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This report summarizes  work completed between 1 October
1978 and 30 September 1979 under contract  N 0 0 0 14 - 7 8 - C - 0 0 3 3  for
the U.S. Navy (0P604) by the Acad emy for Interscience Methodology.

Three technical developments are discussed in this report.

Chapter 1 describes soft target methodology in the Force
Mix model . The results of research into the possibilities for
increasing model efficiency are furnished .

Chapter 2 documents an addition to the Cruise Missile
routing capability of the RPM strategic analysis model . This
addition constrains development of routes so that barriers are
not crossed and so that routes will avoid specific sites .

The development of a method for constructing DGZ ’s employing
mul t iple yield weapons with avoidance constraints is discussed
in Chap ter 3. This work was supported by both the U.S. Navy
and the Joint Strateg ic Ta rge t Plann i n g St~i f f  ( JP ) . The method
has been incorporated into the RPM model.

Chapter 4 contains short descriptions of several support
efforts that received attention during the l a s t  year.

The span of interesting and re1evan ~ tasks that the AIM
technical staff was asked to work on d u r i n g  this year is much
appreciated . Mr. Paul Garvin has fostered a challenging and
technically rewarding atmosp here for our work.
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~pter 1. The Force Mix flodela

A. Organizing Concepts

Long range planning for new s t ra teg ic weapon sys tems
is founded on the impera t ive  that  cer ta in  basic r equ i r emen t s
be met w i t h i n  cons t ra in ts  of budget and other  resources . These
requirements do not exist for a single time period . They must
be satisfied in forseeable time periods and they may involve
several types of targets included in separate countries . Many
different weapon systems must be considered . These weapon
systems may come into the force or may exist but need
modification to extend useful contributions to the force.
Alternative force configurations are evaluated with respect
to this total environment.

Following the lead of some manual method s that had been
used to deal with specific problems , it was decided that a
computer implemented linear programming approach would pr ov ide¶4 a suitable evaluation framework. Damage to general target
types that are known as soft targets had been approximated
by exponential functions . Damage requirements can be transformed
to equivalent warhead s by the inverse of the exponential
funct ion. Di ffcrcnt weapcii t y j~~ have di ffer~ n eff (~ t ivcn ess
coefficients , and these coci ficients multip led by the number
of weapons allocated to each target type form the linear
equations that are the ba’~is of th i c  r’~d el .

ForLc effcctiven ’.s against hard targets requires greater
modeling complexity and a completely different. formu lation . The
probability of damage for each w~’~ pon type against a single
target site is calculated . ~1ard target deploym ent has the
characteristic of having little interaction hetween sites . I)amage
from different weapon type~ or h y i  second ~.rapon of the same
type are considered . This formulati on conta ins mor ( structural
complexity in the IP model , but it gives an adequate representation
of damage for up to two warheads of any weapon type on each
hard target.

One s•’t ci hard t .~rgcts i~~ ea~ h ~‘f t hit n t i i t  i i~~; iS
inc luded in the model. There ar also two solt target 1 )’pes
w i t h i n  each coun t ry .  Required l eve l s  of damage can he set for
each of these c o u n t r y - t a rg e t  types .  In each t i m e  era considered ,
different requirements may he input. Up to nine time period s

~ See References 1 and 2 for  f u r t he r  d i s cus s ion  of the  Force
Mix Model.
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are available although three or four have been adequate to
show the consequences of decisions that can be made at the
present time . The number of weapon systems is open ended
so that alternate existing systems can be considered and
so that  compet i t ive  conf igura t ions  of a proposed system can
be compared over the t ime frames studied .

An impor tant  par t  of th i s  model is the SYSTEM TREI~network which relates total weapon systems to components. It
ties the availability of components or technology bought in
one time period to the weapon system availability in a l a te r
t ime period .

Alternative weapon systems may be able to use the
• same components such as submarines or benefit from the same

• developmental effort such as guidance systems . They may compete
for the use of the same production facilities such as shipyards.
The component subsystem networks that support each weapon
system ’s concept are interrelated with each other and also over
time as components are converted from one kind of weapon system
to another. There arc costs associated with conversion for
example as when submarine launch tubes are changed . This net-
work provides a more adequate way to include costs rather than
using system costs which depend on which other systems are
developed and supported . Bud getary ons t ia int s , product ion
rates , conversion rates , and buy -in costs can all be represented
in this part of the model. Buy-in cost gives rise to binary
variables that require mixed integer programmin g solutions.

In running a par t i cu l a r problem the linear programming
model may he used to minimize cost , nin iri:e  a ii r i form bud get ,
or to maximize ddmagc to Solic d i fficult target type wh ile holdin g
the budge t as a fixed requirement for each tir ~c period . The
technology of LP models allows cffi ci~ nt solution of problems
much larger than those gener .~t c(l by th i s applic ation which is
called the Force Mix Model . The LINMIX program takes the
specification of the model and the problem to be solved and

j generates the linear programming problem in a standard format.
The APEX-I ll Mixed Integer Programmin~ opti m iz ation system
is ~r.cd to ~r 1v t’ each problem .

3
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B. Damage to Soft Targe t Types

In the Force Mix Model the aggregate  of al l  targets  of a

soft target type is approximated by an exponential damage

function . This exponential represents the concentrated value damaged

in a few areas and the smaller incremental value available at

scattered locations . An exponential damage function is fitted

to each soft target type. Within each target type the weapon

types diffe r in effectiveness. Specific weapon effectiveness

coefficients are requ i red for each targe t type .

The form of the damage function is

d(W1) A + B • exp(-(y 1 
•

where W1 is number of weapons and d (W 1) is the damage for

weapon type i. is the effectiveness ef weapon type i against

• the target type . If the number of weapons is zero , then d(0) - 0 .

For d(0) to be equal to 0, A - -B. As W 1 becomes large , the

exp (- (~~ •W1)
1) approaches zero and d (W 1) is asymptotic to A.

If A — -B l.O~t is us ed , the damage font i i ’ u is asymptotic to

100%. After A and B arc fixed , the exponent P , which is

characteristic of the data base , is fitted in a non-linear

regression while the e f fecti ven ess t~f f i c i e n t s  arc fitted by

• linear regression within each weapon type .

4
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If several weapons are used on the same target type

it is not assumed that the damage may be added . The effectiveness

for each weapon is added .
1 1 4

The total of the effective weapons is I ~~~~ where
i—I

11.14 is the number of weapon types considered .

The combined damage is D(T) A + B cxp(-T~). If the

required level of damage , P, to the target type is substituted

for D(T), the function may be inverted to give

(-ln ((P-A)/R)) 1”1 T. This transform s the level of damage P

in to effective number of warheads T. This limit , c a l l e d  ZMIN ,
I N

is the requiremen t for the sum y~W 1 wh ich corresponds to

i~ l
one row of the linear programming problem.

