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; The theory of a broadband constant besmwidth transducer (CBT) which is based 0n Legendre
function amplitude shading of & spherical cap was described in & previous report, J. Acous!. Soc. Am.
64:38.43 (1978). Theoretical calculations showed the CBT to have uniform acoustic losding,
extromely low side {obes, virtually no nearfield, an essentially constant beam pstiem for all frequencies
sbove 8 certain cutoft frequency, and » flat Lransmitting current response over & broad band for
plesoelecisic drive. In this report (ormulas suitable for the design of 8 CBT which is to be used a8 &
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20. Abstract (Continued)

_ziransmitier and/or receiver are developed. The formulas involve simple algebraic and trigonometsic
expressions and cen be readily evaluated using a pockst calculator. Formulss are developed for the
required velocity distribution, limiting beam pattems, direclivity index, equivalent two-way besm
widths for volume and surface reverberation, shading coeffic-ents for a stepwise Impiementation
of the velocity distribution, size, ceramic mass, bandwidth, source level, transmitting voitage and
current responses, and receiving voltage sensilivity. The report concludes with an example
Hlustrating the procedure used to detign a CBT with s specificd}- 3 dB half angle beam pattern,
source level, and receiving voltage sensitivity . ’

45

e kel 9 UEMOARI Y . g ¢ -l § IR P S G L AP S ¢ I ¢ T e s et T 8

i

SETUMTY CLABBPICATION OF Twid PAGEPhan Dare Batored)




i o oA PR S 3 oy W sk P P X Ut i o "l‘m

L g -

CONTENTS
INTRODUCTTION. . ... i e 1
VELOCITYDISTRIBUTION . . .. ......... ... . ... ... ... 2
BEAMPATTERNS .. .. ... .. . 5
DIRECTIVITYINDEX. . ...... ... i 9
VOLUME. REVERBERATION .. . ........................ 10 '
SURFACE REVERBERATION . ........ ... .............. 11

IMPLEMENTATION OF THE VELOCITY DISTRIBUTION. ... 12

SIZEANDMASS . ..o oo 17 ‘
BANDWIDTH .. .. oo .19 %
SOURCE LEVEL. TRANSMITTING VOLTAGE AND !
CURRENT RESPONSES, AND RECEIVING VOLTAGE i
BENSITIVITY. . .. oo oo e 20 1
EXAMPLE . oo oo 27 i
SUMMARY .. ..o, 29 j
ACKNOWLEDGMENT .. . .. ..t 20 f
REPERENCES . .. .. oo oo 20
ATLISS ™ — "
. whte Section
one @4t Section D
NS NAD o)
[ | e {
............ o e i
. o |
ST ATRUBTY (R :
T avav Tand for SPEARL i
/r
i 17
B 1
i
o !
1




s Atk X))

o - "% s ey vy e T e Emm—_

DESIGN MANUAL FOR A CONSTANT BEAMWIDTH TRANSDUCER

INTRODUCTION

Most directional acoustic transducers and arrays exhibit beam patterns which are
frequency dependent. Thus, the spectral content of the tranamitted or received signal vanes
with position in the beam and the fidelity of an underwater acoustic system depends on the
relative onientation of the transmitter and receiver. In a previous paper {1) we described
a simple method for obtaining a transducer whose beamwid th is essentially independent
of frequency over a broad bandwwith. Our constant beamwidth transducer (CRT) is a rigid
sphernical cap of arbitrary half angle a shaded so that the normal velocity on the outer
surface s proportional to P, (cos U), where P is the Legendre function whose root of
smallest angle uecurs at 0 = a. The required value for v, the onder of the Legendre function,
is not, in general, an integer.

Theoretical calculations show that the CBT has uniform acoustic loading, extremely
low sidelobes, and an essentially constant beam pattem for all frequencies above a certain
cutoff frequency. Under prezoelectric dnve the transducer has a flat transmitting current
respons over a broad band. In addition, the CBT has virtually no nearfield. The surface
pressure distnihution as well as the pressure distribution out o the farfield is approximately
equal to the surface velocity dustnibution.

Although the previous report {1} emphasized the transmitter aspects of the CBT, the
concept is equally applicable to receivers. The concept is also applicable to an acoustically
transparent spherical cap. In fact, Trott {2) has applied the results presented in an earlier
unpublished version of (1] to the theoretical design of 8 receiver CBT using P (cos @) =
cos { shading on an acoustically transparent hemispherical cap. However, the beam patiern
from such a CBT 1s bidirectional, containing a back lobe identical to the front lobe. For
this reason, we will not consider the acoustically transparent case here.

In this report we develop formulas suitable for the desygn of a CBT which is to be used
as a transmitter and/or receiver. The trunaducer consists of a mosaic of pieces of piezo-
electnc ceramic bonded to a layer of corprene or other pressure relcase material which is, in
turmn, bonded to a backing plate. The formulas involve simple algebraic and trigognometric
expremions which can be readily evaiuated using a pocket calculator. They are based on
excellent approximations for the Legendre functions of noninteger order, and thus avoid the
need for evaluating these rarely encountered functions. We obtain formulas for the required
velocity distribution, limiting beam pattem, directivity index, equivalent two-way beam
widths for volume and surface reverberation. shading coefficients for a stepwise implementa-
tion of the velocity distnbution, sphernical cap size, ceramic mass, bandwidth, source level,
tenamitting voltage and current response, and receiving voltage sensitivity.
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The designer of a CBT first chooses the desired beam pattemn, charactented by either
the - 3 dB half angle or by the cap half angle, which is also the theoretical pattern null. He
then specilies the desired source level and/or receiving voltage sensitivity and uses the
formulas in this report to calculate the required CBT design together with its predicted
acoustic properties. As an example of this procedure, we conclude the report with the
design of a CBT that has a - 3 dB half angle of 7°, 1 source level of 200 dB re 12 Po at 1 m,
and a receiving voltage sensitivity of - 200 dB re 1V/u Pa.

VELOCITY DISTRIBUTION

e B EUAS AN Abgd? o itlibe P

The key to the special properties of the CBT is its surface normal velocity distnbution
110) given by

o) = P‘,((‘ul 0), 008,
(1)
wt)=0, 02a.,

where a;. 15 the zero of smallest angle of the Legendre function P (cos 0). We showed in
Ref. 1 that the CHT nawd not extend beyond a,., and thus can be constructed as a sphencal
cap whose half angle 15 equal to o, Consevjuently, we call a;. the cap-halfangle, although in
practice the actual cap-half-angle for & P, CRT can possess any value U a,. The onder v of
the Legendre function can be chosen to be any real number greater than zero. The cor-
responding angh: u, decreases monotenwally from near 1807 as ¢ increases from just above
7ero, However, in onder to obtain the ressonably simprle design formulas presented in this
report, we restncet ;- Lo he eaual to or greater than unity . This simultancously restricts a,, to
be equal to of leas than 30 . We do not expect this restriction to be of any consequence
sincye there do not appear to be many (if any) sonar applications calhing for a CBT with a,,
greater than 907 1f such applications do occur, then desygn formulas corresponding to, but
more complicated than, those given in this paper can be obtained for +<1. The following
approximation for a, , in degrees,

_ 137.796 [1 10.045 ]

& wb'.éi (v+0.5)3

S ik b QR e et o oy Y

(2)

is correct to within 0.03% for v2+1. We present in Fig. 1 agraphofa, ass funcuon of v.
We also include a giaph of the 3 dB half angle ¥, i.e., the value for 8 such that P {cos0) =
0.5. The following approximation for y,., in degrees,

54.540.[ 0.103 ]

Y, = 3)

(v+0.5) (v+0 5)2
is believed to be correct to within 0.1% for v21.

