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I .  Introd uc ti on

The i nductive acceleration of electrons by adiabatic magnetic com-

pressio n of electron rings has been demonstrated in several laPDratories. 1 ’

For weak r i ngs , the observed increase of the mean electron energy and the

shri nkage of the majo r and min or radii of the ri ng are cons i s tent wi th

the constancy of the magnetic moment ~
.[= P2/2m B, where P is  the s i n g le-

—
5- — .1. 0

particle momentum perpendicu lar to the magnetic field and B the magnetic

field]. A two-hundred fold increase of the electron energy has been ob-

served by Kapetanakos 2 et al ., when the t i me va ry i ng magne t ic f i e l d  in

creased from i ts initial va l ue of 70 C to 15 kG.

The i nductive accelerat i on of ions by magnetic compression of ion

r i ngs is , in principle , very similar to that of the electrons. However ,

in pract i ce , the i on r i ng compr ess i on is com p l ica ted by the p res ence of

space charge neutralizing electrons. These electrons can generate an

azi muthal current eithe r by electron-ion drag 5
’
6 , radial elec t r ic f i e lds

or p ress ure gradie nt s. Thus , de pending on the cond i t io ns of the sys tem ,

at leas t par t i a l cancel la ti on of the curren t tha t is carr i ed by the ions

is  l i k e l y ,  i n particular near the magnetic field null. In some app li catio ’ c

par t ial ca nce ll ati on of the i on c u rren t dur in g magne t ic com p ressio n i s

hi ghly des i rable because most of the externally supplied energy goes into

useful kine tic energy and not into therma l and self-magnetic field energy

of the r in g .

During the las t few years , several  mode ls 7 1 °  have been developed i n

relation to the magnetic compression of ion rings. The predict ions of

these theoretica l models are sensitive to their basic assumptions. In all

these models the dynamics of the neutraliz ing electrons either have been

Note~ Manuscript submitted August 1, 1979.
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neglected or treated incompletely.

In a recent publication Sudan ’~’ has suggested the use of magnetically

compressed rings for pellet fusion . In Sudan ’s scheme the image currents

on the walls of the tube that surrounds the ring provide the radial equi- *

librium during the propagation of the ring from the compression reg ion to

the target. The guide tube is destroyed and must be replaced in each shot.

In this report , we propose an alternative scheme for the generation

of high energy, hi gh current ion pulses that also is based on the magnetic

compression of ion rings.

The basic difference between the present scheme and that of Sudan

is on the extraction and the propagation of the ion pulse after compression .

The proposed scheme does not require either an external magnetic field or

a tube for guiding the ion pulse from the compressor to the target.

Therefore, it may be in particular useful in those applications that require

an appreciable separation between the compressor or accelerator and the

target. In addition , the present approach assumes that the compression

of the ion ring is performed i n  a suitable environment that allows ap-

preciable cancellation of the ion current.

The proposed scheme for the generation of intense , hi gh energy ion

pulses by magnetic compression of ion rings is shown schematically in

Fi g. 1. A hollow , thin ion beam of energy about 2 MeV generated by a

low inductance , coaxial reflex tetrode’2 is passed through a magnetic

cusp. As a result of the q(v~ X Br) force , the ions of the beam obtain

azimuthal veloc i ty and start to rotate. The rotational velocity (v0) of

the ions is further enhanced , at the expense of their translat i onal velo-

city , by a static , converging magnetic field. The maximum value Bmax of

2 
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the compressing field is such that the protons l ocated at the outer edge

of the beam arrive at B with zero translationa l veloc i ty .13 The ionmax

ring is formed by trapping the 50-70 nsec duration ion pulse inside a

magnetic mirror with the aid of a gate field.

The rotat i onal energy of the rng is enhanced by increasing in time

the confining magnetic field. For adiabatic compression, an appreciable

saving in magnetic energy is obtained by us i ng implod i ng liners .” After

compression , the ring is extracted out of the confining field by opening

the far mirror peak. Initially, the ring is allowed to expand adiabat i cally

in a spatially decreasing field. When the ratio v,,/v , where v,,,v

are the vel ocities of the ring parallel and perpendicular to the field

lines respectively, acquires the des i red value , the ring is passed through

a sharp half cusp that further increases v,, at the expense of V .

