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second-order theory of the interaction of regular gravity

waves .~ith a fixed object in water of finite depth is developed . The theory

is Larr ied out for the most genera l case of a body of arbitrary shape which
nay extend through the free-surface or be completely inmersed . The incident

wave evolves in the development as a second-order Stokes ’ wave. Boundary-value

tial s and a numerical method based on the Green ’s function is outlined .
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The consistent second-order theory of the interaction of regular gravity

waves with a fixed object ‘n water of finite depth is developed . The theory is

carried out for the most qeneral case of a body of arbitrary shape which may

extend through the free-surface or be completel y imersed . The incident wave

evolves in the development as a second-order Stokes ’ wave . Boundary-value

problems are established for both the first- and second-order veloc i ty poten-

tials and a numeric al method based on the Green ’s function is outllned .-\

INTROD (JCT ION

~ The determinat ion of forces exerted by aravity waves on large structures

imersed in the sea has become of areat pract ica l  interest in recent years. For

example , in the design of bottom-mounted oil storage facilities or large ocean

caissons , the wave -induced horizontal and up -l ift forces and overturning moments

are factors of p r i~ ’ar i i~ pc~rtance. The effect of large amplitude waves in parti-

c u l a r i~ of importance in the determination of the permanence of an ocean struc-

ture and , therefore , a hi gher-order theory appears to have significant practical

value. For example, Apel t and Mackni ght (1976) found measured forces on a ocean

ca isson model in fairly large-amplitude shallow-water waves to be considerably

in excess of calculati ons based on linear diffraction theory.

With this application in mind then , the solut ion through~the second-order

in wave hei ght is developed herein for regular wave Interaction with a fixed

object of arbitrary shape In water of finite depth . The theorstical development
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is carried out in a mathematically consistent manner in that all terms through

the second-order in wave hei ght are included in the analysis , and , as suc h ,

represents the extension of the linear theory presented previously by Garrison

and Seetharama Rao (1971). The problem is recognized as a regular perturbation

problem in the small parameter (wave height/characteristic body dimension ) and

the inc i dent wave appears wi thin this framewo ’~k as the second-order Stokes ’

wave. A numerical method for solving the resulting equations suitable for di gi tal

computer evaluation is outlined .

REVIEW OF LITERATU RE

The solution of the hnear wave/structure interaction problem is now fairly

well-developed for infinite depth as well as for the finite depth case. A

number of papers have appeared in the literature dealing with the oscillation of

two-dimens ional bødies on a f’’~e surface in water of infinite depth , a problem

wtiich is ma th em at ical1~ ~, i ” 11a r to the fixed -body/wav e interaction problem .

E*ampl es include the work ~f ‘r ~e l1 (1949), Porter (1960), Vugts (1968), and

Pau ll ing and Rich a rdson ( l~ E~~). Dean and Ursell (1959) made both an experimental

and theoretical study o’ small amp litude wave interaction with a fixed , semi-

submerged cir L u l ar cylinder in deep wa ter . Vu and Ursell (1961 ) treated the

problem of a semi-submerqed ci r cular cylinder oscillatin g vertically in water of

finite depth .

Somewhat less attention has been given to solving the corresponding three-

dimensional problems. Apparentl y the first ana lysis of the linear wave inter-

action with a fixed body was carried out hy Ha ve1oc~~194O) for the case of a pile

in wa ter of infinite depth and MacCamy and Fuchs (1954) solved the same problem

for water of ‘m ite depth . Havelock (1959) also evaluated the added mass and

damping coefficients for a heaving semi-ininersed sphere in deep water, and Wang

(1966) extended this to inc l ude the finite depth case. Haskind’s relations

(Hask inds (1957)) as discussed by Netr~nan (1962) may be used to determine the 

:.. — — 
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linear or first-order forces actin g on the fixed body from a knowledge of the

damp i ng coefficients for the same body oscillating in still water. Garrison (1974)

has made this evaluation using Havelock ’s results for the hemisphere and the re-

sults were in good agreement with his direct calculation of the heave force based

on the Green ’ s function approach. Kim (1965, 1966) has applied the Green ’s

function approach to compute the excitation forces , added mass and damping co-

efficients for a semi-irivnersed ellipsoid in deep water.

Most work on wave/body hydrod ynamics reported in the literature treats con-

figurations and conditions which have primary application to the study of ship

motion ; onl y recently an interest in large , fixed offshore structures has develop-

ed. Even though , probabl y the first potential flow (or diffraction ) solution to

a wave force pr ob 1#~’ havir i q direct app lication to large ocean structures was ob-

tained over twenty years ago by MacCamy and Fuchs (1954), na mel y, the small

amplitude wave interaction with a fixed vertical circular cylinder (pile) in

water of fin i te de;~~ Pi . i s ii ffract ion solution represents the only closed form

sol ut inn of its .: ‘ivai l able in the literature and , therefore , is of primary

importance to th i s qeneral probler . Little work of this type having application

to large ocean ~.truc ,~res has appeared since that time until recently when

Tarr ison and ee t h ir~ ma Rao (107 1) app lied the Green ’s function approach to calcul-

ate the first-ord er pressure d i stribut i on and resulting forces acting on a bottom-

~-ounted hemisphere . Their  experi~ enta1 results for this configuration compared

well with the theory . Garri son and Chow (1972) then extended this analysis to

in clude ixed bodies of arbitrary shape and compared their theoretical results

with experimental results corresponding to two different submerged oil storage

vessel configurations. M i l gram and Halk yard (1971) also have developed a linear

theory and applied their method to certain axisymetric bodies in deep water.

Garrison (1974 , 1 977) has more recently g i ven details of a practical method

based on the Green ’s function to evaluate added mass and damping coefficients for

float ing bodies of arbitra ry shape in water of finite depth , and at the same time
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calculate the linear wave forces.

It may be stated that , i n general , l inear theory is quite well developed

and good agreement between theory and experiment has been obtained for wave forces

corresponding to small amplitude waves in both the two- and three-dimensional

cases . This is true as well for bodies oscillating in a free surface in still

water . Experience has also shown that linear theory gives good wave force results

when the body is fairly deeply submerged even if the amplitude of the incident

wave i s not small . Howe ver, if the object is surface piercing or not deepl y sub-

merged and the water is shallow , nonlinear effects caused by waves of finite amp-

litude become pronounced. In such cases linear theory is inadequate , and a hi gher

order wave/structure interaction theory becomes necessary .

