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Abstract

Thinking-aloud protocols of human problem solvers working on geome-
try problems are presented and discussed. Protocols were obtained
from six individual s working on nine different problems in which con-
structions were used. Nineteen protocols are presented with annota-
tion and discussion , and other protocols are summarized. The primary
purpose of the repo rt is to provide documentary evidence relevant to a
model of planning knowledge that provides an explanation of construc -
tions (Greeno , Magone , & Chaiklin, 1979). The protocols are consis-
tent with the general features of the model , but also show ways in
which human problem solving involves processes more complex than
those in the model. Illustrations of interaction between fo rmal and

inform al reasoning processes are also noted.
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CONSTRUCTIONS IN GEOMETR Y PROBLEM SOLVING

James G. Greeno

Learning Research and Development Center
University of Pittsburgh

This technical report has two purposes. First , it present s

extensive documentation relevant to a model of the process of adding

constructions to diagrams in solut ion of geometry problems. The

model is described briefly in this repo rt and in Greeno (1978); it is

presented in detail in Greeno, Magone , and Chaiklin (1979). The

second purpose of thts report is to examine relationships between

processes of formal and info rmal reasoning in several geometry

problem contexts.

°roblems were selected for this analysis in orde r to document

processes in the model of constructions. Protocols on these prob-

lems are part of a data base that was collected in a project where
six high school students were interviewed about once a week during
the year in which they were studying geometry as a school subject .
Problems presented to students were chosen to represent the material
being covered in the course at the time of the interview. The nine
problems analyzed in this report are all of the problems used during
the year in which a proof or calculation was achieved by adding one
or more lines to the diagram. (Problems in which the major task
was to construct the initial diagram are not included. )

The need for a report such as this one arises from a weakness

in our present methodology for studying cognitive processes. The
main Issue in evaluating a model of the kind proposed for construc-
tions is whether the processes in the model are gene rally similar to
the processes used by human problem solvers. Thinking-aloud proto-
cots are the kind of data used most often in evaluating a model of this 

~~~~T.



kind. However , the model does not make definite predictions about

the exact content of a protocol. It could be made to do that , but the

additional assumptions needed to achieve complete specificity would

be of minor theoretical interest. Therefore, the question of whether

a protocol provide s empirical support for a model must be answered

by a judgment of whethe r the processes in the model provide a plausi-

ble interpretation of the performance shown in the protocol. This

jud gment is unavoidably informal , and in order to permit consensual

validation of such judgments , samples of t ypical protocols are generally

included in published articles. However , other investigators are not

able to judge the extent to which the selected protocols represent the

range of perfo rmance shown by a population of subjects and the extent

to which the protocols not presented are also consistent with the general

conclu sions given by the author.

An easy solution to this problem would be to publish a complete

collection of the protocols available in an investigation. This seems

inefficient, since to use such raw data, investigators would be required

to duplicate the efforts of the initial investigator in organizing the

mate rial and selecting relevant episodes for consideration. Further-

more , very few, if any, investigators would have the time to engage in

such an examination of someone else ’ s data. Therefore , I have opted

for an intermediate presentation in this report. I have included quite

a large number of protocols--many more than can be included in a pub-

lished article. On the other hand, I have selected protocols and por-

tions of protocols that I believe are especially relevant to the issues

considered in this report. Those protocols that I have omitted are

described briefly so that at least a general judgment can be made by

readers about the nature of the performance that is not reported in

detail. I also have added remarks to the protocols that are presented

to facilitate identification of the part s of the protocols that seem rele-

vant to the theoretical questions at issue.2



The second pu rpose of the repo rt , examinat ion of for mal and
informa l reasoning, is handled less systematicall y than the f i r s t .  I
have taken the opportunity of writing this report to comment on occa-
sional features of problem solving tha t seem relevant to the genera l
nature of interactions between syntactic and semantic aspects of
problem solving. These observations are intended as suggest ive
guidelines for future research and ana lysis ra th er th an as def ini t ive
documentation of any proposed hypotheses.

Theory of Constructions

In the interpretation of pr oblems requiring constructions , their
solutions are related to two general aspects of problem-solving capa-
bility. First , constructions are interpreted as consequences of the
nature of problem solvers ’ strategic knowledge. Additions of com-
ponents to diagrams are considered as procedures of pattern comple-
tion perfo rmed in order to provide prerequisites that are required for
the execution of plans.

The second gene ral aspect of problem solving involved in construc-
tions is the interaction between semantic and syntactic reasoning
processes . The diagram of a problem represents a set of components
and relations that constitute a semantic model of the sequence of
infe rences that is given in the formal syntactic solution of the problem.
A construction adds material to the semantic model for the problem
and provide s new component s and relations about which formal infe r-
ences can be made . The basis of planning knowledge is assumed to
be a set of patterns that pe rmit specific fo rmal inferences and calcu-
1atio n~ . Thus , the perfo rmance of a construction is generally motivated ,
more or less directly, by a goal that is genera ted in the search for a
way to appl y a syntactic Infe rence rule.

The theoretical framework used in thi s discussion is a model
called Perdix (Greeno , 1978; Greeno , Magorie , & Chaiklj n , 1979)3



which includes a planning mechanism that proceeds in a top-down , hier-

archical fashion similar to that developed by Sacerdoti (1977). The

knowledge used for planning includes associations between goals and

alternative plans for achieving specific goals. Each plan has one or

more prerequisite features. When a goal is set , Pe rdix tests the situa-

tion for the presence of pre requisites of the plans that are associated

with that goal. If the prerequisites of one of the plans are found , Perdix

adopts that plan and works to achieve the goal using productions that con-

stitute the detailed procedures involved in the plan that is adopted.

An example involves the goal of proving that two angles are congruent.

This is associated with three plans. One plan uses triangles that contain

the target angles and proves that the angles are cong ruent by proving that

the triangles that contain them are cong ruent . A second plan uses rela-

tionships between angles that have the same vertex and proves that the

angles are congruent if they have an appropriate spatial relationship such

as being ve rtical angles or adjacent angles formed by perpendicula r lines.

A third plan uses relationships between angles whose side s are parallel

and proves that the angles are congruent if they have a relationship such

as being corresponding ang les or alternate interio r angles. When Perdix

has the goal of proving that angles are congruent , it checks for the pres-

ence of global features that are prerequisites of these plans. The plan

that uses triangles requires that the diagram contain triangle s that have

the target angles as components. The plan that uses relations involving

a shared vertex requires that the target angles have the same vertex.

The plan that uses parallel sides requires that the target angles have

sides that are known to be parallel.

Constructions occur when Perdix finds that none of its available

plans is feasible because all the tests for prerequisites fail. The pro-

cedures that produce constructions are based on patterns that contain

the prerequisite features of plans. Perdi.x is able to identif y components

of a diagram that match a subset of the component s of a satisfactory

4



pattern and pe rform an action that supp lies a component that is missing .
For examp le , a pattern that contains the prerequisites for proving con-
gruence of triangles has two triang les that share a side. Perdix can
identify a quadrilateral or a triangle as containing a subset of compo-
nent s of this pattern and add the needed line segment (the diagonal of
the quadrilateral or a line from one vertex of the triangle to the oppo-
site side).

Problem-Solving Protocols

The problems discussed in this report represent a considerable
variety of patterns that students acquire during their study of geometry.
Problems 1 and 2 (see Figures 1 and 9) can be solved by completing a
pattern involving parallel line s with a transversal. Problems 3 and 4
a re solved by adding a line that partitions a figure into two triangles
with a shared side. This pattern is one that can be used to prove that
components of a diagram are congruent, as corresponding pa rt s of con-
g ruent triangles. Problems 5, 6, and 7 also are solved by completing
triangle s in the diagrams. In Problem 5 (see Figure 17), the construc-
tion is the base of an isosceles triangle added internally in a t riangle
specified to have one side longer than another . Problem 6 does not
require a construction, but some subjects added a diagonal of a quadri-
lateral in order to use the triangle inequality . Problem 7 uses the
Pythagorean theorem, and right triangles must be constructed so that
their diagonals can be calculated. Problem 8’s construction involves
forming the central angle correspond ing to an arc of a circle . The
radius or £adii used to form the cent ral angle also are pa rt s of isosceles
triangles that are eithe r formed or must be completed, depending on
which case of the theorem is considered. Problem 9 involves construc-
tions that t ransf o rm a trapezoid into another figure- -either a rectangle
or a pa rallelo gram .

As an aid to reference , figures and tables that present the protocol
information ar e listed in the Table of Contents , pages vti-x.

54



Problem 1

The problem was the one shown in Figure 1. Student s had begun
to study relationships between angles with parallel sides. It is con-

ventional in geometry that solutions to problems such as this require
L a series of steps , each corresponding to an inference that can be justi-

fied by a postulate or theorem. Thu s, a solution consists of a numeri-
cal answer , accompanied by a proof that the answe r is correct. The
solution that I had in mind for the problem uses construction of a third
line , parallel to AD and DE, through point C. This line divides ~ into
two parts , each congruent to one of the given angles. This solution
was not found by any of the subjects initially, and in fact only one of
the students found a solution when the problem was presented initially.

I presented additional problems to the student s, and this resulted in
their finding new ways to approach the problem.

vi

i~

-

~~~ 1!~~~

Figure 1. Problem 1.
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Subject 2. The problem was solved successfully by Subject 2,

whose protocol is given in Table 1. -

Table 1

Protocol by Subject 2 on Problem 1

E: Now, here ’s a sort of an ordinary problem. (Pause .)  Think
out loud while you look at it and figure out what you’re doing .

S: AB is pa rallel to DE--I’m just reading it over. (Pause.)

E: Now , when you look at the problem, tell me what you ’re look-
ing at , or tell me what you ’re thinking about the angles

S: The angles EDC and BAC , I’m thinking how they correspon d
to each other.

E: Mmm-hmm.

*1 5: Let me see. (Pause.) I’m wondering . . . I’m wondering
about how . . . whether . . . what definition of supplemen-
tary . . . whether the three angles are supplementary or not.
Let’s see.

E: Why are you thinking they might be?

S: I don’t know. I’m just . . . I’m drawing the conclusion for
something to work from , I guess I should say.

E: Mmm-hmm.

*2 S: Let’s see. (Pause.) Now, my train of thought is . . . I’m
drawing auxiliary lines in my head and I’m try ing to figure
out where . . . I’m trying to find out what other , you know. . .

E: Mmm-hmm.

5: . . . make othe r thing s in my mind.

E: Okay. Let’s draw a rough sketch of the thing down here , so
you can show me what sorts of auxiliary lines you ’re con-
side ring . Okay ?

*3 5: Okay . I was considering these two.

E: Mrnm-hmm. Those are extensions o f .  .

S: Yeah , of these , of A.

E: Okay.

S: Uhnt . . . shoot . I don ’t think they’re going to be much help
here. Let me see. Oh , hold it. (Pause.) Okay. (Pause .)

4
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E: What came to mind when you said hold it?

S: Oh, I was just thinking o f .  . . I was looking at these two
angles and these two angles, and whether . . . they’re not
interior

E: You mean , sixty and x? Is that what you were thinking of?

5: Yeah.

E: Okay.

*4 S: Now , if there ’s a line, a transversal, that cut them straight ,
then forty and sixty, then this . . . say C was on that trans-
versal , the CDE and BAC would add up to eighty, or add up
to one eighty. (Pause.) And, for some reason, I’m tending
to think that C would be eighty, but I can ’t draw that conclu-
sion without proof.

E:

S: I need something more to work on.

E: Okay. (Pause.)

*5 S: All right , now, if this were sixty, then this angle must be
one twenty, making this angle also sixty. All right , making
this angle eighty. Now, if this was fo rty . . . this angle is
also fo rty, and this is one forty, and this also is eighty.

E: Okay.

S: Now , therefore , the C must be one hundred because the two
must add up, are supplementary angles.

E: Mmrn-brnm. Because of the way you drew the line s .

S: And so angle x is one hundred.

E: Uh-huh, good, that ’s right. Great.

S: I’m not sure if I figured it out the right way. There must be
an easier way than that .

E: I’m not sure there is. How did you know that this was going
to be eighty after you knew that that was a hundred and twenty?

*6 5: Yeah. I just always know that the angles of a triangle add up
to a hundred and eighty.

E: I see. Okay. So you were really using these two being a
hundred .

5: Uh-huh.

E: . . . and subtracting that from a hundred and eighty.

S: Right.

E: Fine.
8
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The diagram drawn by this subject is shown in Figure 2. The

comment at *1 apparently indicates that the subject tried to find a

relation using the information in the diagram. At *2 , the subject con-

side red additional line s, which were put into a sketch of the problem

at *3, At *4, the subject considered the relation that the two given

angles would have if they were formed by a single transversal. Then

at *5, the subject applied that same relation to angles fo rmed by the

transversal that had been added to the diagram in the construction and

used the sum of angles in a triangle (mentioned at *6) to get sufficient

information to solve the problem.

2tr~/
tl

Figu re 2. Drawing by Subject 2 on Problem 1.

4:, Subject 6. Subject 6 did not solve the problem intially. This
subject extended the line s AD and DE toward the left in the diagram

and inferred th. measures of the angles supplementary to those that

were given, but did not add other constructions and did not see how

to proceed further. 1 then gave Subject 6 the problem shown in Figure 3.
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Figure 3. Auxiliary problem given to Subject 6 and Subject 5.

The subject was unable to solve the problem; the subject mentioned

that the angles appeared to be complementary. I sketched the diagram

with lines extended showing the usual pattern of horizontal lines with

an oblique transversal and reminded the subject about alternate interior

angles. The subject appeared to understand the solution.

We returned to Problem 1; the protocol is in Table 2. At *j , the

3 subject recognized the discrepancy between the diagram ~nd the pattern

used in the intervening problem , and at *2 , the subject found a way to

j supplement the diagram to provide tran~versals , as shown in Figure 4.

At *3 and *4 , the subject saw that inferences could be made about some

of the ang les in the diagram , but thi s did not lead to a solut ion. ( The
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fact that the sum of angles in a triangle is 1800 had not yet been given

in class; Subject 2 had recalled that from earlier stud y . )

Table 2

Protocol by Subject 6 on Problem 1

E: Now I’d like to ask you whether that gives you any idea s about
maybe solving this problem. That’ s fo rty, that ’s sixty, and
that ’s x.

* 1 S: Okay. Well , if . . . okay. (Pause.) I was going to say it
looks like . . . not corresponding, but . . . see , the thing
in that other one is that it was cut by a transversal, and in
this one j~ I5 crooked in here , and it’s hard to match them
up, sol.

E: Rig ht.

- 
*2 S: Uhm . . . well , it almost looks like if you extended this line

down to there .

E: Mmm-hmm, right.

S: . . . and that line up to there, you’d have a transversal.
E: Right.

*3 S: And it would work either way. If you took this transversal
right here, you’d have . . . let’s see . . . alternate--I mean--
yeah, alternate interiors.

E: Rig ht.

*4 5: And if you went with thi s transversal, you ’d have one on either
side , or alternate interiors.

E: Mmm-hmm.

5: So . . . no , wait a minute. Excuse me. They couldn’t be
alternate interiors, betause they ’d have to be equal. (Pause.)
Wait a minute. Okay, I’ve got a transversal here . . . all
right , so if I take these ar.d just extend these that way- -this
will just help me , so then I can . . . and they ’re cut by a
transversal. That means corresponding angles are going to
be equal. So this would correspond with this , and this would
correspond with . . . this angle would correspond with . .
I don ’t know. I can’t figure it out .

E: That ’s okay. That’s a hard problem.
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Figure 4. Drawing by Subject 6 on Problem 1.

The constructions made initially by Subject 2, and after work on

the problem of Figure 3 by Subject 6, seem consistent with the idea

that constructions are motivated by patterns that can be completed by

adding line s to the diagram. The pattern involved in these construc-

tions is apparently the pattern of parallel lines intersected by a trans-

versal. The construction was apparentl y not motivated by a clear idea

of the way in which it would lead to solution of the problem. Subject 6

did not find a solution, and Subject 2 only found the relation of angles

in a triangle after considering other possibilities. Thus , the con-

struction can best be interpreted as a result of working fo rward, see-

ing a way to modif y the diagram by completing a pattern that was
.—
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partially matched in the initial situation and that seemed to provide

additional relations involving the given info rmation.