Althoug h the radius of the beam remains virtually unchanged as it passes

through the sharp half cusp, the conservation of the canon i cal angular

moment um P~[.o mrve + ±B.
] 

requires a rapid expansion of the beam when

A0(r) = 0 - However, for intense rotating beams A0(r) ~ 0 on the ri ght

of the half cusp because A0(r) = A~~t (r) + A~elf (r) and A~
elf (r) ~ 0 , al-

though the externally applied vector potential A~~
t(r) = 0 . The existence

of equilibrium for a hollow , rotating ion pulse that propagates in the

Art(r) = 0 reg ion is shown in Section IV , us i ng the Vlasov-Maxwell

equation .

The organization of this report is as fol l ows: The magnetic compression

of the ring is discussed very briefly in Secti on II. The transmission of

the ring through the cusp and the target location for the particular case

of pellet fusIon is presented in Section III.  The equilibrium of the

3
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hollow beam in the absence of an externally applied field with and without

a conducting tube is discussed in Sect i on IV. Finally, a brief summary

of the results is g iven in Section V.

II. Magnetic Compression of the Ring

Efficient transfer of the externally supplied magnetic energy into

particle kinetic energy during magnetic compression of an ion ring requires

that the self magnetic field to be appreciably smaller than the applied

magneti c field. Under these conditions , the magnetic field lines are open

and thus only small electric fields can be sustained . If the Budke r ’s

parameter v (~‘ NR0, where N is the number of ions per unit length and P0 iS

the ion classica l rad i us) of the ring is not appreciably smaller than un i ty ,

the self field can be kept small only if the electron return current part-

ially cancels the ring current. Such an electron current can be driven

by a radial electric field , a plasma pressure gradient along the minor

radius of the rng or collisions . Am ong the three , plasma pressure grad-

ients appear to be the most appropriate in the present case. The radial

force required for the existence of equilibrium is mainly provided by the

magnetic field.

If the self magnetic field of a space charge neutra l ring is ap-

preciably smaller than the externa l field , the kinetic energy of the ions

E(t) and the particle current 1(t) can be estimated from

E(t) = 2E(o)~B(t)/B(o)][y(t)+l] 1, (1)

i (t) = I (o)~B(t)/B(o)]y ’(t), (2)

I.
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where E(0), 1 (o) and 6(o) are the initial va l ues of energy , particle

current and magnetic field respectively, B(t) is the va l ue of magnetic

field at time t and y(t) the relativistic factor.

The technique of generating hi gh magnetic fields by magnetic flux

compression is under investigat i on for several years . At NRL , large

initial diameter (—28 cm), 7-cm long seamless liners of annealed aluminum

have successfully imploded and peak magnetic f elds in excess of 1.3 M

gauss have been obtained. In addition , experiments have shown that

rotating , hollow cylinders of liquid liners (22~ Na , 78~ K) can be stabl y

imp l oded on trapped magneti c flux.

Presently, experiments are underway at NRL to form a strong proton

ring. The anticipated parameters of such a ring are shown in Table I.

The va l ues of the various parameters after compression , are also shown

in the table. In an experiment , the va l ues of the various parameters at

the peak of the compression will not be much diffe rent than those g iven in

Table I when the self magnetic field is small in comparison with the ex-

terna lly applied field.

HI. Extract i on of the Ring

After the ring compression is over , the far mirror is switched off

and the ring is allowed to propagate adiabatically in a slowly decreas i ng

magnetic field. The velocity of the ring parallel to the magnetic field

lines at point 1 (cusp entrance) is g i ven by

V ,1~ — vio (1_B1/Bm)
’/25 (3)

where V~~ is the azimutha l ring veloc ty at the end of the compression ,

5
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i s the middl e p lane va l ue of the com pressi ng f ie ld  and B, is the magnetic

field at the entrance of the cusp. The ratio 6,/B is mainly dictated by

the maximum ion pulse radius that can be tolerated in a particular app li-

cation . For examp le, in pellet irradiation experiments wit h the parameters

of Tabl e 1 , Bi /Bm = 1/2 appears to be appropriate . In order to further

increase v without an appreciable radial expans i on , the io n puls e is passed

through a hal f cusp that has a transition width ó , that is smaller than the

average radius of the gyrating ions.

