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CHAPTER 1

INTRODUCTION

1.1. Objective of the Dissertation

The objective of this dissertation is to provide tables for

time—dependent expected server load in M/G/l queueing systems.1 The

- - 
results are presented in a form that can be applied by practitioners

involved in the design and control of operating systems. This presenta-

tion attempts to bridge the gap between the mathematical theory of

stochastic processes and the numerical results useful to the manage—

ment science practitioner.

Waiting lines and congestion are common problems encountered in

almost everyone’s daily life. A queue can develop in any service system

whenever the immediate demand exceeds the system’s capacity. One of the

problems in designing or controlling such systems is achieving the

proper balance between the level of service and the amount of waiting

which might occur. Formal analysis may be appropriate if the service

involves very expensive equipment, if the costs of waiting are extremely

high, or if the decision involves many similar operating systems where

the combined costs of service or waiting could be excessive.

The mathematical theory of queues can often provide some insight

into the behavior of an actual or proposed operating system. Ideally,

‘This notation is the standard Kendall designation for queueing systems:
Markovian (or Poisson) arrivals/General service time distribution/i
(single) server. 

~~~-~~~~-~~-- . ___________ ~~— - -—~~~ —~~~~~~~~~



the designer would prefer a mathematical model or algorithm that would

determine the optimal system design, given the demand or arrival pattern ,

the costs of various service levels, and the costs associated with

customer waiting or delay times. Unfortunately, there is no general

optimization technique for queueing models. However, there are numerous

predictive models that allow an analyst to determine some operating

characteristics of a specific system. Prospective levels of service

can be analyzed one at a time and an evaluative model can determine the

• total cost of service and waiting for each alternative.

The mathematical formulas for such operating characteristics

that are often available to the practitioner apply only to queueing

systems that are in statistical equilibrium. These steady state results

are appropriate for a system where the server can, on the average,

serve customers faster than they arrive and where sufficient time has

passed to cancel the effects of the system’s initial condition. If

customers arrive at the system faster than the server can handle them,

or if the behavior of the system must be analyzed for the start—up

period, then the time—dependent (i.e., transient) operating character—

istics are important. Lee [1966, p. 261, in an opinion probably shared

by many practitioners, has stated “... the first working rule of queueing

theory: time—dependent solutions to queueing—models are either unobtain-

able or unmanageable.”

Transient solutions that are available in the queueing literature

are usually expressed in terms of the Laplace transform of the operating

characteristic. Bhat [1969 , p. B284 ] reiterates the problem and mentions

a possible solution:

2
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“Plainly speaking, the results, given in terms of trans-
forms, very often with more than one argument, fail to make
sense to an applied researcher. Numerical inversion of
transforms ... is an answer to this problem. But at this
stage, the inversion methods are either not sophisticated
enough to handle the more complex situations or do not appeal
to the applied researcher.”

The present research uses an accurate transform inversion technique to

produce numerical results for transient expected system load. A

practitioner can use these tables to analyze a wide range of M/G/l

• systems by referring directly to Chapter 4. Chapter 2 discusses the

transform relationships from which we start, and Chapter 3 discusses

• the inversion technique to be used.

1.2. Methodology

The operating characteristic studied in this disseration is time—

dependent server load. The server load at epoch t, denoted W(t), is

equal to the sum of the service times of customers waiting in the

queue plus any remaining service time of a customer being served. The

quantity W(t) is also called virtual waiting time, because it is the

time that a hypothetical customer arriving at epoch t would have to

F ~ wait before beginning service. Our objective is to tabulate the

expected value of server laod, E(W(t)J, for various epochs t and

various system parameters (initial load, arrival rate, and service time

distribution).

Our study of M/C/l queueing systems can be embedded in the follow—

ing general framework. Let {X(t), t > O} be a stochastic process

3
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with stationary independent increments (a L~vy process) whose sample

• paths have no negative jumps. Let W(t) be this same process modified

• by a reflecting barrier at zero. If X(t) = S(t) — t , where

{S(t), t > O} is a compound Poisson process with positive jumps, then

W(t) is the server load process for an M/G/l queue. (The jumps of

S(t) occur at customer arrival epochs and the jump sizes are service

times.) We shall discuss two other choices for the X process which

lead to W processes that provide bounds or approximations for the

M/G/l server load process. In one instance, we take X(t) to be

Brownian motion, and, in the other, we take X(t) — G(t) — t, where

G(t) is a gamma process (a L~vy process whose increments are gamma

distributed).

In Chapter 2 we present a Laplace transform result for E[W(t))

• that covers both these two cases and the queueing (compound Poisson)

case. In terms of its application to queueing processes, this result

is valid for a system that begins operation either with or without an

initial backlog of work and that has an average arrival rate less than,

equal to, or greater than its average service rate.

There is no general closed—form expression for the exact inverse

of the Laplace transform of mean server load, but numerical methods can

be used to obtain an approximation of E[W(t~ ] at a specific epoch t.

The numerical technique employed in this research computes E[W(t)J by

taking a linear combination of the Laplace transform function evaluated

at appropriate values of its argument. Theoretically, a more accurate

approximation of E[W(t)] can be obtained by using more evaluations of

4
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the Laplace transform expression, but, when using an electronic computer

for the computations , its finite word length places a limit on the

accuracy that can be achieved in the E[W(t)] approximation. Investiga-

tion of the technique using Laplace transforms with known inverses

indicates that five or six significant digits for E[W(t)) can be

obtained efficiently; this is more than enough to justify confidence

in the three or four digit results shown in the final E[W(t)] tables.

The computational procedures used in this research could be applied

— 
to any M/G/l queueing system whose service time distribution has a

Laplace transform that can be evaluated numerically. In this research

we achieve a balance between generality of results and ease of computa-

tion by concentrating on the well known class of M/G/l queues whose

service times have Erlang (or, equivalently, gamma) distributions. We

denote these queueing systems M/E.K/l and use the Erlang shape parameter

k to describe the service times. (Parameter k is usually restricted

to positive integer values when describing Erlang distributions, but

here we allow k to assume any positive real value.) For example,

the special case of k = 1 corresponds to the exponential service

time distribution (an M/M/l system). The present research also examines

M/E
k
/l queues with k less than 1 and k greater than 1, correspond—

ing to service time distributions with greater variance than the expo-

nential and less variance, respectively. Most service time distributions

encountered in actual practice can be adequately approximated using the

very flexible Erlang family.

5
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1.3. Overview of the Subsequent Chapters

In Chapter 2 we explain the sample path relationship between the

server load process W(t )  and the associated net input process X(t)

in an M/G/ l queueing system . In this discussion , the net input process

can actually be any Levy process which has no negative jumps. Breiman

[1968] gives an introduction to the theory of such processes, and

Blumenthal and Getoor [19681 provide a comprehensive treatment. We then

present a result developed by Harrison [1977] for the Laplace transform

of E[W(t)] when the net input is a general Levy process. This

theoretically oriented chapter finally examines a scaling procedure

which facilitates comparisons among the various processes.

Chapter 3 explains the Laplace inversion technique developed by

Gayer [1966] which gives approximation based on the expected value of

an observational density function. The accuracy of Gayer’s algorithm

was improved by Stehfest [19701, and we test the technique using Laplace

transform functions whose exact inverses are known. These numerical

results are also compared with results from Veillon [1974] which were

obtained using other Laplace inversion techniques. We then apply the

technique to E[W(t)] in M/Ek/l queueing systems, and we compare our

results with Coleman [1975] who obtained exact E[W(t)] for the M/M/1

case by evaluating sums of Bessel functions. After some additional

checks to ensure the accuracy of our approximations , we provide documenta-

tion of the computer programs which generate the tables of E[W(t)].

Gayer [1966, 1968] presented limited numerical results for transient

6
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E[W(t)J in several M/G/l queues, thereby demonstrating the potential

usefulness of his technique, and Coleman [1975] presented exact results

only for the M/M/l case. The major contribution of the present research

is the extensive set of tables in Appendix C, providing transient mean

server load in queues with a wide range of traffic intensities, initial

loads, and service time distributions.

Chapter 4 explains how the scaled results in the tables can be

used by a practitioner to determine E[W(t)] in M/G/l queues. Charts

of the Erlang service time distributions are presented, and simple

methods of interpolation in the tables are explained. Several samnle

problems demonstrate the entire procedure. It is intended that Chapter 4

can be used by a practitioner without recourse to Chapters 2 or 3.

The dissertation concludes in Chapter 5 with a brief summary,

some qualitative observations, and suggestions for further research.

I 
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CHAPTER 2

THEORETICAL RESULTS FOR THE SERVER LOAD PROCESS

2.1. The Server Load Process in M/G/l Queues

The M/G/l queueing system consists of a group of customers, a

waiting room, and a service facility. We assume that customer arrivals

are described by a stationary Poisson process {A(t); t > O} with

mean arrival rate A, where A(t) is the number of customers arriving

during the time interval [O,t]. Thus, the probability of n arrivals

in [0,t] Is

—At n
P{A(t) = n} = e (At) 

, = ~~, ~.,

and the times between consecutive arrivals are exponentially distributed

with mean 1/A. We further assume that there are no bulk arrivals, no

reneging, and no balking. The number of potential customers and the

size of the waiting room are assumed to be unlimited, and the queue

discipline is first—come—first—served .

Customers arrive at epochs {t
1
, t

2
, . . . }, each with a demand

for service {S
1
, S

2
, . . . }. These individual customer service times

are independent of the interarrival t~.mes and are independent, identically

distributed non—negative random variables with finite mean E(S) and

F finite second moment E(S2). We assume that random variable S has

a distribution function F(.) with corresponding Laplace—Stieltjes

Transform (LST):

8 
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F*(s) = E(e~~
5
) — I e

5
~
’ dF(x) , 0 < s <

0

The general approach used in this research requires only that this LST

can be evaluated numerically. For the specific cases to be investigated,

S has a continuous distribution with density function f(s), so the

LST reduces to the ordinary Riemann integral

—sx
I e f(x) dx
0

In particular, we examine M/G/l systems with gamma distributed

service times, but we employ the terminology usually reserved for the

Eriang family of distributions, where the two parameters are the mean

E(S) and the shape parameter k. The Erlang density function is

(2.1.1) f(x) = 
[k/E(s)]

k k—l 
~~~~~~~~ , x > o

with k > 1 restricted to integer values. However, here we allow k

to assume any non—negative real value, requiring that the factorial

(k—i)! in the density function be replaced by the gamma function,

k-i —xx e dx
0

Using the Erlang terminology , the LST of our service time distribution

is (see Drake [1967, p. 138] for a derivation)

9
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(2.1.2) F*(s)= 
~k + sE(S) ’ k > 0

2The variance of an Erlang random variable is [E(S)] /k. Thus,

for various Erlang service time distributions with the same mean, the

shape parameter k is inversely proportional to the variability of

those service times. For example, Erlang service times with 0 < k < 1

have even more variability than an exponential distribution (k = 1).

On the other hand, for very large values of k the variance is very

small , and we approach the case of a constant or deterministic service

time (an M/D/l system) as k tends to infinity. Probability density

functions for 0 < k ~z 1 and k > 1 are shown graphically in Figure 4.1.

Hillier and Lieberman [1974, p. 417] state that “empirical service—time

distributions can usually be reasonably approximated by an Erlang

distribution.”

The most important descriptive parameter for a queueing system

is its traffic intensity p, defined as the mean service time divided

by the mean interarrival time. Thus, for M/G/l systems, we have

p XE(S)

When p is less than one, i.e., when the average time between arrivals

is greater than the average service time, we say that the system is

“stable”. In this case, p is the fraction of time that the server is

busy, and it can be interpreted as the system ’s “utilization factor”.

Furthermore, for p < 1 the distribution of virtual waiting time

10
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approaches an equilibrium distribution as t increases. Let W denote

this steady—state waiting time. Its expected value is given by the

Poliaczek—Khintchine formula,

(2.1.3) E(W) = , p < 1

Our numerical results for time—dependent virtual waiting time will

allow us to observe how quickly this steady—state condition is approached.

However, we will also examine “unstable” systems (p > 1), where the

queue length and waiting time tend to increase without bound, so that

no steady—state conditions exist.

As mentioned in the introductory chapter, the virtual waiting time

or server load, W(t), represents the work backlog at epoch t , i.e.,

the accumulated, unserviced demand. We define W(t) in terms of the

• underlying work input processes, which allows us to use existing Laplace

transform results for reflected Levy processes. Sample path relationships

are shown graphically in Figures 2.1 and 2.2, illustrating one possible

realization for these stochastic processes.

The input process S(t) represents the amount of customer work

that arrives during the interval [0,t] and is defined by

S(t) = S
1 
+ • •  + 5A(t) t > 0

This compound Poisson process has mean E[S(t)J — pt and variance

Var(S(t)] — AE(S2)t.

11
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FIGURE 2.1. Sample Path Relationships when W(O) — 0.
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‘4(t), server load

O t1 
t
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t
4

1(t), cumulative idleness

+ _ _

[/1 I
busy idle busy idle

inf[z + X(r) : O < T <t]

FI GURE 2.2. Sample Path Relationships when W(O) — z 0.

13

Iii ~—_——•~S-—--- - ——--—----- ~ —---——-- — — - S ——---— — —--



fl S 

- - - • 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 

_

~~~~~~~~~~~

-

~~~~~

_

~~~

_ 

~~~~~~~~~~~~~~~~~

_ -

H The net input process, X(t), is defined by

X(t) — S(t) — t , t > 0

If the first customer arrives at t — 0, then X(t), sometimes called

pseudo—server load, is identical to the server load process as long as

the server remains busy. The similarity ends when the server first

becomes idle. A general expression for W(t) in terms of X(t)

requires that we account for server idleness.

Let 1(t) represent the cumulative idleness of the server during

the interval [0,t]. Since the server works at a unit rate, the

potential work output is t units during the same interval, and the

actual work output is t — 1(t). Assuming no initial work load, i.e.,

W(O) — 0, the available work during the interval [O,t] is S(t),

so the remaining work load W(t) can be expressed as the difference

between the work input and the actual work output, i.e., W(t) ~ S(t)—[t—I(t)],

or W(t) = X(t) + 1(t). The sample path relationships can be seen in

Figure 2.1. When X(t) is equal to its infimum, the server is idle.

When X(t) is greater than its infimum (because some work has arrived),

the server is busy serving customers. The infimum becomes more negative

only when the server is idle. Therefore, the cumulative idleness can

be expressed as

1(t) — —inf[X(r) : 0 < ~r ~~~ t] , t > 0, if W(O) — 0

14
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Combining this with the net input, we have the server load representa-

tion (no initial workload),

W(t) — X(t) — inf[X(r) : 0 < r < t ]  , t > 0 , if W(O) — 0

The same reasoning applies to the more general case of initial

server load, illustrated in Figure 2.2, where the underlying S(t)

and X(t) sample paths would be identical to those shown in Figure 2.1.

The initial server load a represents a specific amount of work avail-

able for service at epoch t — 0. Then the available work during an

interval [0,t] is z + S(t), and the remaining work load W(t) at

any epoch t is z + 5(t) — [t — 1(t)], or W(t) — z + X(t) + 1(t).

The cumulative idleness function 1(t) is slightly more complicated

when W(0) > 0. The server is initially busy in this case, so when

z + X(t) is equal to its infimum, the server is idle only if that

infimum is negative. After the initial busy period, the infimum of

z + X(t) becomes more negative only when the server is idle, and the

representation of the cumulative idleness function is similar to the

case with no initial load. Thus, for this general case the server load

representation is

W(t) — z + X(t) — (inf[z + X(v) : 0< ~ < tJ}

t > 0 , if W(O) — z > O

15
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Our main objective is to compute the expected value of W(t),

where the expectation is taken with respect to a probability distribu-

tion over all possible sample paths. We adopt the notation E
~
[W(t)]

and E [I(t)] for expected server load and expected cumulative idleness,

respectively, conditional on initial work load W(O) = z. From our

discussion of the sample path relationships it follows that

E [W(t)] = E[z + S(t) — t + 1(t)]

(2.1.3)

E [W(t)] — z + pt — t + E [I(t)]

• Thus, in M/G/l queueing systems the mean server load can be separated

into four additive terms: initial work load , new work input , potential

work output, and cumulative idleness. Another useful observation is

that E
~

[I(t) ] must be zero in the interval from t = 0 to t = z,

i.e. , it is impossible for the server to become idle before the initial

work load has been serviced . In Chapter 3 this property is used to

provide a check on the accuracy of our numerical results.