The data to be fit will include a series of observations

for each weapon type . Each observation consists of the number

of weapons W 1 and the damage Q1 done by that many weapons .

The damage is the fraction of total value destroyed for the

whole targe t type . here target type may be an aggregate of

several fac i lit ~ list s in a dat a base for a i ~. en t i rnc ~ C TI od

For example , categories used m.iy be soft m i l i t a r y  targets and

industrial - economic targets.

• S

• _ _ _
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The damage for  a series of numbers of weapons must be

computed separately for each weapon type. General models such

as RPM or SIRNEM can compute this damage with any appropriate

values of yield , CEL’, reliability, survivability, or special

restrictions on altitude , range , or avoidance. Uowever , there

are o f t en  several  p o s s i b i l i t i e s  of r e l i a b i l i t y  and s u r v i v a b i l i t y

that may be studied and it is more practical to set rel iability

to 1.0 and compute perfect weapon curves . The data analysis

in the Force Mix Model includes a special iterative process to

approximate imperfect weapon data from perfect weapon functions .

6
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C. Using Perfec t Weapon Functions for Imperfect Weapons

The re is an exponent ia l  f u n c t i o n  for damage by perfect

weapons similar to the exponential function for imperfect

weapons .

PK (X ~) a + b • exp(- (G1 .X~
)”)

where is the number of weapons and PK (X
~
) is the damage

for weapon type i. G1 is the effectiveness and a , b and H are

parameters characteristic of the target type. Since G1 is mainly

• ~

‘

~
‘ a function of y ield of the weapon , it is possible to fit the

sot of C1 for weapons over several yields. A quadratic function

in log yield (in Y 1) is used . It fits we]] for the range of

y ie lds  used.  The c o e f f i c i e n t s  of the quadratic arc stored

as parameters  of each target type and the individual for

perfect weapons are not saved . When these functions are used

they may be interpolated ~~si1y for a new yield or employed

t o r e c a l c u l a t e  a y i e l d  previou sly c~ n~ idered . It is therefore I -

useful to have a representative set of yiel d s , cover i n g the

range of interest , when the perfect weapon data is fitted , but

it is not necessary to inc l ude all y ields or weapons which will.

be used .

Suppose that L crt ain survi v ;ih i Ii ty and r eliability

factors for installations wh i ch arc not retargetable , combine

to give some probability, P~ . It is assumed that these factors

are s u f f i c i e n t l y  w e l l  known to a l low m u l t i p le  t a r g e t i n g  of the

most valuable parts of the data base. Even though we do not

7
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know which weapons will fail , we will double up on the highest

value target areas because the probable value achieved is

greater than the value achieved by attacking the next most

valuable target .

Assume that weapons are assi gned up to some level Z1, then

the incremental value V(Z1) for one weapon at is the minimum

value required for any weapon being used . Therefore , a second

layer of weapons is put on the richest targets up to the point

where the incremental value for the second weapon (J-P).V(Z 2)

is equa l to V(Z1). Similarly a third and more layers may be

considered until the cutoff is less than one weapon. The

damage for each layer is accumulated to g i v e  the proportion

damaged , Q. The total of l • + . - l~ is the number of

weapons used . After several points arc generated for each

weapon type , the points may be used :is imp erfec t weapon data and

fitted as descri he~l .11 4 ;e .

8
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D. Model Efficiency Research

The Force Mix Model is a general linear programming model
with mixed integer options . It is supported by a program
desi gnated LINMIX which genera tes t he LI ’ prob lem in a standard
format. This standard format could be processed by any available
mixed integer programming optimization system. But in fact
these problems have been solv ed o n l y  b y APEX III which is
availabl e for a 70% surcharge on Control 1)uta machines . Advances
in network analysis offered promise of impressive savings. There
were some ra ther long A 1’EX running times due to extensive
integer programming s u b m o d e l i n g  in 1978 during a series of
produc t ion runs . If these runs were exces sively long due to
the requirements of the problem , the expense c o u l d  be justified ,
but if an alternative is av ail able th at could solve the same
problem it should be explored . Besides possibly si gnificant
computer costs , the actual production time for a study mi ght
be held back by the time for proce ss ing a l o n g  r u n n i n g  problem
in a series of runs necessary to explore t h e  st tid y background .

F i r s t  of all it should he cia r i f ic’d that alt b oug h
par ts of L I N ~t IX may he formulatc~l as a networ k , it is
no t a ne twork prob l em . I)cnonstrations of network analysis
efficiency can be cor pared with  API X . \etwork pr oh l ems  , ev en
gene ra l  n e t w o r k s  a re  a s p e c i a l  c a s e  ~~ l i n e a r  p r o g r a m m i n g .
A genera l  LI ’ s o l v e r  l i k e  A P E X  can  s o l v e  n e t w o r k  p r o b l e m s , but
programs which arc specifical l y designed to efficiently solve

• ne twork probl ems ca nn ot s o l v e  gene r al  line ar p r o grir m ing
problems. E fficient network solvers such as P M F  usc ’  a
m o d i f i e d  s i m p l e x  m e t h o d  t h a t  exp l o i t s the special characteristics
of a n e t w o r k  and c an r e su l t i n s o l v i n g  l a r g e  p r o b l e m s  q u i c k l y .
Even the  more  g e n e r a l  n e t w o r k s  w i t h  a t  I c u n a  t ion  f a c t  ors  on

• the a rcs  may  r e s u l t  in rcdtic t ion t o  I / IS t h e  r u n n i n g  t ime
for  t h e  same  probi  en und er APE\ . ~ortc t i m e ; it is p n c ’  i ii] e
to refor~ iiI at e a proM (2 t ( a]  1 e’~ s t i n t  on b y an o l  h t  r ~1e
system . It was found t h a t  to do so in th i s case would enlarge
the  prob l em .

Remember the prob lem is not a n e t w o r k . It c ou l d  he seen
as a network with m atch ing flow rc , i r c r - n i , . . Ii i ’ . po ss i b l e  i n
do th i s m a tching when each mi s s ile is tr (•atrd as a node. Ii a new
model were w r itt en and i it g.t~ e y e  i i lied equ i va len t r ~ ul t s
it would be so large for production problems that any savings
would probably disappear. All the problems of verification not
only for accur acy but for valid ity would be required because
the problem solved would not he ex.i~~t l y the same problem , but
the problem recast as a network f l o w . It was decided that this
was not worth pursuing for LIN ’IIX. h owever , there are other
problems wh i ch are well suited to a network approach which are
currently solved with PN F T .

