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1. INTRODUCTION

Col l ision theory is wel l established as an elementary classical theory
for bimolecular gas reactions, and the concepts are readily incorporated in
the direct simulation method. It is a phenomenological approach in that the
binary reaction rate is obtained as the product of the kinetic theory
coll ision rate for collisions with energy in excess of the activation
energy and the probability of reaction or steric factor 

~r 
The ster ic

factor may be regarded as the ratio of the reactive cross-section to the
total collision cross-section and is inferred from a comparison of the
theoretical prediction with the measured reaction rate. The simplest
theory (for example1) employs a cons tant ster ic factor and cons iders only
the translational collision energy in relation to the activation energy.
Refinements of the method employ a collision energy dependent steric factor
and allow for the possibl e contribution of the internal energy of the
mol ecules in the collision . Collision theory may also be extended to ter-
molecular reactions (for exampl e2) by assigning a lifetime to each binary
coll ision and regarding the triple or ternary collisior as a further binary
coll ision between the pair of molecules in the initia l L..illsIon and a

third molecule.

The reaction of most obvious interest in an aerodynamic context is
the dissociation-recombination of oxygen and nitrogen. These are bi-
molecular reactions with finite activation energies for dissociation and
termolecular reactions for recombination . The direct-simulation method was
applied to this reaction by Bird .3 These calcula tions employed a constant
ster ic factor and the results for the dissoc iation rate were in agreement
with the theoretical prediction. Also , the density and temperature depen-
dence of the equilibrium state was in agreement with the law of mass
action for th is reaction .4 The gas model was , however , unrepresentative
of a real diatomic gas in that there was no internal energy. A further
di ff icul ty was that computing time con s iderations ruled out calcula tions
at temperatures small compared with the characteristic dissociation tem-
perature. Similar calculations which include the effects of internal energy
modes have recently been made by Larsen .5

1
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—: Bird6 developed a collision theory analysis of the dissociation-
recombination reaction to produce an expression for the equi librium
state that is identical in form to the law of mass action . If a parti-
cular diatomic gas is to be simulated , a comprison of the theoretical
and exper imental di ssoc iation rates gives the appropriate ster ic factor,
whi le a compar ison of the theoret ical and ex perimental va l ues for the
equilibrium degree of dissociation provides the binary collision lifetime
parameter. The model corresponding to this extended theory was combined
with Borngakke and Larsen ’s model 7 for the internal energy modes and was
used to compute the dissociation relaxation zone behind a strong shock
wave in nitrogen .8 The ability to calculate the equilibrium state was
particularly valuable in setting up the boundary conditions for the shock
wave simulation. The simulation results were in good agreement with
corresponding experimental results.

A difficulty that was encountered in the nitrogen simulation was
that the negative temperature exponent in the rate equation was below the
lower lim it allowed in the theory. This had to be allowed for by a
temperature, as well as coll is ion energy, dependence of the steric factor.
The following section presents a further extension of the bimolecular
theory to include the contribution of the internal energy modes. As wel l
as being more general , it allows much larger negative temperature exponents
in the rate equations and would have coped with the accepted value for
nitrogen. Unlike the existing collision theory based on the “effec tive
square terin~ approach

1’3, it is not restricted to temperatures that are
small in comparison with the characteristic temperature of the reaction.
A further extension is that the model now deal s with inverse power law
molecules rather than being restricted to hard sphere molecules. The
wider applicability of the new model Is particularly useful when dealing
with cases which involve a very large number of reactions.

2
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2. TECHNICAL APPROACH

2.1 DERIVAT ION OF STERIC FACTORS FROM REACTION RATES

A typical bimolecular reaction may be written

A + B ~~ .C +D , (1)

where A , B, C, and D represent separate molecular species. The rate
equation for species A may be written

- 
dnA = kf(T) nAn B - kr(T) nCnD . (2)

where n is the number density wi th the subscripts representing the species,
t is the time and kf(T) and kr(T) are the forward and reverse rate co-
efficients. The temperature T dependence of the rate coefficient is
generally of the form

k(T) = a Tb exp (-Ea /kT) , (3)

where a and b are constants , Ea is the activation energy, and k is the
Bol tzmann constant. The probl em is to find an expression for the steric
factor , or collision probability , Pr as a function of the coll i s ion energy
E
~ 

that leads explicitly to Eq. (3) in the context of collision theory.

