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NOTICES

When Government drawings, specifications, or other data are used
for any purpose other thanin connection with a definitely related Govern.
ment procurement operation, the United States Government thereby in-
cursnoresponsibility nor any obligation whatsoever; and the fact that
the Government may have formulated, furnished, or in any way supplied
the said drawings, specifications, or other data, is not to be regarded
by implication or otherwise as in any manner licensing the holder or
any other person or corporation,or conveying any rights or permission
to manufacture, use, or sell any patented invention that may in any way
be related thereto.

The information. furnished herewith is made available for study
upon the understanding that the Government’s proprietary interests in
and relating thereto shall not be impaired. It is desired that the Judge
Advocate (WCJ), Wright Air Development Center, Wright-Patterson
Air Force Base, Ohio, be promptly notified of any apparent conflict be-
tween the Government’s proprietary interests and those of others.
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FOREWORD

This report was prepared by the Flight Research Laboratory
under an internal Project c;n Expenditure Order No. R—466-1-4.
It was decided to ipvestigate in detail the problem of damping
and the response characteristics of systems combining inertial
and ground velocity indieation. Tﬁe broad aspects of damping
had been treated previously in AF Technical Report N a 6045
dated October 1949 entitled ‘*Earth’s Radius Pendulum.’”’ This
work has b;en done under the direction of Dr. J. E. Clemens,

Chief of Pinysics Research Branch, Flight Research Laboratory.
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ABSTRACT

This report deals with the possibilities of combining inertial and
ground velocity vector information in order to obtain a system with im-

proved overall response.

The classification of the title of this report is UNCLASSIFIED.

PUBLICATION REVIEW

Manuscript copy of this report has been reviewed and found satis-
factory for publication.

FOR THE COMMANDING GENERAL.:

Chief, Flight Research Laboratory
Research Division

WADC-TR-52-76 iii




TABLE OF CONTENTS

TITLE PAGE
INTRODUCTION ....cococvimmiiiiiiiinciiens et iees et sesre s smessenns SO —— vi
Chapter 1
PROBLEM OF PLATFORM DAMPING ....cccovcniiiiitiintiicce e naceessassmsceesnssssaseonne 1
Chapter I
SPIRE SYSTEM WITH GROUND VELOCITY VECTOR METER......cccovvninrvcncn. 2

1. Transfer Function of the Range Indicating System
wi_th Ground Velocity Vector MELer .........cocovmvevenceieiineccereesineeranssssenses 3

2. Transfer Function of the Tracking System
with Ground Velocity Vector Meter.........coovirneeercnnrinnernnen, oot S

3. Comparison Between the Tracking System

Without and With Ground Velocity Vector Meter..........ccooommervnreerennns 8
Chapter 111
DOPPLER RADAR WITH INERTIAL INFORMATION
TO IMPROVE THE SHORT TIME INDICATION........ccooccmmminimieiniimsessnssenissonse 10
1. The Platform of the Doppler Radar........cccccervvmmmemreniivenrecrinnieseenneenne 11
2. Transfer Functions of the Doppler Radar _
with a First Order Platform..........cccoiiininnnicniicinieinerenecnseccnsnsesimens 11
3. The Combined System from Another ASPect.........eovcrvemrierariseienens 15
4, Combined System with Short Period 2nd Order Platform.................. 16

Chapter IV (Appendix)
MODE OF OPERATION AND ERRORS OF THE DOPPLER RADAR......... 18

BIBLIOGRAPHY ...ttt erentucattsesssssstesssass st essssassasssasenssess sesssassssasssasssesssenessnes 23

WADC-TR-52-76 iv




Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

‘Fig.

10

TABLE _OF FIGURES

Spire Range Indicating System with Extermal Velocity Information
Spire Tracking System with External Velocity Information

Transient Response of Tracking Control System Without
and With Ground Velocity Information

Filtered Velocity with Added Information from an Accelerometer

Filtered Doppler with Accelerometer

Doppler Radar with 1st Order Platform

System Response to Unit Step Function

Doppler Radar with 1lst Order Platform in Two D.ifferent Representations

Doppler Radar with 2nd Order Platform

Doppler Radar with 2nd Order Platform in Two Different Representations

WADC-TR-52-76 v




INTRODUCTION

Due to careful scientific research and skillful design certain inertial systems
have achieved such a state of perfection that they have given excellent performance
in a number of test flights. These test flights have proven the usefulness of those
systems for long range navigation of airplanes and guided missiles.

Recently it has been claimed that another system based on the doppler radar can
give the ground speed and the drift angle uader flight conditions to such a degree of
accuracy, that open loop integration of these values will lead to a position indication
regarded as good enough on which to base a long range navigation system.

This claim led some of the sponsors of the inertial system development to the
consideration it might be worthwhile to use the doppler radar as an additional source
of information about the velocity vector. They figured that the platform damping could
be increased as the veélocity vector information improved.