9
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A bi gge r and f a s t e r  new A P E X - l i k e  m i x e d  i n t e g e r  so lve r
has no t yet become available. LINMIX problems are produced
in the standard MPS (Mathematical Programming Standard ) forma t
to be compatible with any standard system. In view of the 70%
CDC su rchar ge , even a slig htly less efficient system could handle
Force Mix Model prob l ems. Whi l e use of APEX con t inues , i t is
poss ib le  to save by u s i n g  it i n  a more integrated way and
only call APEX func tions as needed . This would allow streamlining
the i nput  d i r e c t l y t o a m a t r i x  for  AP EX ins tead  of to a f i l e
to b~ read b y APE X . I t could mean selective and summarized
output forma ted as OP~04 requires . It would also i m p ly  that
reduc tion of the problem by elimination of redundant rows
and column variables would be taken over bc I~I~~h’ I I X .  Many
summ ary rows would o n l y  he cr eat ed on re qu est , comple tely out-
side of the APEX. These summary rows w o u l d  he computed from the
solution m atrix. The research conclusions arc that a decision
can he made to go in the d i r e c t  ion of f u r t h e r  d e v e l o p m e n t  of
LINMIX to incorpor ate APEX functions or to wait for a new System
to replace APEX-Il l at a savings . If developmental effort is
invested to develop L1N ~h 1 X to call APEX functions the model
would be more efficient hut it would also he more dependent
upon the CDC owned royalty software. (Perhaps if the N a v y
could negotiate a reduc ed royalty it mi gh t satisf y users and
owners in the long run.)

Recent experience has shown that the p r o b l em s  run  with
l.I NMI X have not continued to grow in r u n n i n g  t i n e . Current
problems have gone in the dir e ction of more time p e r i o d s
( m o v i n g from 3 to 4) and fewer weapon types , usu a l l y  8. The
running times have been reasonable and storage requirements are
less than ISO K. The main block to pr oduction schedul es is not
running time but the tine to structure the problem through
several time per iod s . The documentation of the inputs could
be better , especially where the sa ne  input has d i  flerent
interpre tat ion in sep .lrat e phas e s  of  the pi ngral , I h i s
refers specifically to limits on weapon a~ d targets whether
in  p r o b a b i l i t y  or number  of w e a p o n s  as  used t o  con i  vol  t h e
data analysis with the i t e r a t i v e  p rocess  of data generation or
the const rai nt s and requ i r c m e n t s  u sed to  g~~n e r a t  e the h. P
p r o b l e m .

In add i t ion , e xp e r  i ence w i th us in g  I i  ‘~ - 11 X h a s  I ed to
the following sugge stion s that should make t h e  solution to
problens faster.

1 . There are extraneous equations which could he omitted

4 or i n c lu d e d  by re qu es t .

10
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2. Linear  combinat ion var iables  are created at  execu t ion
t ime by APEX. I t  is not necessary to have APEX do t h i s ,
but  i t  a lso makes i t  d i f f i c u l t  or i mpossible  to de le te
unnecessary component par t s  t h a t  are in these
combina t ions .

3. The System Component Tree can be reduced b y de l e t in g
weapons from t ime  p er iods for w h i c h  they w i l l  not be
a v a i l a b l e .

These sugges t ions  w i l l  not r e su l t  in important computer savings
but they  w i l l  reduc e the unnecessary  i n f o r m a t i o n  in  the  outpu t .
I t  was a lso  suggested t h a t  the number of printouts of the
TEMP da ta base be reduced . This has been done in the  new
LINMIX now maintained under UPDATE. At the same time the latest
probabili ty of damage calculations were incorporated.

E xpe r i ence  shows t h a t  any rep lacement  for  APEX must have
a mixed in teger capabilit y and that just an LP solver  w i l l  not
be suffic ient.

11
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Chapter  2 .  B a r r i e r s  to Cru i s e  M i s s i l e  Routes

A. I n t r o d u c t i o n

Cruise missiles have the capability to fly around

obstacles , so i t  is d e s i r a b l e  to he able to genera te  routes
which  r e f l e c t  t h i s  c a p a b i l i t y .  For example i t  mi gh t  b e
des i r able , for  geogr aph i c reasons , to in sure tha t no c ru ise
mis sile flies over a particular area , or for opera tional reasons ,

that no cruise missile flies too close to a SAM s i t e .

The RPM strateg i c nuclear exchange model has the

capabili ty to develop cruise missile routes from launch poin ts

t h r o u g h  a set  of IP  points .* Und er contract N00014-78-C-0033

a subroutine has been developed which provides this avoidance

• c a p a b i l i t y .  I f  r e q u e s t e d , c r u i s e mi ss i l e rou t es w i l l  be
generated which avoid all of the obstacles contained in a

desi gna ted facility. This is accomplished by desi gnating as

unacceptable any potential route leg which may cross an obstacle.

B. Statement of the Problem

Al thoug h avoiding a SAM site , and fl ying around

a p a r t i c u l a r  area a re  both  prob l ems of avc idan ce , their

f o r m u l a t i o n  and s o l u t i o n  a re  s i g n i f i c a n t l y  d i f f e r e n t .  The
first problem may h e descr i bed by g iving the location of

the SAM si te , and requirin g that ~rui sc m i ssile not come

within a distance R of the SAM site. The second problem

may be des c r ibed  by say i n g  t h a t  t h e  c r u i s e  missi l e must not

cross a g iven bord er ,

Through the remainder of this cl.apt ci it sha ll he

a ssumed t h a t  as the  cruise missile flies from IP po in t to

* See Refe rences  1 and 3 for discussi . i of cruise missile routing
using the RPM model.

I
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IP po in t  i t s  path is the minor  arc of t h e  grea t  c i r c l e
connecting these two points. Also we will assume the area
borders are represented by a sequence of grea t  c i r c l e  arcs ,
each arc less than 180°, joined at the end points. Points
on the su r face  of the  ea r th  w i l l  be represented by vec tors  in
3-space , n o r m a l i z e d  to have length  1. The same l e t t e r  w i l l
be used to represent  a poin t and the cor responding  vec tor ,
but it will be clear from context which notion is intended .

No te tha t th e cen ter of the ear th corr esponds to the zero
vector  w h i c h  w i l l  be denoted 0 .

C. Math e m a t i c a l  S o l u t i o n
Consider firs t the case of the SAM . Suppose that the proposed

segment of the cruise missile route joins the points P and Q,
that the SAM site is locatcd at the point B and i t  h a s  a
radius R. Let 0 denote the angle subtended at the center of

the earth by a dist ance of R along the surface . We w i l l
assume 0 < 90° .

St ep 1:

Determine whethei or not B is w i th i n a dist anc e R of

the great circle determin ed by P and Q.

Method :
Check to see if the angle between P x Q and B is greater

than or equa l t o  900 c. I f  we l e t  N~N PxQ/ t I’x Q I  and
not e t h a t  taking the cosine of both sides reverses the above

inequal i ty then the cond i t ion read s

PQN I < cos(90°-O) (1)

If we replace cos(90°-O) by sin 0, square both sides , and
rep lace sin ’ C by l-cos ’O, then condition (I) becomes

13
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( B • PQN) ’ + cos’C < 1. (2)

If this condition is not met then no point on the great

circle determined by P and Q is within a distance R of B

so we do not have an i n t e r sec t i on , and f u r t h e r  t e s t i n g  is
unnecessary.

