LXERCISEs

What oquation does g0CN,tIVZ) satisfy?

SOLUTIOI~s

0This in obtained by looking at the terms involving cI

1(4 _ (f{)gl] / -/e r a q asW

A- 25



b . .

- .L, ,. Xi ,117j dx j

- + • - 4ge'l/..

ai) O'IL) o 0 • .0

Upon rearranging terms, one obtains

D a
2 S / ig

C1 L2  0\7 + -)

+ ah(~ 1

u ince gI + i )I - + , vanishes.

(The term in braces is the left hand side of the equation

just obtained for )
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EXERCISE:

Assume aij 6ij and bi(x,t) bi a constant. Write and

solve the ray equations.

SOLUTIONt

The ray equations are the following:

dxid aH with xi(0) xl0

and dpi 3H 
L

dpit * -- 1xi with Pi(0) Pi 0

where

H(X,p)• - b4p4 + ½ ijpiP .

i i ,J ai

For aijjm j , "2

H(x,p) (b +2 1

Now dbdx ' H "bi + Pi

and

dpi -S•3xi

The second of these yields the solution, Pi(t) -Pi

A-27



Then, integration of the first yields

Xj ( -xj (0) fo (b i+Pi) Lt. ( iop6Y

and consequently,
V~io~l 'iWlJJO

(tW) + (b +p )t

These rays are simply str4t~PP; tV

A-28£



EXERCISE:

Assume ajj i and that bi(x 1 t) is a funution of t only,

i.e., bi(x,t) - vi(t) . Write the ray equation.

H(x,p) - • biyi + 1 i
iii iJ jpt

For a Iij and bi(X,t) =vi(t)

H(x,p) = iV(t)Pi + 1p

RAY
EQUATIONS dx i x()

"d"Pi(t) + vi(t) x (0) -xi0

dpi DH
t- X ,. Pi(t) Pi(0) Pi0

Integrating the equation for xi

t

x 1 (t) x x1 (0) J [.Pi(t') + vi(t')J dt'

and consequently,

t

x i(t) - Xi0 + Pi 0 t +10 vi(t')dt'

A-29
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EXERCISE:

What are the ray equations for general aij(x't) and bi(x,t) ?

SOLUTION:

For aj (xit) and bi(x,t) generally,

H(x,p) b bi(x,t)pi(t) + aij(xot)Pj(t)pj(t)

and consequently,

b x b ,t +. ai (xt)+ i(t)

and b 1

Pi(t) Ji t)p°(t)

** The ray equations can be written

dx1

and

dp1 - - -~ Pj, )~~ -i~~p .. Di

A 13
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2 2
EXERC S E:1 " [x 1 2+(x 2 ) 2]/202 "

Suppose p0 W, -
2ra

What are 0 and hk (k - 0, 1, 2, ... ) if P0  is written in the

form

PO(X) e-'(x)/c h: x hkE(x)k

SOLUTION:

"PFirst, equate exponentials:

S-0 )/c - -• 2 )x2]/202

This yields r2 2
0(x) - .. . .

Next, equate the remaining terms:

S(hk(x) ck I

If the hk(x) are assumed to be zeroth order in c , the above

equation gives

h 0 (x) - - and hk(x) - 0 for k p 0

2i

*• 'A-31



EXERCISE:

The Lagrangian L X, is defined such that
dt

L (x, + H(x,p) d 2 i

Show that

L(x, ) (ai) ( b

where iJ is the ij element of the inverse of the matrix

[aij7

SOLUTION:
H(x,p) bli +½ aiij

and
dx •No~ ai B HJJ'ii

" i -a~2i jjjj

Now,

i~ - a [._j.]-- "

dt

A-32



where - is the ith row of the nxI column matrix,

the elements of which are the components of the vector ( x - b

Cajj3' p is the product of the nxm matrix with elements

aij and the column matrix (nxl) whose elements are the components

of the vector .

Since

2 dx( x

where [aj- 1 is the inverse of the matrix ai .

Now
- Pk ))k__l d

* ~ /dx,
(E~Lij • \d.- -

- k4
where (Li~) is the k,2Zt element of the matrix that is

the inverse of the matrix [aij

A-33
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Turning to the Lagrangiari,

dx

dx
Lxpi H ~x~p)

i H(X1.

ji

where ~ ris the lxn row matrix obtained by taking the

transpose of the nxl column matrix ()

TrTr

(P ) )Tr ( l )Tr

(dx T
a-ý ) - Fa b

/.t

A- 34



Now,T-1.

Tr (Edin - axJ

- x kPý(i~-b)(aij-'d ) (b i

k ddxk t

if one defines (ai Lii) to be the kpith element

of the inverse of the matrix with elements aij

Finally,
xdax ~1 1 Tr, ()

L ) aPijPij (P)

1 ij. -i

iaij 1j J)i

which was to be shown.