Thus far the sample path relationships and expectations have

been discussed in the context of M/G/l queueing systems. However, we

also calculate E
~

[W(t)]  for processes where the same relationships

apply, but where S(t) is not compound Poisson. These related processes

provide bounds or approximations for M/G/l mean server load.

16
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2.2. The Laplace Transform Result for Expected Server Load

All of the stochastic processes for which numerical values are

calculated here can be discussed simultaneously in the following

unified framework. Let X — {X(t), t > 0) be a process with stationary,

independent increments (an infinitely divisible or Levy process) and no

• negative jumps, and define

- —E[X(t)] — ~t , where —
~~~ < p. <

(2.2.1)

- 
Var[X(t)] — a2t , where O< a 2

r I
S

for t > 0 According to the standard results for Levy processes, the

Laplace transform of X(t) has the form

— e~~~~
8)t for s > 0 and t > 0

H and the exponent function •(•) is convex with

-
• (2.2.2) I’(O) — 0, 4”(O) — p. , and •“(O) — a2

ef. Harrison [1977] and Takacs [1967]. It can be shown that for each

s > 0 there exists a unique o~(s) > 0 such that

(2.2.3) ~ [c~(s) ] — s .

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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In the previous section we discussed the sample path relationships

where process W is obtained from X by imposing a reflecting barrier

at zero. Using the notation E [W(t)] — E[W(t)tW(O) = z], let P
~
(z,s)

denote the Laplace transform of E [W(t)J, that is,

P (z,s) — f  e~~~ E [W(t)] dt , a > 0W z

Harrison [1977] developed a simple formula for the Laplace transform of

E[W(t)], where p. is unrestricted in sign:

—~(s)z
(2.2.4) Pw(z,s) — 

S 
— 

2 +

In Chapter 3 we use this formula to obtain accurate approximations

of E [W(t)] for specific epochs t , initial loads z, and various

net input processes X. To achieve the desired accuracy the numerical

inversion technique requires that Pw(z,
s) be computed for 34 values

of s in order to obtain E
~
[W(t)] at a single epoch, and each evalua-

tion of P
~
(z,s) requires that the functional equation (2.2.3) be

solved to obtain ca(s).

The ease with which ~(s) can be calculated depends upon the form

2 
of the exponent function, and the exact form of 4’(.) depends upon

the process X. If we specify X(t) — S(t) — t, where S(t) is a

compound Poisson process, then it can be shown that

+(s) — s — All — F*(s)]

- I 
18
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In the previous section we discussed the sample path relationships

where process W is obtained from X by imposing a reflecting barrier

at zero. Using the notation E [W(t)] = E[W(t)IW(O) = a], let P
w
(z,s)

denote the Laplace transform of E [W(t)], that is,

PW(z.s) 
= f  e St E [W(t)] dt S > 0 .

Harrison [1977] developed a simple formula for the Laplace transform of

E [W(t)], where p. is unrestricted in sign:

—w(s)z
(2.2.4) P

w
(z,s) — — j  +

S

In Chapter 3 we use this formula to obtain accurate approximations

of E [W(t)] for specific epochs t, initial loads z, and various

net input processes X. To achieve the desired accuracy the numerical

inversion technique requires that Pw (z ,s) be computed for 34 values

of a in order to obtain E~
[W(t ) ] at a single epoch, and each evalua—

tion of Pw (z ,s) requires that the functional equation (2.2.3)  be

solved to obtain ce(s).

The ease with which cs (s) can be calculated depends upon the form

of the exponent function, and the exact form of $(.) depends upon

the process X. If we specify X(t) — S(t) — t, where S(t) is a

compound Poisson process, then it can be shown that

•(s) — s — X[l — F*(s)]

18
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cf. Prabhu [1965, p. 70] and Takacs [1967 , p. 59]. Using the terminology

of M/G/1 queueing theory A is the average arrival rate and F*(.) j~

the Laplace transform of the service time distribution. Since S(t)

has mean XE(S)t and variance XE(S2)t, it follows that the parameters

of X defined by equations (2.2.1) are p. = 1—p and a2 — XE(S2). If

F*(.) can be evaluated numerically, then the properties (2.2.2) of

4(.) indicate that the functional equation 4[o(s)] — s can be solved

efficiently using an elementary one—dimensional search technique. In

Chapter 3 we discuss our use of the Newton—Raphson method to obtain

co(s) for M/EkIl queueing systems.

For the special case of an M/M/1 system the LST of the service

time distribution is obtained by setting k — 1 in equation (2.1.2),

i.e., F*(s) 1/El + sE(S)]. For a specified value of s the functional

equation 4 [co(s) ] — s is a quadratic function of co(s), and the positive

solution is

— {j .  — X(s+E (S)]} + ~/-Lj — X[s+E(S)]}2 + 4sE(S)
(2.2.5) co(s) — 2E S

The M/M/l system is the only queue studied here that has an analytic

solution to (2.2.3). In general the M/D/l and M/E.~/l cases will

require a search to determine co(s). The formulas for these cases

are summarized in Table 2.3 below.

Two other choices for X(t) yield reflected processes W(t)

which provide bounds or approximations for MIG/ l  server load. The

first case is the Wiener process, which has been used as a model for

a variety of physical processes since its original development as a

19 
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model for Brownian motion. Gayer [1968] proposed that this diffusion

process could be used as an approximation for the net input process

- 

i of an M/C/l queue by equating the first and second moments of the two

processes.

The Brownian motion process is denoted by

X
B
(t) — o~ (t) — p.t ,

where ~(t) is a Wiener rocess whose stationary, independent increments

have a normal distribution with mean zero and unit variance. It follows

that XB
(t) has mean —p t and variance a2t. As previously noted,

the net input process of an M/G/J. queue has mean E[X(t)] = (p—1)t and

variance VartX(t)] — XE(S2)t .  Thus, using X
B
(t) to approximate X(t)

we would take —p . = p—l and a
2 

= XE(S2). The exponent function for

Brownian motion is ~(s) — p.s + ~ a~s~ cf. Takacs [1967, p. 81]; thus

the solution of 4[co(s)] — s can be calculated using the quadratic

formula.

The second non—queueing input process that we consider as an

approximation is a gamma input process, denoted

XG(t) — G(t) — t

where G(t) is a process whose stationary, independent increments have

a gamma distribution. The gamma density function is

f(x) — 

~~~ 
(PX)

a_l 
e~~~ , a > 0, ~3 > 0, x > 0

21
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so G( t) has mean (a/~ )t and variance (a/13
2)t. It follows directly

that X
c
(t) has mean (a/n — l)t and variance (a/~

2
)t. Thus, using

Xc(t) to approximate the net input process of an M/G/l queue we would

choose a and ~3 such that a/~ — 1 = p—1 and a/~
2 

= XE(S2). The

exponent function for the gamma input process is 4(s) = s — a log(l + s/~3),

cf. Takacs [1967, p. 66]; the solution of the functional equation (2.2.3)

requires a search technique.

2.3. Scaling the Reflected Levy Processes

In this section we present a method for normalizing the processes

of interest by using a simple linear tranformation for both the epochs

and the server load. This technique allows us to reduce the tabulations

required to describe actual operating systems and also facilitates

comparisons among different processes by adopting a common, normalized

time scale.

Consider an MIG/l queueing system (as originally described in

Section 2.1) with service times S1, S2, ... having distribution

function F(’) with mean E(S) and second moment E(S2). Let

{A(t); t > 0} be the Poisson arrival process with mean arrival rate A.

The net input process is

X( t) = S
1 + ... + SA( t) — t

- - 
_ _ _

~~~
___5-1__~~~~~~~~~ - - 5 -~~~ - 
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and the server load process W(t) is obtained from [z + X(t)] by

the reflection mapping described in Section 2.1, where z is the

initial server load W(0).

We define a new scaled process in terms of the original queueing

process

*X (t) aX (bt)

This scaled net input process has the form

(2.3.1) X*(t) = S~ +.•~ + 
~~~*(t) 

— Ct t > 0

* 
- 

*where c — ab, A (t) = A(bt), and S~ = aS
i
. Note that the random

v:riables S~ have distribution function G*(x) = F(:/a) , and that 
*

A (t) is a Poisson process with mean arrival rate A — bX. Let p.

and a~ be defined by

* *E[X (t)] —p .t

(2.3.2)

Var[X*(t)] — a~t

We accomplish our normalization by choosing a and b so that

* 2 
-

p.~~~~~l and a
~~

— l .

By substituting aX(bt) for X*(t) on the left hand side of j
equations (2.3.2) and then using the parameters of process X as

23 
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defined by equations (2.2.1), it is easy to show that this particular

scaling requires that

a and b —
a p.

If we define W* as the reflection of [z* + X*(t)], where the

scaled initial server load is z* — az, then it is easy to verify

that W*(t) — aW(bt). That is, the reflection of the scaled net input

process is identical to the scaled version of the original server load

process. If we let t* represent a (scaled) epoch for the scaled

process, then it follows that

E
*
[W*(t*)J — -1j1- E [W(~~ t*)] , z — z~ .

- - Thus, we can obtain scaled mean server load by evaluating an original

queueing system and applying the transformations.

Before discussing the scaled process further, consider a second

queueing system having Poisson arrival process A’(t) with mean rate

A’ ~t A and service times S~, S~, ... with distribution function

F’(x) — F(X’x/A) so that E(S’) — XE(S)/A’. The traffic intensity

parameter for this second queueing system is the same as the original,

that is,

p’ — A’E(S’) — A’ . XE(S) /A’ — XE(S) — p
24

- - - -5 . __________ -- — 5 - - -



ill _I TTIITIIIIIIT 5- 
~~~~~~~ T - ~r~-’-~~-’ 

~~~~~~~~~~~~~~~

- — _5-_—__.w—5’~ ~_wp~~~

but the variance parameter is different:

a’
2 

— A ’ E(S’2) = A’ (~~-)
2 E(S2) - ~~~~

- XE(S2) — ~~~~
- a~

This second system and the original are related by

A A’X’(t) — 
~~~~

- X(-~- t)

or equivalently by

X’(t) — ~~~~~~~~ ~~~~~~~ t)

In the context of M/EK/l queueing systems, the second queueing system

has the same p and same Erlang shape parameter k as the original,

but the different values for a2 and a’2 require simple transforma—

tion of the epoch scale and waiting time scale.

Returning to the scaled process which was defined in terms of

the original queueing process, we now express the original process in

terms of the second process:

X*(t) _~ L~~~X(2~~t) --~~~~~~X’(~~-~~~ t) ~~~~~~~~~~~~

Once 0 (or p.) has been specified and a specific form of the service

time distribution (i.e., a specific Erlang shape parameter k) has been

determined, then we are free to choose the variance parameter (i.e.,

25
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the time scales) for the queueing process from which X* will be

obtained.

This research tabulates E~~[W*(t*)] for various values of p,

k, and z*, and one can obtain mean server load for an actual queueing

system by selecting the table with the closest (o, k, z*) combination

or by interpolating between two tabulated scaled processes, and then

applying the transformation:

E [W( t)] = 
Tri~-F E *[W*(~~ t)] , = - 11~ z

Since p. — 1—0, this particular normalization cannot be used for systems

with p — 1, i.e., p. — 0. In this case we tabulate mean server load

for Erlang queueing systems with A and E(S) chosen so that the

variance parameter a
2 

— XE(S2) — 1. Let superscript zero indicate

parameters for the tabulated system. Then a2 = 1 requires that

0 k+l 0 kA — —i— and E(S )

Mean server load for an actual operating system with shape parameter k

and mean arrival rate A can be obtained from the tabulated values as

follows :

E
2
(W(t)J — ~~~

- E 0
[W°(-2~ t)] — ~~ E 0[W°(j,~~ t)] a° — z

26
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I
The tabulated values for the p — 1 case correspond to an actual

queueing system, whereas the tabulated values for the p 
~ 1 cases

represent a stochastic process with “potential work output rate ” of

-~ c — ab — i/jiLl, interpreted from equat ion (2.3.1) . For the p < 1

-

- 
cases, mean server load in queueing systems approaches the Poliaczek—

Khintchine values, equation (2.1.3). Thus, the tabulated values for

- 
all scaled processes approach

ii&I . a2 1

H a2 2jp .~ 2

- 

thereby allowing comparisons concerning approach to equilibrium.

27 
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CHAPTER 3

NUMERICAL INVERSION OF THE LAPLACE TRANSFORM

3.1. Approximation by an Expected Value

In the previous chapter we cited an expression for the Laplace

transform for the three processes of interest. For the two special

cases of Brownian motion and the M/M/l queue, analytic methods can

be applied and exact numerical solutions can be obtained. However,

in general it is necessary to use a method for numerical inversion of

the Laplace transform in order to evaluate the process of interest.

In this chapter we describe such a method and its implementation.

The first two sections of the chapter describe the method for

approximate transform inversion using an expected value. In the third

section we present numerical results for test cases where this method

is applied to Laplace transforms whose exact inverses are known, and

we describe the computer routines that apply the invers4 n method to

prepare tables of E[W(t)].

The method used in this research for numerical inversion of the

Laplace transform was originally developed by Gayer [1966]. Although

there are other techniques which could have been implemented, this

particular method was chosen because it had been applied successfully

to the Laplace transform expression for E[W(t)] in the M/M/l and

M/G/1 queues by Gayer (1966, l968J.

The problem of inverting the Laplace transform can be summarized

as follows. We have a function of interest, P(t), for which no closed—

form analytic expression is known, so that it cannot be evaluated

28
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numerically. However, we do know the expression for its Laplace

transform,

r
p(s) — I e~~ P(t) dt

0

Specifically, in this research the function or process of interest is

E[W(t)] and the Laplace transform expression was cited in Chapter 2.

In general, we wish to tabulate P(t) for various values of t.

The method presented here computes an approximate value of the

function at a specified point t’. Theoretically this approximation

can be computed as precisely as desired. Consider observing the function

of interest at a random time T that has density function f( t)

such that the values of T are concentrated near t’, as shown in

Figure 3.1. Then ~(t ’), an approximation of P(t’), can be expressed

as

(3.1.1) ~(t’) — f  P(t) f(t) dtS _
_ i

Now the problem is one of finding an observational density function

f(t) so that the right hand side of (3.1.1) can be expressed in terms

of p(s).

Gayer [1966] examined such a family of density functions that

are well—suited to numerical computation. Let f
5(t; a) be the density

function for random variable T, with parameters n and a, as follows :

29 
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function or
P( t) process of

interest

exact P(t ’)
desired —

observational
density

f ( t)

I

L t 
~ t

FIGURE 3.1. Observational Density Function

0.1.2) fn
(t; a) — a 

n!9~2~.)~ 
(1 — e

_at
)n e 1

~
t 

, a > 0, n — 1,2 

Gayer [1966] showed that f (t; a) has the following properties:

1
modal value ~ 

— in 2 ,

1 2n+2Var(T) ~ ~2 (2n—i) (4n+l)

For increasing values of n, f~(t; a) becomes more sharply peaked at

t — 1/a in 2. Using f~ (t; a) as the observational density func t ion

_ _



in (3.1.1), we let the approximation of P(t’) be

(3.1.3) P — f  P( t) f ( t ; a) dt

where parameter a is chosen such that a — l/t’ ln 2, thereby

concentrating the values of random variable T near t’ as desired.

By substituting the observational density (3.1.2) in the approximating

expression (3.1.3) and then expanding (1 — e
at
)
n 

by the binomial theorem,

we obtain

(3.1.4) P - a 
n! (n-1)! 

Z (~~) (_ 1) i p[(n+i)a] .

Thus, 
~n’ 

an approximation of P( t’), is based on a linear combination

of the Laplace transform p(s) evaluated at n+l different values

of s. Theoretically, the sequence 
~~~ 

n = 1, 2, 3, ...} converges

to P(l/a in 2), i.e., to P(t’). For any finite n, we can calculate

~n 
using (3.1.4), and because Var(T) -~ 0 as n -+ we can obtain

as good an approximation as desired by using a large enough value of n.

