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THE ROLE OF EXC HANCEA~ ILI TY IN INFERENCE

D. V. Lindley
University College London

Melvin R. Novick
The University of Iowa

Running Head : Exchangeability in Inference

SUMMARY

This paper Is concerned w i t h  basic problem s of s t a t i s tic a l  in fe rence .

The thesis is in three parts: (1) that infer ence is a procedure where-

by one passes from a population (or sample) to a new individual; (2) tha t

this connection can be established using de Finetti ’s idea of exchange—

ability or Fisher ’s concept of a subpopulation; (3) in making the con-

nec t ion use must be made of the appropriate probability. These three

principles are used in a variety of situations and the topics discussed

include analysis of variance and covariance , contingency tables , and

ca l ib r a t i on .  Some co~mnent s on rand omizat ion are a l so  in cluded .

AIlS su~lject classifications. 62A15 , 62F15

l(ey words and phrases. Exchangeability, exchangeable populations , proba bility ,

propensity, randomization , analysis of variance and covariance , regre’ssion ,

Simpson ’s paradox , contingency tables , random quantities , informat ion . Re-

search supported , In part , by the Offict’ of Naval Research under contract
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t h e  Ro le  of E x c h an g e a b i l i t y  in i nf e r e nc e

I). V. Lindley
University College London

Melv i n R .  Nov ick
The U n i v e r s i t y  of lowl

1. I n t r o d u c t i on

This paper presents what we believe to be a useful wa~ of looking

at problems of statistical inference. The thesis is in three parts.

First , It  is argued  tha t iu f o r t ’ n c t  is a process  whereby One passes

f rom d a t a  on a set of u n i t s  to S t a t em e n t s  about  a further unit. Stan-

dard procedures  c o n c e n t r a t e  on the d a t a  and tend t o  ig n o r e  the  con—

nect ion with the case to which  t h e  i n i tr e n ce  is to be applied . Second ,

we show how t h i s  c o n n e c t i o n  can be established using either de Finetti ’s

idea of e x c h a n g e a b il i t y  or Fisher ’s concep t  of a su b p o p u l a t i on .  Third ,

in m a k i n g  the  connec t ion  i t  is i m p o r t a n t  to  use the  a p p r o p r i a t e  proba—

b i l i t y ,  s ince  the re  are  many i n s t a n ce s  where s t a t i s t i c i a n s  have used

what  we a rgue  is the  wrong v a l u e .

The paper begins with some striking examples. There then follows

a section developing some tec hnica l  ideas which are applied to resolve

t he paradoxes raised by the examples . Top ics  discussed inc lude a n a l y s i s  
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of varianc e and covariance , contingency tables , and calibration. Some

cossnents on randomization are also included . A l t h o u g h  we do not enter

into controversies over statistical methods of Inferenc e, the paper

does , we believe, give support to the personalistic view by demonstrating

Its usefulness.

2. Simpson ’s Paradox

Consider the data in Table 1 where 40 patients were given a treat—

ment , T, and 40 assigned to a control , T. The p a t i e n t s  ei ther recovered ,

R, or did not , K. We are not considering small—sample problems so tha t

the reader can if he wishes imagine all the numbers multiplied by 10,000

say. It is then clear that the recovery rate for patients receiving the

treatment at SOZ exceeds that for the control at ~O% and the treatment

is apparently to be preferred . However, t he  sex of the p a t i e n t s  was a l s o

Insert Table I about here

recorded and Table 2 gives the breakdown of the same 80 patients w i t h

sex, H male or M female , inc luded . It will now he seen that the re-

covery rate for the control patients is 10% higher than tha t for the

trea ted ones, both for the males and the  female s . Thu s , w h at  is good

for the men is good for the women, but had for the population as .‘

L
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whole. We refer to this as Simpson ’s (1951) paradox , though it occurs

- 

~ in  Cohen and Nagel (1 ~3 4 ) .  In appendix I we describe the situa tion

mathematically and show tha t tho paradox can only arise If , R and T

being positively associated , M is positivel y associated both with R

and with T. This is exactly what has happened here: The males have

been mos t ly a ss ign ed to the trea ted group, the females to the control;

perhaps because the doctor distrusted the treatment and so was r e luc—

tant to give it to the females where the recovery rate Is much lower

than for males . Alterna tively expressed , treatment and sex have been

confounded . Nevertheless i t  cones as a surprise to most people to

l ea rn  t ha t  c o n f o u n d i n g  can a c t u a l l y  reverse  an e f f e c t ;  here f rom +107.

to —10% .

Insert Table 2 about here

An impor tant problem posed by the paradox is this: Given a person

of unknown sex would you expec t the control or the treatment to be the

more effec tive? (If having an unknown sex seems odd replace M and M by

a dic hotomy tha t is d i f f i c u l t  to de termine , such as a genet ic  c l a s s i f i ca—

tion.) The answer seems clear that , despite Table 1, the control is bet—

ter . If so, then this warns us to be very careful in using results like

those In Table 1 to draw the opposite conclusions for could there not

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ -~~ -~~~- —~~~~~~~-
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exist a fac tor , here sex , which reversed the conclusion? But is the

answer so c l ea r?  Keeping the numbers the same , imagine data with  T

and T replaced by white and black var iet ies  of a p l ant  respectively,

and K and R corresponding to high and low y ields;  the confounding

f a c t o r  being whether  the plant grew tall , H , or short , N . The whi te

var ie ty  is 10% be t te r  overall,  but  10% worse among both t a l l  and short

p l an t s .  In this case the white  va r i e ty ,  T , seem s the be t te r  one to

p lan t ;  whereas T , the control, was intuitively preferred in the med ical

situation.

The problem addressed in t h i s  paper is tha t  of provid ing  a fo rma l

f ramework w i t h i n  which such problem s can sys tema t i ca l l y  be resolved . In

the next sec t ion we describe some mathematical ideas that are used in

subsequent sections to discuss Simpson ’s paradox and related problems .

L 

3. Exchangeability and Recognizable  Subpopula t lon s

Throughout the paper we shall use probabi l i ty  in the sense of a

number which a person, conveniently called You , would attach to the

truth of an event , A , were he to be informed of the truth of another
C

event, B. It Is termed the probability of A given B and written

p(A~B). Sometimes, reference to the condi t ion ing  event ~~, being uii—

dt ’r stood , is omit ted and we r e f or  to Your p r o b a b i l i ty  of A ,  p(A).
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~~ This is not a frequency concept but its relation to relative fre-

quenc ies will be considered later.

- - Let X and Y be two random variables , each of which may be multi-

dimensional. Recovery and yield are two examples from Section 2. Con—

sider next a number of similar things termed units; in the examples

of Sect io n 2 they a re  p a t i e n t s  and p l a n t s .  For the ~th  
unit , let the

random variables X and V assume va l u e s  X . ,  Y . While these are un—
i i

known to You , they w i l l  be r e f e r r e d  to as rand om q u a n t i t i e s  and You

will have probabilities for them . As soon as You observe them they

become numbers x~ , y~ 
and the randomness (and hence the  p r o b a b i l i t y

no t ion )  disappea rs .

A number n of un i t s  is termed exchange able  In X i~ the joi nt

probability distr ibution p (X1
, K ,, . . ,  K )  is invariant undet per—

mutation of the units. A further unit is exchangeable in X with the

set if all (n + 1) units are so exchangeable .  In the medical example

the n — 40 patients who received the treatment might he judged exchange—

able in recovery, and a further patient might be judged exchangeable

w i t h  the 40 were he to receive the t r e a t m e n t .

A number of un i t s  is termed exchangeable in X , given Y = y ,  if the

joint conditional distribu t ion p (X
1
, X2, . . ., X I Y J 

v, all i) is

invariant under permutation of the units. If this holds for all y, we

refer to exchangeability in X , given Y. A further unit is exchangeable

in X given Y — y with the set if the enlarged set of all (n + 1) units is

- -

~

--* -
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so conditionally exchangeable. In the medical example, the 40 patients -
who were male (y) might be judged exchangeable in recovery (conditional

on their sex). If the same holds for the 40 females then the 80 patients

are exchangeable in recovery given sex. This is not the only possible

definition of conditional exchangeability; another form is discussed In

appendix 2. The form given here is adequate for the applications consi-

dered In the present paper.

Consider the case where X refers to an even t such as recovery, and

• so only takes two values, R and K. Suppose n units In the data and a

further unit are exchangeable in X. Then for inference purposes , we

may be in te res ted  in the possible value of X in u n i t  (n + 1) given the

va lues of X in the n u n i t s .  If n is la rge , the  p r o b a b i l i t y  t hat  th e

event will occur in the new unit is simply the frequency with which

the event has occured in the n units . A rigorous demonstration of

this requires de Finetti ’s theorem on the structure of exchangeable

sequences ; however the result Is intuitively obvious. It is Impor-

tant because it prov ides a link between the view of probability adopted

here and the frequency viewpoint. We shall use the term propensity

(or chance) to describe the frequency and write P(A) for the propensit y

of an event A. The resu l t  ju s t  ment ion ed  may be abbrevia ted  t o  p ( A )  =

P(A), equating the probability and propensity. Notice that the con-

di tion of exchangeability has been omitted from the notation . The

concept extends to condit iona l exchangeab i l i t y  in X given Y when we

~ 

______________  
___________________
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w i l t  have  p t A ~ Y v )  — p ( A : Y  y~~
, t h e  ~~~~~~~~~~~~~~~~~~~~~~~~ ~ t A among t l t ~’~ c

u n i t  ~. hay t i i ~~~ I — v . l i i  t he med I ~a 1 exainl~I t , i t  ~t~~~~ t i t ci

a ~ j i l t  v in re~ cv ci v • g lvt ’ii sex and t r t a  tnt - li t  • i r~ad e t t t eu  t h e  pi o i i a —

b i t t  i v  th a t . t n c t  her trw 1 c w i l l  r e~~’vt r • he r~ - .t tnt i t  • i s ,

Fab le . th e pi ~ ~~~~~ i t  ~ - ~o — ~. ~~~.

t h e  ideas  ci pro bah i li t v aud cx ch~inge ah i i t  v just ~~ i i  i •~tted . t t  t due

to ,Je F Inc t t ( 1 97 - . ) . FIsher U~ .& t •e t i  • h i  i t  t v • it~~h• i t •I t i —

c u t  l v  and In eon  l u n L t t o r i  w i t h  t h e  ~~~~~e~~i ;~ t •~ ‘~~iii.;t t e n .  .~ p au se t o

coii ~ .t d c r  these ideas • t i ~J t h e i r  i : u t e t ~ otnit e i n  • F t  s i i ~~r i l e l s  a t e  ~~~~

c le a t  l v  t X N L s s e d  In  h i s  ia~~t book (19~~b )  . i n  r a r~ ‘. L c l . t r  ~~~i t h i s  st~~t ~~‘u

i ron p . 33;

‘‘Tb i s I undamon Cal req ui renieti t 1° no t o  c o~~ ii :- ;  hi c s ub set  I t ot

th e app 1 Icab iii  i v  t o  m d  ividu~t I eases ci the concept ci c 1 ass i —

cat p r o h a b  l i l t  ~• s!iow~ lear  ly t h e  r o l e  o t sub  o c t  1 ye I ~ne tance .

as we i i  as t h a t  c I o b j e c t  i ye kii~ w 1 c j -~ c in a iv p t c a 1 i chub  f l i t  V

si at  emen t  . it has o ten been recogn i :cd that • tuv  p r e b u t ’  i i i  t v

stat ement , being a rigorous statement invelvitig un~ ert aiuitv ,

has less actuj l content than an as uc r t ion  e c c i  1.1 i i i  I

won id h ave , and at the s.it~~- time has more tac t nut c e i l t  on t t han

a statement ci c ~ip  It ’ t e ignorance . The k new I t d ~~ t ’ req i i i  red  f ci

such a s t a t  enien t r e f e r s  t o  a we 1 1—de l i uwd  •tg grcg i t e • or l’ ep u —

la t ion o f p o ss ibil iti es w i t h i n  wh ich  t h e  l i m i t  l u g  t ’ t~ ; t t t itc v

t a t  Ic must be exact lv  known . The nec t’ sS  .1 I V  i • r t i c t ’ pee  t —-

fled liv our inab il ity to discriminat e a ny  el  th e  d i t  t o r e u t  s ub —

aggr e~ t i c s  hav ing  d i f f e r e n t  l i m i t  1mg frequency ratios , such a;

must •iiwavs e x i s t . ”

