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STRESS-INDUCED PHASE TRANSFORMATIONS:
THEORY OF PHASE RETENTION AND FRACTURE TOUGHNESS

F. F. Lange
Structural Ceramics

Rockwefl International Science Center
Thousand Oaks, CA 91360

Abstract

The thermodynamics of a constrained transformation has been examined

with regard to the conditions for phase retension during fabrication and the

effect of a stress— i nduced transformation on the fracture toughness.

Constraint of the shape change associated with the transformation by an

elastic matrix will lower the transformation temperature. Retention al so

requires that a critical grain size (or particl e size) cannot be exceeded

during fabrication. T~ bonding solutions for the critical stress intensity

factor (Kc) ~ re obtained : one for the case where the transformation suffers

no stress hyt .eresis effect and the other for a l arge stress hysteresis

effect. Both Indicate that Kc will depend on the transformation ’s shape

change, the elastic properties of the constrainin g matrix , the volume fraction

of the retained , inetastable phase and temperature. Kc is predicted to

decrease with i ncreasing temperature.
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1.0 INTRODUCTION

It has been shown that a stress-induced , martensitic transformation

can be used to increase the fracture toughness of brittle materials based on

Zr02.~~~
5
~ Metastable, tetragonal Zr02 is the toughening agent. Transform-

ation to its stable , inonoclinic structure in the vicinity of the crack front

is believed to be responsible for the increased fracture toughness.

T~o questions arise from these observations: 1) How can the

tetragonal structure be retained upon cooling from its fabrication temperature

when its usually undergoes a transformation? 2) How does the stress-induced

transformation contribute to fracture toughness? Theoretical results con-

cerning an inquiry i nto these t~ questions wifl be presented herein.

2.0 RETENTION OF THE TETRAGONAL PHASE

2.1 The Tetragonal~Monoc linic Transformation

The Zr02 tetragonal~inonoc linic transformation is athermal , diffusion -

less and i nvolves a shape change, i.e., both a shear strain and a volume

change. Based on analogous transformations observed in metallic systems, i t

is termed a martensitic transformation. The reader is referred to reviews by

Subbarao et a16 and Heuer and Nor d7 for details. Al though some differences of

opinion ex i sts, Bailey ,8 Bansal and Heuer,9 and more recently, Buljar’ t

have shown that the orientation rel ation between the monoc linic and tetragonal

(fcc) unit cells is given by (110 m) loot and [°°1rnJ [OUl t], which can be

represented by the strain tensor 

—- -.—• -- _ - .--.-.—• -.-- -.-. ~~~~~~~~~~~~~ . 
~~
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amcos(90_8)
_a

t2 ° tan (9~~~) H

a o bm~~t 0 (1)

9O—t~
( 90_B ) 0 2 )_ c ttan 2 C

t

where a , b, c are the cel l dimensions of the respective tetragonal (t )  and

mortoclinic (in ) structures, and 8 (<90°) is the rnonoclinic angle. Substitut i ng

the appropriate crystallographic data i nto Eq. (1), it can be shown that the

transformation involves a large shear strain (—8%) and a substantial vol ume

increase (3_5%).*

During cool i ng , the tetragonal • monoclinic transformation of pure

Zr02 begins at —1200°C and proceeds over a temperature range (e.g., 1200° to

—600°C) until the transformation is compl ete,6 typical of other inartensitic

transformations. Both composition and pressure affect the transformation

•
1 , temperature. Metal oxides (e.g., Y203, CeO2, etc.) lower the transfori~ation

temperature. In this regard , the Zr02-Y 203 system has been best stud i ed.

Srivastaba et al ’2 have shown that additions of Y2O3 to Zr02 lowers the trans-

formation temperature to 565°C where a eutectoid exists at —3.5 mb Y203.

Scott13 and Stubican et a114 appear to be in agreement.

*The crystallographic data of Pratil and Subbarao(U) can be extrapolated to
room temperature to show that the volume increase changes from 3% at 1150°C to
4.5% at room temperature; 8 is rel ative ly insensitive to temperature.