It is the aim of the Chapters I and II of this report to deal with an inertial system - -
with additional information concerning the velocity vector, and to deduce its transfer
functions. Special emphasis is placed on the influence of the errors of the velocity
vector information. However, the deductions in this reporf are not restricted to the case
that the information concerning the ground velocity vector is delivered by a doppler radar;
they are equally valid for any other soutce of information (e.g. systems based on optical
or infra-red scanning etc.).

The sponsors of the doppler radar development intend to use a simple inertial plat-

form with accelerometer in order to improve the short time indication which is otherwise
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disturbed by noise. This possibility is dealt with in Chapter IIl.

The long range accuracy of the combined system is determined i;x the first
case only by the inertial platform, and in the second case only by the doppler
radar. It is evident that the long range accuracy of the combined system cannot

be better than the long range accuracy of the dominant subsystem. -
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CHAPTER 1

PROBLEM OF PLATFORM DAMPING

As is well known the damping of an inertial platform is a difficult problem, The.
platform should be damped against the true vertical. However, without additional in-
formation the apparent vertical is the only term available on the platforﬁ: to damp
against. Lt is evident that every change of the angle between the true and the appar-
ent vertical produced by a change in acceleration (jerk) will disturb the platform
through the'damping. Thus one is faced with the dilemma of compromising between
a smaller _damping term than desirable, but having a low forced error disturbance, or
a damping term of the proper value with a larger forced error disturbance.

The ground velocity vector is the additional information needed to compensate for
the error introduced by the damping term. The authors proposed to use as compensation
the indicated airspeed for the lack of the velocity vector . Such a system is described
by Hutzenlaub”. It is evident that the indicated airspeed, representing only the magni-
tude of the ground velocity vector falsified by the wind, is an imperfect substitute. The
recent develc;pment of devices to measure the true ground velocity vector inspired - the

authors to this investigation.
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CHAPTER 1I

S$PIRE SYSTEM WITH GROUND VELOCITY VECTOR METER

The MIT-Spire system (see Bibliography No. 2) shall be taken as an example of
an inertial system. This system is aligned with respect to the preselected great circle
course and the sutface of the earth, and it is automatically controlled so that it retains
this alignment all the time within very cl(;se limits. The sensing elements are two
accelerometers; the one measuring the component tangential to the great circle course
furnishes the input for the range computer, the other one measuring the component
normal to the great circle course furnishes the input for the tracking computer. Thus
it is evident that the tangential component of the velocity vector must be used to
compensate for the disturbance introduced by the damping of the range computer, and
the namal c anponent of the velocity vector must be used to compensate for the dis-
turbance introduced by the damping of the tracking computer. ‘

Because the angle A.(PTpatb) between the programmed great circle course and

the path (see Fig. 2b) is always small, the tangential component is the true ground

speed V(B . A/C)? and the normal component is

A

_ . hd
VT(E -A/C) T V(E -A/C)" 7 (P - path) (1)

However, the angle A‘(P R patb)is not measured directly, since the ground velocity
vector meters give the ground speed V(E . A/c) and the drift angle A‘(x - path) of the
path against the longitudinal axis X of the airplane.

To obtain the desired angle A.(P - path) the angle A‘(P . x) of the longitudinal
axis against the programmed great circle course which is always indicated without error

v

on the Spire gimbal system must be added to A‘(x - path) (see Fig. 2b).
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+ A° (2)

A (x - path)

A

. _A®
(P - path) ~ (P - x)

The velocity components (M) V(E . A/C) and (M) VT(E . A/C) which ate furnished by the
ground velocity vector meter obviously have some error. It is assumed that the indicated

values can be represented as the sum of a correct term and an error term (EM).

Thus one obtains the equations

MVe.ac)=VE-ac)* EMVE_ 4/ (3)
and
(M) VT(E -A/C) ~ VT(E .a/c) T (EM) vT(E . A/C) (4)
- V(E - A/C) 'A.(p - path) *

. L[]
+ A (P - path) (EM) V(E .a/;¢) t
+ Vg . asc) " (EM A(x - path)
The term with the product of the two errors is neglected in (4), because it is a small

second order term.

1. Transfer Function of the Range Indicating System with Ground Velocity Vector Meter

Fig. 1a shows the block diagram of the system with a damping loop and a ground
velocity vector meter; which corresponds with the system an V-A on page 143 of
Hqtzenlaub’s report2,

The external information about the velocity shall be disregarded for a moment. It
is well known that such a platform, if it has no damping loop, is on the borderline of
instability, but it is insensitive against external disturbances (i.e. against changes in
acceleration). On the other hand, such a platform with a damping loop is sensitive

against changes in acceleration.
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The disturbing damping loop consists in the feed back of the velocity. If
therefore, as shown in Fig. la, mn additional external source of information about
the velocity is used to compensate for the disturbing intemai velocity feed back,
the platform behaves like an undamped one with respect to external &smb@ces,
but nevertheless any oscillations of the platform (however they may have been
originated) die out.

