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A M/i X 1MUM L I K I : I , l  UOOD l :STI f ~AToR FOR AN EXPONENTIAl ,

PA RAMF:T I .  R F RO~’ A J . I F E  TEST W J T }L [10Th

TYPE I AND TYPE 11 CE N S O R I N G

Abstract

I~~I

A hybrid life test on items assume d to have an exponential

l i f e t i m e  combines  type  I and typo  II  censor ing .  In type I

censoring, n items are pl aced on test and observed for a fixed

time t~~, while in type II censoring the test terminates with

the r
0
th failure , where r

0 
is a preassigned integer. If tr

is the time of the r th failure , a hybrid life test terminates
0

at min(t ,t*). In some situations it may be of interest to

estimate the average lifetime C , following the test dcci- I
sion. In this report, we find the maximum likelihood estima-

tor, Ô when the sample is subject to hybrid censoring.

An expression for E (t~) is derived . Because this expression

is complex , computer simulations are used to examine the bias

of Ô . ‘
- 1

I
;j
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j
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A M A X I M U M  l I K E L I H O O D  EST I MATOR FOR AN EXPONENTIAL

P AP A MI-:’rI- ;  I~ PROM A Li  1-P TEST W I .1_U hOT!!

TYPE I AN !) TYPE I I  CENSORING

1. Introduction

- 1
Collecting data for a life test is often complicated

by some type of censoring on the observed l i f e t i m e s .  Con-

seq u e nt ly ,  t e st i s ic j  schemes i n v o l v i ng  va r i ous  combina t ions  of

t i m e  and f a il u r e  censo r ing  have  been developed . In type I

censor ing ,  n i t ems  arc placed on test.. and observed for failures

fo r  a f i x e d  t i m e  period t* . In type TI censoring, n items

are placed on t es t  and observed u n t i l  the r th f a i l u r e  occurs ,

where r - n.  The value of r is chosen prior  to the tes t .
0 0

E p s t e i n  (1954) proposed a t e s t i n g  scheme which combines type I

and type I I  censor ing .  In his scheme the test t e rmina tes  I
at r n i n ( t  , t * ) ,  where t is the t ime of the r th f a i l u r e .

r r 0 
H0 0

We s h a l l  r e f e r  to t h i s  t e st ing  scheme as the h y b r i d  t es t .

In t h i s  re port we sha l l  assume tha t  the l i f e t i m e s  under

cons ide ra t ion  have an exponent ia l  p robabi l i ty  d i s t r i bu t i on.

Thus , i f  i represents the l i f e t i m e  of an i tem, the dens i ty

funct i on of ~ is

(~~e i/ O  i f  
~ ~

f ( t ; 6 )  = (1 .1)

L0 elsewhei. e

where o > 0. In th i s  form 0 is the average l i f e t ime  of

an i tem irs the  popula t ion .

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .. - . - _ _ - _ - - - _~-.-
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Epstein (1954) developed the hybrid scheme to test lI
e
: 0 = 0

