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Specif ic Interaction Contrasts

Abstract

Experimenta l psychologists often use mu ltifactor repeated-measure desi gns

In which interact ion s are the most important efft~c ts to be assessed . An

experimenter has at least five ways to evalua te such interactions : (1)

a un ivar iate rep~~ t~d-~ rds ures analys is of var iance (ANOVA), with (probably)

inflated est i .3tes of the de ;rees of freedom; (2) a uni var ia te repeated-

measu res A~3VA with the Greenhouse-Geis.er uir~ervative estir.ate of the

degrees of frt~edor ; (3) the Gr~enhouse-Ge~sct~r ste;’~ i se ana l ysis; (4)

a mu ltiv ar iate ~~O~’A; and (5) specific interaction contrasts. We show

tha t no matter which of the a~i~~e paths is chosen , the careful experi-

menter r~u~ t cD’p ute s;~ c i f i c inte raction contrasts (i .e., t-tests). A

worked exa~’p1e is ~~~~~~~~~

--
--
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Specif ic Interac tion Contrasts:

A Statistical Tool for Repeated-Measures Designs

R. A. Fisher (Fisher & MacKenzie , 1923) used the concepts of Inter-

action and addit iv ity when he invented the Anal ysis of Varianc e (ANOVA)

method for dea ling ~~th ‘ultifactor v crn~t~nts . Until recently, these

concepts did not p lay a prima ry role in any theoreti cal models comonly

used in exper ~r~ al psychology . However , i n 1969 , Sternberg incor-

porated both conceits d irt~ tly into his additive-factor method for

decomposing r~~~~~ t i~~ n tine (41) into processing stages .

Assum ing that PT is ~~~c1 of a ru ~ber of additive stages in a

known order . Sternberg proposed tha t each stage be studied by inf luincing

Its duration with ‘.arious tr~’~~r~cnts. Two treatments wt~lch influence one

or more stages in ton should have an interaction effec t on RT. But

If the two t r t ~ it cnt ~~ influence different stays , then each should have

an addit ive effect on RI.

Taylor (1976 ) recentl y extended this methodology to conditions In

which some dependenc e may occur between processing stages . His primary

restr ictive assumption Is that stage dependence must be expressable as a

linea r function of the stage times involved . Under these conditions ,

Sternberg ’s hypothesi s concerning additiv ity does not hold. That Is ,

the absence of a s~~ni f1can t interaction between the effects of two

var iables does not imply that these variables Influence different

processing stages. However, two treatments Influencing one or more

processing stages in cornon still should have an interaction effect on

RI. Thus, the important question bec omes : How do we test for Interactions?

.-

L — -- —-
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The tra ditiona l si gnif icance test of interactions is the F-ratio

In the analysis of variance (ANOVA). We find two major difficul ties in

using this test with the form of experimenta tion advocated by Sternberg

(1969) and Taylor (1976). First , mu ltifac tor repeated-measure desi gns ,

such as those re q uired by Sterriberg (1969) and Taylor (1976), do not meet

a critical assu~’~pt ioa of t~~t~ ANOVA--independent scores . Second , the

F-ratio is a vague test , telling the ex~
jerinienter almost nothing .

R. A. F isher ’s first use (1923) of the ANOVA was to study the effect

of trea trents on plots of ground. His most important assumption was that

the criterion score (yield ) for any parti cular plot was independent of

the score for any other plot. The F-ratio , cons equen tly, has some

problem s in Its application to a repcated- :~easures ckperim ent. For

examp le. Sternberg (1969) and Taylor (1976) advocate exposing a subject

to all po ssible condit ions in a r~’ultifactor experiment. Even if we

assume that t~e carryover effects of every trea tment on all subsequent

trea tr’nts are negligible , we rust deal with the fact that any two scores

measured on the sare organism , can have (and usuall y do have ) non-zero

correlat ions . This makes the usual univariate repeated-measure F-ratio

mislead ing or uninterpretable (e.g., see Lana & Lubln , 1963 and the

justification section of the present paper).

An even greater difficulty Is tha t the calculation of F-ratios in

conjunction with a completely genera l (i.e., unspecified) ANOVA model

tell s the experimenter almost nothing about a hypothesized interaction

effect. A significant F-rat io tells us nothing about the direction ,

amount, or location of the underlying interaction ; while a nonsignifi-

cant F- test may ~.imp1y lack the power to detect a sing le large Inter-

.j ~~~~~ —.——~-—-————-— .--—— .—-—-————- ~~
. . .  — .—~.— — — —
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action effec t . J. A. Nelder (see Plackett , 1 960, P. 213) has critici zed

such genera l ANOVA ~e1s on the grounds of vagueness. He suggested ,

Instead , that the model be speciali zed to fit the parti cular application ,

thus gaining power and supply ing more information to the experimenter .

Professor C. A. Barnard , also co~inenting on the paper by Plackett

(1960), noted that the ANOVA “~sun t ia 1 l y reduces to a set of independent

contrasts and that we are free tu selec t groups of contrasts in any

manner we choose (see Plackett . 1960, p. 2 15). S i nce eff i c i ent use of

the ANOVA involves selecting a spe cific model to fit the chosen appli-

cat ion , why not devise specific contrasts to test one ’s hypotheses? As

Geisser has said: “When t~.e re are contrasts of scien tific importance the

omnibus F is Irre leva nt ” (personal ca ruriication). Contrast wei ghts

specify the si:e. sign , and location of the putative effects. A contrast

can be tested by a t :ratio. In this way we avoid the vagueness and lack

of power of the F-rat io. In particular , contrasts do not require the

many ass u—p tions necessary for a repeated-measure ANOVA.