It is assumed that the cusp is described by the vector potential

A
0 

rzB ,/(25,) , - < z < 0 , (4)

in a cylindrica l coord i nates system with its ori g in as shown in F i g. 1. For

a charged particle of mass m and charge q in an axisynu*etric field the non-

re lat ivistic H~m ilton i an is

H = (m/2) (v~ + v~ + v~) + q~ (r) , (5)

where q (r) is the electrostatic potential and

qrA 0
v0 = (P

0 
- —)/ mr . (6)

The canon i cal an gu l a r moment um P0 is a cons tant of the mo t ion and the

magnetic vector potential has two components , i.e.,

A0(r) A~~
t(r) + Ar11 (r)

The envelop (boundary) equation for a charged particle in the region

- < z < 0 can be easily determ i ned when q (r) = A~~
1
~~(r) 0. Substi-

tu ting Eqs. (4) and (6) into Eq. (5) and taking 
~r 

= = 0, the boundar y

is g i ven by ’6

6
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= 2(6, /z) r , f- . i±[1 + (Z/ ~j ~ )c~,]*3 , (1)

where — P
e
c2 /H, ~2 = qB

1 /mc, r, 
= (H/2mc2~)~~, and P 8 > 0 for q > 0.

Equation (7) shows that crossing of the upper (+ Si gn) and lower (- si gn)

boundaries i n the region - z < 0 occurs when 1 + (z/cS~ )ct~ = 0. There-

fore , the boundary remains open and thus a rotating partic le can pass

through the cusp i f

> 0. (8)

Accord i ng to Eq. (8), a ri ng that reaches the entrance of the cusp (z =

— 6.~) with small self fields and small radial ve loci ty , it pass es through

prov i ded that

(m/2) (v~ + v ) > 
~~
nw
~ 

- qR 1 B1 /2) , (9)

where RL is the major rad i us of the ring at z = - 6~ . Since v0, R1~~

Eq. (9) gives

v~~ > 0, (10)

wh i ch is not an unexpected resul t. For v , >> 0, i.e. , for >> 1 , Eq.

(7) becomes
+ 0

1~ (z) = (11)± — lto1r,/f zI

The discussio n on the transmission of the rotating beam through the

half cups is based on the assumption that the self magnetic field of the

beam is very small in comparison to the external field. However , the ex-

istence of equilibrium in the region that is located to the ri ght of the

half cusp (z > 0) requires the presence of self fields. Therefore, if the

7 

- -~~~~~~- - 
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self magnetic field is zero at the exit of the cusp means muct be found

that Inh i b i t the flow of electrons in both the azimutha l and axial di-

rections. Since in multiple elastic scattering the square of the mean

scattering angle ’7 ’’8 of charged particles injected with the same velo-

city into neutra l gas is proportional to R2 .~nR,,
1 , where R

0
(= q2/mc2) is

the charged particle classical radius , the electron current can be ap-

preciably inhibited by passing the beam through a neutral gas of approp-

riate pressure .

The dotted line in Fi g. 2 illustrates qualitatively how the field in

a linear half cusp is modified by the self field of a long rotating beam.

Cl ea r l y ,  the half cusp involves into a full cusp.

The dynamics of a neutralized , rotating ion beam passing through a

cusp are very complex. There is experimental evidence 19 that a fraction

of the light electrons is tied to the field lines and does not follow the

ions across the cusp. The transmission of a rotating beam throug h a cusp

is presentl y under investi gation with a computer simulation code .

For pellet fusion ,2 0 ’2’ a full cusp may be more desirable than a half

cus p . Again , it is assumed that for z > 0 the cus p is desc r ibed by

A0 
= rzB3/262, z > 0 (~2)