0
LI’~~

I I n~;t U , w h e re  ~ 0 • 1 1 m i n  (t  , ( 
~~~) t *1 1 0 1

0
H is accepted , while if min (t ,t*) = t , II is rejected.o r0 r0 0

I’icjurc 1.1. illustrates this hybrid testing scheme .

f a i l u r e s

reject H
~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

F- • 
I

~ accept HI 0
I I

I I

~~time
t*

Figure  1.1. Possible sample paths in a hybr id
scheme.

It is very l ikely that a true value of 0 less than

may lead to reject ion of 11c ’ or a true va lue of 0 greater

than O
~ may lead to the acceptance of f1~~ Consequent ly ,

it may be of interest to compute an estimate of C following

the life test decision using the test data . The estimate

might be a point estimate or an interval estimate of 0 •

In this report we shall consider the problem of finding •

a point estimator, the maximum likelihood estimator of e ,

when the data is collected for the hybrid life test. We

shall assum e that the life test is conducted without replace-

ment , i.e. failed items are not replaced with new iter~s. 
- 

-.
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Pci i t t  est i niat i on  f o r  unde r t yp e  I .ind t y p e -  11 ce i s—

s o r i ny  is th o r o u gh l y  d iscussed in t he  ii  t e r a t u r e  of reliabi Ii ty

and life testing . The maximum likelihood estimator of ~

unde r type I i  censor ing  was foun d  by Epstein and Sobel (1953)

I f  t , t ,.. . , t r epresent  the order ed f a i l u r e  times of the1 2 n
n i t ems  cii test , the maximum l i ke l i h o od  es t ima to r  of U is

g iven  by

I.
- - r

-I
U = — - Y t .  + (n — r ) t  1 = ‘1 /r (1.2)

r . 0 r r 0
o i=l 0 0

r
0

where  T ~ . t + (n  — r ) t. represents  the totalr 0 r
0 i~~~i. 0

accumulated test time , or total time on test , at the time L

of the r th  f a i l u r e , t . The m ax imu m l i k e l i hood es t im a t o r
0 r0

of P under type I censor ing , and i t s  p roper t i es,  a re d i s —

cussed by Bartholomew (1957), ~endenhall and Lehman (1960)

and Bartholomew (1963), i n c l u d i n g  a more general  s i t u a t i o n
*

where each item on test has its own t r u n c a t i o n  t ime t .
1

i’1,2,. .. ,n. Under type I censoring the maximum likeli-

hood estimator is given by

k
0 = r t 1 + (n  — k)t~ ] (1.3)

i=l

where k is the number of failures observed by time t~ .

These results and properties of the estimators are sum-

mar ized  in Mann , Pcha fc r , and Si ngp ur w a l la  ( 1974)

_ _
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We may conjecture that (1.2) and (1.3) could be combined

to form a ma x i mum l i k e l i h o o d  estimator under the hyb r i d

Ce I t s O t fl~~ j . ‘i h i  cor ij ect  n r c  w i f l  be shown t o  be t r u e  in

this report . For each item on test under this hybrid scheme ,

a mi xed distribution is defined having positive probability

at the point L* . Order statistics from this distribution ,

w h i c h  a d m i t  the  possi b i l i t y  o f t i e s , a re  d e f i ned and the  l i k e —

lihood of the  first r order statistics is found. An cx-
0

p~ ession for FL-) is also derived in section 11.2. !. simple ,

closed expression for the bias is found when r 1 . A
0

closed bu t  comp lex exp ressier for E(O) i_s given for

2 < r0 ~ 5. The bias of 0 is f u r t h e r examined by s i m u—

lation , using some of the actual hybrid test schemes of

Epstein (1954).

-i 

_ _: _ 
~~~~~~ -~~~~_~~~
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I I .  Pt MAX I MUM LI  REI ,  1111 101) EST I MATOR

FOR T1!P H Y b R 1 D  TPST

II. I . Derivat ion J the maxi mum L i k e l i h o o d  Pst  i m a t o r

Our approach is to d e f in e  a d e n s i t y  for  l i f e t i me s

under a hybrid test w h i c h  adni its ties with positive

probabiIity . The joint density of the first r
0 

order

statistics is then found , from which the maximum likelihood

estiT~ator is derived.

Let

- 
i~~~~~~~~~~.!:

f(t) — ‘
~~~ e o < t < t*

I

0 t = t ~

0 elsewhere

Now define a measure ~i as follows : If L is Lebesque measure

and r~ is the counting measure , then for any Lebesque

measurable set A ,

p (A) = L (A) + n (Aflft*})

Then, if we define

P(A) = ff(t)du
A

-

~ 

- - - -~ ,-~~-- -- - -~~~~
— —- -- --——-‘-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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f ( t )  is a d e n s i t y  in the sense t-hat it is the Radon—Nikodyn

deri va t ive  ol  1’ w i th r espec t  to p .  I f  I l l  
~ 2 ’  