St ep 2:
I f th e co n d i t i on in  St ep 1 i s s a t i s f i e d  we n ex t d et erm i ne
whether or not B is between P and Q. If this is the case

then some point on the arc PQ is within a distance R of B.

Me thod :
B is be tween 1’ and Q i f and on ly  i f  B and Q arc on the
same s ide of the  p l a n e  d e t e r m i n e d  b y P and PQN , and B
and P a re  on the  same side  of the  p lane  de t e rmined  by
Q and I’QN . U s i n g vec to r al gebra thes e cond i ti ons reduce
to

Si gn(B•PxPQN) Sign(Q•PxPQN) and (3)

Si gn(B.QxPQN) - Sign(P’QxPQN) . (4)

Step 3:
E v en if these c o n d i t i o n s  are not ;-iet it si i l l  m i gh t  he
the case that there are some points on arc PQ withi n a

dis tance R of B. But since B is not between P and Q, if
there are points on arc PQ within a d i stance R of h~. , t h e n
one of P or Q must  be within R of B. Not ing that taking

cosines reverses the direction of an i nequality, P is

within R of B if

t B • P > cos(O) (5)

14
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and Q is w i t h i n  R of B i f

B • Q > cos(O) (6)

If  e i ther  of these cond i t ions  is met we know that some

point on the arc is with in a distance R of B. Otherwise
no point  on the  arc PQ is w i t h i n  a distance R of B.

Consider , now , the case of the arc crossing a barrier. Because

the barrier is represented by a sequence of gr eat c i r c l e  arcs
t he problem reduces to  a d e t e r m i n a t i o n  of whe ther or no t

two great circle arcs intersect.

As b e f o r e , suppose the cruise missile route joins the

poin ts P and Q and suppose the barrier arc is the minor arc

of the great circle determined by the points A and B. There

are two cases to cons id er . Either the arcs lie in the same

plane or they do not lie in the same plane.

Consider the first case that the arcs do not lie in

the same plane. If the arcs cross then clearly the points A

and B mus t be on opposite sides of the plane POQ . Similarly

P and Q m u s t  he on opposite sides of the p l a n e  AOB . U s i n g
vector al gebra these condi t ions become

Si gn (A PxQ) # Si gn (B PxQI and (7)

Si gn (P•AxB) ? Si gn (Q.A xR) . (8)

They arc not sufficient to insure an intersection. We need

to guarantee that the arcs are not “an t i podal” . That is the

case where there is a point X such tha~ X is on arc PQ and

-X is on arc AB (see F igure  1) .

15
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Fi gure 1. A3ltipodal Arcs.

U s ing  vec to r  al gebra (see app e n d i x ) , in the presence of

cond i tions (7) and (8) the condition that the arc s not be

antipodal is

Si gn ((A-B)•I’xQ)) # Sign ((P Q)’AxR)). (9)

Cond i t ions ( 7) ,  (8) , and (9) are both necessary and

su f f i c i ent  f o r  the two arcs to intersect.

The o n l y  case l e f t  to be dea l t  w i t h  is when
both arcs lie in the care plane. In this case the above

method breaks down . Because the situa ~~ion is symmetric with

respec t to the two arcs , we can suppose w it hou t loss of
generality that arc PQ is longer than arc AR . Then , i f
the arcs intersect at least one of A or B must be contained

in arc PQ, and the method s from Step 2 of the SAM site carry
over d i r e c t l y  to t h i s  s i t u a t i o n . Thus the cond i t ion  for
i n t e r s e c t i o n  read s

16
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Si gn (A•PxPQ) - Sign (Q .PxPQ) and
Si gn (A SQxPQ) - Si gn (P ’QxPQ)

or
Si gn (B .PxP Q) - Si gn (Q•PxPQ) and
Si gn (B .QxPQ ) - Sign (P.QxPQ)

D. Computat ional  Considera t ions

Because the compu ter has f i n i te prec is ion we mus t
examine the e f f e c t s  of t r u n c a t i o n  e r ro r .  Consider  f i r s t
the case of a SAM s i t e .  The very small errors in the

pos i t ions  of P , Q, and B , and the size of the radius that

truncation error may introduce will only make a difference if

arc PQ is t angen t  to the c i r c l e .  And in th i s  case , cons ider ing
the si tuation being modeled , bo th accepting the segment or

rejecting the segment are reasonable and justifiable decisions .

So special consid eration of truncation effects is not necessary

in t h i s  case .

We turn now to the effects of truncation on the

prob lem of determining whether or not two arc s cross. Truncation

error causes two significant problems . Mathematically it is

easy to d i s t ingu i sh the case when the arcs lie in a single

pla ne , t h i s  happen s  i f  and o n l y  if

A .P xQ - B•P xQ P •Ax B - Q •Ax B - 0.

But considering the special nature of the floating point zero ,

in the presence of truncation error it is v ery  unli kel y that

a l l  four  of these q u a n t i t i e s  w i l l  be zero . Yet i t  is  necessary
to d i s t i n g u i s h  those cases wh ich  should  be t r ea t ed  as thoug h
the arcs  did l i e  in a p lane .

17
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We also must be able to d e t e r m i n e  when the endpoint  of
one arc is in the plane  de te rmined  by the other arc. Again ,
mathematically this is no problem , bu t due to the special

na ture of the f loa t ing po i n t 0 , truncation error can give
r ise to v i s i b l y  incorrec t  answers .

E . Numer ica l  Defense

Thus what is needed are criteria for deciding whether

or not two arcs lie in a plane and for deciding whether or not

an endpoin t of one arc lies in the plane of the other arc.

There are two principal effects of truncation error.

The most obvious  is t h a t  c o m p u t a t i o n s  arc’ slight ly in error.

The second effect is that site locations are sli gh t ly  inaccurate .

The effec t of truncation error may be adequa tely represented

by suppos in g th at the four  poin t s P , Q, A , and B arc d isplaced
by an amoun t no greater than some snail number E. On CDC

E 2 24 which correspond s to 1.25 feet or an angular displacement

of at most 0.0123” of arc .

Any test used to determine whether or not to treat a
par ticular case as though the arcs lay in a single plane should

have the following two desirable properti es. l ir s t l y , i f  the
case could be obtained by starting with the two arcs in the

same p lan e and displacing each of the four poiats by less than

E , then we will treat the case as t h o u g h t he arcs d i d l i e  in a
pl an e . Secondl y- , for t h ’~e cases which are treated as though

the arcs lie i n  a single p l ane , h u t  c o u l d  n ot be produc ed by
starting with the arcs in a single plane and displacing the
four  endpo in t s  by a d i s t a n c e  of F or less , we req u i r e  t h a t  t he

answer so o b t a i n e d  be reasonable  and j u s t i f i a b l e .

18
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The following test has the above attributes. We
proceed in steps .