where is the t rans it ion w i dth and B2 is the axial magnetic field B
~ 

=

~~~~~~~~~~ ( rA
0
) at the exit of the cusp, i.e., of z = 6 .  Similarly to the

z < 0 case , the boundary equa t ion  is

= 2r2 (~~ /z )  ~ ~ 1 + [1 + (z/ ô~)~~]~ }, z > 0 (13)

where a
2 

= a1 B2/B~ and r2a2 = P
0
/(2mH)~~. Fi gure 3 shows the boundaries

of the full cusp for a1 0.5 and a2 = 0.1 , i.e., for B3 = B~/5. Hi gher

8
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v~’Iues of B~ may be more des i rable. A pellet that is located near the

exit of the cusp is irradiated not only from the front but also from the

back because of the reflected ions. The range ..,f 100 MeV protons in gold

is about 0.8 cm and therefore the total diameter of the target (OT and Au)

should be — 1.7 cm. Thus , heavier ions are more suitable. The size

of the pellet can be made compatible wi th the opening of the boundary

by adjusting the value of 6
2
.

IV. Equilibrium

When a rotating beam that is i mmersed in a magnetic field is extracted

to a free magnetic field reg i on , as in Fig. 1 , the canonical angular momen-

turn can only be conserved if r increases , i.e., when an expansion of the

beam occurs. For intense rotating beams that are not current neutra lized

the vector potential P~0(r) has two components ,

i .e.,

/ ~ ext , .. se l f ,A
0~

r) A
0 ~~ + A

0 kr .’ ,

ext - . . selfwhere A
0 
(r) is due to the externally appl ied field and A

0 (r) is due

to the azimutha l current of the bear - Therefore , P0 can be conserved with-

out an appreciable increas e of r , even in the absence of an external field ,

prov i ded that A~~~~(r) # 0. However , conserva ti on of P
0 does not warranty

the existence of equi librium . For the equilibrium to exist , a negative

force is needed wh i ch can be conveniently prov i ded by the self B0 
field.

For a solid rotat ing beam propagating in the absence of an external

magnetic field , the J
zB0 

force bala nces the centrifugal and the forces .

This equilibrium was studied init i ally by Yoshikawa ,’2 who used a co ld fl u id

mode l (VP = 0) and assumed b -
~ ~ ‘ (no surrounding conducting wall).

9
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However , only hollow beams can be efficiently transformed with mag-

— netic cusps. For this reason we study in this section the equilibrium

of a hollow beam. Any realistic mode l dealing with finite thickness

hollow beams should include the pressure gradient term. Hot beams (p ~ 0)

can be conveniently studied us i ng the Vlasov-Ma,~,ell approach .

The present calculation is carried within the Vlasov—Maxwell frame-

work and indicates the existence of equilibrium for a hollow rotating

beam , when the external magnetic field is zero and the rad i us of the

conducting guide tube b -~ ~~.

In addition to these theoretical predictions , recent experiments 2 3

at NRL have demonstrated the existence of equilibrium for a hollow , ove r

dense , rotating electron beam that propagates inside a conducting guide

tube in the absence of an external magnetic field. Presently, experiments

are planned to test the existence of equilibrium when the conducting tube

that surrounds the beam is removed.

The equilibrium confi gu ra t ion is shown in Fi g. 4. It consists of a

space charge neut ral ized , hollow , infin itely long rotating ion beam that

is i mmersed in a un i form magnetic field B
0
. The beam is surrounded by a

conducting cylindrica l liner of radius b and propagates with a velocity

v
~
(r) along the axial direc tion . The following simplifying assumptions

are made in describing the equilibr ium of the propagating ion beam:

(i) Equilibrium properties are azimuthally symmetric and i ndepen-

dent of z-coordinate , and

(ii) The equilibrium elec tric field of the beam is neutralized by

an electron background and the curren t carried by the electrons is

equal to zero, i.e., the self magnetic field is generated entirely

10
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by the ions.

Ini t ia l ly ,  the equilibrium properties of the beam are computed for

fini te B and b. Subsequently, the li m ited case of B
0 

0 and b -‘- i s

conside red.

The equi l ibr ium is described by the distribut i on function

— qA P
f°(H-wP0, v~

) = 
~~~~~
. 6(H_wP

e~
kL ) 

cS(v + _...
~~~
. - _..~2.), (~4)

where w, k~ , m , ~~, c, m and are constants , Az
(r) is the axial component

of the vector potential ,

H = (m/2)(v~ + v~ + v2), (15)

P
0 mrv

0 
+ (q/c)rA 0

(r), (16)

and

= mv~ + (q/c)A~(r). (17)

F The argument of the first de l ta function in Eq. (11+) may be expressed as

H - WP
0 

- 1c
~ 

= (m/2)[(v
0
-rW)2 + v2J + 13 (r), (18)

where

U (r) = (m/2) [P /m - (q/rnc)A (r)]2

- (q/c)rA
0
(r)u - mr2 w2/2 - < 0. (19)

The density profile corresponding to the dis tribution of Eq. (14) is

11

- ..  —— _
~~~ -_ - - - - - -- —- - - _ __ _ __ __ _ _

~i ._ ~~~~~~~~~~~~~~~~~~~~
--— — - - 5-

~~~~~



-5 — -  --5;-.- —5 - - -— -- ___________ 

______ 
- -

~~~~~

n( r )  = rf ° (H-.WP , v )dv n , a1 r — a.., (~ 0)
0 z -

where a, and a~. are the roots of U (r)  def ined in (19).