*~A- 35



CNA Professional Papers - 1123 to Presents

Milaek flobta L., 'PslelW Aslfth of Gemn Rehm, Allen I., "An A0ammlale of Military *Iwo-
1"640 W2p.,PFi 2b lot hedWnW t hoP40 tions Worvth In the UIIR," Isopp., Sop 1973. pp Ill
UMa it* 0Omm, Jd1Mn 0-ean 14.Weo 1411.141 111sppinsed from Pteanedto, 300111 " Mlevopw' o,.pe, Gorge C., "Ta Sovetn Uloal uis iamo for
holt WWs Pebls. Go, ¶1941, pulislta by thle IsM lnasRaeroh, symbelaom UII) leanst Gas 117*1 Allows to Noeld 0011611lal In I"yp Prio (a t2%
Amortoso $*slaty of Intainatlnlal Low) AD 170 110 kane War *1 1317." 04 I0., Jel 1074, AD 100 Sit

pp 10 10104ito, Peter a. tetd MaitlntW, 1.Donald,' "D#' AtelotW, PFew will Lonnman, Rlavit F., "levluation

8001ds. Ask M.,, "A Review of Jama 4all, oan. 14611,6 a Leolsilan Syala Singer M1I110 of Nata 094W roftas.ae," 11 pp., IF noie
6al C~laOM b" P.411 APiIe Nofln 1.014 Ltld Allask,111 14gpp,. Auig IM7 Its, be tehbil~od lot M theo UMAnd nusal Commontion of.4 tArloomI
"Wei PNnOW' 6 pp., Pil 1072, In eeloud In low. pehhlestlan lMeta 11ed16101oi Leto" biantll, Pasyholseleal Aessaatllen, 1014) Aug 1974,
AA.mers Pel#"a kran 01408%, Vol, LXVI, Pea P1 -anntodnt 4140% National Mentsoins, owmeft mew AD M0 Oil

00104 l~~ushn leany of Amarillo, NO~nnbn is?3,
AD Me 414 pp In

Gem. Nowl J and 0110111". Gam A., '00 Optiminal I 'Awamoc asuPPse in pinut* U fte 0fi IataNe Marmp mo Insits laelawllaif ahnd 01M1 allow of
DOnlWNS 0t Gum"le arts"." 2 pp., Mae 13M. Aanmtch CohtfractO~4*VI Partial Umnsitvatant"14" 36 00 Alto 1174, IPtla,
AD "014114 fita IN t110 JOR" Of .1 M 04PIn Angeeeo, VOL IX,

pp old No. 3, Wamine 19741 AC 1040Ole
PP we6 Saioe. C. sinenaud, 'Wken Wait." If pp,, Al*

kMsefft, Pow N., 'Siaae's Geld. afo Oeaaealhaagd l9ll, 4mopilntad from Ognetlool "%wnell. Vo.1 IN10
Peas Aaslyaln P,.gtan IPAOANI." N OP., Pail It.No. , Mil-Apt 1174) oltermelsa, liound, "NOW Nod Uilelsman at so"
10t", ilnaludoann addenduml oubkolt Aug 1074) Novel 6"olnn PeePlan Poem. it W11Oelat Po..
ADM# op00 lie SOON Opnoolloes," 30 ow., Allg 014, ADMU313

11.1.14, Phte and Lealman, Roeret P., 'Dowliap'
pp ¶0? meal of Na0vy l4ama RAatioets Goondenealn,. a pp Ill

tools". Few K., "Aniotng Peest Andvlorlooly Se' pp,. May l014, jibalolftad In Aeenmor hyliok.' Walolaild, Roertn 0., "Arolyalt afdit Gagebb't
flood MaOW"eaa I. nognau Vaelaha," it PP., logoW Ansamistln Prenendlna, Met1 Annual Go* WastoI en &Wa Amaw," 40 pp., Aug IM7, Webi
MI 17.A VU~g 414g taelen. 19134 AD 7191040 1111110 hi Worit Nove0l Pleti, ad, Mhasa

Moo~wits; Now Veukt Pinearel AD 736all

fillOoansll, Jamot M4. sald My., Anner Ilk "3.501. 0,111. Missted .a nd I, p i mOlenpo, Ronald A., opP 132
SWOa Moral blplaMal In 01. InI1e'Paklltan "haneattl Andyl~l of 4,. Irdlmdlyi 5149W11. of Klelinman, saeminI S., "Regal Slfltgonom owen14a

Otbla~," 14 PP,. 0 PAb ¶073, 111well"l, wlt. tam Crimeinal Activity,' 30 pp., Jan 1074, i1ualanted 0t WorkeId In ftt Madil' A PfdlMIWu Repen," 77
v141.11. In kenivel, Norio" 10734 AC 701010th liaOate"mallagoMl " et notlng, 20 OaN 101) pp., Pail 1671, Wagsm owal en 3 Oat 104 af

AC 1000 IN kiltnen leasnomle Annaplation Onoanthevil lin

pp 100 'cNamme,. North Crtafire heare hlvelivty. Albany, N.Y.) AD A ON6411
arofitoS40, Freg 0", "01..al-A Psammaslk fet
IM Itelai, Of Trimng," I pp.. SOn 11011, liebil~lbtd pp Mpp13
in 111ilaw of Imnneta will 01.11, boles 10, No. 4, noauna, logo*e J.. 'Iftenaramnnt and Reanlilne of Sgneth" Mialsago L., "A Iteoh isl Mel of Room~
a"n 0112 Navy Phlysicians,, 21i pp., Jan ¶014. Ihowunted at Change en Latin LAmle~a," 41 pp., Pairle¶01,

the 401t1 Annual Cenlftene, Waolle. IssiWRI AD A 007 Oil
pp lieAl~melaif, Let Ve06, Nev., 10 Jan 111141

Auigaata, J9@80l, "A CHinapi of Cen Analvalt," 9 AD 7100025 pp W2 .. ag ~ ppn* uy6 n
pp., Juel 161111 AD 1330 Mforea, A .so utliP .'" odia h

pp Its saknelt dun Bpatof Two-Dper"Po~t ode Nonw

ppIll Kelly, Anne M.,, "Thea Someiet Novel Peannia During linnal Vibrtaory IVatm,' 30 pp., Des 1076, Wideb'
"Wicka, Roerat W.., Tilt U4111111 'lew Wit of ltha lm'Kewaitl leudne SCnglatb Maelt'A 1e1 lIs~~n 00n osandoud narlem of lT* Jounuoll o