The transfer function can be derived from Fig. 1a. One obtains

Wl—s"+52s2+s+sa
E

A oo A +
*®-9 S.s° +S,52+ s+ S, ®-u
-8
S, — S s
N L EMVE . 400 5)
Sis® + S,s” + s+ S, R B

The terms caused by the correct part V(E .A/C) = RES A(P .1) of the ground velocity
information are contained in the first expression of the right side of equation (5). The
second expression comprises only the influence of the ground velocity meter error.

If the platform is tuned to 84.4 minutes, i.e. if one has made

$,.= -v]?g (6)
E
the transfer function of the first term is equal to one. The error of the indication may
be defined in the usual manner. .
EAp.y=Ap.0 Ap .y 7)

Thus one obtains by combining (7) with (5) for the tuned platform (51 =1/ sz)

WADC-~TR-52-76 4




. S:
Sz + Wz'a— }s (EM) V(E - A/C) (s)
(E)A, ,,= —FE . (8)
(P -1 3 2
1 +S,8 +s+95, R

2
wE
Finally we introduce the dimensionless operator

D-_S_ | | (9
wE

and divide by V(E -A /C)/_RE, obtaining

= P E - < : ~  (10)
Ve-acp Wg D +SMgD+D+ " Ve -a/0
E

Comparing t.hc transfer function (10) with the transfer Mction of the system without
velocity meter information as it is written on page 154 of Hutzenlaub’s report, one
recognizes that the error is reduced to the value of the product of this error and the
relative velocity error. That is indeed a worthwhile improvement.

It may be noted that the transfer function equation (10) is positive, while the
transfer function for the system without velocity information is negative. This is
evident when one bears in mind that the velocity meter information is add;d,while

the feed back éf the speed S,s A(P . i) is subtracted (see Fig. 1a).

2. Transfer Function of the Tracking System with Ground Velocity Vector Meter

Fig. 2a shows the block diagram ;)f tile system and Fig. 2b the nomenclature
and kinematics. Investig;ting the tracking system, it is evident that the velocities,
angles etc. are rectangular to the plane of the programmed great circle course. In
the formulas this fact is expressed by the subscript T. (Concerning vT(E - A/C)
see the formulas (1) to (4) ).

The transfer function of the tracking computer with Schuler tuning (84.4 minutes
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period) for a cross wind disturbance can be derived from Fig. 2a.

ReArp - g _ . F(D) - ! F,D) .FD) . EM Vrg . 4/c)(P)

vT(E - air) WE wE vT(E - air)
with
Fur - ¢
(C,+1)D*+ —=2D+ 22
We Ve
C.D?+ C. D+ CZ
F2= wE wE
(Ca+ 1)D%+ CID+ C,
W, W
.- —2)W,p
2
Fa= We

D®+S,W.,D*+ D+ Se
wE

The first term of the right side of (11) is independent of the velocity vector meter

error; F, represents the transfer function of the control computer. The character-

istic equation (i.e. the denominator) describes a second order system with the mass

term (C, + 1), the damping term C,i/wE and the spring term CQ/WZ; but one must

‘have in mind that the equation is written in units of the dimensionless operator

D=-5_ (which is the ratio between the. operator s of the system and the Schuler

We

frequency wE = 4.47 I‘lrs."‘i). In an earlier investigationa the authors found that a

tracking computer without ground velocity vector information gives a response as

WADC-TR-52-76 6
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good as possible with Cg = 1010 20, C, = 20.7 hrs” ' C, = 24.8 hrs™®. The dimension-

less natural frequency was 0.22 and the damping ratio 0.3.

The situation is much more favorable for the system with ground velecity vector
meter because of the achieved decoupling. C; can be made zero, and from the view-
point of stability there is no objection to change C, or C, in order to obtain a faster
response and a better damping ratio. With C, = 20.7 hrs."* and C, = 218 hrs.”® one
obtains the dimensionless frequency 2.12, and the damping ratio 0.7.°

The second term of equation (11) represents the disturbance of the system due to
the error of the ground velocity vector meter. It is represented by the product of two
transfer functions F,(D) and F (D). FQ(D) contains the constants of the control com-
puter and F 4(D) those of the indication computer. F,(D) approaches 1if C; >>1. ’fhen
the characteristic equation of the second term is of the third order. i The condition

for stability due to Routh’s criterion is
S WE>S, (12)

This can be fulfilled easily, because in the system with ground velocity vector meter
there are no restrictions to the damping consta;lt S..

If C; is chosen small (e.g. zero) the transfer function F,(D) is unequal to 1. Then
the characteristic equation can be represented by the product of a quadratic and cubic

equation. Because of the factorization the stability check for the fifth order system is

* The authors do not ses any reason why almost 9 fold increase of the guan should lead into difficulties,
because the noise is very low in this loop due to the manifold integration. Anyway, a large increase should
ot least be possible.