Sternberg (1969), in fact, reconriended that Interactions be

evaluated with specific interaction contrasts. Unfortunatel y, he provided

no detailed worked examples of his procedure . Furthermore , the inter-

action in his one example , in which computation is briefly discussed ,

has only one possible degree of freedom, so it does not reveal the true

potentia l of the procedure. We have seen no other use of this technique ,

so we can only assume that Sternberg ’s description was Insufficient for

most of his readers. The purpose of this paper, therefore, Is to detail

the computationa l procedures i nvolved and give some theoretical justifi-

cation for the use of contrasts.

________________ -- ~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
-
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Specific Interaction Contrasts: Computation

A specific interaction contrast is an estimate of the variation due

to interaction ~i~ed on an exp lic it set of contrast weights. In a n~jltI-

fac tor , rep eatcd- ’~~asures design , the contrast procedure requires that

one first obtain a set of contrast weigh ts . These may be obtained by

prior reasonir~ or from prior ~~p i ric al knowledge. Each of the R conditions

in the inter aL ’Jon ~~u st have a contrast ~..ei ght , and the sum of these wei ghts

will be zero , by definit ion. The next step involves calculating the

res i dua l s  f r o r  ~d~ it i vity (i.e., the interaction effect) for each

subject , obtained by subtracting the overall rean and the main effects

from a subject ’s c~ore for each of the p condition s. Again , by def i n i t i on ,

the res i dua l fr ~~r add i tivity should be a set of numbers which sum to zero.

The contra st ,.~ i~;r~tS are then appl ied to the interact ion effec t of each

subject to obta in a contrast score . Given n subjects , the set o f n

contrast scores can ~‘e used in a routine t-test of the null hypothesis ,

that the interact ion effect is zero . If is accepted , then

add itivity of the ain effects Is ir~p11ed only for this particular

weighted corb inat iun of treatment levels. Generally, the maximum number

of independent , s;eci flC interaction effects is limi ted by the degrees

of freedom for the interact ion term in the ANOVA model.

Let be the contrast score for the kth subject. Then

i - l t o r
j • 1 to c (1)

where is the contrast weight for the tjth cell , and aI~ k Is the

residual from addit ivity for the jjth cell within the kth subject.

First, we will give the standard method of computing qjj, the residual

S — —  - ——.—————. —
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from add it ivi ty . Then we will discuss the more diffi cult problem of

estimating the contrast weights,

Let us look at an example (Tharp , 1975) in which the time requ i red

to name pictures is measured under alcohol and baseline conditions.

The designated correct names to the stimul i came from five different

word-frequency (~.F) categories. The deleterious effect of alcohol on

verbal reaction time is expected to increase as word-frequency decreases--

an interact ion effect.

In this e a p l e ~ there are five levels of WE and two levels of

drug , giv ing us (5-1) (2-1) 4 degrees of freedom for the interaction .

Thus, there are four possible independent specific interaction effects.

Table 1 illustrates su’ r.ary data for one subject. There are ten scores

per subject.

Table 1 about here

Residuals frori Ad d it iv i t~

Let be the avera ge score In row I and colunri j. First, the

effect of the ith row, R 1, Is equal to:

j•l ,2 (2)

where X.. Is the grand mean. Second, the effec t of the ,jth column ,

C~. is equa l to:

1 . 1  to5 (3)

- - .
_ —

_ _ _ _ _ _ _ _ _ _ _  ~~~~~~~ -- - -.~~~. -- - - ‘“— ----- --~~~ — -
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Final l y, the residual from add itivity q1~ ’ in row i and column ,~ 
is

equa l to:

(4)

Note that R 1 and are row and column effects , respectiv el y, not

means. For examp le, for the score in row 1 and column 1 of Table 1 ,

the row effect (R1 ) is equal to the row mean min us the grand r:~~ an

(i.e., 859.5 - 1035.3 -175.8). The column effect (C1 ) is equal to

the CO1U O rean minus the grand ean (i.e., 1124 .8 - 1035.3 89.5).

Finall y, to obtain the residu al f rom add itivity (q 11 ), the row effect ,

the colu —n effect, and the ~;rand rean are all subtracted from the cell

score (i.e., 901 + 115.8 - 89.5 - 1035.3 48.0). All the residuals

from additivity , cu~puted from Table 1 , are shown in Table 2.

Table 2 about here

Eac h residual is e-~u il to a r~ndorr~ error term (e
lik ). 

plus a putative

inter action effect ,

Qeterrina tion of Ccr,trast W’~i ’,ht s

Assume tha t the true interaction effect in the i .tth cell is 
~Ij

Then the best estir.ate of the contrast weight, ij ’ ~ If the

set of ten contrast weights is equal to (or proportional to) the set

of ten in teraction effects , then the contrast score of equation 1

is maxi mized .

Theoretlcal We i~~~~. To the extent that an experiment is based on

experience , Sound judgment and prior scientific knowledge , one should

have little dif ficulty predicting the amount and direction of any

L ~~~~~~ - ~~~~~~~~~~~~~~ ._ 
~~~~ 
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hypothesized interactions. In our example , the effect of alcohol ~as

expected to re ;a in relatively constant from WE
1 

to W E
3 and to increase

dramatically at WF4 and WE5
. These results were expected because (1)

an exponential inc rease in ~ priori stimulus-res ponse uncertainty occurs

from WE
1 

to ~~ and (2) the effec t of alcohol increases as a function of

exper iren ta l ly defined st irulus - re punse uru. ertainty (Trur ~ , Rund ell ,

Leste r , & ~illia r ’s , 1974). Thus , based on prior knowledge , we mi ght

postula te the set of wei~ hts. 
~~~~~~~~ 

shown in Table 3.