Satan.' Getepi A UnWinid Military Plan for Do. 19713," 24 pp., Jan 1974, IeMlIhed in BM.l the Amnisai OeImisy. Vol 00, No., 4 .. OW II, pp.
hnn. Againa l aMbens Neane Aftooki by strike Navel Polley. ad. Midal" Naoseolvei Nw Voeki 1114
Cantat and Peollul/a~ailda MONa," 1s op., May Westorte AD 7003IN 'Voepartment of Pkheam. Unlnft elng UnA'Oeth
¶193. AS 041 Ile of 0aryland

pp 1,12 hfle"ao, 011.1.1a,, "-The genIal Pet~ltl'Cre4 pp Ise

Olneaug Laatniloa K, '`L0 Atmni. Malta Opaertit" l wriigandash, Mih14101 112-aaanilbW eaudiuan e, nneth A.; Keaoesms, Mlisdeed A.1
Leald Otlltlstet let helma BANGUINI," 21 pp., 1172,11 So pp., Jan ¶1616 IPableilhog In 11111111 ffallan a. Kldm an renn, 'Anailyali of Clmawt Alin.'
Ape 1074, AD 700 9W2 M114001114 at Al. lads) $olor Naval Pallny' 00e.4 fiv$lnot No bvel staliant and Novel All talloatle," 01

line, and Cenritralnts, West* Yeek Prison Pab- op., 3 Jun lie1010 wifanled from "Waatlng befare
pp 103 1111,41,, 10141 AD 780 040 thle luboommnntte so M~i~lary Coaatruollan aft di

(15 hew Loonenea W.. 'Piapogdiet Anamallal Commiuttee on Armead lieuviea," U.I. Uonae, 03rd

During Proaet IANOUINI Impaelments,, I pp., pp 134 @env*"t, I it onslia. Pen 1. Is Jan ¶0734
Apr 10114, AS 71004 P ilildhelirs Meblnt L. and John. Mary C. "Antlol'

Paling 0.1.0 soelanoviat m th Third UN. Lao of pp 134
pp 114 thet be conferennaol U100, P§altlenl oild Dtlate' sitahle, WIOVM, "C0yllenturt VAn Isluasl

Maiowi, Arthar P., "Ja latolalemto adr Job mat," 21 M., ¶0l Ape ¶194, illtebllakad In "viol Thaeflv,~ I a pp., Jue ¶107
lumeten," 41 pp., Jill ¶197, AD 136410 Naval PWW1V. ait Midallvt Moae ltale; Natw VetO i

Pressor) AD 401020 PP It?

Narremown, Laster P., "Ili* Dotiumktiitti of k,1,01 pp 1In ofpnlg0 thne lean Cana l lnalleao.Ino Sm."t
P"a andl Ilsenle AdntitIIral t "Neutala," 0413 Wnlniland, Robert G.. "lamid Notal Ooeellann- toaIn. het tOna of . Iwo," 20 o,, Am$ 0137,
pp. i0 Al 0193. AD 130 71 tert year, of Canes,' Ill op., Aug 114, (Pub' AD ASOi 313

a ~~116hail In gonlet NoMa Pulley d. 011*801
Uneadwiee Note YetO P100010 AD 7130561

*CNA Ppgofbadaiel PWNs witho an AD number may be obtained fromn the National Teoohn10al Informaition, 1maw10.. U.S. 0"s to'mnt

d ectndfilero, Speightal Virinle 321311 Other pepero wce gygliable from. the auther at tdo Ctiver fir Novel Analyso, IM Nort
se Erpd treut, Aiemanriela Virsinal 2011.



ppIN PP149 pp ISO
Be lh. 61mm "USGS'~ Ane th~escet Solt".1c Missiles I,.. "Coese'tettoioc Sfectivmuates A Wilson. Deemoeld P.. it. "The U.S. slash PIOt five

lFgceOeeeeiieePcllt," 6 pp.. Aug 1676 111. Comparisone of the 1`11016 "K" Meanuto end.a Corn the Conetnmtionpal 0411111111 Of luroeei. SO pp.. top
palmatedf e fee ISIs Teietlowlie on systeums. Man. Polar sienualoin." 14 sip., MA, 1978 (illree.etd it 1978 111e1mpeod lot puhuleetlue In Adelphl Pepoen.
pill Cylegecetive, Vol. I No. 1, WAY 11171 Ili* teceln~ Study Aente~.M,.tots'. 77 1 1 8 ,lI,.Mon)t AD A030 45?

Feb 1974) AD A027 5111
PP 130 PPe lei

Mdorgan, W*11g P., Jr., "%eyod Pblhoecro ad Pt ISO 5 Molale, Fatehful 1. and Poet, Vial Ali,er.RO icy WN,
Paidoc In PWOesW ep Naueet. fiawwll e.1, 14 pp., Kelly, Anne M. And Petinion. Cheelee, 'ftocen fetamedl, "fleec ComMauedifil Atloci 61 Aloneym?"
ipteoeted it Seuthwoe tomemle AecoIiOMlc Changes io Solalef Novel PelloV' Pimputie~tlst frAlmae I pp., Aug 1972 Iflhspoleted Iteml U.S, NOWIlle.
Aecelcegi Menecebet, 1374) Aol Me@7, Litpitotiont Ine tim Meeivlvtceetcn end India" cti~tlt Peccoeatlngii Jun 10761 AD A03l 44sS
AD A 51 5 Omaen," as pp.. Apt 0711, AD A 023 133

