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ABSTRACT

The Maximum Likelihood estimators for the Neyman Type A

distribution parameters are very difficult to compute . In

this thesis , the Empirical Probability Generating Function

is used to provide estimators that are easier to compute and

have asymptotic efficiency at least as high as 97% of that

for the Maxi~ urn Li :<~ 1ihood estimators over most of the param-

eter scace ccns~ dered . The estimators found by this method

are cons~ stent1 y better than the Method of Moments and the

Method of Zero Frequency estimators with respect to asymptotic

eff~~ iencv . The considerations of preference i f l  ‘~s~ na one

rnethod over another are discussed .
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I .  INTRODUC TION

Several ‘contagious ’ distributions , including the Neyman

Type A distribution , were derived by Neyrnan [11 in the course

of modeling the reproduction behavior of certain types of

plants and bacteria. More currently, these models come under

the heading of branching processes. Several methods of pa-

rameter estimatior. have been proposed for the Neyman Type A

distribution with varyinc degrees of success. The two most

frequently used are the Method of Moments and the Method of

Zero Frequency . The performance o~ an estimation scheme can

be measured by the asymptotic eff~ c~ency of its estimators

as defined by Wilks 2]. This pape r propcses a method for

estimating the parameters of the Neyrnan Type A distribution

by usinq the Empir~ cal Probability Oer .erating Function.

For the Neyrnan Type A distribut:cn , the Method of Moments

provides estimates that are quick and easy to compute , a1

though the effi:~ er.cy of these est~ nat~ rs :s not always high .

It is well known that Maximum Likelihood est~matcrs are

asymptotica lly efficient , but they are very difficult to com-

pute for the Neytnan Type A distribution .

The method of estimation by using the Empirical Probabil-

ity Generating Function provides estimators with asymptotic

eff iciency close to that of the Maximum Likelihood estimators

over most of the parameter space considered . Extensive tables

5
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are presented along with an algorithm that is relatively easy

to use on current programmable calculators.

The estimators found by applying this method have con-

sistently higher asymptotic efficiency than the Method of

Moments and the Method of Zero Frequency estimators. However ,

larger sample sizes may be required to cause the algorithm to

converge on a unique pair of estimates .

A brief outline of the report is presented as follows . A

derivation of the Neyman Type A distribution with a list of

some of its mathematical properties is contained in section

II. The equations for the Maximum Likelihood estimators and

asymptotic efficiency appear :n sect~ or. I I I .  The mathemat-

ical details of using the Emp irical P r o b a b :l~~ty Generating

Function to prov:de estimators are found in section IV , along

with a p~ ctor~ al display of asymptotic efficiency for these

estimators. An algorithm for computing the estimates of this

method ~s presented section V. The method of using the

Ernp~ r~ ca1 Probab~
’
~.ity Generating Function is compared to the

Method :f Moments in Section VI. The al~ crithm described

section V is ~liustrated by a numerical example along with

computer studies in section VII. Tables for use with the

above algorithm are found in section VIII and a summary of

the results appears in Section IX.

6
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I I .  N E Y~.AN TYPE A D I S T R I B U T I O N

Neyman ’s Type A distribution can be used to model decay

and reproduction processes which fit the assumptions of com—

pound Poisson processes. A derivation of this distribution

provides  an u n d e r s t a n d i n g  of i t s  s t r u c t u r e, u se fu lnes s, and

properties. For these reasons i t  is p resen ted  in  the fol-

lowing form.

Consider a decay process ~n which radioactive nuclei

decay to produce daughter nuclei according to a Poisson proc-

ess with rate \ . Also suppose that the number of daughter

nuclei produced after each decay are independent random

variables having a :cr~mor. Poisson dxstribut~ cn with parameter

m2. Let N(t) the number of decays ~n the time interval

(3 ,t)

~ the numbe r of da u g h t e r s  prcduced  f r om  the  ~ th

decay .

X the total number of f i r s t  oen e r a tion  da u g h t e r s

produced ~n t he  t ime i n t e r v a l  ( O , t ) .

rhen

N ( t )
x = : y .

i=l

Because N (ti is a Poisson process with rate ‘.,

— .t 
_____

P (N(t) n~ e n! for n 0,1 

— ~.‘— ._~~,. —--~---~-- ~~—----
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C o n d i t i o n i n g  on N(t) is used now to find the probability mass

func t ion o f the random variable X. For fixed N (t), X is a

Poisson random variable with parameter nm2 when N(t) = n.

Thus

x-ru n 2 (nm 2)
P ( X  = x N (t) = n) = e x ! - for x = 1,2,3 

The event that no d a u g h t e rs  are produced in the first gener—

at~ on may be descr ibed  by two cases , namely

1) :< = 3 if N (t) 0 or ,

2 )  X = C i f  N ( t )  ~ 3.

From case 1) ?(X = 0 N (t) = 0) = I is obv:ous .
-nm 2And from case 2) P (X = 3 N ( t )  = r. ~ 0) = e

Now , using the tcta ~robabi.ity tneor’~m ,

P = ?(X = 3 )  = = 0 ~;(t) = n~ P ( ’ ( r )  = n)
0 n=0

or

— t —run2 
— t  ( • ~r•= e - : e e

o

—m ,
— e

P = e
0

It  is also obvious that for X x 0, P(X = x N (t) 0) 0.

And by using the same conditioning argument as above ~.t is

evident that ,

S 

~-_ - .— ..~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . .
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—nm 2 (nm2) —~~~ (~~t )~~P = P (X = x)  = : e x! ex n=l

These two formulas may be combined into one expression which

is given in Shenton (3] as

3p = e ~~~ o ’~ ~. + 
____ 

+ 
____ 

+ ] (2 . 1 )
X 

_ _ _ _ _  1T 2~ 3!

where

—m , 1 if x = 3
= ~t = rn ,e - and 0~ =

0 if x � 0

This probabi1~ ty distribution was ori-~inally derived by

Neyrnan and ~s called the ~eyman Type A distr~ bution . Other

forms C: equation ~2.I) may be found :n Cohnson and Kotz [4).

Some of the properties Cf this d~str:but:cn are needed

the further develccrnent of this paper and are

1. Probability enerating function ,

m, (t— l)
X -m , ~~l - e

E(t ) = e (2.2)

2. Moment generating funct:cn ,

m~, (e~ 
- 1)

uX -m 1 [ 1 - e  ]
E(e ) = e . ( 2 . 3 )

By using the well-known formula

k uX
d E(e ) 

=
u~~~~ 0

the fol’~ow:ng are obtained

9
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3. E(X) = m
1
m-) (2.4)

4. E (X2) = rn 1m2 ( l  + m
2 

+ m 1m2
) (2.5)

- 3 2
~~. E(X ) = m 1 m 2 (1 ~ 3m2 ~ 3m

1
m 2 + 3m 1m2 ~

2 2 2
m

1 
m 2 ) ( 2 . 6 )

6. VAR(X) = m
1
m2 (l + m 1) ( 2 . 7 )
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III. EFFICIENCY AND MAXIMUM LIKELIHOOD EQUATIONS

A method for estimating the parameters of a distributic r .

should y:eld estimators w i t h  high asymptot :c eff:ciency and

~t is well known that Maximum Likolihood est:matcrs have

asymptotic efficiency equal to 1. However , the Maximum Like-

1~ hood e~ uat~ ons m ay  be d~ ff:cuIt to solve and such :s the

case for the Nevman Type A d:str~ but :or.. ?~ p 13c1ng some of

these e~ uat :cns :n the ~ax:mum L:ke.:hcod system may ~roduce

a system - f est:mat~ n . cquat :cns that :s more read~ 1v solved

and st:IL produces esz :mators w:tn h:;h asympoot:c eff:c~ ency .

Est:mat:n~ equat::r.s .:ons~ de red here are tn~~se t h a t  e-~uate a

statistic with : t s  .~x~ected v .3100 . This paper pi~esents one

such svstom for the Nevman T~-re A d:str:out :on .

:t car.  :~e snowr. (seo , for ~xamoLe , Read 5 1 )  that the

asymptot :c eff:c:or.cv of :ne est:mators o: such a suLst~~tute

system :s

EFF = 
M

where . .  = :nfcrriat:cn determinant of the pr— rab: :ty d~ s—

tr~ but :on ccns:dered and

1~

M u r n  nE( - — -~~~( -  —

n

with -~ = vec tor of d~ str:buticn parameters

and vector of estimators of

11
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e ab o ve  expression for EFF can be s~ mpl~~f ie d if

h = vector of est~~ at:r.~ ecuat~ cns

1 )

A = ~ r.e matr:x E (~-~) and C = 1:m [ nE(hh )

-S

EFF = . ( 3 . )

rh o  ‘-~ax : m - ~m :~ • :hc.~o o -oat ~ons :r t~~ - - ; m a ’ . T v .  A

~tr:o .~ :on ar” ~.‘r:v’~d ~3 
-~~d ~~~~~~~ fo:::~.~.n : :cr- :; ~re

) x =

—
. 