Nonlinear potential solutions to wave/structure interaction problems are

much more limited than linear solutions. Olgilv i e (1963) solved for the first-

and second-order forces on a horizontal , submerqed circular cylinder in water of

infinite depth , the wave crests heinq pa rallel to the cylinder axis. However ,

his second-order force s included only the time-average part and , as a conse quence ,

the first-order potential onl y was needed and obtained . This work , therefore , did

not actuall y represent a complete second-order solution . Howeve r, a cons i sten t

second-order theory for a horizontal cy linder in still water has been developed

by Lee(l968) and Potash(l970). Garrison and Smith(1977) have treated the corres-

ponding wave/fixed-body interaction problem .

Recently there has been come interest in developing analyses for nonlinear

wave interaction with three dimensional fixed bodies in water of finite depth .

Chakrabarti (1972) made an attemp t at the extension of MacCamy and Fuch’ s (1954 )

linear solution for the vertical circular cy linder (pile) to the fifth order.

However , he treated the free-surface boundary condition improperly so that the

results are mathematically inconsistent and , consequentl y, of lit tle value for

making judgements regarding the magnitud e of nonlinear diffraction effects. More

recently Rama n, et.al . (1976, 1 977) have also treated this problem

4
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although the method of solution is extremely complex and there appears to be no

simple means of checking the results.

Isaacson (1977) has argued tha t the second-order solution for a body with

a circula r waterline curve does not exist because the free-surface and kinematic

boundary condition on the cylinder are not consistent at the mean waterline on

the cy linder . However , this inconsistency does not preclude the existance of a

solut ion; it appears that such inconsistencies at the point where two different

boundary conditions join is rather con,non.

n th i s report the solution through the second-order In wave height is

developed for bodios of ~rhitrary shape held fixed in regular waves in water of

fin ite depth . The pro~ le” is formulated as a regular perturbation proble r’, and

the incident w ave is shown to represent a second-order Stoke ’ s wave. It is also

s hown that t’i t ’ ~e . nd- rder problem is the same type of boundary -value probler’

is ‘ne f~~ r~~ t - , ~‘~~:r~ bin” , the primary difference bein g tha t the second-order

‘ re t ’ ,u r ’ ac . ’  ho~~ r l i r . c n1~ inn is nonhomogeneous . The solu tion is formulated

‘or botni t”~’ ~~i r c - ,in~~ second-order potentials in terms of a Green ’ s function .

and the n~c~” r i  al r~’ ,.lts are presented for several conflaurations.

~~~ •~T: ~ 
- ..~ r~r~

h.’ proh]’—’~ inle r con sideration is depicted in Fioure 1. A rigid object

havin g a characteri stic 1i’~ension ~ is irnersed In wa ter of depth ~~~, and

i train of rr.’~ular waves propagates in the positive x-directi on . The poten-

ti al solution is sought to the interaction of the inc i dent wave with

5 
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the fixed , rig i d body through the second-order in the wave ampl i tude,

or more precisel y, in the ratio of the wave amplitude to characteristic

dimension of the object, a.
The fluid Is assumed to be i rrotationa l so that the velocity

potential , •, may be defined as

= ~~~~~~~~~~~~ ~~~~, I, ~ ) (1)

where ~ denotes the fluid veloc i ty vector. Assuming the fluid to be

Incom press ib le , it follows that the velocity potential must satisfy

~~~~~~~~ z, t~” =O (2)

within the fluid region . (The barred quantities denote dimensional

quantities.)

On the bottom the kinematic condition specifying zero normal

veloc i ty is

~ , 2,t =0 (3 )

where ‘i denotes the mean fluid depth. On the rigid , wetted surface of

the body , specified by Sc~ ~~~~ ) o , the ki nematic boundary

condition descr ibing the :ero normal veloc i ty condition is given by

(4)

The elevation of the free surface above the ~ 0 plane Is denoted

by ~~~~ r ,7j) and the kinematic boundary condition .

— -— -V 
— V.- ~~~~~~~~~~~~~~~~~~~ ~-V~~~~~V._~ 

VV -~-V
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~J1 - 0 (5)

must be satisfied on y r~• Moreover, on the free surface the pressure

is set equal to zero, and , accordingly, Bernoulli’ s equation supplies the

dynamic free surface bounda ry condition ,

~~~ 
) • 

)
Z~ 

~~~~~~~~~~~~~~~~ i , L ,~ /J1-9~
(A

~I.~ ): 9 h (6)

—*where h denotes the Bernoulli constant.

It is con~’enien t to cast the boundary value problem thus far established

in dimensionless form , and for this purpose introduce the followi ng dimen-

s i onless  parame ters:

~~ f/ J  ,~~~~~~~ ~~~~~~

~~~~~~~~~~~ ? z h ’~~~~, -~~~~,.i ( __ , ~~ — c r ~~ (7 )

~~‘=  ~~~~
where ~ 2w /I, T being the wave period. The dimensionl ess time is denoted

by t, and h’ denotes a Jimension less Bernoulli constant. As indicated in

Equation (7), all the coordinates and length scales are made dimensionless

with the characteri stic dimension of the fixed object, ~~~.

Us ing these parameters , Eqs. (2-6) which define the boundary value

probl em may be rewritten concisel y in dimensionle ss form as:

in the fluid (8)

c~~~~. ~ ~~~ ~ 
) Th (9)

- - ~
_i_ _ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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. . .-=: I

0 ~~~~~~~~~ 0 (10)

~~~~~ ~~~~ t )  ~(x~~,t)  # i t)~~(~~~~~~)-. ~~~~~~~~~ Y ~(‘i,E) 0 (11)

i ~
) I ’ 

~ ) 
~~ ~~~~~~~~~ . ( 12)

Equations (11) and (12) are applicable outside the body on the free surface

when the body is surface pierc ing.

PERTURBAT IO?I PROCEDURE

According to the methods of perturbation analysis , the potential

function , free surface elevation , and Bernoulli constant may be expanded ,

respectivel y, in the snail parameter , , as

‘p ~ 
e ~~

- ( ‘  
~ ‘ 

~~~ ~ * ( 1 3)

~ ) = e 
~~~~~~ ~~(•~~~ ~~ ~~~~~~~ ‘-~~ ( 1 4)

1?. t ~ ~~~‘ -~ (~ 5)

where i relates to the wave amplitude in a yet undetermined manner.

It may be noted that in Eqs. (11) and (12) the surface elevation , ~

and consequently, the small parameter , , does not appear explicitly.