Practically, p(s), the Laplace transform of P( t), must be evaluated

at n+1 values of s in order to evaluate P ;  in some applications

much time may be required to make each evaluation of the Laplace transform

expression and so the cost of obtaining the desired precision in i~~ may

be prohibitive. Also, for large n the factorial terms in (3.1.4) are

integers with too many digits to be precisely evaluated on computers

with finite word length, and operations involving these large numbers

31
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can result in considerable rounding errors. From the standpoint of

computational efficiency it is important to improve the accuracy of

the approximate inverse without requiring evaluation of 
~ 

for

extremely large values of n.

3.2. Improving the Accuracy of the Approximation

Gayer [1966] showed that each 
~ 

can be represented as an

asymptotic expansion, i.e.,

a a a
(3.2.1) 

~
‘n ~ P(t’) + + _2. + +

where the error components a
1 depend only on t’ and not on n. An

improved approximation of P(t’) can be obtained by taking a linear

combination of a set of the P approximations, where the values of

I

* n

n are integer powers of 2. This method, extrapolation to the limit,

ensures that some of the error terms in (3.2.1) are cancelled out,

cf. Gayer [1966] and Henrici [1964].

Stehfest [1970] demonstrated an improved calculation method

that uses a linear combination of an even number of the 
~~ 

approxima —

tions; this method cancels even more of the error terms than Gayer’s

method (extrapolation to the limit). Stehfest combined the coefficients

for the linear combination of with the coeff icients of p(s) in

(3.1.4) so that Fa, the approximation of P(t’), could be expressed

directly as a linear combination of p (s) :
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(3.2.2) Fa — 
ln2 

~ ~1 p(~~ ,
2 1)

1—1

Here N must be even and the combined coefficients are

Min(i,~~) N/2
(3.2.3) V — (1)(N/2)+i ~~ N 

k (2k)!
i 

k— [~~~] 
(-~- — k)! k! (k—i)! (i—k) ! (2k—i)!

2

For a theoretical comparison of the original P~, extrapolation

to the limit, and Fa, consider the three methods where the number of

values of p(s) is 32 in each case. Thirty—two evaluations of the

p(s) could be used to compute P
3~, 

and from (3.2.1) the first error

term would be a31/3i. On the other hand the thirty—two values of

p(s) could be used to compute P1, P2, P4~ P8, and P16, and it

could be shown that extrapolation to the limit would yield an

approximation of P(t’) where the first four error terms of equa-

tion (3.2.1) would cancel completely. The resulting approximation

would be P(t’) + a512’° + ... . Finally using Stehfest’s method

with N — 32, the first fifteen error terms in equation (3.2.1)

would cancel, and it could be shown that the approximation would

- - be Fa — P(t’) — a16/l6! + 
. . . This theoretical superiority of

Stehfes t’s method was verified numerically in preliminary investi-

gations using functions with known inverses.
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3.3. Computer Implementation of the Technique

In this research, the algorithm LINV developed by Stehfest

[1970] was translated from ALGOL to FORTRAN IV. Some changes were

made in evaluating the V~ of equation (3.2.3) to take advantage of

cancelling the factorial terms and thereby avoid rounding errors. Some

preliminary numerical investigations used BASIC and single and double

precision FORTRAN IV. The computer programs listed in Appendix B

specify double precision for all non—integer variables, and the “AUTODBL”

option available with the IBM FORTRAN H—Extended Compiler was used in

all of the research reported here. With this extended precision there

are approximately 36 significant decimal digits for the non—integer

variables.

Stehfest [1970] published a table of results applying LINV to

six transforms whose inverses are known, using 8 digit arithmetic and

n = 10. Figure 3.2 shows the exact values of the six functions, the

approximations from this research using N = 34 with 36 digit arithmetic ,

and the original Stehfest approximations using N — 10. We observe that

there are at least six correct significant digits in our approximations

(using N = 34) for each of the test functions.

Since the LINV approximation (Fa) is based upon the original P ,

it should also be more accurate when more values of the Laplace transform

p(s) are used, i.e., if N is very large. However, for large values

of N the rounding errors in evaluating V~, can affect the accuracy

of the results. This problem was investigated by applying LINV to the

six test functions of Figure 3.2; approximations were obtained using

34
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N equal to 30, 32 , 34, and 36. In each case the correct number of

decimal places was recorded , rounding off both the exact value and the

approximation when making the comparison. Figure 3.3 shows the

average number of correct decimal places over the ten values of t

evaluated in each case. We observe that the approximations using

N = 34 are at least as good as those using N — 32 or N = 36 in

all cases. Thus, in the remainder of this research we will use N = 34

1in the LINV algorithm.

Figure 3.4 compares the LINV algorithm with other inversion

techniques. The top section of this table reproduces some results by

Dubner and by Veillon (1974)2; Dubner ’s approximations are based on

500 values of p(s) , while Veillon’s method uses 64 values. We observe

that in all cases the LINV algorithm using 34 values of p(s) is at

least as accurate as their techniques. The bottom section of Figure 3.4

compares approximations of a second function; we observe that once again

the LINV results are as accurate as the results obtained by other

techniques.

Figures 3.2, 3.3 and 3.4 indicate that LINV can provide very

accurate approximations for the test functions, but it is also important

to investigate LINV’s accuracy using the function of interest in this

1
i~ preliminary investigations using FORTRAN IV double prec ision
(approximately 17 digit arithmetic) without the AUTODBL option, the
most accurate approximations were obtained using N — 18.

2Reprinting privileges for the Stehfest results (Comet . of the AcM, Vol. 13,
No. 1, Copyright 1970) and the results published by Veillon (Comm . of
the AcM, Vol. 17, No. 10, Copyright 1974) were granted by permission
of the Association for Computing Machinery.
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FIGURE 3.3. Average Number of Correct Rounded—off Decimal
Places in LINV Approximations of Six Functions
for Determination of Optimal Value of N

N, the number of values of the
Laplace transform p(s) used
by LINV to estimate the function

Function N — 30 N — 32 N — 34 N — 36

1 6.9 6.9 6.9 6.9

L
9.7 10.5 12.7 11.9

sin ‘i/it 6.7 6.7 6.7 6.7

— C — ln t 7.3 7.3 7.5 7.4

e
t 

9.7 10.1 10.5 10.0

3t2 t31—  3t +— ~~--- + --~~- 9.7 10.5 11.9 10.6
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research, E(W(t)] . Our earlier investigations using LINV (not included

here) verified the results for M/M/l queues reported by Gayer [1968],

but it is more appropriate to compare our LINV results with mean

server load obtained by some method other than Laplace transform inver-

sion. Fortunately, Coleman [1975] evaluated E[W(t)] in the M/M/l

queue using a sum of Bessel functions. In Figure 3.5 the first three

columns show his results at five epochs and the LINV results using

equations (2.2.4) and (2.2.5) for the Laplace transform expression.

The five significiant digits available in the Coleman results are

matched exactly when the LINV results are rounded off.

As mentioned in Section 2.2, except for the Wiener process and

the M/M/l queue, the value of c’(s) must be obtained using a search

technique. Out final results use the quadratic formula to determine

cA (s) for the Wiener process, but in all other cases (MID/i, M/E.K/1

including N/Mu , and the gamma input process) we use the standard

Newton—Raphson method. This search technique was chosen because expres-

sions for the derivatives of the functions were available and 8ubsequent

computations demonstrated that the search usually converged in only four

or five iterations.

The exponent function 4(.) is designated FMD1, FMEK, or FGAM

in the FORTRAN subroutines, and functions FOMD1, FOMEK, and FOGAN are

defined as

FO [ü(s)] F ~~
.. [~ (s)1 — s
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Thus, in order to determine ‘a(s) > 0 such that 4[u (s)] = s, we

search for the value of ~ such tha t FO ... equals zero. Subroutine

ZERO performs the search, computing the relative accuracy (change in w

Ei , from the last iteration). When the absolute value of the relative

accuracy is less than a specified tolerance, the search stops, and the

- 
- 

current value of o is used to compute the Laplace transform using

equation (2.2.4).

The choice of tolerance value (FORTRAN variable TOLRNC) affects

the accuracy of ~ determined from the search, and the accuracy of ~

affects p(s) and the estimate of E[W(t)]. Figure 3.5 shows both

the approximations of E[W(t)] based upon the exact quadratic solution

of the functional equation (2.2.4) and the approximations obtained using

the Newton—Raphson search with various specified tolerances. We observe

that the two results agree for nine or ten signficiant digits in all

cases and that the number of search iterations does not increase greatly

as the tolerance is decreased. For each of the ten epochs, w(s) is

evaluated thirty—four times (N — 34); thus, the total number of itera—

tions shown in Figure 3.5 applies to 340 evaluations of ~(s). Since

the average number of iterations in~~ch evaluation only increases from

4.2 to 5.3 as the tolerance decreases from lO~~~ to io_24 , we have set

the search tolerance at io 20
.

In Chapter 2 we discussed the stochastic process W( t) in an

M/G/l queue and its expected value function. Equation (2.1.3) is

restated here in a slightly different form along with the Laplace

transform of E
~

[W( t)] , equation (2.2.4):
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Thus, in order to determine ~(s) > 0 such that 4[u(s)] = s, we

search for the value of o such that FO equals zero. Subroutine

ZERO performs the search, computing the relative accuracy (change in w

from the last iteration). When the absolute value of the relative

accuracy is less than a specified tolerance, the search stops, and the

current value of o is used to compute the Laplace transform using

equation (2.2.4).

The choice of tolerance value (FORTRAN variable TOLRNC) affec ts

the accuracy of ~ determined from the search, and the accuracy of o

affects p(s) and the estimate of E[W(t)]. Figure 3.5 shows both

the approximations of E[W(t)] based upon the exact quadratic solution

of the functional equation (2.2.4) and the approximations obtained using

the Newton—Raphson search with various specified tolerances. We observe

that the two results agree for nine or ten signficiant digits in all

cases and that the number of search iterations does not increase greatly

as the tolerance is decreased. For each of the ten epochs, c (s) is

evaluated thirty—four times (N = 34); thus, the total number of itera-

tions shown in Figure 3.5 applies to 340 evaluations of (0(s). Since

the average number of iterations in~~ch evaluation only increases from

4.2 to 5.3 as the tolerance decreases from 10—10 to io 24, we have set

the search tolerance at l0 20
.

In Chapter 2 we discussed the stochastic process W(t) in an

N/G/l queue and its expected value function. Equation (2.1.3) is

restated here in a slightly different form along with the Laplace

transform of E [W( t)],  equation (2.2.4):
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E [W(t)] = z — (l—p)t + E [I(t)1

z a e 5)Z
P
W

(z ,s) = — 

2 
+ s (s)

The first two terms of P
w

(z
~
s) cart be inverted “by inspection,” i.e.,

by referring to any table of function—transform pairs. Only the last

term requires numerical inversion using LINV. Stehfest [1970, p. 48]

cautioned the prospective user of LINV as follows: “One ought to be

sure a priori that the unknown function F(t) has not any discontinuities,

- - salient points, sharp points, sharp peaks, or rapid oscillations.”

Recall that our unknown function, E [I(t)] in M/G/l queues, is a non—

decreasing function and that it must be zero between t = 0 and t z.

Although it is not a discontinuous function, its slope does change

abruptly at t = z, and we might expect some inaccuracies near that

point. The top section of Figure 3.6 shows scaled approximations of

E [I(t)] evaluated at t z for 14/Mu queues with traffic intensities

between .5 and 2 and scaled initial server loads between .2 and 4. If

the inversion technique is accurate, then all entries in the table should

be zero. We observe that there are some inaccuracies, particularly for

- 

- queues with low traffic intensities. For example, the wors t case is

- =  .5 with z’ — 1.0, where scaled E [I(tfl is .007 instead of zero.

Since the inaccuracies may be related to the discontinuity of

the derivative of E (I(t)] at t — a, our approach does not invert

the third term of Pw(z,s) directly. Instead, we construct a new

function,
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H ( t )  — E [I(t)] + g(t) ,

where g(t) and its Laplace transform are known, and where g ( t ) is

chosen so that both H(t) and its derivative are continuous. Then

LINV is used to invert the Laplace transform of H(t), and approximate

E [I(t)] is obtained by subtracting g(t) from approximate 11(t).

It can be shown that the slope of E [I(t)] in M/G/l queues

is equal to the probability that the server load is zero, denoted

P{W(t) — 0}, an any epoch t. Therefore , the slope of E [t(t)] at

z is P{W(z) = O}, which is the probability that no arrivals will

occur between t = 0 and ~ z, or ~~~~ For 11(t) to have a

continuous first derivative at t = z, that derivative must be zero.

Since the slope of E [I(t) J is e~~
Z at that point, then the slope

of g(t) must be —e . Therefore, we def ine g( t) as follows :

0 for 0< t < z

g( t) =

—X z—e (t—z) , for t~~~z

Referring to any table of transform—function pairs, the Laplace transform

of g(t) is —exp[—z(X+s)]/s
2. Thus the Laplace transform of H(t),

i.e., the transform of E [I(t)] + g(t), is

— 
—o (s)z —z(X+s)

(3.3.1) PR(z,s) — I e at H(t) dt — 
e 

2
0 5
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Applying LINV to P
H

(z ,s) we obtain an approximation of H(t). Using

overseore to denote approximations, we compute the—estimate of E [I(t)]

as follows :

(0 for O < t < z

= 11(t) — g(t) = 11(t) +
( e~~~(t- z) for t > z

The bottom section of Figure 3.6 shows scaled E [I(t)] when the

correction term, g(t), is included in the analysis. The results are

considerably improved, and since the main tables will express E [W(t)]

in hundredths or thousandths, the slight inaccuracies which remain will

not affect our tabulated results.

The correction term, g(t), is employed in our computations for

both M/D/l and M/Ek/l queues. Equation (3.3.1) is incorporated into

subprogram functions PND1 and PMEK of the main programs. The gamma

input process does not require the correction term because both E
~
[I(t)1 - -

and its derivative are continuous, i.e., the slope of E [I(t)] is zero

at t — z. The method is not applied to the Wiener process because

process W(t) cannot be separated into four components, z + S(t) — t + 1(t);

thus, the third term of P
W

(z ,s) cannot be interpreted as the Laplace

transform of expected cumulative idleness in this case. —

So far , our discussions in this section have covered some of the

important details of the two main computer programs which produce the

tables of scaled E [W(t)1 is Appendix C. Listings of these two main
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programs, one for p = 1 and one for ~ ~ 1, are included in Appendix B.

We now discuss the algorithm for M/E
k
/1 queues with p ~ 1, and we

briefly mention the differences in the algorithms for the other three

processes and for p = 1. Figure 3.7 describes both the steps of the

algorithm and the names of the subprograms which perform those steps.

The first program specifies the values of the parameters for

subroutines LINV and ZERO. Values of p, scaled initial server load

(z*), and sixteen scaled epochs (t*) are read from punched cards.

The program performs computations for three pages of tables on each

F run. The three tables on a page have the same value of o and epochs

t*, but each table has a different value of z~ . For each table we

compute E [W(t)] for the Wiener process at all sixteen epochs, then

for the M/D/i queue at the same sixteen epochs, followed by each of

the seven M/E
k
/l queues and the gamma input process.

For each of the two processes the first step is conversion of

z~ and t* to unsealed values. As discussed in Section 2.3, the

time scale conversion factor is (1—p)
2/a2; this factor is denoted

ALFSQR In the subprograms RZWNR, RZMD1, RZMEK , and RZGAN . The value

of a2 for the unsealed process is selected so that the formulas and

numerical computations are subsequently simplified . The conversion

factor for server load or wait is 
l i-il/a

2

, denoted WTFCTR in the sub—

programs.

The initial trial value of *(s) in the Newton—Raphson search

for the solution of 4[c* (s)] — s is denoted OSTART. For a specific

z* and p < 1, OSTART is arbitrarily set equal to 1 for the first
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Initialize parameters Names of subprograms which

MAIN for LINV and ZERO perform algorithm steps for
I Erlang queues are shownI Read p z’~ t’~ Loops for repetitive opera—

tions are deleted.