The collis ion energy E
~ 

is equal to the sum of the relative transla-
tional energy in the collision and the fraction internal energy of the two
molecules that may contribute to the reaction. The translational energy
is equal to 1/2 mrcr

2 where mr = m1m2/(m1 + m2) is the reduced mass and
Cr IS the relat4ve speed . The internal energy is best dealt with by
specifying that the number of degrees of freedom of the two molecules that
may contribute energy to the reaction Is and This number may range
from zero to the number of degrees of the molecule , although there are
restrictions based on angular momentum considerations on the number 

of3
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rotational degrees of freedom that can be active in a reaction .9 It is
readily shown that, for an equilibrium gas, the distribution function of
Ec/kT is

_ _ _ _  n - 3
~~~ 2 ~ri- 1 ,‘ E

— 1 i C i  , c
- 

IC ,  + ~i~’ri 
exp~- kT

r ’ ~ ~~+ T~~~~ + ln - i

where n is the exponent of inverse power law intermolecular force and r
is the Gaim~a function. Collision theory assumes that the forward rate
equation is given by

dnA — 
( (E~;\ (Ec\

- - n~v~5 j ~‘~r’ 
Prd ~~~ 

, (5)
Ea
kT

where is the equilibrium collision rate for a species A molecule with
species B molecules, and EA is the activation energy such that the reaction
probability is zero for E

~ 
less than Ea~ 

Now

VAB = flB aTcr ,

where Is the total collision cross-section and the bar denotes the mean
value. A comparison of Eqs. (2) and (5) then shows that

k(T) = 

~i
crf ~ Prd (~~) 

(6)

For hard sphere (n = 
~°) molecules, the standard result is that

_____ 1/2
= (d 1 + d 2 ) 2 (

~
) (7)
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where d is the molecular di ameter wh i le , for general values of ii,

2 n-5
_ _ _  - w 2 ’K/ ~n-1 Ti-i 8OTCr 

— 

~ 
m~, Cr

where is the cut-off value of the dimensionless impact parameter and
V K is the constant in the force law . The parameter WOrn i s related to the

lower cut-off value that must be chosen for the deflection angle in the
col l ision. The value of “r will depend on this choice and the generalized
collision theory is unsatisfactory when the overall aim is merely the
calcula tion of the steric factor 

~~ 
However, this is not a difficulty

when this factor is used in the direct simulation method since a cut-off
value must be specified anyway.

If a constant steric factor i s employed in Eq. (6), it may be taken
outside the integration which then yields

r (C l + C 2 + fl:3 + 1 
E
a)/(Ci

+ C
2 3 )

For integer values of the first argument, the incomplete Gamma function
may be written as a power series in Ea/kT• This is effectively done in
the “activation in many degrees of freedom” theory1 and the “square term”
theory.4 All but the l eading term of the power series may be discarded
when kT ’z< Ea but, while this is satisfactory for the dissociation-
recombi nation reaction, it is out of the question for fast exothermic
reactions. This problem may be avoided by the introduction of a steric
factor proportional to some power of Ec

_E
a multipl ied by the term

+ 
+ Ti -

~ 
Ea\ 2 n - i

~1-ç i

This term enables the incompl ete Gamma function to be transformed to a
Gamma function that does not involve the temperature, and leads to the
desired form of Eq. (3) for k(T). Moreover, this modi fication has physical

5



IF ’ as well as mathematical advantages. It means that 1’r need no longer be
constant for very large values of E

~ 
and the rise from zero at Ec = Ea

is no longer discontinuous. Similar forms for the steric factor have ,
in fact, been proposed for these reasons.~~~°

The full expression for the steric factor that yields Eq. (3) when
substituted into Eq. (6) with Eqs. (4) and (8) is

______ 
—3 ‘~ 2( 1)

- £ 2 +~
-_
~ +1~(m \ 

Ti- 
a

r 
2 

—?.~- r [2 (n -2) / (n - 1) ]  \ 2icI 
r
(C 1C2+.~+b27r ½W~~ (k/me)~ 
\ 2 2

+ Ti- SC1 C2 n _ 3 
b_
~ (~~1)

(
~

_ E
) 

2 ~ T 
(Ec

_ E
a) (9)

The syriinetry factor c is equal to 1 for unlike molecules and 2 when both
col l ision partners are of the same species. The use of Eq. (7) in place
of Eq. (8) gives the followi ng simplified form of Eq. (9) for hard sphere
molecules :