"p low~
pp 140 pp 151 l'eicdeelm, Robert L., "Poeellarmeecery Diplaomuev,"

Malhoeiel, Rebate widl Octeckeceec, DorniolP. "Shicoel Hoinwetet, gsntaly A., "The tettonnomi Vnn. 1118 pp. loop 1176 AD A033 306
slign, expeilmenetation, aced Contoril," 3N pp., Sep1 oeeqeeeu, of Polilleal Philpoopohy,' A pp., Ape 1415
I27S, Middleld i he simuslation I S Geecci Vol. 6, I luvepeetc from Sceocele Inquiry. Vol. tflV. No. 10 73
Nc. s, self Is761 I, Met 1976) I uckirnce, Robont P., "A Model lot Pi'gdligcip No.

i t. ceglt Locuso," 0 *~p. Sep 1976 Illeowefled et dcc
pp 15a 54114t ceucil coceucetloel of the AMlelec Poihe

p111Mliceehi Meaturice M., "OPm Path1 Integral Solutions of $*Vital Aemoaiotlne 11ccalaelqe, 13.0. 4 Sep ISle)
Moletai.l Ma loote M,. "Goeceeatilcedl HomtliN PoIp the Itholfendet Equatione, Withiout Lnuttls Pll-O AD A03S 461
MeinilbI,114 I pp., Pub If"S t~Posoletid ftom she dfoslese. 1 0 pp., Apt se 1576 tl'ic.,ntcd from
.hesseAl Of Ooleepcctmiecl aced Applied Moth11114 Jouncseal of Mathematical pctVilos, Vo, it. Me N. 4 pp I til
Millo, Vol, 1, Noe. 4 title), 172-1719. iApt 19761. 6U6.5761. Molienet, Riobs" A. 5 t,, I "An Astalitimct of P119l44

a moseh oulivioe'tcu by one Natlional Sv'ieeicot "Oleviir cacpyutred ho, the Nautional &-ioteet cnd fltite Peonaptioea in Peoceaf. The Uneited King
~PundtuIdOl A'n,,etiMen, den, and flee federl, Republic of Gcermney, SI

pp., Fob iS?? ifieaucoted cc Contfeectec " plaftep
pp 141 pp IIII -1.n' of the U.S. - S414tet Saladge med tIe"litl101ed411

Loehepoet. NOWge P.. )dAm. Chitlsophet, And Mietehi, Mace'e, M., "WKIII lipeetsiou, lie Paltt Uses of Military Power" sporsoeead Jul Dielee.,
shudilst, Willtam P. 11, "Models Ice 11innllceoig Pie- lacteral%, Wfith Asolereelueos tnothe Aehatmoetilf Advianced Rlecroftaale 'cie Ageincy, April 1175)
matcure LOcUIen md Recruiting Dountst pet oscillattoc,"I 131 pp.. Mev I171. An A0a5 440 AD 0135S"
laimeenitee" 30 Wp, Doen ¶15 (l~efeaeted .5 If,* "Reach rP cppvtod ie, ithe AVot...'ue Sc.nr
PIANO Ceolsocerefon pef cense acpue.Pets Onwidtirlvtit pp lei
isleS; to be peshlieleeld In ilte eucv9filenee Potn Joeidcoel JIM"c M. "SIladsl of TIeOd Pestlaftolo
Avedhite) AD AOIO442 pp 154 an lotpoit *I 11tool." 17 pp., November I111,.

PP 43Misahll. Mkctiac Its. "10it till setieICiaselcol IN. Malclmoid at ILAN Criloeresm Ine Dec 10761
PP 43pension Ini Dweeclm Meelsisies to, Athiteacy

Hawenetifte Stanedy acid Sharmanc.e Altlen ILCdt.. Hamillionhans" 1S pp.. Mocy '111l7 (Publdehed it pp ito~
Ushi, "Mc,t46toesanic Portenisel ofleeqipseose In the Jlournal of tucethesmtloal Pfiem~, Vol. IS. No, 4,. Fe aeldmaln, Paul. "Impedimenets to the lipleetesete
Navy," 33 op.. Jen I1111 Ifteoees ate cthe RAND 736. Ape 1677), AD A029 44 1 lOom of Dosieabte Chanoges in the Reuataiotn Of
ConflentoonPe DefenseB M01mpcuer, PFob ¶576: to be lilthon Pubdite Tiettipottetion," 1 pp.. l0es 1571.
publishled Ili the coclcecnees poeecdlcgP pp left AD A013 3212
AD A011OIIIU katcle. MI'.haai L.. "Soviet Inecigic Potiny Gred

Thied Wallid Natioens." It ppt., JuP 1M7 splattered PP 166 - Revised
Pp 144 In, plesoieicton at thc Midviost Poitiitl lteritde0 Feldmant. Paul. "WhVlil t' DiFflesalltol Chanet Peps'

CUlet. William J, "IThe eNay Of 111 HepuL4e Of Associatioet teteetiteec, Apt 30), Met6 AD AGIN 305 tlali.", 04t isle

Chinae - H~istory, Ploilormt. med Prospects," N ppl..
Aug 1965 'l's be geublilthecd hi "A Guilde to Asiatic pp its opP le

Pres.I AD ASND 400 lte Momasgnlton." 11 pp., Ju slet ISIS ilpietd Commntgtl" 4 pp.. Nov sell, (To 9,. published In
Item P5~M1180"1116 Ameogettic p~ea ilot)Pe.) Vol 5. P4110110c holco. Vat. KNIV, Poil ¶1711

pp il pp. 67.38, 1476) AD A411S 692 AD A033 300
KiAnnce Mi., "Paet V10sis and the "Ime,11