Step 1:

If  at least  one of I P ’A x B I  and I Q ’AxB I  is greater than or

equal to 3•E and at least  one of I A PxQ I and B~ PxQ I is

greater than or equal to 3•E then the arcs do not lie in

the same p lane .

St ep 2 :

Se lec t  two of the  fou r  vec to r s  whose inc luded  angle  is
closest to 90° . The reason for this selection is that

the plane that these two vectors ~.~eter m i n c  is  le ast af f e c ted
by small changes in the positions of the two determining

poin t s.

Step 3:

Compute the d i s t a n c e s  from the two remaining points to this

plane. If these distances are both less than 3’E we w i l l
t reat  the cas e as th ou gh the arc s l i e  in a p lan e , otherwise
no t .

Suppose t h a t  we have any three p o i n t s , say P , Q, and A ,

lying in a p lane and of all possible pairs the angle between .

P and Q is closest to 900 . Then if we arbitraril y displace

these poin ts , to P’ , Q’ , and A ’ , by a dis tance of no more than
E, it can be shown by means of vector algebra that the

d i s t ance  f rom A’ to the p lane  de t e r mined  by P ’ and Q’ i s less
than 3’ E.

19
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We also have the problem of determining when the end-

poin t of one arc is in the plane of the  other , as this  may
change the d e t e r m i n a t i o n  of whether  or not the arc s intersect.

However this test is only of interest when one of the conditions

(7) or (8) is met and the other fails; if both conditions are

met then this test makes no difference , and if both fail the

arcs don ’t intersect and the test is unnecessary. Suppose ,

for example cond ition (7) is met but condition (8) f a i l s .
Then , in turn for the point P and po in t Q, we perform the

following test in three steps. Let X denote the point currently

under consideration .

Step 1

If (X’AxR ~ is greater than 1.5 E the t e s t  f a i l s , otherwise

proceed to Step 2.

Step 2

Is the point X close to the plan e determin ed by arc AR?

S p e c i f i c a l l y  is

I X 1 A x B I / I A x R ~ < 1.5 E ?

I f  no , the test fails , otherw i se proc eed t o Step 3.

Step ‘

If X is between A and B the test succeeds. The method from

St ep 2 of the SAM site carries over dire c tl y .

If the test succeeds the point is presumed to be in the plane
and c o n d i t i o n  (9) is checked.  Note  t h a t  i f  both P and Q
could r~ass t h i s  t es t  then  the case would be t rea ted  as thou gh
both arcs lay  in the same plane .

20
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F. Overview of Subrout ine BAR

Input :
A proposed c ru i se  m i s s i l e  route segment PQ and a facility

of BARriers . Sites with a group number of 4095 are treated

as c i rcu la r  defense  s i t e s , consecu t ive  S i t e s  w i t h  t he  same
group number d i f fe r e n t  from 4095 are t r ea t ed  as d e f i n i n g
bar r i e r  arcs .  N consecut ive  s i tes  S1, ..., SN wi th the same
group number d i f f e r en t  from 4095 define the N-I barrier arcs
S1S2 ,  S2S3, . . . SN 1 SN .  Note  th at it is p e r m i s s i b l e  to have
SN - in which case the arcs form a closed loop , i . e , an
unaccep table region for cruise missile overfli ght.

Output:
A 0 or 1 , s tor ed in the var iable  i N TER .  0 i f  t h e  proposed
path does not cross any of the barriers. I otherwise.

Wh at f o l l ows i~. an outline of ~uh r o i i t i n e  B A R .

I . Dec larat ions and Initial i .~a t  i o n s .

Le t VA be a one d i mens iona l  a r r ay of ve c tor s .

F — 2 ** (-24) 13 — El ~
C X ( I  ,J ,K) is the Ith component of V.\(.1) x VA(K) .

DLT ( 1 ,J , I() — V A ( I )  • VA(J)\v/~(K) .

INTER 1 (presum e an intersection ) .

2. Ma in Loop . Lh s ~ ~~~~ ~ i i i  s i t - p  t h r o u~~h sites in the

ba r r i e r  f a c i l i t y .

21
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3. B S I T E ( I T ) .

Get the location and group number of the lTth site in

the barrier facil ity. If the group number is 4095

go to 9. If the group number of the current site is

differen t from the group number of the previous site ,

known as si te A , go to 8.

4. If Sign(A•PxQ) = Si gn(B •PxQ) and both IA PxQ I and

I B P xQ~ are  s u f f i c i e n t l y  l a rge  th at n e i t h e r  of the

t e s t s  desc r ibed  i n sec t ion F can succ eed t h en go to 8.

S. If the arcs don ’t lie in a plane go to 7.

This is the first test described in section E.

6. I f  the arcs , v i ewed as ly ing in a p l ane , intersect

RETURN , otherwise go to 8. This test is described

in section C.

7.  I f  a p p r o p r ia t e , chcc}~ to see i f  t h e  e n d p o i n t  of one arc
lies in the plane of the other. If the arcs intersect

RETURN . This test is described in sect ion C.

8. Sit e A Site B. Go to 10.

9. Does the arc cross the circul ar site? If yes , RETURN .

10. End of Ma in Loop : Sct the group nu mber associa ted with

Site A equal to the group number associ ated with Site B.

11 . INTER - 0

RETU RN

12. END
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Chapter 3. DGZ ’s for Mul t ip l e Weapon Systems

A call which will develop desired ground zeros (DGZ’s)

for mul ti ple weapon systems has been added to the RPM program .*

Un t il th i s  c al l was cons t ruc ted , D G Z ’ s were deve]oped for a

s i n g l e weap on sys tem , data base values were modified to reflect

damage and th en th e pr oces s was repea ted f or the nex t weapon

system . The DGZ call in RPM has been used when 1)GZ’s which

are constrained to avoid categories of sites arc to be developed

for single weapon systems. The l)G call required perfect

weapon s , e.g. , a CEI’ of zero and a probability of arrival of

one. The WCZ call in RPM has been used  t o  d e v e l o p  aimpoints

for single weapon systems for imperfect weapons which are not

cons trained to avoid . The n ew ca l l , Will : , wi ll develop DGZ ’s

for multiple types of imperfec t weapons with avoidance.

The W hi z  call considers al l of the weapon systems as

each DG is developed . Weapon systems arc characteriz ed by

y i e l d  , Chip , PA , he i gh t of hu i st , in i n  i nun.  1 . 1  uge , max i mum range

fission fraction , basing reference , and a we i ghtin g

fa t o r .  A s e r i e s  of  c r i t e r i a  d e t e rmine s whhh weapon  systems

arc eli g ible to he considered for the next DGZ to he assigned .

The assi gnment is g iven to the weapon system which meets all

of the criteria and gives the most reliable , wei ghted objective

dam age.