Subject 5. A different solution was found by Subject 5, who also

failed to solve Problem 1 initially. This subject mentioned the possi-

bility that the two given angles with the unknown angle might be supple-

mentary (i. e. • all add to 180°) and inferred the supplements of the

given angles , as Subject 6 did. I gave the problem in Figure 3. Sub-

ject 5 gave the answe r 400 , but when I mentioned alternate interio r

angles , the subject changed the answer to 50° . When I asked why the

f i rs t  answer had been 40°, the subject said , “Well , I was thinking of a

perpendicular line. ” During work on the problem in Figure 3, the sub-

ject asked to see Problem 1 again. The subject said, “I could think of

- it that way with this one. ” I said , “What way ?” and the subject said,

“Put the perpendicular line .” The subject then added the construction

shown in Figure 5 and solved the problem using the sum of angles in a

triangle. (Most of the discussion in the protocol related to arithmetic

error that led the subject to the answer of 110° rather than 100°. )

I
Figure 5. Drawing by Subject Son Problem 1.
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Subject 5’ s solution to Problem 1 is unorthodox , but legitimate . It

is unclear why Figure 3 made the subject think of perpendicular lines,

but having had that idea , it provided a patt ern for Problem 1 that led to

a solution.

Further work by Subject 2. None of the constructions mentioned

thus far agreed with the one I had in mind when I presented the problem.

Subject 2 , who solved the problem, was given the problem shown in

Figure 6.
‘4)

S

~~i~~ .’. U V  1) L.QX I’

sites o..,d ~~~~~
Figure 6. Auxiliary problem given to Subject 2.

The protocol is given in Table 3, and the sketch drawn by the sub-

ject is in Figure 7. Note that the construction used initially completes

the pattern of paraUel lines intersected by a transversal, which the sub-

ject mentioned at *1 in the protocol. At *2 , the subject noticed the sim-
pier solution based on direct relationships between the given and unknown

angles.

14 
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Table 3

Protocol by Subject 2 for Problem in Figure 6

S: Angle s and angle t . . . all right.

E: Can you tell me at all what you ’re looking at in the diagram
when you ’re f i r s t  getting set up and thinking about the prob-
lem ?

*1 S: I’m actually thinking about the way that ang le . . . or that
line YW would correspond to VU and UW , how it would hit
YZ and how that the y would correspond to each other.

E: Do you want to draw a diagram ?

S: Yeah . I think I could probably . . . I mig ht be able to .
f igure it out the same way. I’m not feeling very mathemati-
cal about the way I’m going about this. (Pause.)  Hold it.
(Pause.) Oh.

L: What did you think of?

*2 5: Very simple. Thi s is eighty and this is sixty by the inte rior
angles on the same side of a transversal add up to a hundred
and eighty.

E: That’s great .

S: Should have thought of that first .

L~,1,

Figure 7. Drawing by Subject 2 for the problem in Figure 6.
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Afte r solving the problem in Figure 6 , Subject 2 spontaneously

mentioned that Problem 1 might be solved uBing the same pattern.

The protocol is in Table 4 , and the sketch drawn by the subject is in

Figure 8.

Table 4

Protocol by Subject 2 on Problem 1, Repeated

5: I think I could have used that thing in the other one , too.

E: Could you ?

5: Hold it.

E: You want to go back and look at it , see if there ’s a way ?
Here , you can hold onto this one if you like. Start over with
another diagram if you want to.

S: If there ’s another parallel line , ac ross , with C, if . . . if
the re ’s another parallel line here . . and . . . hold it.

*1 1 can’t , because I don ’t know whether--I wouldn’t know
whether thi s line with C as an end point would bisect it , x.

*2 If it did I could figure it out , because I have forty here , there-
fore this must be one fo rty here. lt~s on the othe r side of the
line , so this has to be fo rty also. Oh, yeah. I could have.
(Pause.)

*3 Sixty. Yeah. A hundred, yeah, I could have done it.

*4 It’s the interior angles . . . the alternate interior angles are
the same, and the . . . you would have just added them up.

Subject Z’ s use of the pattern involving a third parallel line ap-

peared to be yet another case of completing a pattern in working for-

ward. The construction did not lead immediately to a solution. Lu fact,

at *1 in the protocol , the subject seemed dubious because the added

line was not a bisector of the unknown angle. However , in continuing

to work fo rward at *2 , the subject inferred the measure of part of ~ c,

and at *3 , the other part of Lx and the measure of Lx were inferred.

Note that the relation of alternate interior ang les was not noticed until

after the problem has been solved, at *4~
16
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F igure 8. Drawing by Subject 2 on Problem 1, repeated.

Discussion. Protocols on Problem 1 were generall y consi stent

with the pattern-based mechanism in Perdix for making constructions.

The constructions that subjects made on Problem 1 seem to have been

gene rated mainly to complete the pattern of parallel lines intersected

by a transversal. The protocols show no evidence that any definite

use of the constructions was anticipated when they were produced.

The relationship of constructions to the search for a fo rmal proof seems

to have been rathe r general. Subjects apparently realized that they

knew theorems that could be applied if the patte rn of parallel lines and

a transversal could be generated; however , they did not have definit e

theorems in mind.

Problem 2

The problem shown in Figure 9 was given about one week after

Problem 1, and students had been working on problems involving paral-

lel lines in the meantime. The four students who worked on this prob-

lem had successfull y solved another problem that involved relationships

between ang les based on parallel line s , but that did not require a con-

st ruction.
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Figure 9. Problem 2.

Subject 2. Subject 2 solved the problem successfully; the pro-

tocol is in Table 5, and the subject’s work is shown in Figure 10.

Note that Subject 2 constructed the third parallel line spontaneously

for this problem. There is concern expressed at *1 about whether

the added parallel would bisect ~%. At *2 , the subject indicated that

the pattern of alternate interior angles motivated the construction.

At *3 , the subject remarked about using variables; this led to setting

up equations. The solution was apparently found at *4 , based partly

on examining the equat ions that had been written. Further discussion

with the subject indicated that the subject had considered the possibility

18
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of a bisec tor fo r ~ because then only one va riable would have been

needed to find the measure of LY.

Table 5

Protocol by Subject 2 on Problem 2

S: Find an equation connecting X, Y, and Z. (Pause.) Okay
okay , if I . . . if I draw a line that . . . if I draw a

line that is parallel to AB .

E: Mmm -hmm .

S: . . . and CD, and cuts through Y .

E: Mmrn -hmm .

S: And I have Z , and I have X.

E: Mmm -hmm .

*1 S: Okay, uhm . . . let me think . . . X , angle X is congruent
to . . . could be tough. (Pause.)  Oh, that won ’t work , be-
cause . . . my thought process j5fl~~ working because I’m
thinking that Y is bisected, and I’m not sure whether it could
be.

E: Hmm.

S: Uh . . . (pause) . . . hrnm .

E: Why did you think of drawing the parallel?

*2 5: Because then I could work with Y, or a portion of Y being an
alternate interior angle.

E: Mmm-hmm , okay.

5: And X and the portion of Y being an alternate interior angle.

E: Mmm-hmm. (Pause.) 
. 

-

S: Now . . . if I use . . . gosh . If I could use a variable before
t h e Y . . .

E: Mmm-hmm.

*3 S: . . . for the . . . if I could use the variable X and Y. or . . .
we don’t want the same letters. Z and P.

E: Fine.

4 S: Okay. (Pause.) Measure of angle . . . we know that meas-
ure of angle . . . Q, plus the measure of angle P equals the
measure of angle Y. Okay. We know measure angle P equals
measure angle Z , and we know measure angle Q equals . . .
measure angle . . .

4 19
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*4 Oh, okay. That ’s what I want. Therefore , we know that
measure angle Z plus the measure of angle X is equal to
measure of angle Y. Yeah , okay.

A

I

m L Z# ~ ,Lk ~~~ 4 L ~~~

Figure 10. Drawing and writing by Subject 2 on Problem 2.
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The solution given by Subject 2 differs from the one given by thi s

subject for Problem 1 in an interesting way. In this problem, Subject 2

apparent ly had a rathe r specific idea about the use to be made of the

construction, relating it to a specific theorem (alternate interio r angles)

rathe r than the general set of theorems about parallel lines. This pro-

tocol also includes an interesting example of interaction between seman-

tic and syntactic processing. The construction was apparentl y motivated

by a need to relate components of the problem. Once the relations were

created , the subject translated them into algebraic fo rm , and this syn-

tactic expression apparently provided the basis for the solution.

Subject 3. Subject 3 also solved the problem successfully; the

protocol is in Table 6 and Figure 11. Alter contemplating for a time,

the subject announced the solution at *1. The protocol is retrospective.

Table 6

Protocol by Subject 3 on Problem 2

5: What does connecting mean ? Connecting how ?

E: It just means that there ’s an equation that has X , Y , and Z
in it.

5: All right. (Pause.)

E: What are you thinking ?

S: It m not , yet , really.

E: What are you looking at?

5: The figure.

E: Okay. What are you trying to find there ?

S: Uh . . , a connection.

E: Okay.

5: Sorry. (Pause.)

E: What kind of connection are you looking at?

*1 S: Hang on a second. X plus Z equals Y.

E: That ’s the answer; can you show me why that works ?

21
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5: ‘Cause . . . I’m going to have to draw that, wait. (Pause. )
I draw a line through whatever point that is , A. That down
there is Z , and that is X , and these two are now . . . well,
you want me to give you theorems and postulates and all ?

E: Well , just tell me a little more exactly what you mean by
these two.

*2 5: Okay, for every point on the exterior of a line, you can draw
one line parallel to your original line . And so, I did , and
this is a transversal, and so these two are equal .

E: These two--one of them is Z--and the othe r one is what ?

S: X and half of Y.

E: Okay.

5: So, X is equal to the othe r part of Y.

E: Mmm-hmm.

5: And so, Y- 1 plus Y-2 equals Y , and so, using substitution
you can get . . . you want me to prove this , or do you want
me to just .

E: You ’re proving it.

5: No, I’m not. I mean, I’m not writing out one of those two-
column proof jobs.

E: No, that’s all right. You ’re saying everything you’d write out.

S: Yeah, okay. And then, X plus Z equals Y.

E: Okay. The only thing you didn’t say is why it is that Z is
cong ruent to that part of Y.

5: Alternate interior.

*3 E: Right. Okay, good. Now, do you remember solving prob-
lems like this before?

S: Just what do you mean by like ?

E: Did you . . . solving problems where you put an extra paral-
lel line in.

S: No.

E: Okay. (Pause. ) •I~~ you happen to know what made you think
of putting an extra parallel in?

5: Well , we’ve done them in class , but I don ’t think that’s what
made me think of it. It’s just what you do.

E: Uh-huh. 4
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S: Well , you have to . . . to use any of the postulates you know
you have to have parallel lines with transversals.

E: Mmm-hrnxn .

*4 5: And so the only way I was going to be able to put a connec-
tion was to have parallels with tranaversals.

E: Mmm -hmm .

*5 S: And so I thought about pulling those down , but that didn ’t get
me anywhere.

E: Ah , I see. Okay.

*6 S: So I put one in the middle.

E: Mmm-hmm. Okay you did think of pulling them down , l ike

5: Yeah.

E: Okay. And , how did you decide that that wasn’t going to get
you anywhere ?

*7 5: There ’ s no connection.

E: Between

S: X and Z. Or X and Y , for that matter.

E: Yeah . Okay, good.

The subject made a sketch of the diagram , including two added lines.

This is in Figure 11. At *2 , the subject indicated the relations of

congruence between ~ and ~~ and the component of ~~~~ . My question

at *3 was asked because this subject had solved a problem like this

one about a year earlier; apparently the subject did not recall that

experience. At *4 , the subject indicated that the construction was

motivated by a general search for connections. The remarks at *5

and *7 indicate that the subject first considered forming a transversal

by extending one of the oblique lines, but that did not lead to relation-

ships among the angles in the problem. The comment at *6 suggests

that the construction that worked was probably motivated by a general

search for relationships rathe r than by any specific theorem. (Sub-

ject 3 was not interviewed on Problem I . )
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Figure 11. Drawing by Subject 3 on Problem 2.

Subject 5. Subject 5’s protocol on Problem 2 is in Table 7, and

the diagram drawn by the subject is in Figure 12. The subject remem-

bered Problem 1; however , recall that Subject 5’s solution to Problem 1

involved drawing a perpendicular line between the parallels , and that

pattern was not used in Problem 2.

Table 7

Protocol by Subject 5 on Problem 2

E: Now, this one might be a little tough. Have a look at this
and see . .

S: I remember this.

E: Oh , you do , huh ? You remembe r it from when?

S: One like this a couple of times .

E: That’s when I had one like that.

5: Yeah.

E: I was wondering if you ’d remembe r it.

S: Connecting X, Y , and Z .

4 ,
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E: Draw a diagram if you want .

5: Okay. I never looked this one up.

E: Good. I can ’t remembe r whether we got a solution or not .

S: Well , I think you showed me.

E: Oh , did I?

5: Well , I’m not sure.

E: Well . . . (pause) . 
A

5: W e l l . . .

E: What are you thinking, what are you trying to find ?

*1 5: I was thinking a hundred and eighty minu s X plus Z , the
quantity of X plus Z , equals Y.

E: Okay. Why do you think that might be true ?

*2 5: Well , because . . . that can ’t be rig ht , because the larger
these get, the larger this one gets.

E : Oh, that’s interesting.

5: Can ’t be rig ht. So, another equation.

E: How could you tell that they sort of go together that way ?

S: Well , because the larger these two angles are , then .

ultimately they ’ll be perpendicular to these two lines.

E: That’s true. Okay.

5: And these would be ninet y degr ees , and this would be a
hundred and eighty.

E: Okay. ( Pause. )

*3 S: Well, then the other one would be X plus Z equals Y. That
would be another way to do it. And X plus Z equals Y equal s
a hundred and eighty. (Pause.) I should remember that one.
What you told me. I’m pretty sure we wo rked this--it might
have been a different one .

E: Well , in fact it wasn’t quite the same. Why don’t you draw
the diagram over there. And . . . and then, see what you
know that you might be able to use. You may have to add
something to the diagram in order to make it work.

*4 5: Well , I could extend this. I could extend the lines. I could
- - t ry  working it out like in a proof. I could extend thi s one.

E: Okay.

S: And , since these two are parallel . .

25
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E: Yeah.

S: And I can extend this one. (Pause.)

E: Now. Did you have any reason for extending those? What
did you think it was?

*5 S: Well , it might help me , but, since these two are parallel I
can look for something that I could use that will help me.
One of these corollaries.

*6 S (cont’d): I’m thinking maybe I can use a triangle here.

E: Okay. ( Pause.)

/

N~~~
‘IA

2.

7

/ )

Figure 12. Drawing by Subject 5 on Problem 2.

At *1 , Subject 5 mentioned a conjecture , that the three angles

would sum to 1800. This conjecture also occurred to this subject in

Problem 1. The comment at *2 represent s an interesting instanc e of
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semantic reasoning to test the conjecture. The subject realized that

if the three angles sum to a constant , then as two of them increase

the othe r must decrease , and that does not hold in this situation. At

*3 , t he subject act ua lly found the solution for a special case of the

problem , where ~~~and ~~~equal 90° and ~~~is 180°. This idea was

not pursued  to a gene ral solution.

At *4 , the subject fo rmed constructions by extending the oblique

lines. The comment at *5 suggests that this was done in order to

complete the pattern of pa rallel lines inte r sected by a transversal.

At *6 , the subject mentioned that triangles are available; it is unclear

whethe r that idea was present when the constructions were fo rmed- -

the tr iangles might have been noticed after the construction was com-

pleted. In any case , the subject did not succeed in finding relation-

ships that could be used to solve the problem. I suggested the con-

struction involving the third parallel , and Subject S successfully solved

the problem with that.

Subject 6. Subject 6 also failed to solve the problem. The con-

struction shown in Figure 13 was drawn , with the remark , ‘. . . these

two lines are parallel and I cut it by a transversal, ” Later the subject

said , “I might be able to use some of my . . . some of my, you know,

postulates or theorems that I know . . . to . . . to try to get an equa-

tion. ” However , the solution was not found. Note that this subject did

not mention use of the triangle . (Recall that the class had not included

study of properties of triangles when I presented thi8 problem.) When

I suggested the construction with the third parallel , Subject 6 con-

sidered the possibility that the new line bisected ~~~, and also tha t the

two pa rt s of ~~ might be complementary. (A pparently, both of these

conjectures were based on the appearance of the diagram.) However ,

the solution of the problem was found onl y with considerable coaching .
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Figure 13. Drawing by Subject 6 on Problem 2.