Table 3 about here

There are two rest r i ct i rs on these inte r~i~ ti on cor t r~ st weights. First ,

ij 0 for every row j * 1 ,2 (5)

and second

~ 0 for every column 2 1 to 5 (6)

One can adjust any set of wei ghts to fit these rules by subtracting

from eac h we i~ ht the a~ ;r n; r 1i t e row r a n , fin ding colur~n means of the

row-adjusted scores , and then subtracting the appropriate column mean

from eac h ce1l .~

Contra st wei ghts are usually given as single di gits lying between

-9 and +9. Sing le digit weights might be obta i ned by smoothing and

dividing all scores by their l owest comon denominator. Two-digit

accuracy might be justified with 50 or more subjects.

cross-val idation Procedure . If one cannot ask questions about

In teraction effects in terms of prior contrast weights , then empirica l

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - - —~~~~-- — .. . - -
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post-hoc contrast wei ghts L a n  be estirated from the cell vans for half

the experimental subjects (analysis group) by sett in -j 
~ 

q~~.

The remain ing subjects (cross-validation group) then can be used to get

an unbiased est i~ ~te of each putat ive in teract ion e f f e c t  and to test

the obtained e f f t ~~t for s ign i f i cance .  This cross -va l ida t ion  method is

standard o; ~~rat in-a prc:ed ure for ;• . !u:~~tr ic ians in ru lt i p le rv : rvss ion ,

test constr~~. ti On , etc ., (‘~~s ie r ,  1951).  C ross -va l i da t ion  is rare ly

used as such by s t a t i s t i c i a n s .  Hcncvc r , tne “,~~c k-k n ife method” ,

popu lar i :ed ~y Ti .kvy , as we l l  as the Geisser ‘ pred i c t ive ‘~~ ple reuse

method , can be ~ i~ ~vd as a :‘ neral i ca t ion  cf the usual .~~
- -t; rv jç~ cross —

va l idat iLr I p r~ceLre (see “ s te l l e r  & T u ie)  , L~f~~; G e i s , c r , 1915).

Our exa : ; l e  c~ n s 1 S t t d  of i~ ~‘~~j e c t s . so 12 of tr~~r ( i .e . ,  the

ana lysis or tra in in g group) are , t L ~ to estir ate the ~~ i~~hts ~ni1e the

rer~ainin ~ ic are tse Lrn5s- va l1~~ tic )n (~~s:in~ ) ~;r~up. Table 4 gives

the set of wei ghts ~:~ rive d fror~ t~ e analysis group.

Table 4 about here

Notice that the’~ values are quite sini lar tc our theoret ical values in

that most of the alcohol effect occurs at

~~~nif icanc~ Tests

The si gnifica nce test will have m axini ’ power when the interaction

effect, 
~ij’ 

for eac h cell is equal to. or proportional to, the contrast

weight for that cell. For simpl icity In what follows , we omit the case

of proport ionality. Thus , the experimenter ’s hypothesis is:

T
U 

(7)

—

- -
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and the nu l l h);othesis is:

H~: ~ij 
0 (8)

Both h,put~~’~vs assu :~e that i~~~ t~~uals the vx ;t~ct~ d value of 
~~~~~~~~~ 

so

H is equi~~i l t n t  to 0. ~r.c re

n
V n (9)

cj. Li ~ijk
13

n

and n refers to tc e  rur t~cr of ‘~~~: ‘ e C t S  Tnt ~ c u r t r a s t  ~~~ ore for the

kth su~~~: t is  de r~ ’~ ~~ c-~~it iur i 1 . The expec t .d ~ 1 ~v of Y , ~ ; u te d

over t’ e r .~~ects, ~,ifl c p~al zero if H~ is true . If H 1 is true , then

tnc t •;rc te d ~il~ e i s :

E(Y) = V V 
- V 

~~ (10)
~ 

13 
~

We now have a ~etv.:e r — S~ h~e~ , t -~ .’s t , ci ir:inatin~ ~~ rr~p pa ted - rv asu r e s

probl e-~s.

Th e o r e t i ca l ly ,  jn jer H
1 

the c cor es for thc c ross - va l i da t i on

group w i l l  ran e fro m zero to ~~~~~~..
‘ Under H,~, the scores can

i i  3
be positive or rv;i t iv e , centering on zero . The conventiona l t-t st

is si-~pl c to obtain.

t * y
r 

fl~ (11)

s
y

where is E(V) 0

Is E(Y)  ‘ 0

and the t-rat io has (n-i) degrees of freedom.
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To comp 1~ te c.~r e*~n p l e , Tabl e S Illu str a t es the scores for the

cross-val i da t ion _
;, -

- ~P U~ 1fl9 t~~t~ we i ’~hts obta ined from the anal ysis

group ( r ight)  or Y e  t r eo r et i cal r.vi~ P t ~ (left).

Table ~ JP ut ~e re

For St -er - c  (1 t 9~ ad di t i .e effects •-t ~~’-en two treatments are as

aniri- ~f~ 1 ,~~ i r it ‘ a t i ~~ et ’ e L t s .  Thus , he u~j J~ s t 5  t ha t

ore n’~~ t pr r ent f~nd in gs In ter’:’. of

r 4 - an S t~~? i  - t ion ( L r ~ t r.r s t .  of t ‘~~~~~ r e t  I ca l l y

i n tur S t i r ~~~
-- . 3 j n i t u~ eS,  and adj ust  t e s t s  so

tPa t e n  r c r ~. of T.  ~e s 1 and ~ ha , e equal

pr~~ a~~1 u 1 t ’ cs w it h  r e~~~”ct to S~~h a ltr- r na-

tives . (p.  310)

One cou ld, f~ r c~e , o e  t he  a~ ; r o p r l a t e  t - ra t io at the 50~ level as

a re~ e c t i o n  po in t .  Tn~ a~~~ u t . ’nt cannot be u -ed to infer addit ivi ty ,

however , w 1~j~in ~~
‘ ‘ ‘- t ’ x t of the test we r ccr-i—*~nd for interact Ions .