— ) mx

~ore x the sam; :~ ~~‘an

= t m e  s a m v l o  3iZe.

s n o ’~~~~. ~ e ~~~~~ I ~r.a~ -
~ :~~.i .: ~~) ~~; ~~~ ~~~~~~~~

.~~ ca t ed : -r ~ — J  —. . :~~m~~~. e  t:~~ e: f :~ - o n c v

some otn- ’r s e t  • .~-oat~ . n~. ~~ 
; . : s t : .; ::r ;.~

( 3 . 2 ) ,  it ~s :~~~:e s ; . i : -  - 
~~~~~~~~~ 

t .’ he f o r ~~at : c n

.~t e r m : m a n t  of th~ Ne. —ar. T::e A r .~~~ .~~ 
:-. .  The :n~~c~~~a—

:cn ~e~~ rm :namt has .~~ “r. ~~~r :ve~~ 3 ~~~~~~~ ~~~~~~~~~~~~~ it

•r. cwr. t r . a t

• -
~~~~) .  — m .  * — m . )  ; ( 2 . 3 )

3 — 
~~~~

— —

_ _ _ _ _ _ _ _ _ _ _  U
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I V .  ESTIMATING EQUATI O NS

The ~~x:mum Likelihood equations are .~u~ te d:ff~ cult to

solve for the Neyman Type A distribution as seen from the

equat :cns it (3.2). NameLy, the second equation ~s the one

tn at  ~ roduces  the comp~.:cat~ on. Replacin~ the second equation

it ( 3 . 2 )  ~~:t n  a ~ : f f e r e m t  one w:1l allow for s:m;~1er calcu—

~~~~~ ns ’w o :-oat::m :s chcst- n ‘ud:o:ousL- . Ucwever,

tne  :de ~ ~ m a i t t a n : m  h i  :n t f f ~~c:~~mcv smcu1~ a lso ~e con—

s~~d c r ’~ o ~ h en  — a . z : r :  ~ :‘:s : nc :oe  of .~ so~ st:tute. The use of

~ ne 2m~~:r:cal :r:ia ~~:l~ tv  ~oneriton .: hereafter

as ~~~) s* ’t-ms oe ap~~r::r.ate it attait.ima

~ :~ :s : 0 a L.  r h _ s  ~ is s.~c:’.’steJ t nc  s3c :.’s sf u l  a~ rl..cat~~on

of tn:s ~n~o :o” it ~:~e c i s c  t:~e Ne :at ~~’e  B:nom~ a1 d~~st r ~~—

i t t~~cr. is .:~~m n s - r a t e o  Ca:..avar~~~~~. S:nce the EPOF

t r . e  :o p.~m .~emt ;ar :.~b l e  ~~~, toe solution of the new

es t ~~m a t i t :  -~~uat:ors can :-e ~tur.e I so ~s t o achieve

toe e s t : o at o r s  ~~ m~~x : o u m  ~ff:c:omo’~ :a~~a~~~ e f r o m  toe new

iy:;tem. 2crs:1~-’ :-:r: the form of tne prT:~ a~ i~~~ty ~enerat :r.o

L:nct~ cm for tne ‘;~ ymao Ty~:e A d :s t r : b ut :cr . , : t i  S easi ly

t o  r ~ramm :r.c on current prograrr~ ab1e calculators.

~:th this —.ct. -:at:-r ~n m:r.d, the f:rst ~1ax :mum L~kei~ hocd

( 3 . ) ~rd the ~ ‘~ F equat:or. wh~ :h f: lcws are

considered is a pcss:ile altermat:ve to est~ mat~ ng the pa—

rameters for the N e v m a n  Tvre  A distr :cut :cr.

-C



The EPGF is defined as

n x .
EPGF 1 : t

~ i=1

where n the sample size and = the ith sample value . The

expected v a lu e  of the EPGF is the probabi lity generating func-

tion of the d~ str~ but :cn of the random var:able X and is given

by equa t ion  (2.2). The system of estimat:ng equations con-

s:..Iered above :s ther.

I) x = ~~~~~~ (4.1)

n x -m , i — e
2) 1 t - = e (4.2)

The r .ctat :or. m ,~ and m , * :s used to ~encte the est~ mat :rs

of  and m -~ found by solv:m .~ e~~uat :ons (4. ) ard (4.2). To

solve these e4uat ::ns tne v a r~~ao1e t must nave a value in the

interval ) , ) to :nsure that the s: ~n of t r e  cft—hand side

of e~ uat :.:n (4.2) is ocm yatitle w:th the ritht—hand s:de.

The val~~e cr.csen ~~r t (w h :c r .  w:ll cc denoted as t*) :s found

0’: max :m:zit~ the vmr t . o t : :  eff:::encv of the est:mators m ,

and “ ,‘.

To comp ut e the asy m~ t:t:c eff:c:ency of m. and m.,

equat~ cn (3.1) is used . To reduce the amoun t of typing in

the fo low :ng oxpressi:ns let

— m i : l — e
~ e

15
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The vector of equations (h) is given by

= x - m1m2

n x-
h , ~ 1 2 t i _ G ( t )

n i=1

The matr:x A is

Th
1 ~~~~

3m 1 ~m2

~h2 ~h 2

- 
‘m 1 

m2

f r o m  w h i o r .  i t f o l l o w s  t h a t  i t s  elements are

t% l 1  = (4.3)

A ,, = — m . ( 4 . 4 )

m 2
(t—l ) 1

A , ,  = H — e d ( t )  ( 4 . 5 )

m , (t—l)
A , ,  = m , ( l — t ) e  C ( t )  . (4.6)

The matr :x is

h ‘ h

-.

n - ’  h 2 h , h ,

it follo ws that its elements are

C , .  = :m nVAR (x~ m~ m~~( 1 m 2
) ( 4 . 7)

n x , x
nC’V ~, I : t ~~) = COV ( x , t )

- —  i_ i

the  ast  s tep r e s u l t : n o  from x
~ 

and x~ being i ndependent when

i —

_ _ _ _ _  _ _ _
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Continuing ,

L l2 = E(x
~
t
j
) - E(xj)E(t~~ )

and using the fact that for well-behaved distributions (in-

cluding Neyrnan ’s Type A)

x x .
E (x.t i ) = tE I d(t ) I = tG’ (t)

then

rn -, (t— i)
C., = m ,m ,d (t) te — 1 1 .  ( 4 . 8 )

~~ symm etry C1, = C,1.

r. x , V
= l I m  nVAR (1 t ~ ) = VAR(t ) (4.9)

thus

= ; ( t ’) — :~~(t; 
~2 (4.10)

ls~ ng equatocr .s (4.3~’ 
— (4.6)

j A  = m ,, (t ) 1 — . m.,( t—L ) — )e (4.11)

and us:ro ecuat:cr.s ( 4 . ) — (4.13) w:th

B = 1 m ,m,(te —

then

= m , m , ( (1+m 2)G(t
2) — C2 (t) B 1 .  (4.12)

Now subs t~~tut~ ng (4.11) and (4.12) into (3.1) results in

m (t—1)
1 ‘ ~rn2t — — 1) e 2

EFF - (4.13)