C18 41A/es
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Thermodynamics of the Constraine d Transformation

Retention of the tetragonal structure is the key factor for fabrica-

ting a tougher mater ial based on the transformation -toughen ing concept. As

will be shown shortly, retention of the tetragonal structure depends on the

magnitude of the strain energy arising from the elastic constraint impo sed by

surrounding material on the transformation shape change. Constraint can arise

from several sources. First , if the pol ycrysta lline dy were sing le phase ,

neighboring grains , each with a different crystal lographic orientat ion , will

constrain the anisotropic shape change of one another. Second, for t~ phase

materials , any matrix surrounding the particle will constrain the particle ’s

shape change. The strain energy arising due to these constraints can be

reduced by microcracking and/or plastic deformation (e.g., twinning). Namely,

both Inicrocracking and twinning can accomodate some of the shape change

associated with the transformation and thus reduce the constraint imposed by

the surround i ng m aterial. Thus , as will be shown, retention of the tetragonal

phase not only depends on the elastic properties of constraining materi al 0 but

also on the possible occurance of microcr ackiny and/or twinning dur i ng

transformation.

to examine the thermodynamics of the constrained ZrO( t )~~~rU~~a)

reaction , consider a stress-free, spherical particle of the tetragonal ohase

embedded within a m a t r i x  material . Upon transforming to its monoci inic

Cl~ 41\/es
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phase.* a state of stress arises within both the transformed part icle and the

surrounding matrix due to the shape change. Eshelby(~
5) has shown that the

difference in free energy (AG t.m) between these t~o states is given by

~G
C 

~G
c
~
em + + ~ (2 )t~m t~m se s

where AG~~~ is the chemical free energy change which is a function of

temperature and composition , Use is the strain energy associated with the

transformed particle and surrounding matrix , and Us is the change in energy

associated with the particle ’s surface. All terms in Eq. m~2) have the

dimensions of energy per unit volume of the transformed materia l . Since both

the surface area change and the surface energy difference between the t~
phases are small , U5 is usual ly neglected in Eq. (2).

The condition for the transformation requires that ) 0, or from

Eq. (2) (neglecting U5),

~~chemn ~ . (3)t÷ni se

Since Use is always positive and ~G
chen1 is negative below the unconstrained

transformation temperature, it can be seen that the effect of the constraint

(or Use) is to lower the transformation temperature.

~~ is assumed through this paper that the whole particle transforms in a
spontaneous and uniform manner. Although this assumption neglects the
conditions for the nucleation and growth of mnartensit ic pl ates usuall y
associated with these transformations , it does allow us to examine the
l imiting condition concerning the thermodynamic stability of the constrained
particle.

_ _ _ _  
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~.she lby (1
~ has shown t h a t

o l i tUse ~~~iJ ~~~ ~4 )

where defines the state of stress within the transformed part icle; ~ is

defined by Eq. (1)  for .rO~ . The etfect of the constr ain ing ~iat r1~ on the

transformation temperature can be examined with several si ;mpl i tv i rig assump-

tions. ~ssume that the transformation only involves an isotr op~ic ~o lume

expansion ¼~V ,V) . vi~ • 1 ,. 3 ~V .V With  th is  assumpt ion it can be

shown tha t  • k , 3 .~V , V ~~~~~ . where

k (1 + v 1 ) E ,  ~(l —

~nd are Young ’ s modulus and POiSSOII ’ S ratio of the nat r i \  ~1) and

transformed particle 2). Thus , k, t~ ~~~~~ arid Lq. ¼ 3)  reduces to

,chem k ~\V 2
~t~m 

~ ~ ,

i l l u s t ra t i n g  that the transformation temperature wi 11 ~.1eptsn~1 on the el ast 1

properties jf the t~~ mater ia l s , expressed here SIS the ~.‘onst r~i m i  ng oo~1ul us ,

k . and the ~igni tud e of the shape change, expr es s ed here as the vol u’~t’ ~hang~ .

.~V V. A l loy  i fly add i t ions that lower the unconstrained trans tor~ti at ~o mi

ture ~, i.e. , that increase w i l l  als o lower ’ tne const  r ai ico

transformat ion teinperat ure. Al so , the tran s torimi at mo ii tL’~~er~it ur ~‘ ~ I II ~‘ t ’