~~~~~~~
‘ 

are

t~ie n unorde red  f a i l u r e  t i m e s  of the  i t ems  in the h y b r i d

test, we may consider 
~~~~~~

, ..., i to be a random sample from

a distribution with density function (2.1). Then the

likelihood of P is given by

L ( P )  
i=l 

f . (i.jO )

Let 0 < t < t • • .  c 
~ < t~ d e f i n e  the

1 —  2 —

corresponding order statistics . We have the possibility

of ties here since an item may assume th: value t~ (i.e.,

censored lifetimes) with probability e . Consequen t ly ,

the problem of these possible ties must be considered when

finding the joint density of the order statistics . In the

case of ties , the order statistics are defined unique ly ,

though somewhat artificially, in the following manner. If

t. and t. are tied at t~ for the kth ordered f a i l u r e  timei J
and i < j ,  define tk 

= and tk+1 r~~. In iliost

considerations of order statistics , the density is assumed

to be continuous , and points in n—space where two or more

ties occur are ignored since they have zero probability .

Now these points must be considered separately . To that

end, we partition n—space into sets A
0, 

A
1, ... , A , where

we define A . = { r
1 , ..., i exactly i points equal t*}.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ~~~-—- -— - - - _~~~~~~~~~~ - ~~~—- ~~~ - -
_ 
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Thus , A
0 

is t he  sc- t where all coordinates differ f rom t~~,

while  A3, for example , is the Set of points where th ree

coordina tes equal t~ . The joint density of the orde r

statistics will differ on each A. . We further partition

each A. to obtain the  required one-to—one transformation1

Onto the  set

t (t1, t2, t
n
) ; 0 < t

1 
< t 2 

< .•~ < t < t*}

L 

For ex ample , when n = 3, A 2 is partitioned into

a21 
— { ( T i,  1

21 13); 0 < i
~~ 

1
2 

= 1
3 

= t*}

- -1 
t
J• 

•t~~~5 ~2 
= 

~2’ 
~3 = 131

a22 = { ( T
i,  12, 13

); 0 < 12 < = = t*}

9 tl = ~~~ t2 
= ‘1’ ~3 

= 1
3 1

and

a23 
— { ( T i, 12 ? 13

) ;  0 < 13 < ‘
1 

= 1
2 

= t*}

:~ = 1
3

1 t
2 

T
1~ 

t
3 

= T
2

Consequently, on A
2 with n = 3, the joint de~-~~ity of the

order statistics is

g(t1, t2, t3) = 3f(t
1)f(t2)f(t3)
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In general , there will be (
~~~~

) (n-i) ! sets in the

partition of A. to accomplish the one-to-one transformation.

(?) accounts for the number of ways to select the i ties ,

while the (n-i) untied coordinates can be permuted (n-i) I

ways. The joint density for the order statistics over set

A. can be written as

n
g(t , . . . , t ) ( j ) (n—i) I TI f ( t . )  , ± = 0, 1, •~ ., n.1 j=1

n
If we define C = ( .) (n—i)! = ni/i ! and let q = e / 

,f l ,1 ) . 1

then the joint density of the order statistics , in full

- 
. 

generality , is written as

C~~0 

:_:

t

~~ 

~~ o<t
l
<t
2
<..•<t

fl 
< ~~

C , q TI fit.) if O<t <t <• .•-< t = t~n,~. i=1 1 1 2

g(t1,...,-t = 2 n 2
C~~2 q ~~1

f(t
~
) if O<t

1
<t
2
<• .•<t~~1 = t~ = t~

~~~~~ if O<t1 t2 = = t~ t~ .

U

I
—
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it  is now poss ible to t m d  the  j o i n t  marg i na l

density of the firs t r
0 

out of n order statistics from

density ( 2.1 ). Recall that. r0 is the truncat-ion value on

the number of failures for the hybrid test. This joint

marginal density can be found from the theorem wh ich follows.

Theorem 2 .1 .  If f(t) represents the density

function ( 2 . 1  ) and

1)

t
F(t) ff(t)dp ,

0

then the joint marg ina l  dens i ty  func t ion  of the f i r s t

(n— r) orde r statistics having density f(t) is

n—r
C [1—F(t )1

r 
~ f(-t.)n,r n—r ‘ =1

i f O  ‘- t < ... 
~~t1 n—r

n-r—l
qr l  II fi t.)n ,r+1 . ii=l

i f O  < t < S . .  < ~ = t ~1 n-r

g(t ,...,t ) =1 n—r
r+2 n—r— 2

Cn r +2 q fl f(t.)
1=1

i f 0 < t  < • • •  c t  = t  = t ~1 n—r— 1 n—r

.

__________ 4—

- —----------- —~ ——-—---- .~ --..--—-- — ~~~~~—- - - _ -~ -~. ~~~~~~~~~~~~~~~~~~ 
— __p _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5.1L.— ~~~~~~~~~ I
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1
~~ if O~ t1 t2 •

~~~
• = t • .