C

— 

r (C 1~~2 
+ 2) (2mr\

”2 
a ( E~\ 

____— 

(d +d ~2 ‘~V7 /C1~C2 ~ 
\ k /

1 2’ 2 +-~-+ b) 
c 

(10)

/ C 1+C 2 3\ 3The minimum value of b is now 
~~ 2 + rather than the - allowed

by earl ier theory which does not take into account the contribution of
the internal energy modes. The extended theory would have covered the
experimental values for nitrogen that caused difficulties in the shock
wave calculations.8 This general behavior is consistent with the more
restricted “square term” theory, in that increasing negative value of b
are associated with a greater contribution from the internal degrees of
freedom.
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The use of Eqs. (9) or (10) to obtain the steric factor for use in
a simulation program ensures that the reaction rates will agree with those
from the continuum rate equation in flow situations where near transla-
tional and rotational equilibrium prevail and both the discrete particle
and the continuum approaches are applicable. The discrete particle

approach , through the direct-simulation method , permits results to be
obtained for chemically reacting flow situations with marked non-equilibrium
in the translational and internal modes . The critical question is the
degree of realism in the modeling of the real flow in this regime. It
should be kept in mind that the above equations for the collision proba-
bility constitute phenomenological models which are not unique and which
have been based largely on considerations of mathematical tractability .
The ideal would be to have tabulations of reaction cross-sections as func-
tio~is of the energy states and impact parameters based on quantum
calculation s and experiment. The progress in this direction has been
reviewed by Toennies ,U and very littl e of this information is currently
available for reactions of engineering interest. When a classical approach
based primari ly on continuum rate data must be used , the above model
appears to offer the most practical approach for chemically reacting flows
in the transition regime. Hopefully, the physical basis is sufficiently
sound for the predictions to be at least qualitatively val id.

In order to consider the di rect simula tion method as an alternative
to conventional conti nuum calcula ti ons , the follow ing conditi ons should be
assessed.

The advantages are:

• The gas need not be in an equilibrium or quasi-equilibrium
state. Not only may each species have a separate temperature,
but the velocity distribut ions functions may vary drastically
from the Maxwellian distribution and the internal modes may
be out of equilibrium with the translational mode.

• The calculations make direct use of the reactive cross-
section’ as functions of the molecular properties and collision
impact parameters. The fact that these do not have to be
averaged to give rate constants as a function of temperature
is particularly advantageous for electron-neutral and electron-
ion reactions for which the cross-section versus energy curves
often have closely spaced peaks and valleys . The vibrational
states may be regarded as reactions. Radiative reactions may
also be included .

7 
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The disadvantages are:

• The number of representative simulated modules is generally
restricted to some thousands and the total number of simulated
collisions to some millions. This means that it is impractical
to simulate reactions which occur less frequently than once
every thousand elastic collisons (i.e., steric factors less
than about iO~~). This rules out some very slow bimolecular
reactions and generally rules out termolecular reactions.

• There are sampling difficulties associated with trace species ,
although these may be alleviated , to some extent, through the
use of weighting factors such that the number of real molecules
represented by each simula ted molecul e varies from species to
species.

• Most of the currently available data is presented as rate
coefficients as a function of temperature, rather than as
reactive cross-sections as a function of the collision energy.
This data must be analytically converted to give the same