That Is , nr~~e t l - n  0 ’ a s ; e c i f i c  in teract ion h , ; o t t - u ’ s is  does not imply

add it iv i t y . In v i’ — o f  Tay lor ’ s ( 1976) caut ions against  interpreting

ad di t 1v~ ty, th i s  r r a h i 1 i t ~ to i n f e r  an addi t ive relat ionship from a

spec i f ic  t r.st does not ap ;’~~r to be a serious drawback.

Several Intr’ract ’ ~r. H ,~-oth ’~c~ c

The major i n t ’ r ~-5t of the study may not be the comparison of

w i th H 1. In some cases, divergent theories might lead to divergent

hypothecr’s as to the nature and direction of the interaction . For

example , suppose tha t cone evidence predicted a golden_mean theory
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In which the opti .al effect of alcohol occurs at the median word

frequency le vel , WI3, while dec rerent occurs at the extreme word

frequency le vels , WE 1 and WI5. Thus , the theoretical wei ghts mi ght

be those ~hc,,ri in Ta ble 6. We now have two experimenta l hypotheses ,

Table 6 abou t here

H1 ar.~ H~ . let ts we. tor  of wei~ ht s give n in Tabl e 4, V 1. represent

H1, and the v ’~Ltcr of wei jhts given in Table 6, V~ , represent H~. Each

vector w i l l  ~ield a t - ra t ic - - t h e  hi ;her the ¶ - r a t i o , the better the

hypoth esis f it s t’ .e d~ ta . To rake an aco.~rate esYr-ate of the signi-

fi~.ance of Ye t - r~~tio5 , the re cti on ie.rl5 :-~jst he adjusted to take

ac cou nt of t r y  f i t  that ¶~ o s imilar siçr -i f~oance tests have been

obtained f~~: Y~~~a e  da ta. ’

A l tho~ ;h t ’ r r ’  are ‘ m y  solutions to this r-u1 t ip 1 e- .rç~iriso r

problem (e.~~., 
M i l le r , flh6), we prefer the ~unr-Boafer -roni nt.thocl

(Dunn , l’SL . ~ scu e that you want to hold your ex’e r l rt ’ntwi cC Type 1

error a t .05 (i .e., when H
0 

is true then either t-ratio or both t-r atios

w ill be si gni f i ca r t in five percent of all comparisons). In the sin~lest

version of Ye  V~~r r . -F ~jnferroni , the chosen alph a level is divided by

the nunL r of comparisons to obtain a cri~~..a1 le vel of si gnificance

for each co-’;arison. Thus , In this example we would d i’.ide .05 by two

to obtain .025--the level at which each t-test would be evaluated .

ThIs Is a very conservative test which guarantees that the Type 1 error

will be .05 or greater , so It lacks some of the power of other tests.

In ge nera l , it will be more conservative (i.e., the Type 1 error will

— ———
~~~~~

_______________  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- — -- ----• - -

~~ 
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be 1ar~er) as the corr elation between V
1 and V2 increases . Thus , the

e~~eri krte r should t~e careful to avoid testing redundant hypotheses.7

When the wei~ ht~ of V 1 correspond t k ac t l y to the true interac tion

effects, - , then the contr a t scores for V will dc (ount for all1~)

inter i. ti Le var ianLe (i.e., any ~~ tor which is ortP o ,anal to will

have a of zero).

Mos t e~ ;~er i :~~nt ’ . cO n tai n seve ral far~m 1ies of sta tist i cal hypotheses.

The ~~rr -ron ’errunl t 
~: 

.st:”~’nt r~m~ r ;p l y c; u ratel y to each family

(Miller , 1.
~~~). For e ’ i , l e , one ri .;ht be interested in the effect of

a new t r~ a t  ~‘nt on ~ m niou’. i rf ~ - mt i~~n ; ruoe sin ~; s t a : e s , and thus

iritro d ~ e t’- mt t r e a t  ‘nt into a ml t I t tc tor desi ;n w ith ~eve r a1 treat—

r~ ntS ~. . v  locus of f~ . t ras  âl R1~ ~ -en c. t l is~o’d” by means of

the S te r r e r ; — V m , i r c’ ‘t ~~”~~. °uoh an c~ ;c r i~~’nt wo u l d  involve a

t~o- st-; i m i w s i s .  St .; OtiC . ns t i t j t i n ;  one fa m i l y of s t a t i s t i c a l

tests , w 41d ir ,che con fi r -~~c the int e r ac t Ions between the established

treat- - ’ ts ~n ti ta ,.‘ i ~~~ aid not include the n w  trejYcnt. The second

step, C - ’~s t i t u t i r ’  Y~’ s ’  oo n d fam il y, would be a si- arch for interactions

between the ef’ ’L ts of tse re ~ treatm ’nt and the cstat’lished ones.

Ju s t i fi ca ti on

Let us review the rc ’ai nmn: four ways to evaluate interactions In

a repeated r~’icu rec d ”smg n : (1) the un ivar late repeated-measures

A?4OVA us ing the (probably) i n f la ted  estimate of degrees of freedom ;

(2) r~ultiva rlate ANOVA: (3) conservat ive degrees of freedom with a uni-

varia te ANOVA: and (4) the Greenhouse-Geisser stepwise analysis. We

will demonstrate that no matter what the outcome of the given procedures,

the careful experimenter ~.is t use specific interaction contrasts .