The proo f i by induction on r , for r n— i . Cons id e r t h e

case where  i = 1 . In th e  req ion  where  0 ~
—

t < t * ,n —

t*_ n
g (t1

, •~ •~ ~ = c f FT f(t.)dt ~n n ,  
~~~~~~ i=l 1 n
n n—I

n—i
C 1 FT f (t. ) qdp ,

i=l 1

where the  limits on the first integral indicate that

integration is ove r the interval ~t 1
,t*) , while the

H second inteyral is over the single point t~ .

Then ,

~~~ n—i n-i
g(t1, . . .,  t —1~ 

= c 0 F(t ) I FT f(t.) + C q 11 f(t.)
0 fi , fl - 1. 0 , -t i=l i~- 1n—i

n— I. n-i
= C 0 [1—q—F(t 

~~~~~~~ 

TI f(t.) + C q Ii f ( t . )n, n •
=~~ 

1 fl , i=i

n— I.
= C ~~, 1

t l_ F ( t 0_ 1fl j fl
1

f ( t j ) i f  0 < t
1’- ...

The las t equality follows from the observation that

C C 
~~
. Now in  the reg ion wheren, n,

~: ~~~~~~~~~~~~~~ .~~- ~~ 
- - 

~~~~~~~~~~~~~~ - 
~~- - - -  ~~~~~~~~~~~~~~~ 



I I

o ‘. ‘- • . .  ‘. t — t t_ *1 n—I n

the integration will be ove r the single point t~~. ThUS ,

n— 2
g(t , . . .,  t ) = C I H f (t .)q 2dp1 n— i ° 1 2 R*} 1=1 1

2 n-2= C  2 q fl f(t.)
i=l 1

if 0 < t1 
< t

2 
‘— • • • < t 1 ~

-

Likewise ,

n—3
g(t1,...,t0 1 ) = C0 3 q

3 fl f (t~) if 0<t l t2
< 5 5 5 < tn .2=tn_l =t*

g(t1,...,t 1
) = C

0 0
q0 if 0< t1=t2

=5 . t~~ 1
t* ,

which is the desired result for r = 1. Now assume the

theorem is true for  r = k .  It suffices to show it also

holds for r = k + 1. Again in the reg ion

O < t
l

< S S S < t
n_ k ~~~~~~t* l

..
~~~ 

tfl_k~~
)

n—k—i t*_
= c

fl ,k[  
fl f i t

1 ) ]  
I f(tfl_ k

)El_ F(t
f l k)l

kdtfl_k
I -  t n_ k~~

t I~_ k_ 1

-- - - -~~~~~~~ - — - - — -i——- - . -~ ——4-- - —  — - ~~~~~~~~~~ ~~—~ - -~~~~~~ .Lá~~ ~~~~~~~~~~~~~~~~~~~~ —~~~- -  ~~~~~~~ 
— 

~~~~~~~ I
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+ Cn,kl i (
!
}~~~~~

’
f(t )qk+1dp

Carrying out the integration we find

. . .,  tn_ k_ i
)

t*

(i-F(t _k l0~~
_ i

= C0 k L -  — 

k+i~~~ J i~ l 
fit )

n-k-i
qk+l ~ f(t.)n,k+l i=l 1

C rn-k-i
= k+ 1 ([1 F(tfl k_i )I k4~ — qk+l} 

i:l 

f(ti)

k ~ . 
n-k-i

+ Cn k+i  q + 

i~ l 
f(t.)

n—k— i
= Cn,k+l ( i F (t n_k_ lH i~ i 

f(t1),

i f 0 < t  < ... <~~~~~ < t a .1 n-k—i

• Again , the las t equali ty follows from the fac t

= C
fl ,k+l

______ ________________________
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in  t h e  x eq ion  w h e t  ~ 0 t ‘- • • . t ~ - t * ,
I n—k —I n — k

n — k — )
g(t , . . .  ~ -

~~~~
-

~~~~~ 
~ C k -F~ ~ f ( t ) q k 4 2

du1 
~t *}  ~~~, ‘ i= l

n~•-k —2

~n,k+2 ~ H f ( t 1
)

1=1

i f O  ~~t < • • •  < t = t ~~.1 n—k-i

*

L i k e w i s e ,

tn_~
_
~
) = Cfl k+3 q

k+3 fl f(t±)

• if 0 - t1 ~~
• •  tn_ k_ 2 tn_ k_ i t*

:

g (t1, ~~~~~
. ,  tn_ k_ i ) = C

0 0
q0

i f  0 < t1 = t
2 = = tn_ k_ i t*

This establishes the result for r k + 1 and the proof is - -

complete by induction .

