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1. Introduction.

Monte Carlo simulation is employed in a large variety of problems. Fre-
quently, one is interested in the expectation of a function g(Xl,...,XN)
vhere < Xi’ i>1 > is i.i.d. with known distribution F and N is a
stopping time (often a constant). The procedure followed is to generate

a large number of samples (Xil),...,xél)), i=1,2,...,M, and estimate

i
the expectation of interest by
1 1) (1)
ME g(xl J“':XN_ ) .
i=1 i

An interesting aspect of the simulation estimation problem is that
F is known. Thus functions of the form Z(F’Xi""’XN) can be employed
as estimators, while in statistical estimation problem with F wunknown
£ canmnot be computed from the data and is thus not considered to be an
estimator. Thus the class of estimators is considerably wider in Monte
Carlo problems.

One approach available to reduce the variance of the Monte Carlo
estimator is to find a function Z(F,Xl,...,X.N) with the same expectation
as g, and with smaller variance. Then [/ rather than g 1is averaged

over the M samples. Of course, £ = EFg fits this description but were



it directly computable one would not need to simulate in the first place.
Thus an important requirement of £ 1s that it be simply computable.

We illﬁstrate the above remarks by considering the problem of Monte
Carlo estimation of M(%) = EN(t), the expected number of renewals in
[0,t] for a renewal process with known interarrival time distribution F.
Several unbiased estimators which compete favorably with the naive estimator,
N(t), are presented and studied.

We believe that our approach and methodology, although only applied to
renewal function estimation in this paper, can be useful in a large

variety of Monte Carlo simulation problems.

2. Assume that < X;, i >1> is i.i.d. with cdf F vhere F(0) = 0.
Define §, =0, 8§ = §l:1 X n = 1,2,0..,N(t) = max(n: s, < t}, and

M(t) = EN(t), t > O. Sometimes we consider the point t = O as a renewal
epoch. In this case we use No(t) = N(t)+l and Mo(t) = M(t)+l. The

renewal age at time t is defined by A(t) = t-S Pr(A(t)=t) = F(t)

N(t)?
and aryy)) - FGo@u(sx) for 0 <x<t, tms ar{t)) = Feoay (sx)

for 0<x<t.

Define

1 if 8. < ¢
l—

0O if S8, > %t .
i

(o] 00 : ry
Then N(%) = °l£ 5, and M(t)=Ezl‘3 8y =2 F(l)(t), vhere F&) is the ith

convolution of F.



To estimate F(l)(t) = Bo, we will use

E(ailxl,...,xi_i)

= E(ailsi_l) = F(t-Si_l) .

We then estimate M(t) by:

© N(t)+1
(1) MF(t) = i}zjl F(t-Si_l) = i§l F(t-8; ;) -

Since Var(F(t-Si_l)) = Var[E(Si|Si_l)] < Var 5;, we have replaced
each component, Si’ by a component with the same expectation and
smaller variance. Intuitively we would expect that if we reduce the
variability at each stage (given the past) then we should reduce the
variability of the overall estimator. However, the computation of
variance involves covariance terms, and if these are increased_while
variances are decreased there can conceivably be an increase in variance.
Theorem 1 (below) demonstrates that M?(t) does indeed have lower variance
than M(t).
 Theorem 1. MF(’G) is an unbiased estimator of M(t) and Var N(t)-vé.rMF(t)=

E[2M(A(t)) -F(A(t))] > 0, with strict equality if F(t) > 0.

Before proving theorem 1 we comment that the reduction in variance
is unsatisfactorily small for large +t. If By = EX2 < o then
E(2M(A(t)) - F(A(t))] =(3(l)2 thus Var N(t) and Var MF(t) are of the
form yt +(Q(1) with common 7, and we improve only the asymptotically
negligible O(1) term. Estimators considered in later sections do

considerably better for large t.



Proof of Theorem 1. Express MF(t) as

t t
F(t) +f0 F(t-x)aN(x) =f0 F(t-x)dN, (x) .

Then

% % t
EM (%) =fo F (t-x)dM, (x) =[o 1aM, (x) -[o F(t-x)aM, (x)

t
= M (t) -fo arf;gj;) = My (t)-1 = M(t) .