BLOCK Determine k

RZMEK 
Compute Z , 

ti 
____________________

<*> 
- ZEROSearch for s such that DFMEKNO 4’(s) — 0

RZMEK p < 1 ___________ DDFMEK
START = s + increment RZMEK

YES (Search for c~ > 0, i.e., ZERO
4 OSTART , such that FMEK

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
DFMEK

On first call compute LINV

-~ ~~~
- NO array Vi. For each 1 

-

RZMEK t < z epoch evaluate PMEK(s)
at 34 values of s.

YES Begin with OSTART to ZERO
search for ce(s) > 0 FOMEK
such that ~ [w(s)J s. FMEK

DFMEK
— 

Compute transform of
RZMEK E [1(t)] = 0 H(t). (Save ~ to be PMEK

T OSTART in next search
for c* (s).)

Calculate 11(t) LINV

~ (W(t)] ~ [1(t)]
RZMEI( _ + (p—l)t + ~~~[I(t) J = 11(t) + e~~

Z
(t_z) 

RZMEK

FIGURE 3.7. Flowchart of Algorithm for Tables
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search pertaining to the first epoch t~ . In preliminary investigations

this first search usually converged in seven or eight iterations. All

subsequent searches related to the specific z~ and p use the previous

value of ü(s) as OSTART , usually converging in four or five iterations.

For p > 1 it is possible that the Newton—Raphson search could find a

solution of ~[~ (s)] = s such that o (s) < 0. To ensure that the search

converges to ~(s) > 0 in this case, we determine OSTART using a two—

stage search as described in Figure 3.7.

If the epoch to be evaluated is less than or equal to the initial

server load z , then the expected cumulative idleness is zero. For

t > z we use subprogram LINV to numerically invert the Laplace transform

of E [I(t)]. On any given run of the computer programs (when three

pages of tables are prepared), the array V~ is computed only when

subprogram LINV is first called. This feature and others are explained

in a fully documented version of LINV included in the first section of

Appendix B, “Computer Program for Figure 3.2.”

The last section of subprogram LINV evaluates the Laplace transform

at 34 values. Each evaluation requires a Newton—Raphson search to

determine ~ (s), except for the case of the Wiener process where OMEGA

is determined by the quadratic formula. The number of iterations in

the search is reduced by using the current value of ~(s) as the initial

trial value for the next search. Subprogram LINV uses array V~ and

the 34 values of the Laplace transform to calculate 11(t).

Subprogram RZMEK first combines Ii(t) with the correction term

to obtain ~~[I(t)], and then it computes ~~
[W(t)] for the unscaled
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process. In the final step 
~~
[W(t)] is converted to scaled form and

stored in the three—dimensional array SCLWT. When the computations

for three tables (each with ten processes evaluated at sixteen epochs)

are completed, subprogram RZOUT prints five copies of the tables with

H varying margins. Then the main program reads punched cards specifying

p, z*, and t* for the next page of tables.

All computer programs listed in Appendix B were coded in IBM —

FORTRAN IV [IBM, 1971] and processed on an IBM 370/168 with the high—

speed—multiply feature. The average computer time needed to evaluate

scaled E [W(t)] for one process at one epoch, i.e., a single value

in the tables of Appendix C, was approximately 0.17 second.
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CHAPTER 4

NUMERICAL RESULTS FOR EXPECTED SERVER LOAD

4.1. Using the Tables

In this section we explain how the tables in Appendix C can be

used to obtain time-dependent mean server load in M/E
k
/l queues. We

will repeat only the notation and formulas from the previous chapters

that are required for using the tables; the details of the underlying

theory and numerical method will not be discussed here.

The system being studied is the standard M/E.~/l queue. We assume

that the analyst has specified the value of the mean arrival rate,

denoted A, and has determined that the service times (random variable

S) can be described by a gamma or Erlang distribution. If an actual

operating system is being studied and data are available, the analyst

can use the methods described by Hora [1978] or Reinmuth [1971) to

verify that the input process is Poisson. Similarly, a chi—square

goodness—of—fit test can be used to compare the actual distribution

of service times with tabulated values of the incomplete gamma function

(Pearson, 19221. In cases where the service times of an actual system

do not exactly fit the gamma distribution, the analyst still may wish

to use this theoretical distribution as an approximation.

We def ine the probability density function for this two—parameter

gamma distribution using the mean, E(S), and the Erlang shape parameter,

k (not restricted to integer values), as follows:
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f(t) — 
(k/E(S)~~ ~

k_l 
e t

~~~~ , t > 0, k > 0 . 
—

The standard deviation of this service time distribution is

so the appropriate value of parameter k can be determined either

from the mean and second moment, E(S2), or from the mean and variance,

Var(S), as follows:

(4 1 1) k = 
(E(S) ]

2 
= 

[E(s) ]2

Var(S) E(S2) — [E(Sfl
2

Figure 4.1 shows two groups of gamma service time distributions,

where the special case of the exponential distribution (k 1) is

included in both groups. The mean, E(S) , of each distribution in the

figure is equal to unity, so the standard deviation is l/VI~ in each

case. The top chart includes density functions with k — 2 and k — 4,

i.e., with less variance than the exponential distribution. The limiting

case as k becomes infinitely large is the degenerate distribution

with constant service times , corresponding to the M/D/l queue. The

bottom chart of Figure 4.1 includes density functions with k = .5

and k — .2; these two distributions can be used to approximate systems

where the service times have more variability than the exponential case.

The stochastic process being studied is server load, denoted W(t).

This process is also called unfinished work, system backlog, or virtual

waiting time, the latter because W(t) represents the time that an

arrival at epoch t would wait before beginning service. The system

may begin operation at epoch t — 0 with some initial backlog, W(O) — z.
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Our results, in scaled form, are for time—dependent mean server load,

denoted E (W(t)]. This operating characteristic is appropriate when

waiting costs associated with an actual system are directly proportional

to the waiting times -experienced by the customers.

To use the tables, the analyst must describe the system by

specify ing A , E(S) , k, and a. Some preliminary computations are

required before consulting Appendix C, and these steps are outlined in

flowchart form in Figure 4.2. We use an asterisk superscript to denote

the scaled values which appear in the tables, e.g., E
~*
(W*(t*)]. The

scaling fac tors are WF, which is applied to the virtual waiting time

(server load) values, and EF , which Is appl ied to the epochs (points on

the time scale). Values of p, z*, and k should be determined before

consulting Figure 4.3.

The tables in Appendix C contain scaled results for eight MIGI1

queues : the M/D/l queue and M/E
k
/l queues with k = .2, .5, 1, 1.5, 2, 3,

and 4. If the value of the shape parameter k determined by the analyst

is not exactly equal to one of the seven tabulated values, either the

closest tabulated value of k should be chosen or simple interpolation
— can be employed. In most cases the interpolated values can be determined

— by mental calculation directly from the scaled results for adjacent k

values in a table. It should be noted that for interpolation purposes

the gamma input process and the M/D /l queue correspond to M/E
k/l queues

with k — 0 and k — •, respectively.

In Appendix C there is a separate table for each combination of

p and z*. If the analyst chooses not to use the closest (p, z*)
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tWF
~~~~~

I
~
PI] 

t~~~~~
EF i5 ~~~~E F - ~

~1~

[EF =

Consult Figure 4.3 and text for 
the correct

case for the specific combination 
of p, z~ .

Obtain pairs of t*, E~*[W*(t*)J 
directly

+. I from Appendix C or by interpolation
.