Accordingl y, I t is necessary to expand the particular functions invo l ved

so as to form functions which do contain t explicitly. For example,

substituting Eq. (14) into (13) and expanding each term in a Taylor

V. •~~~__ _~~~~ - -~~~~~ -V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-— -- -V~~~~-~~~~- — --
-
~~~~~-—- - —- — - —~~~~ _-
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series about c • 0 gives:

~ ~~~~~~~~~~ 
4. j~P~4 ’ t t ) # ~ ~~~~~~~~~~~~~~ ‘~~ ~~~ ‘~ (16)

Similar results can be obtained for the derivatives of • which appear in

Eqs. (11) and (12).

Substituting Eqs. (13-16) as well as expressions similar to Eq. (16)

for the derivatives into the bounda ry-value problem given in Eqs. (8-12),

the separate boundary-value problem s for •., *2. etc . are obtained . The

first- and second-order problem s may be isolated and are given , respectively,

by:

First-order:

£ , (17)

~~ 
( 18)

! ~) ~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ (19)

,
, ‘ ,/ , i’ — /

, 
~ l.

. ~~~ = (20 )

~ ( w ,~~~~,
# ) 

~~~~ ~~~~~~~~~ 
.
~~ 

~~~~ (21 )

Second- order:

(22 )

(23)

:0

~1 —

—-V -. -.

— -~~~ V.- -- - - —
. - 

~~~~~~~~ 
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o on S(A,.~,I)~~~O (24 )

4~ (~~.O.f~t) — ~~~ -~~ 
- 

~1c ,z .~~) ~ x o ,1, t)  ÷ 4 ( x , o, a,i) ~ (~i,l~~) (25).
~ I S

,‘ ~~~~~~~~~ i,
~~) ~~~~~~~~~~~~‘I

~~~~ t,  ~- i t = - ‘ ‘ ~~~x , o, Z t )  .-~~J _ / ~~’(K o . i t)
1 (26)

1 z i  L

~~ ~~~~~~ ~ 1,~~) ~- ~~~~~~~ * liz
I

Both :i and * - ~ are, In addition , subject to a suitable radiation condition

which limi ts the scattering disturbance to outgoing waves .

A great deal of s imi lar i ty Is ev i dent between the first- and second-

order problems. In fact , the only basic difference lies in the ri ght

hand side of the free surface boundary conditions ; in contrast to the

fi rst-order free surface boundary conditions, the second-order boundary

condition s are not hoii~geneous , the righ t hand sides of which being

dependent on the first-order potential.

Before proceeding to the solution of the boundary-value problems

developed, advantage may be taken of the fact that the first-order poten-

tial will be represented by a periodic function . Accordingly, we may

define the complex potential ~ (x ,y,z ) as

~~~
. 

~~~~ ~ b U ( x .~~. ?)  e J  (27)

where denotes the real part, and a 2ia/L , a bei ng the characteristic

dimension of the body and L the wave length . The syiithol b denotes an

unknown rea l constant. It is also appropriate and conrion practice in

linear interaction problems to express the potential •~ as the sum,

. . ._ - -—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~_.—. -~~— _ . i
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‘p = t  (28)

where denotes the incident wave potential , and •~ denotes the scattering

potential which is due to the presence of the rigid body . The complex

potentials u~ and u~ are then defined in relation to •‘1and •~ according to

the form of Eq. (27) so that it follows that

= (29)

It is recognized , moreover , that the incident wave potential , *~~~~, must

satisf y the first-order problem when no body Is present , i.e., :‘~ must

satisf y Eqs. (17), (18), (20), and (21 ) . These equations represent simpl y

the boundary-value problem for the well-known , first-order progressive

wave . The solu tion to tnl s i n  terms of the present notation is given by:

L ~~-~~~~~ L~i ~ :‘  (30a)
‘-~~

I n Eq. (30a ) a is def iru —~ in terns of by the familiar expression from

linear wave theory

~~~~~~~ ~ ¼~~
]
~~? )  ( 3Db )

where ‘i denotes the dimension less water depth .

Sow, substituting Eqs. (30a), (29), and (27) into the first-order

problem defined by Eqs. (17-21), and eliminating ~~ between Eqs. (20) and

(21), the following boundary -value problem is established for the first-

order complex scattering potential:

0 — . - . — . _  . .  —

- V.-.--- ..— - _ .___ . _~~~~~~.._0__,-~_ 
~~~~~~~~~~~ . — --— -——--.— ~~~~~~~ --.‘- —V . - —— - . -
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~1

~~~~
Z

U
S
( )  0 (31)

U~(x-~i , i) (32)

LA~~~ .~~ z )  e - h J~~’ ~~ L a ~~I . ~ n. cosh~~(h~~~11 e
L
~~

.D1

— -v ~ ~
l) (34)

The components of the unit vector directed norma l to the ii~inersed

surface into the fluid are defined as ~~~ L f l,.J~ L~.kfl, . In

addition to Eqs. (31-34), u5(x ,y,z) Is also subject to the usual

radiat Ion condition wh i ch allows only outgoing scattered waves at a

great distance from the body.

Before deal ing with the solution to the first-order scattering problem,

the second-order problem will first be established. Proceeding in this

direction it is appropriate in view of the linearity to express the solu-

tion to the second-order problem , Eqs. (22-26), as the sum

~~~~~
= 4~ ’ c :~ (35)

where, similar to the first order problem, ,r denotes the second-order

incident wave potential and denotes the scattering potential.

We again envoke the condition that when no body is present, there Is

no scattered wave so that • 0. Moreover , under these conditions

the boundary conditions on the inTersed surface, Eqs. (19) and (24), are

not applicable. According ly. we may substitute • and •, • •‘,, along

with the Eq. (30) and (27), into Eqs . (22), (23), (25), and (26) and

—V.- ~~~~~~~~~~~~~ ~~~~~
—V.- —

— .  - .—------ .— -— - —V.- V —— —— V.—- -- ,  - ~~ 
.— -V.-—- ,V._~~___~~ ~~~ __ --
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V.

obtain , upon eliminating r~ between Eqs. (25) and (26), the followi ng

boundary-value problem for the second-order incident wave potential :

- (36)

~~~~ i, t ) (37)

~ b2 (a ’ - /‘) S l r ? L Z ( a S t — t ) J  (38)