i nvers l y oro~~rt i or1ed to the r’i~J id i t v  ot t !k’ ~oris train t . i.e., ~ti.’

~~~~~~~~ .~ ~~~~~~~~~~~~~~~ ~1 . _ _ ~~~ 
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constraining matrix should have a high elastic modulus to achieve a low

transformation temperature. Thus retention of a high temperature phase below

its usual transformation temperature can be predicted with the thermodynamics

of constrained transformations.

2.3 Transformation and Microcrack iny

Microcracks are coninonly produced during the Zr02(t)~Zr02(m)

transformation.(~
) Microcracks rel i eve some constraint and thus al ter the

thermodynamics of the constrained transformation from that  discussed above.

Conditions that produce rnicrocracks must be avoided to maint ain constraint and

to retain the high temperature phase.

Current observations show that in pol ycrysta lline r02, mni crocracking

can be avoided and retention of the tetragonal phase can be achieved by fabri-

cat i ng material with a grain size below a cr i t ical  valuei’5)  As w i l l  be

shown, this experimental observation can be predicted by examining the thermo-

dynamics of constrained transformation which includes the strain energy

release through mn icrocracking .

As s ume that during transfor mation , a sm all  f l aw at the

particle/matrix interface extends and becomes a aicrocrack of l ength c as

shown in Fig . la. A radial crack v&ul d be a like ly type of crack due to the

vol ume expansion associated with the transfo rmed :ro . particle. For scaling

purposes , a normalized crack length s~ • d O  can ~e defined , where 0 is the

size of the transformed particle which is assumed to closely resemble a

sphere. The presence of the crack will change the energetics of the trains-

C 1841~~/ e s  
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for e~J part i d e  in tw respects. irst , t1it~ ~r ack wi ll reli ev e a traction

uf the Stra in  energy. L t~~~~, assoc ia t e d w i tn  the uncracked , traI s1ur ’ .c u

syst~ m. Second , the crack introduce s new surface.

The change in free energy of th is  :ncrocr acked system can be M’itten

as follows :

~ 

~ ~~~

The last term in Eq. ( ‘ )  is the energy per unit voluiae of transformed material

associated with the crack surface; A.~ 
is the area ot the crack surfaces , ‘

~~~ 
is

the fracture energy per unit area , and V is the vol ume of the part icle. ~v

def in ing the area of the Lrack with respect to the par t ic le ’ s surface

(Ac ~o
2 g~( u ) )  and us ing v i~ , u 2, Eq. (7) can be rewritten as

= + U~~ ~~~~~~~ 
+ 

~~~~~~ 
g~~~~) .

BOth fc (u )  and g~(j~) are dii~;erisio n less funct ions of the norioali:e i crack s i ze ,

u; ~y def in i t ion , \ f c~~~’~
1 and Y~ ¼ u))J. ~hen ii 0, t~( i )  1 arid u) 0,

and Eq. (
~ ) reverts to Eq. (2 ) .

E q. (
~

) shows that the size of the transformed part icle ~D) is

brought into the thermnodynamnics of the transfor mation. The t ransfo rmoat i o n

wi ll only proceed 
~~~~~~~ 

‘~J) for a yi ’~en cr ac k length , ut- , whe n the par t i c le

s z e  is greater than a cr i : ical  va lue

IA / e s
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- ~~~~~~ (9 )cr it ~~~~~~~ ii U~~ ~~~~

Thus , it can be seen that if microcr ack iny where spontaneous with the

transformation , a critical particle size exist below which neither transfor-

::Iation nor nicrocrack ing could occur. Above this critical size , a possib ility

exiStS for transfor mation and nicrocrackiny. As previously shown ,t the possi-

bi l ity  of nicrocrack ing depends on the s ize of the preexist ing fl aw , the

explicit functions f(u) and y(~ ), and the fracture energy r,~. Inspection of

E q. (fl ** shows that for a given 
~~~~~ 

the critical particle size decreases

as AG~~~
m becomes more negative. Thus , if the material conta ines a distribu-

tion of particle sizes , the largest part icles wn uld be the first to transform

and umicrocrack , proceeded by succeeding smaller particles as the temperature

is decreased after fabrication.

2.4 Transformation and Twinnin g

Extensive twinning occurs during the r02(t)÷Zr02(i mm )

transformation.(°~~~
) Twinning will acconinodate a fraction of the shear

deformation , and thus reduce the strain energy associated with the transfo r-

nation. In a manner similar to that discussed for nicrocrack iny, (see Fig. ib),

the energetics of the constrained transformation in which the transformed

particle twins can be written as

tLxtensio n of the preexist iiny fl aw to a size ~Lf requires that o C/,su~O.
In order to quan it~~i~el y use Eq. (9), relations need to be established
between and J,.’

ttE q. (9) only has physical measuring when .~Gcheni > U5~° ~c~°f~’

8
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= + U
~e ~~~~~ 

+ ~_ !  g
~

(u) . (10)

The l ast term is the energy of the twi n surfaces per unit vol ume of trans-

formed material . Here, the tota1 area of the twin boundaries (At) is norma-

lized by the particle ’s surface area (p = ~~,irD
2). The functions 

~~~ 
and

are dimensionless , O<ft (u) 1, g~(P) O; 1t is the twin boundary energy

per unit area.