(l’m,)G(t ) — l~~(t) B i

— — — — - _____ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .—-——-—--—--——- . — --- - - —. - ----—
~~~~~~

- —--—- — —-- - —
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t1 is the value of t used to solve equations (4.1) and (4.2).

t is defined as

EFF (t*) max EFF (t) .
0’- t< 1

In order to use this def:nitjon the values of m1 
and

must be given. t and EFF (t*) have been computed for known

rn 1 and rn, and are presen ted in Table 1. An algorithm for

usi ng these tabled value s to find the estimates and

:s presented :n sect:on V. ~~.

To describe the re ’.at~ onsh op between t~~, m , and m,, a

three-d :mens:or-i a olot was made (Fit. 1) for rn , and m if l  the- £ 2

ran~oe .3 (.J1) .0’~ , .1(.L) .9 , 1(1) 9. Fi t .  2 :s a correspondinc

plot of EFF~ t*) for the same set of vilues for m 1 and m,.

F:gures I and 2 are representat:ons of the values fcur~d :n

Table I.

For c:-:en .alues of m , and m,, t~ :s the value of t which

maxomi zes the eff::~ encv function EFF(t). The values of t~~

are not necessarily continuous as and m, are varoed . The

eff:c:encv fon ;tior 1eterm:ned cv ecuat:or. (4.13) :s b~mcdai

for certa:r. values of m . and m, and these mcdes occur near
£

the er.doc:nts of the :nterval :3 ,1). The glo bal maximum of

EFF (t) on th:s :nterval nay occur at either mode fcr different

values of rn. and m 2, which is the cause for the discontinui—

ties of t’ as seen in Fig . 1. The jum p in the surface occurs

when m,~ :s about 3.3 for all values of m 2 2.0. Furthe r , it

:s :r.terest:ng to note that t is approximately zero for

m. < 1.3 and all values of m2, except for a singular point at

13
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= .09 and m, = .01. EFF(t*)  appears to be a cont inuous

function of m
1 

and rn2 as shown in Fig. 2 and is very close

to 1.0 over much of the range for m1 and m2 described above.

The method used for determining t~ is discussed in

section V.A.

19
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V. CALCULATING TECHNIQUES

Estimation of the parameters m1 and rn2 of the Neyman Type

A distribution using the method outlined in section IV in—

‘:olves solving a nonlinear programming problem; specifically,

finding a solution (m 1 ,  m2 ,  t*) that maximizes equation

~4.l3) subject to the constraint equations (4.1) and (4.2).

Since this requires a large amount of computing power , an

approxoma t~ ng sequent~ 3l method :s propcsed that can be per-

formed on a calculator. n order to do this the values of t~

must be :~nown for any m , and m 2 pair. These t~ values are

presented ~n Table 1 along with the associated maximum EFF

for a wide range of values of rn ,~ and m,. B:variate 1~ near

~nterpo1atoon as discussed in Abramow~ t: and Stegun 18] can

be used to approximate m~ between the values of m 1 and m ,

~ n Table

A. METHOD ‘F 2O~ PUT Nd t FOR TABLE I

Tabl e was prepare d 5y fixing and m, at constant

-.‘a1(es in the rance .31 to 9.0 and then conducting a s~ ng1e

variable search or. the function EFF (as a function of t only).

A o den s e ct i on  search procedure  was employed t h a t  t e rmina ted

at the value of t equal to the midpoint of the searched in-

terval on which the value of EFF (t) was increasing but did not

chanoe by more than 13 across the :nterval. Because of the

b~ mcda1 (ty of EFF(t) on some regions , a search was initiated

22
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from the right end of the ~nterva1 [0 ,1) and a separate search

started from the left end. The global maximum was then found

by comparing the resulting local maximums.

B. METHOD OF SOLVING FOR m 1* AND m2*

Given a sample of n observations on the random variable X

assumed to have an underlying Neyrnan Type A distribution of

which x1 represents the ith sample observation , the algorithm

for solving equaticns (4.1) and (4.2) to find the estimators

ar.d m2* of the parameters rn, and m, ccns:sts of the fol-

lowing steps :

STEP 1 - Compute the Method of Moments estimators from

the f~~1 .cw~ n~ cocations

n
= 1 :

n

= : (x , — x) (5.1)
n— i. i=i

=

= S -  I

STEP 2 — Find t~ in Table 1 ccrrespcr .d~ ng to and st-,.
Note : If t = 0. and the sample contains no zero values , set

= and m,’ = 

~2 
then STOP .

STEP 3 - Solve the system of equations (4.1) and (4.2)

for m ..* and m 2* with t = t by using a Newton—Raphson pro-

cedure. Solving equation (4.1) for m 1 and substituting this

into equation (4.2) yields

23 
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x (g— .1) — ln(t <) = 0 (5.2)
m
2

where

rn, (t—l)
g = e

Applying the Newtcn-Raphson method on equaticr. (5.2) produces

as the (k-4-1)st :t e rat e  of rn 2 *

rn, (t—l) — — —l
K X X

— e ~
- m. ln(t

= m, ( i i -  -‘

— . - K m. ( t — ~~)
£ e (m , t  — m. —

K K

where for ease of typo~it n.~ = and m, = rr 2 (the ~ethod
1(k) ~~(l)

of Momen ts estimator) . ?~hen termonation of the above ~terat~ on

scheme occurs by the aprropr :ate or :teria as set by the user ,

set m 2 = and compute m ,* from e/.~uat:on (5.1).

STEP 4 — f — ~- -: STOP , where ~s set by the

user. .ther~:se ret urn to STEP 2 after rep lacono 
~~ 2 with rn2

*.

The converoence of tnis a1(or~~thm depends on the sample

s~~~e n and how well the Method of Moments estimators approxi-

mate the to-ce .a1(ies of m. and m2. Exp erience has shown that

cv :1~ r.~ between est:mates can occur when the and rn,*

values are close to the points where t is discontinuous as

determined from Fi;. 1. This behavior was observed when the

above a1;cr:thm was applied tc data of sample s:zes as large

as 50. For most cases the estimates obtained by app1y~ nc the

24
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algorithm conver-;e after two or three iterations. It should

be noted :rcm STEP 2 roar ~f t* = 0 and the sample contaons

no zero values, then . the Method ~ f Moments estomators are the

defau lt values obtained when using the al-~cr:thm .

C. METHC 3 F TER~~~~~N~ -

The val ue of - as Jef~~ncd ~n e-~ .at~~cn (3.4) was computed

accord~ n-c t o  -.~~;u . i t~~ on ( 3 . 5 )  f o r  the p’u r~ cse of determining the

asvm~ rct :c e f c~~-n: - . of ro~ :r~;F estimators :~ ven o Table 1.

The x r o  ~-cwer moment of 1 Pc :sscn hstr:bute.d random var :able

by  s ~o •~ :uarion ~3.5~~) was comocted 
by f~~ndono the

maxrmum term cf ro~ series and ~s~~no~ th :s as a scal~~n~z factor

to -~eeo toe oarroa . s ums w:th~ n the limi t of an :JM 3 6 3

comp uter , wh:cn was used for al ocm~ ctat:on s. Actual compu—

tat~~ons were ~.er :ormed w~~t~~ 16 ;ir pre.o:sion -usunc lc:ar~~thm s.

Tr-cncar~~on of the ser:es occurred when the first scaled term

~fter the maximum term was found to  be less than e~~~~
1
~ ~~. The

value of was :olcu~~ zed ~~~~ oomput :oo toe successive partial

sums of ont~ I the relati -~ error between the last two was

ess roa n 10 (the last term was ocr added to the partoal sum

computed prev :ous to ~r) , :.e. , when

—

1 3 .
m

~-
x= 0

A i~ sc-oss~~on of th us stoppino rule f~~r the partucular app li—

catuon descrubed above may be found i O  Katti and 3urland 9].

As seer. on Table I there are a few onstances where the value

2 5
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of EFN t*) was computed as a value oreater than 1.0, which is

omposs~ble. :t is felt by this author that u n  these occur-

rences the value of ~ was not computed accurately enough.

The reason for this is that when or m 2 was large over 300

terms were reguored in the partial sum of Q in der to reach

the stoppung rule criteruon goven above. ~iowever , since the

size and frequency of these inconsiste~ocoes were small , it is

felt that the other results ::resented ~o Table are not corn—

::romused. ‘his us ousrofued by notun: the oontunuous behavuor

-of EFF(t~ as .;:ven by equaruo n (4. 12) and observing the few

values of  EFF (t*) 1.3 un F i t.  2. t is not known why these

occurrences dud oct hao~oen at the extreme values of m . = 9.0

and = . 3 . .  As shown un Fit. 2 , they appear to be osciated

po~ nts of u rr e gul ar ut y 00 the compurat:on of :FF (t)

2 6
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V I. COM PA~U S C N  ~ IT~i ESTIMATION BY THE METHOD F MCMENTS

To d e t e rm i n e  the u t i l ot y  of the EPGF method of estimation

f o r  the N eyman Type A d o s t rob u t i o n , a c o m p a r i s o n  wuth Method

of Moments estumatuen was made . This comparison was performed

by computong the ratuc of the asymptotic effocoencies of the

two schemes. The est:.oators of m , and ~v the Method of

Moments are found by so vu .~o the eouat:.:ns of ~5 . )  an d us

aCtually done on STEP I of the seocentual alocrutom ~resented

sect uo n . . 3. The EP G F  method us 20 attemn t to  um~ rove or.

the Method of  ~-~cments e stuma tuo n of m , and n - . The amount of

umprovement us detormuned by toe uncr .~cse un a s ymtto t oo ef—

f u c u e n c v  ~a u n e d  ~~- i n n  1-jun the EP~~F m e t n o d  r o l a t . -:e t o  t h a t

of t he  M e t h o d  of  M o m e n t s .  :~ order to fund tous :ocrease ,

toe i s v m t t o t u c  e f f u ; u e n c v  of  t he  M e t h o d  of M o m e n t s  m u s t  oe

f o u n d  f o r  t h e  ~ .-~v m a n  Type  A o :s rr :b u t  u o n .  ~J s on c  ec ua t :  on

( 3 . 1 ) ,  r o u s  was  done  an d  us  shown b e l o w .

The d e t e r m i na n t s  of  A and  C f o r  the M~ tocd of  M o m en t s  a re

d e t e r m u n e d  on a m a n n e r  s u m o l a r  to  s o c t u o n  V . Pv -us:nc the

e : u at u c n s  on ( 5 . ) toe f~~l :wo~~c r e s u l t s  can :e ob t a u n e d :

A . ,  =

A , =
I

A 21 = — r n , —

A ., = —
~~~~~ 

— 2m. rn ,
I —

~~ ~~~~~ 

.-



- -

t hus

A l rn
1
rn2

2. (6.1)

Also

0
1 1  

VAR (X.) = m
1
rn7 (1 -P rn , )

C,, E ( X
3 ) - 3E(x .2)E(X.) 2 ( E ( x  )

4 . -  i 3 1

~ 3rn~ 
-
~~ rn. 2 )

=

From :orm.o as der:.-ed on

= ~~(X  - - : - .-;~~ x~

— — —‘ - .- —, I .  -~. 
1 .  