4
t • EP .t *

~~~~~ Note: EF — Epoch Factor for scaling

WV a Wait Factor for scaling

FIGURE 4.2. Flowchart In5tDUCt iOUS for Using the Tables
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— 0, .2, 0 < z* < 1; 1 < z* < 4;
.4, .6, z~ ~ .2 ,.4 , z* — 2.,3., z~ ~ 2.,3. z~ > 4.
.8,1.0 .6 ,.8 4.

p < .5 I I I I I

p =  .5,.6,.7,

.8,.9 A C A C H

.5< p <  .9;
B D B D H

p# .6,.7,.8

A C A C G

p — 1.1,1.2

1.3,1.4 A C F F F

1.5,2.

1.1 < p < 2. ;

p#l.2,l.3 B D F F F

1.4,1.5

p>2.O E E F F F

FIGURE 4.3. Various Cases for (p,z*) Combinations
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combination whIch is tabulated, then interpolation between two or more

tables viii be required . Figure 4.3 illustrates the cases which might

be encountered, and the appropriate methods for these cases are dis—

cussed below. For any specific (p , z*) combination being studied ,

- 
I 

the objective is to determine pairs of t* and E~~[W*(t*)] to which

the scaling factors, EF and WF , will be applied.

Case A. No interpolation is required. There is a table in

Appendix C for this spec ific (p , z*) combination, and the values

for scaled epochs, t*, and scaled mean server load, E~~[W*(t*)], can

be read directly from the table.

Case B. The exact value of z* is tabulated, but the exact value

of p falls between two tabulated values. First find the two tables

that have the exact z* with the two closest values of p. Then list

the scaled epochs (t*) that appear on both tables, and also list both

values of E
2~
[W*(t*)] for each of the common epochs. For each epoch

use simple interpolation to determine E
~*

[W*(t*)] for the exact

value of p.

Case C. The exact value of p is tabulated, but the exact value

of z~ falls between two tabulated values. The method is similar to

Case B. Find the two tables with the exact p and the two closest

values of z*; list the common values of t~ with the two values of

E
*
(W*( t*)]; and use simple interpolation. The initial behavior of
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the system can also be determined as follows:

z~ — t~ for p < 1, 0 < t~ < (l_p)z*

— z~ for p = 1, 0 < t~ < z~
z~ + t* for p > 1, 0 < t~ < (p_l)z*

Case D. The exact values of neither p nor z~ are tabulated,

but the exact value of each does fall between two tabulated values. For

one of the closest z~ values which are tabulated, perform the inter-

polation between the two closest values of p using the procedure of

Case B. Use the same procedure for the other closest value of z*.

Finally, use the procedure of Case C to interpolate between those two

sets of data. For example, if we are interested in results for (p = .67,

— .44), we interpolate between (p = .6, z~ = .4) and (p = .7,

— .4) to obtain (p — .67, z* = .4). We also interpolate between

(p — .6, z* = .6) and (p = .7, z~ = .6) to obtain (p .67, z~ — .6).

Finally, we interpolate between (~~ = .67, z~ = .4) and (p = .67,

- 

- 

z~ — .6) to obtain results for (p = .67, z* = .44).

Case E. For situations where 0 > 2 and 0 < z~ < 1, the Wiener

process provides an upper bound for E2~ [W*(t*)] in any queueing system.

Because of the scaling used in the tables, the tabulated values of

E *
[W*(t*)) for the Wiener process depend only on z~, not on p.

Therefore, any table with p > 1.1 and the specified value of z~ can

be used to determine the upper bound. Interpolation can be used if the
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exac t value of z~ falls between the tabulated values. In these same

situations a lower bound for E
*
[W*(t*)] is z’~ + t*.

Case F. For situations with both c > 1 and z* > 1, a very

accurate approximation of E~~[W*(t*)) is z* + t*. The accuracy is

best when both p and z~ are large, but even for p = 1.1 and

z~’ = 1 the maximum error (M/D/l queue, t~ — 1.5) is only 1.4 percent.

Case G. For p = 1 and z~ > 4, the initial behavior is

E *
[W*(t*) ] z~ for 0 < t~ < z~. For t~ > z*, the results for

z* — 4 provide a loose lower bound.

Case H. For .5 < p < .9 and z* > 4, the initial behavior is

E~~[W*(t*)] = z~ — t*, for 0 < t~ < (l_p)z*. For t~ > (l_p)z*,

the results for z~ — 4 provide a lower bound.

Case I. For systems with p < .5 the approach to equilibrium is

very slow. If the initial server load z~ > 0, the initial behavior

is the same as Case H. For z* < 4 the results for the same queue

(i.e., the same value of k) with p • .5 provide an upper bound.

Other Cases. For situations with .9 .< p < 1.0 and 0 < z’~ < 4,

the tabulated results for the Wiener process with any p < 1 and the

appropriate z* provide a tight upper bound for any queueing system.

Likewise, for situations with 1.0 < p < 1.1 and 0 < z’~ < 4, the
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tabulated results for the Wiener process with any p > 1 and the

appropria~~ ..z* provide a tight upper bound. In both cases the Wiener

approximation is most accurate for values of p closest to unity.

The tables in Appendix C can be used along with Figures 4.2 and

H 4.3 to obtain explicit results for the transient behavior of mean

server load in a wide range of M/G/l queues. In many applications

the analyst will perform some sensitivity analysis by using various

estimates of A, E(S) , k, and a and comparing the results. In cases

where p < 1. the analyst may be interested only In the speed with

which the system approaches steady—state. Expressing the Pollaczek—

Khintchine formula with our notation, the mean of the steady—state

distribution for server load (often called expected waiting time in

the queue, excluding service) is

E [W(=)] = WF/2 , z > 0, p < 1

4.2. Several Sample Problems

In this section we illustrate the methods described in Section 4.1

by working several sample problems. The first three problems show how

changes in the variance of service times affect the transient behavior

of mean server load and the steady—state value, assuming the other

parameters of the system are held constant. The fourth and fifth problems

Ill ustrate using interpolation to determine results for queues when the

exact value of o or z* is not tabulated. The determination of waiting
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costs using time—dependent mean server load is discussed and applied to

one of the sample problems.

The following problems are adapted from an example described by

Hill ier and Lieberman [1974, p. 436]. A university plans to lease a

small batch—processing computer for its students to use. It is expected

that the students will submit programs to be run every 3 minutes on

the average and that the times between submission of programs have an

exponential distribution. The computer under consideration could

process an average of 25 typical student programs per hour if it were

run continuously. We will examine the transient behavior of this

M/G/l system for an eight—hour period, assuming that the system begins

operation with no backlog. Thus far we have specified A , E(S) , and z.

For Problem A we assume that the processing times for the students ’

programs are exponentially distributed , i.e., k = 1. Referring to

Figure 4.2, we perform the initial computations, using hours as the

time unit.

Problem A.

A = 20, E(S) = 1/25 , k = 1, z = 0

p = 20. (1/25) = .8

WF = 
20.2.(l/25)2 32

l— .8

EF = .32/ 2 = 1.6

z*= 0/ .3 2 = 0
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Referring to Figure 4.3 with o = .8 and z* = 0, we see that Case A

is appropriate, i.e., the exact values of p and z* appear in a

table in Appendix C. Referring to the appropriate table, we note

that the sixteen scaled epochs t~ are between .02 and 4. Eight

points should be sufficient to describe the queue’s behavior; the

selected values of t~ and E
2~ [W*(t*)] from Appendix C are shown

below in the first two columns. Referring to Figure 4.2, we compute

t and E [W(t)] by multiplying the scaled values times the scaling

factors. The desired results are shown below in the last two columns.

Problem A.

t~ E~~[W*(t*)1 t E [W(t)]

.1 .164 .16 .052

.2 .230 .32 .074

.4 .306 .64 .098

.6 .351 .96 .112

1. .405 1.6 .130

2. .461 3.2 .148

3. .482 4.8 .154

4. .491 6.4 .157

The steady—state mean server load in Problem A is WF/2= .16

hour (9.6 minutes), or four average service times. After approximately

one hour of operations (t .96), mean server load (.112 hour) in this

M/M/l queue is about 70% of steady—state; after three hours it achieves
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90% of the steady—state value. For queues with o-< 1, E2~
[W*(t*)]

approaches a steady—state value of .5; therefore, the percentage of

steady—state achieved at any epoch can be determined simply by doubling

.~~ the E~~[W*(t*)] value.

For Problem B we consider a system with the same arrival rate

and the same mean service time, but we assume that the service times

are constant (deterministic). In the context of our original computer—

leasing 7roblem, it might be that the student programs are actually

uniform or that this specific computer has very little variation in

processing times for the programs being run. Referring to Figure 4.2,

we perform the computations for this M/D/l queue.

Problem B.

A — 20, E(S) = 1/25 , k = , z = 0

p — 20. (1/25) = .8

20~ (1/25) 2
— l— .8 = .l6

EF — .l6/.2 • .8

z* • 0/.l6 — 0

Referring to Figure 4.3, we see that the exact values of p and z~

are tabulated, and we select eight points from the appropriate table

in Appendix C as shown below. The tabulated values are mutiplied by

EF and WF to obtain t and E [W(t)], respectively.

-  _  -
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Problem B.

t
~ 

E~~[W*(t*)] t E [W(t)J

.2 .242 .16 .039

.4 .316 .32 .051

.6 .360 .48 .058

1. .412 .8 .066

1.5 .446 1.2 .071 
- 

-

2. .465 1.6 .074

3. .484 2.4 .077

4. .492 3.2 .079 —

The steady—state mean server load in Problem B is WF/2 .08

hour (4.8 minutes), or two service times. We observe that after a

half—hour of operation (t = .48) mean server load (.058 hour) is about

70% of steady—state; after one and a half hours (t — 1.6), it has

- 

- 
reached 90% of the steady—state value (.074 relative to .08). Compared

with the M/M/l queue of Problem A, this M/D/l queue has a lower steady—

state mean server load and it approaches that equilibrium value much

faster.

For Problem C we consider a system with the same prameters as

Problems A and B, except that the service times have wide variability.

- ; We assume that the mean service time is 2.4 minutes (1/25 hour), as

before, but that the standard deviation of the service times is 5.4

minutes. Referring to equation (4.1.1), the appropriate Erlang shape
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parameter is k = .2. The computations from Figure 4.2 and the selected

points from Appendix C are shown below.

Problem C.

A = 20, E(S) = 1/25, k .2, z • 0

P = 20 (1/25) = .8

WF = 
2 0 6  (1/25) 2 

= .96

EF = .96/.2 = 4.8

= 0/.96 = 0

t~ E~~[W*(t*)] t E [W(t)]

.1 .156 .48 .150

.2 .223 .96 .214

.4 .299 1.92 .287

.6 .345 2.88 .331

.8 .377 3.84 .362

1. .400 4.8 .384

1.5 .438 7.2 .420

2. .459 9.6 .441

The steady—state mean server load in Problem C is WF/2 — .48 hour

(28.8 minutes), or twelve average service times, which is much higher

than the M/M/l and M/D/l cases. We observe that about 70% of steady—

state is achieved after three hours and that approximately eight

hours of operation are needed to reach 90% of the steady—state value.

______________ -5- --— ~~~~~~~~~ — --—-- -~—- - — -  -- ~~~~-—— -—-5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Figure 4.4 shows mean server load curves for Problems A, B, and

C, where these three queues have the same values of A and E(S). We

observe that the queues with higher variance of service times, i.e.,

with lower values of k, have a higher steady—state mean server load.

Furthermore, the approach to equilibrium is slower for the queues with

the higher steady—state value. We also note from Figure 4.4 that the

ordering of the curves is the opposite of the ordering of the scaled

values in the table (p = .8, z~ ~ 0) in Appendix C; this reordering

is explained by the different scaling factors, WF and EF, for the

three queues.

Returning to our computer—leasing problem, we next consider a

computer that can process an average of 30 programs per hour, i.e.,

E(S) — 1/30. We assume that the processing times are exponentially

distributed, i.e., k — 1, and that the arrival pattern is the same as

Problems A, B, and C. For Problem D we will assume that students can

leave programs during the night for processing when the facility opens.

It is estimated that “about a dozen” programs will arrive during a

typical night; thus, the initial server load (assuming 12 jobs at 1/30

hour each) is .4 hour. Referring to Figure 4.2, we perform the follow—

ing calculations.
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H
Problem D.

Values from Appendix C

Interpolated

Z* 3 E5~LW*(t*)1 E
~

(W( t)]

p — .6 p — .7 p — .67 t p — .67

.5 2 .5  2.5 2.5 .2 .333

1. 2.0 2.0 2.0 .4 .267

1.5 1.528 1.551 1.543 .6 .206

2. 1.195 1.225 1.215 .8 .162

2 . 5  .978 1.004 .995 1. .133

3. .835 .854 .848 1.2 .113

4. .673 .681 .678 1.6 .090

5. .593 .596 .595 2. .079

6. . 552 . 552 . 552 2 .4  .074

7. .530 .529 .529 2.8 .071

8. .517 .517 .517 3.2 .069

10. .506 .506 .506 4. .067

12. .502 .502 .502 4.8 .067
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Problem D.

A = 20, E(S) = 1/30 , k = 1, z = .4

p = 20. (1/30) = .67

WF 20 2. (1/30)2 
= .133

EF = .133/.333 = .4

= .4/.133 = 3

Referring to Figure 4.3 with p = .67 and z’~ = 3, we see that Case B

is appropriate. The two relevant tables are (p = .6 , z~ = 3) and

(p = .7, z~ — 3), and we list the values of t* appearing on both

tables. Those thirteen values and the corresponding values of

E~~[W*(t*)) from the two tables are shown in the first three columns

below. For each scaled epoch we interpolate to find the approximate

value that is two—thirds (or about seven—tenths) of the difference

between the values for p = .6 and p = .7. The interpolated value

is shown below in the fourth column. Finally, we obtain t and

E [W(t) ] by multiplying t* and the interpolated values of

E~~[W*(t*)] times EF and WF, respectively.

The steady—state mean server load in Problem D is WF/2 = .067

hour (4 minutes) , or two mean service times. We observe that transient

mean server load is within 10% of the steady—state value after approxi—

mately two and a half hours of operation. Figure 4.5 shows the curve

for Problem D and the curve for the same queue with no initial load.

(The calculations for the latter case are not shown here.) The system

with z — 0 reaches 90% of steady—state after only .8 hour of operation.
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For our last sample problem we consider a computer tha t can process

an average of only 20 programs per hour , and we continue to use the

same arrival pattern that was specified for the first four problems,

i.e., an average of 20 arrivals per hour. Since the arrival rate is

equal to the service rate in this system, the traffic intensity parameter

equals unity and we have an unstable queue. For Problem E we will

assume exponentially distributed service times and an initial server

load equivalent to five average jobs. The initial calculations,

following the steps in Figure 4.2, are shown below.

Problem E.

A — 20, E(S) = 1/20 , k — 1, z — .25

p — 20~ (l/20) = 1

WF = EF = 2/20 = .1
z* = .25/.1 = 2.5

Referring to Figure 4.3 with p = 1 and z* — 2.5, we see that Case C

is appropriate. From the tables for p = 1 in Appendix C we note that

the scaled epochs are identical in the tables for z* • 2 and z* = 3.

We select eight of the sixteen epochs and record the tabulated values

below. From the discussion of Case C in Section 4.1 we also know

that E
*
[W*(t*)] — 2.5 for 0 < t~ < 2.5.
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Problem E.

Values from Appendix C
Interpolated

E~~[W*(t*)], p=l E
*
[W*(t*)] E [W(t)]

t~ z* = 2  z*=  3 z* = 2 . 5  t z =  .25

0 to 2.5 2.5 0 to .25 .25

3 2.056 3.000 2.528 .3 .253

4 2.149 3.016 2.583 .4 .258
I

— 
6 2.362 3.108 2.735 .6 .274

8 2.577 3.238 2.908 .8 .291

10 2.784 3.383 3.084 1. .308

20 3.680 4.115 3.898 2. .390

40 5.052 5.364 5.208 4. .521

80 7.068 7.289 7.179 8. .718

If the M/M/ 1 system described in Problem E continues operating

indefinitely , the mean server load will increase without bound. In

many ac tual systems the arr ival ra te equals or exceeds the service

ra te for shor t periods of time, but such situations may be acceptable

if the cost of providing faster service exceeds the cost associated

with the high waiting times.

The five sample problems show that the methods descr ibed in

this chapter can be used to determine time—dependent mean virtual

waiting time, an important operating characteristic of M/G/l queues.

In actual applications the analyst may wish to determine the cost
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associated with E [W(t)] when analyzing or designing a system. In

their discussion of decision models for queueing systems, Hillier and

Lieberman [1974, Ch. 10] discuss appropriate cost functions for various

problems and apply their methods to steady—state distributions of both

the number of customers in the system and the waiting times of individual

customers. As previously mentioned, our results for expected server

load are appropriate for evaluating costs only in systems where the

waiting costs are directly proportional to waiting times. We next

describe a method for evaluating the waiting cost in situations where

the transient behavior of the system is important.

Let c be the cost per unit of waiting time experienced by an

individual customer. The cost associated with a customer arriving

at epoch t is c.W(t), where there may be some initial server load

W(0) = z for process W( ). For any specific epoch t, W(t) is a

random variable; in our situation the cost function is linear, and the

expected cost for a customer arriving at epoch t is cE [W(t)). In

cases where the cost function is non—linear, we would need more informa-

tion about the distribution of W(t), not just its mean, in order to

determine the expected cost of a customer arriving at epoch t. The

probab ility tha t a customer will arr ive during interval (t, t+t~t)

is Xdt, and such a customer would incur expected cost c E
~
[W(t)1.

Thus, the expected waiting cost during a period from t • 0 to t = T

is

T T
( 4 . 2 .1)  f c E [W(t)J Xdt — cA f E [W(t)J dt

0 0
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Note that the integral on the right—hand—side of (4.21) is simply the

area under the curve for transient mean server load.

For a queueing system that approaches steady—state quite slowly,

the analyst should use the integral expression, not the equilibrium

- : mean waiting time, to evaluate expected cost. To illustrate the

difference, consider again the system described in Problem C. Assume

the university has determined that for this situation the appropriate

cost associated with making a student wait for a program to be processed

is $10 per hour. If we approximate the mean waiting time using the

steady—state value of .48 hours, then the expected waiting cost for an

individual student arriving with a computer program to be run is $4.80.

The mean arrival rate is 20 per hour, so the expected waiting cost is

$96 for each hour the system is in operation. Thus, during an eight—

hour day the total expected waiting cost is $768. This total cost

figure is based on the equilibrium mean waiting time, but from Figure 4.4

we can see that E [W(t)] for Problem C is substantially less than

the equilibrium value.

For a more accurate determination of total waiting cost during

the eight—hour period, we can evaluate the integral on the right—hand—

side of equation (4.2.1) graphically by plotting the curve from Figure 4.4

on a fine grid and counting the squares. Using this method the value

of the area under the curve is approximately 2.66 hours
2
. (The correspond-

ing value using the equilibrium mean server load is .48 8 = 3.84 hours
2
.)

Multiplying the area under the curve by cIA , we find that the correct

total expected waiting cost for the eight—hour period Is $10 20’2.66

— $532 .
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In this particular prob lem the use of the equilibrium value

I produces a total cost figure approximately 44% great2r than the correct

amount. The example illustrates the importance of using time—dependent

results when the approach to equilibrium is slow. The graphical

technique can also be used to determine expected waiting cost for

- 
unstable queueing systems (p > 1), where all behavior is transient

- and no equilibrium is ever achieved.

L 
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CHAPTER 5

CONCLUSIONS

The objective of this research was to provide tables for time—

dependent mean server load in M/G/1 queueing systems. Chapter 2 pre—

.
~~ sented the theoretical framework for the server load process, the

Laplace transform of E
~
[W(t)], and a scaling procedure that allowed

us to reduce the number of parameters required to describe a specific

system from four [A , E(S) , z, ki to three [p , z*, k]. In Chapter 3

we considered a technique for inverting the Laplace transform, and

we conducted extensive checks and comparisons to ensure the accuracy

of our numerical results. The sample problems in Chapter 4 illustrated

that a practitioner can easily use our tabulated results in Appendix C

by following simple step—by—step procedures. We now discuss some

additional results of this research, including a study of the error

associated with the Brownian approximation, and we offer some suggestions

for future research.

The scaling procedure employed in this research produces curves

for E
~*
[W*(t*)] that are monotonically ordered by each of the three

parameters (p, z*, and k) ,  and these consistent orderings facilitated

the interpolation procedures described in Chapter 4. Referring to any

single table in Appendix C, i.e., f ixing the values of o and z*, we

observe that the curves for E
*[W*(t*)] increase monotonically as k,

the shape parameter of the Erlang service time distribution , increases.

(This ordering of the transient curves by the shape parameter has not

been proven analytically and is a possible topic for future theoretical
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research.) As we would expect , the upper bound (corresponding to

k = w) is the curve for the M/D/l queue. But our numerical results

also indicate that a lower bound can be identified : the gamma input

process (corresponding to k = 0). We can think of these upper and

lower bounds as defining an “envelope”, and we might hypothesize that

this envelope contains the curves, in scaled form, for all M/G/l queueing

systems, not just for the M/Ek/l queues that are studied here. Figure 5.1

shows the upper and lower bounds for the (p = .5, z* = 0) case. We

observe that the envelope is relatively narrow; specifically , its

maximum width is 11% of the steady—state value in this case. For

= 0 and p = .6 , .7, .8, and .9, the maximum width is 9%, 7% , 5% ,

and 3%, respectively. We could use these bounds to obtain approximate

results for any M/G/l queueing system for which A, E(S) ,  E(S2) ,  and

z are known, without specifying the exact shape of the service time

distribution.

Another monotonic ordering is observed by fixing the values of

k and z* and varying p. For example, if we examine the curves for

the M/D/l queue (k = =) with z* = 0, we observe that for p < 1 the

scaled curves increase monotonically as p increases. (In Appendix C

this comparison requires examining tables that are each three pages

apart.) The M/D/l curves seem to be approaching the curve for the

Wiener process as p increases. This observation has not been proven

analytically, but the heavy traffic (or Brownian motion) approximation

for the equilibrium distribution of M/G/l server load is derIved by

examining, the scaled form , the limit of a sequence of queues as p
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research.) As we would expect, the upper bound (corresponding to

k = ) is the curve for the M/D/i queue. But our numerical results

also indicate that a lower bound can be identified : the gamma input

process (corresponding to k = 0). We can think of these upper and

lower bounds as defining an “envelope”, and we might hypothesize that

this envelope contains the curves, in scaled form, for all M/G/l queueing

systems, not just for the M/Ek/l queues that are studied here. Figure 5.1

shows the upper and lover bounds for the (p = .5, z* = 0) case. We

observe that the envelope is relatively narrow; specifically, its

maximum width is 11% of the steady—state value in this case. For

2* = 0 and p = .6, .7, .8, and .9, the maximum width is 9%, 7% , 5% ,

and 3%, respectively. We could use these bounds to obtain approximate

results for any M/G/l queuelng system for which A, E(S) , E(S 2) ,  and

z are known, without specifying the exact shape of the service time

distribution.

Another monotonic ordering is observed by f ixing the values of

k and z* and varying p. For example, if we examine the curves for

the M/D/l queue (k = —) with z~ = 0, we observe that for p < 1 the

scaled curves increase monotonically as p increases. (In Appendix C

this comparison requires examining tables that are each three pages

apart.) The M/D/i curves seem to be approaching the curve for the

Wiener process as p increases. This observation has not been proven

analytically, but the heavy traffic (or Brownian motion) approximation

for the equilibrium distribution of M/C/l server load is derived by

examining, the scaled form, the limit of a sequence of queues as p
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.. .2 .4 .6 1. 2. 4.

2.0 91 60 39 30 21 13 7

1.5 56 38 25 19 14 8 5

1.4 46 32 21 16 12 7 4

1.3 37 25 17 13 10 6 3

1.2 25 18 12 9 7 4 2

1.1 13 9 6 5 4 2 1

.9 14 10 6 4 3 1 0

.8 35 23 14 10 7 3 1

.7 65 42 26 18 12 6 2

.6 108 68 41 30 19 9 3

.5 171 109 67 48 31 15 5

The tabulated error is the difference between the Wiener
and the gamma input values, divided by gamma input value,
and rounded to the nearestwhole per cent.

FIGURE 5.2. Percentage Error of the Wiener Approximation, z* — 0
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relationship using a quadratic function. In such cases knowledge of

both the first and second moments of the server load distribution is

F 

required. Prabhu [1965) derived the double Laplace transform for the

time—dependent server load distribution in M/C/l queues. If we

evaluate the second derivative of that expression at zero, we obtain

the Laplace transform for the time—dependent second moment of the

distribution. The LINV algorithm can then obtain the second moment

at specified epochs for use in a quadratic cost function. There may

be other queueing applications for this relatively efficient and

accurate numerical technique for Laplace transform inversion.
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approaches unity. Our empirical observations suggest that for both

the transient and equilibrium cases it might be possible to obtain

analytic proofs for the order ing, not just for the limit.

The Wiener process was included in our research because it is

often proposed as an approximation of server load in M/G/l queues.

If our detailed results for M/Ek/l queues are not available , an

analyst can use the scaling factors and a brief tabulation of the scaled

Wiener process to obtain such an approximation. From Figure 5.1

we can see that the method will be most accurate for M/D/l queues or

M/E /l queues with large values of k. Conversely, the error will be

greatest when the method ~~, used for an M/Ek/l queue with k near zero.

The limit of this “worst case” is the gamma input process, and our

numerical results in Appendix C allow us to make a detailed study of

the possible error associated with the Brownian approximation. We

express the difference between the values for the Wiener approximation

and the gamma input process as a percentage of the value for the gamma

input process, and Figure 5.2 tabulates this error for all values of

p at selected scaled epochs. We observe that this “worst case” error

decreases monotonically as p approaches unity or as t* increases.

This research used numerical inversion of the Laplace transform

to determine the first moment of the server load distribution at

specified epochs. In Chapter 4 we used the transient curve to deter-

mine waiting cost for cases where the cost is directly proportional

to the customer waiting time. In many applications, the cost function

may not be linear , and the prac titioner may approx imate the cost
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APPENDIX A

SUMMARY OF NOTATION

This- list includes brief definitions of the notation used most

frequently in this dissertation.

A( t) stationa ry Poisson process, the M/G/ l arrival process

c cost per unit of waiting time

E(~ ) expectation, first moment, of a random variable

expected value, conditional on initial load z

EF scaling factor for epochs

Fa an approximation based on Stehfest’s algorithm

F(•) cumulative probability distribution for S

F*(s) Laplace—Stieltjes transform of F(.)

f() probability density function

f (t; a) observational density function with parameters a and n

G( t) gamma process

g(t) correction term function

H(t) E [I(t)] + g(t)

1( t) cumula tive idleness process

k Erlang shape parameter

r N number of values of the Laplace transform used by Stehfest’s
algorithm to obtain an approximation

P(t) any function of interest

P an approx imation of P( t) based on n values of the Laplace
transform using Gayer ’s method
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PH(z,s) Laplace transform of H(t), conditional on z

P
w

(z ,s) Laplace transforn of W(t), cond itional on z

p(s) any Laplace transform function

S , S~ service time random variable

- - S(t) compound Poisson process, an input process

T random variable for an observational epoch

- 
- 

Var1~ ] variance of a random variable or process

W random variable for equilibrium server load

WF scaling factor for waiting time

W(t) server load , or virtual waiting time, process

X(t) net input process, a Levy process

z deterministic initial server load , W(0)

error components of an asymptotic expansion

a, p shape and scale parameters for gamma density function

r(~) gamma function

A mean arrival rate, parameter for A(t) - - -

— E [ X ( t ) ]/ t

~ (t) standard Wiener process

p traffic intensity parameter F
a2 Var[X (t)1/t

exponent function

co(s) solution of functional equation $[co(s)] = s

— overscore , or “bar”, denotes approxima tion

* asterisk superscript, denotes a scaled value
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APPENDIX B

LISTINGS OF THE COMPUTER PROGRANS

1. Figure 3.2, including the documented version of LINV

2. Figure 3.4

3. Figure 3.5

4. Figure 3.6

5. Appendix Tables, p ~ 1

6. Appendix Tables, p = 1
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C A L L  ~ 1t ~V ( k 5 ,~~ ,T , AVP Au X (1, 5) ,~/ ,d)
CALL ~~I~~V ( k b,ti ,~~, A~~~~ 0X ~~~ ,6j ,W ,4)

30 CON~~II~UE
D4... 60 t.co~’~~=1 ,5
WA12~E (b,4)

4 kOR MA 2 (1h1 , /// /)
= ‘4 + ~COPk

LO d A.L9(,~ = 5,~~AaG1N

6 !Okki A~ (1H )
6 ui~T IMUE

~kITk(b ,40140 ~~ A~~( 1h ,3 ,‘k I(iULtE 3.2 1~ VE~ $10~ Or ~~~~~~~~~~~
1’ FU bCa~IGb~~’)

I~E(6,4~)
42 i Os c At ( l ki ,35X ,39 ( ’ — ’ ) )

aBIT L (b , l.43)
43 k0AbA~L(1iA0 ,33~~,2(’AP2iC1~ILtATL V(~ ) U~ IIi~.’,21X~ j
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i
~I 144 bOi~~A T ( T h  ,35A,2(17H E 1~~S2 ’~ it.}.TUOD,20A))

IRI tk t b ,lêb)
45 kOE~ A~~(1t1 ,3 ,~~(2~~(’—’),18h))

aki~A.L(6,46) b,i14b Zubtl I T( l t t  • 11 X, ’~~’, ,~~( ‘EXA C2 1(Z) ‘,9X ,’ax ’,I~~,~ k ,
1 ’ b = 1 G ’ , 7~ ) )

N~iTL (b,4b)
40 kU~~~A L ( 1 k i  ,1CX , —— — ’,~~(2X ,1 4( ’— ’) ) , 2X ,~~( ’— ’ ) ,

12 (2 ~ , 1 4 4 ’ — ’ ) )  ,2L , 9 4 ’— ’ ) )
ahI~~~(D ,5O)

~O kUk~ (lkIO,2*Z,’i (l) =

= —C—L~ (t) ‘)
*dk IT t. (6,~ 2)

~2 1O1r~~L~~1il ,lbX ,2(414’ ’),2X))
1)’., ~ o 1=1,10
I~L(c,~ 1i) £FOCi~(i), (E~AC~~(i,J),Ak~ bC~~(I,J),

1 ELAk(I,J), J 1 ,4,3)
bdo kCA~ aT(1h ,10A ,P14.1,~~(2(2X ,k14.1O),2X,E~.S))
56 C(ThLIbUL

ik LL k. 46,60)
bO kOkhA2.~~1k*O ,26X,’k (~ ) = (~*t*T)/b ’,27X,

I ‘k (~L) = £A~ (—T) ‘)
iRI~Lk ~(6,52)
~O bb £ 1 ,10

1Lt.(b ,~)4) £PuCn (lj , (~ LACT (I ,J) ,Ai~21O~~(1,J ) ,
1~ 2~~tak (L ,J ) ,  J=2 ,5,3)

66 CO~~~1bUL
Whi ~L 2. (o ,7(s)

7C k U  A~i (1U0,26X,’hI~)l ’k  çL)  =

~kI2L(ó,52)L~O 7b 1= 1 , 10
$AIT k.(6 ,~~4) k POCki (i) , ( A C ~ (I ,J ) , A Pil(~ (L , u J ) ,

1~,Tk.~1(i,J), ~~~3,b, 3)
76 ~~~~~~~~~
bO C ’ x.~~UE

b~~~~i~I~ L L I z d V ( k ,~~,T, kA ,~~,b)
i2ikL .LC12 aEAL *d( A ki ,~~,L,O—L ) , Li~LE (~iEk (1,J,~~,~ )
~~~~~~~~~1 UT/ EPO4..~~(1(~) ~~~~~~~~ ~Lk SW C ,~~üQ ,~iTOL(8)
C U / ~ b~~kUi~/~ U A L  (10) ,EXPW 4 (10 ,8) ,1 T T ~M 4~ )
~.IN~~~SIC~k £ (25),  1 (25) • 0 (2b) , V (DO)