The Legendre function P, (cos #) is a monotonically decreasing function of 0 in the
range O8d+a,. In Fig. 2 we show P,,(cos @) over this range for v = 6, 7.5, and 10.0. The
function P, (cos A1) can be evaluated to any desired accuracy by use of its hypergeometric
expansion in (1 - cos 1)/2. Fortunately, use of this expansion is unnecessary for our
purposes. Sufticiently accumate values over the range 0S0<a, can be obtained using the
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following excellent approximation in terme of the zeroth order cyhndrical Bessel function
of the first kind:

S T JYUS YT D NGO

P (cos 0} = [%0/(180 sin 0)] 172 J(2.4048070,), (4)

with both @ and a,, given in degrees. For - © 1, the error in Eq. (4) 15 leas than 0.1% for
0035, leas than 0.2% for 35° <0<55", and less than 0. 4% over the remainder of the 3
range 55°<0<90°. The error decreases rapndly with incicasing v

For large values of v, the range of 0 is small and the factor [®0/(180 sin §)] 1/2
approachas unity snd can be discarded. Thus for large v, we obtain the simpler approxima-:
tion

A M AAG (n s S e e ekt

P (cos0) = J°(2.40480/a,). (5)

Graphs of P, (cos 0) and J,(2.40480/a,)) as a function of 0.«,. are shown in Fig. 3 for
¥ = 1and 2 The agreement between J,(2.40480 /a,.) and P, (cos 0) for 0S0<a, improves ‘
rapidly with increasing », being reasonably good st v = 1 and very good for v = 2. Graphs )
of the closcr approximation given by Eq. (4) for » = 1 and 2 would be indistinguishable

from the cuives shown in Fig. 3 for P;(cos () and P,(cos ), respectively. Accurste :
numerical values for the Bessel function Jo(x) can either be caiculated using the polynomial
spproximations given in Abramowitz and Stegun [3] or obtained from tubies such as those
given in Refs. 4 and 5.
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We cbtain from Eq. (4) withv = 1:
P,(cos 8) = cos 6 = (x0/(180 sin 9)]'/2 J,(2.4048 6/90), (6)

for 00, = 90°. We can invert this equation to provide the following approximation for
Jo(l ’:
sin (80x/ g7.4_048

1re
o= [ o ) "

where the arguments of both sin and cos are in dogrees. The relative error in this approxima.
tion increases monotonically from 0% to a maximum of almost 0 4% as x increases from
zero 10 just below the first root of Jo(x) at x = 2.4048. \s x increases from just above the
first root to a value near n, the relative error decreases munotonically from nearly 0.4% to
less than 0.01%. Beyond x = =, the relative error increases rapidly, being 0.4% at x = 3.35
and 4.7% at x = 4.0,

We can substitute Jy from Eq. (7) into Eq. (4) w abtain the following approximation
for P, (cos 8), 0<8<a, . in terms of triganometric tunctione:

L (90/a,) un 0 - cost vk (8)

-

P,‘tcm 0) =

where agein the arguments of sin and cos are in dogrees. Because of the nature of its deriva-
tion, this approximation is exact for i = 1. For 1] and 0<8<a,, the wpproximation is
always somewhat larger than P, (cus 8). The relative ervor for all 41 increases as 0 ap-
proaches a,. and reaches a maximum of less than 0.4% for values of 0 just less than ay.. We
believe that the approximation given in Eq. (8) s quite adequate for most purposes in
designing a CBT.

BEAM PATTERNS

The beam pattem g(0) of a P, CBT approaches the normal velocity distribution in the
limit of high frequency. Thus, the limiting pattemn 1s rotationally symmetrical, has 8 maxi-
mum in the direction of the axis of the spherical cap. decreases monotonically to zero at
the cap half angle o, and is cqual to zero for 022a,.. Approximations for both the pattern
null a, and the - 3 dB half angle y,. in terms of v were given as Eqs. (2) and (3), respectively,
in the second section. Approximations for the velocity distribution given by Egs. (4), (5),
and (8) in the Introducton are also appropriate for describing the limiting beam pattems.

As the frequency decreases from high to low values, the CBT beam patterns tend o
resemnble the high frequency limit less and less. The highest frequency below which the
resemblance is jess than acceptabie is called the low-frequency cutoff f.. A general rule
of thurab for the cutoff frequency /. in kllz is given by

[, =cl1.10+(24.65,)]/(1500 b), (9a)
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where ¢ is the sound specd of the surrounding fluid in m/sec, b is the half-arclength (i.e.,
radius) of the spherical cap in meters, and y,, is in degrees. By use of Eqs. (2) and (3) we can
altemately express [, in terms of the cap half angle o, in degrees by

f. =c[1.10+ (62.6/a,)(1 - 7.79 X10 8a, %)) /(1600 b), (9b)
or, in terms of the Legendre function order v by
f,=cl1.10 + 0.381 (v + 0.5){1 - 0.103/(v + 0.5)% }) /(1600 b). (9¢)
If @ is the radius of curvature of the cap, then b = raa, /180.

Since Eqs. (9a) L0 (8¢) are only general rules of thumb, we use a value of 1500 m/sec
for the sound speed ¢ when calculating /. for a CBT to be used in water, even though the
actual sound speed of the water might be somewhat different than this. The cutoff fre.
quency /. and the inverse of the cap redius scale together. We define as the frequency
constant for a CBT radiating into water the quantity F, = [.b = 1.10 + (24.6/y,). A grsph of
the behavior of the frequency constant £, as a function of the - 3 dB half-angle v,, is shown
in Fig. 4. We note that the definition for . given above differs slightly for low » from that
given in Ref. 1. The difference is only 1 4% at v = 1 and decreases rapudly with increasing v.
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The choice of the frequency below which the beam patterns are unacceptable is a

: subjective one and depends strongly on the applications that the uger has in mind for the
CBT. Asan example, we show in Fig. 3 calculated beam patterns for a Py 74 CBT. The
- 3 dB half angle for Py 44 is 20°. The beam pattem at 10/, is indistinguishable from the
P, 15 velocity distribution. The beam pattcrn at 3 /. for angles less than about 32° is
nearly identical with that at 10 /., however, the two patterns differ somewhat for larger
angles. The same 1s true for 2 {, although the deviation from the 10 /. beam pattern for
6>32° is more substantial. As the frequency is decreased below 2 /., we begin to see a
significant deviation from the 10 /. beam pattemn for §232°. The deviation for angles
above 32° appears to increase monotonically with decreasing frequency, however, the
deviation below 32" is greaterat 1.2/ than at /. or 0.8 /.. Examination of the extrema
curves presented in Ref. 1 for Py, Py, and P CBT's suggests that the portion of the
beam pattern around the - 10 dB angle changes less with frequency than any other part of
the pattern. Thus, i/ we are primarnily concerned with the constancy of the beam pattemn
for angles less than the - 10 dB angle, and only require that there be no substantial sidelobes
for highet angles, then the cutoff frequency for P51, can be chasen as lowas 0.8 /.. On
the other hand, if constancy of the beam pattern for larger angles is required, then the cut-
off frequency must be chosen soniewhat larges than /..

©men s .