~~ —._ — — ..,
— . . - ‘ ‘ , .— - , - . -,~~~~ — • - . - I  •‘ 

~~ - - . - -, .- ~~~ — - . -, I

3 ’  ro a r

= 
l~~~~2 

: 2m .m , (  — 
~~~ ~~~ 

2m~~ • 
- . (6.2)

~~~~~t u r u t
:~~~~~~ •~~u 3to-ns (b. ) and . b . 2 )  onto •~uua toon (3.1)

yue lds

0 ,
EFF = —

~~~~~ , (6.3)
- . i 

— 
- — -‘

where EFF~ _ rep resents asymptotic effo.::cncy of the Method of

Moments est~ rnators rn . and . The r a t u o  ~J”/EFF formed from
2

e:iatuor .s (4.1)) and (~- .3) represents toe relatuve merit of

tOe EP~~F to Method of  Moments estomatocr. .

28
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Values of t a and EFF EFF are tabulated in Table 2 for

the same range as covered by Table  1. This comparison of

the two methods is most readily observed i n  F i g .  3 , which is

a thr ee—domen suonal representatior . of Table 2 . The EPGF

method is better than the Method of Moments in producing

e s tu m a t o r s  of hug h asymptotuc effi cuency for the range of

~aramerer values covered or’. Table 2. This is clearly demon—

s t :ot t e d bv K u : . 2. The EP~3F m e t h o d  r~~~oces t o  t he  method of

esruma tu.on bu zero :re ~ueno- . when t~ 3. th~~s case toe

of F::. 3 can be fitn~ o n  4) and H~~ .

29
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V I I .  N U M E R I C A L  E X A M P L E S

EXAMPLE 1

To i l l u s t r a t e  the  EPGF method and on p a r t i c u l a r  the al-

g o r i t h m  of  sec t ion V. B, the data of insurance claims caused

by acc iden t  or s i c k n e s s  c i t e d  by Shenton ( 3~ a re  used and

reprod uced below . Th e da ta  a re  assumed to  be o b s e rv at o o n s

f r o m  a Neyman Tv~ e A distr ub otu on a n d  t h r e e  m e t h o d s  of e s t o—

m a t u o g  t he  p a r a m e t e r s  rn ,  and m-, a re  o c n su d e r e d ;

1) the  Method of  Mcm ent s ,

2 )  t he  EPGF m e t h o d ,  and

3 )  t h e  M et ood  -of M a x : m u m  u k e oh c c d .

The da t a a r e :

Value Fr.~.o -uer.cv

0
135

2 2 30
3 154
-I

5 58
6 49
0 3Q
8 21

10 11
11 2
12 5
13 2
14 3
15 1

sample suze 1056

sample mean = 2.8059

sample ~.tariance 6.4106.

3
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When the EPGF algor ithm of section V.B is appl ied  to this

data, the following resul ts are obtained:

a) from STEP 1 the Method of Moments estimators are

computed to be

= 2.184 and m2 
= 1 . 2 8 5

b) from STEP 2 the t~ value correspondin g to 
~ l 

and

us found by bivaroate linear interpolation in Table 1 as

follo ws;

f o r  m , = 2 . 3  and  0 2 = l. 85 lunear onterpol atoon gives

t~ = .0 48 ,

for m , = 3.3 and 02 = 1.235 lonea r :nter:c atuon ~ives

= .3004 , and

for m , = ..134 anu :o, ~l .235 1o ~..~ ir on te r~~o la to on goves

= .13 35

c) fr o.~~~TE 1 t h t  sol~~t :on of  ~5 . 2 )  o u C I d s

= 2 . ~ - 3~ and  ~~~ = 1.0~’4

-~n er e  t~5- r m : n a r o ~~n i f  r o e  ~.t~~t :n-Ka~ hscr. method was set for an

ab soL ute •1rr or of  . 233 1

d l  :r m  ~TFP 4 , woere = .0 1 , a sec ’:ro i a p : : l : c a t u o n  cf

roe al:crirnm us rec ..or~:d and the above m. and m~~ us used

as roe ne~ sta r t on : :c 0 t  on STEP 1. Th:s seccnd oteratoon

then yoe ds

t . 2 7 3~~, ~~
. = .‘2? , and m ,~ = 1 .3 6 .

S:nce the termonatuon or u t e- o.a of STEP 4 us not met a thurd

uterat~ cn us performe d res -ulror.: on the fo lowon g

= . 2~~~~ 53 , 
0

, * = 2 .~~11 , and rn2 = 1. 0 ’ 4

wo th the ternunati.o n or :teroa beun g satisfied .

32
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The computa t ion  of Maximum Likel ihood estimators for the

Neyman Type A distribution is very compl ica ted  and o n l y  ap-

p rox imate  M aximum L ike l i hood  es t imates  f o r  the above data

are g iven  in ( 3 ] .  To get an idea of the compu ta t i ona l  e f f o r t

involved , these estimators are only the first iteration re—

suIts and required several hours on a desk ca .culator in

949.

M a x u rnuom : :k e lu ho o d  e s t i m a t o r s  f o r  t h e  above d a t a  were

f~ und usung a Tt-5~ nrcgrammable cal c-u ator and the method

p r e s e n t e d  on . The r a n g e  of o b s e r v e d  v a l u e s  was  s m a l l

enouch  so t h a t  dat a  s t o r a ~~e was n o t  • ce.~ued or. t h e  c a l c u l a t o r .

‘he f~ 1 l o w i n c  r e s u l t s  w ere  o b t a o n ’~ 2 on apn  r o x o m a t t l v  t o o r t y

m o n -u t e s  of :cm~~-u t u n o  t o m e ,

I t e r a t u o n  m

1 2 . 4 0 5  1 . 13 4
2 2 . 5 1 5  1 . 1 l’
3 2 . 5 16  1.115
4 2 .5 1 5  1.115.

:n ccm~~ar o s c n , t oe  co m p u ti ng  tome  used to  p e r f o rm  the

EP (2 F m e t h o d  was .a~~p r o x : m at e 1~- fu v e  m o n u t e s  and  t he  d a t a

s to r age  r e q -u u r em en t  . :cnsusted of o n y  k eep i n g  e i oh t  n umbers ,

which  were oct  : nf ’itenced by the  da ta  va lue s .

EXAMPLE 2

Computer somulation was -used to generate eighty-one data

sets f random numbers from the Neyman Type A distributocn.

Computer program 4 on Appendix A was wrotten to simulate the

mode l presented in section ~ and the data sets produced are

33
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given in Appendix B. This program uses a random number gen-

erator that provides random deviates from a Poisson distri-

bution and is a local subroutone . For each data set produced ,

the sample size was fifty and the range of values used for

and 02 was 1(1)9.

The EPGF estimates for each data set were found by apply-

ing the algorithm presented in section V.B. The t~ value

requored on STEP 2 was c o m p u t e d  by actually maxomlzong the

effocuency equation (4.13) woth the estomated values of

and 02• The results of these computatoons are found on Table

3. The terminatuon cr :terua ci STEP 4 was set at = .0001 ,

so that more uteratoons were re~ uored than wou ld  ocrma ii y be

expected.

only two of the eu ;htv-cne cases considered , no um-

zrcvement was achoeved over the Method ci Momen t s  e s tum a tor s .

These two occurrences are octed ~o Table 3. For the case

= 4.3 and m, = .3 , the s~ ec:a1 termo oatocn of STEP 2 of

the a1-oorothm was unyoked; i.e., t~ = 2 and the sample con—

tauned no z e r o  v a lu e s .  For  the case m . = 5 . 0  and 01 =

:yc.:nc between tne fcllowun-o estimate va l ues occurred ,

1 I

.0000 3.2191 9.6798

.~~310 2.9465 10.5754.

The successove estimate pairs m1’ and 0 2 * produce values

of t’ which are on euther sude of the discontinuous ridge

seen on Fog . 1 of sectuon V. As previously discussed , the

efficiency functoon is bimodal in this region and causes the

34
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above behav io r .  Sonce  the a sympto t i c  e f f i c i e n c y  is h i g h on

this region , a larger sample size produc thg better onitia l

estimates should resolve the :nconsistency which results

when cyclino occurs .

35
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V I I I .  TABLES

Tables 1, 2 and 3 mentioned in the previous sections are

contained on the following pages. Table 1 presents the op-

tona l t and effociency value s found for the range of 01 and

m , fro m .01 - .09 (increments of .01), .1 - .9  ( i nc r emen t s