Now,

t

e (4) =f F (b= )aM, (x)

0

+ 2 _I’j F(t-r)F(t-s)dl\dO(r)d.MO(s-r) :

r<s

We evaluate this expression in several steps:

t t t _
(i) —[0 F (t-x)d.Mo(x) =f0 F(t—x)d.MO(x) -—[0 F(t-x)F(t-x)dMo(x)

= M(t) - EF(A(t)) .

(11) F(t-r)F(t-8) = 1-F(t=r) - F(t-s) + F(t-r)F(t-s) .

t
M(t-r)ay, (r) = 2u(t) +2u®) (v)

o Jf oo |
iii) S d.Mo(r) Osr) i

- t _ :
(iv) -2 F(t-r)d.Mo(r)dMo(s-r) -2f F(t-r)M(t-r)dMo(r)
r<s r=0

[}

-2EM(A(%)) .



]

t .
(v) ) _[] f(t-s)de(r)dMO(s-r) -2~[ F(t-r)de(r)
< r=0

11

-2M(t) .

: t
(vi) 2 ﬂ f(t-r)f(t-s)dMO(r)d.MO(s-r) = 2] F(t-r)F(t-r)d.Mo(r)
I

r<s =0

= 2EF(A(t)) .
Combining (i)-(vi) we obtain:
(2) BE(t) = m(e) + 202 () - E(2m(At)) - F(A('t))) :
Furthermore

) Nzt)-E[f 1aN()1%= M(t) + 2 f dM(r )aM(s-r )

r<s

= M(t) + 2M( )(t) .

Thus from (2) and (3):

Var N(t) - Var M_(t) = E[2M(A(t)) - F(A(t))]

Since

w(s) = LFH(s), ane)-re) =¥y v2 § rPe) 0
i=1 i=2



thus E[2M(A(t))-F(A(t))] >0 for all t and is strictly positive

for F(t) > 0.

3. In this section we assume that F is continuous. The cumulative
hazard H is defined by H(t) = -log F(t). When F is absolutely

continuous with density f then H(t) = fg'h(y)dy where h 1is the

hazard function, h(t) = (& .

(%)

Our next estimator is based on the intuitive idea that

g}
—

=)

E(dN(s)|past) = dH(A(s)). Thus instead of using N(t) = fot aN(s) we

try

+
ja s
£
=S
N
il
jas

t N(t)
M. (t) =fo aH(A(s)) = §H(Xi)

It

where H, = H{ (t-Si_l) A Xi] (where a A b = min(a,b)).

8

Note that N(t) =28, while MH(t) H,. Thus 8, 1s replaced

[
1}
Mg

by H, and E(si|si_ =E(Hi|Si ) = F(t-8,

a) e

The process MH(t) is a cumulative process in the sense of Smith

l) -1

[(3]. Thus (Smith [3])

Var My (8) ~ 2 Blu(x) - E&y?

where u = EX. But H(X) = -log F(X) is exponentially distributed with
parameter 1, thus:

2 .
stace) - B P 1 - 2
i

i
i



where p is the correlation coefficient between X and H(X) and 02

is the variance of X. Thus Mﬁ(t) is asymptotically better than N(t)
for p > u/20, asymptotically worse than N(t) for p < u/2c.

In general if we have two unbiased estimators of a parameter, T

1
and T2, with covariance matrix A, then the minimum variance unbiased
estimator of the form OT, + (l-a)T2 is the one with

2
-1
R
R ) S
2 2 1
Loran
i=1 j=1

The variance of this estimator is
% A
i,d

The idea now is to let A be the asymptotic covariance matrix of

ae) |
E '

and to employ the above result to obtain an unbiased estimator which
improves on both Mﬁ(t) and N(t) for large t. We already know the
O(t) terms for Var N(t) and Var Mﬁ(t). We only need the leading

term for Cov(N(t), MH(t)). This is given in lemma 1 below.
2 .
Lemmg 1. If o is finite then

2

Cov(N(t), M (t)) = 5’- (92— - 59-) + o(t) .
0



Proof.
Var (N(t) - M, (t)) = Var ;20: (55 -H(t-8; ; A X))

A X )ls; j1=E ?F(t-si_l) = EN(t) = M(t) .