________________ - -  -~~ - - ~~~~~~~~~~~~~~~~~~ —~~~
. - i  -~~~~~— —~~~~~~~~~~~~ -~~~~~~~~~~~~~~~
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Univa r iate Re: ‘- i ’.’ “ h - m . u re- . A Y~CV A

For the co ns c ien t i o us  e ’ pe r inente r  f ew probles ’~s are so exasperat ing

as the ana lys is  of a r e ;ea t t ’ J - r * as u re s  des ign . In 19 54 , Box showed that

the ex act  anal 1sis of a re;~ ’ a t i J ” t-msu r es desi gn is a mul t ivar i ate ana ly s i s

and tha t the t a s i c  i’s~,ors trust be q iven in terr’s of rrilt’ var ia t e F- ra t ios

( see , also , .,iner , 1971 , .ection ~ 4 .4 and 4 .9 ). The usua l un i~ ar iat e

F - ra t io  a ,;r ~~ m o b . set forth in almost every p .vcho logica l statistics text,

is s t r ic t l y va l i d  on ly ~‘idcr a set of neceSsa ry and sufficient condition s

known var l i  ~sl y as (a)  the “c i rcu lar i ty  p ro ;c r t y~~ (~~ou e n e t .  and Lep ine ,

1970) ; (b) “ - ; u a l i t y of ~ar~anc e of d i f ference s ” (Huynh and Feldt , 1970) ;

or (c ) h L : ~~
, ’ ’ t - i t ,  ~f in t e r a ction ~ar 1jnc p (Mc!,e~ar , 1962 , pp. 315 — 316 ).

Al l  F - r a t io s  ~i tn  onl y one de~ rce of fec”dom for the numerator are

valid under t he  5 t t r ~~3r~ nul t i v a r i a t e  not-m I asc unpt i on s (see A ppendix ).

W ith tnree or ce earures :er sub~ect, one could  te s t  for the “c ircularity

prope rty ” and :ro; the univariat e a ;p r omch ~.‘en it does not hold. When

the ci rcularity pro;-erty does ho ld , one need onl) worry about interpreting

the r~ani r~ of a si - n i f i ca n t 1-r at -i c

~u 1t ivar ia~~ ~- il, s c  of Varia n ce

One poss ible solution for analyzing repeated-mea sures data is to

avoid the ~niv a r ra t e a ;;roach--do a rmjltiva riate ANOVA as soon as we

have three or — o re measures per subject. Unfortunatel y, the mult i var i ate

ANOVA presents mny problem s unless one has a large number of subjects .

Given rc sco res per subjec t , the number of subjects must be equa l

to or greater than (rc- 1) in order to compute a mult ivar late ANOVA .

This abso lute bar is present because every multivar iate ANOVA demands the

computation of the inverse of a within-group cova rlance matrix. When

—

k —_ -- - ~~~~~~~~~~~~~~~~~ _________ .~
_
~
__
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n+l is less than the n u r ~ier of measures per subject , the determinan t

of the cova r ian ce matrix ~u5t be zero , and the inverse does not exist.

Most exp er ire nt ers probabl y can slip under the (rc-1) barrier with

one or two degrees of freedom to spare . If so , then we usua lly run into

the probl e -r- . of the ill -co nditi oned covar lance ratrix and the inherentl y

large sar - pli r~ variance of correlath’i coeffi cients and variances. The

idea  of est i .~i t1 n~ the ln .t ’ r t  of a 4x4 or 5x5 cova r ia nc e ra t r i x , which

is based on less than ~C d~ ; r ’ ~’~ of fr~edo~r , on l y dp~( a l s  to those who

have an o w e ’ ~~h’1ning fa i th  in . -~m l 1  ‘ a r p le s .

The inherent s~~;~l~ n~ insta bilit y of second-order statistics (e.g.,

correl ations . va r iafl . rS , et c .) wi ll int eract ~mth sr,~11 s mr.ple size to

e~’phasi:e t o t -  ro~~ - -, f toe mu1 t t v a ri .te - n o t~~~ me~el . The unbiased

esti;.ate of a co~ar ia rL e mt rix ~~~~
- m d c  r.any r—ore asm :cpt ions than the

unbiased est -i~~m te - f  a d if fer ence between two inJe;~ ndent ~-~-ans . Some

of t h ’ .e i - .5~~~o t 1  is are ;iw t ’n in the A~;endix. Ord inaril y, even when

we do not have e ’ m c t  ‘ - —a l i t y  or hc~’~o~~’reoos variances , the Centra l

Lim i t T S r ’ ;~~a r m n t ’ s  th at tri e difference k-tw. en a pa ir of i ndepen-

dent reins , ‘~5 .i r y  ~i ckl y towards a norma l distribution with homog-

eneous va riance . ;m~ i~~~ that scores are independent and that there

are enou:;h of t b~~~- ~ut second-order s t a t i s t i c s  are very se nsi t ive to

even sl i -~ht deviations from nort~m ali ty (e.g., the fourth moment), and

the Central Li~ it Theorem has very little effect with small sariples .

Furtherriore , if some fundamental assumption such as linearity or indepen-

dence has been violated , then the Central LimI t Theorem simply does not

app ly. For example , if one measure has a non-monotonic relation to

another , then no increase in the samp le size wi ll linearize tha t relat ion .

--- -——~~~~~~~ ..,

— — - - ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~
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In sunr ary, then , rnu ltiv ari at e analysis of varian ce is an t~~~ i c t  way

to evalu ate rep ea t cd - r . i cu re  in teract ions .  Never the l , • .s , a r~i i I t i v ur i ate

ANOV A is p rac t i ca l  onl y (a) if one has f i f t y  ~a’.e~ or r~ re (g iven that r c

is more than 5 ) and (b) if the important a s sj - ; t i o rms of l it i r i t y ,  a we l l -

conditioned cova riar e mt r i~ , ~~~~~~~~ , hold (see .t; r

Conservat ive  Est i- - i t t  of t ’ i’ ~~ ~~~~~~~~~ of F’- t1- ~~~

Some inve stu ;ito r. hu~ e a t t e :  pted to a v o i d  t he r~~; ‘a t

problens of the u n i .a r i a t e  ~~~~~~~~ by u sing t o t -  coric i- r~at i .e •y , ~~~ -

cated by Greenhouse and Ge isser (1959). This uppro ic r ~ i5 r e d  on a

stat istic, eps i lo n. 1 vt ’ icO i ’d by- Box (1 ~5.:). ~~il r- ‘ - ; -  i l r  ~~ s o r i t )  ,

then the  usual un ha r iite ~~~~ of ri- ; i m t e d - r ~~a ’ u’ s i s  va l i d .  ~oen

epsilon is less to~mn uni t ), nul t i ; l,  in ;  the d~- i s  of fret-d un f ur the

numerator and the ~en u riritc; r of t o~ j r i ,, m ria te F- ratio by i-psil on ,

gives t oe a; ;roAi n)te : - , r ” s of f r i- edu m for a va l id  eva lua t ion  of the

un ivar late 1-ratio.