The azimuthal current density is given by

J
0
(r) = qnV

0
(r) , a-, -

~ r — a,, (~~~L )

where V~ (r) is the mean azimuthal velocity of the rotating beam, i.e.,

Vq(r) (v~ (r)) = (1/n)j’v
9
f°(H_wP

9 
v~)d~v

= Wr , a1 < r -~~ a., .

Equation (22 ) shows that the ion beam rotates with a constant angular

velocity (V around its axis of symmetry , i.e., the beam is in a rigid-

rotor equilibrium .

The azimuthal component of the magnetic vector potential is deter-

mined from

~~~ 

~~~~

- iirA~(r)] 
-= - (1~-rr/c)qrkur , (23)

and the axial component from

~~~
-_ (r 

dAz(r))= - (L~1Ic)qn [ P 0Iin - (q/mc)A (r)]. (2l~)
rdr \ dr

The solution of Eq. (23) subject to the boundary conditions that
b

A ..nd B are continuous at a, and a and r2TIB rdr llb2B (flux con-e z 2
0

servation) is

B
~
(a. )r/2 O~~~ r .~c a ,

A
9

(r) = B
~

(ai )r /2  - rrnqw (r 2-a~ ) 2I2cr , a~< r -
~ a~ (25)

B ( a , )r 12 - TTnqW[(a~ _a~)

x (2r2-a~-a )]/2cr, a2 ~ r � b ,

12
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where B
~
(a
~
) is the axial magnetic field in the i nner surface of the beam.

The axial magnetic field B (r) = !~~_(A0
r) is computed from Eq. (25)

and is
4ir I~ ~ 

(a~ + a~)]
B0 +

~~ [•
l~~ 2b~ j o < r < a

1(a~ - r)~~ (a~~+ a~)]
B (r) = B + ~!!. i — - - , a, < r < a2 , (26)
Z 0 C 

~L(a~ - a~) 2b2 -‘

(a 2 + a2 )
B
0 

- 1!. 
2b 2 

2 
], 

a 2 < r < b

where I~ ~~ L(a - a~~) is the azimuthal current per unit length . For

q > 0 , I~, has the same si gn with w, wh i ch is , either negative or pos i tive .

Although the expressions describing the density , azi mutha l veloc t-~,

A
0(r) and B~

(r) appear to be identica l to those of reference 24, they are

defi ned in a differen t reg ion because for the distribution function of

Eq. (14), a~ and a are functions of A
~
(r).

The axial component of the vectQr potential A
~
(r) is determi ned from

Eq. (24) and is g iven by

(
~, O < r < a ,

A
~

(r) = \ (cP~0/q){1~~(a ,/A*) [10(r/x*)K 1 (a ,/A*) + K
0
(r/A*)I ,(a ,/A*)]}, a 1<r<a 2,

(2 I / c ) ~ n(a 2 / r) +(cP~0/ q ) {l_ ( a ,/A *)[I0 (a~/x *)K 0(a~/A*) + (27)

K 0 (a 2 1A* ) l ,(a ,/ A * ) J}

whe re I and K are modified Bessel functions of order n , A~ = c/wn n P

and = 4rr~q
2/m. Equation (2 7) has been derived assuming that A

~ 
and B0

are Continuous at a1 and a3 and A~
(a1

) = B0(a1) = 0. The azimutha l magnetic

field B0 
= 

~
dA
~
/dr computed from Eq. (27) is

13
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0, 0 � r � a 1
B
0
(r) = (4.TTq a 1P /mc)[lç (a, /x *) II (r/x *)_11 (a1/x*)lç (r/X *)) ~a�r�a3

2 1/cr , a, < r ~ b, (28)

where the Current of the beam I can be expressed as

= (2T1qnP a1a2/In)[Ki (ai /X
*)li (a2/X*) - I1 (a~/X*)Ki (r/X*)]. (29)

For a1/X* >> 1 , Eqs. (27), (28) and (29) become

0, O � r � a ,

A
~
(r) = (cP~0/q)[1 — (a3 /r)~ cosh[(r_a,)/x

*]1, a, ~ r ~ a2 (30)

(2I/c).~.n(a2/r) + (cP50/q)(]. 
- (a,/a2)~ cosh[(a2_a,)/x*]} a2�r�b

0, O � r � a ~

B
9
(r) = ~~~~~~~~~~~~~~~~~~~ sinh[(r_a,)/x*], a, � r � a2 (31)

21/cr, a2 � r � b,

and

I = (2TTqnP x*/m)(a,a)*sjp.1~ t ( a2 _a, ) / x *]. (32)

Defining the Alfven limi ting 25 current as the beam curren t at wh i ch

the Larmor rad i us of a charged partic le in the maximum self magnetic field

is equa l to one-half of the beam radi us , we obtain

V(a2) a2
(~/n1c)(2I~/~~~5 

=

For a
1/A* >> 1 , Eqs. (30) and (33) g ive

1
A 

— c2(P~0/q)(a~/a2)~ cosh[(a2 - a,)/x*]. (3k)

Combining Eqs. (32) and (34) , we get

= tanh [(as -

14
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which is reduced to

I a~/2A* , for (a
2 

- a
1 )/A* >> 1 (34)

The conclusion from Eq. (34) is that the beam current I can exceed

considerably the Alfven current ‘A when the collisionless skin depth X*

iS much smaller than the radius 2’ and the thickness of the beam.

The function -U
0(r) > 0 has a maximum , whi ch can be determi ned from

- 
dU
0

(r ) 
0, (3 5)

dr r p
0

Us i ng Eq. (19), Eq. (35) can be written as

- (
~
)V
z(Po)b8(Po) + (

~
)wp0B~

(
~0
) + = 0

or

- = 
~ ri + 

13C2~ (P )v (P )
]

~ (36)
L c~ (p~

)p~,

where = qB~(~0
)/mc and = qB0(p0

)/mc. Si nce the radica l in Eq.

(36) is greater than un i ty , the ratio w/
~
2
~
(P0
) can be either pos i tive

or negative . Which mode of rotation is present depends upon the initial

preparation of the system.

When v
2 

= const. Eq. (36) gives

as expected.27
~

28 It can be shown29 that the pressure P in the beam is 

-~~~~ . .. -_

- --
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P = -~iT (r). (37)

Us i ng the 1-fl uid equation with .
~~~~