The periodic solution to the boundary-value prob lem specified by

Eqs . (3b-38 ) may be expressed as

4 c lb
Z 

~Re /~ ~~~~~~~~~~ (3 J

where the second-order complex potential , u’, is given by

- I - . - .
= -V . - ‘(~~~~c ZL~~

-
~~L_  

~~~~ (40)
~~ ~S~~~’ ç~~h~

Thi s expression is far ,il iar in wave theory and is of exactly the same

form as that given by Eagleson and Dean (1966) for second-order Stokes ’

waves.

To complete the establishment of the boundary -value problem for the

second-order scattering potential , it is necessary to substitute the

forms : • • and •~ Into Eqs. (22-26) and eliminate r~

between Eqs. (25) and (26). In addition , the known expressions for the

incident wave potentials, Eqs. (30) wi th Eqs. (29) and (27) for the first-

order potentials , and for the second-order potentials , Eqs. (40) with

Eqs. (39) and (35), are utilized to obtain:

2 4

V. —- ~~~~~~~~~~~ ~~~~i~~~ _ V . V . __~~~~~_ _ V .  
-
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~1

i t  ) c-~ (41)

~ 0 (42)

~ ,z,t) = — + ~~~ h~~~I{fl
ICos h LZ (J  ifl~ SInh[#OL(h.9)I}~~~~

” t) ~
(43)

— ~~/T~ [.L i:-: .V.f

; ~I .- J~~ ~I ’ 
- 5 ~~~~ ) (44 )

-V ~. ~~~ 
- )- ‘ t4f )  ~ 

~j  ~~ 2 L1~
’,

- ~ ~“) e ’~ J/ * U~~~z)

In Eq. (44), U(x ,:) i~ a time i ndependent function which is generated by

substitut ion of into Eqs. (25) and (26). However, since the f~inction

is not needed in the second-order theory for purposes of evaluatinq the

pressures and forces , it is for brevity ’s sake not written out in full

here.

The boundary-value problem now established for as given in Eqs.

(4 1-44)  is linear , and except for U(x ,Z) occurring In Eq. (44) ,  is time

dependent l ike e~~~~. According ly, it is appropriate to express the

solut ion in the form

,~ ab 
~~~ ~~ ~~~~~~~~~~ ~ 

L ~ Z~J (45)

where the second term denotes the part of the complex potential which

is independent of time . By substitution of Eq. (45) into the boundary-

valu r~ prob lem described by Eq. (41-44), separate boundary-value problems

arise for u~ and . However, as will be evident subsequently, .~
t

:5

0 - - . .  - -

L. ~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _  
V . .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -V.—----

only is needed in order to evaluate the hydrodyna’iic pressures and

resultin g forces to the second order and , con s e ,u~ntly , the time

inde pendent part of i~ of no Interest. We , therefore , dismiss it

from further consideration arid concentrate on th~ solution u~.

Subs tituti nj ~q. (4~) into Eq. (41-44) the follo.-i ing boundary

value problem is “stabli~.hed for the ~t’cond-order scattering potential:

0 (4~ )

U~~(x , -h , i )  Cl (47)

• 11~~ i..~aX
,- i f l , cosh~..u(~-~. ,.~~

j ~ (4n )

£J.,~~(X -’ / )  — 4 v 
~“ •~

(
~ ~ ,!i £-~ i (49)

where

-V 
1± ~~.- ‘ •~~~~

‘ 
~ i ’ d ’ - 

~~~~~~~~~~ 
)
~ 

.

~~~~ 
u! (

~~
‘ -

~~
‘
~~

,‘) (50)J r L  ~ 

, 

~ ~~ ‘ “

4 ~4~
•
l 

~~~ - - .1, — — ~ ~: ~
l~ ’ I~~_ .i~1 .~~OI~ . ~~~~~~~ ~i i t .  tn ~ s c - ~ t t e rt~~ i~~~ t -s to o u t c J o i n c~

r e; j l ~
r. 

~~ i ‘ (~‘j ~•~fl

=0  
( 5 1)

wher,’ ~ , ~cn~~~t’s t ’~ d i - .rr- . -nli ’~ c l.-ivC flu’ - -‘t~r f p~ tho secnnd-- ordc r

pro~~s i • 1 1 c ’  i~ 
4 1? - t d t - ~

a~ ( 5 2 )  

- 
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INC IDENT WAVE

At this juncture it is appropriate to corn~letely define the incident

wave and specify the un known constants b and h2. Solving Eqs. (21) and

(26) for n~ and ~~~~ 
respectivel y, and substituting the results into the

expression for the elevation of the free surface defined by Eq. (14)

gives

~ ~~~~~~ 
— £ Z~ t )  • L I /  ~~~~~~~~~~~~~~ ~~~~(‘. - - 

~~~~~~~~~~~~~~~~~~~~~~~~~

(5 V.
~~)

— • ~~~ 
~7 ,/ )

Z~• ,~~~ , . ,  ÷ t (Y( E’)

Equation ( ‘ a )  expresses the free surface elevation in terms of the total

poten tials and , corse~j~•ntly , inclu des the effect of the scatte red wave

as well as the incident wave. However , it is preser.tl, of interest to

obtain an expression for the free surface elevation of the incident wave

alone in t~’e absence of the object. ror this purpose , therefore, we set

= 0 and evaluatc Eq. (Sl j using the known expressions for the

incident wavt’ rct ~ ritii l~,, Eqs. (30) with (‘7) and Eq. (60) with (39).

The result is:

/ (~‘.~~~t) ~ b ;~./c ’”~ ~~ ~ ~~L/h~ :Y~~_a~~ ~
. h,

( 5 ”4 )

#. P.~
’ c 1~(i~~) 

( ‘  ..~ ‘ ‘ i ~*~± ~C ‘~~~~~~ j } (~~) ( v

4 ~~~~~~~ (ui ’ )  -

j ;

~~~~~ ~~~~~ -V-— — ~~~~~~~ -V. V V.V.~ - - - —V.-- -V
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where q’ denotes the dimensionless surface elevati on due tothe inci-

dent wave in the absence of the body . However, the constant term in

Eq. (54) must vanish so

h b
L (aL _ v’-)

The remaining terms in Eq. (54 ) represent sinusoidal variations , the

second-order contribution navinq tw i ce the frequency of the first.

If we define the wave height as the elevation difference between

the trough and crest of the incident wave , then cb must represent the

wave amplitude since the second-order contribution to the surface

elevation in Eq. 
~~~~~ 

) is the same at both the crest and trough , the

difference bein g zero. Therefore, in terms of the dimensionless wave

height as defined in t~~. (7) we have :

£ b =  fr~~= ~~/2a (56)

where ~ denotes t~e elevat ion difference between the crest and trough.