Discussion. The protocols on Problem 2 also we re gene rally

supportive of the ideas in Perdix . These protocols gave further evi-

denc e of the use of the pattern of parallels and transversal as a basis

for constructions. The pattern involving a third parallel line also

was used by two students. In three of these four protocols, the con-

structions were apparently produced during a general search for

relationships among problem components. However , Subject 2

apparently saw the use of the construction more specifically. An

intriguing conjecture is that increased knowledge about the domain,

including more practice in solving problems , could produce a more

differentiated knowledge structure that would enable a problem solver

to identif y more specific patterns that would be produced by construc-

tions. This kind of mechanism would relate closely to the well-known

pattern-recognition skill s of Go and chess players ( ChaBe & Simon,
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1973; Reitman, 1976) and would provide a basis for explaining the

usefulness of this skill in actual play, since this requires the abilit y

to see patterns that can be produced by appropriately chosen moves ,

in addition to patte rns that are present in the situation.

Some examples of semant ic processing also occu r red  in the

protocols for Problem 2. The spatial process ing exhibi ted by Subject

5 provided an interesting example of semantic testing of a conjecture ,

and the use of algebra by Subject 2 gave an inte resting case in which

semantic processing suggests a representation in the formal language.

Problem 3

In this problem , given about a month after the f irst  two problems ,

student s we re asked to prove a theorem--the base angles theorem for

isosceles triangles. In presenting the problem , I mentioned that I

wanted to see whether the student might remember the proof of the

theorem or figure it out. I then stated the theorem in the form: “If

two sides of a triangle are congruent, then the angles opposite those

sides are congruent. ” This theorem had been presented and used in

homework, but the proof had not been memorized, and it is clear that

the student s were not simply recalling the proof.

Subject 2. Subject 2 ’s protocol is in Table 8 and Figure 14.

The auxiliary line was drawn at *1, and at *2 the subject mentioned

that it would be used to provide congruent ang les. In retrospect , at

*3 the subject noted that the side-angle-side pattern had been in mind

when the construction was made .

Table 8

Protocol by Subject 2 on Problem 3

5: Okay, my first  step would be . . . AC is congru ent to BC ,
and that would be given.

E: Mmxn-hrnm. Right.
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*1 S: All ri ght. Two would be . . . let’s see , what do I want?
Draw a line that bisects C.

E: Now do you have a reason f o r  drawing it that way that you
have in mind?

S: You mean instead of drawing it so that it bisects

E: Yeah.

S: Why I said it bisects C?

E: Yeah ,

*2 S: Because I want ACX . I’m going to call it , to be congruent
to BCX .

E: Okay. (Pause.)

S: And that ’s . . . through an angle , a bisector can be drawn.

E: Okay.

S: Or , through an angle , only one

E: Right. (Pause.)

5: And . . . three , let’s see . . . okay, .ACX , angle ACX is
cong ruent to angle BCX, because definition of a bisected
angle.

E: Mmm-hmm,

S: Four . . . CX is congruent to CX by the reflexive property
of cong ruent segments.

E: Mrnm -hxnm.

5: And finally- -or not finally- -triangle ACX is congruent to
BCX by the side-angle-side.

E: Mmni-hmm .

S: And six . . . angle A is congruent to angle B because cor-
responding part s of cong ruent triangles are cong ruent .

E: Right. Okay. Now, when you decided to draw the bisector

S: Mmrn-hrnm.

E: You said you wanted those angles congruent . Did you already
have in mind that you’d use side-angle-side, or did that come
up late r when you saw where the line went ?

S: Well , I looked at it because the restrictions that I was going
to place on the auxiliary line .

E: Yeah,
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5: 1 had to decide whethe r I had to say . . . make the line pe r-
pendicular  to AB

E: Ri g h t .

S: Or I could say make it bisect AB , or I could make it
congruent to , or make it bisect angle C.

S: And if I made it . . . let me think , I could do it two different
ways.  And , I looked at it and I ruled out having it bisect AB
right immediately because I could see it gave me side-side .

E: Mmm-hmm. (Pause.)

S: Oh , I think all of them would work , in fact. (Pause . )  Yeah ,
I think I could have done all of them. Because with the
others you could use eithe r side-side-side or with the per-
pendicular you could use the . . . you could use the HL.

E: Right.

3 S: But when I looked at it , I didn ’t think of these immediately,
while I saw the side-angle-side immediately, so I decided
to bisect . . . I just used the one I saw first.

E: All right. So when you decided you wanted that angle .

S: Mmm-hmm.

E: . . . did you also have in mind that you ’d be able to use the
common side ? Had that occurred to you at that point ?

5: That just went right along with it , yeah.

E: Okay.

5: 1 mean , I just . . . didn ’t even think about that . That’s some-
thing that just comes, you know, you don ’t even have to think
in using it with triangles like that , because it’s just some-
thing that ’s apparent.

E: Okay, great.
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Figure 14. Drawing and writing by Subject 2 on Problem 3.

Subject 3. Subject 3 also solved this problem by constructing

the bisector of the angle at the apex and obtaining the pattern side -

angle-side. However , Subject 3’s protocol was not clear about the

sequence of ideas that preceded construction of the bisector. The

protocol includes the remark: “I’m trying to remember how we did it

in class. I was trying to remember if I put that in, how I’d either

prove that th is is , you know , going at right angles , or . . . oh, I know.

Okay. So you draw in you r auxiliary line , which is CX and . . . Shoot ,

I was wrong . It doesn ’t matte r , ‘cause I was wrong.” The subject

then gave the proof in which CX was spec ified as the angle bisector.
It seems likely that the construction preceded clear knowledge about

the relations that would be used in the proof , and that a pattern of rela-

tions was considered in deciding how to specif y the auxiliary line.
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Subject 4. Subject 4’s protocol is in Table 9 and Figure 15. The

auxiliary line was constructed at *1, where the subject remarked that

its use was not yet identified. - At *z , the subject had identified the

auxiliary line as the angle bisector; *3 , in retrospect , remarked that

the pattern of congruent triangles had been in mind when the auxiliary

line was drawn , and at *4, noted that the property of a shared side was

a goal of the construction,

Table 9

Protocol by Subject 4 on Problem 3

S: Okay, if two sides of a triangle are congruent , so
draw a triangle.

E: Okay.

S: Then the angles opposite those sides are congruent . Okay,
so , li ke , if I have . . . given: triangle ABC--I’ll letter it
ABC.

E: Right.

5: And then I have . . . prove: . . . do I already have these
two sides given? Okay. Two sides of a triangle are given.

E: Mnun -hmni.

S: Let me go back to my given and say that segment AC is con-
gruent to segment BC.

E: Okay. a

S: And I want to prove that angle A is congruent to angle B.

E: Good.

S: All ri ght. Let me write down my given. Okay. And mark
my cong ruent sides. Okay, so , I want to prove that angle A
is congruent to angle B. Now, let’s see. Do you want . . .

E: Yeah. Why are you drawing a line the re ?

*1 S: I don’t know yet .

E: Oh , that’s okay. Don’t erase it.

S: I’m going to do it , no, I just .

E: Oh, okay, fine .

4
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S: Okay . . . okay, then I could . . . if I drew a line .
E: Mmm-hmm.

*2 S: That would be the bisecto r of angle ACB, and that would
give :-te . . . those cong ruent angles . . . no. (Pause.)
Yeah , well , that would give me those congruent angles , but
I could have the reflexive property, so this would be equal
to that . Okay, I’ve got it.

E: Okay.

S: Okay.

E: Now, before you go ahead and write it all down, when you
said you were going to draw the line .

5: Yeah.

E: And I said why are you doing that , and you said you didn ’t
know yet , what do you think happened to give you the idea of
making it the bisector?

*3 S: Okay, well, I have to try to get this . . . I have to t ry  to get
triangle ACD cong ruent to BCD. Because , if I do that , then
angle A is congruent to angle B because corresponding part s
of congruent triangles are congruent.

E: So you were drawing the line to give yourself triangles, is
that the idea ?

*4 S: No , to . . . to get a side that was in both triangles.

E: Okay.

S: And to get cong ruent angles.

E: So that’s why you drew it as the bisector.

S: Yeah.
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Figure 15. Drawing and writing by Subject 4 on Problem 3.

Subject 5. Subject 5 began by drawing a diagram of the triangle

with two sides cong ruent , then said , “I want to prove these angles con-

gruent. (Pause.) I can draw a bisector. (Pause.) And this . . . oh,

that’s easy. ” When I asked later what the subject was thinking about

when the line was added , the subject said , “Well, I have to divide it

up into two triangles to prove congruence, and then I could find the

two sides. ” I said, “You thought of doing it by having the angle bisect

it. Were you already thinking about getting side -angle - side at that

point?” Subject 5 said, “Yeah , I was getting the two angles here con-

grue nt . ” The subject then went on to notice that the construction could

also have been specified as the median or the altitude drawn from the

apex of the triang le.

Subject 6. Subject 6 initially recalled the theorem in terms of

- - 
- isosceles triangles and noted that a direct proof was possible. I
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explained that I was interested in having the subject prove the theorem.

The subject drew the auxiliary line in the triangle , saying, “What I do

is I draw a line in here. (Pause.) That’s not too good a line. I’d put

one here, I’d put . . . drawn . . . probably, now, like , I can ’t over-

determine with this line. See , I couldn’t call this . . . I would proba-

bly say that this is a median. ” The subject proceeded to write out a

proof , using the pattern side-side-side to prove the congruence of

triangles.

After the proof was completed, the subject gave a rich set of

retrospective comments , which are given in Table 10. At *1 and *2,

the subject identified the plan of proving triangles congruent, and at

*3 ment ioned the pattern of triangles with a shared side. At *4 , the

subject mentioned the need to find one of the patterns that are suffi-

cient to prove that triangles are cong ruent. At *5 and *6 , there are

comments about considering component s of the figure, The subject

apparently considered the apex angle of the original triangle , which

was divided by the auxiliary line and hence was not usable. The con-

sideration of the auxiliary line as the angle bisector would have given

a differen ’ solution of the problem, but the subject apparently did not

think of this during initial solution of the problem. At *6 and *7 , the

subject reported that the choice of the line as the median was related

to a subgoal of finding congruent segments in the triangles. However ,

when I asked at *8 whether the goal was in mind when the decision was

made to specif y the line as the median, the comments at *9, *10, and

*11 indicated that the specification may have been a relatively arbi-

t rary choice, and this suggests the conjecture that the solution was

more a working-forward process in which some reasonable construc-

tion was made first and was later found to be an adequate basis for a

solution.
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Table 10 -

Retrospection by Subject 6 about Problem 3

E: Now, let me ask you a little bit . . . when you first started,
you decided to put a line down through there.

S: Yeah,

E: What were you thinking about when you .

S: Well , because I knew, when I first saw this

E: Yeah .

* 1 S: . . . the only way, because you didn ’t give me anything in
the given, that talked about these angles , the onl y way that
I was going to be able to prove them

E: Mmm-hmm.

*2 5: . . . if they could be corresponding pa rts of two triangles.
E: Okay.

*3 5: That’s the only way I could get two triangles out of it , split
right down the middle. And also doing that I get a common
side, of two triangles.

E: Okay, great . Then when did you think about using the sides
o f .  . . I’m sorry, when did you think about using the seg-
ments of that bottom side of the triangle ?

*4 5~ Well, as soon as I drew the line , the first thing . . . the
first thing I did after I put the given--I usually do this with
all my proofs- -

S (cont’d): is look for the common side. So once I put the com-
mon side down, then I looked for a way that I could use an
angle- -or a triangle congruence postulate to figure it out.

E: Mmxn-hrnm.

*5 S: And I looked and I had these two common sides , then I looked
up here and I couldn ’t say that . . . I couldn ’t use the com-
mon angle because that’s . . . because that has a split line ,
so that ang le I have to throw out unless I made this an angle
bisector. This is the only .  . . I had to find another side

E: Mmm-hnun.

*6 5: But . . . so the only two angles I’d have left to work with
are these two, and I have to prove that , so the only thing I
can do is use lines.

4 
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*7 S: So , l used that .

E: Okay.

S: I could have drawn an angle bisector and used ASA, though ,
or SAS.

E: Uh-huh.

S: Or a number of things.

E: Right.

S: The only thing I couldn’t have used here is an alt itude. Be-
cause that would have been overdetermining.

E: Okay. Now, when you made it the median .

5: Yeah .

*8 E: . . . we re you thinking at that point of being able to use the
sides of the triangle , or did that occur to you later on?

*9 5: Well , that occurred to me later on.

E: Okay.

*10 S: I just . . . I realized later on , I forgot that a median would
bisect. All I wanted was just a name for a line that was
going to give me two triangles.

E: I see.

*11 5: Then I realized later I forgot that the median would split that
bottom segment.

E: Okay, great .

Discussion. Two components are needed for the construction in

this problem: the auxiliary line and its specification. The specifica-

tion is required because the line that is added is not determined. In

Problem 4, for example , the auxiliary line connects two points in the

diagram. In Problems 1 and 2 , the added lines either extended lines

already in the diagram or were constructed with the goal of being paral-

lel to given lines.

The protocols provide a range of processes for constructing the

needed components. Subjects 2 and 5 apparently specified the construc-

tion Immediately, which is consistent with pe rfo rmance by Perdix.

This also is consistent with Gelernter ’ e (1963) system in whic h

- 
38



const ructions are selected on the basis of some construction theorems

that perm it lines to be added to diagrams. Subjects 3 , 4 , and 6 appear

to have had two phases of construction, in which a line is added to p ro-

vide triangles in the diagram, and a specification is chosen later. The

protocols for Subjects 3 and 4 suggest that the specification was related

to a general goal of having some congruent components that were later

incorporated into a solution for congruent triang les. Subject 6’s retro-

spections suggest the alternative possibility that the construction was

specified by a permissive theorem--that the median is something you

can construct--and that this then guided a search for a solution. Thus ,

use of a construction theorem can eithe r be associated with a goal (as

it may have been for Subjects 2 and 5) or chosen in a way that relates to

a pattern (Subject 6), and a construction may be drawn and left unspeci-
- fied until a specification is found that satisfies a relevant subgoal (Sub-

jects 3 and 4) .

Problem 4

This problem was given about one week following Problem 3.

Student s we re asked to prove the following theorem: “If two sides of

a quadrilateral are cong ruent and parallel , then opposit e angles of the

quadrilateral are congruent .” It is of inte rest that in the previous ses-

sion , a special case of this problem was given , with a diagram contain-

ing the diagonal and a specific pair of angles to prove congruent (not

the opposite angles of the parallelogram). Subjects 2 and 3 solved the

previous problem, using alternate interior angles as needed. Subject

5 found a solution that was incorrect; the alternate interio r angles in

the problem were found , but the subject used the angles that we re to

be proven in an angle-side-angle pattern rather than using the diagonal

as a shared side. Subject 6 was the most interesting. This subject

first suggested incorrectly that the target angles were congruent as 
a

alt ernate interior angles. When I pointed out that this was not correct ,
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the subject adopted the plan of proving triangles congruent , but did not

find the alternate interior angles that completed a side-angle-side

pattern.

In Problem 4 , Subjects 2 , 3, and 5 all solved the problem , mak-

ing an appropriate diagram and adding the diagonal as an auxiliary

line. In each case , the construction was apparently motivated by the

plan of proving triangles congruent . The specific components to be

used in the proof were apparently discovered subsequent to construct-

ing the diagonal . Subject S’ s protocol is in Table 11 and Figure 16.

Table 11

Protocol by Subject 5 on Problem 4

S: Well , you have a quadrilateral .

E: Yeah.

S: And . . . all right , I have two sides parallel and congruent,
right?

E: Mmm-hmm.

S: And so I want to prove opposite angles congruent ?

E: Mmm-hmrn.

5: So I’ve got a line .

E: Okay.

S: And I’ll put this . . . no , I want to prove this. This cong ru-
ent to this.

E: Okay.

S: All right, so I . . . (pause) . . . these parallel lines .
E: Mmm -hznm,

5: All right , so these are given. That’s the definition of a
quadrilateral. These are also , but I’m trying to prove the
theorem that says the opposite angles.

E: Right.

S: Okay, so, I have . . . I’ll mark angles.

E: Mmm -bxnm.

S: One, and two.
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E: Mmm -hrnm.

S: I’ll prove these cong ruent by

E: Okay.

S: . . . alte rnate interior angles.

E: Okay.

5: Oh, I won’t write the whole thing out . (Pause.)

E: Okay, great .