-

** The loop with S3 was added to obtain the correct response on the low frequency side.
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simple; it is sufficient to show that both factors represent stable systems. Besides
the requirement that all coefficients must be positive, the orly additional requirement
is the fulfillment of Routh’s criterion for the cubic equation, represented in (18).
-This shows that the tracking computer with ground velocity vector meter can be made

stable very easily.

3. Comparison Between the Tracking System Without and With Ground Velocity Vector Meter

At this point it might be interesting to compare the system without and the one
with ground veloéity vector meter in order to appreciate fully the enormous gain in
stability of the tracking computer with ground velocity vector meter.

The earlier investigations conducted at M. I, T.? had revealed that a tracking system
without ground velocity vector information, and with indication computer tuned to 84.4
minutes becomes dynamically unstable the more the gain S, of the damping loop is in-
creased. The authors’® showed that stability could be achieved by adding a damping loop
Cs to the control computer, but even in this case the response is not very good.

In Table 1a, page 9, are contrasted the coefficients of the characteristic equation of
the system without and the one with ngund velocity vector. Those coefficients which do
not coincide in both cases are framed. The stability of the system can be deduced from
the coefficients in Table la, page 9, by utilizing Routh’s stability criterion. However, in
the case of the fifth order systems this task is somewhat cumbersome. Therefore the
expressions of Routh’s stability criterion are written down for the simplified case without
S5 and Cy in Table 1b, page 9. Thisiadvantage of the system with doppler radar is

illustrated by Fig. 3.

WADC-TR-52-76 8
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CHAPTER I

DOPPLER RADAR WITH INERTIAL INFORMATION

TO IMPROVE THE SHORT TIME INDICATION

As will be pointed out in Chapter IV, the short time indication of the doppler radar
is disturbed by noise. One can filter out the noise, but then the response of the system
becomes sluggish, as can be seen from Figure 4k, curve 2 which shows the response to
a step input in acceleration. But if the area represented by the difference between the
curves 1 and 2 of Figure 4b could be added, the response of this improved system would
be correct. lnciced, the necessary quantity (see curve 3 of Figure 4b) can be formed from
the indication of an accelerometer mounted on a horizontal platform.

The block diagram of this system? is shown in Figure 5. The first order filter smooths
the doppler velocity indication; the lag is compensated for by the accelerometer feed in.

The wansfer function can be easily deduced from Figure 5:

¥, = -L(cv+ CEDo)V -CV, + a+ (E)a ) (13)

H

Having in mind that @ = sV ore obtains:

V.=V+ —C_ (EDo)V + IC(E)a (14)

' s+C s +
This equation shows that the indication is correct at every instant, except for the errors
introduced by the doppler radar.and the indication of the acc_eleration.. It can be shown
that the latter error is essentiélly generated by the misalignment of the platform on which
the accelerometers are fixed. If the angle A(t — i) between the true vertical and the vert-

ical indicated by the platform is small, one obtains:

(E)a=gA, , (15)
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1. The Platform of the Doppler Radar

In the previous paragraph the platform with the accelerometers was assumed to be held
horizontally, but no consideration was given to the fact how this could be achieved, In this
paragraph shall be shown how the combined system consisting of the doppler radar and the
platform can be linked together.

The sponsors of the doppler radar suggested, if one could use a simple first order plat-
form (similar e.g. to the normal airplane horizon) as a base for the accelerometers, since a
complete second order platform tuned to 84.4 min. means a very high expenditure for the
purpose in question. As is well known the first order platform develops two kinds of errors:
it tries ;o adjust itself into the apparent vertical during periods of accelerated flight, and
it develops misalignment as a consequence of the velocity of the vehicle. The latter error
otignates from the fact that even during a uniform motion along the surface ;)f thg earth a
misalignment of the platform must develop in order to generate the necessary error signal
which makes the platform turn with the rate of the true vertical. Since the doppler radarb
gives information about the velocity vector one has in the combined system the possibility

to compensate for the velocity etror of the first order platform.

2. Transfer Functims of the Doppler Radar with a First Order Platform

Figure 6a shows the schematic and Figure 6b the block diagram of the combined system.
The lower part of Figure 6b representing the doppler radar with low pass filter is identical with
Figure 5. The upper part of Figure 6b is the complete representation of the first order plat-
form with accelerometer and additional velocity feed in.

Two transfer functions of the system are of special interest, the wansfer function which
relates the indicated velocity to the true one, and the transfer function which relates the mis-
alignment of the platform to the angular acceleration.

For the velocity transfer function one reads from Figure 6b the following four equations.