The incident wave profil e is then specified by the dimensionless

surface elevation as:

Ccs (O~~-~~) • ~l
’ _QL CO~ h~,

(O.h)  (.: ~. coshczah)) (57)
c ri Pi (ah~

. c~Ds~~Z (a~~- t ) J  +

Equation (~~~) agrees with the expression for the second-order Stokes ’

wave given by, for example , Lagleson and Dean (1966).
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PRESSURE , FORCES A;~L) MOME~ T

The forces and moments acting on the Imersed surface are deter-

mined by carrying out surface integrals of the pressure. For this

purpose the pressure is obtained from Bernoulli ’s equation as

P~ ,~~z t) = 
_~~~~‘ - ~~~ 4 &J pg ÷pg h (58)

This expression may be cast in dimensionless form by use of Eq. (7),

(13), (14), (1D), (27), (35), (45), and ~6), and the result carried

to the second-order in wave hei ght. The resulting expression is then

U,? - - y - Re/LA , e~~J — — ~~ (ag)

) ~~~ ~ ~~~~~~~~ • lj ~.j
& 

+ i~~i t 
- ij

The dimensionless pressure coefficient expressed by Eq. (59) is

defined as

(60)
~ q j

in  which P denotes the fluid pressure .

The first tern in iq. (~ ‘)  denotes the hydrostatic pressure as

y represents tne dimensionless depth beneath the mean free surface.

m e  second and third terms are harmonic , the second—order part having

twi ce the frequency of the first-order part. The final second—order

term in Eq. (
~~ ) is independent of time and gives rise to time-average

or steady state components of force and moments.

The components of the dimensionless force and the moment vectors

may now be expressed In terms of integrals of the pressure over the

wetted surface area. That is , we may wri te

J~
)

- -V.- .  -~~~~~~~~~~~~— - V -
-
-~~~~~~~~~

- 
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where the dimensionl ess force coefficients associated with the

x , y ,  and z directions are defined , respectively, as

L = ~~~~~~~~~~~ -. (62a)

C t )  — j_~_~7 (62b)

- ~~~. ?  
(62c ),c~ ~~ ~ 3

in which F (t), F1,t), and F
~ (t) denote the three components of force.

Similarl y, the ~oeent coef f i c ients are defined as

\~~,, ~)
(62d)

(62e)

~~~ _-~~~~~~~~~~~~~~~~ _-- (62f)

in which M~
( t), M~(t ) ,  and Mz(t) denote the three components of the

wave-Induced moment .

-Il
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The functions 
~ 

are defined as

L= ~~~~~ 9, ~ . (6~~)

(34 .z (d+tj)fl1 - ~ Yl.j ~ ~ 9~~~~r~~-(~ ,d) rt ,, (ó3S)

The forces and moments in Eq. ( 6 2 )  are defined relative to a coordinate

system parallel to O(x ,y,z) but shifted downward a distance d as is

evident from Eq. (63h). The unit vector directed normal to the wetted

surface is defined by rl- ‘7, • - -“ ‘ - ‘ - ‘ ‘~ r? 1 and dS denotes an

element of surface area made dimensionless with the characteristic

dimension of the body squared , ~~~~~ .

.4e may ‘iake an in i tial ordering of the force or noiient coefficient

as given in Eq. (bI) in terms of the small parameter , , or equivalent

H , as

- 

~~~~~~~~~~~~~~~~ 

9. d S _ ~~~f f j ~ 9~dS~~~~~
( -~’) 

(64 )

where the pressure coef f ic ient  is expressed a s

-~ ~~-‘ (65 )
/ I ,

and the coefficients , p0, p 1, and P2. are defined in an obvious manner

by comparison of Eq. (~‘~ ) 
with Eq. (~9 ) .

It may be noted at this point that, If the body is completely

submerged , the surface integrals in Eq . (64 refer simply to the actual

surface area of the body which is , of course , specified . However, if

L ~~~~~~~— - — —______________________ — ~~V. _ _



the object is surface pierc In~j, S denotes the actual wetted area which

Is dependent on the instantaneous surface elevation of the water on the

body. Accordingly, it is necessary to express the limits of integration

on the wetted surface S in terms of n and carry Out the expansion retain-

ing terms wIth coefficients up through H .

For this purpose the dimensionless differential surface area may be

written as dS • dc dl w~iere dc denotes a

dimension less differential arc length on the wetted surface in the

horizontal plane , and dl denotes a dimensionless differential l ength

i n  an ortr.oqonal direction . Thus,. it is possible to

express dl in terms of y so tha t

. 1 .1C ~~ ~
‘ .. ( .

~~
-, )

~ /

he integrals indicated i n  H. ( : ) are now carried Out over the wetted

surface with y runnirv fr~~
-- i -e to y ~~~. Accordi ngly, a typical

integral in H. (, ‘) r~ay be expressed in the form

— 

4 1  j~ ~ ~p ~~~. ~s dc d~ 
( 67 )

~~~~~ p -1pn~~i~ 
- - . ‘ ‘-

~~ 1 r~ - • — f ‘he i r’vprsed surface.

The integrals of the type given in Eq. (6’) are next expanded in a

Taylor series about P1 • 0 using Leibniz ’s formula for purposes of

evaluating the derivatives of the integrals. Carrying out these

expansions , substituting the results Into Eq. (6~ ), and retaining terms

up to order H yields:

• 0 - - V. -

V.- -- - — 
--V. - --- ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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dS - dS

(68)

+ f~ p ~ 9~ L dc 1 +
- r14 

~~~
o b J

where S0 denotes the surface area below the plane y • 0 and C0 denotes

the closed waterl ine curve formed by the intersection of the y • 0

plane with the surface of the ri gid object.

The first term in Eq. (- - ) represents the hydrostatic force or

moment on the body where the associated displaced volume is defined as

that beneath the y • 0 plane. h owever , since our interest is in the

dynamic forces and moments , we may disregard this firs t term with the

under standing that the buoyant force defined as such should be accounted

for in order to determine the final total force or moment.

F i nall y, app l yinq Eq. (21 , and (27) as well as the definitions

for p0, p and p - we obtain:

~~~~~ j ~~~~~~~~~~~~~~~~~~~~~~~~~~~ — Li,
t

,
) 

_ _ _

• ‘
~~j~~~~ ~~ 

. , I . 