Ap 11111 AD~~'1 A0u3 1M576rWlia . "nmlym n the Pont&, Lntisntcn.Molawl F., '1119ooa lidtiellt of CNA

published ~ ~ ~ ~ ~ ~ ~ ro leA5 Tetetoi o ctlsietl 1 I sretee iru Anythe n M in thet Impeelypi Fork Npie17.t lpctivuted 11satlu LA oleneta Is op.,ao

OolomutioVernon VI., PCltrnaive N oo3 Sneep sting scoiSeepMcig et176 l CC05171 DAI 0

PPm til PPholii ¶70l, to.At119 p 5 s

pp 147 MaCs~tinnei. Jcames M., "The Gotahkov Article%, The tietolding, Noreth P.. "A Time letlet Anealysis 61

96e01ei. .. Christian, "Locil Issues in Pioteotitig Nowi coihileo Stook And t~h tictMlsoet to P.Iiwv." Lobur 'Twuvinel" Noe 176. lvctpee et ILAN
Oltsoee Alruoctatll." 3S Olt.. Auoe I17S 114epoedl 93 spo., Jul 19711 IPuhlbligd Ie ,iet.,,'l Vecy Irt Conoettt~oe In Dee 1g1gi
ujidg talk Oldor N0001446-ASgi-0023 lot t~ite~t flutevo tiulfn, rtill F..'t.11y Dt~ininmetirti ad, by
094K) AS AGIN M6 M. Moouwi, telg an . MODei'MAII: Now Yoile: PP Ili

Piceigee, 077') AD~ AGIN 127 Itllc Jamese Md., "A billeelec Model IV GAP
PP l4Ao I Dgaain" l PNV se fh

Ma~e*#",ll Jiuaeo M , iay'olia Talsli of liehd iSD Joural tof. A Opp ..e Maiscf Valk1S. Ppb.
she Socai Nwcy In Woeare will 6 pat 411op., Dec tielaicel-4117 en Jcsnc fAple Psc.e,4?
two 1PUidw in 5ocu0 OMM aooajpmcet Ih6S7 e 5
study 5Sof $ a cesmem" committec Qetobe
ISISI AD ANN $0

-A-



PPn WIS3 wieais
111.1S1 P . V IW1y SI en m Klal ft C a vil, " O -4g a it 110 6 me od Pum as, M usle. A tlas, " I "001 WA Mae l t t A t

el ~ ~ie LM3SU3pey n. e 1 * pp., N o eebo , i .1 0010, INW IA a 09" of *uemet Stllafw elt al Cueact.4 a l

and o s I AOl of M u ct lflhy s" ft Ianle a s. Cha r t 3, ,G WOIeoed gn Peep s" aea N eW Ind O st soa m e," A agauol 1 4 M0 Iu p I l~ els- lN~ ea rn" s

* a e klo w ea 11 is N a t W of7 0 M a ilic teI L o bu e4 W a ," I n A c n e , M et , a c 11d M Ml Wa t b 4 .W ,1 i n a stcu e d m c I La w Re l a ti o n s R u l e V ol.. s o,

owew~ P.Ne. m ttnDeaeln. e e We 4, Jlt IM)

winJoseact. Nuaselea& COAMwe. Ans New Vtokl, pp 1SO

KISeS, tn' . ANot. act me"l Oilt- 19171, An' 4040 I0N "Naieci, stayA.,"A - aI at is",7 AVc

fesnae Sa MS 0llt6k hellOl.WaMod 
00 Week Tom." Af 1117

"A leales o I aus t t P0 .O N .left , Ipok stio in16 waka , Rube P., "Ani G earls . f MS 0 01 IflapelMtl Wastee Iceldeld WAl LakW W uau RIM M 1

AM~~~~iMOW Cuecloeiit ad x.m.ISpigsM o" wPost Teom IdleS Atiftleat," Sn, So. Vas. lso, No. 4u M3

PP~i 14ipp., JUNe IS?, hanse~sl as lse Mu NWtMO

Meluea, eas' ,, "c. A mnuoe'a Of Mu Wokp ato Macows aP.d PTits wNO ils000

baokIng mol aestiltdbI lenVP#in"Naa" il fiesams. AMctIteal, Met-, 3640 JUM no 1T MWan m~a0*t P., "N- I0of UMbltkWN

pp, Pet 101? AD 0313M AD A4S W~ net lAW0401 "HP, Mu A 1"-lue .9 0 (Iedl I

PPWN 
lted l~teem anb d m LoegpalateS* Pa.

ppld tepphladmf NamS Peow *w. VOL N., mu. 46. Aus 10711

t~l I~MIS I i Je sd L g i~tS, V.' bul Inlos I41he a "I .pe e i ste mal 1 u ls S~ he Wo 11

(puifilealinjetitd f IO 1P, OL in Pulls AOtuyse. Conkidip hme., to APO aMMW.6 Peods, "Ueesaliw lNAmIN Teas
ppolSa Lawe lueecoel oemem o NnIES*

Pelt, ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ V~s Well WCe~ae sOWWO lowtnsd en PI Lk ae RiV. INa 4,Jull 13771

ppIn pop USNA 
Laws, Ndw 

Av.s 
Mae 1371 

11141. MoA1,'iaaUpnlw' i

o nC t A S A 040M . ouPP ,t L c tti tg ft aloea ss .s" 8i PP., - ~ lIs l. lic , W pI ts
AD AM00 06 lewMW pane at if"7 NATO IwIUWS Ndetoet. 111, an as a~n, tO , "Cupelidbof