S: And then I have side-angle-side to prove that.

E: Right. That ’s great.

S: And then I have corresponding pa rts.

E: Right.

‘_

~~~i~~ ~~~~~~~~~~~~~~~~~~~~~ 
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Figure 16. Drawing and writing by Subject 5 on Problem 4.

Subject 6 did not solve the problem. This subject drew a correct dia-

g ram, but did not add the diagonal . The subject extend ed the sides to

fo rm angles exterior to the quadrilateral and noted several relations

41



between angles , including interior angles on the same side of the trans-

versal and corresponding angles. The subject noted that 11 the figure had
been specified as a parallelogram, or if both pairs of side s were given

as parallel , the problem would have been solvable .

Discussion. This problem is simpler than Problem 3 since the

needed construction involved simply connecting two points. In this prob-
lem , the data were all consistent with the Perdix model. Successful

solutions all appeared to involve pattern-based constructions at the

level of general plans , with specific components of the plans worked

out subsequently.

Problem 5

This problem was a relatively difficult theorem involving inequali-

ties: “If two sides of a triangle are not congruent , then the angle opposit e
the longer of the two sides is larger than the angle opposite the shorter

of the two sides. ” The problem is solved by a construction shown in

Figure 17. Given ~~~BC with AB > AC , prove that ~~ C B >  L~~BC.

/

F)
Figure 17. Diagram for solution of Problem 5.
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First , find point X on AB such that AX = AC. (This point exists be-

cause AB > AC .) Construct CX. Thi, forms an isoscelee triangle

in which L~ CX = L~~XC. Further , ~~ C B >  ~~ CX becanse ~~ CB con-

tains ~~ CX as a pa rt , and ~~ XC ~~~BC because ~~ XC is the exterior

angle of a triangle and Lit BC is one of the interior angles opposite

~~ XC. Therefore , we have ~i~C B >  L~~CX = ~~ X C >  ~~~BC .

Subject 2. The protocol given by Subject 2 is in Table 12 and

Figure 18 . The subject’s introductory remarks indicate that this sub-

ject remembered having proven this theorem, but did not remember

the proof in detail. At *1- , the subject added a line in the triangle and

specified that it formed an angle ~~ equal in measure to ~~~~~~. This con-

struction is invalid; in fact , any line drawn interior to this triangle from

C will form an angle greater than ~~~~~. However , unde r the subj ect~s

hypothesis , a theorem does follow, which is drawn out at *2 , *3, and

*5 in the protocol . The subject failed to notice that the inequality

proven is the oppo site from the one in the goal of the problem. The

subject and I continued for a few minutes talking about the construction,

but did not make significant progress toward a correct solution.

Table 12

Protocol by Subject 2 on Problem 5

S: Ah , let’s see if I can remember this, (Pause.)

E: What are you thinking about ?

S: Oh , I’m just try ing to remember how to go about that .
(Pause. ) Okay. Now I draw a diagram. I probably won’t
remember. See , it’ s like . . . the way our teacher does it;
you’re given those theorem., and you have to prove them in
your homework .

E: Mmm-hmm.

S: And the n once you ’ve proved them , you use them for the
rest of your time , so you don ’t remember how to prove
them.

E: Okay.
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5: However . . . okay. Let ’s see , AC is greater than . .
is that what you want ? You want to prove that . . .

E: The ang le opposite . . .
S: All right.

E: . . . the longer side . . .
S: Okay.

larger than the ang le opposite the shorter side .

S: Prove that angle B is greater than angle A. All right . .

hnun. (Pause.) Gee , I think that’s . . . that’s wierd.

E: What are you thinking ?

S: Well , it doesn ’t . . . I don ’t think that works.

E: But what were you thinking about trying . . . ?

*1 S: Oh , I was thinking about trying . . . drawing an auxiliary
line that was equal to this angle. So that this angle would
be equal to this angle.

E: Oh , okay.

S: And then . . . let’s see. And then saying that . . . let’s
say you have angle X here ?

E: Mmm -hnmi .

*2 S: Okay. X . . . the measure of angle X . . . is equal to the
measure of the angle B plus measure of angle C. Because
the exterior angle ’s equal to the . . . addition of the two
interior remote.

E: Mmin-hmm.

*3 S: Okay, then saying X is equal to A .

E: Mmrn- hmxn .

S: That’ s given , or that was one of your conditions .

E: That ’s how you drew the line , rig ht?

*4 5: And then you say the measure of angle X is greater than
measure of ang le B . . . or you could divide the measures.

E: Mmm-hmm .

S: Because the ext erio r , X equals B plus C . .
E: Mmm-hmm .

S: And C is greater than zero , the n A is g reater than B . .
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E: Mrnm-hmm . Good.

*5 5: And then since X equals A , you could just substitute in , and
say tha t A is greater  than B, but I don ’t think that ’s how we
proved it the last time.

E: Okay.

S: Seems to work there.

C—

/~\ ~~~ A L
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~ A~~~L~d

Fi gure 18. Drawing and writing by Subject 2 on Problem 5.

Subject 3. Subject 3’s protocol is in Table 13. At *1, *2 , and

*3 , the subject mentioned the t riang le inequality. At *4 , the idea of

an exterior ang le was mentioned. (The subject ’s diagram was drawn

so that the angles to be proven unequal we re ~ and L..~.) At *5 , the

subject indicated that the theorem is intuLt ive l y reasonable- -the remark

seems to suggest a sense of the constraint dependency in this situat ion .
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Finally, at *6, the subject searched for a relevant construction and did

not find one.

Table 13

Protocol by Subject 3 on Problem 5

5: Okay. ( Pause.)

E: What are you looking for?  -

5: I’m not sure yet. Angle and line relationships, I suppose.
(Pause.)

E: Do you have any ideas?

S: Not yet. (Pause.)

E: Have you thought of anything you decided wouldn’t work?

*1 S: I can ’t find any relationships. I tried . . . the one about
where you add the two sides and it’s got to be . . . greater
than .

E: Mmm-hmxn .

*2 S: . . . the third sides. And subtracting, it’s got to be less
than. You know what I’m talking about, don’t you ?

E: Mmm-hmm.

*3 5: Okay. And . . . that, obviously, has nothing to do with the
angles.

E: Okay.

S: So that doesn ’t make any difference.

E: Is there anything else you tried ?

*4 S: Well . . . let’s see. The exterior angle of C equals angle A
plus angle B.

E: Okay.

*5 5: That’s the only thing I’ve thought of. ( Pause.) It has to be ,
but I can ’t explain why geometrically. Just because it has
to . . . the two sides have to encompass the longer , you know ,
the greater distance.

E:

S: Like that , instead o f .  . . that.

E: I see , mmm -hnun .
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S: But . . . I can ’t say that , you know , that’s certainly not
mathematical. That’ s not a formal proof of that .

E: Yeah , it has a problem with it . too , because the other angle
that’s involved can be . . . can affect the thing. If it was
like an arc of a circle or something, then it would be a little
stronger. (Pause.) Can you think of anything that you ’d add
to the diagram that might be of some help ?

*6 S: Let’s see. (Pause.) I could . . , what kind of aux iliary
lines could I draw ? I could draw a median. (Pause.) I
could draw an altitude. (Pause. ) Neither one of them
seems to be terribly helpful . I could draw a line segment
between the two midpoints. ( Pause.)

E: Okay.

Subject 4. Subject 4’ s attempt to prove the theorem included

drawing a triangle labeled in the same way as Figure 12 , specifying

that BC > AC. The subject drew a line from C to the base of the tri-

angle and specified the construction as the bisector of ~~ CB. (Recall

that Subject’s 4’s solution to the problem of proving that base angles

of an isosceles triangle are congruent used the bisector of the apex

angle. ) Subject 4 also partially recalled a theorem about two trian-

gles; if two sides of one triangle are congruent to two sides of another

and the third sides are unequal , the triangle with the longer third side

has the larger angle between the congruent sides. The subject actually

znisremembe red the conslusion of the theorem as involving congruence

and did not pursue that line.

Subject 5. Subject 5’s protocol is in Table 14. At *1 the sub-

ject considered the fact that angles of a triangle sum to 180°, at *2

the triangle inequal ity was considered, and at *3 the subject considered -

and rejected the idea of drawing a median. Subject 6 also considered

the triangle inequality, after remarking about “looking at it now to see

if there ’s any lines I have to draw, any extra lines ( pause) but I don’t

see any ones that I could draw that would really help me, ”
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Table 14

Protocol by Subject 5 on Problem 5

E: What sort of thing are you looking for now ? (Pause.)

S: Well , one thing I thought of , but it’s not going to help me , is
supplementary.

E: Ah. -

*1 5: Well . . . not supplementary, but . . . I know that these
three equal a hundred and eighty. And . . . one eighty
minus these two equals

S (cont. ): this , and one eighty minus . . . one eighty minus A
and C equals B, and one eighty minus B and C equals A ,
right? But I don ’t see how that’U help me.

E: Okay. (Pause. )

*2 S: I know that . . . I know a theorem says that . . . AB plus
AC is greater than CD.

E: Oh. right.

S: But I don’t know how that would help me either.

E: Okay. (Pause.)

*3 S: An idea that I just thought of was to draw a median . I have
to figure out where to draw a median. And then , by doing
that , dividing up the triangle into congruent triangles.
Well .

E: Can’t think of anything to do?

S: No.

E: Okay.

Discussion. The attempts at solution by Subject s 3, 5, and 6 c~ n

be interpreted as failures to find a plausible plan . They retrieved

propositions involving inequalities , but found no way to apply them to

the situation. They also considered constructions that they knew could

be made , but saw no way to develop a solution with them. These

attempts are consistent , then, with the idea in Perdix that construc-

tions are usually motivated by a solution plan for which prerequisites

are missing.

j
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Subject 2 apparently remembered the plan of proving an inequality

using an exterior ang le and also remembered a prerequisite for this

situation involving the angle being part of an isosceles triangle. The

construction made by Subject 2 had problem s, but it did satisf y some

relevant constraints. A reasonable interpretation is that Subject 2

remembered the plan of using an isosceles triangle consist ent with

Pe rdix’s general process , but did not have adequate procedures for

executing the plan.

Construction of the angle bisecto r by Subject 4 represents an

interesting use of analogy, a process that Perdix cannot pe rfo rm.

This subject tried to proceed with this problem in the same general

way that succeeds in proving congruence of angles when the sides are

equal.

Problem 6

Problem 6 was , “Three sides of a quadrilateral have lengths of

nine , four , and three. Between what value s does the length of the

fourth side lie?”

One protocol indicated that bounds on the length of a side of a

quadrilateral had been considered in class in relation to the triangle

inequality. This led two subjects to treat the problem in a way involv-

ing constructions. Two other subjects approached the problem with a
direct spatial strategy, and one subject failed to make any substantial

progress on the problem.

Subject 2. Subject 2’s protocol on this problem is in Table 15
and Figure 19. At *1, the subject put a lower bound of zero on the

fourth side. At *2 , the subject made a construction by drawing the

vertical line in the diagram. Bounds on the length of the constructed

line were derived from the triangle Inequality. At *3, the subject

considered the triangle with sides of 9 and X. There was some

- 
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preliminary computation using the lower bound on X to obtain the lower

bound on the fourth side and the upper bound on X to determine the

upper bound on the fourth side . A qualification was considered; it is

not clear what the subject meant by “this thing can hinge , ” but the

conclusion is that the lower bound might be zero rather than eight.

At *4, the subject realizes that another const ruction could be used

and drew the horizontal line in Figure 19. This confirmed the sub-

ject’ s conclusion that the upper bound is 19.

Table 15

Protocol by Subject 2 on Problem 6

E: Three sides of a quadrilateral have lengths nine, four , and
three. Between what values does the length of the fourth
side lie ?

S: Nine , four , and three ?

E: Mmm-hinm.

*1 S: Well , it’s greater than zero , I know that .

E: Okay.

*2 S: Let’s see . . . nine, four, and three ? All right. X here ,
all right. Oops. Four and three , okay, now I know that’s

( pause) . . . one is . . . it’s greate r than one and less
than seven.

E: Mmm-hmm.

*3 5: And so if it’s greater than one . . . then it has to be , if it’s
one, and this one has to be . . . eight. It has to be greater
than eight , and it has to be less than sixteen. Now , but it
can’t be any number , I think, because this thing . . . can
hinge. So, I think she had us replace it with zero. And it’s
less than sixteen.

E: Okay.

S: What I’m curious about right now . . . I always get off on
these tangent s when I do problems with you.

- 
E: That’s okay.

*4 5: Whethe r it works the same with this . Because if it works
the same with this, it would be five is less than X is less
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than thirteen , so we have this five is less than , . . X is
less than thirteen. And this one already . . . yeah, it
works , sixteen.

E: Okay.

~~~‘ / 3

~
t 

\

Figure 19. Drawing and writing by Subject 2 on Problem 6.

Subject 3. Subject 3’s protocol on Problem 6 is in Table 16 and

Figure 20. The const ruction was made at *1, bounds were put on the

length of the auxiliary line at *2 , and bounds on the fourth side were
inferred at *3 (with a slight arithmetic error).  The subject was rela-

tively uncertain about the use of the bounds on the auxiliary line in the
explanations given at *4 and *5,

-4

Table 16

Protocol by Subject 3 on Problem 6

I
*1 S: Okay. I’ll cut it into triangles.
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E: Okay. (Pause.)

*2 5: That has to be . . . this one has to be . . , five less , and
that’s less than thirteen

E: Mmm-hmm.

*3 5: This one has to be . . . (pause) . . . oh , that ’s strange. I
guess it should be two . . . less than X . . . less than
eighteen. (Pause.)

E: Mmrn -hxnxn .

5: Is that .

E: Can you explain why? -

*4 S: I’m not sure about this one. It seems reasonable that it
would be five from three , if this is for the same reason as
the othe r one.

E: Mmm-hmm.

*5 S: And then, the smallest you can get out of all that is three
from five. Is two, less than X, less than eighteen, which
is , oops , fifteen, sixteen, I’m sorry.

E: I see. Okay.

*6 S: I’m not sure , I’ really not sure I did that right , but , well , I
don’t see why not , because that can be nine, and that can be
four , and then, if that ’s three , there’s no reason why that
can’t .  . . you know, why it couldn’t turn in like that , and
like that . Well . . . it doesn ’t work out that well. But do
you see what I mean?

E: Yeah , I think so. I’ll say it so I’ll be able to remember what
the diagram was. You have a st raight line for nine , and then
a four , and then a three, and then, what is that sort of
diagonal piece there ?

S: I suppose . . .
E: In the middle of the kite ? 4

*7 5: That’s accidental. I suppose there ’s no reason why i,t
couldn’t be . . . oh , well, I never thought of it that way.
It could be . . . concave . Quadrilateral. I never thought
of it that way. I don ’t know what would happen to you then.

I

a
4 52 

—- .  -.. -‘a.— , -

‘

—
‘5 ~~~~~~~~~~~~~~~~~~~~ ~~~



.z’~x

¶1
~~~~7

Figure 20. Drawings by Subject 3 on Problem 6.

Subject 3 engaged in some interesting spatial processing, men-

tinned at *6. The subject realized that the convexity of the diagram ‘-

was not specified in the problem and explored the possibility of a con-

cave quadrilateral. The subject apparently lacked a way of investi-

gating that possibility and was left uncertain abo ut the problem.

Discussion. Protocols from Problem 6 supported the general

idea about const ructions implemented in Perdix . These protocols are

pa rticularly convincing examples of the role of a pattern in gene rating

constructions. The plan of finding bounds by using the triangle inequality

requi res that the unknown aide be the side of a triangle, and the con-

str uction provides the t riangle. Both subjects were quite uncertain
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of how to execute the plan once they had the prerequisites, and Sub-

ject 3 explored the plan ’s adequacy in an interesting way. Thi s is

consistent with the top-down character of the planning mechanism.

It also should be noted that two subjects solved Problem 6 with-

out using constructions. These solutions were based on semantic

processing. Subject 5 mentally moved the sides of the quadrilateral

that were g iven to find the maximum of the fourth side as the sum of

the three given sides , and the minimum as the diffe rence between the

longest side and the other two sides combined. Subject 6 assigned a

minimum of zero and found the maximum by the spatial manipulation

of extending the three given sides in a straight line.

Problem 7

Problem 7 was , “Suppose you have a box that is 12 inches long ,

8 inches wide , and 6 inches deep. How long is the longest stick you

could fit into the box?”

This problem had not been worked by the class. The Pythagorean

theorem was the current topic. Three subjects , Subjects 2 , 3, and 5,

found solutions quite directly. Each of them drew a clear diagram.

Subject 3. Subject 3’s diag ram is in Figure 21 . The protocols

are not very info rmative about the processes used by these subjects.

A reasonable conjecture is that the longest dimension was found by

some process of spatial reasoning, and its length became the goal of

the pro blem. The right-triangle pattern was a salient plan for finding

the length of a line. This requires that the target line is a side of a

right triangle. To complete a triangle , connect an end of the target

line with the end of anothe r line that intersects with the target line .

Subject 3’s retrospection was consistent with thi s hypothesis.

When I asked , “Now, tell me how you decided to get that bottom line

there ,” Subject 3 said , “AC ? There wasn’t any way I could just sort

54

~~~~~ ~~~~~~~~~~~~~~~~~~~



of find it , just by going like that , without . . . with just the information

given, because I only had . . . I didn ’t have . . . well , I had , I guess ,

one side to go on. I had its height. . . . But you ’ve got to have both to

use the Pythagorean theorem. . . . So, that means I had to have the

othe r side. ”

I I
il~ ~~

A

/00 +1’/ ’1 4-B 2
~

Figure 21. Drawing and writing by Subject 3 on Problem 7.