~~

‘ I ~~~~~ - i]  \u,~ 9~dc 
~

9 a)

~~~~~ 
[[1 ~ 

\u.,~ 4 \L&ILI
t

4 
~~ - c~~ ds

- 
-
~~~~~, I ’

-4. i
— . (~~~~~ V. ,
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Equation (69’a) may also be written in coefficient form as

C~~ ) = ~~~~~~~~~~ ~ # H ~~ s (4 - i I) ~ ~9b)

where the fi rst- and second-order force (or moment) coefficients and

phase shift angles are defined by comparison of Eq. ~9 a) with t~9 b)

as follows:

2 V. g c -
~~S ( 6 k)

-F. 2 - - 

~ff~ 
~~ ~~

:-
~~~~

- 
~~~~ 

d’S 
(~~~ )

- I) LI,~ 9. S~

wnere the dimensionless force coefficients , F l i 
and F~ 1, are real .

The steady state (nonperiodic) force (or moment) coefficient is also defined

by comparison of ~s. ( 
,a) and (V.) b ) as

~T ’~ ~f-.’ -
~

- -.-
~

-
~ 

- I) I~ s ~ dc 
(69e)

~3L 
• V . r

j  ;~~ / c i~ I L 
— — ij 9. cIS

-~ 
.. ‘( ~ QL

The first term in ~.q . f .b) represents the linear solution having

the fundamental frequency , ~~. The next term which represents a second-

order contribution to the force or moment is also harmonic but at twi ce

the fundamental frequency . The las t second-order term represents the

steady state contribution which is independent of time . This latter

_ _ _ _  — V .—-
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force is generally referred to as a dri ft force in ship hydrodynamics.

(See, for example , Maruo (1960).) However, drift force is generally

calculated by applying the moment~an equation to the diffracted wave

rather than by using near field results.

The evaluation of the force or moment c~ ficients defined by Eq.

(69c-e) represents the prima ry object of this paper. However, in

order to carry out the evaluations indicated , it is clear that, given

the geometry of the rig id irnersed object, it is necessary to evaluate

u, and u2 as well as the deriv ati ves of u1 on the surface area denoted

by S~ and along the waterli ne curve C0.

S0L.UTI0~1 TO THE FIR5T-ORUEi~ PROBLEM

Having now established the need for the potentials, U and u 2, we

return to the consideration of the solution to the boundary-value prob-

lem developed. The pr act ical method of solution of the first-order

problem gi ven in Eqs. (31 -34) is discussed in depth by Garri son(l974,1978)

and , therefore , onl y the major steps will be outlined here. Following

the Green ’s function method of solution we write j~~, as the Integra l

over the i riiersed surface S
~ 

as:

a~~. i) -
~~~

— J ( 
~(c , ~ j) G~ ‘‘i,’; (, 5 ,~ ; )-‘) ~~~ (70)

where (- .,n ,,) denotes points on the i ninersed surface , f1 ~~~~~~~~~~ denotes

the unknown source strength and dS • dS/a2 denotes the differential

surface area on the imersed surface made dimensionless with the charac-

teristic dimension of the object, a. The function , G (x,y,z;r,,n,c~v),

denotes the Green s function which must satisfy the equation

— —
. 
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~~~~~~ ~~ 
s-’) ~~~~~~~ &(9-~~) ~~~~~~~~~ ~

) (71

in which 6 denotes the Oerac del ta function . The function , G(x ,y,z;~_ ,n ,~~~)

must also satisfy Eqs . (32), (34), and the radiation condition . Such a

function is given by Wehausen and Laitone (1960) as

= - , ~

~~~ ~~~~, ,1 ~~~~~~~~~ ~~~~~~~~~~~~ ~~~ i t )  ~~~ (72a)
~~~ — 

~~ • s P~~44I,) 
-

-
. 2TT ~2~’ v L ) cos,4La,(1~

n)] CQ SI6JQ, ( y P k ~~ 
~~~~~~Q, h ~~~~~~~~

in whi ch

f~~~~~~~~~~
)

Z~~~ 

~~?- ~ (7~~ )

~~ / (~ -~~~~ (~~~ ~~ 3 .~ j
1 

(7?c)

1 Z -  t.• 

~ 
)&] “L ( 72 d)

The syntol , a 1, is define d in terms of h and v as the solution

0 — - 
I — —

-V. - - ~~~~~~~~ 
— 
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of the equation

a , la r i/z (c4/,)  - (72e)

In view of Eqs. (7’e; and (30b) the symbol a1 is clearl y equivalent

to a. However, in the case of the second-order Green ’s function , the

equivalence does not hold and , therefore, separate notation is maintai ned.

In Eq. (7- a), P. V. denotes principal value of the integral.

An al ternate series form of the Green ’s funct ion is also given by

Wehauser i and Laitone (1960) as

-i ?,~ c~j, ~; ~~ = ~~~~~~~~~~~~ ~~~~~~ 
Lh.1VJ\ (O tt) —i

( 7 - o )

+ ~~~~~~~~~~~~ )
L Z~~~~~~~ ?~~~~ J V . V .  ~ c.pJ f1 .(.4/k ~)

whe re and ~ do~~- ’te , r etively , Bessel tunc tions of the firs t and

second kind of order zero , and K0 denotcs the modified Bessel function

of the second ~~~~~ of order zero . In Eq. (isa) a 1 is defined by Eq.

(7:o) and the CuJ 1t~~t~~.SA ~~ are defined as real positive roots of the

equation

~~~k 7’
~ ~ (~~i~ h ) 

~ 0 ( 1 ~~

The sol uti - -~ to the hnund ary-vd 1 ue prob lci - stated in [qs.(31.34)

qi .cn p - - ,- ( ) , it s; -- ins , ho~5- - ~.i-~- , to detcrriine th~ sou rce st,- io ; ’ h

-~ ~~~~~
__ 
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function in order to evaluate the potential. This is accomplished by

application of the bourid~ry condition , Eq. (33), which results in the

fol lowing integral equation from which f1 may be determined :

~ / f  ‘
~~~~~~

. ~; C ~~ ~
,) ~~ ci~4[a~4.y J ti ’74 ~ sh(a~ vv2] (~~ )

The normal der iva t i ve  of (
~ eva luated on the ir~nerscd surface , as required

in Eq. ( -
~ 

), i s  j c t~~r - - i n (~~ in a strai ghtfon !ard manner by di f ferent iat ion

of either Iq. (7 a) or (7 u).

~ ~ . o~- ;:~
T P o S L ~~~~~I t ( t~~s s. - ‘~-~— o : lc- ~-~~ ‘.‘ he formulated by a~ p1 I C s ~~~~~ I I

of ~- - - r -~~. ~~~~ - ‘~~ i ~~~~
- - f l~5 id  r~~:i~~- -

~~
-
~~~~~~

-
~ H’ Y in Fiau re 2. App i - ,- i r.q

Sb 

S~

r~’’~i ( - • 
~
- 

~;-; ‘ 1 i~ 
-~~i - -~ ~- f ~5 .e1- ~i s  th ecror ~.