60°
S
' Pig. 5 — Calculated beam pat-
o lerns for a Pg 4, CBT at selected
relative frequencies /. /,
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VAN BUREN

For additional information on the vanation of the CHT beam pattems with frequency,
we reproduce here the extrema curves given in Ref. 1. Figures 8, 7, and 8 show the calcu-
lated range of beam patterns for a Py CBT, a P; 4 CBT, and P,y CBT, respectively, both for
frequencies above the culoff frequency f, (indicated by the total shaded region) and for
frequencies above 2 /, (indicated by the dark shaded region).

s Py COY -
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Fig 6 -~ Range nf Bearn petierns {or Py CBT for />/, (total
shaded ares) and /22 [, (dark mﬁea area only)
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250k

Fig 8 — Range of beam petterns for P, CBT for 2/, (total
sheded ores and /21 /, (dark shaded sres only)

In the next three sections of this report we will denve (for the limiting beam pattemns)
excellent spproximations for the directivity index and for both the surface and volume
reverberstion two-way heamwidths of the CBT
DIRECTIVITY INDEX

The drectivity :index )/ for a CBT s given by
1 ta /18D
DI = -10log,, -{f P, %(cos 8) sin 0d0 | . (10)

Rewriting Fq. (4) so that 0 u in rad.ans, substituting the resulting expression for F,(cos 8)
into Eq. (10), and integrating exactly, we obtain the approximstion
DI ~-10log,,10.267%a, 24, 3(2.4048)/(180)2],
or {11a)
DI =-20log,, a, + 46 88,
with a, in degrees.
We can alternately express the result in terms of ¥ by use of Eq. (2) to give

DI >20log,, (v + 0.5) + 4.09+ [0.391/(v + 0.5)%). (11b)
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VAN BUREKN
EQqs. (3) and (11b) can then be used to obtain the corresponding expression for DI in
terms of the - 3 dB half angle y, in degrees:
DI >-20log,, ¥, + 4028 + 309 X 104y 2. (11¢)
All three approximations are accurate to within 0.1 dB for v = 1, and increase rapidly in

accuracy with increasing ¥. We show in Fig. 9 a graph of the directivity index as a function
of the -3 dB half angle y, .

ol ta8]

P . BT T . . (¢
v, \DESREES)

Fg 9  Directivity indes 77 1n dB as o function of the 3 dB
half ergle ¥, in degrees

VOLUME REVERBERATION

\Volume revertberation is charactenzed by an equivalent two.way beam width. The
integrzl expresion for this quantity (see ¢.g., R.J. Urick (8]) is.

2n »
w-/ f b(0.,¢) b' (0.9) sin 0dode, 12)
4] V]
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where 5(0,¢) and b’ (0,¢) sre the beam pattems of the projector and receiver, respectively,
and (0.¢) are the standard spherical angles with the z axis being the principle direction of
radiation. For the case where b(0,8) = &' (0.4) = P, 3(cos 0), we have

na, N80
y-2r f P, *(cos 8) sin 0d6. (13)
[\

We rewrite the approximation for P (cos 0) giver in Eq. (8) so that 0 is in redians and
substitute into Eq. (13). Replacing sin 6 by ¢, expanding Jy(7) in the first 3 Lerms of its
power senes, multiplying out J,4(x), integrating the result term by term, and adding s
correction term necessary for low », we obtain

v > 0.000147a,2(1 + .84 X 10°%a %), (14)

where @, 13 in degrees. We can also express ths in terms of the - 3 dB half angle v,. in
degrees:

v > 0000670y, (1 - 3.65x 10" °y 2, (15)
ut, expressed in dB,
10log,q v ~20log o ¥, - 317 - 159 > 10 *3 2. (16)

This resuit 13 nearly wdentical to that for a circular plane array (circular puston) in an
infinite rigkd baffle. The inaccuracy 1n the approximations gwven in Egs. (14) and (15) s
legs than 1%, while that of Eq. (16) 18 Jess than 0.1 dB.

SURFACE REVERBERATION

Surface reverberation 1s charactenzed by a corresponding two-way beam width ¢
given by the integral expresaion

in

® o / b(0.B)b'(0.6)dé. (17)
0
For a P, CBT projector and receiver:
lo'IIBO
T2 f P,4(cos 0)d0. (18)
0

Use of the procedure described above in the previous section for obtaining Fq. (14) leads
to the following spproximation for ¢, accurate to within 1%

¢ >00123a,(1+ 793 X 10-%a,?), (19)
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VAN BUREN

with a, in degrees. We can altemately express ¢ in dB accurate to within 0.2 dB in terms of
the -3 dB half angle y,, in degrees:

10log, o ¢ =101log,, ¥, - 16.8-9.77 x 10" 5y 3. (20)

This result is about 3 dB lower than the value quoted for the circular plane array by Urick
{8] in his Table B.1. However, a close inspection of the problem reveals that Urick's values
for 10 log, o ¥ for the circular plane array, the rectangular array, and the horizontal line are
all in error by 3 dB. This is probably due (o a factor of 2 error in the transcription by Urick
of previous results expressed in terms of 8 surface reverberation index J,. This surface
reverberation index was defined to be J, = 10 log, ($/27), as opposed to the volume
reverberation index J, = 10 logyo (v /47).

Evaluation of the surface reverberation for nonzero values of 0 is more difficult than
far 0 = 0. Sunple ~xpressions are not likely Lo exist for this case. Numenicsl integration
appearns necessary for cach desared value of 0 ahd ', however, the simplest case of v = 1 can
be solved analytically and yields

= 05)=cos 0, $(0 = 0),
or (21)
(0,) = P}(cos 6,)440),
or, in dB,
10 log,, ®(0,) = 10 1o%,, $(0) + 40 log,o Py (cos 6,). (22)
Based on this reault, we might expect that the more general expression
10 log, o ¥(0,) = 10 log,, (0) ¢ 40 lug,, P, (cos 0,) (23)

15 8 good approximation for small values of 0.

IMPLEMENTATION OF THE VELOCITY DISTRIBUTION

As stated earlier, the tpecial reduation properties of the CBT resuit from the presence
of a normal velocity distribution over the outer surface of » spherical cap given by (0) =
P.(cos 0) for 050 <a, and ¢(0) = 0 for 0 2 a,. The cep half angle must be ut least as large
as a,.; to minimize the size and weight of the CBT we choose the cap half angle equal to a,,.
A croms-sectional view of the spherical cap for a Py CBT is shown in Fig. 10.

The most obvious choice for the transduction material in the CBT is 8 piezoelectric
ceramic such ms Jead titanate 2irconaste. In ordet to obtain good piezoelectric activity and
also to prevent excesive dielectric heating of the ceramic under high power and/or large
duty cycle operation, we can usc the ceramic comporition PZT-4 manufactured by Brush-
Clevite, or a similar composition such as Channel 5400 manufactured by Channel Industries,
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.8 -
. Fyg. 10 - Crossectional view of the
'.-_‘_':‘"?' ______ spherical cap for a Py CBT. Arrows indi-
ST TTTTTmTEet cate the relative surfece velocity distribu-
T~ tion. The cap redius b is messured on the
AN outer spherical qurface.
WPwifiCAL Car

Inc., and TC174 manufsctured by Manine Resources, Inc. For very high power applications
where PZT-4 might overhest, we can substitute a very low-loss composition like PZT-8,
although thu ceramic is less active than PAT-4.