C . . A U~~~h2~ k~ * kUbCTL~~ & (S) = Lai~ .ACE 1kA ~ Sk.QkA Uk 1(T)
c o~ V A4.U1.S Ot S USLD TO Ak~~~iML ~IATE 1 (1)

VA.~.U0 a~ IOICO 1(T) IS TO bk. A~~~~X1111~~
C IA AI OX~~ ATZ k(Z) bA~ 0L~ UI k V L~.Uk.S ~ M &~(S)
C V 2 A~~~Ak UI  cO~~I1ICIkaTh ‘US .k.D a~~~~A .~0UL!)

I k ( i ~~~AL i A A ~k~.k ~~~~a.AIMi..D BEJ.Uu .
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1•
ik1~~~ t,44)

44 k G iIATt lk i  ,35L, 2( 170 £hIh~~S2 ’b ~ib TbO D ,2oA) )
•RIt £ ~ó ,45)

45 kQD&~a .(1d ,3 ,2 ( 2 ~~( ’ ’) , 18hfl
iLt1~ L ( 6, 46) ~ ,i

46 !u~ I*T(1k1 ,11X ,’t ’,,b4 ,~~( ’EXA C T 1(T) ‘,9~ ,’a ’,I2,~~~,
lIIi=1G’,71) )
ik~ TL( b ,4b)

4

0 

iUb~ A L(1k i
12(2h ,1 4( ’— ’) )  ,2A ,9 ( ’— ’) )
i~~I2~~ (o ,bO)

~0 hUktt~~2 .41RO ,2~ Z ,’i ( t )  1/S~*~e~(fl~ T) ‘,24~,1’1(~ ) = —C— Lki (2~) ’)
~~ IT t. (6 ,~ 2)

b2 ~Oiri~ 2~~1u ,lbX ,2 (4 1 ( ’— ’) , 21) )
~)U 30 1=1,10
i~~~~L(b,~~14) £k OCO (L) , (E~ ACt (i ,J) , Lk fbC~~(I, J ) ,

1~ J~E&~k~~1,u ) ,  J 1 ,4 ,3)
t.4 ICal a1( lh  ,10~~, .1,2 (2 ( ~ X ,k14. 1O) ,2X ,E~ .Sj )
56 COI~A .IbUL

aalX k.(6,60)
bO kOkZtAltlktO,26X ,’r (~ ) = (~*T*T)/6’,27X,

1’1(2 ) £~ k ( — T) ‘1
~~~~~ (6,52)

bb L~~1,1O
hh1~Lt.(b ,b14)  £Pu~..0 (1), (&hkCT (I ,J) ,Ai Pk OL (1 ,J ) ,

151.~~lk ( i ,J ) ,  J 2 ,5,3)
66 COI~ I~ U E

Wb £~L b  (o ,7~ )
7C kU A~a.(1d0 ,26X ,’ b ( ~ ) =

l ’k ( 2 ) = 1—3*1.3.~~*2./~ —~~*TST/o’)

L~U 7~ 1=1 , 10
IAITk.(6,54) £POCki (1) ~ (L4~AC~L (I,J) ,AP1~(a. (i,.~),1~ TLz~1(i ,J), ~=3,b,3)

76 c N ~~1~ Uk.
oO C~~ L.L~ US

kil L.

bg~~~~IilL L V ( k , M,T,~~A ,~~,0)
iLIkLACI2 gEAA.*b (A—ki,it,L,0—~).
CU~~~ il/1ii&’UT/ f.PQc~~(1O) ,L.AI A,~~~kSVC,aHU,~ TOL(8)
CUII /~~~~kU~~/~ U A L ( 1 0 )  ,i.kPW4~ (10 ,8) ,1T1~Tu.i. 48)

£ ~25), 1 (2s) , 0 (2 5j , V (DO)
C

= h U àCTL UM k (S) L~ E a.ACL l k&ilSI:QkA Uk 1(T)
C C. Qt V AA.UES 0* 5 USkD TO £kà ’~gUi i~ AT5 1(t)

I a VA~~U~ a~ ~ozco 1(T) 15 TO b~ A X1IAI E~C 1A £Ikk O X~~~~T~ k (Z ) bA~~~4~ UI ~ C~Z
C V A~~aAk UI CO01!1CIthT~ ‘US SD a~~~bA X ~ D L Y )

1 *G~*~~AL iA~ A E l ~k k  L a.AIII&D 8EJ~.U u.
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1k (b.k~,.b) ~~ ~1~*.) S(’
C
C. .L,~s kj ~ S~ CA1.l. Uk ~.iI V (~1 lOX ~~~~~ lu b) LuAi  V ( i )  d U ~t
C b& i . V A L U A ~~~).
C
C..k~~~5T CUAk~~L ’E £ ( I )  IICTOaIAL QI 21 u V i l  a.~s0S g. uF 1 A~ La
C I—i  , AI L. ~ (1) kL~ T0&IAL 01 1—1.
C

k.( 1) 2
£(2) 12
1( 1) a

C
.4 AiG 1G 1 = 2, M k I

£ (I+1) a ( 2 .DO*(2*I.1)*E( 1J ), / I
i (~~.1) a k (1) *I

10 ~ )ilT 1IUE
C
~~~~~~~~ CUIkU a~x. 0 (J) a LU. ~ bA t1S 1 g.&~kolD~~IT ~x ~~~~~ I 1~
C T1b V(L) 5U~~~T1Uil.C

a
0( 1) 2/ 1(bIki)

4;

L0 2 0 J = 2 , aH
a

24) CO*TIilU~C.
C..kJ.bAi.L~ £VAL IJLT }. ~~~~~ V ( I) .

I5i~~ = 2* ( i lO— 2 *(a ib / 2 ) ) —1

£iO ‘$U ~ = 1, 1
V(I) 0
JIISST a (1+ 1)/2

= N I N O ( I ,i lh )
C

£~U 3C ~ J b a A 5~L , .fl. Ab ’i
V ( I) * V (I) •

30 CQ IT Z I4J L
C

V ( I) a

= —i51( N
‘$0 CO ilTIilUL

C

C
C,. SUDS L~ U k i lX CA~.L~ (1 ~~ U AA. TU I) W~~.L JSE &~ aA1 V ( I) VkULt
C CU1~ UII STO~~A0L LID i~~.L OLL1CO ‘iQ t015 SICI IOI uf LIlY.
C

~O ) A a O
A * .~~Yi1 1bOS5~~9lIb 309le 172i21~~1I45bDO / I
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41_.

1~ £0 60 1 1, 1
IL IL + V~ I)*~~(I*L)

60
C

C
~ET UkI

C
C

UQUbLL ~~~~CI5IQI Z UI C TI OI  £~1 (S)
.I1~~~I CII A.~..*8 .(A—b ,Q—h) , IITb~ A L(I—$)

LID
C
C

DOUbLE ~~k.CI5I0~ MUI CTIOI P~~(~ )
1I~ LiC a.X iLLL~ 8(A—0 ,v— Z) ,  1l~L~~(.iEk(1—l )

LE~LUbI
LID

C
C

£.OUOad. frE I~ IOI 1UIICT IOII L~3~~~)1~~~~~C&T kLLL *8(L—0 , t.s—Z) ,  I~~~.G0b ( I—i)
k3~~~~j a~~(3. 141 92t~53~ b9793 23b4o20433/ (2*S*~i *3 ) )

1~~~EAk(—1/ (2 *S) )
~ LTUhi

C
C

DUUb~.E kAEC1~ IOI .FUN CT IO$ L I4 (5)
ZIPL IC LI ~~ AL* 6(L—ti ,0—Z) , I~~~ A~~k ( I—l)
k4 IJ ~~J ( ~i ( S ) / .~

LID
C
C

AiOUbt.L W~~~C1S1Oil IUICTWI P~~~~)
i~~~~iCIT OL AA. *8 (A—0 ,u—d 4 , ZITEGEk (1—1)
r 5 1~ ~S+1)

C

AI(.U0~.L k~CISIOM IUICTICI P*(~ )
£I&L~.CI T AE1~.*8(A ’0 ,U—24 , 1lt~~a~ 1(I ~ il)
Pb (~ — 1 ) *  (~~~1) • (~~~1~

~
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~~~~bl~ I 14J1 IICiUkZ 3s 1~

IIt k~..~L..T i & A L * 8 ( A — o ,O— h) , 1l~ t.C,~.k (1—I)
CUIh(. b L~A 1 (10),*A S ( ~ )
D1hEl51(~ l 1(10) ,~~1(10),D1(1Oj ,V 1( 1O) ,

112~ 9), o2(~ ),V 2 (9j ,V (50),T 2(9 )
L~ TLIIA4.
laO
1*34
DC 2(~ 1=1,10

:1 (~ ) 1/ ~~~~k~LCALL ~1lV(k 1,~~4,JA1(1),V,l)
20 CO~~L~.IU0

C
~A~ A ~1/.5o555,.~~S512,.32bb5,.2O27b,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~L.ATL D1/ .?3 172 ,.4O03S ,.26343 ,.2ci~ bo,
1.293 e5,.22,s O1,. l~$Ob2, .20 11i~, .4lo~~~,. 17bD~/LATA V1/.~~b4l 19 , .3~~b94, .32S73,.2o2O~~,1, 2~~231. • 1.30 33 ,. 213~ 4$ ,. 19 947,. l UO( 6, li8ii 1/

~2/4k .1401b0 ,2.~ O1126 ,1.b43438 ,1.08,Co4 ,
1.0 141 ,. 412~~~8, . ~1l$b2 1, .O~~,b4 1, .0 160148/

C..