Similar in all respects to the inicrocracking phenomena , a crit ical

particle size exist above which transformation and twinning is possible for a

given ni f :

• - ~~~~~~~ . (11)
+ Use ~~~~~

Below this critical particle size , transformation is not possible. Nucleation

and growth of the twi ns must statisfy the condition dAG~z/dP ~0 similar to the

treatment of microcracking. The possibility of twinning will depend on the

size of the twin nucleus , the explicit functions 
~~~ 

and Yt(~)’ 
and the twin

boundary energy 1t•

2.5 Conclusion Concerning Retention

Eshe l by ’s trea tment of the cons tra i ned transforma ti on shows tha t the

elastic constraint of the shape change accompanin g a transformation will

change the transformation temperature. For the case of Zr02, the transforma-

L~ - 
~~~~ ______________
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tion temperature will be lowered. Al l oy additions that lower the

unconstrained transformation temperature will also l ower the constrained

transformation temperature. The higher the elastic modulus of the constrain-

ing matrix , the lower the transformation temperature.

An ex tens ion of Eshel by ’s treatment has shown that the possibility of

niicrocrackiny and/or twinning, both of which relieve some of the transforma-

tion strain energy , must be avoided by developing a inicrostructure in which

the size of the particle is kept below a critical value. Thus retention of

the high temperature phase at lower temperatures is possible if the material

is fabricated with the proper microstructure.

10
C 1 d 4 1 A / e s
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3.0 FRACTURE TOUGHNESS

Investigations of the fracture of ceramics containing metastable

tetragonal Zr02 have sho wn that transformation to the inonoclinic structure

occurs in the volume of materia l adjacent to the fracture surface.~
3 5 ) The

depth of the transformed layer is uncertain; Porter and Heuer ’ s TEN studies

in dicates a depth of ‘2uin.(3) The transformation is presumed to occur during

crack propagation , and to be induced by the stress field of the crack.

In view of the foregoing arguments that the prevention of the

Zr02(t )/Zr0 2 (m ) reaction is due to constraint , It is consistent to argue that

the stress fie ld of the crack front can release this constraint and al low the

reaction to proceed. As will be shown , energy is consumed to release this

constraint which contributes to the fracture toughness of the materia l .

3.1 Contribution to Fracture Toughness

Let us first examine the energetics of crack extension within a

material containing a dispersion of retained tetrayonal Lr0 -~ (vo l ume frac ti on ,

Vd). Ignoring for the moment the mechanics and energetics of the stress-

i nduced transforma ti on , It can be stated that a process zone exists at the

crack front in which energy is consumed by the transformation. The process

zone Is shown by the hatched volunm ~ surrounding a penny-shaped crack In

Fig . 2. The radius (R) of the process zone Is assumed to remain constant

dur i ng crack extension. The energy consumed in forming the process zone is

• U0V~V~ , where U0 i s the ener gy consum e d per un it volume of transforme d

11
C 1 ~ 4 1 A / es
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material , and V~ is the vo lume of the process zone surround i ng the crack ,

U V~ = it/2(c + 2R)2 R ‘/2 c2R when R<<c; c is the crack length. Thus

U~ =~ -U 0V~c
2R . (12)

As shown by Sack ,(17 ) the net change in energy of a cracked body during the

application of an applied stress a is

(1~v )2~ c3
Ua = — (13)

where v~ and E~ 
are the elastic properties of the composite. The increase in

energy due to the formation of the new fracture surfaces is

u5 =~ -c 2 % (14)

where G0 is the critical strain energy rel ease rate associated with forming

the new surface. Add i ng these energy terms together (Eqs. (12), (13), (14))

and invoking Griffith ’s fracture criteria , i.e., that the change in the

system’s energy with respect to crack extension must be ~0, it can be shown

that the critical strain energy release rate for the composite is expressed as

GC = G o + 2 U Q Vd R , (15)

or expressed as the critical stress intensity factor ,

12
C1S41A/ es
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I ‘~‘I 2 U E V ,,R
K 1 K ’ + 0 C U (16)c 0 (1 - V

c

Thus, the contribution of the stress-induced transformation to the

toughness as expressed by the second term in Eqs. (15) and (16), depends on

the engergy absorbed per unit volume of transformed material (U0), the vol ume

fraction of this transformation pha se (V d ), the size of the process zone (R) ,

and the elastic properties (E
~
, v

~ ) of the composite material .