ci .1), and 1.3 — 9.0 (oncrements of ..J). Table 2 presents

toe oot:ma t and eff:c:encv trel atove tc the efficoer.cy of

toe Method of Moments) values f o u n d  fo r  the  same range  as

used on Taulo 1. Table 3 presents the results of applyong

toe aL .;cr:th ’ tf section V .3 to the data sets of Appendix B.
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IX. CONCLUSIONS

The EPGF method prov~~des e s ti ma t o r s  with asy~ipt ct i ’ . ~ f-

ficienc’; close to that of the Maximum L~ ke1:hood 
.~sti—at o rs

over mcst of the parameter values cor.s:~ ered. The s~-a~~~est

va~,ue found was 54% (at = 3.0 and m, = 9 . 0 )  and in

i ns t an c es  the asv~iptot :c e ff ~~c iency ~s : r ea t . :- r t h J ’. ~~~~~ I •

The E~~~F nethcd out~~erf-57rns the Methcd Mcrcrits

duc in— : estinat57’rs of cor.s03,stent .-~’ hi:her as t : t~~~ ef c enc~’

f o r  a 1  ~ara mete r  ,‘a iues f r o m  3 to ~~3.

The -2’ff :o:enc’.- of the EI”F metncd r” ’.ative t :  t h e  “~s’t:~c4~

of  ~cments ~s -oss t h a r .  , ,3 1  when ‘.: 3 f:r nc so  ‘.‘ -~~~~~es ‘f

As may be se.~n f r c n  T1b t2 3 , the ‘ ,? 3 t i ’.~. 

trot s ~e : w  t:~:,~ ‘a,~~~ i : a i ’  f o r  ar~~.’ m.  an d ~~~~, :e - : : :

, c ~~ t m .  ~~ and m . 3 3 , an-,~ ~“:< t~~~~~~~ -: t o  = ~~3 a:~d

5’ , =

a~ mcs~ 
‘t . .  :ases , t = 3 .  when ‘—.. ~s ,ess tnar -. 1.3 .

tn’.s ~c : - 0 3 r s  “,n” ~P’~F’ ~~ t -.c~o reduc-2 s t o  e s t  imat :on  the

Z e r o  P’re-o,.enc’; - The E’:~F ~ethc~ bs ’-:ones an e x t en—

s :on of the Zer o  Frequency methcd whe n the effi:~ ency of the

-~st~~nators  of  the latter  decreases. This happens when t

0 .  whioh ~s a~ w a- .-s the case for m , - 2 . 3 ..4

A thc-~ch the E?GF methcd :s aiways better than the Method

of ero ~
‘rcq’,iercy ~r. terms of eff :ciency , ~~t involves a

03reater :omputat :-ona •~f f o r t when t ~ 3. As shcwr. in [4 ,

~~— ~~~~~~~~~~~~~~~~~~~~~~~~~ - ----- - -~ - 
, E ,  

~~
‘,,. - -- ‘- ‘-5’-—- ‘- 5” —-



the Method of Moments estimators have higher asymptotic ef-

ficiency than those of the Method of Zero Frequency whenever

- 3.5 for all values of m2. The eff iciency of the Method

of Moments estimators is over 20% higher than the Zero Fre—

.~uencv estimators when m , 4.5. Combined wi th the above

discussion of the EPGF method , whenever t~ 
-. 0. the EPGF

methcd w: ll y ield estimators of substantially higher asymp-

t o t i c  ef f i c i en cy  thin those found ry the Zero Frequency method.

The choice o~ which method to uSe a lways  res ts  w i th  the user.

However , ~,f ~ t is assumed that m, - .3  and that bcth m, and

m , are not lar ~e (or- :-ater than abcut . J )  then the ex t ra  ef-

fort re,u~~red ~v the £r,~F metnod ~s ocmpensateJ for by a

better than 1-3 ’ :ncrease in asym~ tot:: ~ f f ~~c~ er,cv of the

est:mat:rS. ~hcn :t ~,s sup~~cS e-~ t nat  ~ n4~ ru, are not to be

found the abc’;’- recicr. the n est~ mat:on by the ~“.ethcd of

~-oments ~s recomr.ended, as ~ttle ,ncrease eff~~c~ encv can

~c ~x~ ecteJ rv ,~s~ nc the ~P~~F methcd; . e. , ~ c~~n-:’ beyond

I -of the a :cr:thm 4’r’-senteu ~n sect~ ;n 
‘
-
‘
. E~~.

As noted :r, sect~~:n ‘.~~~~~~ , the E~
’
~ F method as i~~r I ~cd 

by

tne aigcr:thm :f s e c t i o n  ~;. B can fail  t o  :crn:er’~ e .  This :s

rha rac te r : zed by 0 7 d m - ;  between  two different pam rs of

es tmm ato r s  when the sample s m z e  ms small. When th:s -:ccurs

the remedy m s to use a 1ar~ er sample. The -.‘arma nce of a

pcpu at~~on hav~ ng the ‘~eyman Type A as an underlymn c dmstrm-

butm or , ~r-ows lar’e as m , and increase , especially when

bcth a re oreater  than ,.  3. Assummn g that the Sample size is

5,

_ _ _ _ _ _ _ _ _  — —‘---
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large enough for the Central Limit theorem to provide a good

approx~ mat~ cn by a Norma l distribution , the sample size re-

quired to ~rovmJe a reasonable conf idence interval containing

the true mean is ,u~ te lar~ e. S:nce x = is one of the

estmm atmn q equatmons used in the EPGF method , it may be dif-

ficult to prov~ de ~ood ~n itmal estmmates for the iterative

procedure when n ~s small. It has been found by experience ,

as the sample size m s mn creased , tne EPdF est:mates tend to

cluster more ti -oh tLv than tne Metncd of ~cments estmm ators

about the true ~arameter values.

The EP~ F method ~s not as easy t~~ ~se is the Method cf

Moments , but ~:th tne a~ d -of Tabl e and the .se cf the

alocr :tnm presented m t  can be ‘n :ed 03’eadm y ‘~‘:th currer .t

cro.:ram~ acle calcu a t 03 r s. rh~~ ms not a w,i’.-s tne case for

est mmat :or .  by ~ax:ni ur’ : . t ’ ,~~nccd.

A lthcu~;h tne ~P-~F metned appea rs  to ~~e t:me :cnsun~ n-;

and tedmou s , ~~t :s far ea smer to  mmr - ement than the Maxomum

Lmk el mhocd method . ~~- ‘us ,n.~ Tab e 1 , reasc r.ab ’; :‘ocd esti—

matcrs oan be :bta~ ne-,~ wmtn Less effert than re,:’umred by the

Latter method.

62
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?~PPENDIX A

COMP U TE R PROGRAM S

Four compu te r  pro~; rams  were -used in the comp i l a t ion of

thm s paper and are given on the following pages. All were

programmed ~n the standard Fortran ‘,-‘ language and mn double

~rec:s~~-c r.. ~‘rocram I was used to ccmtute the ‘.‘a lues of the

~nfo rmat ~~,:n dete rmmnant  .~~~~ of sec tmcn  ~~: for m , and  m 2 mn

the range of TabLe 1. ?ro : r am  2 was r-un to compute the

values of t’ and EFF(t * )  and :03roduce Table ..  Table 2 was

produced by slm:htlv mod fvmno :rooram 2 to compute and table

the e f f ~~-c :encv  :atmc EFF EFF :f sectmo n VI .  Erceram 3 was 

-used to nerf orm the al;or~~thm of sec tmc n ‘.‘.P and produce the

estimates for the numer~ ca1 exam~~Ies of sect~ cn V 1 , which

are found Table 3. Prooram 4 was used mn smm u latmn c ran-

dom numbers from the ~eyman Typ e A -dm strm b utm on . The sub—

ro u t m n e  :r’T :~~l fo u nd  mm proc ram 4 :s a local random number

;ene ra to r  f o r  P o is s cn  -i~ strmbuted random dev m at e s .

Programs I, 2 , and 2 are -:cmplete and may be used di-

rectly. Program 4 must be modified to be compatible with

the user ’ s Local random number oenera tior. subroutines. 

-‘- fl —~~~~~~~~~~~~~~ --_ _ _ _  _ _  - - - - -‘- - -~~~~~ - 
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COMPUTER PROGRAM 1

C COMPUTAT ION CF INFORNATICN DETERMINANT GIVEN Ml AND M2
IMPLICIT REAL*8 (A—H ,-O— Z)
REAL*8 Ml ,M2
COMMON Ml , M2 , BETA , DET
DIMENSION PARN (2T ’), DET Q (27 , 27 )
DATA PARM , l.D— 2 ,2 .D—2 , 3 .D—2 ,4 2—2 ,5.D— 2 ,6.3—2 ,T.D— 2 ,

a 8.~3—2 ,9.D— 2 , l.D— l ,2.D— l ,3.D— l ,4.D— 1 ,5.C—l ,6.D—l .7.D—l ,
* 8.D— l,9.D— l ,l D 0 ,2.~~0,3.D0 ,4D 0 ,5.3U ,6.2O , ’.D0 ,8.D0,
a 9.D0/

C CREATE A TABLE CF DETERM:NANT VALUES FOR VARYING
C EAR. .”!ETER.~ -TF

-
~~ Ml AND ‘12

=
——

20 )99 1 =

Ml = PAR.M ( )
10 99 C = 01, 02

=

BETA = M1* EXP ( -‘ 12)
C VALUES ~iAVE BEEN ~ ET F O R  MI AN:’ ‘12

O C M F U T E  ~~~F C R M A T 1CN  2E TER. -~1NAN T
CAL L ET’ S

2ET
99 CONTINUE

( ~ E ) ;c~ ‘r” ‘ 50
;cRITE (b ,l01) (PARM(L1 ,L=J I ,:2)

121 F- ’PY~\ T ( 5X ,3 ( 3 X ,F 1 2 . I 0) )
50 ~R:TE (‘— , LSl ) Ml ,( :ET ~~(: ,:) ,L=Jl ,::~

151 F”~~~MJ~T ( F 5 . 2 , 3 ( 3 X ,F12 .13)
~~~~~~~ o:NT:NU:

~ TOP

~ UBRCUTINE ET’2S
:MPL:c:T REA 3 ~A—~i , T— Z )
REAL S M l ,M2
COM.MCN Ml, ‘12 ,BETA , 2ET

C COMPUTE ; 3IV EN Ml AND M2
= l.D’-7

Pr = 2 E X P ( B E T A  - Ml)
RX = BETA
lx BE TA ’RX
- =

ELN = DLOG (BETA + BE TA
20 12 :x = 1,500
X DFLOAT (IX )
ELNEXT = - 3 E R I E S ( X ~ l.~~0 )

‘ j4

5” -~~~~ - -- ‘ ---5’ 5- ——-
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RNEXT = ESXP (ELNEXT - ELN )
ELN = ELNEXT
QX = Qx*M2*(RNEXT/x)* (RNExT/Rx)
RX = RNEXT
IF (QX/ Q .LT . H ) GO TO 20
K = IX

10
20 Q = M2* M2* PO* Q

A = Ml*M2aM2*M2
B = Ml*M2*M2*(Ml+M2~,.Ml*M2)
DET = ( l.D0 + M2)*Q/A - B/A
RETU RN
END

L

FUNCTION S E R I E S ( x )
:MPLIC:T REAL* 8 (A_~!,?_ Z)
R EA L * 8  Ml , ’12
CO~-tMCN ‘11, M2 , EET A , ET
S E R I E S  = 0 . D 0

C F I ND I N F,X ST THE MAX T E R .M :  AIM
AIM = L . D 0
Cl = 1.20

= 2 .20
DC I-) K = 1,100
ENUM = C2*A M*DLCG (2ETA , AIM) C~~~X —

E D E N  = 0 ( X  — A I M )  — CL
AI NEX T = A:M~ ( C l  - FNCM , EPEN)
:F(A:NE:~:T .LE . 1 .2—5) -;o TO I I
A I M  = A N EX T

13 CO NTINUE
II F (A M .E. 1 .2 0)  A I M  = 1.2 0

F~ A :~-
4, .OT . 1.20) A IM = :F L o A T (::’ :~o T ( A I M  -‘- .T2C))

:M = ~~~INT (A IM~
C C ’ ~MPV STE MAX TERM SF THE SER::S

—1~~ A,. ~~~ 1 —

20 20 1 = 1 , M
A l = :FLCAT (:)

2 2  ALNIM = ALN M ~ 2 LC G (A )
ALNIM = X *DLC O ~A M  • A M D L ~:G ( B E TA )  — ALN I M

C COMPUTE EACH TER.M ( K )  -O F .~ER ES A N T  SUM TO THE S E RI E S
DC 40 K = 1,300
AK = DF -OAT (K)
ALNK = 0 .D 0

DC 30 0 = 1, K
— -‘ “— ~~r ~~~~ti~~

30 ALNK = ALN K DL OG (A J )
ALNK = X DLOG (AK ) AK DLCG(BETA) — ALNK
BK = ,- \ L N K  — A L N I M
IF(BK .GE. -1 61.lDO ) SERIES SERIES ~ EXP (BK )
IF (BK .LT . -161.1DO .AND. K .GT . M ) GO TO 50

4 t ~ “-“ ~~~~~~~~~ -

C COMPU TE THE NATURAL LO~ OF THE XT H MOM ENT.
50 SERIES = ALNI M ~ DLCG (S E R I E S )

RET U RN
END

65

L ~~~~~~~ -_- 5- - -— - - - - _~~~~~~ __~~ - --5’--—- --‘ --5- - - — - - -‘ ---~~~~~~~ --- - -
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COMPUTER PROGRAM 2

C COMPUTATION OF OPTIMA L T AND EFFICIENCY GIVEN Ml AND M2
IMPLICIT REAL *8(A_ H ,O_Z )
REAL*8 Ml ,M2
COMMON Ml ,M2 ,DET ,TSTAR , ESTAR
D I M E N S I ON PARM(27 ),TOPT (27 ,27 ), EOPT (27 ,27 ), DETQ (27 ,27)

C CREATE A TABLE CF T-OPTIMAL VALUES FOR VARYING
C PARAMETERS CF
C M 1 AND M2

C READ IN Ml AND M2 AND C O R R E S P O N D I N G  INFO RMA TION
DETERMINANT ‘.‘ALUES FROM A D S K

C
02 = 0
DC 99 K = 1, 9
01 = 02 I.
02 = Si ~

- 2

DC 99 I = 1, 2”
: F(  . N E .  1) 0 TO 50
P,EA (5,121) (PARM(J) , J=S L , 3 2 )

5J READ (5 ,101) (JETrl~~~,J ),J=Jl ,J2)
10 1 F-S-R \T (~~-x ,3 ( 3 X ,F 2.I-3 )~~
99 CO NTINUE
C SET Ml AND ‘12 .A.,UES FECM PARM
C COMPUTE PT MAL T — S T A R  = T O PT A N D :PT:MAL EFF:C:ENCY
C E—S TAR = ECPT

DC’ 199 1 = 1, 27
Ml = PARM( ,
DC- 199 0 =

‘12 = PARM (J)
DET = DET~~(l ,0)
CALL - PTIML
T O P T ( I , J )  = TSTAR
E 0 P T ( :  C)  = ~STAR

139 - C O N T I N U E
C PRINT ~UT TAB L E i’F OPTIM A L T AND E F F I C I E N C Y

= 0
DC 299  K :  = 1,3
IL  = - 1
IU = IL + 8
CU = 0
DC 298 KS = 1, 3
CL = CU ~ 1
CU = CL
WRITE (6 ,20 1)
WRITE (6 ,2 0 2 )
W RITE (6 ,2 0 3 )
WRITE ( 6 ,2 0 4 )  (PARM(J) ,J=CL,JU)

DO 2 9 7  1 =

WRITE (6,205) PARM(I) ,(TO-PT(I,C~~,C=JL ,JU)
WRITE (6,206) (_CPT (I ,~~), - — ,.,~~L)2 9 7  CO N T I NUE

_ _  -“
5 ’-  
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W R I T E  ( 6 , 2 0 7 )
WRITE (6 ,2 0 8 )
WRITE (6,2 0 9 )

298 CON T I N U E
299 CONTINUE
201 FORMAT (’ i ’ ,//////)
202 FORMAT (’ 0 ’ ,33X ,’ TABLE 1: OPTIMAL T AND EFFICIENCY

* VALUES ’ ,//)
203 FOR.MAT(’0’ ,9X ,’Ml VALUES ’ ,35X , ‘M2 VALUES’)
204 FORMAT (’O ’ ,19X ,9 (2X ,F6.4))
205  FCRNAT ( ’0’ ,I X ,F4.2 ,4X ,9(2X,F6.4))
206 FORMAT(’ ‘ ,19X ,9 (2X ,F6.4))

207 FORMAT (’0’ ,/, 2 2 X ,’FOR EACH ENTRY IN THE TABLE :’ )
208 FCRMA’T(’0’ ,2 1X , ’T* = TOP VALUE CF EACH P A I R ’)
2 2 9  F - O R M A T ( ’ 3 ’ ,21X ,’ EFF BOTTOM VALUE CF EACH P A I R ’ )

STO P
END

SUBRCUT NE ~PT I M L
:MPL:CIT REAL S (A— H , T - )