Subject 2. Subject 2’s retrospection also fit with this hypothesis:

“First thing was where would the biggest peice be. . . . Where would

you stick in the stick? Diagonal from top to bottom. . . . And then I

decided how . . . you had to find two sides that would have the hypote-
nuse being the whatever. . . . And I just took the bottom one, and so

• . . using six and eight, I found the bottom one, and I found my two
“leg..
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Subject 5. Similary, Subject 5 said , “I decided that I needed to

find this f irst , which would be the length that I was after. . . , Then

I looked for a way to find that out , and then I. saw the triangle. . . . I

saw the triangle here because I had to get a flat triangle , because

I just looked for ways . , . well, when I found th is, I decided that I

had to prove this , and to find out what that was I had to use this tri-

ang le rig ht here. ”

Subject 4. Subject 4 was unable to solve the problem. This sub-

ject did not generate the goal of finding a diagonal through the box.

The subject suggested the dimensions of the box (6 , 8, and 12) as the

length of the longest stick that would fit in the box. With further ques-

tioning, the subject asked , “Does this have something to do with the

Pythagorean theorem, or something?” I encouraged this and asked

the subject whether a stick longer than 12 inches could be fit into the

box. The subject drew a rectangle with side s 12 and 8, constructed

the diagonal, and mentioned the method of finding the length of the

diagonal. The problem was eventually solved with considerable lead-

ing by me. A week later, the subject mentioned that the problem had

been done in class on the day following the day of our previous inter-

view. The subject did not remember the solut ion of the problem.

This time, a three-dimensional diagram was drawn, but the diagonal

through the interior was not gene rated.

Subject 6. Subject 6 did not solve Problem 7 but provided a very

interesting protocol , which is in Table 17 and Figure 22. The subject

began by drawing the diagram in the upper left corner of Figure 22 .

At *1, the subject apparently identified the goal of the problem cor-

rectly. However , Subject 6 did not work backward in the problem.

At *2 , the subject considered one of the rectangula r side s and drew

the rectangle in the upper right section of Figure 22. At *3, the sub-

j ect apparently was considering the Pythagorean theorem as a way of

generating the length of the diagonal. At *4, the second diagram on
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the left was drawn, and at *5, its diagonal was inferred to be 10. At

*6, the subject was apparently aware that the components of the prob-

lem had not been satisfactorily integrated. Perhaps this led to con-

side ring other components, and at *7, the subject computed the length

of the diagonal of the 12 x 6 rectangle. At *8, there was an attempt

to combine the results. The subject suggested that the diagonals of

the two rectang les might be added to find the needed answer; see the

l ine of writing at the bottom of Figure 22. At *9, the subject expressed

uncerta inty about the solution. There was not time to bring the situa-

tion into closure before we had to stop the interview.

Table 17

Protocol by Subject 6 on Problem 7

*1 S: Now. Obviously the longest stick is going to be a diagonal
from that corne r to that corner.

E: Okay.

S: Or from that corne r to that corner.

E: Okay.

*2 S: All right, so .  . . there are certain thingá that we can say
about this . . . all right, so let me take one of the sides.
It’s obviously going to be . . . first of all

E: What did you have in mind .

S: Twelve by six.
when you said .

*3 S: Well, I know one thing about . . . Pythagorean triple., I
think . . . yeah, that’s what you call it. That when you go
like that .

E: Yeah.

*4 S: All right, and I know . . . that’, eight.

E: When you say like that , you mean the diagonal ?

S: Right. You draw the diagonal, which would be the stick . .

E: Mmm-hmm. . -1 ’
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*5 5: Eight , six, so the diagonal is going to be ten.

E: Ah. Okay.

S: Because of Pythagorean triples.

E: Mmm-hmm .

5: 1 could figure . . . you could figure it out, you know, it
works out . But now, I’ve got to take in the three-D idea

E: Right.

*6 S: And . . . Pvc got to do on this . . . eight . . . eight by
six , and draw the diagonal , and that is going to . . . rnxnm-
mznin. All right , I figure out the distance. The first diago-
nal, I figured out the distance . . . from . . . okay. Re-
g roup here. I’ve got . . . let’s make sure I’ve got my things
right here. That is twelve.

E: Okay.

S: Now . . . all right, so . . . let’s see . . . so I’ve got
twelve and six on the two sides .

E: Yeah.

*7 S: So . . . Pythagorean theorem is twelve squared is a hundr’ed
and fo rty-four . . . plus thirty-six is equal to . . . what-
ever . . . whatever this C squared.

E: Right.

S: So.  . . I could say a hundred and forty-four and thirty-six
is going to be . . . let’s see, that would be zero , five , and
three . . . is going to be eight hundred. I~ that right?
Yeah, okay, a hundred and eighty . . . is equal to C squared.
So C is equal to the square root of a hundred and eighty, and
that looks like . . . I’m not sure if that ’s a perfect square
or not. (Pause.) Well , do you want me to simplif y that
now, or just leave it like that ?

E: Whichever way you want to go ahead.

5: All right. Well, all right , I’ll see what happens then. I
have one with six and eigh t .  . . and if I draw that one , this
is also going to be eight, and this is going to be six , so
thirty-six plus sixty-four is equal to C squared. So, it’s
going to be equal to ten here. Because that’s a hundred,
C squared is equal to a hundred.

E: Mmm-hxnrn.
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*8 S: Okay. So, I would say that the way to find the three-D
would be to add that one . . . add that one , add the length of

this , plus the length of . . . plus the eighty. And the
square root of one eighty simplified . . . let’s see

E: No , that ’s okay. That ’s close enough. Okay.

*9 S: You know, I may be , I probably . . . I don ’t know , I think
that ’s the way you do it , but I’m not sure.

Discussion. The pattern of a right triangle was a salient part

of all subjects ’ approaches to this problem, including those subjects

who were unable to solve the problem. In those cases , the goal of

calculating the length of a segment led to attempts to use the Pytha-

gorean theorem and construction of diagonals of rectangles. Success-

ful solutions of the problem were consistent in one respect with Perdix .

Subjects who succeeded in solving the problem apparently set the goal

of finding the length of an internal diagonal of the box , then considered

the plan of using the Pythagorean theorem. A construction was needed

because the prerequisite for this plan was not satisfied. The process

of finding a construction to provide the missing prerequisite apparently

involved some interesting semantic processing. By appropriate spatial

processing, the subject s could identif y two sides of a right triangle

and construct the missing leg, which led to solution. Apparently Sub-

ject 6’ s diagram or spatial processing was inadequate to specify the

needed construction, although Subject 6 often proceeded by working

forward so this subject ’s approach might have been related to strategy

rather than to quality of representation. In working forward , Subject 6

constructed diagonals in rectangles and calculated their lengths, but

did not find a way to connect diagonals of the faces with the interior

diagonal.
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Problem 8

I gave the problem of proving that an angle inscribed in a circle

has measure equal to one -half the measure of the arc intercepted by

the angle. This theorem had not been covered in the course when I

gave it initially.

A simpler problem, shown in Figure 23 , was given to most of

the subjects. Two subjects who did not prove the theorem initially

were given this problem and then tried the theorem a second time.

With one subject , I gave the problem of Figure 23 initially and then

presented the theorem.

S

0 

\

Cf$ St.,~ ~ ~~~~ ~~ c)0

Figure 23. Auxiliary problem given in relation to Problem 8.
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One week later , I presented the theorem a second time. The

student s had studied this theorem in class during the interim.

Subject 2. On Problem 8, Subject 2 found a proof directly for

the case where sides of the angle are on opposite sides of the diameter

of the circle. The protocol for Subject 2 is in Table 18 and Figure 24.

At *1 and *2 , the subject conjectured correctly about the concept of an

inscribed angle. At *3 , 1 clarified what was meant by the intercepted

arc. At this point , the subject had drawn the circle at the top of

Figure 24 with lines AC and BC. At *4 , the subject marked the cen-

tral angle for arc and indicated a goal of relating it to the inscribed

angle. At *5 and *6, the subject identified AO and BO as radii, and at

*6 , the subject const ructed the diameter of the circle and identified CO

as a radius. At *8 , the subject apparently had noticed the critical

relation involving the exterior angles of isoscel.es triangles. There

we re apparently too many components to keep track of them all in work-

ing memory, so the subject labeled angles at *9 and *10 and gave their

relationship and the reason for it at *11 and *12. After a brief dive r-

sion at *13 involving possible bisection of the central angle , the subject

made the appropriate inference about angles y and k in the diagram at

*14, and at *J5 combined the two inferences to complete the proof.

Terminology was somewhat confused at *15, but got straightened out

at *16 with some additional labels in the diagram.

Table 18

Protocol by Subject 2 on Problem 8

E: I’m going to tell you a theorem that you haven’t gotten to yet ,
and I just want to see whether you have any idea about how
you might t ry to prove it. Do you know what it means to
have an angle inscribed in a circle ?

5: Inscribed in a circle ?
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E: I don ’t think you can .

S: I could guess. No , I don ’t.

E: Just tell me what your guess is.

*1 S: It’s an angle that . . . has the vertex being one point on the
edge of the circle.

E: Mmm-hmm.

*2 S: And . . . its . . . well, an angle really doesn ’t have any
endpoint . . . its endpoints are . . . the two legs are cho rds
in the circle.

E: Yeah. That’s right. That ’s exactly right.

5: Okay.

E: Now, here ’s the theorem, The arc intercepted by an
inscribed angle has twice the measure of the inscribed
angle. (Pause.)

5: What’s intercept?

E: That means the arc between the two . . . between the two
points where the sides of the angle intersect the circle.

5: All right. The arc intercepted by the angle.

E: Yeah.

5: This right here.

E : No , it’s .

S: This one right here ?

*3 E: Yeah. The one between the sides.

S: Is twice .

E: Mmm -hmm.

S: . . . the measure of this?

E: Yeah.

S: Oh, I see. Okay.

E: Now, do you have any idea how you might prove that ?

*4 S: Well, the way I look for the proof is I’d say . . . I’d first
see if I can find out if I can relate . . . this angle to this
ang le.

E: Mznrn-hmm.

5: And prove that this angle is twice the measure of this angle.

4 .~ 
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r
E: Okay, now the angle you’re going to relate to it is the cen- - ‘

tral angle for that arc .

5: In fact , I think I can tell you.

E: Sure.

L *5 S: This is a radii, right?

E: Those are radii.

*6 S: And this is a radii.

E: That ’s right.

S: Radius. These three are radii.

E: Good.

*7 5: Okay. This is equivalent to this. Therefore , it’s an isosce-
les triangle. This is congruent to this.

E: Okay.

*8 5: Rig ht? (Pause.) Now wait. What I was thinking of . .
you know, I was thinking of taking . . . this would be .

this would be equal to twice .

E: Okay, now . . . so that I can untangle this at the end . . .
5: Yeah.

E: What do you mean by “this” now ? Why don’t you put a little
number or something ?

*9 5: Okay. We ’ll call this angle X.

E: Okay. Angle X .

* 10 S: We ’ll call this J , all right?  - - - s
E: Okay.

*11 S: X is equal to two J.

E: Okay, now why is that ?

*12 5: Because it’s a . . . because an exterior angle is equal to
the sum of the remote angles. And since these two are
angled by an isosceles.

E: That’s right. Okay.

5: Okay. Angle Y . . .
E: Okay. (Pause.) :.~~-

*13 5: Is equal . . . these two would also be equal. You know, :4
this . . . (pause) . • . what I’m not sure of is whether thi s
radius would bisect the angle.
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E: It might , but it wouldn ’t have to.

S: it wouldn’t have to.

E: It would depend on the degree of that angle.

S: That ’s right , that’s right. Okay . (Pause.) Two 3 . . . Y
would equal . . . let’s call this K, okay ?

E: Okay.

* 14 S: Y would equal two K, is equal to two K.

E: Mmm-hmm.

*15 S: Okay. (Pause.) Therefore, X plus Y would equal two K
plus Y. Since X plus Y . . . let’s give these letters , okay ?
We’ll call the center 0, call this A , B, and C.

E: Mmm-hmm. Okay.

*16 S: All right. AOB . . . angle AOB . . . is equal to X plus Y,
so you just substitute in here , and angle ACB is equal to K
plus J. K plus 3, ~~~ sorry.

E: Mmm-hmxn .

S: So, angle . . . the measure of angle ACB . . . therefore
therefore angle AOB is equal to twice

E: Mmm-hxnm.

S: . . . the measure of angle . . . ACB.

E: Mmxn -hnam.

S: And therefore the arc is twice as big.

E: Okay.

S: Okay.

*17 E: That works any time you’ve got both sides of the angle on
when the two sides of the angle are on opposite sides

of the diameter.

S: That’s right.

*18 E: In fact , it would work fine if one of the side s was the diame-
ter.

S: Yeah. W hat would happen .

*19 E: What would happen . . . you know the other question.

S: All right. (Pau se.) Alt right, we have 0 here.

E: Right.

S: Now, okay. You’re say ing this t~ equal to twice ?
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E: That ’s also twice its .

S: Okay. (Pause.) How to go about setting up . . . the theo-
rem. (Pause.) If I draw that across . . . I’ll tackle it the
same way.

E: Okay.

*20 S: See if I can get any results with that. All right. They both
have . . . let’s see. Both these angles have the same chord

two endpoints of the arc. I’m trying to prove that AOB
is twice . . . angle AOB is twice the length . . . or , twice
as great as angle ACB. -

E: Mmm -hnun.

S: All right , now. ( Pause.) What I’m looking for now is I’m
trying to see if I can draw any auxiliaries here that will
relate .

E: Mmm-hmm.

S: . . . to triangles .

E: Mrnm-hmm.

S: To get . . . ( pause) . . . gosh. (Pause.) Maybe I should
erase this.

E: Maybe it would be easier to just sta rt over.

S: Yeah. (Pause.) -Worse than the first. (Pause.) All right,
i’ I draw from 0 to B .

E: Mnun-hmm.

S: And 0 to C . . . I’ll have a side for each of these triangles.

E: Okay.

S: All r ight? (Pause.) I still don’t get anywhere. (Pause.)
Gee , I don ’t know.

At *17, *18, and *19, I asked the subject to consider the case

where both sides of the angle are on the same side of the diameter of

the circle. The subject drew the second diagram in Figure 24. At

*20 , the subject considered the central angle , L~~CB , try ing to relate

it to the inscribed angle. Furthe r work led to constructing the third

diagram in Figure 24 , with labels as shown. I helped the subject

solve the problem with the following hint: “How is angle ACD related
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Figure 24. DrawIng and wnting by Subject 2 on Problem 8.
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to angle X and angle BCD?” This led to the solution fairly directly,

although with considerable thought along the way.

In the second presentation a week later , the subject remembered

that there were three cases and drew the diagram on the left of Figure

25 to identif y them. A proof was found directly for the angle formed

by XO and the diameter and for ~QXP . Then I asked about the remain-

ing case. The protocol from that point is in Table 19. The subject

began by drawing the second diagram in Figure 25. At *1 and *2 , the

subject identified the two relevant angles at X , ~~ CD and ~~ CB, and

also identified the two relevant central angles. At *3 , the subject

indicated some confusion and uncertainty concerning the triangle

formed by AC , part of AD, and the radius from A. At *4 and *5, the

subject focused on arc and ~~ CD and saw the relationship between

BD and AD. The remainder of the protocol suggests that the subt rac-

tive relationship was not seen in a direct way, but had to be derived

using the formalism of arithmetic in conjunction with the diagram.