(hunted atttin Att Joulla of Aitlenetio Pltyalet l~ll). M. 13'" Ju4 C m e,Na 7. Juy Is??,

ass/OWN 23alee e* SeIR tu Alel" e Ise")1, AC A040 107 pp in

OR MIst e ata Te; atii som a Lost e s. Vtitio n M OM
.ow AlloI Tod71 Wam 137VI .iilil Mew .*, R,,hcl "Ma CI I ease he "d

4 pl117,AAG"Icalta, Noede C., "Naocais~to loe OWN""lc~ ase Aniistyae" 4gCIP.A-I?

pp10sr. Up. .IM1 
hosentleat the"I ppuI"

Nlelftmom, ltantied C,, "An StelvelatOf * Nay Unm Netlette Mesain of 4 S te dawllett aooset W lal Kem ,P, WIOotiul

easgiotal Line Oftlau Ausce hl~an o, 13pW. AP.s sadal of*5t AMI li TM ol. At9luuh MesO' amlonie. Iontesties, ITh Ppt'.clat 511u

fllll~lIt h panedatSt ATO 0ai6- met surule sn. 3mprowt-s, callueIM Ueawol AwaceeoaIstiuton" cow goDet 1

Iteoiel ac .T o bma er Pinning as 114 etiN 1 9111, A D A 0l) O610e d u M n lc lttoS C c le a

Ut'sBO, Italy, to Juno l177l. AD ASS 045 man OtIblI. o .01T

Stlot.Puee Ii atSD bu. ta he J. " oumcAb .o t Pe oleit he M tlaael N glaloelb a . WUllo J,. ,# " u W pme ll o wts a A PAN,1 -

p pM lt h e P e a t t t l c e t e y H g U cp t en Ae t n O U G e l P a ffp e a a a lc ," im O Ne .. e M a y o l I f " 1I7 (P .l a C n Al sn p a tea n t I N A le la m A M u f dl

Mesis" ow1,a ndue PuWeI, 100411 Jp. "ge io, w dh eaesa a uIt t 10tlu 1 Ga Pit' S ,'lP17 6 AC * 63

esetd Eu AT Ckutne Macpaer 7ties otc' Ontae otut hidla U e oatat ClMgo-uee.§7 1 ,ADA 4

iptsee" ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~Paet leauAOCOMNaRaOPWs hkHa " t LW1,Msetl &@ 14-11 "-fle Ueiul l&WeS N11y." 44
P Sg ml Optlsloo lasl edge. Strat. Italy, 10 Pail PlaMP...La~,MwuI ta 63. WE

10171, ADCASR1IN 
Pp. On 1971.7 haO IIPubmtahoaea ddml Ince

p p ,g S l c A .V k n S i m we . A ll e , ' .T h e C al e s. N U Nt Nl C . ' I sle e Ds b~ C e e t c i l G " USn8 4 C e e p s te e le ic t " ) .1 7 A C A § 4 0 1 0 0

vitla atIled eeoe am oevennl Pouca cluict~detc Hauld OMNSotlowe JulyI, 10 ,18 p 0

Poefeeneas", if pp Apl '107?, IpeueeItel at atoe pp. Pecacttlel at the Slt Ceiallte walid p 0

NATO OGrAmmmn ol Seaman Pl@ctltt A8ill11 Ceeat eleants Mee pltelt lutoenalatoSnw of Gult. WA llT M J,, 'ies Cubet Pow lAey Is Afelee'

Dissolution Daw, ste. Sem lady, 30 June 1I71 wtloa Sylanfifi, Cruetol lesIstib a t 'roelt 5W l&ce A4D11 SAu M Fet Ag7 s 1

A D n e s s 06 s A C A0 4 1 Mpp20
AC 0* i~ c ap CenldI Sulo l. ctnl * i Jt1 lap 137, ipWA, AD v *048 lts DoSNw i.

""I a~. Sloomtn J. ana StulatI. pete, "An Ineonetry PP my NolIi. tusm40we n wfpwIdsmmdRMo M

Penalce Meda he Natty Rlotomd puormlct." is an M Beattoy, Pub moes ke" g.. ppr, JSead uliole0te Impltodny teal. ?baits. t vaa ep1 me, 13Uli

pp.. May it"., IPrepan lee posacttel" at the (35s I s6*111M 1.4 Joesn uly 131?o '17,1 I

*~~~~ ~M MeJdiatHeled Maulig at lea OpWNa""'t leanelt sPaheae peet~isacltlr &attkio Aacltual. 1su11ga LOAN, eMI.Md, 31 e. e

SW Vole fa Anaclaand Thu Istlitutel foe Manea M aueais IuiaAeddatS al. 17,4

MWd ae~ne.p I Mey 1677, Smn Frddedse, Call' Me.. Mavet, 11711. AC A043 g'p lw -31lssOldalMd*

heelel, AD AM) 3ll ppWFl"35 MIi oie M o"fi
PP~ ,Mra,"h W0 4Pd A14411 SalIne Sof la,"Slectv ClsPhtOlt M

ppj111 baiso. O ane ll Me 'AlVto, lugslec ltl P151 Is 10 NPPo piat foneanct I" aW Milo .totf

Willay. "moil, RatS,"n 'Vice t for the P004" ctl eeSn ~m"Agt 17,56'psaol, last h liueet atyl.)tI" Is". ispp,

ges, u Mv Plea 113 Days at eISA,' 17 PP,., 
VAD A01 6. a ,MyJie 61. e1? 0p.