~ See Reference 3.
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Consider a data base containing objective installations ,

other installations which are not objectives , and sites to be

avoided. The data base is “grouped ” . Group ing separates the

data base into sets of sites which can be considered independently

for DGZ cons truction . Given a particul ar group , the ob jec t ive

wi th the most remaining damage requirement is selected to form

the ker~iel of the L)GZ t h a t  will he construL ted next. Each weapon

sys tem is considered . Several po ss ibilities exist .

1. If rang ing is being checked , the weapon system may be

out of range of the group. In this case the weapon

system is not  considred for this I)C development.

2. The weapon system nay have no capab i lity against

the object ive kernel . For e~ anp le the weapon system

may he assi gned a fixed hei ght of burst at which no

weapon radius can l i e  d e v e l o p e d  f o u  t h e  V N  o f  t h e objective.

In this case the weapon system is not considered .

3. The weapon system may h a v e  little capability against

t h e  ob j ect  i . T h I S  OThI  t i : .  u I . t  s when the ratio

of CE? to weapon radius is g r e a t e r  t h a n  I . I n  th i s

case , oni y the center of Tb oH e~ t I ye i ~ O T I ~ I dered

as the posit ion of the p o t e n t  H I  IG for that weapon

system.

4. The weapon system m a y  have a good capability against

the ob l ectivc , hut may not be able to attain the

required damage level with one weapon . In this case
1’
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on ly  the cen ter of the ol~,ective is considered as the

position of the potential DGZ for the weapon system.

S. There m a y  be an area within w h i c h  t he weap on sys t em

can mee t the objective damage requirement. In this

case either two or three points are considered as

po ten t ial DGZ ’s f or the weapon sy st em , depend ing  on

whe the r avoidance is a requirement. These points are

the center of the objective , the point of maximum return

and a point constructed to accommodate the avoidance

r e q u i r e m e n t .

If avoidanc e is not to be considered , the DGZ assigned

will be that location , weapon systen comb ination which gives the

most reliable wet gh t ed  dan ;igc  . If a v o i d a n c e is  requ i red then

the DG selected mu st also meet the avoidance criterion which

is input as a r a t  io of ;;vo u d a n c e  damage to oH eel i ye damage .

In RPM th e ‘ L at c~~ i v ’ ol a s i t e  i s  an  m l  e ger  h i e t  weer

0 and 63. The categor y is used to dist ini :it is h types of ites.

Objective site types count up from category zero . The lowest

category of sites to be avoided is input to the WHIZ call. All

Sit cc wh~’ ‘.e c .i t -c r i es are b’ t u.e -i ii i s i ~ p it t Va l i e  up t h roug h

59 a r e  to  be a v o i d e d  S i t es w i t h cat e~ oi i c .  be t wee n t he hi ghest

objective category code and the lowest avoidance category code

arc installations which can he the source of by-product

damage.  If the opt ion to include by-produc t damage is selected

then when the objective kernel is in Ca~ e S above , t h e process

~~~~~ ! 
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for l o c a t i n g  the point  of maximum r e t u r n  considers  both

other  o b j e c t i v e  and b y-produc t s i t e s .

Categor ies  60 through 63 are reserved for the W Hi Z c a l l .

I f  equ i va l e n t  a r ea t a r g e t s  are encountered in the data base ,

they are put in category 63 and are ignored .

Separate damage criteria are input for each objective

category code . Lach damage criteria has an integer and a

f r a ct ion a l part. The integer part is survi ving value; the

fraction is prob ab i l it y o f su r v i v a l (P S) . The damage

requirement against an objective sites i s  satisfied when either

the value is reduced to the integer surviving value or the

probability of survival of the site is reduced to the fractional

PS.

Range may be taken into account in the WHIZ call. Each

we apon sys t em has a m i n i m u m  and a max imum ran ge , and a base

faci l ity cont aining a set of base sitec . I n  ~h I I ~~, range is

checked against the ccntroid of each group. I f  at least one

base si te for a weapon system exists which is within the range

limits of the cent roid of the grou~~, then that w eapon system is

considered wi thin range of the entire group.

Figur e 2 illustrates DGZ development for Case S. In

this illustration , Q0 i s  the  o b j e c t i v e  in t h e  g roup  w i t h  the

most remaining damage requirement. Then Q0 is the kernel

of the nex t DGZ to be developed .
-1
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A 1

A 2

B1

~~ M 1

M 3

Fi gure 2. DGZ Development  for Case 5.
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An example to i l l u s t r a t e  the meaning of “most remaining

damage requiremen t” may be h e lp ful . Suppose there are two

ob jectives , Q0 wi th initial value 1000 in category 0, and Q1
w i t h  i n i t i a l  va lue  500 in ca tegory  1. Suppose the category 0

damage requirement parameter is 0.5. This means , al loca te to

each s i t e  in category 0 u n t i l  the va lue  remain ing  at  the s i t e

is 0 or the  s i t e ’s p r o b a b i l i t y  of s u r v i v a l  is .5 .  Suppose the

ca t e g o r y  I damage requirement paramet er is ~~~ 3. This  means

alloca te to each site in category 1 until the value remaining

at the site iS 200 or the site ’s probabil ity of survival is .3.

If  nei ther Q0 nor Q1 hav e been p r e v i o u s l y  dam age d , then at least

500 poin ts must be damaged for Q0 and at least 300 points must

be damaged for Q1. In this case , Q0 w i l l  he  con s idered  as an

o b j e c t i v e  ke rne l  b e f o r e  is considered . On the  o t h e r  hand ,

suppose Q0 has been partially damaged by a previously developed

DGZ. Suppose 300 points have already been k i l l e d . Then dam age

of 200 points more is necessary to fu l fil l the damage

requ i r e m e n t . In thi s ca~.t , Q~ will be considered as an

objective kernel before Q0 is considered .

On . the oh cc t i y e  ~ eri ii I i s se icc  e~I and t h e  r e m a i n i n g

requ i r e d  damage is  kn own , ca~ h weapoi sy s t e m  i s  e x a m i n e d .

For a weapon system to be in Case 5, there mus t be a r ad iu s

within which the damage requirement to the o b j e c t i v e  kernel

can be met. This radius may be seen in Figure 2. A maximum

of one weapon radius is placed on this damage requiremen t
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radius . I f  there is no avoidance , a procedure s i m i l a r  to the

WGZ procedure for develop ing the point of maximum r e tu rn  Is

used . This point of maximum re turn , 
~~~ 