Table 19

Protocol by Subject 2 on Second Presentation of Problem 8

S: Okay. Well, this is the tough one. Uhin . . . you draw .
okay, you draw an auxiliary here.

E: So you put a diameter in , mmm-hmm.

*1 S: And . . . you draw an auxiliary . . . no. I’m just trying to
think, okay. (Pause.) This angle’s equal to this. And this
angle is equal to this. This whole angle .

E: Yeah ?

*2 S: . . . Is equal to . . . this whole angle is equal to this. I
think I’m doing this wrong.

E: The whole angle . . . I need to slow up with you. Those
two central angles . . .

S: Yeah. Is equal to this plus this. (Pause.)

E: Okay.
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5: Oh, since these are congruent . . . oh. (Pause.) There ’s
something wrong . (Pause.) For me the second time is no
better than the first.

E: That’s an interesting problem. What makes you think you’ve
gotten off the track?

*3 S: Because I’m working with this little triangle right here ,
and I’m really not sure I wanted to.

E: That little triangle ?

S: Right here. This little triangle that’s sitting here.

E: Okay.

S: And it’s an area that I’m not sure I want to fool around with.

E: I see. (Pause.)

5: This right here . . . is equal to this arc. This angle right
there

E: That’s right.

S: . . . is equal to this arc. And these two are congruent .
so why shouldn’t . . . if you . . . (pause) . . . these two
are cong ruent.

E: Yeah.

S: Since this .

E: No what’s cong ruent here?

*4 S: Oh, no , these aren ’t cong ruent. These aren ’t congruent. I
see. Now . . . (pause). I’ve already proved that this arc

A to B- . . . is equal to angle C plus angle AO, okay?

E: Okay.

*5 S: All right. Or angle CAO. So, okay . . . therefore AB is ,
yeah, j~t 5 twice the amount of angle C. Now, I want to sub-
tract BD, and angle DC to B.

E : Right.

S: And end up with AD being twice as much as this. I attack it
from the . . . yeah , wait a minute. Okay. (Pause .) Oh,
okay, okay. Okay, angle ACB is . . . the measure of angle
ACB is equal to two t imes the measure of arc AB, right?
Now, 1f f .  . . (pause) . . . if i subtract . . . (pause) .
measure of angle ACB . . . equals the measure of angle
DBC . . . which will equal . . . thi s one . . . A B .

(pause). Is that right ? (Pause.) -

E: So you have two there, and then . .
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S: Mmm-hrnm. No, because I just took this. Oh , that’ s not
right , is it? Oh , ang le

E: Angle ACB , I think.

S: ACB . . . angle DCB is equal to two . . . o k a y ,  there you
go. So, then you just use the addition or subtraction
property of angles, and you take the two out using the
distributive property, and then you ’ve got it .