Cr - -i ’ s ~~ ‘ ‘~~~~‘ ~~~~~~~~~~~~
- -

~~~ : - - 
~

- 
~~~
‘ 

~~ C , ( t N t s -~~- C  4n J -o r de?  Green ’ s fu nct i o n)

and ass o i r-~ ~ - C . • i - - i thi~ 0-ot -i Oil

V’~iz(x,tI,Z;~~j,S’) 
— sS(x- ..I) 6(j -~ )&(g!-S) (75)

ac we ll i. t I  - - I in ic c~~n tt i t i ’ s ’ i  c - ’ S 1 q ivcn ~-v Eq.(47), the radiati on

0 - .• -~~~ - —- ---- . —

- -- - -V. - _ _ _  - —V. ----  —~~~~ 
-— V. — - -



condition qiven by EIq.(5l) on A. and the homoqeneous free surface con-

dition ,

(76)

gives the result:

4,,~~ç~t;jj,j)~ s;~ /,j ) S 6/ 1/ .T~o~’S
( 7 7 )

(f 3’) - 4>/  J) J Q (1 ,9 d~

The first tei - r~ in Eq .(U ) may be considered to represent a source and

doublet Jisti - I L - u t i O n  o v e r  the i nnersed surface of the body . However ,

L~ ’Th (l~ 3d) ‘-m s ‘.ri o~ n • -r the -~ se of an infinite fluid that the potential

me-, t~ re :tr, ’ -~~’1t~’~ Os •~~~~~n~ -r ,i 5.mirce distribution onlv , a doublet d i s t r i—

hu~~- t ’ 11 1.~ o r ,, ; s -  - )~~‘1’~~~i tf l  0’ both . This proof is eas i ly  extended to

the :“-e- - , -”~ co se ~~ 
- tie first ter’t to be written as a distribution of

es ~~~~~ , - h.’n , ~~~~~~~~~~ - ‘ -  • ‘ - s ’
~~ ~~~~~~~~ boundary condition , Eq.(49), is

• ~ 1 1 ‘‘~ ~.- ‘ 1’ -~ - - - ‘i s- r~~ - 5 it 1 5

4-f ~~(J 1Z r) c~~~~~e,Jj ,1) a’S

(7~ )

~~ Lf 1’~’f
.’) ~~~~~rq ~~~,jO,J) ds

in whi ch is • P ~p unknown source strenath distribution .

The second -or-kr -
~ i a ~~ t * ’ r  : i o t p n t i al defined by Eq.(78) satisfies Eqs.

( .~6, - 17~ -fl-~~i ) .  1he rs s r~~ 1n inq  kinematic boundary condition on the surface

of the body results in the inteqral equation

0 — -. .- ——I - — .

—~~~~ ~~~~~~~
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~ff £(~~~Z1), 4I~~J~~#FJ/ 4)YZj) c/S

(7 9)

= s144(q/,) ~~~ 5’ [zQ’Atv iil-i4 c4 II ? 4’~y)]J~
d.c

wh i ch is to be satisfied •-ir ‘- , y,z on S.

In tsot’l F q .(’ ) an- i ( ‘
~~~

) a p r a ct ic a l interpretati on of the limits of

the free ~~
j r f ac e  a rea , S5 , should be understood. In deriv ina Eq.(78)

throu q’i ap~
’Ii cation of the Green ’ s theorem the outer limit of S, was

Con 5i~~t ’reJ to ~e large enough that the radiation condition was satisfied

on S.~ . In :r a ctica l ar ir lic ation this occurs rather rapidly.

n .-c ew of the conditions whi ch were placed on the Green s function in

t ne -iH~ve clpvel o cynent C, is clea r ’Iv very similar to the Green ’s function

u - e ,1 in for~
- u i a t i io the firY-order prohie- . rn fact , if ).‘ is replaced

b- . 4’~1 m l  4., is replaced H in either Ei (7~) or (73) the re-

I in ‘ * ‘i i s  t n s -  ,; : - r -  :-r i ~ s ’ ‘ ,-
~-en s func tion for so) uti on of the

cc .  — in — ~
- - 1e r :‘ rc’~~

- 1 ’’- - T h d t i s

(80 )

wh ere 1, is -;i ven H L o ( T )  and  (73) - m d  QL 1S  defined through Eq.(72e)

a2 i1nnh a6 6 — 4 Y  
— C ( 8 l a )

n the cas e of the alternate series form of G2 qiven in Eq. (73), the roots

are defined through Fq.(73b) as

..s~ ,~ 4~ I = (8l b )

S ~~~~~~~~~~ * .-
~~ — — - - -
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An alternate form of Fq.(72a ) for the sources on free surfaces is given by

G (~ q,~~;J, a, ~ 4’ Q ) 2 Pvf~~ 
L
~
.JIt1tSl) 7~~ v.t 1i

(82 )

~ i Vi~ Ca cos/,~a~&.h] i,~4 a .h) J (a1t)
i-

This if the form ~f the Cre’•n s function which is obtained by setting ~~~ C-’

in Eq .(7L~a) and wh lL h was also qiven by Wehausen and Laitone (1960) for

the case of a harmonic pressure distribution on the free surface. The

nonhomogeneous Iorr- ot the free surface boundary condition given in Eq.(49)

is equivalent to the boundary condition for the first-order problem for a

pressure distribution o~ the free surface.

RI Cs ’I. ~~~~~~~ 

Eq . ( i -  ~ cle a ’-l in - I c -  • m t ~ - - t n - m t  the deter -r’ination of the forces and

c ) r f n ~ ~~~~c r ’  on ‘nv ~-~~.-r - s •- j ob ie ct rests on the dete rmination of the

; iccten t i a l s  o~ , a , ,~r -I ‘ - ‘ - i  • ‘ c . • ’ . -i~ at  points on the imersed surface.

The ‘ir c t-or-1 s -r - 
~t~~ev - l n  - o ’e nti a l is specified by Eq.(73) in terms of the

f ir s t -o r- i c ’ - so jr . SI ren- :!’- lUn( ~ion , f 1 . Thus, to determine u~ , it is

f i r s t  ne e s s a r .- o solo- ‘ ‘w i ntn - i ra l  equati on , Eq.(74), for f1 .

.~e may 1e~ s ’ i-o ~ n j -’~’’~i~~à1 sol ut ion to Eq.(74) beginning with the

p a rt it io ni ’v~ ~ t~- e i-i-’ers .- l surface S0 into N subd ivisions or facets of

area , ei~~
- ,.~it h a no-lal point at its center located at the point

( * . y ,  z ) .  Recoqni:inq , moreover , that f1 (J.~,S) is a well-behaved
function ‘or cc~-oo rs 

~a
- ,jies we boa y define

ds (83)

C~s~4( ~ ~ 

[ ii, (ç , ~~ 
1,-) Slm4fr(4v%J/t I4(a~, j ~f E 4)

:: L - - - 

. , :~~~~
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V. ----

(85)

and acco rd in ’ ’ ly we r -m v approxir -ate Eq.( /i) by the coc’iplex matrix equation :

X~ ( ‘)  f .  41 ,, ~~,. . . N (81))

Once ~~~~(%-~) has kt n t’ .~ l ua tei by use of Eq.(83) the solution of Eq.(86)

r u’j t’e c a i v i e d  out t~ 
-
~ o~~ a -  inn f1 . a t each nodal point on the surface of

the body. A di scuss ion o~ t h e  d eta ils of the nu:-~eric al evaluation of i\

i nc lud i ’ : th e ev aluu o’ o’ t h- ’ i/R _ sin ciul arity , has been given by

G un - i  S k l f l  (H 
~

- - ) .

Hav ino dete rmint ‘,no s ource s t r t -n o th  fu nct ion , t h e  first—order poten-

tial and its de r ivat i- .-cc on the surface of the ob ject  r a y be determined fr~ -

Eq . ( ~~
) . F o r - th is - .‘ ~-. t -  :- 

~m v rep lac e tie surface integrals with