— ~~~~~~~~~-~~~~~~~~~~~~~~~- •-~~~~~ - - - -- ~~~~~~ ~~- • -
~~~~~~~•. ~~~~~~~~~~ —~~~~~~~~~ —~~—-- -
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The concept  ol a p op u l a t i o n  of  u n i t s  is close to  sa v i n g  t h a t  th ~~~o

if 
u n i t s  ar t  exchangeab le .  The i d en r i t i c a t  ion ot a su b — ag g r e g a t e , or sub—

p o p u l at i on , is  r e l a t e d  t o  c on d i t i o na l  e x c h a n g e a b i l i ty  ( o t  X , g iven  I v )

the d iscrimination Fishe r refers to being eftected by i~. Fven the apparently

dissimilar notions of probabilit y , of F i she r  and de Fine tt i , ai not unre-

lated: the l i m i t i n g — f r e q u e n c y  (or p ropens i ty )  being r e l e v a nt  as a proha-

bili ty statement by You whenever exchangeability is present . Moreover , th e

r e l e v a n t  t r equency  is d e t e r m i n e d  by r ecogniz ing  t h e  ap p r o p r i a t e  sub—popu-

L it t o n , or t ype  of c o n d i t i o n a l  exchangeab i l i ty .  On the o ther  hand , t h er e

are two important differences between the concepts. First , exchangeabilit y

ot units refers explicitl y to a random quant I iv , whet t a s  a p op u l a  ~t in does

n o t .  Thus the u n i t s  m i g h t  be exchangeable in X , but  not  in I , or oven in

X , I)  . Second , no git idance see:ns t o  h o g 1 \‘t f l  on how to  recLigni e she thor

an i n d i v i d u a l unit belongs t o  a population , whereas exchangeabilit y , ho lug

a s t at e ment  ab o u t  u n i t s , does :  one u n i t  cannot  d i s t u r b  •t l i m i t i n g  I r t s ; u o ncv ,

whereas  i t  can •i f l e e t  exchan geab  i i i  t v .  We a t  t a ch  c on s i d e r a b le  i n i p o r t i u c t

to th is last p o i n t  b ec au s e  ~ f our v i e w  ci inference as a passage  f r o m  d a t a

t o  •t unit and not , except as an intt’nitediary , t o  a p a r a m e t e r .

Perhaps the most i m p o r t a n t  d i f f e r e n c e  be tween th e  t~~~ not ions i s  t h a t

de Finetti gives us a precise definiti on that we can  operate with; whereas

Ftsht’r conveys on iv  •i b r i l l i a n t  s u g g e s t  ion tha t s u f f e r s  f rom vagueness in

i rdividua l ipp l icat ions. The way we prefer to regard the situation is

t h a t  ex e h in g e i b i  l i t v  m akes  p rec i se  the  concepts  of p op u l a t  ions and sub—

l s i t ’ t l  l i t  ions; and we w i l l  o f t e n  f ind I t convenient t o  usc Ft sher ian I anguagt’ 

—- ~~~~~~~~~~~~~~~~~~~~~ ~
- - 

~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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A major t a - k  in  intOictice , is d i s L u s s i d h~~1~s_ , is  t h u  identifi ca ti on o t

the apprupri at~ - pe n1 i t  t o r i  t - ’ wL~~ch iii I n  l i v i d u a l  b e L ’i t g s  . Thus in t h e

m e d i c a l  example  St CJ f l  re~~eg u ; z e  s ;b ; ’ ~ s l i t  ~oii ci t r e a t e d  p at  i c u r s ,

i i a m e l y  t h a t  J e t  m i d  by sex ; ..het ot s • ant I 1 ; ;  0 t h e  i t  g5 t ! lt  ho lOS’ . ~~~ it

t c i i  1 po~~u Ia t o r i  i s ’  - - a n t  i n  t h e  ;g r i c u l t  u t  a I ~~~~t i t j -  t o .  s t r i p  I i t v

p r ; -  l 1 ;‘tiers s~~- , t n  t o  p l o t  or  t h e  1 a t i g n i . ~e Ot  ~‘~ ‘; ‘u  1 ;~ i s i s ;  t h e o r e t  ~c t ots

t h u  t 0 e~~ t h in~~ t . i h  i l i t

S t e  I u s e d  t he c - nc~ ’ t 0 S i ’;’o; I i t  I ti  i ii j ut  ~ : t ’n ~ t i i i  r , ‘U ;~h -

c o r L , p t  ot an .n~ t I  i a r v  s t a t  i s t  . t h i s  ma Y ho a rusus,’ ot  t h e  ~~ f l t t p t

it  cc r t  .i i tt l v t e r n  1 tue  h a y  or ; ; in  v o w —  - -bu t  t h t i C J c t~ : to  t i f  o c t  t h e  V . ;  i j ~ i t  v

and u sef tiltut ’ss ci  the  b a s i c  n o t  i o n .  U;’ a l s o  used i ’ r o h a h i l  i t ,  t o  V s a : 1  “ a

f r i c t  ion  of a s i t ’ 
~itu ;I den ied , de sp i t e  t he ib ove ~; u ; ’ t a i . ( ‘ n , s :i t ’

ot  it  is a 1 1 ; i l i t  ins f r t ~j u in’v . i h i -  p o i n t  is  ~i~~~c - i s s ~- 1 by S ; ~~i~~t i, 1~~~t ’ , s e ct

4 . 3 ) .  A g a i n , t h i s  do~ s n ’ t  i n v a l i d a t e  ou r  a!’gu~i o i t t s  t h a t  t o l l o w .

We new app l y  t ht’se i d ea s .  In  S e c t i o n  sc d t ’a 1 w i i i  I S o  r a n d om

var  i~uhl es o n l y , s t a r t  i n  -~~ w i t  hi t h e  spec Lii c i  so t i v  en t s and l at er

g e ne r a l i z i n g ,  in  Sec t ions  ~ and n we d i sc u s s  t h r e e  r a t i d ~ ’rm v a r i a b l e s ,

whe re  new phenomena  outer , and Simpso n ’s i’ .t r a d o x

Two Ru ud orn Var  tab 1 t’s

The d i s o u ’ ; s i o n  in t h j ~~ sect  ion ot~ ’s much t o  M e e h i l  and Rosen ~1Q S~~

and is inc 1 ud ed as oi i  i n i t  r ~‘Juc t ion to t h e  Ideas t h a t  a~~’ t h e n  used In

Sec t ions c and 6 f o r  the three—var itbic si t u at  ion, it is couven tent

L 
_ _ _ _ _ _ _ _ _ _ _  
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to work in terms of examples and we begin wi th  one involving two events.

Pa t ie nts  were classif ied according t o  whether or not they had a disease ,

D, and whether their  reaction to a test was positive or negative. Pos-

sible results on n 100 patients are given in Table 3. To a statisti-

cian, this Is a 2 by 2 contingency table and he could employ many of the

Insert Table 3 about here

tech n iques devised for such tables . In particular , he mi ght rega r d D

and D as two hypotheses and + and — as data appropriate for distinguish-

ing between the two . We argue that typically the inference problem is

not confined to the n 100 units (patients) in the data base but ex-

tend s to include o ther uni ts: For example , those who have responded

positively to the test but are not known to have the disease. Connec-

tion between the new patient and the data base can , we arg ue , con-

veniently be described in terms of exchangeability or populations and we

explore various possibilities .

One possibility is to regard the new patient as exchangeable in

both variables , disease and test , with those in the table. Alterna-

t ively expressed , the 101 patients are a random sample from a popu-

lation in both events. If so , we can relate probabilities for the

new patient to propensities in the data base and , for example, de-

clare p(D~+) = P(D I +) = 0.4 so tha t a patient responding positively

has a probability of 0.4 of having the  d i s e a s e .  

- -= -., - 

~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Aiui ’thiei ~tc~~~Iht III v is t o  ~ud gi’ t h e  new h a t  l en t  ~x c h i a n g e a l ~lc  in

I e s t  t i ’sui t ~ L v t ’n ht’ i i i  sea ’; , ’ c l a s s  I t  ~~:l t  h , ’ r u .  I’Io m t n t  h t  be a p p r ~ ’--

i ’ m  l a t e  I I  , i t  t’x ainp l 0 • I lie I ‘ ;~ l ’ ; i t  t e n t  ‘i i i i  I l i i ’ i o t a  l ; l .,~ w i n ’  I t  OW

~‘r ~r c i t  v , t h m i ’ tuow I ’ l l I o u t  I ~‘;r i i u i ’t  h O t  e i t  V , ~~ii t i  i t  w u ’~ l ’ h i . t h U

t he di ‘a - , i ’ i ’ pu op en s  I t  v i’ I ~ l i t  d i I I or  
~‘, - w,’,’ii e i t  t o .  • hut I ( lii ’ t i ’s t hi’ -

h.u~’i’d tin f l i t  l v  I i i  I i  wi ’ ‘ I , i ~~,’s . I i i  t lii ‘~ i i  i i  I , ‘ i i i ’ , - .u ; j i t t e r  t ’v

ex t  h i t t i g al ’ i i t t  v I ’ ; p ~~~ l~ ‘~ -• ,) .8 , i i s t  p ( - t  I) 1 , • i t t , ’  ‘ c i i  i ’ - .~’ond u

p t -c  p , t i n  I t  m e  ~. A l t  , ‘ r i l  1 1 %’  i’ i v  o \ ‘ i  e ~; tl . 1 we ~~~ ‘l” ’  p u l  a t  i l1’~ i i ;  lu t cc

in :i’tI • c ,’t i i ’:.~ ’ ’;si t u g  t o  ‘ ;~ itl P. A ties’ 
~
s’ ni t it(’s’ at :—t ’ ’’ lii t I m e  i i i - -

iii - i i c , ’ t

~

t a i ’ i  t I o m i t  w I  1; k m a ’w n  C os C t ,‘sr, I t l’u t m , tibmut ’s’ri dl set to ’ c i a  ‘o~ I -

C i c at  i ‘fl ‘wi t’ i’qn l i e  r ~l’ • lii i ,- an ; ’t 1’~’ ~‘l’ t  i i  ne ’l I t n t  t t ie  ,ia I a

,tI one, W I I i i  l~.i ’’ i ’ s i i i i ,

I’ (I) “ t ’ (  ‘~ P ~‘ 
(T1~ - 

~ ~~~ ~M

b u t  p ( t f l  i s  :;t I l l  i o p t  h i  i ’d .  I~ i t ht t ’i i t  t h e  j u i , l g m e i i t  o f  ‘x~i t , t t t ~~i’at’ t I tt v i i i

P t h I s  can n ot  it, ’ ~‘h ’t  a ;  t ie d  I i t o  I i i i ’ ~l , t  t a • S l a t  1st I~ m .nu: ; hi:i ~~,’ bvp: ;s: . i d

t l i i problem liv o t i n t  l i i i  r ig t l i t ’ i n  i t  I c i i  I i ‘ ‘ i i  o I i i i ’ vu  I I;, ’ :; ~‘h t . t  im il ’ Ii ’ I t ~‘ni

( l i i ’  d i  t , i  , Fl i t ’s, ’ . u , , ’  i t  t~ ui ’ , a i ’  l i i i ’ i , ;  ~‘i i t ~, pi~~h uth t  I I i t  i i - ’; , h i t ’ ‘ i t  m

l i i : ;  li,u ’n i t ’:;  i’d : 1; I ;  I t , ’ ~, ‘ l ie  d I sea so flue l o s t  r ,‘ : i ;  It I g i von t l i i ’

‘ I Is i ’a~u~’ I s  in  , I , , i i t i ~ . l e t  t in  i’xp l ’ i ~~’ thii I n i t  Iut ’i

l i i i ’ ~ t ’5 I I I V i ’ i i ’ ‘1 t i l t  a iid h i t ’ j  I S i t  t i e  a t  e 
~~~~~~ 

i t  I v e t  : 1 :; ;’ , 1 a I i ’d

hi ; i I + I ; i v , ’t ’t  I); — • l~ , l i i i ’ st  i t  i s t  t~~’ t a i i  ‘ :; c i t  c i  t a t  i i ;  ;i i ~~ I h o t  l~ ’t , ’

it  f P) i) . .‘ .t tu d p ~ — 0. I ;iiitl lie l ’ s  I .1 j ’ f ’ , ’, I n : ;  i h m i t t i ’ ; i ’ ~~ ’t  i i i  i -  - ;