REAL* 8 M 1 , ~~2
COMMON MI ,M..2ET,TSTA? ,ESTAR
FL AO = 0
T H E T A  ~9 9 9 . D — 4

= 3.20
C FIND A COARSE BRACKET AROUND THETA: (A , B )
5 THETA = T H ETA - .2—2

F~~T HETA LT. 3 . 2 0)  0 TO 13
ET = EF F (T H E T A )

(ET . ,T . E . )  ~C TO 13

0

15 A = TH ETA
(A . LT. 3.20) ,-\ 0.20

B = THETA -

F .B .3T. fl’~9.2—4) 3 =

PERF O RM A ~CL EN SECT ~N SEA RCH FO R TETA R TO MAX
C EFF T S T A R )
C W:TH STARTING INTERVAL (A ,3)

R = (— 1 . D O  ‘ DS~~RT (S.D0)) 2.20
20 Al = ( 1.20 — R ) ( B  — A) — A

31 = R* (B - A~ • A

EA1 = S F F ( A L )
EB1 = E F F ( B L )
F(DABS (EAI — E3l~ .LT. l.D—~~ OC TO 30
:F(EAI .—3 T. E~~1) B = BI
F (EAI . 21’. E B I )  A Al
C TO 20

30 TSTAP, = ~A 1 31) ‘2.D0

ESTAR = EB1

CHE CK FOR A MAX P ’RCM THE LEFT E ND
F (FLAG .~~~~~~~. 1 ~C TO 40

~

—‘““ “

~

--- - -

~
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I F ( T S T A R  .LT . 1.2)-I) R ETURN
T = TSTAR
E = ESTAR
THETA = 0 . D 0
E2 = 0.00

35 THETA = THETA ~ 1.21-2

F(THETA .2T. 99.2-2) RETU?O-
ET = EF F (T HETA )
IF(ET .LT , E2) GO CC 36
E2 = £1’
GO TO 35

36 A = THETA — 2.2-2
IF(A .LT . 0.D0) A 0.20
B = THETA
FLA G = 1
~IC TO 0

40 IF (E .LT. ESTA R ) R ETURN
TSTAR =

ESTAR =

RETU RN
END

FU CT~~~N STF~ T)
:MP:,:C:T RUA2* S  (A—H , - 0— :)
R E A L a :~ M l , ”2
C ’ M ~~~’N ‘1I , M2 , D E T , T O TAR , E S T A R

C C:MPYTE PR:E~-A~~:2ITY 
‘ IINERAT . NG E’:NCT: N C)

F = EXP , M . T  - MC)
C = EXD(_M1 * (l.20 — F ) )

C C~ MPYTE ( T * * 2 )
P2 DEX?(M ’T T — ‘12)

= DEX? (_MI*(L .:0 — P2))
C IMPUT E NUMFRA15R IF EFF T)
FN = 1.20 (‘12* 1’ — ‘12 — 1.D0~~~F
FN =

C SOMPUTE 1’~-’N ’ MINAT’T R ‘F EFF (T’
~

PD = 1.20 • ‘12 • ‘11*M2*~ T*F — 1.20)*(T*F — 1.D0 )
PD = M 2 * ( ( 1 . D 0  — M 2 ) * 0 2  —

=

C C M P U T E  EFF C OSNCY PEE (1’)
EFF = FN FD
RETURN
END

- —  — — -~~~~~~~~~~~ -—5 -



CO MPU TER PROGRA M 3

C EST MAT~~~N OF ‘11 AND ‘12
L

MPL:CIT HEAL 0S (A—H , ‘— C )
DIMENSION :X(450 , L3) ,M C ( 9 )
COMMON - iAT M I , HAT’12
READ (3,9) ( M C c C ) , C =L ,9)

9 F O R M A T ( 3x ,9 : 5 )
C READ IN MATRIX P RANDIM N O S

READ (5 , 13) ((IX(:,,],) ,C=l , 10), :=1 ,4 5 0 )

= 50
AN’. = :OP2CAT ~N N N

= — 1
= 1, ‘~

:F2;\o = :~‘LA;’ (— I)

::KE = :~ — ‘;~~~~. —

= AT ( ::-:(I:~:, I))

‘ - -  .‘.“-, . .— . . - -‘ - .  ‘

;.p::~~ ( - - , 1 0 0)
100 F - 

~MA 1 (‘1 ’ ,////, T 3 7  , ‘ TI~-o~ :~E 3: ‘.U’1EP ,‘AP RESULTS’

~p T E  C ” , 121 )
10 1 F - R~-’AT ‘ J ‘ , / ,T 1 , M I’  , :‘~ , ‘ C 5 , ‘Il’ ,T4 3 , “~~ 

‘ , CS I
•

~R T E  ( ,  1 0 2 )
3 ‘ ‘ 3- ’_l 

~ ( 4 ‘ ‘—‘‘1 , “4 ‘ ‘
~~
‘
~ 

‘ 3 ‘ — N “ ‘ , “'5 r , 
‘ 3- — 

N? L
*

O ~ -O S = 2, 10

= 2 F ,~~AT~~MC .0K)
:-:DAR = -3 .21 2

=

110 ..2 K K , IKE
= — :FL-:AT(:x(K, C)

0 :-:s — :-s~ — nF: ,0AT ( : :- :~~~ ,C)  :x ( K . S)
XBA R = :~:BAR ,oo.~;