Expenmental results show that it s difficult if not impomible tn control the velomty
dutribution over a sphenical cap conasting enturely of & single piece of piczoelectnic ceramic.
The presence of a vanety of mechanical vil:ration modes 1n the ceramic cap produces a
velocity distnibution that is nighly frequency dependent. We can avord this prohlem by
subdividing the ceramic cap into small picces. We choose the lateral dimensions of each
individual ceramic prece small enough 80 that thete are no latetal vibration modes in the
frequency band of operation that are sufficiently excited to significantly affect the normal
velocity of the picee. We also choose the thickness of the cemmic picces su that the lowest
thickness mechanical resonance occum well above the maximum operating frequency. The
resulting mosaic can be attached to a backing jrlate that i1s mechanically rigid enough to
maintain the shape of the sphencal surface under operating conditions.

1t is desrable to mechanically and acoustically solate the ceramic from the backing
plate by a thin layer of decoupling or pressure-release matenal such as corprene. This
prevents the backing plate from vibrating and producing undesired acoustic radiation in the
backward (0 = 1807 ) direction. It also preventa the normal velocity distribution from being
adversely affected by mechanical resonances that might otherwise be excited 1n the backing
plate. We can also climinate undesired acoustic radiation from the edges of the piczoceramic
pwces hy covenng them with small stnps of corprene.

We believe that comprene can be used as a decoupling matenal up to a water depth of
300 m without incumng significant changes in performance of the CRT, When the water
depth is greater than 300 m, however, the corprene is sunstantially compressed by the
ambient water pressure and becomes too stiff Lo be effective in decoupling the ceramic from
the backing plate. Other decoupling materials suffer from similar limitations. If the required
watet depth is too great for a pressure-release matenal to be successful in decoupling the
ceramic from the backing plate, the backing plate prohably must be made nearly acous-
tically rigid in order to prevent substantial acoustic radiation in the backward direction. In
this case, the backing plate can no longer be lightweight but must be made of material
with a large mass d=nsitysound speed product such as steel or tungsten. We assume in this
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VAN BUREN

report that the operating depth requirement does not preclude the use of a decoupling

material. The detign of a CBT suitable for operating at greater water depths will be deferred
for future study.

The inner and outer surfaces of the ceramic pieces are electroded 3o that a suitable
voltage can be applied across them. For maximum electromechanical coupling, each
ceramic piece is polarized through its thickness. The resulting normal velocity distribution
over the surface of each piece is assumed to be reasonably constant. We can stepwise
approximate the continuous velocity distribution (6) = P, (cos 0) by driving each ceramic
piece with a voltage whose magnitude is proportional to the average value of P, (ros 8) over
its outer surface. Since the desired CBT velocity distribution is rotationally symmetrical,
we first subdivide the spherical cap into N bands, with constant 0 boundaries. A natural
subdivision scheme to use is one with equal angular-width bands. Numerical calculations
show that subdivision into 10 bands of equal angulsr width results in excellent constant
beamwidth behavior over a large frequency range extending from the low cutoff frequency
{. for the continuous velocity distribution to an upper frequency limit £, that depends on
the size of the bands. Alternatively, we can subdivide the cap into N bands of equal area.
We determined that eight equal area bands are sufficient to produce constant beamwidth
behavor, akhough the top 2 bands are 30 much wider than the lower 6 hands that they
probably require further subdivision to suppress possible lateral plate modes in the ceramic.
Because of the need to suppress lateral plate modes, we recommend that the CBT be
subdivided into at least 10 bands whose angular widths are reasonably close to being equal.
However, if lateral plate modes are not a problem, any subdivision scheme is acceptable
as long as therr are at least 8 bands, none of which possesses both an angular width grester
than 0.1 a,. and an area greater than 0.125 times the ares of the cap.

The upper frequency imit [, for a stepped velocity distribution exists because the
center of the farfield pattem for the acoustic radiation from a uniformly vibrating band on a
sphere exhibits interference maxima and minima as a function of frequency. These extrema
occur when the projected heght of the band along the axis of the cap, 1.e, slong the 2 or
polar axis in spherical coordinates, equals an integral number of half wavelengths, m /2.
Odd values of m correspond to maxime and cven values correspond 1o minima. A discussion
of this effect is given in Ref. 1, although it was erroneously stated there that odd values of
m comrespond Lo minima and even values correspond to maxima.

Thus, the central part of the radiation pattern for a CBT onnsisting of N uniformly
shaded bands may differ substantially from the desired constant beamwidth pattern
when the frequency is high enough for one or more of the individual bands to exhibit inter-
ference extrema. The band with the largest projected height, which is also the band with the
largest ures, has the lowest extrema frequency. A conservative rule of thumb for the upper
frequency limit f,, is 1.5 times the frequency of the first maximum (m=1) for the band of
largest area, excluding those bands for which the value of £, (cos 8) is less than 0.2. We can
express this rule of tivumb mathematicaily by

f, »0018a,27 /[(a, +47.7)con8, - con0,)], (24)

where [, and [, ate in the same units, the cap half angle a,, is cxpressed in degrees, and 6
and 0, are the lower and upper angular limits of the relevant band.

14

Ty !

e

PV

e e A

P I e

o st o' b i

e e A e



o

NRL REPORT 8329 i

The interference effects described above are predicated on an ideal geometry and a
uniform velocity distnbution acros each band. The extrema might not be very pronounced
in the real world of nonideal geometries and nonuniform velocity distributions. In this case,
the transducer could possess good constant beamwidth properties well above the frequency
/.- To be on the safe side, however, we recommend subdivision into as many bands as are
required to raise [, , as calculated from Eq. (24), above the highest detired operating fre.
quency. Other factors providing an upper frequency limit for the CBT are discussed in the
section called ‘‘Bandwidth.”

For a closely packed array each band is then driven with a voltage E,, i = 1,2, N,
proportional to the average of the velocity distribution over the ith band, i.e.,

2'3 oll
E,=B(P (cos0)) = ‘:"f P (cos 0) sin 640, (25)
]
0
L

where 0, and 04, are the upper and lower bounds on @ for the ith band, B is the constant
of proportionality, and (), denotes the average over the ith band. The quantity A is the
solid angle subtended by the ith band and is equal to 2xicos 0, - cos 0 ).

We can evaluate this integral exactly to give

1
Pyoylcosd; )- cos0 P icostl y- P, (cos@ )+ cos0 P cosb } 2 ;
L =R ——— AT A 6)
1

Hcost, - cosd )

Numencal tables of Legendre functions of noninteger order are not readily available, there.
fore, we express £, in a trigonometric scnes by substituting into Eq. (25) the hyper-
geometric expansion of P.(cos 0)n terms of (1 - cos 0)/2 and integrating term by term.
This gives

R = ST ere
. Y WTweren
' cos0, - cosl, riire 1)!E(v-re )2
reQ ‘27)

X [(1 - (‘010“‘)” .- COI(’L‘)'° ‘J

where the ratio of gamma functions ['(¢r ¢+ 7 + 1)/1°(v - r + 1) equals unity forr = 0 and
equals the following finite product otherwise.

Fvers - re)m(w-rel)w-re2) . (v+r),r+0 (28)

It 15 scen from Eq. (28) that the ratio of gamma functions equals zero when v is an
integer arcl r > v, In this case the Legendre function P (cos 0) is a polynomial of order v so
that its integral and thus the series of Eq. (27) » a polynomial of order » + 1. For v unequal
to an integer the senes converges mpidly since cos 0, and cos 8, are usually quite close
to each other and to unity. Convergence to 4 decimal digits rarely requires more than 6 or
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7 terms in the series. There are no approximations involved in Eq. (27); therefore, the error
in £, can be reduced to any desired value by taking enough terms in tho series. However,
extreme accurscy is unnecessary. Theoretical calculations show that inaccuracies in shading
much greater than 1.0% are easily tolerasted without significant changes in the radiation
pruperties of a CBT.