w i l l  be the next

candidate DGZ for the weapon system . The loc ation of M
2 

may

depend on other objectives such as and Q 2 and on by-produc t

si tes such as B
~ 

and B 2.. In the WHIZ call the proc edure for

develop ing the point  of maximum re turn  f i r s t  considers  al l

possible  ne ig hbors to the ob j ec t i ve  kernel  for the particular

w eapon s y s t e m .  To de te rmine  i f  a s i te  is .i nei ghbor of an

objective kernel , find the weapon radius for the site at the

weapon he igh t  of burs t  determined by the kernel, If this

circle overlaps the damage requirement circle for the kernel

then the site Is a nei ghb or. I n i t i a l l y  the as sumpt ion  is made

that all of these points may lie within one weapon radius of

the DGZ that will be developed . The objective probability of

survival function is used as input to develop the optimum

aimpoint. If i t is true that all of the ori g ina l  ne i ghb ors ar e

wi thin one weapon radius of the developed DGZ then the process

is complete .  I f  a l l  nei ghbors are  not w i t h i n  one weapon radius

of the OGZ , then the one neighbor which is more than one weapon

rad ius  from the DGZ and w h i c h  c o n t r i b u t c c  the  l e a s t  v a l u e  to

the DGZ is e l iminated . Then the posi t ion of the DGZ is

recomputed . This procedure is repeated until the set of neighbors

is reduc ed to one in which each nei ghbor is w i t h i n  one weapon

rad iu s  of the DGZ. This method of e l i m i n a t i n g  ne ighbors  is

29
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differen t from the me thod in the WGZ procedure. In the WGZ

procedure , a l l  ‘out of range ’ values are weighted to one-hal f

value before the second 1)61 location is computed. If on the

second pass some of the ori ginal neighbors are still

l out of range ’ , then t h e i r  value to the DGZ is set to zero .

Nei ghbors come into and go out of the WGZ as the location

shifts and settles .

I f  avoidanc e is cons idered , the n the  o bj e c t i v e  re t ur n

and the avoidance damage by a DGZ at the center of the kernel

are computed . At the same time , a vector wei gh ted by avoidance

damage poin ting away from the sites to be avoided is constructed .

The avoidance damage at the point P1 3. where this vecto r

intersects the damage requirement circle is estimate d. Figure 3

‘ illustrates how this construction is made.

To determine the location of poin t M c ,

1. Compu te the avoidanc e value killed , VK 1 , at

2. Compu te VK 1 at M1.

The vector for each A 1, V 1 , poi n ts  away from A 1 .

Its len gth is ( V K
i

_ V )
~~

)

143 is a long  the vector  sum of V~~’s and pos i t ioned

at the limit of the requirement circle.
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Figure  3. C o n s t r u c t i o n  of Vec to r  to  P~I 3,

The avoidance damage at 143 is the damage at reduc ed

by the produc t of the amount saved per nmi along the vector

sum and the radius (nmi) of the requirement circle.

Usin g the avoidance damage ;‘t M~ ;ind at  an es t i mate

of the avoidance damage at is made by p r o j e c t i n g  the point

onto the l ine  through P13 and 14~ . By l i n e a r l y  in te rpola t ing

the avoidance damage at the point of in te r sec t ion , an

approx imat ion  to the avoidance damage at is made. I f  the

r a t i o  of avoidance dama ge to ob jec t ive  damage plus  by-product



at is within the input avoidance ratio then M2 becomes the

cand idate DGZ for the weapon system . The avoidance estimating

procedure implies that if the perpendicular from M2 to the line

connect ing 14i and P43 lies between and M3 then the avoidance

damage at is lower than at 
~l’ 

Therefore the ratio of

avoidanc e damage to objective damage will be smaller at

than at P11. If the perpendicular from does not lie between

14 and 14 and if N is not within the critcrit..;1, Z~~ n the

ratio of avoidanc e damage to objective and by-produc t damage at

is considered . Only if this ratio too does not meet the

avoidance criterion is 143 considered . At N3~ the objective

return from only Q0 Itself is compared to the avoidance site

damage . If this ratio is within the criteria then 143 becomes the

candidate DGZ for the weapon system .

The estimation procedure just described seems to work

well in most cases for the purpose of developing 1)62’s. These

estimates are made in the interest of efficient computing.

As each weapon system/1)CZ choice is m ade , then the PD for each

site is exp licitly updated to include damage from that 1)62.

The intermediate damage calculations at and 143 may be

summarized as follows :

1. The damage to the objective is explicitly calculated .

The damages to other objectives and to by-produc t sites

are expli citly ca lculated if CEP divided by weapon

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~
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radius is less than 1, otherwise damage is estimated to

be 0. The damage to avoidance sites is explicitly

calculated .

2. 
~2 

The damage to the objective , other objectives

and to by-products sites are well estimated using

the same max imizing proc edure as is used in the WGZ call.

The damage to sites to be avoided is based on linear

interpolation.

3. M~. Only dama ge to the objective kernel is considered

at 143. This damage is explicitly known by the definition

of the requirement radius . Avoidance damage at N3 is

estimated as the wei ghted vectors from 
~1 

away from

sites to be avoided are summed .

Note that as damage requirements become partially met ,

the area around an objective within which the 1)62 may lie

increases is size. By this means , if the damage requirement

for an objective has not been met by a siii ~ le weapon , then

the objective remains a candidate for a potential 1)62 for a

second weapon of the same or a different type .

The method s used to locate the point of maximum return

in the WHIZ call and the WGZ call diffe r in that while the

WHIZ call will locate the point within an area determined by

the requirement radius , the WGZ call will locate the point

with in one weapon radius of the objective kernel.
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In the WHIZ call , area targets are not busted . If

busting is desired , it must be done prior to WHIZ. The CIRCLE

call in RPM may be used to accom plish area busting.

When the WGZ and DGZ procedures are used to develop aim

points one weapon system at a time , the l i s t  of a im  points  is

ordered on value returned and chopped to match inventory before

the data base is updated to reflect damage . This is possible

sinc e all data base groups are processed for a specific system

before the next sys tem is considered . In the W H I Z  procedure ,

decisions among weapon systems are made within a group of sites ,

before the next group is processed . Some problems require

consideration of specific inventory limits. In order to give

• the analyst some means of influencing the weapon system

selection with respect to inventory , a wei ghting factor is

associated with each weapon system. Efficien t use of this

function to match DGZs to inventory remains to be measured

against a span of real caces .

I

T
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Chapter 4. Navy Study Suppor t

Throughout the contract year Navy study requirements
have received technical attention. Standard programs have
been updated , special programs have been developed , data
processing procedures have been supplied , prototype decks have

• been constructed and analyses has been supported . Some of this
support is described in the paragraphs which follow .

A. One Navy study required development of DGZs
constraining damage to urban areas . The data base for this
study was large enoug h to require processing with blocked ATLAS ,
GSPLIT and GMERGE calls which were recen tly added to RPM . A
proto type  deck d e m o n s t r a t i n g  use of these calls was constructed .
In this study it was of interest to kno’4 the total damage to
si tes which  made up each urban are a . To compu t e th i s  damage
a modifica tion was made to the r’~ r~’ing pr ocedure in RPM which
reduces a group to a s ing le  c i t e . The modif ication computed
the probabil ity of kill for the single merged site based on
the damage to each site in the group.