The Gre~ nhou ’e arid Geisser (1959) con servative test avoids the

esti~~t1on of ep silon. It uses the fact tha t epsilon cannot go any

lower than li(p_-l) where p i~ the nu :~~er of rreasure s per subject.

Consequentl y, by using this mininurn valu e of epsilon , ~ne usuall y

underestimates the ~egreec of freedom and the si gn ificance level of

the F-rat io. If the conservative test is si gni fican t. then the multi -

var iate anal ysis would also be si gnificant. But, the Greenhouse-Geisser

conservative test will onl y reject the null hypothesis for rather large

F-rat ios. When the conservative test is not si gnificant , the experimenter

is gi ven very little information.

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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Greenhouse-Gei ccer Stepwi~ e Anal ys i s

Greenhouse and Ceisser in describing their stepwi se analysis (1959,

p. 110) advised tha t one should test the un i variate F-ratio first , using

the nu~ ina l degrees of freedom without the epsilon correction. When this

F-ra tio is sign ificant, one ru st then perform the conservat ive test. The

epsilo n correction is ni -t-d ed only when the F-ratio with inflate d degrees

of frt-edum is signific an t and the con serv ative test is not . This stepwise

approach , also re co --rer led b. Lana and Lub in (1963), assures tha t no

further anal ysis is rieed ’-d w !en the un iv aria te 1-r atio with pos sibl y

inflated degrees of frt- .-j -: is not significant. This ass u rpt~on is

wrong. ~‘avidson (197~ ) ‘ ‘
~~~

- 
~~~~~~ t r i t  ore could eas i ly c~ tai n a si gnificant

Hote lli ng (i .e., a c ;~~n i f i c m ’ t  ~1t i~ ar iate 1-ratio ) on the same

da ta .’ Thus , a nor - -.. i ~ni f~ - mi t  F , w ith poss ibl y in flated de; rt es of

freedo , also gives the e~ ;er i t~n ter very little informtion .

In surr.ary , if a s i; n i fic a nt F is obtai ri d ~H th the conservative

test or by usin g ep silon to ~p;ro~ ir~ te the valid r~ - ;rt - f~s of freedom,

then the onl y problem i to interpret the nearii n of the F-ratio. Other-

wise , one can turn to a mit ivariate ANOVA if enough subjects are available

(e.g., 50 or so , given tha t p is about 5) and the i mportant mul tivariate

assumptions are met.

Spec ific Int eraction Cont rasts Versus the ~iin ihus r-Ratth

J u s t i f i c a t i o n . When a ron-signif icant F is obtained either with the

Greenhouce-Geiccc ’r conservative test or by using epsilon to approximate

the va lid degrees of freedom and the conditions are not appropriate for

a mult iv ar ia te  ANOVA , onl y one of our suggested solutions rema ins--spec ific

In teraction contrasts. Such a situation always justifies the use of

specific interaction contrasts.

-__

L ~~ . - — ~~__ ~~_- 
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However , the most powerful ar;ur t’nt for the use of interaction

contrasts is a pra ,-- a t i c one. Even when F-ratio tests (univariate or

mu ltlr.a riate) are appropriate, only two outcome s are possibl e--a

significant F-rat io or a nons ;n if i can t F-ratio. Both outcomes should

lead the careful e ’ ;e r m - - tn ter to test for specific interactions.

A nons i gn if ica it F-ratio nay be due to a lack of power , the resul t

of considering all ;os’ . ible i n t e ra c t i on  con t rasts  s i r ’ u l t a r r ’c 1us 1.y. There-

fore , a careful e~ pc r 1rers t er sh~uld always appl y any prior interact ion

contrast (d e r i ved  f r~~
-
~ h,; thes~~s or an anal ys is  group) to the data to

see If the t-t”st is si~ n - i f~ m t  even though the overall F-ratio was not.

If the F-ratio is signifi ca nt , then the expcr~r:enter still has to

deternine w h ic h  c e l l s  y i e l  ~ed the si ;ni f iLar t interaction effect, as well

as the dire Lt io n and i aurt of each cell effect. A significant F-ratio

does ilot arant .e t~-at the i . .’~ri~:tri te r ’ s hypothesis about the interaction

is correct.  F~~r e~~i pie , the cell sizes tidy hr as hypothesized , but with

opposite signs ; all si~ r’s —.iy he as hypothesized , but the amounts may be

wrong; or possibl y the ei~ ’rir .~ntal hypothe sis may be wrong about both the

direct ion and ma gnitude of the interaction effects.

In surrary, a non si’ ni flcant F-ratio tells one almost nothing. A

significa nt F-ratio is merel y a hunting permit , with the interaction

contrast and its associated t-test as weapon .

Advanta2es . A specific interaction contrast is prag matic , powerful ,

robust and easy to compute. Moreover , as we have shown, It Is unavoid-

able when evaluating interactions In a repeated-measures design.

Specific interactio n contrasts allow the experimenter to test his

Interaction hypothesis exactl y. Since a specific hypothesis is tested ,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
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the t-test perfo rmed is one-tailed and always more pow erful than the

comparable F-rat io.