From Theorem 2.1 , the joint marginal density of

the firs t r orde r statistics is seen to he
-•  

0

S i

_ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~— — ~~~~~~~~~~~_A__~__ ~~~~~~~~ 5- —~~~~ —5- ~~~~~~~~~—.•- —5-
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n—r r
0

Cr~~n r (l_F(t )) 0 

i i  
f(-t .. )

if 0 < t < • • ‘  < t < t~1 r0

n—r +1 r0—l r
C~ ,0_~ 0

~ 1q 
0 

i~ i 
fit. )

i f 0 < t
1

< ... < t = t ~
0

n—r +2 r0—2

t )  = 
C~ ,0_~~~~2q 

0 

i~ i 
f(t~ )

0 < t
1 

< ••~~ < tr _ l  = t
r t~

c q0n,n

if 0 < t1 
= t2 

= ~~~~~ = t = t~
0

Equivalently, we can wr ite

n—r r0
Cn,n_r 

[i_F(t
r ) 1  

0 
~ f ( t

1
) if t <t~0 0 i=1 r0

t
r 

=

0 
k

~~~~~ 11 f(t
~
) if t ~t*,i—i 0

_ _ _
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where  k = the n umber of failure s observed in (0,t*) . Note

that 0 ~ k ~ 
and k = r~ i t and only if t

r0

Co ns e qu en t ly  we may w r i t e  the  likelihood function of the

firs t 1
0 orde r statis tics as

k a(n—r
L ( P )  —‘ [ 11 1 (t.) 11

(l a) (n - k )  
[1-Fl t 

0 

~i~~l 
1 

0

where 
I—

1 if t < t~

O i f t ~~~~~~r
0 

—

h• In terms of dens i ty function ( 2.2 ) , the likelihood becomesH

k tr0
~ 

— -
~ . 1 t. —— (l—a)(n—k) — -—u— ( ri— r )a

L(O ) e ~ 1~~ 1 e e
$

k
-4 ( ~: t.+ (1 a)(n_k)t*+a (n_ r )t

= 
i 0 r0

8

Then ,

k
l n L ( O )  = C — k ln O  — . 

( ~ t. -‘- (1—a) (n_k)t* + a (n— r~~) t
~ r 0

f 

—, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~~ 

-

~~~

— -. —
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I • + (1—a) (n—k) t*+a (n_r )t I3lnL (O ) — k 
+ i=1 ~- 

- 

U r030 0

Setting 
H

31nL(0)
= 0 ,

I.. -

we find tha t the maximum likelihood estimator for 0 is

kÔ ~ t • + (i-a) (n_k) t* + a (n_ r0)tri=1~~__ 0 
• ( 2.3 )k

‘1This is merely t.e combination of the maximum likelihood

estimators from the type I and type II censoring which we

expected.

11.2 The First Moment of the Maximum LikelihoodEs timator

The m aximum like l ihood es t imator  derived in the
previous section can be used to estimate ~ following the
hybrid life test. In order to examine the bias of this

estimator, an expression is derive d in this sec tion for the
firs t moment of 0. In section tI.1 we obtained