3.2 Determination of U0

Let us consider the energetics of a iso lated particle within the

process zone of the stressed crack. As shown by Eshelby ,(15) the change i n

free energy of such a partic le within an applied stress f ield (at ) is

I~GC 
= ~~~~~ +i 0L€ ~. - ~~~~ (17)t~rn t~m 2 mj mj ij mj

For the case considered here, is the stress field in front of a crack.

The last term in Eq. (17) is the ~~rk performed by the applied stress per unit

vol ume of transform ed material. Any stress field which causes the last term

in Eq. (17) to have a negative sign will aid the transformation. Because the

crack ’ s stress fie ld has the opposite sense to the stress tensor o~, negat ive

sign has been pl aced in front of the last term in Eq. (17 ). For exampl e,

the aa~3 compo nents are tensile and thus , aid in unconstraining the transfor mat ion.

13
C 184 1A / e s
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The sun of the last tvc terms in Eq. (17), as defined by Eshelby ,(15)

is the increase in the free energy of the system due to the appl ied stress.

If , for some reason, the transformation did not reverse itself once the

appl i ed stress was removed , e.g., due to the loss of constraint when the crack

propagates through the transformed particle , then the increased energy due to

the applied stress is consummed in the fracture process , thus

1 
~~~~~ - a’~•c~~. . (18)0 ij i~ i j

The condition for the stress-induced transformation is 
~~~~ ~

O, thus

from Eq. (17) and (18)

U0 
= 

~ 
c~ (a~ - 2o~~) = - AG~~~

m (19)

which allows us to rewrite Kc (Eq. (16)) as either

K2 = [K + 
€~~(a - 2a~ ) EcV d R 11~

/2 
(20)C 0 ( 1 - v )

C

or in terms of

r chem 1/2
2 2

~
IGt .1~ 

E c d R

I (1_v )C

If it Is assumed for the moment that K0, E
~
, v~ and R are unaffected

by temperature, Eq. (21) dIrectly shows the temperature dependence of K
~
.

14
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Namely, for temperatures where ~~~~~ )O , the transformation wi l l  not proceed

and K~ = For temperatures where ~G~~ I11 < 0, the contribution of the

stress induced transformation wil l  depend on the magnitude of -AG~~~~ until

the temperature is reached where the constrained transformation is spontaneous

without an appl ied stress. Below this temperature Kc wi ll again be equal to

K0. As sho wn by Eq. (20), the maxiniun contribution occurs when 0 , i.e., at

an app l ied stress that just pushes the transformation in the forward direc-

tion. This condition occurs at a temperature where _~G eM 1/2 a~~~~~~~~, or

where the constra ined transfo rmation is almost spontaneous without an appl ied

stress. Thus , the maxim um K~ is given by

r ~ E V R i ”
KMdX 1K 2 + ii ij c d (22)C ~~~O ( 1_ v a )

It should be noted here that the upper temperature where the stress-

induced transformation wi ll contribute to the fracture toughness wil l  al so

depend on the alloying composition that affects the condition where ~~~~~ = 0.

Thus, for pure Zr02 where ~~~~~ = 0 at ç 1200uC , toughening sho uld increase

as the temperature is cooled from 1200°C; where as for Zr02 + 3 mb Y 203,

where ~~~~ = 0 at 565CC , toughening should not occur until temperatures

< 56 5°C .

F

15
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3.3 Size of The Process Zone

The preceding section did not discuss the thermodynamics of the

transformation that may effect the size of the process zone , R. T~& views can

be taken on this subject. First , if it is assumed that the transformation is

completely reversible with respect to the stress state , it can be shown that

the size of the process zone sho uld be constant with respect to temperature.

Second, if it is assumed that the stress induced transformation is irreversible ,

it can then be shown that the size of the process zone strongly depends on

temperat ure. Both views can be developed by examining the size of the zone

wh i ch ~culd be affected by the stress fie ld of the crack.