~l I a~~ii~’s I i t  I i i i  t h . d I ‘;i ’, i : t i ’ . t~’i I t . ’ p C i i )  — p • t h e n  by ha v i - :; t t i l t ’ l i i  , ‘d ,h

_______ 
-
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t t i t  in

4 )  b
p (TS’ f )  1 1 — p

, for .i nc ’gnt I V L ’ t . ’ s t  i o s i t  It ,

.‘ p
P(  —) 1 — P

llowt’vi’ r I ~r P ‘ 1~ 11 — 0. 7 , t ’o t I i  I best ’ C X I I e .~; b u s  a t - c  1 i ; s  I h a n  u i t i t t v  to

hat it p sa L ist los C h i t tu I uw qu a  l i t  v t lit’ t os t t ’esu It , on I t s  own • I u —

l ess. I” ipua  I l v  I 01 ~ 1/9 , ;8 hot  ii a t e  g i i ’ , i t  01 th ia i i  one a n t  ;i~~a t u i  t h t i ’

I ,‘st I s of nit vi tue . Wit Ii I lie I ud ginoim I i ’t ’ Itt Ii ox~’ hangt’;utu I h l t  v and is’

s u ib p op u l a t  Ion t d e n t  t f h - a t t o u i  p — 0..’, 1 114’ p t ’Opt ’l iS i  v t o t  the d l se , i s t ’ ,

1’ (11 • and ( l ie  Ci ’s  t Is u Sc I o~ n ut’ stat I s  t i c  I a n ’ s at ’  guunwn t  I s  I lii i e t ’r - i’

I uut ’ t t in h ’ I O t t ’  be ca m i s t ’  i t  i g t u o t ’ t ’ :; I h , d i  , . , i : o  j ’ t , ’lt ;tb 11 i t  v and i m s i ’;; t lit ’

wrong pi oh ;i t il l It I i ’n  ( i i i  t ’ X ant f )  1 e , p * i i)  I t i n t  i atI i f  p (I )

A in ’ t lu’i’ pot ;  n i  l i i ’ ox’ b~ t t i g i ’. u f ’  11 it v l i i i g n n ’ u I  in  t h a t  ‘ f t’xt’h .tngt ’ahi I I i t  v

I i i  I t  :a~;i s. t~ I v on  t i s  I ‘ u i i  I t  , I’hi i t  :u i ’i ’nu :. ‘ i i i  t n t  I i  kt ’ I v iSi. h’ii t Pus’ Id  I, I ~ -
‘

has e, I’. en a c •iret ’ u 1 d I u-i c m i s s  I on of  Iu, ’w I i i i  s nt I ghi t luap l i on  . hI - ‘ii i t  ~i ‘c: .,

(h o  t opt I r i d  t ’ (Ii 4- ) e a u u  be equia  ted d Ire,’ I lv  t o  I ’ C f l  4 ~ I) . and h i , v t - ,; i i ,  I t

i i i ’S t lO I li ;t ~’ c l i t  lit’ I uivok ’uI

t ’l ii ’t i’ i i  e ‘U Ii~~t’ ~‘~~u ; ;  l i ii  I I t  I es I’ ot’ e X a l u i p i  e , \ ,~~it  may  j ud ge t i ’ - i i i,

j i t i t  I t n t  t ’xc h ;ut ug. ’ ;uh .‘ I i i  t i n t  I e n u  I t  g i v on  I~ , b i t t  n ot  g i v e n  i i,  \ 4~~~~S ‘ - i h ’  li -

u i -a u - i t t  for t h i s  I t ;  t hat  \‘oui may ‘‘.‘l t hat It . ’ d i  ., i’o ’ i t ;  hi ’ i- i t - i ’ i n  t o

two o It I os hsui t that pa t  i en t  it w i t  t i ou t  ( lii ’ i i i  sea S i ’ l i v  t ’ ii it I i i  011 1 i i i  ‘0 1 ’ , ’

;‘~~t I in ns i i i  ( i i . ’  t w i t  ‘ h i ’ •’’; ; ‘;av au a It t’t’tuat lye It t I) Ii .’ i i i ~~ I)
~ 

, w h i c h  i s

, ‘ , imrn , it i  iii onus ’  ~
‘ I I  v b u t t  n . i t i ’ l i t  t lie o t h e r .  In  t h u s , a n , ’  ot t l v  I’ 4 l i i  ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 
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can he tounti I ntuin the propensit it’s in the data base, so tha t bo th p f ~+~~I ) )

auth p CI~) ate requited from ci se wl i ct e  t o E  e I -
~~ p (1) + ) c a u t  be asseised liv

hi;tvt’s t u t e; ,i I t  enuu ,, t [vol y it  m ar  be assosse’tl d i i  O t t  l v .

Wo I ca i ci t li roe tlui ng Ii’ om It 1 s ’. t tidy . F’ I t  ii t , tha t t he I C  l i lt ’  V~~ r I- -

~ li i c’ms o I t’i ’nf l t ’c [on h.’t wt’eti t lit’ ii.i t a and a new unIt for wli I i ’ h i an  i i i

1 or one C’ 1$ to h e  m id o . S e t ’ t ’t t d , 1st C t l i i ’  ~ eiuntu cc t ions ma s’ be made u si t u g

cxc ha uigi’ .iluI l i t  v . [l i  L t d  • t h a t  i i i ’  ii’.’ h s I o hi ’ t’xerc I sod Iii uus 1mg ( t ie

.iplu rt ’pm l i t  e 
~~ ~‘l’ .it’ I i  I t  V -

I n  thosu ’  , i ’ ,i ’5 s h u t , ’ vxchangt .aht 11 ts ’ diii’s no t  p r o v i d e  adequlu t ‘ ~‘ iiii~

nu~ ’ t i ti t i  f o r  i hi’ I i t i t i  I t o t  pt’ ob ;ib I I it v I 0 hi’ e’q u ; i t  ed I o a pl’ opt ’ns I t  v I t

w I t 1 h’.~ f l O t’ ,’ S sat  V to a i - i s O  ‘S pr ,‘li , u I ’ I I I t  I i ’ ’; I t : ;  I ug ,tild It t o t ni  I I t u f o r m a  I t t f l

h i e v o t i t i  t hat  In  t hit ’  d i  t i  lt .ise . l- , ’t examji Ii ’ , wi~ i ; , i u ’  :tI’ov& ’ t ) u , u t  II .‘x’hatig ’

~ih (li t v in t est  iosu U given di s ’ast’ ‘ 1 •i~is  I s  a l t  t h.i I I c .‘ussumu ’d •

t’u It’ m equ I red p (II) t i ’  Ii i’ ,i ~~,‘su~ tI . Wi’ mit 5’ h a ve  tl;t La on C Iii ’ i i i  Sea se p V O —

pt’m is I t v  in  t lie c It V I Ei~flt whit ’ Ii C lit ’ u ht ’\.’ pat  i t ’ i i t  t ’ i’I flCS : , I I  no , C ha C may

p r o v i d e  j i ( i i)  . Al tcrn.i t ivel v , we tn ;u\’ mu ’r i ’ Iv I eel tha t the di Mcist’ is

more t’ommoti In  h i , ;  c i C y  so t h at  p (1) ) ~ p (P1  ~ 0,  .‘ un it  sonut’ j iud gtnt ’nt w I l l

IiJl~’’’ Ii) be tisi ’d I n  J et  an i t  of dat  .i.

Ft”w add it lou t I pit I mit S Ii I ‘ti’ when we ~‘,i s i t  I t  oni t so t ’y i’i i  S t it ( 5 ,

gt’nu ’ra I random var [a l i t ’:; , X • u n u i t  V .  i \g; t  In  t hot - i’ art ’ s a n  i ’u i s  I ,unn s ot

ex~’huang eah1 1 It s ’ •%s sutnp t  [ou t :  i i i  h i o t t i  X and \‘ , in  X given V , t~~t l i ~ X

g I veii \‘ ~ v I or somi’ v . Anti t lit ’ t ’ t eruni  I l i i i  I ogs’ I t ,  Soflit’ t In i’s used In  f l i t s

t ’O t i t  i’X t hi,’s tdi’~ t ti l t t i ’t cxc ha rigi ’a l ’  i l l  t v ~i 8t i l i~i t ip tu l ;t t I ott • name ls’ to

disc i [be a random v•i r t a l l  i ’ t i m  ot t htei’ random ,‘r I 1~~od . ‘thus ( i i  l’ i’gt ens t ou t

— - ~~~~~~—--— -~~~~~~~~~~~~ - ________________________________
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y on X , Kt ’nd,-~ II and St u a r t  ( 19b9) d I s t -u ss  the cases of X random , •iti d

t lit’ m~ i’ t’ CO N~~it ) t1 O t iS  0 of  X f I xe ’d . These i’orri.spi’nd to the )o in  
~ t’xt h;in ge -

i ll  1 i ts ’  of X . 111 th  V • . i c i . l  to  t h a t  i i i  V g i ven  X , respec t i v e l v ,  An t n t  et  ~‘st —

it i g  case i s  t h a t  of cal  t hr a t ion , wher e X i s  a pt’ec ise measurement —— pet -

hips t h e  t rue  v a l u e  -- and V a simple  but  less precise one. The u su a l

— - j u dgment is tha t, of ext ’hange ’ab i i i  t y in V g ivt’ui X bu t t in’ requ tied pt ’ n b . t—

b U i t y  is p (X ~ Y — y )  —— f rom the  i m p r e c i s e  tnt ’asur em eiut  i t  Is  r e q u i r e d  t o

e’v -- u l u . i t e  t h e  t r u e  viiiut ’ and hence c a l i b r a t e  the  measurement . B~ s’es

rule has then  to he inv oked and it  Is nt’cess~1ry to obta In p ( X)  f rom

sources o ther  than C lue data . In Kendall and S t u a r t ’ s t e r m i n o lo gy ,

X is fixed yet has t o  h i ’ eat [ma t ed . Similar problem s arise in d l s —

i’t [ml n it  ion and c lassi I icat ion prtib I outs where X d ’~-i~’ r i lii’s t t w  c I ass ot ,

and \ the mr’asul’t’rnents on, the units ,

Cal [brat ton • d Lsc r iminat ton , and e lass I ( t o  at  ion  i i  1 ar c  t I c  lit :; in

w h i c h  t h i ’ wrong j ’r o h a h m  I i t ~ - 1st - iu t ’ ten I ’i ’eii ust- ’d, p a r t i c u l a r  15’ l’\ n t , t i  i n --

t I C  f a n s ,  I t  i s  perh aps  wor th  p o I n t i n g  ou t  t isi t Li i i ’ i’O t i  is - I a p p r o a ch

b us fo r  I , t n ; g  bet ’n a t  ,i nd.i rd i ir a c  t I ci in  some f t c  I ~h s . Thus In  .‘d u , - ,i 1 1 u t l 1 ~ I 1

I ct - it tug wit hi X the t r u e  score and V t h e  ohn i ’rv t ’d scor e , “5’ hangou t t i l t  v

is inv oit ed f o m V g i ven  X ,  t In ’ I’~ ope tus  i t s ’  be I u ig d ~‘se m I b t ’~I lv  L o s t  o n n t - n

The i i i : ;  t r I hut ion  of t ru e  s~~,t m e , X , i n  the pohtu t a t  ion I s  t h et i  mu ‘;i~I to

dot lye  the  required dIstrIb uti on ot  X . g iven  ‘I’ . The u j ’p r o p i i u t  e i i

g r e a n i n l or m u l u  is due  t i t K el 1ev t 19. ’ I i  S tin t lit’ ear i v  exumpit’s . ‘i c i i i