We assumed above that the entire outer surface of the cap from 6 = 0 0 8 = ¢, was
covered with N distinct bands of ceramic. To suppress possible lateral mechanical modes in
the ceramic, we subdivide each band into a number of sufficiently amall pieces whoee width
(extent in the ¢ direction) and height (extent in the 8 direction) are comparable. We then
connect all the pieces in each band electrically in parallel. This procedure resuits in each
ceramic piece being driven with a voltage proportional to the average value of P, (cos 8) over
the band in which it is located instead of the average value over the outer surface of the
piece itself. We choose to connect the ceramic pieces in parallel in order to optimize the
performance of the CBT as a projector. Whr n the CBT 1s Lo be used both as a projector and
A receiver, or as a receiver alone, 1t is preferable to use alternative electrical configurations
involving both senes and parallel connections. We refer the reader Lo the final paragraphs
of the section called “*Source Level, Transmitting Volitage and Current Respongces, and
Receiving Voltage Sensitivity ' for a discussion of these altematives.

If the outer cap surface 18 not entirely tovered with ceramic, then the required
voltage shading values E, are obtained by dividing the expressions given above in Eqs. (25)
to (28) by the packing fractions ¥, to obtain £, = £ /F, The packing fraction F, is defined
to be that fraction of the area of the ith bard that is covered by ceramic. If a gap in the
ceramic exisls between neighborning bands, say between the ith and the ¢4 + 1) bands, then
both the lower bound 6, ,, , on the upper band and the upper bound 6, on the lower
band should be assumed to lie exactly in the middle of the gap. If it is necessary Lo leave
tignificant gaps between ceramic pieces, the gaps should be filied with a nearly mechanically
rigid material such as tungsten. Of course, the edges of the ceramic pieces should still be
covered with amall strips of corprene to eliminate edge radiation. We strongly encourage the
designer of a CBT to use a close-packed ceramic mosaic. This avoids the need for filler
material and provides the maximum probability of success.

The required voltage values F, can be obtained experimentally by several methods.
One method is to use individual phase-locked amplifiers, one for each band. An easier
method is to connect a shading capacitor suitable for power applications in senes with
each of the bands except the first or topmost band, and then to connect all of the band-
capacitor combinations in parallel with the first band. A single power amplifier is then
sufficient to drive the entire CBT mosaic. The capacitors act as voltage dividers to provide
the desired voltage values. It is convenient to normalize the set of values E,. (= 1,2, N,
by E} and call the resuiting numbers w, ~ K,/E} = F\E,(FE ), i= 1,2, N, the CBT
shading coefficients. The required shading capacitance values C, for bands 2, 3,.., N are
given in terms of w; by

C;=Clui1 - w), (29)
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where Cf is the strem-free ceramic capacitance of the ith band. For the usual case where all
the ceramic pieces in the ith bnndmol uniform thickness {; and cover a combined area on
the spherical upequ.xmr,q,a = F,Ab2/(x203/(180)2], with A; =22 (cos 8y, - cos ),
we have (neglecting lhnmng fields)

KT e FADb2
o - aa‘g__ww (30)

(2262 /(180)2)

Here, a, is in degrees, K{; is in the stress-free relative dielectric constant, and ¢, *
8.85 X 10712 F/m is the dielectric constant of free space. For PZT4, K{, is approximately
equal to 1300,

SIZE AND MASS

In order to determine the radius b of the sphencal cap (i.e., the half arclength, not o
be confused with the radius of curvatute a of the cap) required for a CBT, we need first to
specify the desired beam pattemn. Typical choices for specifying the heam pattem are the
- 3 dB half angle v, or the total beam half angle o, . The order v of the Legendre function
shading corresponding to y . or a, can be calculated using the following approximations
(sccurate to within 0.1% for a, <80 and v, ~45°):

64.540
y.‘!( 540 )(14228)(10 °y’) (31a)

y
N

and

137.796
v~ (—:7—— )(1 - 243 x 10-%5) - 0.5, (31b)

g

We must next specify the lowest desired operating frequency f, of the CBT. We can
now calculate the required cap radius in meters by use of

246
b'c(l.100 ;-)/(1500[“) (32a)

or
b =c[1.10+(62.6/a,)1 - 7.79 X 10" %a?)} /(1500f,). (32b)

where the sound speed ¢ of the surrounding fluid is in m/s, [, is in kHz, and y, and q,,
are in degrees.

The required thickness of the ceramic does not depend on /., and ~onsequently not
on the cap radius b. Thus, the total mas of cetamic increases lincarly with area. We
assume in this aection that the entire spherical cap 080<a,, is covered with ceramic. The
area of a spherical cap of half angle a,, 18 given by .« = 2ta§ cos a,, ), where a is the radius
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of curvature of the cap. We can spproximate the cap area by its upper bound »b2 obtained
by expanding cos a,, in a power series in a, and retaining only the first two terms. The error
in this approximation decreases as a, decreases; it is nearly 33.4% for a, = 90° but decreases

to less than 8% for a; = 54.74°. Thus, for v>2 the ceramic mass varies nearly quadratically
with the cap radius.

R

We assume that the ceramic is of uniform thickness over the entire cap and obtain for
its mass M, in kg:

M‘ - p‘_Q.J

™~ PP WP
N s B, et M P,

(33)

= 2rp_tb3(1 - cosa, )/l 0, /180) 2,

of, in terms of the lower cutoff frequency f, by use of Eq. (32b),

L Cam

M. =2%p 21,10 + (52.5/a,)(1 - 7.79 X 10°%a?)) 2(1 - cosa, )i[268/,a,/3]2, (34)

where p, is the mass density of the ceramic in kg/m3, ¢ is the sound speed of the surround-
ing Nuid in m/s, € is the ceramic thickness in meters, a,, is in degrees, and /_ is in kHz. We
can also express the mass in terms of the - 3 dB half angle ¥, in degrees as

e R ——

M > o Ac[110+ (24.6/¥,))2(1 - 1.16 X 10" *¥?)/(15007,)%. (36)

In Fig. 11 we present a graph of M, as a function of y, for the case where the surrounding
flund is water, the ceramic 15 PZT-4 (p, ~ 7500 kg/m¥), € = 0.001 m,and /. = 10 kHz.
The ceramic mass M_ fcr other choices of €in m and /, in kHz can be obtained from this
graph by multiplying the plotted values by 105(91/3).

The section after next will show that the transmitting voltage response of a CBT does
not depend on the thickness of the ceramic. However, the thickness does determine the
maximum achievable source level since it imits the maximum voltage that can be applied
to the CBT. When senes shading capacitors (see the section, “‘Implementaticn of the
Velocity Dustribution’’) are used as voltage dividers to reduce the voltage across all but the
topmost ccramic band, the thickness of the ceram;c 1n these bands can be reduced in
proportion to the voltage reduction without reducing the maximum achievable source
level. We then have €, = £,€,/F, and the ceramic mass becomes

o SR CNUT R W ST T DR

M, = (EpIE)M. (36)

where M 1 given by Eqs. (33) to (35), £ ix given by Eqs. (26) to (28) withi = 1, and E¢
is proportional to the average of P, (cos ) over the entire cap, and is given by Eqs. (26) to
(28), with 0;, = O and 0, = a,. It can be shown that E is well approximated by 0.432B

{1+0.356/(v + 0.5)3), and that for the case of eight or more hands, B>E,> 0.91B.
Thus, we have

it s e ka2

M, < 0.48{1+0.358/(v + 0.5)*) M, (37)

Akt At m a0 ke
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Fig 11 Mast of the ceramic requited in & CHT in kg as a function of the
-3 dB half angle ¥y in degrees for ¢ 1ower cutoff frequency of 10 kHs and
for a ceramic thicknem of 0 001 m

30 that the reduction in mass of the ceramic is approximately 50%, however the input
electrical impedance of the CBT and, consequently, both the transmitting current response
and the receiving voliage sengitivity are also reduced by the same factor.