APeO 1it" 
U~l

* ak



Wile ANteey S., 'TOw 13? Jute Wet: BIte" t1, Mirowl C., "Commnents ow: ftrisncoll. Uf In Moonset. More. "Uifeiform Tieafotit of Plucuatierons
Pied Dilpvessf aeed Tloe Sitth Pleat - A le. ftnastulivo rewleru by Matee Nol t ionoce, IQ at" Critical Polints," B0 Pa.. Mew 1918 lIn. ho sub-
weetedl, " Cit It", U6 pp.. AC A04? 1IN Mar ii, Ilubtiohd as a Lonter to tha 6011116r, mItejd for shibtirasrol it. Joctroel of Statistical

Jousnal of Oeootrrosettion, Vol. 31, No. 4,pp foloryiess
M13.01. flealmbet 1071St

Cai, Resioll Q. "A Pttslowatio examination atPOIt
te Aqu flee hm o fl .4 B tenst Publisatvon ppl 116nvl Moe Nalu atk"& Critticel Puintil

do flee 6dnto ltsetoetolo tr Ittasa, of Sciantifit Proucutivity," Ii pp., Feb 1071, (Pubý 17 17 be sihSl S aspittofr olilasian Inr Joented
Stings, t11t0t80, ,, Bascet"A if",I of 060p * ho416t1 its 1110 Journal Of the1 Aera OOtioe tally leforrtare~atPyto
W*. AD AM? 133 tItotmiestis Belio, lt. It, No. B, pop. W-370, of111tme lvsi

November 1071)19 3

MeSG~ .wi JAn" M., 'Itnntqp Mtn Miestonof r pp11 lit1 Mlnge, Me fre.latuison thtt f etdt
Beilies hay tie smt Vee 200.' 4 lgo., Newo 1t?1, Colts, Rustatt C., "B11itdsneoeea studies of kdStrtltih AoRsissI#nmetlesis s0et. J ioeen iit0tswts

Plosen at we Appneelsh tIMlist Century, epeinuatd Annualt moiatit of the Asneleon ledasry hir In. pp 310
by the Americana Bntetptile tsttltut on to N te fvnertes $#if"st 1141 hldIion Patauruso , Clia. 1foetitte, Mafonet, Mare, "Diffusionehs fle y, of Asssteei
Plottiey SiAret, B Cesson 4107, and ersbecuenpioty aeteot 1014I.) Rates, It OfttoetIti Uhteoeetet Alplsolntmeios, 144
pubtists In a mskssion .5o popes by this fitesi, pPb1
stutti AD £047 M4 pp III -* Cosesifftnit. pPWI

pp to? pp l13 Wilsona, Deorrratd P., .' 'Navsi Pl~ielfcttse Poents.
Gefleit Lesson, teCtleasns tt e"ISMO f Pdu ttarrtioegt, A. LeVas, "Market Anetytis with Th aleaiapsicMP"Ag11
isella Petdr Pattmcs Affecting Reseatch & RNational Ba1peiarttso; ITheory end IltitmottonNThCaefla tpviaMA," Uu 91
Develepment blepwitdtasens in thei Auto, Bteel cold op., Apt PBt Its he suhesttot he psublicetion ho pp 132
Food teslte. oBp.. Oet loll, (Precentite et jouitrnal sof Beuiorstswiet) Jacobson, Louis, "Can Peltiy Chage he Made
Boaltties Bevosoois Assoeiatton Mensoo e fiste s hg tg Aeceptable to Labor?" Also I1lE Ito bn tolbqnittnt
3 Neotntel 111?1 PP inC ton peblictielln as Induitnilstiant Laen as goMetee

Mautte, Donatd B., "Olegenliteticelo by Group Roleotwl
pp uiMameins"'fHto., Apt 71

fisbeit, 11tep104 1., "The edisllav it the Stattus PP 1322
station Plutool: The Unitsd 81t8te1 Asltiti Pleain end pp9III Jacebtost, Louis. "An Aiteinative Bsolctationls it
the sItteghel CWtill, 10231," l pp., New loll. IfRe Weiciset, fRshes C., "Blupeiperwr oe l Ma i bio. the Cycicasi Fastern at Cults," lipow, liep 1373
pointed Item the AmericnPseeNetune.s Vol. mtotly In the Casket `1073 Aceblssotiro Wet," 71
XXXIVII,, No. 3, July 03771, AU) A047 140 op., Jun loll PP 324

Jodrutso, James ant Levy, Moerot A., "oan
P93000 - Clotatlted. pp all Peetrel Bspettitet i sptesBate act Lset Ila'

M1esa01, Mauertce M.,, "Cerstcpeettsis Rulles an pensltre: Thte Case ol Cnstotiaticon G11trant,' 'I
pp 2110 Path lestegsls,' to pp., Jun IBM Iltetteol Pepsi pp., Ott 1313 (Tt o besubmitoet lot pubtinatteon lot

Messino, Daidit 'Pretietieg It. Pline.' do pp., DOn prevented at the CNSS meeting on "Mathsematicai Journast at Poblic lassmorrasi
1377 Iprepared oth ftse Amelia supim inol stivlfloi Pisblssi in Penosesotn' Pests Iniesuit",' Marettefl,
tute sotfloeseone Fitioniste of cI se Pawoss"is We Prams, May 3233,110711 PNP 3231
Apispoosh the li1s Cantuny.or SeIfle 0.1. 10771, Mitasma. Messiles M., "he Beertliaotjulca Beoptearis ctof.
AD A060 rOf PP 3132 stre Aehermonlie-Ouiletor prspigtiato," 41f opP.' Cn

Mantal, Mass,.' *todtotlt Mecheetet of Melngute' 1171 Itconsisnt In the Jessicnal of Metheettelelol
op91 alIon moeclesi Relatione," 11 pp. Jailloll3(To ho Phytsic)l