~~~~~~ -~~ I on’, , ~~~ I i  r

(f -i)

LI,,, ~~ 
Y) 

• -
- i- ‘• .

. (3a )

— ~~ > 1 . 
/ i I / . /V 

(j3 q )

S J _’
4 

V. •~ -~, ( ~~ -~~ / 
/, / ~ • . 

(9g )

where u~~, u~ , etc. denote functions evaic-ated at the 1 th nodal point
1

on the Ininersed surface , S0. The complex riotrices occurring in Eqs.

are given by

$ (v ) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ dS 

~ l

~~~ )‘) (IS (C);)
)

0 - 
.

_ — — -

—— -V . — ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘—V.-- 

~~~~~~~~~~~ 
— -V.- — _ _
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~~~~~~~~~~~
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(F) 1~~~(f ( 4  

~ ,?. ;jj,i, ‘)  0’S (93)

f~~( )/ ) 2 

~~~~~~~~~~~ •/. , ~~ ~ .fj, r; )‘) c/S (94 )

In evaluation of the integra ls in Eqs.(83) and (91-98 ) it is generally

adequate to sir: ;ii y e-~~luate G and Its derivatives at the centroid of the

panel ani ‘ui ti p l y by its area . However , when point i is either equal to

j or near j i t is necessary to take more care in inte grating the l/R-

sin gi la r it , in G. The procedures g iven by Garr ison (197F- ) were used to

evaluate the int e’ ral s on quadra latera l panels.

To obtain a solution to the second-order problem i t  i s  necessary to

first evaluate the  func tion f (~ ,j) required in Eq.(49) and as defined by

Eq.(~ -~). For t h i s  ~~u r ; o s e  ~~n proceed again numerically by dividing the

mean free sirfa~c (cr y = 3 plane ) in the vaci n ity of the body i nto K area

e l e - e n t s  ani evfl - . itt - ‘ at the nodal points of these elemental areas. The

num eri cil ;~~ e~~re is t—ased on the use of Eq.s(C7-94) with 
~ 

0 for

pur~- - - s of dete ,--Hr .,rt ron of u~ and its derivatives at points on the fre
* 

1
surfac - . TP - o f~ •n~~ t i o n  f is then eva l ua ted at the nodal points by use of

Eq. (5~).

The solu t io n for the se~ -’-f-order source strength is obta i ned numerica~ l y

th r cu - ;h tH- i n t e ; - m l equat i ’ . [q.(7~). That is , Eq.(79) is written as

1— i z -  -A l

~~~(4>’) 1~ 
= h~1 *~~ k~

’4
~~ 

/ .1 ~~l,z,...M (95kr i,z, .. . 1C

where ~~~ (4w) s defined by replacing ‘~
? by 44 )  in Eq.(S3) and

~~~~~~~~~~ ~~~~~~~ /i’?,~ c~sALe4(4~ØJJe’24
~ (96t

Once I - r i- - 5 in (55 )  ha vc hr-en cval ti-i ted it may be solved for the

s o u r s . . - st ren t Pi I -, t ri but i on ri the in~nersed surfa e.

- 

. 0

— - ---—.._ - .___ ~~~~~
-
~~~~~ - 

— — — -  
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The hydrodynariic pressure and resultin g forces carried to the second

order as given in Eq.(59) and (69), respectivel y, require onl y the second-

order potential rather than its derivatives. Once f2 is known , u~ may be

obtained through Eq.(71) which , when written In indicial form , becomes

= fiji (1k’) — flik “ ~~ ~~ ~~~~ 

N 
( 97)

where is defined by Eq. (9l).

‘aUM E ~ I CAL RES U L T S

A computer code has been developed for the special case of a vertical

c ir c .j l a r cy linder (pile). MacCamy and Fuch s solution was used for the
*

first -order solution and for purposes of evaluating f . The second-order

solution was calculated on the basis of the distributed singularities as

~iven t)1 Eq. (~~i~ . 
-

The parti . 41 m r exa~-plc ’ c a lculation was carried out for a cylinder olaced

in water one n a l i i  — lent ’ . The dim ensionl ess frequency parameter was varied

)vy r the ranqe~~<~~ 4 l~~ . Th~ r’~s u1 t s for the first-order horizonta l force

c - r c ’ f l C c n n t . ~ie s e .  - in - I - - -”- lp r  ho r i :nntal  force coefficient , steady-state

fo’-c e c--ie~’icient and phase angles is shown in Fioure 3. The results appear

to indicate that the second -order effects are greatest at the l ower freq-

.4enc -/ ran ’~
p . i .e.. ~or ~~~~~~~~ 

p .6.

In 1 i — rure -~ an-I S the dimensionle ss horizontal force is plotted for a

complete wave -,~c1e for two different frequencies (wave lengths). These

results which correspond to rather steep wave show a rather sizeable non-

linear effect. Al so, the effect of in cludin g second-order effects Is to

shift the maxir ’ url force towards the phase of the wave crest.

U

. 0  - - . — —--- --~~~ - - —-- — - -—
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