B. The cruise missile rou ting path matrix editor in RPM
was reprogrammed so that larger cases could be printed.
Prov ision was made to select interv ;&ls of launch point sites
for the simultaneous mode. More control over print options
was provided to the analyst. Binary atlases of coverage
circles wi th route distances in the value fields are now
written to file.

C. Other RPM related support included

* -
~

‘ 1. Development of a procedure to convert a multi ple
alloca tion warhead list to a l ist with an entry
for each DGZ by repeated splits on the zone bits.

2. Modif i ca tio n of the STR IXE , 1)62, WGZ and TARGET
calls to process 2 type  v u l n e r a b i l i t i o s .

3. An updated RPM program was pr epared for use at
• - Dah l gren Naval Proving Grounds.

D. Data processing programs to collate and reforma t data
• tapes were supplied .

E. A set of LINMIX demonstration cases was developed.

I
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F. Study of prin ting procedures and programs from
Dahigren which incorporate the FOZ program was initiated.
A tape containing the FOZ program and decks for a small  test
case were prepared for CCTC .

C. Development of procedures using COPE to main ta i n
standard contro l card sequences and prototype input decks
continued.

H. A program , ARC , was fu rn i shed  in support  of a research
projec t to develop a footprinting system which respects target
value. Part of the footprinting procedure is geographic ,
bu t g iven the geographic constraints there still remains an
optimization problem . This optimization problem can he
f o rmula ted  as a ne twork  f low prob lem . Program ARC , u s ing
the geographic information , cons tructs a file which can be
used as input data to PNIT.

I. A program , ARPMCON , was furnished in support of a
research project to develop a procedure by which avoidance
constraints against Sites or groups of sites from a set, of
DGZ’s can be studied . This is in contrast to procedures in
RPM which consider avoidanc e constraints on a single site ,
single DGZ basis. The program ARPMCON uses information from

* an RPM warhead list to construc t a file which can be used as
input data to A PE X- lIT .

j-
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Appendix

1. Suppose we have two pa i r s  of uni t vec tors P and Q,  and
A and B , and we wan t to determine whether arc A13 intersects
arc PQ. Here and hereafter , if X and Y are unit vectors
then arc XY denotes the minor arc of the great circle
determined by X and 1. Also , sector XOY w i l l  mean the
infinite sector bounded by ray OX and ray OY and con ta in ing
arc XY.

Propos ition I:

Suppose the p o i n t s  A , B , P, Q, and 0 arc not  c o p l a n a r .
Then arc AB in tersects arc PQ if and only i f l i ne AR in tersec ts
sec tor POQ and line PQ inters ects sector AOE .

Proof:

Suppose X ~ arc PQ fl arc AR . Then ray OX is contained
in both sector POQ and sector AOB . But line AB intersects ray
OX. Therefore l ine AR intersects sector POQ . S i m i l ar l y ,
line I’Q inters ects sector ,\OB.

Now suppose l ine AB intersects sector PO~ and l i n e  PQ
intersects sector AOB . Let X be the point of intcrsectioh
of line PQ and sec tor AOB . Then , by construction ray OX is
contained in the intersection of the plane POQ and sector AOB .
Simi l a r l y  if Y is the point of intersection of line AB and
sector  POQ t h e n  ray  OY is  contained in the i n t e r s e c t i o n
of pl ane AOR and sector POQ . Thus ra y OX and ray 01 are
c o l i nc a r , and since both intersect line PQ, r a y  OX r ;~y OY.
Therefore arc AR in tei:e ~ t~ PQ.

Any plane in 3-space may be described as the zero set
of some suitable affinc function.

(a) F(X) X~ V •

where X and V are vectors . Any li ;~ i n  3 - s p a c e  may be
paramet erized

(b) L(t) = t V  + p

where V and P are vectors.

LL 
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Finally note that two points X and Y are on the same side of
the plane defined by F i f  S i g n ( F ( X ) )  - Si gn(I(Y)), which can
be restated as

(c) F(X)•F(Y) > 0

Note that (c) implies that if one ~f X or Y is a. tua lly on
the plane we will always say that the two points are on the
same side.

Suppose that the hypothesis of proposition I holds.
Consider the prob len of determining, for example , whether line
AR intersects sector POQ . Let Z by the point of intersection
of l i n e  AR and p l a n e  POQ . I t  i s  p o s s i b l e  t o  use the method of
Chapter 2 , section C to determine if 2 is between P and Q, but
a r:ore efficient metho d is available. Choose a plane Rp which
is parallel to l i n e  AR and whose intersection with plane POQ
is l i n e  OP . Similarly , choose a plane Rq, par alle l to line
AR and whose interse ction with p l a n  POQ is line OQ. Then 2
is in  s ec t o r  POQ i f  and on l y  if 2 is on th e same side of Rp as
is Q and 2 is on the same side of Rq as P. A f un ct ion  Fp
defining Rp, as in (a) is g i v e n  b y

(d ) I~p ( X  - X • (R-A) x I’

and a functi on 1q ttef~ ning Rq i - . given by

( e ) Fq ( X )  - X .(R-A) x Q.

Observe that both Fp and Fq are constant on line AR . So
Fp( ) F p ( A )  and a l s o  F q ( )  F q ( A )  . T h e r e f o r e  t h e  condit ions
for l2 ne AR to intersect sector ~~~ are

(f) (A .(R-A) x pj a tQ (B-A) X P1 > 0 and

(g) (A.(B-A) ~ QI ~ (P.(R A) x Qi ~ 0

- 
- Using the fact that cy c l i c pcrnu tat ions leave the  t r i p l e

pr oduc ts un ch anged , and b asic properties r i the dot anti cross
pr oduc ts , (f) and (g) may be reduced to:

(f ’) ( P • A x B J  a t(A-B )•PxQJ 0 and

(g’) (Q•AxBJ a I (A-R)~~PxQJ 0
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Because the situation is symmetric in the two arcs , if we
exchange P and A , and Q and B the conditions that line PQ
intersect sector AOB are

4 

(h) (A•PxQ~ 
a ((P-Q).AxBJ 0 and

(i) (B~PxQ) 
a ((P-Q)~ AxB3 ~ 0

Suppose that conditions (7) and (8) in Chapter 2 ,
section C are met. If we have condition (9) as well then
condi t ions (f’), (g’), (h), and (i) follow at once and the
arcs intersect. To sec this consider the case where (P-
Q)•AxB > 0. Then P•Ax R > Q~AxB and since these two terms
have opposite si gns (8) ,  P •AxR 0 > Q•AxR . Conditions (f’)
and (g ’) are immediate and all the other cases arc similar.
Conversly if the arcs intersect , the ine qualities (f’), (g’) ,
(h) , and (i) are satisfied . Conditions (7) and (8) are
immed iat e consequenc es , and if we subtract (g ’) from (f’)
(or (i) from (h)) we get condi ti on (9). This proves that
when the arcs arc not coplanar conditions ( 7 )  , (8) , and (9)
are both necessary and sufficient for the two arcs to intersect.
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