~ivi8

E Var[s- H(t-8,

Thus

M(t) = Va.r(N(t)-MH(t)) = Var N(t) + Va.r(MH(t))-2Cov(1\T(t),MH(t)) ,

and therefore

Cov (N (6),M,(8)) = Z [Var N(t)+Var M (t) -M(t)]

2 2

=2%[%+%+1--2-‘1§-1+o(1)]
TR M
t 02 op
SE G- Ryiog). |
T
1)
Now
2 2
L0 S : ]
2 2
1 ® M B
A== ,
Bt o
o op (o] 20p
B - EhheTE
M B
2
L A
azil___—. :l-c—p—
2 .2 o 1
oLl
izl j=1

and



S 1
i,J .

Note that the asymptotic relative savings in variance is

square of the correlation coefficient between X and H(X).
Theorem 2.

p2 the
Summarizing:
The estimator
* cp op
M({(t)=(Q-=—)N(t) + — t
(6) = (L-Z2)N(t) + 52 M (t)
is an unbiased for M(t) with variance
2
2
B (1-07) + o(t)
lJ. .
(0 is the correlation coefficient between X and H(X)). It follows
that:
Var N(t) - Var M (t) _ 2
ar - Var
Var W(%) =p +o(l).
2 = -x2
Example: ILet H(x) =x , F(x) = e~ . Then,
H-=_f e-xd.x:{g—f —-];e-xd.}c:g,
0 -00 ,/1r

0 2
EX2=2f xe X ax =1,
0

thus

q

Wh%r?’ .915 .



Thus in this case (Weibull with shape parameter 2) the unbiased estimator
*

M (t) has an asymptotic relative reduction in risk over N(t) of

91.5 percent. ||

Integration by parts shows that

o - ifm H(x)F(x)ax 3
0

o
since H(x) = -log F(x) the integral can probably be given an enthropy

interpretation. Also p = %Eﬁ(x) where H(x) = jx H(z)dz. This is

0
true since

0 _ © © X ~
jo H (x )F (x )ax =j'o HGoBL,, | ox = Ejo HGOT, . ax = Efo 7 (x )ax = FR (X).

Note that both p and %E_ are invariant under a change of time scale,

t +ct, ¢ > 0.

(o]
4. In section 3 we estimated M(t) by a weighted average of N(t) = 8
N(t )+l
and MF(t) = % H((t-S, l) A X,). Now we apply the same idea but
1 1= 1

stagewise. At stage 1, having observed Xj,...,X, N(t) adds the

l)

component & , while MF(t) adds H; =H((t—Si_l)AXi).

Ty, < bos,
Each of &,, H, are conditionally (given Si_l) unbiased for F(t-Si_l)
and unconditionally unbiased for F(l) (t). The approach we now follow is
to use the weighted average of Si and Hi which has smallest conditional

variance given Xl, 50c ’Xi-l'

10



Define F, = F(t-8, ), C; = H(t-8; ;). Then:

Var (H, S, ) = F+F, (F,-2C, ) .

The minimum conditional variance (given Xl,...,Xi_l) unbiased linear

combingtion is then:

Li = (1 -

The corresponding estimator of M(%) is:

N(t )+l H(t-si_l)F(t-s
F(t-si

M (6) = N(s) - 1)

(Si-Hi) .

1 -l)

We do not know now Mi(t) compares with the other estimators we
have looked at. The variance of an estimator of the form =X Ki is
ZVar K. +2 % Cov(K.,K.); L. was chosen from among a class of

i 1< 1275 i

J
estimators = Ki to minimize X Var Ki' However we know very little

about Cov(Li,Lj). This latter quantity must be shown to be' suitably

small in order to demonstrate that ML(t) has desirable variance

properties.



5. We next consider an unbiased estimator with asymptotic variance
O(1). Thus it asymptotically enjoys a 100 percent reduction in
variance over N(%).

As is well known N(t)+l is a stopping time and thus by Wald's

identity:
N(t)+1
Thus
S
A
M(t) = Nut)+l -1

is unbiased for M(t). Now Var(S ) = Var(t+2 (%)) = Var Z(t),

N(t)+1
where Z(t) is the forward recurrence time at t. If p.5 = EX‘3 < o

then Var Z(t) converges to

2 2
By My a5 -3
as t +x . Thus
2
Var M(t) + —— >
12u

and is thus ((1).
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