11 the CBT will not be used at water depths greater than about 300 m the bscking
plate can be made reasonably light weight and will not add substantially to the waight of the
CBT in water. In this case, the only design requirement for the backing plate is to maintain
the shape of the spherical cap. We cstimate that the entire mass of the CBT with a light
weight backing plate will be less than twice that of the ceramic alone. In addition, the use
of low-mass density materials such as plastics in the backing plate should result in a CBT
weight in water that is barely larger than that of the ceramic.

{f the CBT must be used at great depths so that corprene ot another good pressure.-
release malerial cannot be used to decouple the ceramic from the hecking plate, the backing

plate must be made of a matenal such as steel or tungsten and will greatly increase the
mass and weight of the CBT.

BANDWIDTH

The bandwidth of a CBT is determined by several factors. The lower frequency limit
f. (in kHz) depends on the cap radius b (in meters), the sound speed ¢ of the swrounding
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VAN BUREN

fluid (in m/s), and the - 3 dB half angle y, or, alternatively, the cap half angle a,, (in
degress) according Lo the follnwing two formulas (given earlier):

[.=c (1.10 * )/(15000). (Be)

)'.
f. =c(1.10 + (62.6/a, K1 - 7.79 X 10~%a,?)) /(16000). (9b)

A reduction in [, for the same desired beam pattem (a, = constant or y, = constant)
requires a corresponding increase in b and a resulting increase in the mass and weight of the
CBT (see section called *‘Size and Mass"').

There are two primary factors that determine the upper frequency limit. The first
factor is the size of the constant-velocity bands used in stepwise implementing the velocity
distribution. If one or more of the bands is too large for the desired high frequency limit,
interference extrema can significantly degrade the center of the farfield radiation pattern at
frequencies within the operating band. We discums this effect in detail in the “‘Implementa-
tion of the Velocity Distribution’ section. An estimate of the upper frequency liniit for a
given velocity band subdivision acheme is given by Eq. (24).

The second factor that determines the frequency limit is the shape and size of the
ceramic pieces used in the mossic. If the pieces are not identical in shape and site, the
upper frequency limit for constancy of both the beam pattern and the transmitting current
response is somewhal less than the fundamental thickness resonance of the thickest piece.
On the other hand, if the pieces are identical they will respond identically with frequency
since the scoustic loading is uniform over the entire spherical cap. In this case, the occur-
tence of a resonance will affect the surface normal velocity magnitude but not its distribu-
tion, and, thus, the beam: pattern will remain constant. Of course, the transmitting current
response will follow the frequency dependence of the velocity magnitude, increasing some-
what as the fundamental thickness resonance is approsched, and decreasing rupidly sbove
resonance. This repid decrease in response above resonance places a practical limit on the
upper frequency limit of the CBT.

SOURCE LEVEL, TRANSMITTING VOLTAGE AND CURRENT RESPONSES,
AND RECEIVING VOL.TAGE SENSITIVITY

The on axis (8 « 0°) farfleld scoustic pressure produced by the CBT at a distance R at a
frequency well above its cutoff frequency is shown in [1] to be

Ppy = (pcUga/R)® (R = @) w0 (38)

where p and c are the density and sound speed of ‘water or whatever fluid the CBT is
radiating into, @ is the radius of curvature of the spherical cap, w = 2%/ is the angular fre-
quency, and U, is the normal velocity of the transducer surface at 6 = 0°, {.e., in the center
of the cap. We assume 1n the following discussion that the transducer consists of a close-
packed mosaic of small ceramic elements that are decoupled from a backing plate by
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pressure release material. We also assume that the frequency is well below the fundamental
or lowest thickness resonance of the ceramic.

U the individual cetamic pieces have lateral dimensions that are small relative to the
wavelength of sound in the ceramic, then the velocity U, is given by

Uy - twdyyEq/2. (39)

Here, dg; is & piesoclectric constant of the ceramic and F is the input voltage to the CBT.
On the other hand, if the lateral dimensions are large compared to a wavelength, the factor
dyy in Eq. (38) must be replaced by K[ e Ay /c{y. where KT . hyy. and c§; are dielectric,
piesoelectric, and elastic constants, ively, of the ceramic. For a description of these
constants together with numerical values representative of selected ceramic compositions,
we refer the reader to Ref. 7. In general, dgy > K ¢ohyy/cfy, 00 the normal velocity
obtained with a given input voltage is greater when dy, i1s appropriate. For example, using
the following typical values for PZT4 given in Ref. 7: K, = 1300,d, = 2.89X10° 10 m/V,
hyy = 2.68X10° V/m, and cf) = 1.59X10!! N/m2, we find that K[ eqhyy/cfy

1.94X10710 m/V, which is less than dyy. We assume in the following discussion that

d gy is the sppropriate factor for the CBT for all but possibly the upper end of the operating

frequency range.

Substituting for Ug from Eq. (39) into Eq. (38), replacing a by b/(%a,/180), eetting R
equal to 1 m. and ignoring the phase terms, we obtain the following equation for the farfield
pressure magnitude referenced to 1 m:

Prp(R = 1 m) = pebwdyy K, /(2%0, /180). (40)
Thus, the source level of the CBT in dB ref. 140 at 1 m is given by

Sl « 20 log, g lpcbuwd, K, (2ra p,/180)]. (41
where p, is the reference pressure equal to 1pPo at | m.

The maximurn achievable source level i1 limited by the maximum electric field that can
be applied to the ceramic before dielectric failure or depolarization occurs. This depends on
the duty cycle used and can be larger than 10% volta per centimeter of ceramic thickness
for very low duty cycles. However, for most sonar applications it is degiged that the preasure
waveform produced in the water be linearly related to the applied voltage waveform. In this
case, the applied electric fields must be less than about 2000 V/cm in order to be small
compared to the DC electric fields used to polarize the ceramic during its initial preparation.
This results in & somewhat lower usable source level. We can altermnately express the source
level in terms of the dimensionless frequency ratio [/f, and the - 3 dB half angle y,, by use
of Eqs. (2). (3) and (32a):

138
v

SI. = 20 log,, [1o'pc’duso (0.618 . )(1 +3.65 x 10°%y2)(f1r.) /y,]. (42)

[ 4
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This expression is evaluated using MKS values for p, ¢, and dgg, and expressing v, in degrees

We note that the source level of the CBT increases linearly with frequency over its operating

band, the minimum value occurring at the lower cutoff frequency.