The stress distribution close to the crack front has the form

K f• •(e)a~. = 

(2wr)1/’2 (23)

where f~~(e )  is an angul ar function and r is the radial distance from the

crack front. Ignoring the angular dependence and assum i ng that the stress can

be approximated by a hydrostatic tension (0a11 = 0a ; aa~ = 0,i* j ) ,  then the

radius of a process zone can be defined in which the stress state for r’R is )

- 

K
~~~

2

R — 

2it(a’~)
2 (24)

16
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By assuming that the transformation only i nvolves an isotropic volume

increase (etij = ~V / 3V;  = 0, i*j) then Eq. (19) can be used to define the

magnitude of 0a required to cause the transformation:

chein k~~~V
~
Gt ~ 6 ~V ~— 

~~V/ V (25)

Substituting Eq. (21) and (25) into Eq. (24) results in

K0
2

(26 )

2~[~~~;~ 
J 2  ~~~~ m 

[
~~

. k + 2 ] 
+ 

1!

~ 8 
~v

2

Examination of Eq. (26) shows that when AG~~~ <0, R i ncreases as the tempera-

ture is decreased due to the temperature dependence of ~~~~~ Eq. (26) al so

predicts that a temperature exists where the denominator approaches zero and

~~~ This condition is not within the scope of the assumption that R<<c , on

which Eq. (23 ) is based , and it should be neglected .

The discussion to this point has been concerned with the amount of

material that could transfo rm within the stress field of a crack. The

question that now arises is what proportion wil l remain in the transformed

state once the crack extends and the stress within transformed zone is reduced

to zero. Only the material that remains in its transformed state will contri-

bute to the fracture toughness.

17
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The first view is to consider the case where the transformation is

stress reversible without a significant hysteresis. In this view , only that

pro portion of the transformed zone that can not be reconstrained by the

matrix , i.e., material adjacent to the new crack surface, will stay in its .

transformed state and contribute to fracture toughness. That is , the size of

the process zone contributing to fracture toughness will only depend on the

conditions for loss of constraint due to the fracture surface , e.g. , the

distance of the transformed particle from the fracture surface. In this case

the size of the process zone (R ) will be relatively insensitive to temperature

and the fracture toughness will be given by Eq. (22).

• If on the other hand , the transformation i nvo l ves a large stress

hysteresis , such that the transformation is essentially non-reversible , then

the size of the process zone contribut i ng to toughness can be approximated

(within the range R(<c) by Eq. (26), which when substituted into Eq. (~1)

gives

,~~chem AV ’

Kc K~ 1 
[2w(1 - v2) ~ Ch6U 

+ 
k 2 2 (~ 7)

Regard less of which view is taken , both Eq. (.~1) and Eq. ( 2 7 )  illustrate that

Kc wi ll increase with decreasing temperature. Eq. (27) predicts a much l arger

increase In Kc rel at ive to Eq. (2 1);  thus , Eq. (2 1) and Eq. (27) are lower and

upper bound solution for Kc, respect ively.

13
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3.4 Concl usions Concern ing Fracture Toughness

An energetics approach has been taken to examine the possibl e contri-

bution of a stress- i nduced transformation to the fracture toughness of a

mater ial containing a ‘netastable phase. The crack ’s stress field can promote

the transformation. The energy consumed by the stress induced transformation

per unit volum e of permanently transformed material is equal to the change in

chemica l free energy and thus has the sane temperature dependence. Other

factors of importance are the vol ume fraction of the transfor med phase and the

elastic properties of the composite. The hi gher the e last ic  modulus of the

composite , the greater the contribution of the stress-induced transfor mation

to to~~ iness. If it is assumed that the transformat ion suffers no hysteresis

with respect to stress, then the size of the process zo ne should be rel at ivel y

unaffected by temperature, and K
~ 

is given by Eq. (21). On-the—other-hand , if

the transformation suffers a l arge stress hysteresis , the size of the process

zone is signif icantly affected by temperature, and can be approximated by

Eq. (2 ’ ) .  In either case , K
~ 

wi l l  increase with decreasing temperature.
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FI GURE CAPT I ONS
Fig . 1 a) Schematic of the untransformed (t) and transformed , microc racked

(rn) states ; i~~ is the final , normal i zed iliCrocraCked size.
b) Schematic of the untransformed (t) and transformed , tw i nned (m)
states ; Uf is the total area of the twin boundaries normal ized to the
partical ’ s area.

Fig. 2 Crack of length c with a proce ss zone of radius R.
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