- =  0, we obta in

-. -,

~~(v~v)v = ~ q 
— 

Vp,

or

- —p. 
~m = (J

0B - J
~
B0)/c 

- 
~~~~~
.. (38)

The balance of forces becomes apparent when Eqs. (19) and (37) are
inserted in Eq. (38).

The in ner a and outer a radii of the beam are the roots of U (r)

function and therefore U (a, ) = U (a ) = 0. These radii are in general
0 ’  0 2

complicated functions of several parameters. Of par ticular interest in the

present work is the limi ted case B = 0 and b +
0

— 
Defini ng the l ayer strength parameter as

V = 7r~ q 2(a  - a )/mc 2 , (39)

the cons tant B
~
(a1) in Eq. (25) can be written as

B
~
(a1) 

= 2wmcv/q . (40)

and the azi muthal component of the vector potential A
0
(r) in the reg ion

a1 < r < a 2 as

A
8
(r) = (m~wrc/q)[1 - ~~~~~~~2) 1.

~ 

~~~~~~~~~~~~ 

.. 

~~~~~~~~~~~~~~~~~~~~~~~ 
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Subs t ituti ng Eqs. (41) and (17) in Eq. (19), it is obtained

U (r) = U(r) + mv~ (r)/2, (42)

whe re

U(r) = r 4 
- rv + ~ + ~~~ + - 1 ~~~2(a~-aç ) — (a~, -a~~~J ~~~(a~ -a~ )~~’ 

k1

and

v
~

(r) = v (a,)(a,~ x*)[l (r/x *)K1 (a,/X*) + K0(r/X *)11 (a,/x*)] (1~~)

The constant v2(a1) 
= /m is the ve loc i ty of charged particles in

the inner radius of the beam.

The functions U(r) and -mv~ (r)/2 are sketched in Fi g. 6. The two

roots a~ and a of U(r) are g i ven by

= (1 + ~ )(a~ 
- a )  +

1 (a -ç) —~~ i
± -

~[(1 + v—) (a~ -a~~) + - [a ’ - 2k1 
~~~~~~