The transmitting voltage response Sy, in wPa/V is found from EqQ. (42) to be

13.8
Sy =10%oc%dy, (o.sw + ) (1 +3.85 X 10'5%') (f/fc) 1y,. (43)

Yy

For the case of water and PZT 4, with p © 1000 kg/m3, ¢ = 1500 m/s, and dyy =
2.89X10710 m/V', we have

24.6
S, > 3.65 x 107 (1.10 - )(1 +3.55 X 10'°.v.,’) (///,) v, (44)

R4

The minimum transmittng voltage response over the operating band Sy, is given for this
case in dB ref 1 wPa/V by the approximation

Sy gy ~ 181202000k, {110+ "7 (14358 X 20 8y, P )y, [ (45)
A B

We present in Fig.12 a graph of S- yx as a function of the - 3 dB half angle y,..
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The transmitting current response S 1s nbtained from Sy, by use of
S«izi8, (48)

where Z is the input electrical impedance to the CBT. For frequencies well below mechan.
ical resonance, Z = 1/1wCy., where Cp is the total electrical capacitancs of the CBT under
strees-free boundary conditions. When the velocity shading is achieved by the use of shading
capacitors as described in the ssction on ‘‘Implementation of the Velocity Distribution,”
the total capacitance can he obtained using Eqs. (28), (29), and (30), and is given by

]

T N N
20K 3ye o F b2 W
Cre e m e s 2 =~ | P (cos0)an 6d0, (47)
|lay/180|2 (P,(co8 G))y o1 L 9

Li

where /, is the ceramic thickness of the ith band (assumed to be uniform over the band).
The appearance in the deriominator of the average of P, (cos @) over the first band is due to
the normalization of the shading coefficients w, so that w, = 1.0.

For the case that [} = g = =y = we can remove [, from the sum and combine the
individual band integrals into a single integral 1 over the entire spherical cap from 6 = 0 to
0 = a,. Thu integral can be cvaluated by using Eqs. (27) and (28) to calculate E, for
0;,=0and 8, = a,, and then using the relatonship | = (1 - cos o, ) HE, obtsined from
Fq. (25). The quantity (P,(cos 6)), ~ E, /B can also be evaluated using Eqs. (27) and (28).
However, simpler expressions can be obtained for | and &, (cos 6 )); by using the approxima-
tivn foe P (cus 0) given in Eq. (5), replacing sin 0 by 0, an . integrating the resulting
cxpremions exactly . After some further algebra plus the addition of an empincally
determined conecton factor, we obtain the approximation:

1.36 K]yeo F, b2 ]

3

1

Cp=———=—=-= (1- 3.24 xxo"'y,’)[l +0.72 (—i) ] : (48)
1 a,

where all angles are 1n degrees. This approximation is believed to be sccurate to within 1%
{or +21. The bracketed factor in Eq. (48) can be approximated by 1 + (0.724, /A), where
Ay /A = (1-cos 8,,)/(1-cos a,) is the fraction of the total cap area covered by the first

or topmost band. The insccuracy in this approximation is less than about 1% for

ra, /180 < 1,i.e. for v>2. If there are N bandr of equal ares, A, /A = 1/N.

An excellent spproximation for the transmitting current response S in units of uPa/A
and ir terms of y, and /, is obtained by combining Eqs. (32a), (43), (46), and (48):

148X 10'% 1d../.(1+6.79 X 10°%y 3) 0..\12

33

§=~ - ¢ " 11- 072 (—"-') . (49)
KIseoF, (1.10y, + 24.6) %

where /, is in kHg. We note that S is independent of the operating frequency. For the case
of water as the surrounding fluid, PZT 4 as the ceramic, a pecking fraction of unity for the

JRUSIS =T GRS P

A e ek 4 e




i
|
VAN BUREN i ]
i
: first band (F, = 1.0), and the ratio (6, /a,)? equal to 0.125, such as would be obtained ]
: approximately with 8 equal ares bands, we have: ;
,% 1y Y(1+879x 10°8y3) )
i S$=3.38x10 80
: =338x1 (1.10y, + 24.6) 9 ;
; Figure 13 shows the behavior of S in dB ref. 1 uPu/A as a function of the - 3 dB half angle y, ]
'i' for € = 0.001 m and /, = 10 kHz. Values of 8 for other choices of ¢ and /. can be obtained {3
E' from Fig. 13 by adding the factor 20 log,o(2/./0.01 kHs m) to the plotted values. P
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The receiving voltage sensitivity M in V/uPo is found from S in juJfa/A by using the
: relation M = 107 12JS, where J = 0.002/pf is the spherical reciprocity factor when / is in ;
P kHz:
[
t 296 X 107 €dyy(7,/MK1 + 8.79 X 10-8y3) 0,\?2 2
E M- 1-072(— (81) -
i KlyeoF (1.10y, + 34.6) i
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Thus, for frequencies well below resonance, the receiving voltage sensitivity of the
CBT is a maximum at the cutoff frequency and decreases linesrly with increasing frequency
above that point. We obtain, for the case of water, PZT4, Fy = 1.0, and (6, /a,)* = 0.128,

R(f. /M1 + 6.79 X 1075)3)

«8.78 X107 . 52
M=675X10 (l.lOy,*ld.O) (82)

In Fig. 14, we plot the behavior of the maximum receiving voltage sensitivity My, . v, i.8.,
Mntf=lc.ulhmcuonofa\o-adnhmwy,lonhhenuwithﬂ-0.00ID. alues of
My 4 x for othez choices of € can be obtained from Pig. 14 by adding 20 10g,((2/0.001 m)
to the plotted values.

0y Y Y 17 Y Y Y Y YUY Y TyTTTYS T‘—‘"—‘T—T—T—T'T
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”MAX (a0 re IW,.Po)

-210}

!

i
P Y <o) SHNDUID RPURIS UUUFUNES WU SRR QU | -‘_A'..—_‘_L,_A.__I_A_J
0 ) [}

(4 .3 20 4 e >4 3 40
y, (DEGREES)

Mg 1¢ - Msximum receiving voltage sensitivity My, .y in dB ref 1 V/uPe s
o function of the - 3 dB haif sngle y,, in degrees for € = 0.001 m

We riole that the receiving voltage sensitivity depends weakly on (6, /a,) through
the bracketed factor in Eq. (51). Since the CBT mossic should never be subdivided so that
the ares of the first band exceeds 1/8 the ares of the entire cap, the factor (6, /a,)? is never
greater than 0.125 and, thus, the bracketed factotr has & minimum value of 0.91. Both the
expression for M given in Eq. (52) and the values for My, . x plotted in Fig. 14 represent
this minimum.

The tomewhat low receiving voltage sensitivity values shown in Fig. 14 are due
primarily Lo the relatively low input electrical impedance of the CBT which results from
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connecting the individual pieces of ceramic in the mossic in parallel. The use of paralliel
connections maximises the transmitting voltage response; however, it simultaneously

minimizes the input electrical impedance, the tranamitting current response, and the
receiving voltage sensitivity.

If the CBT is to be usod as a receiver, we can increase the receiving voltage sensitivity
by the use of series alectrical connections. The easiest procedure to gain receiving voltage
sensitivity involves changing the electrical connections between the N bands from parallel
o series while retaining the parailel connections bet ween all the pieces of ceramic in each
band. In this case we obtain the CBT amplitude shading, w; = F,E;/F;8,,i= 13, .N, by
connecting a shading capacitor in paraliel with each band except the first. The required
shading capacitance values C/, i ~ 2,8, .. N, are given by

C: * (C'l. - w‘ Clr),wl' (63) }

where CF 1 the strems-free ceramic capacitance of the ith band. We note that C; will be
nonnegative and, hence, physically realizable only if CF 2 v CF. This condition is
obviously satisfied by a close packed mosaic of uniform thickness ceramic and equal area
bands where (‘f = 'y and w, < 1 for all 1. If the condition is not satisfied, a shading

capacitor C) chosen so that Cf + C, > w,CF for all i # 1 must be added in paraile) with the
first band.