~~ I A CJ 3  ~

~~~ 
- 4 ~ 2 m ~2~r

Figure 25. Drawing and writing by Subject 2 on the second presentation of Problem 8.

Subject 3. The protocol with Subject 3 began with an explana-

tion of an inscribed angle and its intercepted arc. After thinking for

awhile , the subject said , “The first thing I thought of was a triangle ,

like that , ” and drew an angle on opposite sides of the diameter of a
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circle , connecting the ends of the angle by a chord. Then the subject

went on , “But tha t doesn ’t really give me the measure of the arc.

That’s . . . I mean , completely different. So then , I started to think

about central angles, and I haven’t gotten anywhere with that yet . And

I don’t think it’s really going to work , so .  . . you know, what if your

angle was like that , and the re ’s no way eithe r one of those is going to

be a diameter, and so, neither one of those is going to have the cen-

tral angle. ” The subject had drawn another angle with one of the lines ,

having both sides on the same side of the diameter of the circle.

I decided that the subject was unlikely to consider special cases

without a suggestion, so I suggested the case where one side is a diame-

ter. The subject proceeded directly to the proof for that case , includ-

ing const ruction of the central angle , mention of the isosceles triangle

fo rmed by the two radii , and the exterior angle of the triangle.

Next , I suggested the case in which sides of the angle are on oppo-

site sides of the diameter. Afte r drawing an appropriate diagram, the

subject said , “Oh, oh, hey. I know what I can do. I can use chords.

Maybe. I mean, chords is just a whole new idea tha4 ust occurred to

me. I hadn ’t thought about using chords, What do I know about chords ?

Not a whole lot. Anothe r thing is that the angles , they don’t have to

those chords don’t have to be cong ruent . And most of the stuff

we know about chords is about congruent chords. . . . Triangles don’t

do much good, that’s for sure. ” The subject was apparently thinking

about fo rming a triangle inscribed in the circle and may have been

considering possibilities such as isoscele s or equilateral triangles.

Then the subject said , “Draw a diameter throug h there , and then do

the same thing again , I suppose. ” This was the solution; howeve r ,

the subject required a few steps of quantitative reasoning that were

quit e intere st ing. “I was just wondering if my idea was right. But,

in this case it looks like these two angles are congruent. The two

angles . . . They wouldn’t have to be. But it probably doesn ’t matter ,
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because if they ’re not , you can say, you know, like , double one-third.

And double two-thirds, and it’ll still add up to be the same. . . . You

have double whatever that fraction is of those two , and that equals that.

And double whatever fraction that is , and that equal s the other one.

And then add the two fractions together and you have the whole , and

then you add the two pieces together there and you have twice that. I

mean, it’s the same deal .”

In considering the third case , the subject apparently was not mak-

ing progress. I provided the following hint: “The second one we did was

based on the first one . By seeing that you could get the angle tha t you

wanted by adding two angles, each of which involved a diameter. You

got the angle on this side that involves the diameter , and you got the

angle on this side that involves the diameter. So the inscribed angle

turns out to be the sum of two angles that have the diameter. Does

that give you any ideas ?“ The subject asked to have it repeated , in

which I said , “Each one of them involved an angle , you add together

two inscribed angles that are on oppo s ite sides of the diameter. ” Then

the subject said, “Do you mean that l could find this one and subtract? ”,
and worked out the proof.

Subject 3 solved the problem in Figure 23 directly and easily.
Unfortunately, I did not obtain an interview from Subject 3 the follow-

ing week.

Subject 5. When the theorem was presented to Subject 5 initially,

little progress was made. I explained what an inscribed angle is. The
subject drew two diagrams containing inscribed angles and , in both of
them, completed triangles by drawing chords opposite the vertices of
the inscribed angles. The subject expressed some confusion about

the theorem: “If you have a circle , and then you have an inscribed
t riangle. Now this arc is the same as this angle. You ’re saying j~~5
twice. That’s why I’m confused. ” I do not understand the nature of

the confusion. One possible explanation is that the clas s had studied
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central angles , and the subject may have been confusing the inscribed

angle with the central ang le.

On the problem in Figure 23 , Subject 5 initially solved for the

wrong angle , saying, “Okay. BOA . . . okay, 13G. This equals sixty, ”

writing 60 in the central angle L~OC, then , “ BOA , that’s easy. That

equals . . . a hundred and eighty,” and wrote 120 0 in ~~ OA. When I

pointed out that the problem asked for ~~ AO the subject said , “BAO ,

I’m sorry. Okay. If I had the tangents, I could use . . . kind of . be-

cause . . . I know this is a hundred and twenty. A hundred and twenty

degrees. ” Here the subject marked 120 on the chord ~i. “I’d better

get that straight in my head. Oh , well , that’ll make it easier. Because

a hundred and twenty minus . . . This is isosceles . . . Okay, so it’d

be . . . a hundred and twenty, this is one eighty, sixty. And, let me

think . . . I have sixty degrees to go. So these are thirty. ” It is not

clear where the insight about the isosceles triangle came from , although

it seems likely that it had to do with the subject’ s consideration of tangents.

A plausible sequence is that the subject may have considered the central

angle , thought of tangents to the circle , noticed the radii perpendicula r

to the tangents , and remembered that they we re congruent.

We returned to the theorem. The subject draw a diagram as I

stated the theorem , then said . “So this is two J and that’s 3. ” and

marked the arc and inscribed angle. The subject again completed the

inscribed triang le. The subject said , “What I was thinking of doing is

radii . . . and . . . to bisect. But see , the thing is . . . the

thing about doing tha t . . . is I could bisect the arc , like that. Or I

can draw out to the sides. ” The subject drew radii to the three point s

on the circle and noted that they were all cong ruent , fo rming isoscelee

triangles. I discouraged the specification of the bisector of the angle.

The subject then drew a diagram with inscribed angle in one semicircle,

and I discouraged that .
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The subject seemed not to be making progress , and I suggested

trying the case in which a side of the angle is a diameter. Once again ,

the subject drew an inscribed triangle and marked the inscribed ang le

J and the arc and central angle as ZJ. The subject also noted the ang le

fo rmed by the sides of the inscribed and central angles was 3. All the

p ieces seemed to be avai lable , especially when the subject said , “Well ,

I can prove that . . . I was thinking of remote angles. ” Howeve r , the

structure seemed not to form. Among the following remarks were ,

“That won ’t prove it. That’ll just find out the measure , ” and “Maybe

what I should do is I should try to get them in the same triangle. ” I

eventually pointed out the relationship, which the subject accepted but

still seemed to lack a clea r grasp of the situation.

The next week when I brought up the theorem again , the subject

had seen it in class and recalled the theorem but did not remember

seeing the proof. The subject drew an inscribed angle with sides in

the two remicircies of a circle , drew the central angle for it , drew a

diameter and connected its end with the othe r two point s on the circle ,

and mentioned that the angles inscribed in the semicircle were ri ght

angles. However , there seemed to be little progress  toward a proof

of the theorem.

I suggested that the subject work on the case with one side of the

angle on the diameter. The subject drew a diagram and once again

completed an inscribed triangle and a radius to form the relevant cen- —

tral angle. The subject said , “These two are supplementary and .

that makes thi s equal to these two , ” referring to the central angle ,

ita supplementary angle along the diameter , and the inscribed angle

along with the othe r base angle of the isosceles triangle. I said ,

“What do you know about that exterior angle compared to the a r c ?”

The subject said , “They ’ re the same. Oh , so if I could prove these

oh , okay. Then these two are radii , so they are congruent

Okay, so I can figure that out . . . Okay, so that makes . . . this
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one half . . . because these two angles are cong ruent , and this is con-

gruent to these two. . . . So that makes two times . .

I suggested working on the second case, with the angle in two

L semicircies. The subject drew an angle with both sides in one semi-

circle. When I pointed this out , the subject drew an appropriat e dia-

gram, completing the inscribed triangle , and drew a radius of the

circle through the chord opposite the inscribed angle. There was

some discussion about how this bisector would not generally extend to

the vertex of the inscribed angle.

I drew a diagram with the side s on opposite sides of the diameter

and added the diameter. The subject drew the chord from the end of the

diameter to one end of the inscribed angle and spelled out the proof that
- the arc is twice the inscribed angle formed by the diameter and one side

of the initial inscribed angle. The subject then added the remaining

radius to form the central angle on the other side of the diameter (~ o~
adding the chord , for the only time), showing the relation of that cen-

tral angle to its corresponding inscribed angle, and then working out

the algebra to show that the complete inscribed angle was one-half of

the sum of the two arcs.

On the thi rd case, a solution was worked out , but it involved

considerable guidance , including my suggesting use of the diameter ,

suggesting that the diamter was the side of two angles, and shading

the part of the central angle that was to be subtracted to obtain the

central angle for the initial inscribed angle.

Subject 6. Subject 6 dId not find a proof of the theorem initially. —

The subject drew a diagram and included a diameter and a chord from

the two ends of the inscribed angle. The subject mentioned some

properties of congruent arcs and mentioned central angles , but did

not construct a central angle.
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Subject 6 solved the problem in Figure 23 . The subject noted

that OB was a radius , infer red  that ~~ OC was 60°, and inferred that

~~ OB was 120°. Subject 6 mentioned that a tr iang le formed by a

radius and a chord was equilateral. After some thought , the subject

infer red that the two oute r angles in the triangle were equal. This led

to the solution and a rema rk tha t the subject really had meant that the

triangle wa s isosceles , rather than equilateral.

Returning to the theorem , the subject began with the angle sides

on opposit e sides of the diameter and was not making progress.  I sug-

gested making one side of the ang le a diameter. The subject said ,

“Ah-hah . You make a central angle from A to 0. ” The subject special-

ized the problem by making the central angle 900 (although it appeared

to be about 80°). The inscribed angle was then found to be 45°, and the

subject noted that thi s was inferred from the base ang les of the isosce-

les triangle , fo rmed by two radii.

When the theorem was presented again a week later , the subject

recalled its being covered in class the previous day and drew a diagram

for it. The subject remembered that there were several cases and that

the f irst  case involved a side of the angle as the diameter of the circle.

The subject also recalled that the proof involved use of a triangle. The

triangle that the subject constructed was fo rmed by adding the chord of

the circle to connect the ends of the angle. The subject noted that this

was a r ig ht triang le , but was unable to proceed further.

I suggested that the triangle the subject had constru cted was not

the one needed to prove the theorem. This was sufficient for the sub-

j ect to construct the triangle fo rmed by the radius of the circle. The

subject constructed a sketch of the proof of the theorem, using con-

g ruent angles based on the isosceles triangle (the subject mentioned

the radius and chord of the circle), supplementary angles at the center

of the circle , and the equality of the central angle with- its inte rcepted

1-
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arc. The subject then recalled the othe r two cases and proved them

by relations of addit ion and subtraction of angles and arcs.

Subject 4. I gave the problem in Figure 23 to Subject 4 without

presenting the theorem first. The subject was unable to completely

solve the problem independently. The measure of /.~~0C was inferred,

as was LBOA. Then the subject conjectured that the remaining angles

of the triangle were cong ruent , but did not find a ju stification for this.

I eventually directed the subject’s attention to the fact that the sides of

the triangles were radii , making it an isosceles triangle, which made

the angles congruent.

I defined an inscribed angle and Subject 4 drew an appropriate

diagram with the diameter between the sides of the angle , but the sub-

jeçt did not have definite ideas of how to proceed. The following week,

Subject 4 was able to state the theorem, but was not able to make sub-

stantial progress toward proving it. For the case with a diameter as

one side of the angle, I was able to prompt the construction of the rele-

vant central angle by asking about an angle equal to the arc. The sub-

ject considered the triangle at some length, including the possibility

that it might be a 45-45 -90 triangle as well as that it might be isosce-

lee. When I encouraged the idea that the triangle was isosceles, the

subject worked out the argument that the inscribed angle was one -half

the cent ral angle , using the sum of angles in the triangle and the sup-

plementary relation of the angles at the center of the circle. I sug-

gested that the subject might be able to decide whether the triangle

was isosceles, and the subject identified the side s as radii. It was

not clear that the subject had a strong grasp of the proof ; the subject

expressed some uncertainty after getting all tne components of the

solution.

Discussion. The problem is evident ly hard in several ways.

The theorem must be analyzed into cases , which is a motivational

step and one that Perdix cannot perfo rm. Once the first case is
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gene rated , the construction of the central ang le must be included.
Then the relation of this angle to the isosceles triang le and the

inscribed angle as one of the base ang les of the isosceles triang le
must be see n. This complicated set of relations was seen independ-
ently by two of the subjects , but not the others . However , it was
understood afte r study of it in class by all but one of the subjects .
We can conjecture that the class study may have led to the student s

having a planning structure like those programmed in Perdix . Exten-

sion to the case involving addition seemed much easier than to the

case involving subtraction. This suggests that the spatial operation
of angle addition may be much more easily performed than angle sub-
traction , at least in the configuration involved here where addition

involves a simple concatenation of both the inscribed and central angles ,
but the central angle for the inscribed angle in one semicircle is not

contained in the inscribed angle , creating a more complicated spatial
configuration.

Problem 9

The final problem involving constructions involved an extension

of the well-known problem of finding the area of a parallelogram. The
Wertheimer (1959) transformation had been presented in the class. I

presented a related problem: finding the area of a trapezoid. The dia-
grams shown with this problem are in Figure 26.

I presented Panel (a) of Figure 26 to Subject 2 and asked the sub-
ject to recall the formula for the area and give a proof of the fo rmula .
(A = (b~ + b2 ) where h is the attitude and b1 and b2 are the bases. )

With the other subject s , I began by asking for calculation of the area

of a trapezoid with numerical values for the bases rather than for proof
of the fo rmula. If the subject used a fo rmula for the area , I asked for
justification. In present ing the problem, I omitted to specif y the altitude
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Figure 26. Diagrams used (a) for Problem 9, and (b) for an auxiliary problem related
to Problem 9. 
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of the trapezoid. I thought that presenting the altitude and the bases

might provide too strong a cue for recall of the formula for the area.

Subject 2. The subject retrieved the correct formula and , when

asked for a proof , dropped perpendiculars from the two upper corners.

The subject was wo rking on the idea of finding the areas of the triangles

and adding them to the area of the rectangle , but did not find a way to

express the areas of the triangles. The problem seemed to be finding

the lengths of the bases.

I reminded Subject 2 of the Wertheimer transfo rmation of a paral-

lelogram. This led the subject to try another construction with the

trapezoid . The subject added a line from the upper left corner of the

trapezoid , parallel to the right side , thu s forming a parallelogram.

Howeve r , the subject remarked that the lengths of the parts of the base

could not be found. The subject did not recognize that the base of the

parallelogram fo rmed by the construction was equal to the top base of

the trapezoid since they are oppo site sides of a pa rallelogram.

I then presented Panel (b) of Figure 26 to Subject 2 , who con-

structed a triangle and a rectangle in the obvious way and derived the

fo rmula. This led to solution of the orig inal problem. The subject

labeled the bases of the two triangles x and y, noted that the areas of

the triangles were ~~x and ~~y , and then realized that x + y is the dif-

ference between the two bases , leading to the formula.

I reminded the subject again about the transformation for the area

of a parallelogram and asked the subject to try to find a transfo rmation

of the trapezoid that would form a rectangle. This led to the suggestion

using the right trapezoid of extending the top base to a point above the

lower right corner and then finding the area as the differences between

the rectangle formed by the construction and the triangle exterior to

the trapezoid.
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Finally, the subject recalled a transformation involving a hori-

zontal partition through the center of the trapezoid , with a 180° rota-

tion to fo rm a parallelogram. The height of the parallelogram is

and the base is the sum of the bases of the trapezoid, giving the

fo rmula.

Subject 3. Subject 3 calculated that area of the trapezoid using

an unpressive transfo rmation of the figure . A construction was pe r-

formed , involving two auxiliary lines that fo rmed a rectangle and two

triangles. Then the two triangles were considered as a single triangle ,

with base equal to the difference between the trapezoid’s bases. This

was done numerically, without use of a formula.

I presented a parallelogram and asked Subject 3 to recall the

fo rmu la for its area. The subject recalled the fo rmula and volunteered

the justification involving translating a triangle.

Next I presented the right trapezoid in Panel (b) of Figure 26. I

asked the subject to give a formula for its area. The subject labeled

the lower base b2, the upper base b1, and the altitude h. The subject’ s

first attempt at a fo rmula was A = h (b 2 - b1) + l/2h (b2 - b1), but the

subject corrected this to A = hb 1 + 1/2h (b2 - b1). The subject ex-

pressed interest in simplifying the fo rmula , but did not see a way to

do it. The subject and I worked through some algebra to arrive at

A = l/Zh (b 1 + b2).

I returned to the or iginal problem, Panel (a), and asked the sub-

ject to show that “the same thing would work. ” The subject labeled

the bases and height in the same way as in the right trapezoid and

labeled point s A, B, C, and D along the lower base. Then the subject

remarked that b2 - b1 would equal AB + CD, the length of the base of

the triangle fo rmed by combining the two triangles from the ends of

the trapezoid. Then the fo rmula A hb 1 + 1/2h (b2 - b1) was derived.

4
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I presented the ri ght trapezoid again. I reminded the subject of

the Wertheime r transformation and asked whether the trapezoid could

be transfo rmed into a rectang le. The subject was quite skeptical.

The first  attempt involved drawing a line parallel to the right leg of

the t r~ipezoid , starting at the uppe r left corne r , but tha t was not jud ged

to make progress toward a rectangle . When I emphasized that what

was wanted was a rectangle the same area as the trapezoid , the sub-

ject said that would be “a little fatter , ” and then constructed a line

midway between the ends of the two bases. The transformation was

desc r ibed: “Chop off that little piece and add it to that. ” The subject

also worked out the formula for the length of the rectang le , starting

with b1 + 1/2 (b 2 - b 1) and deriving 1/2 (b 1 + b2). When I asked about

the area, the subject wrote the expression h 1/2 (b1 + b2).

I presented another trapezoid that was not right and asked the

subject to “apply that to a trapezoid without the special propert y. ”

The subject did this successfully, but it was not clear why the length

of the rectangle was b 1 + 1/2 (b 2 - b1). The subject remarked , “Okay,

it works out every time , but I don’t see why. I do see why, I mean , I

understand all the steps , it’ s just that logically looking at it , it doesn ’t

make sense. ” I finally presented the idea that the rectangle’s length

was the average of the two bases , and this seemed satisfactory to the

subject .

Subject 4. When Subject 4 was asked for the area of the trape-

zoid in Panel (a) of Figure 26 , the subject drew two altitudes and tried

to remember the fo rmula. The subject mentioned the height of the

figure , but did not remember the formula or ask for any specific

information. I sketched a parallelogram and gave the base as 3 and

asked for the area . The subject again drew an altitude but did not ask

its length. It is quite possible that the subject assumed that the in.for-

mation given would be adequate to solve the problem. The altitude
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constructed by the subject appeared to form an isosceles right tri-

angle, and the subject attempted to use this but was unable to.

I drew another parallelogram and went through something like

L the Wertheimer- R esnick training proc edure (see Resnick & Glaser ,

1976) with the subject , who apparently understood the concept. Then

I presented Panel (b) of Figure 26 , with bases 3 and 5. The subject

constructed an altitude, which I gave as 2 1/2. The subject found the

area by decomposing the trapezoid into a rectangle and a triangle and

adding the areas of the two parts. I worked out the fo rmula with the

subject , who then applied it correctly to the trapezoid in Panel (a),

with the height given.

Subject 5. Subject 5 was asked to calculate the area of Panel (a),

asked for the altitude, and said the area was the altitude times the

average of the bases. The subject said that this was because the

figure could be made into a rectangle. I asked about this , and the

subject changed to a transformation into a parallelogram. The trans-

formation used was the one involving a horizontal division and rotation

of the top so that a long parallelogram is fo rmed. Note that this makes

the area (height ove r 2) X (sum of bases) rather than (height) X (aver-

age of bases). I surmise that the specific form of the transformation

into a rectangle was not obvious to the subject , who thought of the

alternative transformation.

I sketched a parallelogram, which the subject transformed into

a rectangle by moving a triangle from one end to the other. Then I

presented Panel (b) of Figure 26 and asked the subject to find a trans-

formation involving an altitude midway between the ends of the two

bases and specified that it would be at the mid point of the right leg of

the figure. When asked to go back to the formula , the subject noted

that the length of the rectangle would be the average of the two base s.
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We returned to Panel (a) of Figure 26 , and I as ked the s ubjec t

for a transformation to a rectangle. The f i rs t  t ransformation offered

was the horizontal part ition and rotation into a parallelogram with

height of one-half that of the trapezoid , followed by moving a triangle

f rom one end of the parallelogram to the other. When I asked for a

transformation into a rectangle with the same height as the trapezoid ,

the subject produced the transformation involving alt itudes midway

between the ends of the bases.

Subject 6. When Subject 6 was given Panel (a) ,  the subject asked

for the alt itude , then calculated the area using the fo rmula. When I

asked for a proof, the subject divided the trapezoid into a rectangle

and two triangles , but was uncertain of how to find the lengths of the

parts of the lowe r base forming the bases of the triangles. The sub-

ject realized that if one of these was known , the problem would be

solvable.

I presented a parallelogram and asked for the formula for area

and a proof. The subject gave Wertheimer’s transfo rmation. I then

returned to Panel (a) of Figure 26 and asked for a transformation into

a rectangle. The subject tried the transfo rmation shown in Figure 27 ,

apparently analogous to ~~~~~~~~~~~~~ transformation of the parallelo-

gram. This probably was a case of t rying to work fo rward , applying

a known transformation to the situat ion rather than selecting a trans-

formation based on a plan-based pattern related to the goal.

I presented Panel (b) of Figure 26 and asked the subject for the

area. The subject pro posed transforming the figure into a rectangle.

The subject ’ s first suggestton involved extending the top so it was the

same length as the bottom and dropping a perpendicular. The subject

realized that this rectangle had greater area than the tra pezoid. Re-

moving the triangle from the trapezoid was also considered , but the