A k
e 

~~~ 
( z t. + (1—a) (n_k)t* + a(n— j-

0
)t } ,
r0



t 7

.th - - - -

where t = ~ ordered I ~u lure 
t im e , I I ,

t~ truncation va l Ue for time ,

r0 
truncatiOn value for failures , and

k number of failures at time 
of decision.

The dIstrihU~ ’0fl of k is given by

(~~ ) p 3 ( 1— p )~~~~~ 
i f  j = 0 ,  1, ... ,  r0

-l

P (k  = j )  = <

n -
fl 1 f l 1  . •

~ 
(~~~~ )~~~~ 

(i-p) if j
j=r0

where p = P(an item fails before t*) = I - e • In

1 2.3 ), “ a ” is a random indicato r wi th  a d is t ri bu ti on

given by P(a i) P (k=r0
) = P(t <t*) , and P(a 0)

r0

1-P(a=l). 
H

The estimator e will be infinte 
when k = 0 , so

we will condit ion on ~ bein g f inite and find E(~~~~~~)

Since 0 is infinite w ith probability P(k 0),

the distribution of ~ conditional Ofl < is just the

unconditional d i s t ri bu tion  of 0 divided by the constant

P(k>O) . Hence , E(Ote<w ) will be merely the uncondi tional

expectation of ~ (ove r finite values of ~) divided 
by the

constant P(k>0). So,

- —5-~~~~~~~~
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+ E
~~

(1_a)

~~~
_k)t*1 + E~

a
_:o

tr

o1f 

( 2.4 )

E ach of the expec ta t ions  in  ( 2 . 4  ) will be

evaluated in t ur n . We first write

LI
r •rk 1 0 [3 i

E ~~ = ~: E~ ~ t~ k=j~ P(k j) •

~~~ 
j = l  L’ 1T~

Given that k = j ,  for j  = 1, 2, . . . ,  r0—i , there are H
exactly (

fl
) equally likely ways of selecting the set of j

items out of n which will fail first. If we condition

again on each of the (
fl

) equally likely combinations it is

seen that

r k 1 r k r~ 1
E [E

t . I k = ~

j  

= E L E  r~~~k=~

j  

= E [ L  

~J
where t .  is the ~th unordere d failure time whose dis t r ibu-1.

tion is truncated at t *. The truncated distribution

follows from the fact that we are given the number of

failures observed before time t~ is k = j. Thus the

distribution of is given by 

~~~~ -- -5-~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1-— S  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I — i / O  I — i /O— 1 — 1
~ C’ --———— = ——— i f  0 •

~ ‘— t~ 
- •

f(i.) i~~e t5~ 
0 p 1 

( 2.5 )

0 elsewhere. —

Di rect i r i t e y x a t  ion  using ( 2.5 ) gives the result that
t~

_ t*E ( r . )  = 
- q 

, where q = 1— p .  So,

, f o r j = l , 2, ..., r0—l.

Now , k = r
0 implies that at least r0 items failed

by time t~ (even though observation ceases at t ) . Wer~
must treat this situation diffe rently. -

E[~ t. k =r l  = ~~ E [ t jt  < t*lL~1 ~~ O
5-j 

r~ Li= 1 1 r
~ j

To evalute this expectation we need the joint density of

the firs t r
0 order statistics taken from the exponential

population , conditioned on t < t~ . Let x. representt o

the observed value of the random time t.. Then
I-

Ft ~ 
(x1, . . .,  x I t  ~ t*)

1’ “ ‘  r0 
r0 r0

p (t
1 

< x
1
, t2 

< x
2

, • . .  , t~-0 < min(xr0,t*)]
P(t ~- t* )

r0 
—

_________ _______________________ ~~—-~~~~~ -
~~

--
~~~~~~~~~~~~~~~~~
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and

f (x , .. . , x I t  < t*)t
l~ . . • S tr 1 r0 r00

3F
~ S * • • S t r (x 1 , . . .  , x I t  < t*)

- l 0 r0 r0— 3X 3X .. . 3x1 2  r
0

~~~~~~ 
S t

r (x
1 , x2 , . ..  , X

= 
P(t <t*) 

0 if  t < t~r0 0

0 elsewhere.