A r——
PR P I OIS PR

The senes-paralle] arrangement described above results in an increase 1n uLe receiving
voltage sensitivity over that of the original parallel arrangement by the factor uv‘C‘.’i
((‘f + () ). This incrrase is sccompanied by a corresponding decrease 1n the transmitting
voltage response by the factor 1/3 u, and an increase in the electncal impedance (at
frequencies well below resonance) by the factor l";l w‘Cf/(Cf + (,"l )],g, w,.

o mm—— g

When all the ceramic has the same thickness and when Cy = 0, we have

a,

S ka f P, (cos 0 )sin 0d0
\\ w (‘"/C" - ‘_:L .‘_f - o (54) '
P A ) 0 '
! 1Y v
P, (cos 6)=in 6d6
]

An excellent approximation for this factor is given by N

N 0.432(1 - cosa,)(1 + 0.386/(v + 0.6)?)
b W'C"/Cf ~ . (65)

! (1- cos O N1 - 0.7203/ad))
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Neglecting the bracketed quantity in the numerator of Eq. (66), which becomes insignifi.
cant at large ¢ or small a,, we obtain, for the case of N equal area bands:

N N
S wClIcy = T w, >0432N(1+(0.72/N)]. (58)

In this case, the gain in the receiving vollage seniitlivity varies nearly linearly with the
number of bandi. For the minimum eight equal area bands, the receiving voltage sensitivity
increases 11.5 dB. At the same Lime, the transmitting voltage response decreases 11.5 dB,
and the input electrical impedance increases 23.0 dB.

We can also increase the receiving voltage sensitivity of the CBT by connecting the
preces of ceramic in each band in series instead of in parallel. However, care must be taken
to insure the required CBT amplitude shading. The most straightforward procedure is Lo
subdivide each hand in the ¢ dimension into L identical pieces. The L pieces in each band
are then connectled in series electrically. With this method, we simultaneously increase the
receiving vollage sentitivity and decrease the transmitting voltage response in dB by

20 |0‘10L.

A decrease in the transmitting voltage response due to series connections will not de-
crease the maximum achievable source level if the CBT can handle the larger input voltages

that are required. The resulting voltage across each ceramic picce remains unchanged for a
g@iven source level.

EXAMPLE

As an example, we consider the design of a CBT which is to be used both as s projector
and s receiver and which mects the following requirements:

1. -3dB half angle: y,. = 7°
2. Frequency range: 15-100 kiiz
3. Source level: SL>» 200dBre 1 yPost 1 m
4. Receiving voltage sensitivity at 16 kHz: My, x > - 200 dB re 1V/ufa
5. Water depth capability: 300 m
We caiculate the required CBT design parameters as follows:
1. The Legendre function order, from Eq. (31a); v ~ 8.73.
2. The cap half angle, from Eq. (2); ag 3 = 14.92°.
3. The cap radius, from Eq. (32) with /. = 16 kH», b » 0.308 m.
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4. The minimum transmitting voltage response, from Eq. (48); Sy pqv = 147.6dB
re ! uPa/V.

8. The maximum input voltage required to obtain a sourve level of 200 dB re 1 uPo
ot 1l misgiven by Vy, . x = (200-147.6) dBre 1 Vor Vi, x = 417V. This is the voitage
required at 15 kHi. The voltage required for a source level of 200dBre } uFast 1 m
decrosses linearly with frequency, falling to 62.6 V at 100 kHz.

6. We choose PZT 4 or equivalent as the ceramic composition and assume a close-
packed mosaic. For 8 equal area shading bands, uniform ceramic thickness, and all parallei
electrical connections, the recejving voltage sensitivity at the cutoff frequency for 1 mm of
ceramic thickness is found from Eq. (52) to be - 213.6 dB re 1 V/uPa. Thus - 200 dB

requires 8 ceramic thickness £ = 4.79 mm. This thickness is sufficiently large to prevent over-

heating ofr nonlinearity in the ceramic even when the maximum required driving voltage of
417 Visapplied continuously. The receiving voltage sensitivity will decrease linearly with
frequency, being equal to - 216.5 dB re 1V/uPu at 100 kHz. If desired. a differentiating
circuit can be used in the receiving electronics to remove this frequency dependence.

7. The input electrical impedance at the cutoff frequency, Z, = 1/(2#/_Cy). from
F.q. (48), with (0“1 3/%2) -0.125; Z,t ~ 31.5 §2. The impedance will decrease lincarly
with frequency, being equal to 4.7 §1 at 100 kHa:.

8. The required input current for a source level of 200 dB re 1 wFa at 1 m is given
by I's VyaxiZse = 13.2 A Since the transmitting current response is nearly flat with fre-
quency, 8 nearly constant source level of 200 dB re 1 4Po at 1 m is obtained over the entire
frequency band Ly use of a constant current diive of 13.2 A.

9. The upper frequency himit of 100 kiiz s« well below the lowest thickness
resonance of the ceramic which is approximately equal to 460 kliz.

10. The mass of the ceramic, from Eq. (35) with o, = 7600 kg/m3; M. =107 kg.
‘Thus, the entire CBT should weigh less than 22.7 kg (60 Ib) in air. Its weight in water can be

substantially less than this since a low.mass<density backing plate can be used in ils construc.

3on

11. For 8 equal area bands, the angular limits are given by 0, = 0, .y * cos”!
{1- (1/8)(1 - cosagqq)]. Weobtain 0,,.1=1,2, ., 8, =5.26",7.44° 9.12°,10.64°,
11.78°,12.91°,13.95", and 14.92°. The CBT need not be constructed with precisely these
angular limits. If 8 bands are used, the actual angular limits can differ alightly from these
values as long as the individual band areas do not differ more than about 6%. On the other

hand, if more than 8 bands are used, the only restriction is that no band be larger in area
than 1/8 the area of the cap.

12. For B equal area hands, the CBT shading coefficients are oblained using Eqs. (27)
and (28) together with the definition w, = E;/Ey. The remult: w;,i= 1,2, ..., 8, = 1,000,
0.821,0.657,0.608,0.373,0.252, 0.148, and 0.0451.
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13. The required shading capacitors C; should be determined from Eq. (29) using
experimental values for the stress-free capacitance of each band Cf measured after the
CBT mosaic has been constructed. We can obtain approximate values for C; in the case of
8 equa! ares bands by using Cf' = C1/8 with Cy given by Eq. (48). The result is: C;,
i=2,3, ,8=0.197uF, 00829 uF, 0.0444 ;5‘. 0.0257 uF, 0.0145 uF, 7160 , and
1990 uuF. Inaccuracies of at least 1% in the shading capacitances can be tolerated without
degrading the performance of the CBT.

SUMMARY

We have presented design formulas for a constant beamwidth transducer based on
Legendre function amplitude shading of a spherical cap. Included are simple algebraic and
trigonometric expressions for the required velocity distribution, limiting beam pattemn,
directivity index, equivalent two.way beamwidths for volume and surface reverberation,
shading coefficients for a stepwise implementation of the velocity distribution, spherical cap
size, ceramic mass, bandwidth, source level, transmitting voltage and current responses, and
receiving voltage sensitivity. Most of the expressions arv apptoximations for difficult-to-
evaluate expressions in terms of Legendre function of fractional order. The approximations
are extremeiy accurate, involving substantially less inaccurscy than is normally encountered
in transducer construction. :

The formulas are restricted to constant beamwidths whose - 3 JB half angle is no
greater than 45°. This corresponds to restricting the order of the Legendre function to be
unity or greater. The restriction is somewhat arbitrary; it was made in order o simolify the
approximations. If a need arises for a CBT with a - 3 dB half angle greatet than 46°, then
expressions corresponding to but more complicated than those given in this report can be
obtained for a Legendre function order less than unity.
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