In  t ic t u ar  i i i  sc I onc e f r i  ci ’nncc t lout w i t h  c l~i im frequt’cic tea; set ’ I i t t  t ’s tmmpl o



lb

Wiu t tney (1918) or Lenm g l c s — C o o k  (1%.’) who pu ~ ’~’ ides a sut’vev. Similar . ip  -

p1 oat ’ itm ~,; are u st’d i n  e’ 1 e~ tr to a 1 i ’ng t f leer  i uig , I’a t I t’u I t i r  i v  l i i  si gna l

at - u [ml uua C (t in , ~i s nu m e r o u s  pa it ot ’  a i i i  t l i t ’  pl ot t’~ d t o p s  i i i  1 l-’EF test ii s’

‘ , ‘l’hree’ Kautd ot n  ~:vt ’n t s

We ’ I I rat app l v  t h e  I t ’SsonS I i ’.i t ned in  5’, i ou ts I and ‘i —— f lam e l v  t i t o

~- o i i iS ’i  t ton  of t l t i ’  J u t  , m w i t h  a un’w m i n I  C , ( lit ’ I tuuh e~m t ’t t t  of i’xchiam igeabl I mIs’ ,

a nit i a  t o n  t u t  Lit ti ~ t t 1st’ •~1’ P r 0~~~t La  Li ’ pi i’hat ’ I C  i t  v — — t o  in’ C we t’xan-i p 1 es

med l i i i  I and •ug r  Ic  m i l L  u m . u  I , of Set’ I lout . . m ’ ’ n m s I t l e ’t’ in  t h e  I ira t c ,at. i’ a

tue’~ ’ j ’ .i I I ou t , t ; i , t i  i ’ , , mh t t i i t  ~‘h itnt .i doo I s  l o n u  h t , i : ;  C i  h i t ’ nn adi ’  ,i : ;  t o  ~‘iit ’ h o t

o t~ive h i m  Li i i ’  C I’eu tnn t’uu t ‘i not . A itOS:i lb  le lu d gnu ’t i t  m i g h i t  hi’ ot

t ’x~ t i ; i t i g t ’.u 1’ t I l t s ’  In ri’cov~’m y • g lv t ’I i  a t ’s ,t nd r m’,i C unit’s I , i i i  w i t  jo lt ca n ’

p(R I’M ) - 0 .6  and p ( R J ’ i M )  - 1) .? m ur o .iv ,u i l a h l i ’ lv i ’qua t  tu g  l iii ’ pt’ ol’;i ’-

h i l i t t  e’s ,ind pr op t ’ns i t  I i ’s • , t n i t l  ~‘onscqn u on t  I v t h e ’ t t ’  cii t u ini’ nt s li u ’u itt  be

wit bitt’ Itl . Al Let’ its t lv c iv  fou r  a m m h p o p u  I at I t i tus a r t ’ t d ott  I It I .-i lt I ’  as TM,

‘I’M, TM, and I’M • ‘l’hc same ’ Cet l iC  1 its I on won lit hit Id  I ei- a ft ’ma 1 e . We

mont  toned in Sec L (on 1 the possible Ca st ’ ~it someone of um ukuo w ut  n t ’x

(or perhaps unknown get let Ic  m akt ’iup )  . We would then need p (R ‘1’) whicli

w i t h  exchangeahil i C y  it t  the  typ e ’  lust assumed , Is not av~i I l ib i t ’ f r e t un

observed prop ens it Ii’s in t hi’ da t  a • llovev or , lv e x t e n dIn g  t h e  t’onver s~u --

L ion to inc lude  sex,

p (R T) — p i R ~ T M ) p ( M j i’ ) f p ( R l T ~t ) p ( ~fl’r )

— o .bp(MI’ r ) -F 0. .~p ( ? t j T )  ,

____  _____  ___  - - -  
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and only p(M~T) Is required to compl ete the analysis , Without an assump—

t tout of excitangeab LI it y in sex g i v en  C i e ’ .t t m e n t  L b  is cannot  be d~ t’ ivi’d

front the pr’ pe’nsit lo~ o t t t ic data. ( T h i n  w~ s r (MIT) ii. 75.) In stead

You might jud gi’ that the dec [s t o ut  to U S C  the  t r e a t m e n t  or the c o n t r o l  Is

not affected by the e m u ik oowum sex,  so thu  C M and ‘1’ art’ ind t ’p on de ’uC . 1 ui

default 01 other ktiowledge You miiight j udge  the new pat len t  to he ox—

changeable in sex with the rest ot’ the populati on , where the pt’Ope’ui ity

to be male is about 1/2. Henc e p (M~T) 0.5 and p ( R 1T )  i) ,4. A simi-

lar calculation for the control gives p ( R ( T )  — 0,5 and t h e  i’itmit rol Is

preferred for a person of unknown sex. (Once M and V have been jud ged - -

independent , the  male propet isity is irrelevant to the 10% drop itt re’—

covery  r a t e ’  i f  t h e  treatment is app i  it ’d. )

Thm e~ above judgment of e ’xchi ingeab i i  i t v —— in R , glve tu tm’vatmeuut and

sos ~-— or the.’ iiit’nt if icat ion of t h e  , i pp r o p r  i - itt ’ I our snnbpo~sn1at lout s, is

an e xp r es s i o n  c i t  V o m it  he.’ l i t ’t t h a t  r e~m tnt t ’mt t  , en d Si ’S i ’ , l t I S O  the m e c e ’vi ’m ’ v

rate’ to have , m i - er  t ,u in  vu luc , I n  t h i s  V m e w , u ’ . t L t S O  in  S m idg u n i en t  liv \‘ou ,

hat  it this happens then Cha t w i l l  r ;uutduu mlv tel low . i t t  t i it ’ ,ti~rtciu1 t u ,nusi l

example the c lumsa t tout pat t ern  i . ; l i k e ly  t o  be d i l l  tr ou t . t, i~t’mt ’t n ih ’e ’i • I t i ’ , i t

ment s  ar e  r ep laced  by var let it’s; sex by height ; amid r t ’covt ’rv liv v i e  I d .

Titer e the y i e l d  autd lie Igh i t  a t ’ e a n- i’ sul t of  t h e  va r  l e t  y p1 t i n t  ed • Si’ I 1st

C h” c x c  h ;ingeabi  lit y is in v i e  ld mo d hei ght , g I v e n  v ;i r j e t  
~ H ence , t lit’

pr opt ’um s ii. it’s ~ f Table  2 now pr ov 1 , 1  e p (KM ‘I’ ) , e L t ’ . , the  j~
t tnt di atm Ibti Lotus

cu t v ii’ Id •mnd height , g [von vs r to t s ’  . In  jni r Ci O t t  1,t r , Yøu h ave C hi ’ m ar g i n s

p(R 1) and p ( K )  1) d i re c t  I ro ta Table 1: Chi t ’ Er values are te ap ot’ t ivelv 0.

and 0.4 tu nd the white ’ v . t r i i ’ t v , T , is p r e f e r r e d . lIen ’ o n l y  two suhp opu la—

Lions a r t ’  identif ied .

~
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In the last paragraph the concept t i f  a “cause ” has been introduced .

One po ssibility would be to use the language of causation , rather titan

that of exchangeability or identification of populations. We have not

chosen to do this; nor to discu ss causation , becau se the concept , although

wideLy used , does not seem to be well—defined , (Then’ the  empha sis is on

de f in i tio n : there is , of cou rse , , mut  extensiv e p h i l o s o p h i ca l  lit erature that

does utot produce a mathemat ical definition . The admirable monograph lv

Suppes (1970) is the best reference: a more recent discussion is by Toda

(1977).) One de f in i t i o n , t hat is used in exp er ium ’ntal  design , is s t a t e d

by Rubin (1974 , 1978):

“The causal ef fect of one treatment relative to another for a

particular experimental unit is the difference between the result

if the unit had been exposed to the first treatment amid the re-

sul t  if , instead , the unit had been exposed to the second treat-

ment ,”

This Is fine as tar as it goes but , as Rubin points out , it cannot be

tested directly since a unit typically cannot be exposed to two treatmem its .

A way to test  it is to use “similar” units , sonic having one treatment ,

some another; but then a judgment of similar ity is involved. Such a judg-

ment in convenient ly expressed in terms of exchatug eab i l ity ,  as Rubin does.

There is a l ink between our ideas and causation but we have chosen not to

exp lo re then in th is  paper , par tls’ because it would make the paper overlong ,

but more I m p o r t a n t l y  because of formidable d i f f i cu l t i e s  of d e f i n i t i o n . We

-- ~~~—~~-~~~~-‘- ~~~~~~ 
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hope that our suggestions i n v o l v i u m g  ex c ’ l t a n g e . m h i l i t v  and p o p u l a t i on s  w i l l  be

of some help in formalii ing and minderstanding causation .

Another way of looking i t  Simpson ’s paradox is through correlation

i th’as . Thus, it m i g h t  he smi d th.’mt the correlation b e tw e e n  treatment and

recovery is “spurious” in the med hea l c:tse; but t h at  between their agrli’nul—

tu ral pa r al l els , varii ’tv and yield is “real”. This view is u a c t u l l v  cx—

p b red by SImon (1954) who dist i ngut shea be tween  h it ’ two vpt’ s of con no 1 a—

t ion us ing  Linear mode is r e 1.t t ing the  th ree  v a r  j ab  les  untude ls wit ich wou l d

have differen t structure~
; in  the medi cal and agricultur al O S S e ’S .  ‘l’ht ’st ’

w i l l  be considered below whemi discussing v~un1ahl es ruttier than ev e n t s .

Exchangeability lisa t 1w a dv a m ut  age nyc’ r corre 1 a C l o u t  ideas  in app l v i  t ig to

non—linear situations .

l’he contrast between t hi’ mcd i 0:1 1 and ag n i  ccii Cu z’a 1 t ’x amp los shows that

there can be no unique met hod of .‘mna I v z l n g  the tha t  a of T.ih le 2. ‘l’he.’ jut en—

enccs In the two OSSi’S ,tm ’ C t ’ t ’Iflp 1~ - Ce ’ I v  i i i  f fen~’itt I Is bett er i t t  t lie sued i o u  1

T in the agricultura l , ca se ,  e,Iur argument is tha t the reason f u r  th e  t l i t —

f e ’r e r ne.’e , and hence the’ choice ot rh~ appr op r iti t ~- .ina I v s us , c’,t t i  e t a  i i  v be

appreciated using the  not  I on of excha tugea b  j i l t s ’ , on equivalentl y that t i l

subpopulat i on S .  An ot her  .mdvanta o , careful Is d i  s c m i a a ~’tl lv R u h i u i  ~, l ’~

is that the Ii .ive~~lan argument is  c t ’ m u s i t i e r . * h [ ~ - s i n ’p I  f t  i t ’d wh en  t h e  r e st

a I loc’.tt I i ’S I pe r f ormed u s i n g  a r an d o m  mt ’ i - h i a t t  t

I
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I t  has been pointed out in Sec t ion 1 (and in the’ appendix ) tha t

the paradox ar ises in the m e d i c . u l  examp le beca use t r e a t m e n t  and sex

have been confounded . However , titis confounding does not affec t the

agricultural example , where the obvious interpretation of Tab le  1 is ,

as we have seen, the correc t one. These ideas are connected with the

role of randomization in experimental design. It would be argued tha t

had the treatment In the medical  cas - ’ heeu i a s s igned  a t raumdom the paradox

could not have arisen. This is In agreement with the view adopted here.