Since

Z x. + ( n—r
0

) x  I

= 

(n—r 0) !O
rO e 

r0

we can write

E [E
t J k = r

ø]

as 

I ’

~~ 
..~~~~~ T . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~•-~
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t* t* t*r
r0P ( t 1 ~t*) J f ... j ( E x . )  ~~

0 — — — .  ( r t — r  HOx — O x — x  x —x 01 2 1 r r — l

1 [ E x + ( n — r ) x  I
—

~~~~ -~~~~~ i 0 r
C

u U dx ... d ( 2.6 )
r0 x

1

Evaluating and simplif ying this r
0
—fold integral becomes

very tedious as r
0 increases . We have evaluated C 2 . 6

for values of r
0 through five. We give here the results

for r
0 = 1 and 2, while the results for r

0 
= 3, 4, and 5 are

given in Appendix 1. In these expressions we define

C = n ! . ( 2 . 7
r (n—r) !rP(t <t*)

The integral ( 2.6 ) reduces to

nt

10 O+nt~C11— ~~- 2 e
L~ 

n

when r
0 

I, and

r ( _nt* ~ _ (n—l)t~~

~ ~8 (3n—2) + I 2 n t * + ( n + 2 ) Q ~ ë 
— 

nO+ (n_l)t* 0
2 1 2  2 1  2 e 2(n—i) ~ n (n—l)

when r = 2.0

—
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We now have , for the first expectation in expression ( 2.4 )

= ~ ( 0_ gt * )  
P ( k = i )  + 

E[~ 
t
ifk=r]P

=r
0

p (0<k<r
0
) (0_qt*) k

= + 
E [E 

t
ijk_rl

P(k=r
O
) ( 2.8 ~

where

ErE t~ 1
[i=l j~_ I k=r

qj

is given by ( 2.6 ) .

Next, we evaluate

E[(1-a)~~
n_k)t

~~

If we condition on the value of a, this expectation becomes

E Efl_~t*~O 1p~O =

E[cIkCro1P (k~
ro
) - t*P(k~~r0)

• r 0—l 
1nt* E ( r ) P ( k = i )  - t*P (k<r

0
) =

• 
S i=l 2.

.4

—--—-5-— - 
-
~~~~~

-- -
~

- 
- 

- -
~~~ ~~~~~~~

-
~~~~~~

- --
~~~~~
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r
0-I

— ~ (n—i) 
P(k= i)

I 

i=1

To establish this , we macic use of the fact that a = 0 i f

and only if k r
0. As before ,

_ t*
P ( k - - -~i )  = (

~~~~~) (1—c 
0 )1 (e 0 )

1t~~

Final ly ,  we find

Eat

(n—r
0
) El k

L
Conditioning again on the value of a, we get

at fi t 1• 

E[k O] 
= E L~~

I a = 1] P ( a = l )  = E[~~~~J t  < t *J P ( t  < t*)

since a 1 ~~ t < t~ ~ k = r0. Here we require ther0

th .density of the r
0 order statistic from the exponential

distribution which is truncated at t*.

r — 1
X 0 (n—r ‘-l)x

- 
0 r0

f (x I t  <t*) = 
n! 1—e e 0

tr r0 r0 P(t < t*) 0 (n—r
0) ! (r0—1)

-
. i f x  < t ~r0

0 elsewhere.

- -  -- - 5- .- —.—
- 
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Then

1l r ~ I
~~~ P i t t*) =Lro r

~ j  r~

__________ 

-
t

1 n!t0~~ r 1 — (n— r
0
+1)t

( n — r 0) ! (r 0~TTT ( 1 (  
e 0 dt

t=o
n — i  t~ — (n— r +l)t

But 

= J ~ ( l _ O  0 ) r 0 1 e 0 
dt. 1 )

0 r0—1 r0— l i! .

1—e 0 = j e e (—l)~

by the binomial expansion. The integral ( 2.9 ) becomes

n—l i t~nO r
0
_
iJ 

r
0—1 r -1 ~ 

_ (n_r
0
+j+l)t*/0

~ (—l) 0 I — w e  . dtr
0 j=0 3

0

I- -,

r —l fr0— i ’ ) —(n— r +j+1)t*
• 

= 

fb~ r o_ 1j  0 (-l) ft ~ ~ 

0
0 ‘(n_r 0+j+l+t* ; 

- .
j 0  (n—r

0
+j+l) L j

S •4~~~~!~~S~~
5- 

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~
- -- - - - - - ~-- 5---- -
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Combining the three parts from ( 2.4 ) we have a final

expression for the first moment of 0, conditional on 0

being finite.

A p(0<k<r0) (
O_qt*) P(k=r

0
) rro

E(O JO<co ) 
~~~P k>0 p 

+ 
~~P(k>0) E L E t i I t r < t*J

r —1

+ p (k>0) i!l 
P(k=i) In.I) +

n—i ~r —l
(n— r0) nO r

0
—l r 0 —1 

(—1)

L r0 
P k>0 

j 0  (n—r 0+j+l)
2

L 

(n-r +j+l)t*

[
i_e 

0
0 n~~ O;j41)t* 

+ l~~~. ( 2 . 10)

In the simplest state , when = 1, E(~~Jk>0)

reduces to

1 _nt*/O
P(k>O) [0_ (0+nt*)e I ,

where P(k>0) P(t 1 < t*) = l_e nt
~~
’O p*1 say.