answer in the quasi-equilibrium situations for which the con-
tinuum approach is valid. (The magnitude of the steric factors
given by this conversion process provides a useful check on
the physical validity of the rate data.)

The above considerations l ead to the conclusion that direct molecular
simulation is most suitable for rapidly varying transient phenomena in
the upper regions of the atmosphere. It can be used in situaticns where
the conventional continuum approach would be invalid.

Il l ustrative Example

The direct simulation method has been applied to the vibrational
excitation of steam. The reason for choosing steam is that it has12 an
anomalously rapid vibrational relaxation rate for V-T collisions. The
scatter in the data is such that the temperature exponent is uncertain
and a constant value of 3.5 x 1O 17m~s~~per molecule has been used for
the deactivation rate. The characteristic temperature of the reaction
is 2293K so that the activation rate coefficient given by the product of
the deactivation coefficient and exp (-2295/T). The resulting steric
factors from Eq. (10) are shown in Figure 1.

A homogeneous relaxation case was computed for in iti al conditi ons
of T = 650K, n = 1023 m 3 and n* = 0. Here, n an d n* are the number den-
sities of the ground state and first vibrational l evel , respectively.
Eq. (2) becomes

8
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F ~~~~~. (
~

) = 3.5 x io6 {exp 
- (2295) - !1~] (11)

and energy conservation requires,

I = 650 - 918 (n*/n) . (12)

Figure 2 compares the simulati on resul ts with a numerical solution of
eqs. (ii) and (12). The two are in good agreement even though this is a
sufficiently fast reaction for a substantial departure from local transla-
tional and rotational equilibrium to be expected. The equilibrium concen-
tration ratio is also in good agreement with the equilibrium value even
though the simulation procedures based on collision theory cannot be
expected to satisfy detailed balancing .

In order to illustrate the effects of translational equilibrium in a
transition regime flow, the steam model was then applied to the steady
flow through a screen or grid. This flow is schematically represented in
Figure 3 which also defines the flowfield dimensions and the initial and
boundary conditions . This is a one-dimensional flow in which the grid is
a hypothetical device which reflects a specified percentage of the mole-
cules passing through it. The initial temperature was chosen such that
the initial equilibri um excitation is negligibl e and the grid solidity
is sufficiently large to produce a temperature with a significant degree
of equilibri um excitation. The temperature profiles 3long this flow ahead
of the grid shown in Figure 4 are very similar to those for a normal shock
wave. There is a temperature jump at the grid location and , since the
downstream Mach number in this flow is barely supersonic , there is some
upstream infl uence from the open end. The parallel temperature T

~ 
based

on the velocity components in the flow direction overshoots the overall
temperature I by a significant margin. The normal temperature T~ based on
the other components overshoots T by a small margin , whi le the rotational
temperature Tr lags behind 1.

Figure 5 compares the simulation results for the density ratio

n*/(n+n*) with those obtained from the solution of eq. (ii) using the
values of stream velocity , density and overall temperature given by the

9
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simulation . The non-equilibrium efffects are significant and , as would be
expected from the temperature profiles in Fig. 4, they are greater when
the coll ision energy Ec is obtained from the translational modes only.
Other calculations showed that the vibrational overshoot is much larger
if the rate coefficient is proportional to a finite positive power of
temperature, but is not greatly affected by the replacement of the basic
hard sphere model by an inverse ni nth power law model .

The above example illustrate s the scope of the direct-simulation
method when chemical data is availabl e only in the form of bul k reaction
rates. Approximate quantum cross-section predictions are available for