Miatehil. Mainels M., "Cao Appeieamtitte the Chins sabmnittedlt hrmbtiaetflen in Jeattell of Maine'
iots Coeeage Pantsien."1 Idop.. Peb 1013 merlatiu Phystiael PAp 337

Maciset, NreneW. "A Matrnie Ctiter~aion PissNorml
all1 111014 tntleotI true91,- 10 pp.. Jan 1010
Mansetl Mere. "Ca Oueqfttet Chataetutiltlet tnitiat Ningel. Mate, "A epegtion, 1611eteetlift, aNt
Valuet Psemse With U"#lss Behiletet" ap, *0o0 ltiretlon tInNt eptetos Aetlmall Peopoittlsrrs0." 43 99l lie
Jun 1073 ITO e houbetitted hir pebiceisonlo ltn pp.. Met 1076 IT. be oubmitted far pubolcetion In Usgefl. Iataslain Slestte. "Utasewpiryoaee ton
Journai of Mothesestolett Anlsipsi end Its Appiliee' Amosrtire Natursltistl cueseci and The Eeoloptyesnt Mesa," 10 pp., Ca

tes)'Prroltiosr fit thfis waniWrt nnearefor, ill tire lInstitute 1373
of Ato/seah &o~tfolrsrrir/ and Sralatisitum. Unmwvert/it, of I

pp 1123 firt/iA Cuiuaiiiia, Vaiwouvor, IC.. CaiutedPP 230
Manget, Men, 'Picesulatitet l inuSsems with Multi. Tsust, ft. P. red Wettsnn, J. t.. "The Sheerts et
Pie Iteety Otion, Appp'eebse to Loushsertes septu' pp 12 MilItary Cenpatfisetl treblteg on Otlieln Irtelosge:
tiest" it pp., fab 1,. t1teeinsed as ohs Pinet Magefl.o Mane, 'Seeltitattsts Plunruationo, mit se An seaolvs BIteetletty Apprseeh.l" 30 pps., Nee
Annusl Workshop an ihe tInformation Liekep B#. Hopf Bifslltieette," 43 pp., Juloel03lB i ts" Itoe absevlttad Set poktteetlest I ftiekRoer
tweeti Applied Meditemattee antd industryt, Novet PC Fi1orons~tBe athisi waui os , sConsmpsleted ath Nor of(Wconmds carl Ltatiathta/¶ Urnono/ry ofitiffis/a Crakstrtbl, Veiracutoo, Cash. PP 240

Punso lIenos. 'Outs of she Centel lotN
Weooleladti Resta G,, "A Bowsnocnst Citfesent View pp Ito Anelysa.' 12 pp., On l97ll
of The Optmal Navai Peeeuue."27 pp., Joie loll Relliee, J. N. end J. W. Meme", "tameeretare and
ttttosorteat th a 167 Connention of she Atnerteen Coolantt 0#ostere of Degraatitto n Re Fd. pp 841I
Petilit at iauser Awascltlee (APSAtUB Panel on Smistingo CeP L 3s, 4 pp,, Juts 1376 Menpi, Mere, "Plieteettens at Chameene froeoeltl'
"Cloiegsn Itnespps Reqtlseostsf~ act Mlitasy tin,'" 34. W ODe 1073 Ifubtiheod tn Jeoinidg ot

rPsaiteid"), Chciago, Ill., &Wotmbhe 1, 11971 Chetrsiee i Prat Vol. so, Nto. B. Can is, 1073



I'm~~~~~~ ~ ~ ~ ~ .w of..if kaol;k;ai" ft .o mim

pp 63PP.. Nev If" lfplwkiw free Josutooi Ches.

lminen, Wile.m R., "A 10ebebwhele Pe"Iwwleio

coned"e NamedW Feeble, Is No. an 1679 Feqeis", Chine c., "Tthu wows ko, llus o in
(SSAeS De pase. im Tim Jam of if I. Olwoq lFwwompN," soPp" Nov 1370 (l'es bb ww

WOW"eplb~eNomi ueeld for peheleslen Isinne~e tom hcevWUIW

%ueimgsa ANO m5 Ietewlis, Beset A., "MUlato-".m. OeWN of.4~ amperqlpeseew," to opp, Do#

C111111101aisMlt" A e. ns ht'M PmIlst Vase I
bet (bewai Pofteesis Tbollesg 40 Pp'. Jao

pp 1101
Oheme, JMW. A., "A, "The ftese WithPeene
eQ Aste WAw.I aied oo ebl," n B pp, mose.

~r.pp P

Cball km assls Basinist Asieeeti

ppgt SoliahiMe.

"The BsomP., Yo eeille eliatmIsient
bi f "01*w. e lsy Nei,' 3? pp' Jun

"ppm
Nwsut Welle P., "Peewie Plsiq" wth Prio
KNWAeIdoe Ginto Ceasles Pernm" I pp., Juns

ppms

pp. blesne I ,AmyO1,"P p. O

pp m
tapt NMI &. us nhva, Jest A.. &,., "Anet

BtSuMs.O is ami Thaw," N We.. Nee

ppm
OmDoewCe V-1 lies Ikaom Nh. Wile. A.
MS Ple0., bh.1 A., "A Olw of Oowsahelva
kwbe teANO," 1? wp Nev Is" (To he emili,
SitSm lt Iflhletle los Soiitasa Nuueeehl

* ppmOf
Mena . end & oe.6, Cowl K.. "00441Wn

PNe Od Sweep WAMIdtn VweS hsoON" 14 0m.
1e11te