WADC-TR-52-76 11

* and the rotatien of the unh““ -m - Il .

oo



{s+Cy}V,=C,V + Z,(ED0)V + K.Rg A, . o)+ KoRy (E) A (16)

A oy=Ao.a-Ao. s (17)
1 S, '
A(o -a) " - £ (28)
42
Res W
= ¥ K
Ao.iy™ A g+ o (B)ar Loy, (1)
3 Rps

(EDo) V is the errot of the doppler radar and (E) A is an angular error in the alignment of the
platform which might be superimposed to the misalignment of the platform due to the dynamics.
This additional error (E) A will be caused e.g. by Coulomb friction in the gimbal system etc.,
thus in most cases it will be a region of uncertainty.

This uncertainty in the platform alignment causes an uncertainty in the indication of the

acceleration. Both are related by the equation: -
( E ) A= __(E)_E (20) s
g

Combining the equations (16) to (19) leads to:

T'V'S,}_ s2+ Cys + (CiK, + Kp) Cals + K,) (EDo) V + K, Rs (E) A

V,= -E V+ (21)
s®+ (Cy+ Ky)s + (C1K, + CK)) s? + (C, + Ky s+ (C,K, + CK,)

The transfer function which relates V ; o V should become unity. First of all, this condition

must be fulfilled for the steady state condition is

Co=1 (22)

The additional requirement to make the transfer function equal to one on the very high end of ‘ 2

-

the frequency band (s — «) is evidently

WYADC~-TR~52--76 : 12




A

(23)

But that means, as shall be shown later, in Chapter 1II.3, the tuning of the whole system
to the Schuler frequency.
One can make the transfer function equal to unity for all values of 's by fulfilling the
additional condition
K,=0 ‘ (24)
Also the meaning of tilis will become ciear later.
Now the transfer function whiéh relatgs the misalignmgnt A (- i) of the platform to the

angular acceleration sV/R g shall be deduced.

A(‘ - i) = A(O - i) - A(O - ‘) (25)
Using the relation
=1 _V
Ap.y =—— —— (26)
s R

E

in addition to the equations (17), (18), (19), (21) and to the steady state coadition (22), one can

deduce
Ay ,- 1 Kis+(CKet K- W, sy + CEDO)V/Rp+ (Kis+(C.Ki+KINENA
W, s®(C.+K)s+(CKi+K,) Ry s?+(C,+K)s+(C.K,+K,)
For the tuned system (i.e. K, = W ) one obtains |
- 1 Kis+CKi | sV, CEDO)V/Ry+ {Kus+(C:Ki+W2) HE)A  p
-

W s*+(Ci+K)s+(CKi+Wa) Ry s%+(Cy+Ky)s+(CiKy+ W)

And if finally is made K, = 0, the first right hand term vanishes completely,, and the misalignment

is caused only by the errors.

WADC-TR—~52—-76 13




. C.EDo)V/Ry, + W2 (E) A

= (29) s
i
(-3 s+ Cys+ W

A

In conclusion the free oscillation of the system shall be studied. It is described by the
denominator of equation (27), or of equation (21) and considering the steady state condition
(22). The general characteristic equation of a second order system is
2 2
s +2RW;s +W =0 ‘ (30)
W o, means the frequency of the undamped system, and R is the damping ratio. As well known
R <1 characterizes a pcriodié motion, and R > 1 a periodic one. Comparing the coefficients
of the denominator of (27) or of (21) with (22) with those of (30) one finds
R - ] . 'C1 + K1 .
ST (31)
2 J,Cl‘i«’.1 + K,

W, =] C.K, + K, (32) .

Therefore, the aperiodic case will exist, if
4K, <(C, - K,)* (33)

or for the tuned system (K, = w;, see equ. (23)), if

ZWE<_'|C1¥K11 (34)
In order to obtain a good transient response K, should be made small compared with C,.
Since on the other hand the constant C, of the doppler radar filter is very large compared with
L g» the combined system will be always very strongly overdamped, if it is designed to have
a good transient response. -
Fig. 7 illustrates the transient response of the system for a step input in velocity. As
can be readily seen from these curves, the transient response can be improved if K, is chosen
small, i.e. if the time constant of the inerti‘al platform is long as compared to the time constant

WADC-TR~52276 14
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of the doppler filter. This requirement calls for high quality inertial components.
The curves in Fig. 7 refer to the principle part of the transfer function (21),
describing the dynamic response of the system. The effects of the errors in ground
velocity and acceleration measurements (edo) and (€) @, which are statistical in
nature, have to be superimposed upon these response curves. The RMS - error in
v inag due to doppler error (edo)V with the filtering time used in the examples of
Fig. 7('f = 20 sec) is less than 0.1 % (this statement is based on the results of
F. B. Berger, reference 4). The RMS - error in V'.- d due to acceleration (e)a
will depend on the quality of the inertial components used.