I-V reactions such as that for steam in the second example. The direct-
simula tion approach would also be particularly useful for the reverse task
of deducing rate coefficients or even flowfields from these predictions
in order to make comparisons with experiment.

2.2 NEGATIVE ION COMPOSITION IN THE IONOSPHERE

A set of chemical reactions representative of the important processes
in the ionosphere has been investigated by the direct simulation Monte
Carlo method described earlier. In this calculation , a homogeneous gas
mixture initially containing electrons, atomic oxygen, molecular oxygen,
and molecular ni trogen. Equation (10) is used to convert the temperature
dependent rate coefficients given below to collision energy dependent
steric factors.

k(cm3/s)

Formation: e + 02 ~ o + o <io
_16 

for T < 2000°K

e + 02 + 02 
+ O~ + 02 (1.4+2) x io 29(~~ )exp~~~0)(~~~)

for (195 < I < 600)

Exchange: O + 02 0 + O~ <1O~~

- 
,,,J 1002 +0

~~
O2 +0 <1O

10 
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k(cm3/s)

Detachment: 0 + 0+02 + e 1.7+ O.3x10 10

0~ + 02 
+ 0 + 02 + e 2.3x10~~ exp 

(_2~oo) for T1 < 2000

O~~+0~~ 03 +e 3.2x10 10

+ 02 
+ 02 + 02 + e (2.7+ .3)x 10 10(~~~)

¼
exp (_559o)

for (375<1<600)

O~ + N~ 
+ 02 + N2 + e (1.94+- A) x io

_12 
(T)

1”5 
exp (_ 9~90)

for (375<1< 600)

0 + N~ -~ 0 + 112 + e 3.4x1O~ exp (_2.~OO)

Most of the rate coefficients were obtained from the DNA Reaction Rate
Handbook (DNA.19484), March 1972.

Two formation reactions are considered. One of these

e + 02 +O 2~~ O~~+O 2

is a termolecular reaction with a rate coefficient that indicates that
it occurs only once every ~~ binary 0 , 0 coll isions at a number density
of 10 to 10 cm . The other reaction

e + O 2~~ 0 + O

is bimolecular but, being dissociative, has a high activation energy of
approxImately 3.6 eV. Above thi s energy, the steric factor is of the
order 0f 0.2. The exchange and detachment reactions have steric factors,
In the energy range of interest, that range from the order of ~~~ to
unity. 

11
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Ihe test case that has been chosen is an atmosphere with a number
of 10~

0 cal3 (approx. 200 Ion), with initial mole fractions of 0.08 electrons,
0.74 atomic oxygen, 0.14 molecular oxygen and 0.04 molecular nitrogen,
and at a temperature of 2000°K. The energy of the electrons is instan-
taneously raised to 3.6 eV and the reactions are followed for 0.4 seconds.

The composition is shown in Figure 6 as a function of time. The
mole fraction of 0 increases to almost 0.04 around 0.12 seconds and then
decreases. The fraction of O~ continues to increase over the period of
the calculation. Figure 7 shows the species temperature over the same
period. They are still a way from equil ibrium at the end of the calculation
(but this Is a comparatively short calculation). In Figure 8 the
differences in the translational and internal temperatures shown as a
function of time indicate the nonequilibrium effects of the internal
degrees of freedom.

I
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3. CONCLUSION

t The application of the direct simulation Monte Carlo method to
describe the chemistry in the ionosphere is potentially a very useful
computational tool . Although the calculations presented are restricted
to a reaction cel l simulation where there are no spatial gradients in
the thermodynamic variabl es the method does describe the effects of the
electrons and ions and nonequ llibrium infl uences which are not accounted
for in the conti nuum descripti ons. The procedure can be used to para-
metrically study the effect of high energy electrons on the chemistry
of the ambient ionosphere or as a screening procedure for possible
reaction chains. This computational procedure will be incorporated
in the future into the general Monte Carlo ion collection code developed
under previous contracts. The resulting code will then be capable of
describing the disturbance of the ionosphere due to the passage of a
charged rocket borne probe, including the effects of molecular collisions ,
electric field effects, and nonequilibri um chemistry.

13
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