The maxi mum va l ue of U(r) occurs at

p2 = a 2 + (a~ 
- a~)/2v = a~ + (2,~~Rr ’

and is

- ~~p) =ra
~
(2v

~~
1) + a~(2v +1)]/8v+k1/uw

2(2v +1), (L~5)
nw2(2v + 1)

17 

~~—~~~~-5••~~~~ -5-55 -5

-—--—~~~~ ---5~~~. -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - , - -



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

where R = q2/mc2 is the charged particle classica l rad i us. Necessary

condition s for the equilibrium to exist are

U(p) < 0

and

lU(P) I -
~ ~~ 

v~ (a~) . (li~6)

Substi tuting Eqs. (44) and (45) in Eq. (46) , it is obta i ned

(2~,+l)2 
0 

(a
1 /X*)+K0(a2/X*)I /X*)~~~_ 1) (4-7)

W2(~~~_~~~)

The radii of the beam a1 and a 
are the roots of U0

(r) and are deter-

mined from Eq. (42). These two radii are given by

a~ 
= (P~0 

- 2mk~)/m
2
~
2(1 + 2v), (48)

and

a ( v  + 1) + va~ + 2k /rrv.~
2 —

[v:(a~ 
)/w 2](a,/X*) 4 10(a,/x*)IS (a,/x*) + K0(a21x

*)Ij (al /X *)~ I2. (49 )

When a1/X* >> 1 and (a3 
- a1

) /A* >> 1, Eq. (49) becomes

2

(a2 -a1) (x*/2)~. {a2w r(~1)a:+v~+ 2k1/Irw2
~~

In order to have a3 - a > 0,

[w2/v~~~a, ~ 
+1)4 + va~ + 2k1 /zriu2] � a, /a2 •

18 
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(b) Infinitesimally thin beam

The various expressions given above are simplifie d considerably when

a3 a
1 , 

I.e., for very thi n beams.

In the thin beam approximation the radial velocity of particles is

approximately zero and then

~v
2(r) H - jnv H - (m/2)[P9/mr - (q/mc )A

0~~ 
(50)

Usi ng Eq. (50) and the relation H - wP
8 

= k1 , Eq. (42) g ives

a~ a2 = P
0/mw (i + v ) .  (51)

Equation (5 1)  can be easily derived from the conservation of P
0 

=

mr2 0 + qA0r/c. Substitut i ng 0 = w and using A8 = mvwrc/q from Eq. (41),

we get Eq. (51). For >> 1 , Eq. (47) becomes

(2V + 1)2 > 4 ~v~ (a1)i~R { (a1/ a )  cosh2t(a2_a,)/x
*] - 1) ~~~2

Since

—* *I = 2rTqnv (a1 ).Ja,a2x sinh[a2 - a,)/x ], in the thin beam approximation
Eq. (47) becomes

qa1
(2v + 1)~~— >  (11w). (52)

The above equation shows that in thin beams the current I can be

large provided that the frequency of rotation is hi gh.

Equation (52) can be written in a different form. Since I = qvV2/R0
and wa v0, Eq. (52) gives

V0 > 2v
~~~~~~~

— (2v + 1)

19
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Since for infinitesimally thin beam = wv and c2
0
(p) = qz/mc2a,,

the equation that precedes Eq. (36) g ives

V
~~ q~ (54)
V mc2a1 (v + 1)W

or after subst i tu t in g for I

v \ -
~ 

(55)
v
~ ~% 1 + V )

The i nequality of Eq. (53) is always satisfied when the equilibrium

condition of Eq. (55) is sa t i s f i ed .

When the distance between the accelerator and the target is much

shorter than the beam length , a steady state could be established. Unde r

these condi t ions , usi ng Eq. (15) with V
r 

= o and Eqs. (51), (5k) and

v0 = a 1w, we obtain

P2
( V + 1 ) 2 v 0 =