subject was apparentl y not making headwa y. I suggested that the sub-

ject might conside r working with just part of the triangle , and the n I
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proposed that the rectang le sho uld have the sam altitude as the

t rapezoid and asked how long its length would be. The subject indi-

cated it would be th e sum of the bases divided by two. Following a

suggestion to show where a line that long would end in the diagram ,

the subject generated the construction involving bisection of the right

leg of the trapezoid and an argument that the triang le removed by

that construction is congruent to the triangle formed by the construc-

tion and the extended upper base of the trapezoid.

Returning to Panel (a) of Figure 26 , the subject applied the trans-

formation to both ends of the trapezoid and noted that the resulting

length is one-half the sum of the bases.

Discussion. The most frequent spontaneous construction was

to divide the figure into forms for which area could be calculated

easily, an action that seems consistent with Perdix ’s general proce-

dure. This was done by Subjects 2 , 3, 4, and 6, with Subject 3 per-

forming the additional interesting transformation of concatenating the

two triangles formed by the initial cor structions. Subject s 2 and 5

generated or remembered a transformation into a parallelogram

involving a horizontal partition. The use of ~~~~~~~~~ transfo r-

mation of the pa rallelogram did not readily transfe r to the trapezoid

problem in the way he suggested. Instead, it suggested constructions

involving removal of a triangle from one end of the trapezoid that are

not productive and were seen as unsatisfactory by the subjects.

By and large , the schemata for rectangles and triangles appear

to have been the salient guiding structures for these constructions ,

except in the cases where We rtheimer ’s transformation suggested

use of parallel lines. However , in these cases the constructions

were proba bly generated by local factors produced by my presenting

the parallelog ram problem in the situation.

4
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Summary

In this section, the main characteristics of the protocols are

summarized.

Problems I and 2

Students ’ work on Problems 1 and 2 was consistent with the idea

that they had a pattern of parallel line s intersected by a transversal.

A construction used by several students completed the pattern by ex-

tending oblique lines so they intersected with both parallels. This

required using the sum of ang les in a triangle to solve the problem.

Another construction, used especially after its use in another problem,

involved constructing an additional parallel line, from which the prob-

lems could be solved using just relations among ang les with parallel

sides. The results show that alternative forms of pattern completion

can occur. The more salient idea for most students was completion

of a transversal so that it would intersect both parallel lines. The

idea of adding the third parallel line in the middle of the diagram was

not used by some subjects , and for Subject 2 it seemed to have been

made more salient by experiencing it in another problem.

These solutions disp layed a variety of sequences regardin g goals

and patterns. Frequently the construction appeared to be motivated

simply by having part of a pattern that seemed to be relevant, thus

constituti ng a working -forward sequence. Other solutions seemed to

involve rather complete knowledge about the way in which the problem

would be solved once the pattern was completed. A possibility sug-

gested by the protocols is that more experienced problem solvers can

retrieve more differentiated patterns of potential action in the problem

situation , thu s permitting more complete anticipation of a problem

solution.
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The processes seen here probably represent relatively global

spatial-semantic processes that are used to produce patterns known

to have relevant general features, with detailed formal use of those

features worked out subsequently. An interesting case of that was

Subject 2’ s performance on Problem 2, where the pattern produced

a pair of adjacent angles, and this led to the use of algebra in formu-

lating the details of the solution. Another use of spatial processing

was evidenced by Subject 5 on Problem 2. The subject had a conjec-

ture that three quantities sum to a constant, but noticed by mentally

straightening a pair of segments that all three quantities increased

together, thus disconfirming the conjecture.

Problems 3 and 4

These problems used a pattern with two triangles that share a

side. The shared side is added to the diag ram as a construction.

In Problem 4, the construction involves connecting two points already

designated in the diagram. This was solved in a straightforward way,

apparently to complete the pattern, with details of the proof worked

out later. This appears quite consistent with a top-down planning

model. Problem 3 had an additional complexity, since the construc-

tion used only one point that was designated in the diagram and thus

had to be specified with another prope rty. The construction and its

specification were apparently chosen simultaneously by two subjects,

consistent with the idea that there are construction theorems that

.pecify the nature of permitted constructions (Gerlerater , 1963).

Three subj ect. appeared to make the construction i’k two stage.,

with the pattern completed by a line and the specification made sepa-

rately. Of these, one subject’. retrospection suggested that the

specification was chosen from permissive theorems, and the other

two apparently considered the goal of having appropriate congruent

components for the higher goal of proving the triangles congruent.
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In all cases, the choice of a construction was probably the result of

processing in the semantic model, completing the pattern of triangles

with a shared side, guided by the knowledge that this pattern was a

prerequisite for a plan for constructing a formal solution of the prob-

lem. The semantic processing again appears to occur at a fairly

global level, but has consequences involving features at a lower level

that are used in syntactic processing .

Problems 5, 6, and 7

The patterns involved in solving these problems all involved tri-

angles with varying additional constraints. In Problem 6, the plan

used by Subjects 2 and 3 is based on the triangle inequality. These

subjects added a diagnonal to the quadrilateral, thus forming a tri-

angle whose third side could be bounded by suin g and differences of

sides of the quadrilateral, based on the triangle inequality . Then

these bounds were considered in deducing bounds for the fourth side

of the quadrilateral. Subject 2 noticed that the plan could be applied

in two ways and checked the outcome of using the alternative diagonal.

This probably resulted from scanning in the diagram, although a for-

mal system could also have to select one of the two diagonals for the

construction. Subject 3 engaged in some definite spatial processing

In considering whether the result, obtained with a convex quadrilateral

in the diag ram, would also hold if the quadrilateral were concave.

Note that the use of a construction is optional in this problem; a good

solution can be obtained (and was by one subject, partially by another)

by direct spatial analysis of the problem. The range of solutions is

consistent with the idea that a construction is generated if the subject

has a plan associated with the problem goal- -in this case, triangle

inequality with the goal of finding bounds on a side of a figure.

In Problem 7, the plan used (or tried) by all subjects was the

Pythagorean theorem, which requires a right triangle. The hard
a
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part of this pro blem was apparently finding the major problem goal.

This requires sophisticated spatial processing; the two subjects who

succeeded drew good diagrams representing the three-dimensional

object clearly. Having identified the goal clearly, it was apparently

straightforward to determine that a right triangle having that diagonal

as a side could be constructed, using a diagonal of a surface as one of

its legs and an edge as the othe r leg. Some fairly powerful spatial

processing must be involved in this , but it seems plausibly a case of

pattern completion guided by the plan of using the Pythagorean theorem

and the consequent goal of constructing an appropriate right triangle.
Note that for Subject 6, the goal of using right triangles was also sali-

ent , but the spatial representation available did not lead to finding the

right triangle that was needed.

Perfo rmance on Problem 5 can be interpreted as the result of

lacking an appropriate plan. Subject 2 apparently remembered some

features of the proof of the inequality, including the exterior angle and

an isosceles triangle. Howeve r , in constructing the triangle the sub-

ject used the wrong parts of the triangle and was unable to get a proof .
Other subjects appeared to be casting about for a helpful construction,
considering the bisector of an angle, a median, or an alt itude. Espec-

ially in the case of Subject 4, this seemed to be chosen on the basis of

analogy with the problem of proving congruence of the base angles of an

isosceles triangle. The triangle inequality was mentioned by three sub-

ject a , and the sum of angles in a triangle was mentioned by one subject.

It may be that these subjects were searching for a relevant fo rmal

proposition that might be used In a plan to solve the problem.

Problem 8

This problem requires use of a pattern of a central angle for the

arc of a circle. The case analysis required for generating a proof was

not produced spontaneously by these subjects, and only two of them

a ~, 
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seemed to remember the cases clearly after instruction had been

given. Subject 2 was able to solve the problem in Case 2, including

generating the diameter as a construction after making the central

angle. This solution depended on using algebra , showing an interest-

ing use of a fo rmal system to keep track of the numerous components

that had to be related. Subject 3’. solution to the problem depended

on a suggestion to try Case 1, where the subject included the central

angle easily. In Case 2 , Subject 3 was able to apply the solution of

Case 1 quite directly, first constructing the diameter and then working

out the additive relationships informaily.

Subjects 3, 5, and 6 all completed inscribed triangles by adding

chords at least once, and for Subject 5 this was a serious distraction.

Subject 3 rejected the idea when the only formal property that was

recalled involved congruence of chords which seemed irrelevant to

the problem goal. Subject S also considered bisecting the arc , a sensi-

ble attempt to relate one-half of its measure to the inscribed angle.

The use of the central angle in the auxiliary problem apparently

made the pattern with the central angle more salient for Subjects 5 and

6, who were able to prove Case 1 of the theorem after solving that

problem.

Problem 9

This problem provided further illustrations of pattern -based

constructions, but the subjects also showed several examples of inter-

esting interaction between formal and spatial reasoning.

Three of the five subjects began by constructing altitudes that

partitioned the given trapezoid into a rectangle and two triangles.

This seems a straightforward example of a plan-based construction.

The goal was to find area; fo rmulas were known for rectangles and

triangle., but prerequisites for those are presence of rectangles or

a
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triangles. The constructions produced these. To use the constructed

figures, the problem solver must identify their dimensions. (This

requirement is probably identified in the formalism. ) Subjects 2 and

5 were unable to identify the bases of the triangles; note that Subject 2

was trying to do this with general notation (b 1 and b2) rather than with

numerical values. Subject 3 solved the problem by an ingenious trans-

formation in which the two triangles were concatenated to form a sin-

gle triangle with known heig ht and total base of b2 - b1.

The protocols included an interesting case of generalization ,

apparently involving interaction between spatial and fo rmal properties.

It was especiaUy clear for Subject 2, although there was at least a

recognition of the similarity by Subject 3 on the same point. In the

right trapezoid , only one altitude is needed, forming a rectangle and

a single triangle. In this situation , the length of the triangle’s base is

more easily seen as the difference between the two bases of the trape-

zoid. (Note that Subject 4 also identified the difference in this case. )

Having found a formula including reference to the difference (presuma-

bly cued by spatial features), Subject 2 then transferred that formal
idea to the general case, with help from algebra (the bases of the two

triangles were labeled x and y). If we interpret the solution of the

problem for the right trapezoid as the building of a production with the

difference between the bases as one of its component s, then the solu-

tion of the general case seems to involve generalizing the conditions

for applying the production, including some procedures for combining

separate components of the situation.

The protocols also contained illustrations of using transforma-

tions that had been learned previously, sometimes with interesting

modifications in response to new constraints. A transformation that

was apparently remembered and applied directly by Subject 2 and 5

involved “slicing” the trapezoid horizontally and rotating the upper
half to form a parallelogram. More interesting instances occurred
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after Wertheimer ’s transformation of the parallelogram was presented

in the situation. Subjects 2 and 3 both app lied this transfo rmation to

the trapezoid by removing a triangle from one end of the trapezoid.

The construction used was to draw a line from the upper left corner

parallel to the right leg of the trapezoid. Note that this modifies one

of the properties of the transformation as it occurs in the parallelo-

gram problem. There the construction involves an altitude, which

produces a figure in which the vertical sides are parallel (and, as it

happens, perpendicula r to the bases). When the parallel line is con-

structed, there is no way to move the triangle to form a parallelo-

gram, although the parallelogram pattern may have served to motivate

the construction initially.

Subject ~~~ response after the presentation of Wertheimer ’s

transformation preserved the constraint of a perpendicular line.

When the triangle was moved to the othe r side , it was rotated rather

than being simply translated as it is in the parallelogram. Further ,

it does not fit unless there is a transformation made on the left side

to obtain a leg perpendicular to the bases. The subject’ s analysis of

the result of the transformation was rather weak; the subject noted

the parallel lines in the diagram and inferred that there would be a

parallelogram (apparently forgetting that the triangle from the right

side was being removed). Note that Subject 5 also considered con-

structing an altitude and translating the triangle thus formed to the

other end of the trapezoid when I asked for a transformation into a
rectangle. This is a sensible construction to attempt since it creates

some of the features of a rectangle (the right angles at the right end of
the figure) and correspond. to the first steps of Wertheimer’s trans-
formation, so is “the same” In a noticeable sense. However, it can-

not be completed , as Subject S and 6 both recognized.

The request to transform a right trapezoid into a rectangle led

three subjects to add a triangula r region to the trapezoid, and Subject 6

5 
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also considered removing a triangle. The constraint to have the same

area led Subjects 3 and 5 to make the construction midway between the

endpoints of the bases (recall Subject 3’s remark that it would be “a

little fatter”). For Subject 6, an additional hint was needed , involving

the suggestion to use part of the triangle and keep the altitude of the

trapezoid.

The generalization of the transformation of the right trapezoid

to the general case was accomplished easily by Subjects 3 and 6 , al-

though not by Subject 5. For this subject , an additional constraint

was given as a hint to keep the rectangle the same height as the trape-

zoid. (Recall that Subject 5 first applied the transformation of divid-

ing the trapezoid horizontally and rotating the top portion. )

It seems quite clear that for finding area , plans involving decom-

position were more intuitively salient for these subjects than plans

involving area-preserv ing transpositions into known fo rms. On the

other hand, the decomposition of a trapezoid provides little or no

intuition for the formula A l/2h (b 1 + b2 ). It is interesting to con-

sider a sequence of spatial transformations that bear some relation-

.hlp to a set of algebraic manipulations that take the decomposition

into the rectangle. Figure 28 shows one such sequence, starting with

the addition of length to the shorter base until a rectangle has been

fo rmed with the same area as the trapezoid. The algebraic trans-

formation just factor is h , corresponding to the constraint of pre-

serving the height. The second transformation involves a kind of

recentering or refocusing, where the length of the base resulting

from the first transformation is seen as the average of the two initial

bases. Algebraically, an expression is simplified. It may be that

this recentering is Improbable; at least in Subject 3’s response to the

Y idea, it was not clear that there was a strong intuitive basis for the

idea of an average length.
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Conclusions

Most of the data in the protocols for these nine problems seem

quite clearly interpretable using the gene ral idea, programmed in

Perdix , that constructions are made through a process of matching

some features of a pattern that are present in a situation and adding

missing features in orde r to complete the pattern. In most cases, it

is reasonable to hypothesize furthe r, as in Perdix, that the patterns

are chosen in relation to plans that the problem solver has associated

with the problem goal active at the time. There are cases , contrary

to Perdix’s specific procedures, in which constructions appear to be

added in a working-forward manner, based on partially matched pat-

terns that are not directly connected to a goal, but these seem to be

considerably less common than goal and plan-based constructions.

While constructions typically are relevant to the problem goal in a

general way, they usually are not the result of a detailed plan in which

the problem solver has worked out the specific way in which the con-

struction will be used in the solution. There are instances in which

geometric properties must be specified for the construction, and the

construction is specified in a number of stages involving considera-

tion of the possible use of the further specified properties in achi ev-

lag the problem goal.
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Canberra ACT 2600, Australia OREM , UT 811057

Dr. Alan Baddeley 1 Dr. John B. Carroll
Medical Research Council Psychometric Lab

Applied Psychology Unit  Univ. of No. Carolina
15 Chaucer Road Devie Hall 013A
Cambridge CB2 2EF Chapel Hill , tIC 27514
EN GLAND

I Charles Myers Library
Dr. Patricia Baggett - Livingstone House
Department of Psychology Liv ingstone Road
University of Denver Stratford
University Park London ElS 2L4
Denver , CO 80208 ENGLAND

:lr Avron Barr 1 Dr. William Chase
Department of Computer Science Department of Psychology
Stanford University Carnegie Mellon University
Stanford, CA 911305 Pittsburgh , PA 15213

Dr. Nicholas A. Bond 1 Dr. Hicheline Chi
Dept. of Psychology Learning R & 0 Center
Sacramento State College University of Pittsbwgh
600 Jay Street 3939 O’Hara Street
Sacramento, CA 95819 Pittsbwgh, PA 15213

:~
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Dr. William Clancey 1 Dr. Edwin A. Fleishman
Department of Computer Science Advanced Research Resources Organ.
Stanford University Suite 900
Stanford , CA 94305 4330 East West Highway

Washington, DC 200111
Dr. Allan I. Collins
Bolt Seranek & Newsan , Inc. 1 Dr. John R. Frederiksen
50 Moul ton Street Bolt Seranek & Ne~.inanCambridge, Ma 02138 50 Moulton Street

Cambridge , MA 02138
Dr. Meredith Crawford
Department of Engineering Administration 1 Dr. Alind a Friedman
George Washington University Department of Psychology
Suite 805 University of Alberta
2101 L Street N. W. Edmonton , Alberta
Washington , DC 20037 CANADA T6G 2J9

hr. Ken Cross 1 Dr. R. Edward Geiselman
Anacapa Sciences, Inc. Department of Psychology
P.O. Drawer Q University of California
Santa Barbara , CA 93102 Los Angeles , CA 90024

Dr. Ikabert Dreyfus 1 DR. ROBERT GLASER
Department of Philosophy LRDC
University of California UNIVERSITY OF PITTSBURGH
Berkely, CA 911720 3939 O ’H ARA STREET

PITTSBURGH , PA 15213
MAJOR I. N. EVONIC
CANA DIA N FORCES PERS. APPLIED RESEARCH 1 Dr. Ira Goldstein
1107 AVENUE ROAD XEROX Palo Alto Research Center
TORONIC, ONTA R IO, CANADA 3333 Coyote Road

Palo Alto , CA 9*13011
- - 1 Dr. Ed Feigenbain

Department of Computer Science 1 Dr. Ron Hambleton
Stanford University School of Education
Stanford, CA 9*1305 University of Massechusetts

Amherst , MA 01002
Mr. Wallace Feurzeig
Bolt Beranek & Ne wsan , Inc .. 1 Dr. Barbara Ha yes—Roth
50 Moulton St. The Rand Corporation
Cambridge , HA 02138 1700 Main Street

Santa Monica, CA 90406
Dr. Victor Fiel’ds
Dept . of Psychology I Dr. Frederick Hayes—Roth
Montgomery Colleg e . The Rand Corporation

• Rockv ille , MD 20850 1700 Main Street
Santa Monica, CA 90406

4
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— 1 Dr. James R. Hoffman I LCOL. C.R.J. LAFLE UR
Department of Psychology PERSONNEL APPLIED RESEARCH
University of Delaware NATIONAL DEFENSE HQS
Newark, DE 19711 101 COLONEL BY DRIVE

OTTAWA , CANA DA KT A 01(2
1 Library

HunRROfWestern Division 1 Dr. Jill Larkin
27857 Berwick Drive Department of Psychology
Car~nel , CA 9392 1 Carnegie Mellon University

Pittsburgh, PA 1521 3
I Dr. Earl Hunt

Dept . of Psychology 1 Dr. Alan Lesgold
University of Washington Learning R&D Center
Seattle , WA 98105 University of Pittsburgh

Pi ttsburgh, PA 15260
1 Mr. Gary Irving

Data Sciences Division I Dr. Michael Levine
Techoology Services Corporation Department of Educational Psychology
2811 Wilshire Blvd. University of Illinois
Santa Monica CA 90403 Champaign , IL 61820

1 Dr. Steven W. Keele 1 Dr. Robert A. Levit
Dept. of Psychology Manager , Behavioral Sciences
University of Oregon The B~4 Corporation
Eugene , OR 97403 7915 Jones Branch Drive

McClean , VA 22101
1 Dr. Walter Kintsc h

Department of Psychology 1 Dr. Robert Linn
University of Colorado College of Education
Boulder , CO 30302 University of Illinois

Urbana , IL 61801
1 Dr. Duv id Kieras

Department of Psychology 1 Dr. Hark Miller
University of Arizona Systems and Information Sciences Laborat
Tuscan, AZ 8572 1 Central Research Laboratories

TEXAS INSTRLR4ENTS, INC.
1 Dr. Stephen kosslyn Nail Station 5 

—

Harvard University Post Office Box 5935
Department of Psychology Dsllas , TX 75222
33 Kirkland Street
Cambridge , MA 02138 1 Dr. Richard B. PIillwsrd

• Dept . of Psychology
1 Mr. Marlin Kroger Hunter Lab.

1117 Via Goleta Brown University
Palos Verdes Estates , CA 90274 Providence , RI 82912

(
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Non Govt ~~ GOV t

Dr. Allen Hunro 1 Dr. Ernst Z. Rothkopf
Univ. of So. California Bell Laboratories
Behavioral Technology Labs 600 Mountain Avenue
3717 -South Hope Street Murray Hill , NJ 0797*1
Los Mgelea , CA 90007

I Dr. David Rianeihart
Dr. Dunald A Norman Center for Human information Processing
Dept. of Psychology c—oog Univ . of California, San Diego
Univ. of California, San Diego La Jolla, CA 92093
La Jol la, CA 92093 -

1 DR. WALTER SCHNEIDER
Dr. Se)1~osr A. Pap.rt DEPT. OP PSYCHOLOGY
Masasohusotta Institute of Technology UNIVERSITY OF ILLINOIS
Artificial Int.llig.nce Lab CHAMPAIGN. IL 61820
5*15 Technology Square
Cambridge MA 02139 1 Dr. Allen Schoenfeld

Depar tment of Mathemati cs
Dr. James A. Paulson Hamilton College
Portland St.t. Universi ty Clinton , NY 13323
P.O. Sos 151
Portl and, OR 97207 1 Dr. Robert Snith

Department of Computer Science
MR. LUIGI PET*UU.O Rutgers University
2*131 5. EDGEWOOD STREET New Brunswick, NJ 08903
ARLINGTON, VA 2220?

1 Dr. Richard Snow
DR . PETER POLS0N School of Education
DEPT. OF PSYCHOLOGY Stanford Univers ity
UNIVERSITY OP COLORADO - 

Stanford , CA 9*4305
BO(LDCR, CO 80302 - 1 Dr. Robert Sternbsrg
Dr. Peter B. Road Dept . of Psyc hology
Social Science Research Cowse il Yale Universit y
605 Third Avenue Box 11* . Yale Stat ion
New York, lIT 10016 New Haven , CT 06520

Dr. Fred Raif I DR. ALBERT STEVENS
SESAM E BOLT BERANEK & NEWMAN , INC.
c/o Physic s Department 50 MOULTON STREET
University of California CAMBRIDGE, MA 02138
S.rksly, CA 9*1720

I DR. PATRICK SUPPES
Dr. Andrew N, Rose INSTITUTE FOR MATHEMATICAL STUDIES IN

f Amer ican Institutes for Research THE SOCIA L SCIENCES
1055 Thomas Jeffer son St. 1W STA NFORD UNIVERSITY
Washington, X 20007 STANFORD, CA 9*1305
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~on Govt Non Govt

1 Dr. Kikum i Tatsuoka 1 DR. SUSAN E, WHITELY
Computer f3ased Education Research PSYCHOLOGY DEPARTMENT

Laboratory UNIVERSITY OF KA NSAS
252 Engineering Research Laboratory LAWRENC E , KANSAS 660*1*1
University of Illinois
Urbana , IL 61801 1 Dr. J. Arthur Woodward

Department of Psychology
1 Dr. Ma urice Tatsuoka University of California

Depart~nent of Educational Psychology - Los Angeles . CA 9002*1
University of Illinois
Chmnpaign , IL 61801 1 Dr. Karl Zinn

Center for research on Learning
1 Dr. John Thomas and Teaching

IBM Thomas J. Watso n Research Center University of Michigan
P.O. Box 21 8 Ann Arbor , MI *1810*1
Yorktown Heights, NY 10598

1 DR. PERRY THOANDYKE
THE RA ND CORPORATION
1700 MAIN STREET
SANTA MONICA , CA 901406

1 Dr. Douglas Towne
Univ.  of So. California
Deh~iv ioral Technology Labs
3717 South Hope Street
LoS Angeles , CA 90007

1 Dr. J. Uhlaner
Perceptronics , Inc.
6271 Var iel Avenue
Woodland Hills , CA - 9136*1

1 Dr. Benton J, Underwood
Dept . of Psychology
Northwestern University 

-
Ev anst.o n, IL 60201

1 Dr. Phyllis Weav er
P Graduate School of Educat !.on

Harvard University
200 Larsen Hall , Appian Way
Cambridge . MA 02138

1 Dr. Dav id J. Weis s
N660 Elliott Ha ll
University of Minneso ta
75 E. River Road
Minneapolis, MN 55455
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