A mechanism is jud ged random by iou If , among o ther th ings , You i’onsider

t h ia t t l te  nec hanism is unc onnec ted with any ot Iter fact or. i~
’i t h sucht a

judgmen t no other factor such as sex would be expected to disturb the

basic interpretation of Table 1. We therefore see tha t rautdomi ’ition

can p lay an important  ro le  even In the personalistic , Bay es ian  view of

inference. This is contrary to the opinion resulting from the basic

theorem in decision theors’, tha t for any randomized decision procedure

there exists a nonrandomized one ‘..‘hich is not worse than it , to the ef-

fec t that randomization is un n ecessa ry in the Bayesian approach. The

reason for the difference is that the use of a random mechanism is not

necessary, it is merely useful. Wha t is needed is a judgment ol

~~~~~ ~~~- _________
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noutexistenee of an effec t co m uLo und e d  with treatment. It would be q u i t e

sensible in this view to  a l l o c a t e  the t r e a tmen t s  d e l i be r a t e l y  and t hought-

fully so tha t the allocation appeared to possess no c o n f o u n d i n g  character-

istics. One advantage of a random mechanism is tha t most peopl e , attd not

just You , will believe It to he random and henc e without connection to

a n o t her  e1f ~~c t  such  as SeX .

In practice scientists do not allocate completely at random : instead

they obtain a random allo4 -st lout from the mechanism and then inspect i~

for any unusua l e,itures bofone using i t  . TItus if , in t h e  r andom s e l e c—

t i o n  of a Latin square , one i n  which the treatrnettts I:i~’ down th~’ d isgorma l

was obtained , it would be discarded and a new alloc ,irion se l e c te d . In

o ther word s, the scientist a l v ay s  thinks about the proposed alloc ation

b e f o r e  u s i n g  i t ;  which is essent jails’ the argument here —— mu se an silo—

cat ion which You think is free from confound ing . in any c - ~iSc ’ i t  is

be t t e r  t o  avoid rand om i zat ion , as far ~m a possible , by b lock ing w it h

nespec t to any L~nctor thought to influenc e the results; randomization is

o n ly  a las t  r e sor t  . Not  i ce  t h a t  itt  smal l  sam p les, not d isccussed in this

pa p er , an alboca f ion f o u n d  lv a r , ’ uudotn m e c h a n i s m  w i l l  a iway s  be con f o u n d e d

w i t h  some e f f e c t :  one can do no better than wha t ttte persottalistic ~‘iew

smt~ ci’sts , m i s t ’  an  a 1 l, ’i’a I lout w h i c h  ‘~‘ou t ~u i uk is  mi ni ike lv to have important

c o n f o u n d  ing o f t  cc C s .  In  t h e  i~~r ic ci  I ti tra l ex.erip I t ’ the con found  i ug w i t h

h e i gh t  Is xr ie?ie v .tnr ~-lric ’e t h e  a i i o ~’. t t t 4 ~~ t o f  vari ety ) m t  lu en t ’es the

hei ght  and ~c’ k n t  e x c h i a i ’ cab i i i  ty  yield and h e i g h t  is reasonable. Titus

- 
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Ir

i t  i s  o n l y  n e c e s s a ry  Ic  nsidcn eff e cts , such as sex , which exist prior

to  al L e s t  j o t i  s tu d n o t  those , such as hei g ht , wh i c i t  ar e  influenced by the

assi gnment . As Lord (1969) p o i nt s  ou t , t i m e  agricultu ral experiment is

n o n t i t f o r i u t a t  ive’ a b o u t  t h e  y ie ld  of w h i t e  p l a n t s  made ’ t o  grow tall.

Sl mp s ot t ’s p ar adox  is r e l a t e d  to  t h e  s u r e — t h i n g  p r i n c i p l e  of Savage

(1962). and the  r e l a t i o n  has been exp lo red  by B l v t h  ( 1 9 7 2 )  and by o t h e r s

in t h e  d i s c u s s i o n  to tha t p a p e r .  The p r i n c i p le  says t h a t  if  a c t  f is

p r e f e r r e d  to a c t  g when an even t  A is t r u e , and a l so  when A is f a l s e ,

the uu I is preferred to g when You are uncertain about A. The medical

case i s a p t :  1’ is p r e f e r r e d  to T , bo th for M and H, stud th erefore for

someone of unknown sex . The a g r i c u l t u r a l example appears  to v i o l a t e

t i m e  p r i n c i p l e .  l’he r e s o l u t i o n  l ies in the  f a c t  tha t there the choice

of ac t  —— black or white variety —— is no longer av a i l a b l e  to You if

A , a ta l l  plan t , is t r u e .  C o n s e q u e n t l y  the pr emises of the princip le

are not correct. The princ ip le mi gh t app ly in Lord ’ s c.ise of conditions

in which p l a n t s  a r e  made to grow t a l l .  Again  the notion of exchangeability

conven iently captures the essence of the  d i s t i n c t i o n.

In Section 4 we discussed the choice of the appropriate probability.

The same point arises with three events. In the two examples of Simpson ’ s

paradox the appropriate one , p (R~T), is available directly. An extens ion

of the disease/test example of Section 3 will illustrate the point more

forcefully. Suppose , in addition to D , D, and +, — , the sex was also

recorded . Then the judgment of exchangeability might be in respec t of

m_ ~~~~~~~~~~~~ ~~~~~~~~ ‘-~ —--—---- —-—‘--—-- — 4 — — —j-. — — ~— -~~~
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test result given sex and d i sease  c lass .  Hence p ( + j D M ) e t c .  would be

available from the data propensities , whereas the quantities required

would be p(D~+M) etc. for s wneone of known sex , or p(D~+) if that is

unknown . By Bayes formula

p ( D ~ +M) p ( + j D M ) p ( D ~ M)

amtd t he  f i r s t  f a c t o r  is a va i l a b l e , but the second , p (t)~ ti) would need to

be assessed by o t u er m e t h o d s .  The e v a l u a t i o n  of p ( D~ +) wou ld proceed

as for p (RIT) above by extension of the conversation to include sex.

Two further poin ts are worth making before passing to more general

random va r iables  than events .  Firs t , i t  should be noted that even with

the full data of Table 3 in the medical example the treatment T might
4 ’

s t i l l  be p r e f e r a b l e  to the  control  T , even w i t h  the  e x c h a n g e a b i l i t y  as—

sumpt ion  a l r e a d y  made.  For example , t h e r e  could exist another dichotomy ,

say r ural  and urban , wh ich wou ld revers e the d if f e r e n ce again . Th us fo r

any  combination of sex and urbanization , the trea tment mi ght give the

preferred recovery rate.

The second po in t  leads on f rom th i s .  Many sc iences  ar e  obse rva t iona l

and not experimental; sociology, for examp le. In t h e s e  cases f a c t o r s  c a n —

not a lways be se lect e~ in suc h a way t ha t  You e x p e c t  no c o n f o u n d i n g .

C o n se q u e n t l y  it Is sometimes dangerous to mal eductions f r o m  obse-’rva —

tional data and conclud e tha t these will hold for controlled data.

Fisher  (1958) made t h i s  p o i n t  in co n nect i ot t  with lung cancer , arguing

that the observed association -‘ith smoking night not hold if smoking was 

___
~
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- -~ con t r o l l e d  because the re  mig h t exist a factor , he sugges ted a genet ic

cute which played the role of sex in our example , that created a spurious

association . Another instance of this might be provided by the same data

set as in Table 2 with varietie s replaced by r a c i a l  c l a ss i f i c a t i o n , y ie l d  by

int el 1 igen~ e , am id sex lv sac  ial c l a s. The w h i t e  people  would  appear  more in—

t e l li ge ut  than  ~hm e b l a c k  bu t  t h i s  mig h t  be du ~’ t o  c o n i o u n d i n g  w i t h  social class.

Yet this mi g ht (or uu ig ht not) be ago in reversed by c o u i f o u n d i u i g  w i t h  some

o t h e r , unkno wn t m c t o r .  O b s e r v a ti o n a l m a t e r i a l  a r e  t hem s e l v e s  inadequate

in situations like this; some j u d g m e n t  of e x c han g e a b i l i t y  is esseuttial in

such cases. The po ssibility of stronger judgment of exchangeability in

the case of designed experiments as against observational data is one way

of accounting for the superiority of the former type of data collection

over the latter .

6. Three Random Variables

We now pass from the consideration of three events to look at situa-

t io ns where one or more of the events are replaced by general random vari-

ables. Consider firs t the agricultural example of Simpson ’s paradox with

the high or low yields replaced by Y , a random variable measuring the

yield in , say , tons per acre. Table 4 provides an example. It is de-

rived from Table 3 by multipl ying the propens it ies there by 40 (to avoid

frac tions) and calling them expectations. Thus, for  M and T , p (R~MT) 0.6

giving Y a 24. In each cell n refers to the number of observations . Again

14. 
_ _
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Insert Table 4 about here

n might be multiplied by some large number and Y identified with expec ta-

tions, such as E(YIMT). The paradox arises since E(YIMT) < E(YIMT), and

similarly with M , yet E(YIT) > E(YIT); and is due to the confounding be-

tween M and T. Merely displaying the result is this tabular form suggests

analysis of varianc e techniques and in the language of that area : there

are main effec ts of both factors and a pronounced interaction. In the

agricul tural version of Table 4, the judgmen t is of exchangeability in

Y (yield) and M (height) given T (variety), so tha t only the main effec t

of variety is important in considering a new plot. With the medical situa—

tion the exchangeability is in respec t of V (which might be a measure of

recovery, say increase in blood—cell count) given M (sex) and T (treat-

ment). Here the interaction is relevant and tt-ue important feature that

carries over to a new patient is the conditional distribution of Y given

H and T , and the usual breakdown into main effects and interaction is of

limi ted use. This emphasizes again the point made earlier tha t there can

be no unique analysis of data without consideration of the new unit to

which the inference is to be applied . Notice that had the design been

balanced with n 20 in each cell the main effec t of treatment would Itav e

agreed with that for each sex separately.

____________ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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The assumption of cxcha ttgcabil it y on its own is not enough for valid

inferences. For example ’, iii a randomized block design with treatments

1. and blocks II g i v i n g  yields Y , the exchangeabilit y Is for Y given T

and H. This, by Itsel t , g iv e s  no gu ide t o  t r e a t m e n t s , P ’J T~~) . U sua l l v

cue assumes tha t v jelel d i i  fe’vence’s !iY for two treatments , T
1 
and T~ are

i ndepend&’utt of B so tha t p (\Y I’
1 
, T~ , B) , ova l i a b l e  by cxe’han geab ih i t ~’

reduces to  the requ ired p (AY IT 1
, i~

). This  I s  the assumption of odd ii Iv it v .

Suppose’ n e xt tha t In add it ion to Y , the nei l sau Ce  f a c t  or, sex or height ,

I s also  a con ti nuous rand om var ia b le , X say. The agricultura l situation

ago 1 n pr ov Ides an examp he wi t h X as he Ig im I . ‘It me ’ p :im’ad cx arises whenever

F (Y)X , T) E (Y~ X , T)

for all X , and vet

E ( Y I T )  E ( Y I T )  .

This is clearly possible even within the restric ted c o n t e x t  ci l i n e a r  re’ —

gressloit with fixed slopes. For suppose

E(Y(X, 1) e~ + ~~ and E(YIX , T) ~~~+ ~X

and o ~ u. We then have

E ( Y I ’ r) — a + ~ m and E(YjT) — ~ +

with ~i — E(XjT), ~ — E(X ~T). The paradox arises If (i.i — ii) ~ (n —

assuming ~ ~ 0.

Just as the previous situation was concerned with the anal~’sts el

variance , this case is handled using covarianc e ideas. There is a substan-

tial literature , see for example , Lord (1967) and Elashoff (1969) on when

~~~~Iàiii~~~~.~~. ~~~t — L ~~~~~~~~~~~~~ -~~~~~~~~~~ -“--- - —- L—~~~- -—---- -~ — -  -
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analysis of covarlane’e is a pp r o p r i a t e .  Aga in  c o n s i d e rat i o n s  of exe’t iinge—

all  1 I t y  c la r  I fy the p i c t u r e .  If exchangeohi lit  v in V iven  X and trea t —

meu t is a p p r o p r i a t e  as In the medical situation , the propensities pro-

v ide for p(YIX , 1) and in particular F(YIX , T). The requ ired e x p e c t a t i o n

is

E(YjT) = fE(YIx , T)p(XIT)JX

— ti + ~ E(X !T)

on assuming linearity. But E(XjT) is not  available from the data and

hence the covariance adjustment is essential. On the other hand , in th e

agricultural case V and X are exchangeable given the variety and

p (Y, XIT) is ava i l ab le  f rom the d a t a .  In p a r t i c u l a r  so is t h e  m a r g i n a l

expectation E ( Y I T )  and the  covariance  a d j u s t m e n t  is unneces sa ry .  I t  is

often said that the covariate must not be associated wit h the treatment

The exampl es sh ow that this is false. Notice also that the discussion

does not invo lye considerot Loris of norm a Ii t v ,  e t c .