~~~ 6(2v+1) 2ma 2 H 
~~~~~~~

where H~ is the hami l tonian at the peak of the compression . Before the

- 
- establishment of the steady state , a fraction of the beam energy is in-

vested to build up the magnetic energy . If L is the beam inductance per

unit length , then Eq. (56) becomes

p2
(v+1)2 v = 

_ _ _ _ _

[(2v+1) + LVc2 (v+1)J 2maj~ H~ 

~~~~~~ ~~~~ ~~~.: 



The beam i nductance L has two terms , one assoc i ated w i th the rotation

and the othe r with the translation of the beam. In genera l , L is a func—

tion of V.  For an infinitesimally thin beam , of lenqth 1 , the inductance

per unit length is given by

L c~~f L 2ln(2I/a ,) -1  + ‘J~Th )

prov ided 1 >> a .

(c) An Example

Combining Eqs. (51), (55) and (56), it is obtained

/ 1 R \  2o ~ v (v+l) 
( 8)

(~qv00 ) — (2\)+1)

where v00 is the azimutha l ve l oc i ty of ions at the peak of the compres-

sion (H~ = ~mv0~
). Equation (58) determines V when the va lue of I and

v00 are spec i f ied . For I = 10 7 A and 1-1 200 MeV , Eq. (58) gives v = 0.8.

The va lue of V is determined f rom V = IR /q v  and is 1.19X 10 1° cm/sec .z z 0

Subst itut ing this va lue in Eq. (55), we get V 0 = 0.8 X 10 10 cm/sec.

The beam rad ius is determined from Eq. ( 5 1) .  Using the value of

P
0 that corresponds to the va l ues of parameters of Table 1 , Eq. (51) gives

a1= 0.54 cm. Since for this particular case the length of the extracted

beam is on ly 38 cm , the onw~iiss ion of inductive e f fec ts  is j u s t i f i e d

only if the target is located a few cm from the exit of the cusp.

I n the above example the beam has been assumed to be infinitesimally

thin. If the thickness of the beam is finite , the procedure of deter-

mining the various parameters of the beam is more complicated . Final ly ,

it should be emphasized that predictions that are based on infinites i mally

21
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th i n  beams must be treated wi th  care , because such beams are likely to be

uns t ab l e .

V. Sunmary

A scheme is proposed for the generati on of hi gh energy , hi gh current

ion pulses by magnetic comp ression of ion rings. An important feature

of the present scheme is the extraction and unw inding of the ring after ‘I
compress ion . The propagation of the ext racted pulse from the compression

reg ion to the target does not requi re the presence of meta l l i c  boundaries

or the application of an externa l magnetic field. Therefore , such a

scheme is in part icular useful for targets that are separated from the

compressor by a large distance . It appears that the present technique

can lead to the generation of hundred of MeV ion pulses without the need

for furthe r deve l opment in the existing pulse power technology . The

capabili t ies of the proposed scheme appear to be far beyond the present

requirements for pellet fus i on. However, the successful evol ution of the

proposed approach to a pract ica l device rests very heavily or~ several

factors , including the formation and stability of ion rings , the stabili ty

and finite length of the hollow beam and the abil ity to inhibit , at least

partially, the electron return current in the propagating ion beam.
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Table I

Source

Average hollow beam radius at the anode (cm) 26

Magnetic Field (kG) 2.3

Pulse Duration (nsec) 70

Compression Region

Before After
Compress ion Conipress on

Proton energy (MeV) 2 100

Magnetic field at M.P. (kG) 18.2 910

Proton current (MA) 0.92 46

Number of protons 2 X 10 17 2 X 10 17

Ring kinetic energy (MJ) 0.064 3.2
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Fig. 2— illustration of the effect of the self magnetic field of a rotating
- - 

beam on a linear half cusp
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Fig. 3— Boundary of the allowed region (hatched ) of a full cusp when
0.5 and a2 = 0.1
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Fig. 4 —  Equilibrium configuration and coordinate system
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nmV / r+*[Jo Bz _ Jz Be ]_ f = O

Fig. 5— ifiustration of various forces acting on the beam
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Fig. 6 — Sketch of functions U(r) Eq. (43) and -mv~(r)/2 Eq. (44) vs. radial
distance. The intersections of two curves give the inner a1 and outer a2 radii
of the beam.
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