Only three basic assumptions are requited of the data in order to

tes t an i n t e r a c t  ion c o n t r a s t :  (1) independence of the n contrast scores ,

(2) a normal distriL~tion , and (3) homogeneous var iance. independence

is guaranteed by i nd ’ - ;endt ’n t  selection and scoring of the n subjects.

The latter two assu - ption s--n on-al ity and ho~-’o~ i - r t-ou ~ variance--are not

guaranteed , hut can be tested by using the Wilc oxon si gned rank test in

tandem w ith the t-test. As mm increases , normali ty and homogeneous

var iance beco i rre1e~ant. Thus , specific interaction contrasts, in

conjunct ion w ith a p r up r i a te rank-order .sts, are robust.

;~~- ~~~~~ ~~ fi~ 
rn
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Footnotes

This re~earc h ~..ms supported ~) the De; trt :-~ nt of the ~avy , Bureau

of Medicine and Surgery , under Work Unit ~u~- t i r ~ MR000.O1.Ql.601) and

MRO4 1.O1.03-0l52. The views pr.~~~nted in thi s paper are tho~e of the

ajthor~. ‘~o or~~3r~~ nt by the ~e;~a r t - o - n t  of the Navy has been g iven

or ~~~~~ ~e ir ’cr

~ t~- m nk S. Gei - .-r H . ~i1ii .j - s , J. Cal l m n , and the staff of the

P S , L h T . ~.- io 1o~ y D ivisL r a t th~- ‘.~mv a l H t a l t h  Research C t - r t e r  for their

relpfu l co i - n t s  ~rin~ t~ e ; r . - ;  t ! mt ion of  t h is  ~;an uscr i ;~t.

~~~~~~~ r!’~ ~~sY~ for n; r m r t -  t o :  V u n  ~~~. ftarp, Jr ., Ph.D., Naval

Heal th -~~~- m r c h  C~•nt. ’r , ~~~~~~ 
~~~~~ Cal i fornia ~:l5~ .

~A cor~ r~ st i s a ~.
- - ;r~~.- .~ Co~~t r n m t i o n  of ~ - o r ’~ ~n:re t~— e sum of

tee i~. ’ s  ~.mi s .- ,- rc .

Srn ce t’ cre ar~ ~n1~ ~s~- ~e~e ls of dr:~; (i .e., I df), one can

s~~ tr m . t ~~ inc f a 1 ~. cihoi scorcs to S i rTi~)l i fy  the cc - ;u t tional

pr c-L!~~’ ‘3r ~t 1n~ re s i L~ 1~ f rct ~ ad~~i t i v i t y . We hive not Si ;~p 1i —

fied in the j :-~~~,-p e~~m r~; le in order to show ho~ such r si du als are com-

puted w i th ~- oth r~ -A . mr~i col~~’ns. Finding r idual s for the simplified

scores is a strai~ htfor ,~~rd ;~ nc ra1iz at ion of the e~ i-’p 1e given.

3This procedure is equivalent to the method deta iled for finding

residuals from a dd i tiv i y .

~~e assu —e that the interaction effect for the i,jth cell ,

is a constant for al l  n s ub 3ec t s .  Any interaction with the subjects

is thrown into the error deviance.

~ hen the specif ic interact ion hypothesis is correct , under most

circu m StanceS the contrast weig ts will be proportional to the actua l

L. _ _ _ _ _ _ _ _ _ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Interaction ef fec t . For- (~ a~~)1e , we r~ c o -n d  sroo thing the cor t rast

wei ghts , bu t not  th~ residuals fro~r a d d i t iv i t y  for each ~ut~~ect , to

si ng le di~ i t nuo~’trs . Thus , tht - th~- or - e t i c a1  ~ 1ximum val ue can be stated

more accurdtel~ as Lt-~nq k ., ~h r e  k is the constant of proportion-

ality .

6 Eac h t - r a t i o  - m . - hav e a d i f f t ~utn t  ~~~~ rn uh- t~~t ,  .m ri j r i - e in this

exar ~ple. T rt- : p l r - t t ’l~- ~ - r~ -r a1 •Y,~ ,’A d- : an d tha t . -r , F-rati o and

t — r a t i o  f~ r int era cti on m t  ~~m ,t t ! -  S -m e t - rr  or v d r i a r L e  to co~-p l y w i th

the acm tion ~_ f h: m r  ~~~~~~

~The rout ine a ;p l i cat ion o~ Y ;  ~ise nu~ t i~~1t ’ rt- ;r~-ss ion (e.g.,

Dixo n , 1 9~~) t o r a t  r~ .~ of v~- or •~~~~~. nt ing t h -~o t res e s w i l l

yi~a r —~ r ’n. - ~~ r - in~~ , .- r~~- r .  rfl~ t~~i rn i nate rt’~~ : v  - If there

are h -~~~~s of f r -  : - :  for t~’e i t t - r a t i ( f l  dr’-Jance in the A ’1~ VA . t hen

one ca n r . t’~~~t e v - . tors th a t  ir e ~t~ a 11~ Ortno~ - na ~ to nc- an othc r .