So ,

E ( ~~) k > 0 )  = 
O_ O (l_p *)_nt*(l_p*) 

= 0_nt* (~~ -1).

i -
S.
-

• 

- - 5- 
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When r
0 

= 1 , ~ has a negative bias equal to nt*(~~ —1)

• Similar simplifications when r0 > 1 were not found .

If this maximum likelihood es timate of 0 is

computed with the data from a hybrid life test, the values

of n , r0, and t~ are supplied by the test and cannot be

adjusted for the purpose of reducing the bias. We have

simulated some hybrid life tests on the computer for the

purpose of observin g some bias values which the maximum

likelihood estimator inherits from the test. If we test

: 0 = 0
0 

against H
1 
: 0 = O

l~ 
where 01 < 0

3, Epstein

(1954 ) has given the theory necessary to f ind  the values

of n , r0 and t~ which correspond to given error probabili-

ties a and ~~~. Simul ations , of 1000 trials each, were run

on 27 different hybrid test schemes . In each simulation

E(O) was estimated and the bias was estimated at 0 = 0
~~
.

Table 2.1 gives the simulation results. The bias is

expressed in the table as the percentage of the actual

value of 0. Using 1000 trials , the estimated standar d

deviation for this percentage was less than 3% for all

simulations . For comparison , the table also gives the

exact bias in each case for the maximum likelihood

es timate from a type I tes tin g scheme havi ng the same

• values of n and t*. This exact bias was shown by

Bartholomew (1957) to be

- 

- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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nt*E(~~) — — t~k p

where k = the number of failures in (0,t*). It is assumed

that k > 0 and E(l/k) is conditional on k > 0. As before ,
— t ~~/Oq = e and p = l-q. It is clear from Table 2.1 that

the bias may be qu ite large especially for smaller sample

sizes.

I

II.

I

I
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APPENDI X 1

Listed here are the  values of the integral C 2.6 )

when r
0 

= 3, 4, or 5. The constant Cr is defined in

equation ( 2.7 ) .

_nt*

r~ = 3 :  C3 [2 
3n21fl+3)~~~ - _____ e

_ (n_1)t* —(n—2 )t’fl

+ 
2n0+2 (n_1)t* 

e — 
2n0_30+(n;2)t* e 0 5-

(n—i) 2(n—2)

_nt*
S 

— 4. 20(5n3—25n2+35n--12) 3n0+4nt*+O 
—

~~

—

r0 — • C4 1 2 2 2 2~~ 2 e
L n (n—i) (n—2) (n—3) 6.n

— 3n0+3 (n_l)t* o 
+ 

3n0_40+2(n_2)t* e
2(n—1)2 2 (n—2)2

~(n~3) t*1
— 

3n0_80+(n_3) t* e e
6(n—3) J

— 5• C r
6

( 1 5f l
4

_ l3 0 f l
3

÷ 3 ? 5 f l
2

_ 4 0 4f l ÷1 2 0 )
r0 

— 

~ L n
2
(n-l) 2(n-2) 2(n-3) 2(n-4) 2

• _nt* 
_ _ _ _ _ _ _

— 
4n0+Snt*+50 e 0 

+ 
2n0+2(n_l)t* e o

24n 2 3 (n— 1) 2

123

1~~ _ _
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— ( n — 2 )  t~
— 

4 n 0 _ 5 O + 3 ( n _ 2 ) t *  e
2 e

4(n—2)

— ( n — 3) t~
+ 

2n0_5 0+(n_3) t* e 0

3 ( n — 3 ) 2

— (n— 4)t’~14n0—l SO+ (n—4) t~ O H— 

24(n—4) 2 
e _j

‘S
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