2.~~~2 (I)

cAi.L ~..a.A V (P 2 ,il ,T ,1A2 (I), V,~~)
JO

C
DATA 01./. 1~ O527, .2081~5,.43~Oo4,..S0130b,
1.7 lb ,.81340 1,. 898482, • 957o47, • 992205/

DATA V /.126174,. s8632~,.439673,.561~ 6S,1. 707107 , • 81 37 12, . b9ol b ,. 95o 135,. ~92Q1 5/C H
DO loU ICO& Xa l ,5
akITL (b ,4)

Ii k Ob8 AZ( 101,////)
Le + 1~ UP1

a 5,IA~~~1M
.IIT A (o ~o)

6 IOEl A~~(10 )
8 CO ITIIU b

C
Wa Lt 1. (6 ,leO )

40 kU AhAt (111 ,331,’kIGUSL 3.4
1’ ~I~L 0 ~TME b TLC0ilI ~~ULL ’ )
ia lt k.(b ,48)

‘$6 k0~ aAT ( 10 ,331,1$5 ( ’— ’) )
.RIT L (ó,32)

I I  s2 4 Oka A Tt l l i O ,20X ,’l( Z) a
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51$ kOBlA2 ( 10 ,2OX ,19 ( ’— ’) ,3X , ’As~P~ UX1d At L k ( L ) ’,
1’ U5116 IUIEE ICAI. IilV~~ SI0$’)

bC goat~AI (1o ,412X,42(’—’3)
~URIt k 46 ,b4)

64 FOk~iA~ (1o ,4$4X ,17OST EkIIES T ’S ~EX kiOD )
•k Ii E (b ,66) —

Do 1OALIAT(lhi ,q2x ,21 ( ’ — ’ ) )
W~~LT k (b ,7U) Ii

-i 70 tUiAA1~(1h ,22X,’~ L~ AC T 1 (Z)
- 

I l’M lO* DULMEg * VEILLUI *’)
ak l i L (b ,72)

72 koao LT(1o
DO 7o L 1 ,1O
aL.~.TL(6 ,76) 1,11~~L) , k A 1 (Ij , 5 l (1) ,Dl (1) ,V1(I.)

76 kO0n At~ 1tI
10 COb~~ IsUE

C..
iaIX k ( t ,8O)

oC k L ~A~~( 1ki — ,2GZ, ’Z (t)

H 04 kOkl At( 1l i  ,2U k ,10 ( ’— ’ ) , 1OI , ’ APPiC .~Xi11ATL 1(T) ’,
1’ US i I ~ aUI L~1CAL
II1~ L (0,65)

oS :O~~ AT~ 1li ,4tX ,42(!—’))
W *ITE(t ~~ob) bi

00 k0bA A ~U1d
1 ’S~LZ0kL5T ii= ’ ,I2 ,4X, ’b L.i..L.LtAl~ Vt.ILLO.il*’)
iiI~L k ( D ,80)

~b tU~ lI.’.( 1ti ,2OA ,8 ( ’— ’) , 2 4 , 1 3 ( ’— ’) ) , 2(3~ ,8(’ ’) ) )
4.4, 94 1=1, ,
W k I ~IL(b ,92) ~.2(1) ,I2 (1), *A 2(1) ,82 (I) ,V24 1)

92 k 4.e bc1 A~L ( 1 0  ,20A ,kb.e,1.(3~,!1b.13),2(31,V0.6))
94 C~..bT .LIUL

C

14,2 kU~ lA.i ( 1H— ,2b~~,’*l0TE: AILTA hum ILAUCDS 0abLC.k.D’,
1’ b~ A ASTE OISL ( ~ LA 1. I A K L L ’ )

(6 , 10 II)
L . C . f t  L4.G Og 1TOA 14 00, ‘.

1~ 3U ’1u lLg1C Ai. II V LASI.O1 01)
.a Lt L (0,106)

lob ko~ ziA’~.(1o , i~ X ,~~3 lu.Ak ~.ACE ~Lial StOk ~~’ , 01
I 1 ’ i 0 A I C . 4~.L aL ~~~~~~~~ COLtIUIII ’)
I i.bIX s.(b ,108)

lUb 1U~ EI~ I(1u ,32X ,’~~AUuIb ~t Ikt i. L.C.1I.,’,
P 1 V4 d I..U4E 11 ,, i l (Mbk. * 10 , ’)

økIT L ( b , 11* )
110 kub8ai~L(10  • 32X ,’oC~ O8E k 1974. ’)
loU

91

~~~~~~~ 

- ,~~~ — —— ~~~~~-~ - - -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
— _____



__ ___ ____  
- 

~~~ - -

_________________  -~~

.)U 0gUl~&. IML LII V ( P ,I ,~L, k1,V ,d)
Il~~.4~~.1 0LA~~ 6 ( l—H ,O—a) , IM~.EGk.~ (1- I)

a~..1 111(10) ,1 A2 ( 9 )
U1ok..510l 1(23), 1(25) , H ( 2 b ~ , V (S0)
11 (A .k.jg .1) I.~U TO SO
10 a 1/2

= 11.
1(1) l
1 (2) 1
i~Q

= ( ~.D0* (~*1.l)*E(Ij ) / 1
1(1+1) =

10 COIX IIU E

0( 1) = 2/ i 1141)
DO .40 ...~ 2, 111
0(J) =

20 COITIIUL
1S~.Ga 2*(110 2* (I1*/2)) 1
~Q 40 = 1, 1

-
, - V I I )  = 0
— .~1IaST = (4+1)/2

JLASI
DO 30 J = JII aST, J~.A ~ t

• V ( I )  = V (I) +
JO COILIIUL

V ( L )  * 1~ IC.i~i l *V(1)
15161 ~ —15161

140 COil~~Ii lUE

50 1* * Q
A z •b 93l1$716Os5 y 91 S3094 17232l21~~5t4Iè0 / ~lDO 00 1* 1, N
IA = IA 4 V (1)*P (I*A )

60 CO1~i.Lb U.~I A a A ~ EA

LID
C
C

~J0U~~.L P.~EC 15iU~ ZUIC TIUI ~1 (5)
I0k~.ICIt gkAL*8 ( A — b ,0—Z) , Ia~~ l.El (I—il)
11 m1/4?~~ k~i. (5)
kEtU~~l
L I D

C
C

DUUOI.E IMECISZUM ZUI~ T1O1 22(5 )
lIABi. ACIT *EAL* 8(A—0 ,O Z) ,  IlTE~~ k(1 ’ l)

ILTUIII
4 LI D
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CUIIUT LR k gCiC,RM4 *0k h . U~UEL 3.5

lhiLIC.LT akA.~.*8 ( A — 0 ,~C.,L, O— Z )-,  Ia~~~~ Ld (I,.~,l,l)
CUILCI/IMkuT/ EPOCW (10) ,LANBièA, ~~( k SW C , kkiu,J ~LoL( 8)
CQ 4..1I/QUTPUT/~ U A L( 1O) ,bIP lT (10,8) ,ITWLOT (0)
CUIhvI/A.APLAC/V (30) .1,1
C IICI/tll/OSTAkT ,5S
CO GI/~ EW~~M~/Wi.~ 1C,IINSU0
EX TEAtIAL k~~U AD , PlLt 1
kX~LE01A4.. ke~81,DiiN1,D011th1

= 0
1 = 34

C ~. = U.OC
C

£X# ~O I 1,10
(.AA.L ~I i l V ( k ’~ UA L ,I , LPOC41(I) ,~.h1C,Y,l)
(I~L JA~flI) (BHU _ l. ) . k . iU C O( I )  4 ~ZIT

2s.i
C

DO 54 , Jal ,8
.Jt QA. (J) = + 8

= 1 ./ (1O. **JT Q~. ( J ) )
(~~tA1’4. = I
It .i5Ut ~ = C

C
DO 40 i= 1,1O
CALL ~.IIV~~ -&~1,I, LkO4 ;41(I) ,Lh1T ,V ,N)

( Lk4O— 1.) *LPO C4L (I )  4 EZ IT
40 C(~*N~~.LIUL

C
=

C
50 Coti T IaUk.

C
CALL IOLuUT

C
STOk
£1

C.
C

OLUCIC LiA~LA
IlkL1L~i kk. A i.*8 (A—b ,I ,L,O~~ ) ,  LaIb GER( I , a ,l,M)
C.UIt~Cti/1l~~UI/ E~~#C0 (10) ,LA bA ,~~X L 5 V C ,E0~~,J~~0L (8)
DATA t.k GCh /20., 4G . , b O . , 8O . , lOO . ,

1 £G0• ,300. ,400. ,800. , 1200./
bATA LAI$ bU A ,k.A g SVC ,k0O /1.U~ ,4è.95,O.95/

C
C

£U8iCJ UIIIh. tULOUT
idk~L.j.4...a.T ~E AA.*b(A-k4 ,K,L,i)~ e) ,  ~~AEGU (1,.&,0,I)
C.0000*/1Ik UT/OlOC H (10) ~~~~~~~ AL&5 VC ,k0U ,J2.VL(8)4; AUl /UU~LPlâI/~~UAL.(1 0) ,k.Xk~U a (10,8) ,ITITut (8)
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CCII / .~.èk LAC/V (30) ,0,b
Di~tL~~SLu0 b~~~~~~. (3) ,J~~UA. (8)

C
bE3SLL I1) = 3. 916 1
~IS3kL(2) = 5.14651

= 6.Ssb2
0k.~~~L L(4 )  = 7.14191

= 0. 1335
C

DO 84. lClj P~~~1, 5
WñIt L (

6
,4 )

14 k OX t t A t ( l t i l ,/ / / /)
= 1$ + ICOPI

~Q 8 i0bt.~ = 5,LtAA ~~Ia1~~ (0 ,6)
o kO hi.~At( 1t1 )
8

C

12 kOElA~~(1H ,29X,’1I~iUnE 3.5 £lrLC.T UI Ir.1401 kAPOS G1’,
1’ SE lOCO LOLt .~ AN CL ’)

C

14 k6ila~L ( 1 h  ,2~,X ,5 3 ( ’ ’) )

16 10 £T(1k1O ,1Ck ,J7aT0I~ TAOL E C~~~A 4LS C~J~.~.dA~~’5 41E5~~~
1’F laai CTIta. ~ EbU LTS At VIV I.  E& ~OC03 iltO

C
~~ L a k ( 6 ,18)

lb EOAlI~a (1H ,14,X,’IklV&gSIO$ 0t.5U1..4~5 EO~ bUt ti ~ Lir. k.~ AC 4. ‘,
1’ ULi~ii~~ATiC &~A.U~ 1C1 01 ~~~ IUI CTWN AL A~ D ~J0L

C.
EITE (b ,20)

~t hO0IA~~(1o , 1OA , ’A PLAC.)aIII AT k mi~Ul—iAkk15 u1 5c.A ACO ‘,
l ’SOA.. UTLu I UI T k*k. IUN C T1 ON A L 1j ~~~ VAA I0 U.~ ~u~ EiaA 1CES. ’)

WEL T 1~.( b ,30)
30 1ti40AT(lflO , 1GX ,’d /l/ l ILAI St.~~WEk LOAD , ’,

1’ LAttOLe A = 1.0 , £ 4 ,~) = 0.95 , a = 0. ’)
C

DO O C JEik~~I 1 ,5,4
.iLAS T~~~~E1EST. 3

C
IEITà (b ,Jb) a

36 1Cl~~~AT( 100,3Oh,’1NvEA51UI Oh LA1~LACE X~ *a~ k0k~,’,12241 STLHIk.aT ’S IEIOO D, I*,I4)
C

ikITL (b,40)
lêCi L’Cdad~~~(1~ ,1OX ,’SDrb 01 ‘,7 3 ( ’ — ’ ) )

C
ITE (6 ,42)

4 kQiA A~L (1H , l~ X ,’b L5S t.a ~UAo~ATiC ~Ca. LaAilC0 frOm ‘,,
1’hsLI~LQii—aA&ki~ON SkA~ CH SULU~~aOI CF IUIC~ iCibA~.’)
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444 kOai i$ A2( 10  , 1UX ,’t. kOCH VU ~ C~LA.JI5 5~) LUTiUb Oh’ ‘,56 (’ !))
c

DO 146 .I JI LESX ,JLAST
t 46

C
áIX k. (6 ,50) (JT (J) ,J JPIiSt,J~~A SL~)

• SC k000 &t(1li , 1CA ,’ ~ (COL ..IAI) tUI CXiOaiL
114 ( ’ 1 O * * — ’ ,12, 8X) ,)

C
diltk (O,Só)

St Iukt~AT(10 , 1CA ,’————- ‘,5(2X ,13(’, — ’ ) j )
C

£0 64 I l , D
C

~~1~ L( o ,0C) EPUCO (1) ,SESSEL(I)  ,~ U AD (I),
1 (EXPIT  (I, .1) ,.I JFLIST ,JLA8T)

60 lCa11A~. ( 1 k I ,1O~4,1S.O,3~,I7.4,5(1X ,114.l1l )
e2 CO1T1IUL

DO 00  1 6 ,10
C

IEIT E (6,64) EPOCkI (I) ,00A D (I) , (E~ &WT (I ,J) ,.J =JiI kST,JL AST)
64 kOk0A T~~lli , lOX ,k3. G ,1OX,S ( la ,114.11))

C
66 CU LLIIUL

C

70 1ClIAL(l0 ,10A, ’1O~AL IUISLO Oh’ IEWT Ol—4A k 41i~O1’)
C

.A.L3.L(b,72) (l TbXoI(.i ) ,J=J!~~~~X ,JLA~~i)‘12 kU0~ A~~~10 , 1OX ,’iTk.k ATIu$S TO LVAi.UAT E 10 E~ uCMS:
14 ( 14 l i x )  )

• C
80 C4.,~~.IbU E

LID
C
C

~ U o u u t ~I1L LI1V(k,l,T,IA ,V,d)
It1~ L.L CII I LAL*8 (A—li ,u— Z) , Iil~~E GLz% ( I—b )
COlhC.1/LAtaAC/LIOCO(10) ,A~’i’bOA (iC ,.)DI PiL.~ I(~l L (25) , 1(25) , 41(25) , V (3U)
Ii (a . L ~ .a )  (10 To 50
ill = 1/2
E(1) = 2
k . (2)  = 12

= 1
4 (2) l
uu 10 1 = 2 , NO

= ( 2.UO*(2*I+1)*E (I) J / I
£ (1.1) = E ( 1 ) *I
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10 CU0L1Z ~U E
IWO = 1.0

~~ 1) = 2/1(10)
DC 20 ~ = ~ ,

=
20 LONI1OL~L

iS Zt 1 .  = 2*~~a~ — 2 *(ai *i / 2 j ) — 1
DO 4,0 I = 1, 1
V ( I) a 0
J L L g Sj ~ =

= 4.210(1,410)
DC’ 30 J = ~ k l k 5 s,  uJ &. ASX
V ( I) = V ( I )  +

30 Cu ITl IUL
V ( I) isI~ 1*V( 1j

= —151(11
40 COb~~10UL

1 = 1 .