= (xS-l — ‘
~~~
.‘(BAR

~~X 3AR’ / (AN N — 1 . D O )
HA TM 2 (XUAR — X D A R ) XI 3AR
:~~;‘. = ~ BAR HAT M
AM,L = 1’ ” 1
A12 = P’-’2

= HATMI
= HAT’12

C P ’ D  ESTIMATORS ,‘SING ‘1P ?, CAL POE

PAST = HA T M2
050 = 2

30 SA~~2 T”PT (T~
(‘~~~ 1’ — —

. — ‘ — . -‘- S  . —

6 -~

4 
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IF (CJJ .GT . 20) GO TO 65
TBAR 0.D0
D0 60 KK = I K , KE
IF (I X (KK ,J ) .EQ . 0) TBAR = TBA R - 1 . D0
IF(T .0?. 1.2-4 .AND . IX (KK ,J) .NE. 0) TBAR = TBAR ~ ‘

*

CONTINUE
F (TBAR .LE. 1 .D—4) GO TO ‘0

TBAR = TBAR ANN
CALD ANEWT (TBAR ,PA ST ,XBAR,T ,PM2 )

= \BA R D M 2
IF (DABS (HATM2 — D M 2 )  . LE .  1 . : — 4 )  CC- TO ~0
HATM2 = DM2

- U
- ‘0  ~~~~~~~~~~~~~ 

( •
~~, ~:)3) ~~~~~~~~~~~~~~~~~~ - —

1 0 3  F RM~’-,T ( -J ‘ 
, 4, 4F~ . 3 ,149 , PS .4,156 , ‘ ‘ , :~ 4 , ‘ 

* T ’. ,  ‘ ‘ ,T~3 1 , —

I’

XR:CE (‘), 134~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
134 F RMA~~~ ’ 3’ ,T 1 4 ,4y~~.3, T4~~,F 5 . 4 ,T5~~,Fs.4 ,:Fg.3 , IO- , ’ ’ )

1- ’

•~R T E  (
~~, 115 ~ -_MI ,A’0 ,BMl ,HM2 ,T ,T,HATMI ,DM2 ,CCC

135 F~~ C-~A T ( ’ J ’  ,T I4 ,4F~~. 3 , 3~~,F~~.4 , ’5~- ,F3 .4 ,2FS. 3 , 5)

WROTE (“ , 136)
13’~ P ‘?MAC (’ 1’)

L
S BRC~’T ’.E ANE;’.T (C~-AP ,’. :N ,:~PAR ,C , ’:’ ’:T)

~ H ’ L C T  RE?2 9 ( A — H , — )

= .0. - ( T B A ? )
‘ 03 K K K  = 1,2 0

= FXD (Y:N* .2_ 1.11O
PU = Y N T D  — : 3AR .2.: - —

PD? = :1. - .K:’AR~~~’~’ .C — 1.20)

— IIN) .00. 1 .10— 4 ) 0 C’’
U ‘UT

20 2 NTINUE
99 R E T U R N

OUBR (’UT NE C-OPT ~T-

:MDLIC:T ?EAL S (A— H , T— 3)
2 MMCN HA TM 1 , HA T M2
FLA G 0
THETA =

E2 = 3 . 1 1 0

2 F : N D  A COARS E BRACKET ARCUND THETA : ~A ,B)

______ 
_ _  

‘—‘H 
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1

5 THETA = THETA - l .D - 2

F (THET A . 2?. 0 . 0 0 )  GO TO 15
ET ~ EFF(THETA~
IF(ET .LT . PC) CC TO 15
E 2 = ET

-CC C-C 5
15 A = THETA

.LT . 3.D0) A = 0 . 00
B = THETA ~ 2.0— 2

P~~B .3?. 9 9 9 9 . 1 — 4 )  3 = 9999 .3—4
R = (—1.30 + DS~~RT(5.DO)) 2.20

20 A l = (1.20 — R ) * ( B  — A) — A
Bl = R~~~B - A) + A
EA I = E F F ( A 1 )

= EFF(B1)
.L T .  1 . 2 1 — 1 5 )  1 T 30

F(EAI .3? . EBI ) B =
‘~‘ ~~~~~~~ t — ..___, .. / . —

C 
-- 0 2

30 C = Al 31) 2.20
C CHEC K FOR MAX FROM ThE LEFT

.P ~~. 1’ 20 TO 40
(C .211 . 1.2—u RETURN

TSTAR ‘ C
ES1

THETA = 0.2”
E2 3 . 1 0 0

3 3  IHETA = THETA — 1.2— 2
F(THETA .OT . 1~~.2—2 ’ RETURN
PT OFF (C :ECA)

IF~~ET .LC. E2) 20 CC

33
A = ‘Hl ,TA — 2 .2—2

A . :o’ . J . 2 u )  A = 3.20
B = CH E T -\
FLA G =

C - 00
4 1  F(ESTAP .L T . E3 0 RE T , PN

RETU RN
END

o-~ E E F ( ’~

:MPL:C:’1 REAL -3(;-H ,o-:)
-20~YCN

’r~ATM1 , HA TM2
AY 1 = HAT ’ 11
AM2 = HAT M 2
F = EXP (A.M2’. — AM2 )
2 = :E:<? (—A.M1 (1.D0 — F )
P2  DEXP AM2*0 * — AM2)
12 E X P ( —A M ( . D 0  — P 2 ) )

- ‘
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- --Th

FM 1.30 + (AM2*2 — ?~M2 
— 1.D0)*F

FN AM1*G*G*FN*FN
ED = 1.00 + A.M2 + AM1*A.M2*V*F — 1.D0)* (Q*F — LDO )

FD A M 2 * N 1 . D 0  + AM2)’G2 — G*O*FD)
EFF = EN , FD
RETURN
END



_ _ _  5’~~~~~~~~~~~~~~~~~~~~~~~~ ’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C O M P U T E R  PROGRAM 4

C RANDOM NUMBER GENERATION FROM NEYMAN’S TYPE A
C DTS”RIBUTICN

DIMENSI ON A D(5 0)
DATA I S E E D 1 , :SF,E102, IScRT ,KsIZE /43l219 ,187 64 8 ,0,50/
CALL CVF LC W
DC 10 Ml 1,9
PM1 = FLOAT (’1 )
CALL LPc!SL (:SEED1,A:’,KSI:E ,PM 1 , I SORT
W R I T E  t 6 , 1)

I FORMAT(’I’ ,
WR TE (~~,0)

2 F ‘FY.AT ( ‘ ‘ , ~,4 X , ‘ RAND ‘1 N C S .  F? ‘1 THE NE U MAN TYPE A
* D STR BI ’T I N ’
WROTE (‘,, 3 )

3 FCR.M.AT (‘ -3’ / • lOx ’ ‘~: VALI I ‘ , :40 , ‘ -.: .ALUES ‘

CALL 2GliTER~ AD , S:-E22,’11,PS~~~E)
10 CONT N~~E

~‘ - _ t

END

SU B R C U T N E  2G~i ? E R ( A 0 , SE E D , M L ’ ~
D ’1ENS~~’N A (50),Y~~130 ), IX (5C , ?)
WR I T E  (‘~~, ~~~) ~~~~~~~~~~~~~

3 3  F R . M A T ( ’ -3 , 1— x , ~:5 ,/,’)
DC 0-3 0 K = 1, 53

=

:F.2S::E .NE. 0) 10 C-I 53
DC 5-2 M’ =

= 0
C T  5 5

DC 130 M2 = 1, 1’
DM2 = F~~~A T ( M 2 )
CA LD Li’IIS ( 5E132 ,’i, I S I Z E ,P M2 ,0)

:X (K ,M2) = 3
DO 00 I =

10 3 :X(K ,M2) X (K ,M2) + :NT(:(:)~
35 WRITE (6, 131) ‘11, (Ix ~K ,C) ,J—l ,
1-3 1 FCR.MAT (’ ‘ , -3X ,I5 ,2x ,9 I 5 )
200 -C’~NTINUE

END

— 3

-5’
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APPENDIX B

RANDOM NUMBERS FROM THE
NEYMAN TYPE A DISTRIBUTION

Comp uter program 4 was used to generate the eighty-one

sets of random numbers for the numerical examples of Table 3.

The parameter ran~;e used was a’~ from I to 9 ~~ :ncre—

ments of 1 and the Sam~~1e s~ ze was 50 ~n all cases. The

f-o11ow~.ng pages ocn ta~ n the data sets -oenerated.

‘74

— - - 5’ - - -  5’ . - 
~~~~~~~~~~~~~~~~~~~~~ 
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.~~~JJN ~~JS. F~-3 M ‘t-i t ~~YI ..N TY~’E A 31ST~~18UT 1~~J

M I ~~~~~ ‘42 V~~LJES

A 2 3 5 7

1 1 3 5 5 6 4 S S 10
1 0 1 3 4 11 5 11
I C 3 2 4 6 7 5 4
I 2 C 9 8 8 6 9
I C 0 3 3 3 0 0 .3 3
1 0 -3 3 .3 0 3 3 0

.3 1 1 4 6 9 9 5
I 3 3 2 0 0 .3 .3 .3
1 3 4 o i~ 11
I ~., 0 .3 .3 C 0 .3 .3 0

0 3 3 2 8 0
1 0 .3 0 3 C -) .3 3

.3 .3 C .3 .3 5.) 3 C 3
1 0 .3 0 -J .3 0 .3 s,. 3
1 .2 2 ‘. 7 3 13 ‘

~I 2 1 1 7 ~ 10 1 7  18
1 0 .3 .3 .3 .3 0 C C
1 3 2 5 4 8 .. 10 12
1 .3 .3 3 .3 0 0 .3 .3 3
1 3 .3 4 6 7 4 13  11
1 3 5 6 14 ii 17 1~1 1 3 5 1 6 o 8
I 2 7 9 7 8 ~ 17 17
1 1 1 5 1 6 12 ~ l 2 1 15
1 .3 0 0 .3 0 0 .3 3 .3
1 .3 1 . 7 3 7 1 5

3 .3 0 C 0 .3 .3 3
1 3 .3 .3 3 .3 0 .3 .3 .3
1 1 7 5 1 1 12 17 15 10
A 3 5 5 8 2 S I~.1 1 1 3 5 7 5 8 9 12
1 0 3 .3 .3 0 .3 .3 .3 .3
A 1 5 3 5 9 8 7 8 7
1 .3 2 1 1 5 3 5 10 1-3
1 2 4 1 3 5 8 7 9 S

.3 1 8 12 18 12 13 18 1-3
1 3 9 11 12 15 14 12 to 22

2 3 3 3 ~ 12 8 .2
1 0 .3 .3 C .3 ~. 0 3
1 6 10 15 15 24 17 35 2 9
1 1 2 7 4 IC 8 .2 1 7  22
1 .3 0 .3 .3 .3 C 3 C .3
1 4 5 8 8 16 2 ’. 15 15
I C 0 .3 3 C 0 3 .3 3
1 0 .3 .3 s..s C .3 .3 ~. 0
1 0 1 1 3 2 7 8 .2 12
1 5 7 5 13 14 13 1~ 15 1’.
1 .3 4 1 6 7 8 a
1 0 3 5 7 5 £ 5 8
1 2 2 7 5 12 5 15 11 13

15

hi ~~~~~
- — - -—P- .— . -. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - _ _ _ _ _ _ _ _  -
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RAt~OC.M ~CS. FROM THE ~lfYMA ”I TY PE A .3LS’~~I8UTA.3N

MI ~A LuE ‘42 V A L U E S
1 .2 3 4 5 6 7 8 9

.2 C 0 0 0 0 0 0 .3 .3
C C C 0 .3 0 U 0 0

.2 4 5 0 17 21 14 25 2 1 25
2 0 C .3 0 3 0 .3 0 0
.2 . 5 7 13 2~ 21 ,4 35 33
2 .3 3 .3 1) .3 0 .3 C 0
2 3 3 3 2 13 e is 15 15

.3 3 5 10 10 18 10 16 17
2 6 7 7 15 20 27 28 19 29
2 2 5 5 10 9 14 11 11 23
2 A 5 ô 11 16 1~ 2 C 18
2 3 7 9 20 19 22 21  21 33
2 5 7 1 1 20 30  2~ 23 31 ‘.5
2 .3 C C C C -~ 0 -3
.2 .2 .3 1.. 7 14 17 ii 21 34

C C .2 0 3 C .3 .3 .3
2 .2 3 7 13 7 14 11 19 .2
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