We nov discuss an example f r o t i educa t iona l t e s t i n g  where  the need

for a cc~’oriance adjustment Is none too c lear hut where exchangeahilit V

resolves the issue. Indeed , it was this case titat started us an t h e

wholeS discussion. An exrerlnient was designed La i I J t S t  igate the e f f e c t —

iveness of One ’ instruct ian.ai ni t had ‘I’ in comparison vi tht the standard

method T. Two gre)u ps were - -has t O , l i e ’ taught by T, a ~el other by T. The

students were thee. g iven .t t e st  (cal led the post test) and the it scores V

were recorded . Sinc e the two groups m. v have had di lte r ent abi lities , a

— 
- ~~~~~~~~~~~~~~~~~~~~~ - _______________________________



- ~~~~~~~~ --- ~~~~~~~~~~~~~~~~

pretest was also given resulting In scores X. The problem would appear

to be essentially the same as the’ medical one in which X , replacing sex ,

and T influenc e V so tha t exchangeability Is i t t  V given X and 1, and the

covariance adjustment for x is I t e ’ci ’- ;’ ;, l i v  . We sugge s t  t h i l  :, is not  reason-

able . For suppose You had pret est value X x , would You cons ider  vours elt

exchangeable w i t h  those who took part in the test and had score x.’ We

sugg ’st not , because X is well known t o  depend on the group to which the

student belongs: a value x in a strong group is probably more i n d i c a t  lvi ’

t e f  .ihi 1 ity than x In a weak group. lThat Yew m i g h t  d c c is to consider Y o u r —

s~ - ~t t~~~ e li~ uge.i l i l t - w~ t N those ’ st iiden s i i i  t h e ’ t i  t h a v i n g  the same rr et est

trtIe’—se’oI- e’ i s Yourself . Bu t  t m o  sc e ’r t ”~ have not  been measured and so

are not ava ilahic f r o m  the dat - i . The , irr , il vs i can proceed as follows ,

a l l  expectations being for the uni t , You, and denoting the true score.

F . ( Y I T, X) - E (E(YIT, X , T)IT~ 
X )

— E (E(YJ’r , T)I T, X )

— E{cr + ~r JT , X }

— a + BE( tJ T , X)

assum ing linearity of regression. Similarly

E (Y~T, X) — ~ + h3E(T~ T, X)

Now E(-r~ T, X) — ~ + pX and E(-rIT, X ) — ~i + pX where p is the reliability

of the test. Hence

E(YIT , X) — a + 1311 + tl pX

and 
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E(Y ‘I’, X ) — a + ‘~ + -~c \ .

hlt ’nC V the test is pre’t er i’ed i t a + ~~~J ‘ a +- ~~ f lat  necessa i i l v  it -e  ~ a ,

Ht’.ic e the cccv ar tdflC e’ Interpret at I c i i i  118  ug a and a Is not th e ’  c orret t one .

The s.ime conclusion persists with out a pret est since pre ’sumabl  y

E ( x I r )  — E (XIT), the me thod being applied after the pretest .

Nothing t’gsCflt ial ly new happen s when the t h i r d  f a c t or , pre’v b u s lv

I and T, becomes cant i nuou s , ~~~~~~ . We can have E(Y JX , Z) say inc easing

in Z for a ll X , so that larg~ vi lues it 7. art’ to be pret erred , and v e t

E (YIZ) is dee’m eising In 1 suggesting small values. Again linear m u l t i p l e

r egi’ e’ss (ott pi  L I V  ides an ex a m p l e ’ wit hi

E(’dX, . ‘. ) — cx + ~

attd .~ 
-‘ I) , \ t ’t

— -~
h-
~~X IZ ) + ~

Z t ( t i  + o7.’i + r~
’l,

with c~ 4 :~ ) . l’ht’ con : ;i J i ’r a t  i on  at e’~~- Ii.iii ge.iht hits’ and t a  lc ii L i t  an

tie ’ ~i 1- j c r o p r  t a t e  pi’e’lc .ih 11 it v tog ’tht’r re ’sol vi ’ t h e ’ mc c l i i i ’m.

WI th X • V aitil c’c i i  t if lt iOi i S ait d  ii i te ’a i r e’ l ot  l~~tis o le t i n !  ug , he’ .ca .e I ~
- c

of S mon (19 e.~ p rev I c e l l S  I y ri’ t er r ed  to may he’ e~fl1~i l e ~~ed ,  lit t l ie  med i c i

example , t he sex , X , .iI te ’ e’tcd the treatment , Z, b ot h c i t  whi ch a f t e e t t e d tb.

recovery , V . lit the .igm I e’ul t n r a  I s I tuat ion , he variety .~ , of fee t eel h ot  ii

the height , X , and t he yi~~ld V . The I’espee lIve ’ 11 itear mode Is ate (meet I c.i  I

0
11 X

“21 x + “22 ~ ~ ~~~~ ci ,

‘
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and (agricultural)

a 1 X + a 1
Z u

1

a22 Y + a 23
Z — u,

a33 Z 
= u

3

Here the U ’s are error terms and the a’s, non—zero constants. Direct cal-

culation shows that the paradox can obtain and the revelant inferences made .

Our approach avoids the restriction to linearity.

7. Conclusion

We have argued that the basic process of inference is the passage of a

data set to uncertainty statements about another unit , as exemplified by

“the probability that John will recover if he is given treatment T is 0.6”.

The introduction of parameters , the usual subject of inference statements ,

may often be a most useful device , but is not , in our view, essential.

Once this view of inferenc e is adopted , one sees that an impor tan t aspect

of the inference is the linkage between the data and the new unit. We

have argued that this linkage can be formulated in terms of judgments of

exchangeability between the unit and the data; or, alternatively expressed ,

judgments of which subpopulation the unit belongs to. (In this paper we

have confined ourselves to large data sets, and hence to large populations .

Additional complexities arise with smaller data sets and considerations of

finite exchangeability that it would need another paper to explore. Never—

theless the consideration of what one might do with the population is a 

_ _ _ __ _ _ _ __ _ _ _ _  .i:: -— —-. --
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prerequisi te to considetations of inference with a small data set . Our

d i scuss ion  of covarianee .uita l ys Is 11 lust rites this.) c,)ttc’e th e’ l i nkage ’  i s

estab ished , trequencies (or propensit lea) in t he  I dent! t It’d suh p o l e u l a t  i c~ t i 5

may be equated with the corresponding prob abilItie s i c r  ttw new unit. A

f i n a l  poin t is tha t the requ ir ed preebabi l ity may not he c ’he t ,iiti.,h he direc t ly

in this way .ind that cit t ie r in format ion besides that in t hi’ dot a max’ be

needed to  combine with t h a t  o r i g i na t i n g  f r o m  t h e  d a t a  t L i  m ak e’ t h e  t in a l

inf erence.

Once it is r ec o g n i z e d  that inference involVe ’S liii’ ~eass.lgt ’ from .i d a t a

se t to a new un I t , it is c lear t h at there is no ut~~que’ aic,i Irs i s at a data

set; for it is possible to imag in e two units , l i n k e d  i n  q u i t e ’ di fferett t
‘0

manners , to the set. Titus the data of T ab l e ’ 1 suppose’d front a e ’ i ty  • ml  ghc

be applied in one way (joint excitangeabi lity of dise,i~ e’ and te st r e su l t )

to antet tier person from the sonic cit y ; hut otherwi ~~~~ l, e ’x c i t . i nge ’ah ii i t  V t U  t e st

resu It given 1)) for someone t ram a di! fere’nt e’nv i t- onn:ent

In applying the ideas at t h i s  p ap er  it is first nee’e’s s .lrv  c ’ c onsider

un i t  about which in! erences .irc to  be made’ . Wha t  do You know about the’

u n i t ?  I t s  sex , M , for examp le’. What feature’s at the’ unit can he e’eett troll cd.’

The t rea tmen t , ‘F , say. What feat tire Is of interest ? it a ieL Lcve ’rv , R , 
~~~~ 

i

Tttctt You iteed to c.c le’u l at  c Your  p r ob a b i  lit 
~ 

of w h a t  Is a t  interest . g i v en

wlt .i t you know and can coot  ro 1: h ere p (R M , 1,1 . ‘Ih e’ c1 i i  l v  t ee c c I ,iv,i li able i s

the p robabi V ~~~ i 1 cu lu s , pm Inc i p all y h t , I v i O  t h e o r e m  and e x t  ,‘us ion  to  i nc  I i s t t ~

t i t h e r va r i ab l e s , r e’ l at  ing  t h e  r equ i red p r o h a b  i i i  t ’~’ to  e t her s .  Whi  ( c l i  ~i t  i i t ’ t s

ore’ used depettds on t i l e ’ C e’flnee ’ I I c 10 w i t  hi t i l e !  c l O t  .1
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In our i xperieni’t’, it is generally fairly easy to make the approprIate

judgments of exchangeability, or to recogn i ze the relevant popula tions.

Sometimes it is neeesaarv to in c lu . h a  o~~h or  v a r i a b l e s :  f o r  example , t rue

score in the educational example oh section 6. A useful guide Is the

notion of causality , of which anothe r useful guide Is the temporal order :

varietal choice later produces height and yiel d; but sex ,cttd treatment

later effect recovery. The’ important poiit t to rvcogni;’e Is that exchange—

abil ity is a judgment by \‘ou , not a propet’t v cci I ice ext or i t . i  1 war let . In

this  view , causat ion is a reflect! Ott at  ow u dgmen t  , ,h o u t  t hie~ wot id ~cttd

not a truth about it , In the present s t .i t e of ki:c cwl e’dgee we ’ nov say smok i ng

causes lung cancer , yet later we m.tv rev i s . ’ t h i s  t t i s.iv t h a t  .i genet Ic

factor causes both.

It is important to recogn i .~c that the methods described In ib is paper

do not only app ly to situations in wit It’ll it h is been pass ib ~~ to take random

samp les from a popu la t i on .  Of course , i f t h i s  has bee n done then comp lete’

exc ih in geab i  l i ty  is ava ilab le  and p ropens i t i e s  may be ide’nt  I f  it ’d w i t h  prob a-

b i l i t i e s .  But if not , then recognition of subpopulatie ’ns e’ii t b l ~ s some

partial identifications of probabilities and prelpensiti e’s to he made , and

the remaining prohab il [ties——about which tht’ d~ t.i is uninfornu t ive’——hove tel

be assessed directly. We had an example 01 this itt Section 4 where p(I)) had

to be found from sources other  thatt the da t .c . It Is a useful contribution

to ou r unders tand ing  of a s i t u a ti o n  to be able t o  spell out clearly Just

wha t it is tha t  the da ta tell  us , and what has to he i ttfe’rred by other means,

in o rder to make the f inal In fe rence ,
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App cndi~ 1 ‘c 1tn p~ on ’ ” Parido~

Co nsider  the  paradox in the notation of the paper referring to

events R , T, and M. Without loss of gene ral i ty suppos e I and R ar e

positively associated ; tha t is , p (Rj~ 
) p(R1T), and write T ‘~~ R.

Similarl y suppose , aga in  w i t h o u t  loss of generality, R ‘~ M. We prove

the following result which does not seem to he available elsewhere:

T1IEORF2I

If Simpson ’s paradox hold s (with I ~ R and R ‘~ M), then T ‘r M.

(Table 2 p r o v i d e ’s an i l lu s t r . i t i o n  of th is. In words it says tita t t h e

n e W  fac tor N , must , wi th the convent ions here adopted , he posit Ivel y

associated b o t h  w i t h  R and T.

The pr oof is most easily appreciated us log the Figure , the upper

uni t interva l gives probabilities conditio nal on 1’, the lower ott 1. The

arrows connec t probabilities h~~~ ing the some cond i t Ions except far T re—

p b c  In g ‘I’. The e’ssene e of the paradox is I ito t those .i r rows tha t i two 1 Vt’

SeX ~‘,o to the r ightt ; those tha t do not , go to t ite le t  t . (We have sup—

posed , a g a i n  w i t h o u t  loss of generalit y that p(R TM) -‘ p (R IT).) The key

point is that p (RtT ’h is a weighted average of hc (RITN ) and p(R~TM) w ith

weights p(M~T) and p (MIT) I - p(MIT). Far tlte ’ revera.i l of direction of

th e arrows t a t .ike p 1,i e’ e wheti so x is cxc I tided the’ We’! gu t s  in the tipper in

t e rva  1, given 1’, mets t di t t or I r em those  in t It t’ 1 ower, g t~’en T. In the

Tnst’i t I igiir t .il ’~’a t he’tt’
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Figure p(RIT) is nearer to the upper right-hand p (RITM) than p (R~T) is

greater than that on p(R~Th); tha t is, p (M~T) exceed s p(MIT) as was

required .
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Appendix II. A Note on Exchangeability in Two Variables

If  a set of units is exchangeable in (X,Y) then it is both exchange-

able in Y , and in X , given Y. This is clear from the defining relationship

for exchangeability in (X,Y), namely that P(X
~~

x
~~ 

Y
1
y
1
, all I) be invariant

under relabelling of the units , by writing it as p (X~—x 1
, all i l Y 1—y 1, all i)

all 1), and considering the special case Y
1 y, all 1. The converse

of the statement in the first sentence is however not true. This is apparent

since conditional exchangeability says nothing about probabilities of X—values •

given Y—values , except when the latter are all the same , and this is not

enough to construct the defining relationship for exchangeability in X and Y.

These considerations suggest an alternative definition of exchange-

ability in X , given Y, to tha t  given in the body of the paper . This reads:

a set of u n i t s  is exchangeable in X , given Y , if p(X1 x
~
, all ~~~~~~~ 

all 1)

is invariant under relabelling of the units. It is obvious on multiplying

t h i s  by p ( Y~~ y1, al l  1) that the converse is now true . We have used the

(weaker) defini tion of conditional exchangeability because that is all tha t

is needed to equate the propensity with the probability for a new unit. If

One’ w ishes to make inferences about several ttew units then the extended

definition would be useful, To see this consider two new patients , H(enry)

and J(ohn), who could be given either T or T. ~We know t hem to be mal e and

this condition is omitted from the notation.) To make inferences about

the ir recovery we require probabilities exemplified by p (HR,JRjHT ,JT) ,

where HR means Henry recovers etc. The new d e f i n i t i o n  would enable  th is to

be equated to a propensit y . However we presumably judge it to be equal to

L~ 
‘— 
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p(HR j H’1’)p(JR~JT) and then the weaker form suffices. This condition is

- related to  the assumption of “no interference between units” referred to

by Rubin (1978). 

-- 
- — -