3. The Combined System from Another Aspect

Now the reason for the behaviour of the combined system, as it was represented
by equations (21), and (27) to (29), shall be investigated. For this purpose the system
is shown in Figure 8 in two different réprescntaﬁons. Figure 8a is an identical replot
of Figure 6b, while Figure 8b shows the same blqck diagram in another arrangement.
As one can see all the loops are completely alike in both figures. But Figure 8b re-
veals at once that this combination of the two first order systems (which was proposed
as a simple arrangement in the beginning of this ﬁa.tagtaph) is essentially identical
with a damped second order platform with doppler velocity information.” It is evident
that this second order platform can give the correct resﬁonse during a transient state
only, if tuned to the Schuler frequency. One recognizes further that the system has
two damping loops, a feed back loop with the gain C, and a forward loop with the gain

Ki. The disturbance of the system by the feed back loop is compensated by the doppler

* This results from the fact that two crossfeeds have been introduced.
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radar velocity information, but the disturbance of the system by the forward loop is not
compensated for. Therefore K, must be made zero, if the system shall be unsensitive
against external disturbances. But by omitting K, the whole principle of the simple
platform has been abandoned, because the second order platform with 84.4 minutes
period requires components of the highest accuracy.

4. Combined System with Short Period 2nd Order Platform

Since one could not obtain a cotrect transient response with an essentially first
order system (i.e. a system considerably influenced by K, ), the question arises, if one
would have better chances with a non-tuned short period second order platform. Indeed,
this is the case. Also in this case the overall system, due to the cross-feeds, as one
loop which ml;st be tuned to 84.4 minutes period. As is well known, this is the indis-
pensable requirement for each system with correct transient response.

The system is shown in Figutes 9 and 10. The additional loops are inclosed in a
dotted box. If everything contained in the dotted box is omitted, Firgures 9 and 10 becomes
identical with Figures 6 and 8. The complete system represented in Figure 10 has the
advagtage that the disturbing influence of K, on the transient response can be compensated
for by the proper choice of the other constants (gains).

The transfer function can be deduced in the same way as it was done in paragraph III.2.

Thus one finds for a system with the tuning

K.=W;
C.=K, (35)
C3 = ] - Kl

We

WADC-TR—52-76 _ 16




the equation

(s* + KiKys + K. ) C1 (EDO)V + 5 s + KiKa) (E)a
s+ (Cy + KiKs) s+ (C.KiKs + Ws)'s + (C.K, + ngsz)

(36)

The transfer function for the angle of the misalignment could also be deduced, but it
shall be omitted here; however, it may be mentioned that the main term becomes equal

to zero, if equations (35) are fulfilled. That is evident, because equation (36) can

be valid only if the misalignment of the platform is equal to zero (except for the errors).

The overall system described by (36) will be stable if

Ky, <Wp+ K,Ks(Cy + Ko (37)
This condition imposes certain restrictions on the sklection of system parameters. If, for
instance, a short peridd inertial platform shall be used then equation (37) requires that

Ks (a minimum platform damping term) have the form

x 2 2
C iJ(l;—y—E + G

(38)
2 K, - 4

Ko > -

This is required to render overall system stability. Thus, positive as well as negative
platform damping wili make the combined system stable. However, the negative values
for K5 have no real significance because it would be ;'ety impractical to use a highly
suitable in?rtial component in the overall system.

A final remark shall be made concerning the required accuracy of the system. It
is evident that, in order to make the 84.4 minutes loop operate correctly, one needs
very high grade componéqts. If however the comppnents.are of a somewhat lower grade,
the accuracy of the system deteriorates somewhat. But this shows up only in the error

term of (36), the main transfer function remains essentially equal to unity.
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(APPENDIX)

MODE OF OPERATION AND ERRORS OF THE DOPPLER RADAR

The speed measurement with the doppler radar AN/ APN-66 designed by General
Precision Laboratory is based on the doppler frequency shift of radar pulses reflec-
ted from the ground. The device has an array of four antennae, two of which are look-
ing right and left forward, and the other two are looking right and left aft. The forward
and aft frequencies are combined crosswise. In this way one obtains and error signal
if the antenna array is not aligned with the direction of the ground path. That error
signal is used to servo the antenna array into the direction of the ground path,

Thus, the ground velocity vecror is indicated in podar coordinates, i.e. the doppler
radax givcs the magnimde (ground speed) and the angle of the ground velocity vector
against airplane structure, or against any other reference direction which can be un-
iquely related to airplane structure.