~Tr- ne “c~ r:ul r~~t) ;r ;- -r ties ’ are less r e s t r r c t i .t- tha n the

. i ‘-try ; n ;  n t .  (V-~taw , 1948). Compound n~~r try holds

when , -~ m -~ -n r~ ;- ~~
- •r sj r~ n , the ~a r ia n es ar r ~~‘jal and tee

p(p—l)/2 - rr l at ro n s are i : r t r : a l .  ~n~~ n e t  and Lep inc (1970) have

shown that c : ojn i ~~ i -t ry is uffi cii ’nt hut not no. mary to

guarantee the vali dit y of all r- ratios in a univariate ~~C~VA of a

r ep e a t e - ~ - - -
~~- m n u r e S  (i Sijfl . To confuse the issue further , the Greenhouse

and Geisser 1959 article has a slip (p. 95): the word necc’s ary was

applied to the ~‘;~oand c~-~rctry n~de1 rather than suff ici ent , as was

Irrpl led by their first paper (Geisser and Greenhouse, 1958). This slip

was copied by Lana and Lubin (1963), Gat to (1961), Winer (1962) and

others. ~iner corrected this slip in his second edit ion (1971 , pp. 282-283).

~~~ ~~~~~~~~~~~~~~~ 
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9Rouanet and ~‘-p in e ( 1970) ,  as well as Huynh and Feldt (1970),

ver lf i t -J  t h it  ~~en the c i r cu la r it y  property holds , the Box epsilon

criterion cq~als unity .

so~ t- of the r rsu res w i t h  n:~~l 1  vi r iarices have ~ery high

L~ rre~ ,t io n - ~i te me anoth er , and if the re - .nnirl g - nasures have

hi~ ’- -, i r l m n t an~ lo.~ in to r -~ or reLi t ions w i t h  a l l  othi- r inea-~~ros , then

tr r’ul t i ~ar ii: ~ A’,~.A w i 11 ur t- r r n~~l > ~ - ~ k out the linear . ; ound

that ~~~~ ~ m ’ i - - ~ -~.~- i  ht to t’ t- d i f f n r - L-n 0c ~t- t v. - - t n  tim i .~ans of the

high1~ -~onic ~~r tt - .i i~~ rtS . : - t  ufi )
~~d r id t C  ~~~~~~~~~ qi v e s e~~al -nni ;ht

to all d i f i t:rt-n ce s , m d  SO r -a~ o r d u ~ wi th a n nm : n i f i c a n t  result.

IL - _____  - ~~~~~~~~~ — - -“- 
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Table 1

Verba l RT in Milliseco nds , N~l

Alco hol Basel i ne

901 818 859.5

~~2 932 854 • 893

WF 3 949 870 X 3 909.5

WF 4 1109 982 1045.5

WF5 
1133 1205 X5 1469

• ll? 4 .8 X .2 945.8 L . 1035.3

Table 2

Resid uals Fro~ ~-~i itrv1 t y  For One Subject

Alcohol Basel ine Row Effects

-48.0 4R0 -175.8

-50.5 50.5 -142.3

WF3 -50.0 50.0 -125.8

W1 4 -26.0 26.0 10.2

174 .5 -174.5 433.7

Colur’in —

Effects 89.5 -89.5 X.. • 1035.3

:~~~~-~~~~~~~~~~~~ — - ~~~~~~ -- ----.-----. -- ---~- - __________
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Ta ble 3

A Set of Theo retical Contrast Wei~ ht~

A 1corc ~ l Base line ~~~~~~~~~

-l 1 0

-l 1 0

WI 3 -1 1 0

O 0 0

Wi
5 

3 — 3  0

O 0

Table 4

Con trast ~.-‘i~~ht~ C t t a i n e d  1m ;~i r i ca l1 y

from the Anal ysis Group

Condit ion

Baseline Alcohol

WI 1 -1 1

WI2 5

WI3 1 -1

WI4 -4 4

WI5 9 -9

- — -- —



Specific Inte:actlon Contrasts

Table S

Contrast Scores

Using Using
Subjects Hypothesized We i ghts Anal ysis Group ~ei ghts

V 1 648 2,458

3,101 8,293

V3 2,055 6,547

V 4 446 13 ,388

V5 438 1 ,096

3,616 9,800

V 7 27 1 2 ,249

V8 580 1 ,888

V9 -524 -1 ,594

V 10 155 -15

530 1 ,528

V 12 818 618

~,344.5O0 3,854 .667

s 1 ,574.214 4,570 .038y

t 2.959 2.922

p .006 .007

r2 .443 .437

- -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ -- ~~~~~~
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Specific Interaction Contrasts

Ta b le 6

A Gol den-Mean Set of Contrast Wei ghts

Alcohol Baseline

WV 1 -l 1

WV 2 0 0

WV 3 2 -2

WI4 0 0

WV 5 -l 1

Appendix

Some ~~~ t 1ur 1~ of M u 1 t r ~ ar iit e ;~nal y ’
, is of Var ance

(1) Ir~ . - • - - .  
-~~ 0 ’ ~~~~~~~~~~ tc . Each cut~ ect w as --e lected independent ly

of ar~ ct - .r 
~ Se c t  -

(2 )  ~, r r i l ~~t :. ~ich of the p re-asu res has a r~rg inal norr-.al di st ribution.

(3) H-- -- . - - ‘: —~~~ ~~~~~~ .a 1 V a rI ance (Hor~occ edic t ic i ty). When we

pred ict one of the p rieacurcs from any linear component of the

rem.Jinin ; (~~-l ) 
--- .is jr ’~s, all errors of prediction rr -u ,t have the

same varia nce .

(4) 1ine arit~ . Eac h of the ~ measures has a linear regression on any

weighted cor -h ination of the remaining (p-l) measures .

(5) l4o—~o~ c’r. ’uc Un~ vc~rcP . Each subset of subjects in the sample has

the same covariance natrix as any other subset.

(6) Well-condit ioned Covariance M a t r i x .  The determ inant of the ~ by ~

covarlance matrix is clearly greater than zero.

_ _  ~~~ ::Ii: ~ -~i~~ ~
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(U)... .‘Experimental psycho logists often use multifactor repeated -measure
designs in which interact ions are the most important effects to be assess~d.
An experimenter has at least five ways to evaluate such interactions: (1) a
un iva riate repeated-measures analysis of variance (ANOVA), with (probably)
inflated estimates of the degrees of freedom ; (2~ a u n ivar late repeated-
mcs .isures ANOVA w i t h  the Greenhouse-Geisser conservative estimate of the degree
of f re edom; (~i the Greenhouse-Geisser stepwise ana l ysis; (4~ a mu ltivar ia te
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