~~~~~~~~
-
~~~~~~~~~~~~~~~~~~~~~

---- - -
~~~~~~~~~~~ ~~~~~~~~~~~ 



- - - 
~~~~~~~~~~~~~~~~~~ 

- - - -  I
37

References

1. B lv th , C. R.  ( 1 9 7 2 ) .  On Simpson ’s paradox and the su re—th ing

principle . Journal of the American Statistical Association

67 364—366.

2. Cohen , M. R. and Nagel , E. ( 1934) . An I n t r o d u c t i o n  to Logic and

Scientific Method. Ha court Brace , New York.

3. Dawid , A . P. (1976). Properties of diagnostic data distributions .

Biomet r i c s  32 647—658.

4.  de F ine t t i , B. (1974). Theory of Probability, 2 volumes. Wiley ,

London .

5. E la sho f f , .3. D. (1969) . Analysis of covariance: A delicate

instrument. American Educational Research Journal 6 383—401.

6. Fisher , R. A. (1956). Statistical Methods and Scientific Inferen.

Oliver  and Boyd , Edinburg h.

. Fisher , R. A. (1958). Cigarettes , cancer and statistics. Cen tenn ial

Review 2 151—166.

8. K e l l ey ,  T. 1.. (1923) . S t a t i s t i c a l  Methods.  Harvard , Cambrid ge

9. Kendall , M. C. and Stuart , A. (1969). The Advanced Theory of

Statistics , 3rd ed. G r i f f in , Lond on.

10. Longley—Cook , L. H. (1962). An introduction to credibility theory .

ProccedinAs of the Casualty Actuarial Society 49 194—221.

11. Lord , F. H. (1967). A paradox in the interpretation of group

comparisions . Psychological Bulletin 68 304—305.

12. Lord , F. M. (1969). Statistical adjustments when comparing

preexisting groups. Psychological Bulletin 72 336—337.

‘~~~~—~~~~ J~~ ”!L 
~~~~:~~~~~~~ r=— ~~~~~~~~

- -  —
~~~~~ ,~~—-- ~~~~~~~~~~~~~ 

- - - -  --



- - --- - -- - -~~ - - --

U

i i. Meehi , P. E. and Rosen , A. (1955). An tecedent probability and

the efficiency of psychometric signs , patterns , or cutting

scores,  P~yç hological Bulletin 52 194—216.

14 . Rub in , D. B. ( 19 7 4 ) .  Estimating causal effects of treatments in

randomized and n on—r ando m iz ed  s t u d i es .  Journal  of

E d u c a t i o n a l  Psychology 66 5 , 688—701.

15. Rubin , D. B. (1978). Bayesian inference for causal effects :

the role of randomization . Ann. Statist. 6 34—58.

16 . Savage , L . J .  ( 1 9 6 2 ) .  The ~ou n d a t i o n s  of Statistical Inference.

M et h u e n , London .

17. Savage , L. J .  ( 1 9 7 6 ) .  On rereading R. A. Fisher. Ann. Statist.

4 441—483 .

18. S imon , H. A.  (1 954) . ‘~~ n”~ cor r e l a t i o n :  a causa l

i n t e r p r e t a t i o n. 3, Amer. Statist. Assoc. 49 467—479.

19. Simpson , E . H.  (1951).  The i n t e r p r e t a t i o n  of i n t e r ac t ion

contingency tables. Journal of the Royal Statistical

Socie ty , Series B, 13 238—241.

20. Suppes , P. (1970). ~~~probabi1istic theory of causa~~~y. North—

Holland , Aun,terdam .

21 . Toda , N . (1977). Causality, condi tional probability and control.

New developments in the applications of Bayesian methods

(Ed. Aykac , A. and Brumat , C.) 109—124. North—Holland ,

Amste rdam.

22. Whitney, A. W. (1918) . The theory of experience rating.

Proceedings of the Casu~~~ y A c t u a r i a l  Society 4 2 7 4 — 2 9 2 .

~~~ - -- -



-

~~~~~~

Table 1

Recovery Rates under Treatment and Control

R R Recovery Rate

T 20 20 40 50%

T 16 24 40 40%

36 44 80

I C

~ 
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Table 2

Lecoverv Rates under Treatment and Contro’

wi th Sex as an Added V.u I aM

Ma ~os K R Rec ov~ rv Rate

1’ 11 30

1’ 10

1~ .40

Females R eet ’vrt’ v R a t e

1’ .
, 

10 ~~

I’ ‘-~ 11 
~o~_

I I .,o .10

~~~~~~
-- - -

~~~~~~~~~~~~
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Table 3

Pos.ible Results on a 100 Patients

D II

+ 16 24 40

— 4 56 60 
-. — — 

-

20 80 100

I

L - ___________
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Table 4

Resulting Expectations

M M Total

T n~~~30 n 1 0  n 4 0

Y — 2 4  Y —  8 Y~~~20

n 1 0  n 3 0  n 4 0

Y — 2 8  Y — 1 2  Y — 1 6

n~~~40 n 4 0  n 8 0‘lot al — — —Y~~~ 25 Y~~~ ll Y — l 8

I
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i’(RIT~i) p (RIT) P(RJTM)

\

1 1

p(RITM) p(RIT) p(RITM)

Figure: Simpson ’s Paradox

_ _  

_ 
_ __ _

__ _________ Li



— ,— —,—-- — —~ .—~~~~~~ -“,-— -

- --,. - 0 --

Iu~.a/iov jcI-~ ~)cp ’.4. I-it,cr :i , 1 ~‘O 
P. ,‘, - 1

~i C _i Vy

1 Pr . Ed A~ keri 1 ir . L. on -r i <t -c ‘L’r
‘‘ ivy P.~rsonnt I R~U C~ nt’. r i~~~~y It r~u~i:iel k,D C. n t e l ’

in l-ic ~ o, CA ?. - ‘ 152 . , i I I  [~ ;~~
, CA ‘~~ 1 5,~

1 )r. Jjrk h~. ~~~~~~~~~ 1 C : I ~~i I - . ;~, d. , 1 . E~ :~i~~P -‘. Li.~W I~EPl’.
Provc ,st ~ .i~ ‘: 1.. De..ii L V . 1 I’~~ I- Fi3~ JLU~ L Dt VEL ~”P’H :EIJT
1 . ~~. P-~vr~l Poz3t~r.ktu~- .t- :;cI~ool ( I . . ~..‘ VAL.  ,tC~.DE’~Yi

‘loni ~crcy, CA 93~~~Ifl  : ! ~4PCLIZ , D .~‘1’IC,~

1 Pr . Eo~ er’t Ere~iux 1 Pr . illi. L. ~i1 cy
Cod’ ~:— ‘1 h-’r’inci ~ - ..1 ~~v i1x ._in ‘dv~~;or for

AVT \~’~)h JI PC EN ~Juc~~~i.on ~ci~i ‘1r,~inin ,-,
r 1 a , i ~Iu , FL - ? C 1j  ~~~~~ i t - ._~~ 1 1 r 1 ;  ~;o: . , r i ~I , Code O0’i

P~’i .;-~:~j 1~, , EL ~~~~~~ 
) c

I ~~~~~ l ’ -~1’RICE 7.LLAI!PJ-
I’er, ?~~~ .._ 1 C .~~~: 1 eh. i .I L. :: r  I

~ ur ’’.c ~ of ~: Cv .-1 Persoan”l ~~~~ I r  Inc i~ ~
‘ 1 I O U  I, L P A — .. I~ )

, PC ~~~ Fl’ ’ ;- ~ Yo~ k , P Y C ‘1

1 Pr’ . ~ieh .- rd E 1s~~ r 1 Pr . J .,nc:~ i cF r ’ ~ ie

~~F.rLmcnt of A d r i i n i s t . r . iL i v ’,. Scicuc es Cu lt ~C 1
-iv ~1 Post~;r u~ u~ t. ~

‘- -hoo1 ~~~ y [\~r :~
j:int A ~-~D C.. ftC. I’

Poiit.erey, CA .‘ 1 ( ’  c’-; U i ’ I Y ,. ( , ( :s - C 1 .~

I DB. P~IY FEDEI1ICI 1 D~ . IJ 1LL1A~ l C ~i 1AGUF
~JA VY PER~~~UIEL R,D CENTER LRDt
.~M’ flT~~GC , CA 9i 152 UIJIVEImJTY JF P1I1 ’CE1l~ cfl

9,~) 
(~ ‘ l l i ~RA ST R E E T

1 D r .  Paul Folty  PITT.~UU hGII , Pi\ 15C l j
Nivy Person nel I~ D ~~~~~
~. n Diego , CA 92152 1 L i b r o r y

~iavy Pcr:;onnCl R&D Cent,ct’
1 D r .  John Ford Diego , CI~ ?21~~’

?i av y  Personnel  R~,l) CenI.er

~‘.in Diego , CA 92 1 52 6 Cotiinwndl,i~ Of f teer
N
~
iv
~
i1 Research L.Wot’.*Cory

1 C11. PT. D.fl . GRAGG I tI C , tISU Codt ~~~
HE A D , ~ECTIO~ Oil ME DI CAL EDUCATION ~1ish in 4jton , DC ~~~~~
tJ~1IFORNED ,;ERVICES UNIV. OF THE

HEALTH SCIENCES 1 OFEICE (“F C1V IL~ AN PERSONNEL
6917 ARLINGTON ROAD (CODE £6)
PET!IESDA , ND 2001U DEPT. OF THE NAVY

~4ASH1NGTO ~!, DC ;‘0~ 9~
1 Dr. Norrndn J. Kcrr

Chi ef of Naval Thchnicol Training 1 JOHN OLSEN
Naval Air Stdtion Memphis (15) CHIEF OF NAVAL EDUCA1’h)N -4
I’illington , TN 3805L TflA IPUNG SUPPOHT

PEN~AC (’LA , IL  ‘i5 0 .

L __
_ _ _  

- - - --

—0—--—_i—a-— ._iulIh..~~~~ ‘~‘-‘---~~~
--- ~~~~~~~~~ — - ~~~~~~ 

— -



C - - _ ____

—

- -~~r~ ’r— -~ .. - .-. - — — -——- — ---- 0~~ - - - ~~~~~~~~~~~~~~~~~~ 
-

- \ ,‘~~~~~ ‘ i t ; . ,  , I .
~‘J P.-.~i ~

C
4

1 sy - -~ oi ~ 
-
, 1 ~cicULi1 ’ic Advisor Co t}i~ (‘ j l et ’ of

C . ., Cr~~ft ; 1 - ft ’
~ . et R.’~v~i1 Personnci (I’ers—Or)

‘i’ - ~ u w ~~r t r ~’et tIj v~~1. r -ur ’ c ;iu of Pcr sonnt ; 1
It i~~-’~~~~t~” Ho ou~ Lf I~ 10 , An in~~t.on An n ex

W i s h i i i ,~tou , DC ~‘0~ ’/0
PSycfio1o-~ i - ~’~’
(~~~ Pr inch Off i~ ‘ 1 LI’ F’r~ nk C . Petlio , t-~~c; , ( I SU R (Ph . D)
5 ~~. ~ . Clark  Ct .r’ c~ t Coth’ L51
Cliir~igo IL !‘O’~fl~C N;iv~-I At rosp ice 1-le d i e 1  R~sezUrcf1 L-ibor. L

Pen s~icoh~, FL 3250C
- ‘f ’ t i e e  of ’ P i ,~~~~! Re~ c-ir ’h

2P1’ 1 DR • H ICUARD r . POLLAI< 0

~r 1 ~n~ t-an , VP, ~?71’f ACPCPEN1C COI1PUTING CFNT~ R
U.S. NA V Al , fIC ADEI’IY

~od~ H ‘‘ AN FDi ~~LI S , Mr 21H ~~.’

~t’f L C O  01’ t a v ~~1 Re~~-~~,r cl i
Ar l  2nZ ‘~Ofl , Vt, .- ‘~ 2 17 1 h r. Arnol i Ru’o~ns Le tn

~l. v . .j  P ‘rsomwl Suppo r~. Techno1o~ y
Ofrire of’ l iv , ! Res.~~- r ’h  t~.iv~ 1 O_ i t .”ni .’ii Coin~fl i i i  (0~-~~’C t l H )

Lft ~-l ~7 Rcoti 1 (~iI i4 , Cry~ t i i  1 1  .~~
-; ‘

~~
‘ -

~C N . ialncy :‘C~.r~~’I, I Jefferson R_i~ j .~; ~j -,. 1 L.,iy
ttr 1 in. ton , VA C.’-fl I ~lr~ injton , V,’ .0 ~Cl’~