The speed indication of the doppler radar may be written:

@) Vg . asc)=Vig.asc)* ED) V(g 4/c)(1) (39)

where V(E - A/C) Speed of the aircraft against
earth (true ground speed)

(EDO) V(E - A/C) (f) Error of doppler speed

indication
The error is com posed of a constant bias and a random fluctuation (noise). The bias is
claimed to be very small if a careful calibration is made by using a sufficiently long dis-
tance to average out the fluctuations. However, if the aircraft is flying over water, the
indication of the ground speed will be falsified by ocean currents and may be influenced

by wave motions.
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The doppler noise is caused by the vibrations of the antenna array and by the
changes in terrain and the consequent changes in the reflection of the carth’s
surface. If (€do) V () is a record of the doppler noise taken over a time interval
;T £¢ 2+ T then the Fourier transform of this record can be written as:

+T
(EDo) V () = 3 [ (edo)V(t) ] = J (edo) V (t) e*2 i Mdt (40)

-T
The spectral density of the noise is defined as:

- lim L |2 (41)
G(EDo)V(w) %{_’m . | (EDo) V () |

Equation (41) can be approximated sufficiently well by taking T large and omitting the
limiting process.

Based on the spectral density (41) the RMS ~ error of velocit;' indication can be
computed. If it is assumed that (€do) V (t) is not cross-correlated to V(t), the in-
fluence of the doppler noise can be investigated independently from the dynamic system
response. Designating the w. ighting function for the noise (i.e. the filter response
function for unit impulse input) by W (t) and defining-

t

(e)V,, () = J (edo)V{t) - W(t—T)dr | (42)

the noise transfer function Y (s) is found by taking the Laplace transform of (42) and

applying the real convolution theorem:
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w
[e o3

sty _ (E)Vyy(s)

(EDo)V(s)

Y(s)=C[W(H)) =;qu)e" b (43) ,
0

The steady state component of the noise transfer function is obtained from equation (43)

by putting s = 2 Ti W, i.e. by substituting the Fourier transform for the Laplace transform.

Therefore:

W(t)e dt (44)

Y(2mio) =5 [W(1)] - J m2mi

o

The spectral density of the velocity indication error is then found to be:

- |Y(2riw)] -G () 45)

ey, (EDo)V

And the RMS - error in \) ind Can finally be computed from:

(% T %o , | Y
'{[(E)Vz.alz} ={.JG(E)V,~‘,((’)) dw} = '{JiY(Z miw) | 'G(EDO)v(w)du{} (46)
[+] [+

A similar derivation holds for the statistical error of the angle ( €do) (1) of the

ground velocity vector against airplane structure (also cglled the drift or crab angle).
Since noise records for (€do) V() and (edo) 4 (t) were not available to the authors,

no numerical computations could be made. However, some conclusions regarding the

RMS - error in V“d can be drawn from theoretical results obtained by F. B, Berger

in ** Random Errors in Doppler Systems, z reference 4, where a smoothing time of

18 sec was found to be sufficient to reduce the RMS — error in doppler speed to less Y

than 0.1% of true ground speed. Also the RMS — error in true ground heading was -

computed to be less than 0.1 degrees after 6 sec smoothing time. (Both results were
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obtained for V = 200 mph). Since the inertial platforms usually have much longer
time constants or periods, resp., it is anticipateci that they will act as wery' ade-
quate filters for the two compohents ( edo) V() and (edo) Y (t) of the doppler
Jindication, so that the resulting RMS — error in ¥,_, is expected to be much
less than 0.‘1v% in magnitude and 0.1 degree in direction. For the 84.4 minute

system the doppler noise should be of no importance,

WADC-TR-52-76 21




BIBLIOGRAPHY

1. EARTH RADIUS PENDULUM
by J. E. Clemens, B. B. Johnstone, W. Kerris, K. Pohlbausen, F. Wazelt

. A. F. Technical Report No. 6045 (Oct. 1949) pg. 31

2. M. 1. T. AUTOMATIC INERTIAL BOMBING SYSTEM
by John F. Hutzenlaub
Special Report Number 6398-S—6 (March 1950) Pg- 143

3. AUTOMATIC TRACK CONTROL SYSTEM WITH
INDICATION COMPUTER TUNED TO B84.4 MINUTES
by J. E. Clemens, B. B. Johnstone, W. Kerris, F. Wazelt
OAR Technical Report No. 1

4. RANDOM ERRORS IN DOPPLER SYSTEMS
by F. B. Berger _ o
General Precision Laboratory Report No. A11—6S (Dec. 1951)

WADC-TR-52-76 22




. - £2
YILIWHOLOIA ALIOOTEA HUM WILSAS TOYINOD FONYY FdidS 1°914

SOUBWINIY B F7U7OVIWON 97 OH

- 4]