~~~~~~~~~~~~ 1 . i ’ - i : t ~~~tp ’, 1~’~~’ -r~’h ProCr .i.~s 1 . ~~. C.1~~’ I ’ t C
(Ce - - ’  ‘i ’—. 1)  n- : -L i l ’ PI - i’ , (‘ - ‘PP ‘ ‘

~~

Ot ’f i ~~t - of M v . 1 li’s’ reP li - VY I fi~~fl ’-i. ~~ 
‘ ‘ - ( - CJ ’ P 4

,‘,r1in ,~1~)i’~, ~~ ‘ 1 - ( ~~~~~~~~~~~~~ Cl ‘ ‘ 1 ’ ~’’

I’ -~~~ c ~ei ; j  :, . 1 ~r , ~~- C r ’  -~~ i i i
‘Fl-’ CE C’-~~~AV ’.L H’CF7C:CC Cl.~~ Ci! C f L ’ i - ’ ’ of’ C’ ii et’ -0 ~ - v .~_i ~

‘
;~~& I ’ . ’.

‘Lfl YLl-~PO’P t~~~) \ T ~ C P — - ) : ‘
L’’~- ’ ‘ , 

‘‘ . , 1~-1FI EIIGL’Y,r ~~~~~~~~~~~ PC

t~3y.’.) ~~
I ç~~~ j I . 1 Pr . t.l Cr I F .

~ft ‘ r -~u”h - ‘t ’f ’ i~~ , - i~~
’ ‘ i i i n ,~ 7 i .  ly :’,~~:; ‘. ~~

‘. �.~.u -’ ~~:; ~ruup
1 ’ C F. :;t Gr -~ -n ‘t r~-~-~. ( ~‘(.t’G~
~~~ ~‘,~n’i , ~) 1 1( 1 1 P’~-j. it . ot ’ ti ~i.ivy

i i ’ - 1 IC ) , TI. — —~~~ 1
‘- - i  ‘r: ~. ! f ; c  Pir~ ~‘~ c’r

( f l i t .  of’ h’ -~v;il C- ’~;t i’ ,.~l I Pr, h’. h .  it
Cc~ - ’nitIfic Li. i~ ori  Gr oup / Toky o  P P ‘.; ‘ :a i - (  NY’ C. ~~~~~ i

r e - n ~nb l:i:~S ,
~- . :~ - - ;u ~

‘ ‘(, ‘ 1 ‘~. ‘

-~ P.; ii Fr — (IC ’ SC ’ , ~~~ ~~H2 
-

1 L. t IC L i ,  r i~ : -  .1 • lit,’ t s~. , . C , u: -;~
O f f i  ~ i - of L1L- C i L e t ’ ol ’ 

~ . v..l Op i’ .O i~lfl~ l~ - i  l ilT- - e l- .icto t’~ l - C ’ , A I I t  .-r ~fl -
, l’iv .

~‘s~- ,.rcL , P -v t iorjiieut , ~~~ ~‘t u Ii-: ; i re  - C v . J  ,~i r I - V t ’ l O I ~~I . n I  CciO - i ’

(flP— 1C~’) , iin ~;t~ r , PA I~’’.’, C4



——  
- - - - ‘ V r ‘* t Tfl n _.,._~~ —

!ow~./Uovic f~ S’ptember II , 1979 Pa~~ 3

‘lrivy Arr -i y

.1. C~ r y  Thomso n 1 r’-chnic~~I Directo r
J - t v ~_ i 1 C cy . t n  3ystuis C~’nt ’~r U.  C . I T r m y R t . scarch  In st i t u t e  for the
Code ‘

~ 1 ~2 Cuh~-v ~or’ . i  :.nd iic~~.l ,ci~~nces
~~~~~~~ Di e ’~ o , CA 92152 50fl1 Ei s 1lff)W”r Avt flue

~tii ’x ,-’~dr~
,
~ , Vt~ ~~~~~

T~r . Ruruild U~ i t?!.li~fl

Dc pa r t .m r nt  of !vtninistr;tivt: Sci”nces 1 II(, U:3/!REUE ~ (t.h ,rmy
U. S. ~P~vi’l Pu~ t.~ r~: tu at’-’ School
. ‘t on i t e r . -y ,  CA 9391W ‘JC.\tHF,U’,~ Directo r of ( ; E C

i~~i; Y ork  ( ‘ ) H ( T ~
N. MARTI N ~~ . WISKOFF
:C ;VY P~ RZOM~EL R~ D CENTER 1 -) l~. HALPI~ DU~ Et-.
SAN DIEGO , CA 921’~~ d.C. ARM Y I~~~P A R C H  I?I3TIT (rr~-1fl 1 FI~~ ’~I~i,- ; !ER ttVE~IU E

AL€~!ANDR1’i , V t  22 ,)~~

1 l)r . ~:yron F i  sch l
u. :3. Ar tiy Rc’sc~urch Tnst,itut’~ for Lh ’~

Soc’ii l u~d 1~eh,~v1t~r~~t ~C 1 eflcCS
5(1(11 Ei~~~riIiowe r Avenue
,‘.l”x~at’1r jaT , Vt’ ~~~~

1 Dr. r - ~~trice J. F r r
;~r’iny Re~~ - inch In s t i t u t .e  (PERI—tiK)
5(101 EiseiiIto w~r Av enue
~ I c x n n d r i  , VA 22333

1 Dr. Nit tP~ier
U. :~. tRHY RESEARCF~ It ’:;TITUTE
50(11 EJS E NHO ~1ER AVE N UE
ALEXA NDRIA , VA 22333

1 Dr. l~aro1d F. O’Neil , Jr.
ATTFJ : PERI—OK
5001 EISENHOWER AVENUE
ALEXA NDRIA , VA 223~ 3

1 Dr. Robert Ross
U.S. Army Research Institute for the

Social lind F&’i~,v ioral sciences
5(101 Eisenhower Avenue
Alexandria , VA 22333

1 Dr .  Robert r.asmor
U. S. Arm y Research Institute for the

Rehuvioral  and Social Sciences
5C01 Eisenhowe r Avenue
Alex andri a , VA 22 ;33 

~‘~~~~~~~ ‘~~~~‘ ~~~~~~~~~~~~~~~~~~~~~~~~~ ;- - 
—

- —— ~~~~~~~~~~~~



~~~~~~~~~~ S~ 0~~~~~~
’ - ‘~~~~~ ~~~~~~~~~~~~~~~~~~~~ 

-

‘0~ ____

~~~~~~~~~~~ ~~~~~~~ ‘- — - -

- -p t ~- r:m b&- r 4 , 1 ’ T 7 T ~ P. - ,~- ‘I

t
~“?i y ~ tr’  For ce

N r - -c t o r , ‘I’r . m i r t j n ~ Develo~~~ent 1 A~~r Force I l u mur t  Resourc~’:~ L.t la
U . ,C . I~rmy P d i i t i n i s t r .~t ion  Ct’nt er AF I I R L / P E D
,~TT~l: Pr. Sh~ rrjl1 Prool~s AFt” , T X 7~~C ,55
F t .. I~ ’nj a m in  h’.r r i son , IN 11621 8

1 A i r  U n i v e r s i t y  L i b r a r y
Dr. Fredcn i~’~-~ ~t.eIntteiscr A(JL/LSE ‘7( 11443
U . C. A m y  R”~~ rch Institute t-~axwell AF~ , AL ~(-11?
5°” l Eisenhow .,’r Avenue’
Itlex~,tm dri ,, , VA 2?3 ”~ 1 D r .  Philip De Leo

AFII RL/T ’I ’
S 1 D r .  Jos~ p~’i t . a r c~ Wwm ’ y AFI1 , CC ~ i2~ O

U . C . A m y  R~’se- rch  I n s t i t u t e
~~~~ Eis enh ower ’  Av enu e  I D R .  C. A.  F CK STR A IM ~
~t i t x ~’tid r i” , VA 22 - ’~- AF I-IRL/AS

‘4RJG’I’r—PATTERSOII lIED , OH ~1~A ’I ~~

1 Pr. GCIIt ’ V j & V C  IIadd~.d
Pro~ r,i , I .~flJ,At -r
Lif. Sciences Dirt -cto i’.te
A FCC H

I imi r , ~FC , PC ~‘O

1 C I)R . P E R C c R
C’’F T L I A  l~’- ;) N CF EIC [- R
?.Fi’ .~L/FLY~~C~ ~‘ RA1i- ~~IG ‘)~V .

LL i- ~ IC ~‘, F z  , ~.C

1 Ci’ . Ross L. i- r’~ an ( i I - ’H S L / t ~” ’)
Cr ~ ~,

( t ..P,, t~ ‘son i’Fl
LCI  ~ i,i 14 5 4 4

1 Or . [-o~’, t t  C~~ ie~’1 1
— f.Fl CIL/~

’ I’
Lot~t’y VP , (0 ~~

-

1 ~ r soerit
_’l ~~~ I ysi s Nv i~~ia n

‘C . U a i . F ’/ P r X X ?
l i t  I ~Ol  , l~C 0 l T ’~

1 Ii~ -~~ ,i’ - - l  r ,u~t h
.~F ’t- ’C/ P~’MYPH nJoi~~’. .~.F’ C , l’X ‘1 1 i~ ’

1 P r .  .1- rH bt
LF’}’RLi ‘~;

‘ rL C c ’ k  CF , I \ ‘
i
’ - ‘_

I

- -