2 133N
oy Loy ] =(v-0)y i,
n\w. > = (3-2) v .._m._.ﬂ_mq@%mr

A_..  NOUYWKOEY FTONY TS HIM
\w-ﬁ v, m\ Y- =W,
(3D - (¥a)yy =(v) 4 | |
SOLYWINDY © R
o - WVXPIG NYo07d YI LS

=

(- Wl o | I

S 5! s | v ﬁev. 3 s |3
e s .me Oy Awizkkl\,

mw 2 Ov-2ywrv-apeld <.mv>%_,. i




ty ! *

L 1VivVG J313W ALIDOTEA HLM W3L5AS TOTINOD Moval Faids 79l &Emzp?uma gaame D)
A SOUWINLY 3 FHUYIONHON GZ D1

e \n.q\k\\ *Qu

\M\K\k?&- W +/ “\\U\n\\kp\

(3=d) LY
(1-d) Ly
(r0-d) by

| (V)LD
- OUYW/XOdaY FTNY TIVWS HLIM .
NOUYWIXOXDdY 7 YWS HLIM o (1708 -8).
{(30) Ly S} Iy = (o) 1D A %mu wi«
_ _(p- x M3IA dOL
(D-3)4Yy 4 (30) 4y =(0d) Ly HAY ANMOAD
L SOUYWINIY @ SIXY oNt

352Nn00'0'9 H0¥4

WY Db/ X078 P ZOld |
IIIIIIIIIIIIIIIIIIIIIIII > . <+
WILAAWOD ™

NOLLVO1aNI 3
8}.&.3 A ,
mm A
[13M . As | (rys? .a}.mz, .e;
{Z2+1)3 ZA

rma

, ! Ao\«rmt.> (W3) + (9/v-3) L)

| i y
“,.- DRV u-f % %&.J%mv G\EV\,., (-3 3)- ?ﬁndv,ﬂtém.&q.ﬁ?.my
#31AEWOD ..anoWME INIAIINDD (9/v=3)1)\ (W)




TAINIGHNDD

NOILWYWAOANI ALIDOTIA ANNOUO

HLIM ANV LNOHLIM WELSAS TTOTUINOD ONINOVAL 40 ISNOJSIY ANIISNVIL "€ 914

. o=%> gz=D L07="9
m\mﬁiw\n\.ﬁsQ\_\\\Q%bk\mm;\snmw@&%\\

(SN ##8 QL TN I DMLY IGN])
oz =50 Q@$z=2 L07="0
ETTY N TINMLEO ToMOASY 1578

100




N CONFIDENTIAL | A

a

a (INLTERED) (Do) FALTERED

BY HlGH ASS

@ FULTERED BY
WEGH PASS

Vo S/ fa,czc FULTERED BY HGH 4SS

/ 7 N 3
7/
/,

#&. ACCELERATION tror THE 4b. VELOCTY ALOT ME

FIG4 FILTERED VELOCITY WITH ADDED INFORMATION FROM
AN ACCELEROMETER

PLATFORM

Q >L|j"czf/5/cz

ACCELEROMETER

VELQ) YV

poPoLER £ C n >|é-‘~[—%—> |

FIG.5 FILTERED DOPPLED WITH ACCELEROMETERCGNFIDENTIAL




CONFIDENTIAL piatrorm -

TORQUE MOTOR  |C

.

— ke
DOPPLER C, L

Y
FIG.6 a <
<
Zwz1Ao- AG-ad -] A1),
Q'E_S'SW%E (o ﬂ)a( ) a, iK| )é _é_ S
a <«
v ]
| KR |
'—"IDOPPLER V+(EDO)’V? 9[C | )C-b > ?‘,- ] J b
. ’ @ |
5. 6 b .
CONFIBENTIAL

FIG.6 DOPPLER RADAR WITH 15t ORDER PLATFORM |

27




_NCLASSIRED

o S t
Ve . : = L2

1

»

W3ISAS L7914

Y

N 776 CVTODD 70U
. Lr4]0z=1 ==
(= -
\N\\\ §\\\ w" \\p —_——— a— —
00 = 2 IMY LTgNI

e - ——— T F
—— —— — =
— — — — — —

INCLASSIFIED




UNBMSSW.D

zwz1A0-a, Ali-a) v | Alo-L)
S K | ST

%o V+(EDO)V\r { aI-_g_ T d >V?

FIG. 8a (REAOT OF 65)

3 - ,
RgS W_E/E KZRE |

4

o |

FIG. 8 b (OTHER REPRESENTATION OF /5. 84 )

FIG.8 DOPPLER RADAR WITH 15t ORDER PLATFORM IN TWO

DIFFERENT REPRESENTATIONS
29 ,. 29

UNCLASSIFIED




PLATFORM

TORQUE MOTCR \
Cz
RE
ACCELEROMETER
) ) K, F=(+)—(-
VERT{ ¥ VERTy, |
Y
KZ.RE
DOPPLER C, "‘s‘ I
{
F1G.O9x
i
| n
I
]
]
!
W 7 [N
R WE tof -
]
1 Ly
]
r 4
V
¥
K:Re

DOPPLER a(-% ;lc,' T —T
FIG.9 6 | " RaRnr

FIG. O DOPAER RADAC WITH 220 ORDER AUATFOCMH

UNCLASSIFIED




POPPLER

~>{DOPPLER

FIG.10 DOPPLER RADAR WITH 2n¢ ORDER PLATFORM IN TWO DIFFERENT

REPRESENTATIONS 44