~0 C A C
A = •09 31471005599b5 $094172.34121438DC / ~• bu 60 1= l , 0
IA = hA 4 V (I) *k~( I*A )

tO C.~0~~.aUL
= A *LA

4.1 £
C
C

AA,U~~..L t’~ Li.. i5IO1 FUblL ~ 1u1 P~~U ah ~(S)
£0k~... C1~L 1L14.*6 ( A L ,&C,L,O h ) , 111041zA(1,.J ,b ,l )
C4j t404..b/IOPU2.,’EPOCO( 10) ,LAl A ,E 5VC ,Lfl C, J~~ .i~.(8)
o = 1 - L A 4~’ SV C *(L Af lbDA +S)

= (—o +D SQI T ( 0 *b + 4 *5 *L A & J W C ) ) / ( 4 *E A e S V C)
UA LeL~~ (—O ft k.CiA *~ )/  (5*Oft~~iA)

LI 1)
C

DOU0~.L k~Az.C.L IOb hUI CT 101 ~ Ift1 (S)
IftPa. .iCIT hLA ~.~ 8 ( A — u ,it ,L ,U — h) , I1.4.L(1EA(.~,~J,A,b)
Uj ftIub/ IIkUT/EPOC 0 (10) ,LAI ODA , LXkS VC ,i04J ,J~~(.i 4.(*)
4;04UICI,’IAl /O5~i AI~4 .55
LX~~~~bii L h ’CMnl ,DF III 1

= S
CAat. Z000(IOLftt l , b IIi l ,OStAiLT .OLIOGA )

=
P f t f t l D~.X k (— C f t L G A * b ) / (S*U~~ LGA)

~ ETU~ I
LID

C
C

DOU0~.k. k’mLC J.~ IOl IUICTiOI 1001 (5)
iftki,1C..i.~ mk. li..*8(A 41,K ,L,O h ) , 10TE4 0k(1,J ,A ,1)
CCIII ii/I1.kUI/ 1204.*1(10) ,i.& ,~~~~5VC ,0dC,.I .LQa ( 8)
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~~TT TT~1~

= S — A.AI ODA * (1— (1/(i +~~ La~~~W C) ) )-
k~~~U 0~

C
C

DOUbai. kkECI~ IO1 IUZICT ZUI DIlli (s)
IftPLiC.1T A~.*8(A-H ,~(,L,~)— h) ,
C0~ 0O1/1il~ UT/EPut.. 41 (10) ,LAhB~)A , L~ kS VC ,O0u,J~ U.L(8)
Dk ML~1 = 1 - ~.A0bDA * LA2SYC * (1/ ( 1+5*E.Lfr SVC) ) **2

II

C
C

DOU o .E ik~.C IS10N IUI CT.LU 1. DDh ’ftt11 (5)
Iht~.I CIT ~ LAL~~b ( A — k i ,~(,L ,0—Z) , iaIE( 1EI(I ,.i ,ft ,1)
COO b/ I IkUT/EP~)LIi ( l0) ,LAftbD A ,LLk5 V C , ,.J .~0L(b)
QbI th~1 =

LI.
C

L, C ’USLI.  tk~.Li5IO6 !UiI CXIUI IUb~~1(U0k.GA)
~i~kL 1CIT LLAL * 6 (A—u , K, L ,U— h ) , £~ TL( 1EE (I ,J,~~,I.)
CObftOI/ ftC~1/O.) T AO~ ,SS

= k~U11.(00Eu A) — S~

kb L
C
C

~ Ub 1.~~UTII k. Zz.mO (C ,Di ,XS~ A , Ah E1O)
I~~~4, iLi~L AEA.&. *b (A— h, K ,A., O—~.1, 1l~~~~ ER(1,~a ,~~,41)

= V
A = XST AOT

10 COI.~à. L1UL
= A —

~~ LAt.C = ( E W — X ) /X1 E~
= £1111

= i~L hEAT + 1
11 (i~LLk A ’A~ •GE . bO) GO ~ O 5U
1! (LiA0S (~ k.LACC) •a.E. ~LC.LR0L) ‘.10 TO 20
Go ~o 10

2C C014.IIUI
12. 41SI J II = i~L 15UM + 1.TEE AT

= h

C
• ~C C.Ua.~ .IU&

aEIZ i . (b ,SS) 011.1CC, tOa4I C
35 k 0 d 4 A~~(10 , ‘I’rEEA~~=5O, kk.LAC4.. ’,D2 14. 16 ,’, ¶~ULANCz ’,D44.1b)

= I~L 15bft + I~LEIAT
XhEEt~ = A

LID
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C U U ~LC.E kaC~a kAb 101 IIGUEI.  3.6

i&$tD1C.IT iiLA *8 ( A — t ,i. -l.) , ib~.0 u E k ( Z — I )
CUOICI ,AOO Z/ kw) ,~ftLaSsCa
LATEOIAl. 2~ UaD1,~~~UA b2

hSlI. / .2,.4è ,.o,.8,1., 4. ,3., 4./
DATA Oia0i41 /.5,.D,.7,.b,.9,1. 1,1.2,1.3,1.14,1.3,2./

C
0=0
0=314

C
DO is iEE*0 1,11

= 10011 (10410)
• DAbS (1.—~~t1O)/ 5HU

D~i 12 JZ=l ,8
h = h S Il ( J Z)/ I T I C I E
C1~.L LiIV (1r~ UAD1,1,~ ,EZ1b,V,0)
2LaI~.l(1mdU ,..iZ) 

a
CAA.A. L11V (i~~UAL2 ,I.,Z ,OZIZ ,V ,l)
£k .ZI t2 ( I~ t*is,JZ) = LhI~~*iIT PC~~• is CUITJ.IUL

C
DO 86 4ICuPI *i ,b
WE ITL $6 ,20)

2 0 t 0j ~ft IT ( lh i 1,////)
= 4 4

10 ~o a
IE ITL(b ,24)

21$ 1OEh A~L( 1O )
28 CO41~~aIUO

C.
IL IT r.(6 ,32)

32 k~~o.~a~~(1li ,2bX ,’k1~iUE1 3.6 COggECTIOlD’ ,
1’ hUm DISCUEL.LI UO US kIh5~ AThAlVA~~I V E ’)

aIIZk. (6 , 36)
36 IUAuIAI(lI1 ,20X ,Su 4 ’ — ’ ) )

I EITE(b ,40) I
140 zoao~ & ( lh— ,33x ,’A pkkuxI11 A~ L.bb US1aG ’ ,

1220 3 L ~!E~ 2. ’S ftk.ToOD, Ia ,2 2 )
N k X ~~L to ,414)

44 i I I A~~(10 ,2O.4,’ta/ft/l SCAA..ED lEAI CUftU~.I~1VA’ ,14141 1Da~.0L5S Al T ’ zAb S (ftU) *~.’ ~1.L.,  AT Lal . ) )
WOLTO (6 ,40)

146 L’O414~4*T(10O,(ê7X ,’ w1~L41OUl CUNkLCTi( .~ TEEII )
• iE I T E 4 b ,52)

52 kUbIA T (1 d%è,45 A ,’SCALLD IIITI AI. SEOVU LuAu ’)
~kIT E (6 ,56)

56 z’OoOAT(i H ,19X ,7b ( ’— ’ ) )
• wa ZTA (b ,oU) (ZSLb (JZ), Jhal ,b)

60 FUaII AI (1H ,1bX ,’mrn.’,5A ,o ih’3.1,7X ) )
.01.10(0, 64)

614 IOLIIAT(1ft ,15A,’-—— ’,b(2 1,8(’—’)).)

98
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DO 7.4 111410*1,11
- • Wk lTL(6 ,.b8) EHO1a (I000) , (Sh.hITl (.LgkiO ,Jo) , J~.a1,8)

ob iOkft A~.(1H ,iSX ,13. 1,8 (2A ,18.e) )
• 72 COWt~.1U1C

WI ITI.(b,76)
76 *OEo A’L(lkt )• WE1T A~(b,1e1I)

80 iUEII A~~(1kiG ,148A ,’i ITO COELECTIOI t~~Ift ’)
Wk1~LE (6, 52)
WE ITO (6,56)
WR 1~~L(O ,bU) (Z5Ik (JZ) , J Z 1 ,8)
W Li1~i L (b , 64)
DO 84 IIAOO l,11
ao1~~L(6 ,68) kkiOI b (11440) , (5Le1t2 (1iOU,J14’, JZ.a1,d)• 04 CU41~ 11Uk

68 COITIN UE
H S~~0P

LID
C
C

SDb iiUUTIIk. L I N V ( 1~’,1.,T, kA ,V ,a)
IO~~.1C L’x A~~AL *b ( A — B ,U~ Z) ,  1bT1~ EI (2—N)
C b / Ac/ ikUCb(1O),A2~ 0QX ~10,O)

• b oa.aIUI .c.(25), k(~ S) ,  H(s3) , V (50).
£1 (O.k.~~. b )  (,~.) ~.Q 50

L(1) = 2
= 14

• 1(1) = 1
1( 2) = 1
4.èC 10 j  = 2, 141

= ( .D0*(2*1.l )*~~~(1) ) / I
i( 1+1) = 1

IC COb ’.111.UL

= 2/ 1 (1 .0)
DC sO = 2 , 141
tl (.J) =

sO
151(11. a
DO l i Oj a  1 ,1
V (I) * 0

= (1+1) /s
a

DO 30 ~ d11054 , JA.A~~t
= V (I) • h ( J ) / ( * (I — J . 1) .k ’ (2 .J — 1 + 1 ) ) .

30 CQW~ 11U L
V ( 1 )  * ISIUI’V (L )

= —181(11
44) cua I Ib i J~
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SC 4A 0
A .~~9il147l8O53 ’I)30~d4l723s1s1143oLiQ / T
w 00 1= 1,
I A  = 1* •

60 CObT~~IUk.
kA A*rA

£1 £
C
C

DUuOLL ~~~mC 1SIOI IU I C J I U O  ~~U1U1 (5)1ft~ 4.iC1T AEli.~ 6 (A— b,o—24, iNt k~I~ k( I—l)
C~~ftft ~ a / Ef i O h/  EHu ,s
b l —  4100—S/2.
OftL~iA =

= DEXk (—OIZGA *h)/ (S’ubEGA)

END
I..
C

LiOUb i. L P0~ CI~IOi IUO CT IOI ~~~ UA A ) 2 (5 )
Ibàk~LiCI~ aLAL *8(m—k1 ,U— Z) , 11.11611 (i I.)
Collol /~ OOZ/ k41O,s
O = 1 — — S/2.
Gbz.6A =

• PQUAD 2= D~.Xk (—Oft 1*Z)/( ~ *3n&4iA )—D04. 2 (~ 4* (2.$0OO.5) )/ $S*b)
LET UAII
LID
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t..QII2U~ Lk ~~ O(1iAII 101 AIiENDIA TAbLth , 0410 101 ~~UA L TO OIL

ZOPLICIT 0LkL *8 (A—H ,~~,L,U— Z ) ,  £I.TE(11E (1,~~,ft ,1)
COl000 /IOu UT/ TVAi.(16) ,I~VLL (7) ,SC~.Wl ( 10 ,1o,3) ,1ki0I1,

12~S1Ii (3)
COiUi4~1 /LAkLAC/ V (50) ,1,N
COlOQI /MLWIAP / X0LkNC ,ftA~ IT1

C.
• 

• 1*0

iIA Xj .T1 20

C
DO oO lkAGIal ,3
lOAD (3,20) £0011, (Z5I1 (ITASaL) , ZTAO1.L*1,3)
oOlb~b,20) (TVA ~.(.~), 4=1,6)
sLID (5, 20) (~ VA L (J) , 4 7 ,12)
AEAL ) (S,20) (TVA L (4) , 4=13,16)

~.O FUEb A~4 ( 6k10.O)
C

DO 50 1TAI$LE I ,3
CALL EhW10 (I~ ABL1 )

H CALL haftLl (ITAOLL-)
CAA.L z~~~o~~~ItAbLo~CA LL EhGA II (ITA 8CL)

• 50 (.OaT 1IUL
CA l l. ~h0UT

60 COW~IIuL

LID
C
C

bLOCK DAT A
I0P~I. IcIt 1iLAL*8 (a—ti ,K ,L, O~ Z ) ,  IIItE~,11(I,J,ft ,N)
CUOII~~41 ~.INu U ~/ TVAL( 16) ,K VAL (7), SCLWI(i O ,16,3) , 000 IIl ,

lhS Ib (3)
4AI ~ KVAL/’e.,3.,2.,1,5,1.,.5,.2/
O I L

C
C

• 
~ U 8EOUT I0E L1MY( ~’,b,1,ZA ,V ,II~
lIrDIC1T skA~.*8(A O.0 h ) ,  II~~~~bk( I N)
C00fto1/LAPDAC/E~U.CO(1O) ,APk100 (10,0)• O1LL Z.SIC4I 0 (25) , I~ 2sj , 41 (25) , V ( 5O),
11 (A .L t ~.k)  (10 ~0 50
4141 = 1/2

0 ( 2)  = 12
141 ) a 1
1(2) = 1
~U 10 .1. = s, 1.41

a ( 2. u 0* ( 2*I,1)*E (I) ) / £
1 4a+1)  =

101
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10 (AaWL .LIUO
£11 a
41( 1) = 2/1(1.0)
DO sO ~ = 2 , 00
0(4) =

20 CO0.LIIUL
H LS4k0 = 2*(bk1—2* (b0/2))— 1

u Q l ê C I  1, 0
V (I )  = 0

• JZIE~~L = (a+i)/~
JLASs = 0110(1.141)

• Do 30 ~ = .iflEST , ~~~A.ST
V(I) = V (I) •

30 COI I I IUL
• V(1) = ZSI( 1N*V(1)

= —15101
110 CU 1s L 1I.UL

m a O  H

sO 11 * 0
A = .6  1471805 91eb3O~ l1172J ~~l 2143oD0 /
DO 60 I a 1, o
I A  = IA + V (I) *P (I*A)

• 60 000.&IIUL
IA a 1*11

LID
C
C

5UbkoD ~~IOL k~ .W lk(1T&Bã.E)
IIII~.ICI~ kLL4.*b (A— h,K,L,O—Z.) , I0~ 14aEE(i,4,0,I)
C0000l /IIU UT/ £VAi.(16j ,K V A L ~~7 ) ,5C LW~L(10, 1~~,3), lHOIe ,

i a b Ib (3)
cOoftol /DAeLAC/ V(50 ) ,d ,1
COIlCI /kIaOW/ EdO,Z,U5TA&T
1.ATEA 1.Ai. lila

C
C ~CADI1à(1 WIl l ~1(,~~jk = I

a
ALt5~~ 41 = (1—1410)S(i— 1100)

a 11115 (1— 1410)
h = ~~1a(ITAbL~)/iT1CtEC
110 0 .1,16
I *

CALa. a.IiV(l WI1,N,~~,T h.gl3,Y ,e) - •

= A • (AU 0—1 .) *T • TERI3
SC LW~~(1,J,1TA0LL) *sO CuITJJUL

C

110
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C
C

D0U8~.E ~*ECISIO0 IUM CXIO N Pill (S)
1ft ~~.LC1t LLAD*b (A—M ,L(,L,0 h), IITLIil(I,4,II,1)
C000(.O /gIIU ZO/ EhiC ,Z ,OSi A0T

=

frI NA = DIX ? (—011(1 A*7.)/ (5*011(11)

LID
• • C

C.
~~UbkuUX 101. lh$J.al (1TABLE)
ISILICIT gt A D *8tA — 4 1,K,L, Q~~.1, 1Ml1GE41(I ,J ,0,1.)
C06001 /I41~.~LT/ TVL.( 16) ,KYA ~.(7 ) , M.~.iT (1O,10, 3) ,BIIOII.,

1~.SI1.43)
CUZthub /LAPLAC/ V (5O), II,M
CONOCI /11hO~ O/ R*iU ,Z ,OSTAET
~.XTLlIA L L~ftD1 ,IND 1,DFII L1,D11ift11i

C
C SCAalI( 1 WI Th ~ IG5 j) E = 1410

LkI C = 014011
=

WT1C~a.1 = uAóS (1-lthO) /0410
OS2.AE~L = 1

=

La.Z = DLX? (LHO*Z)
C

LI (I ~41C •LE. 1.0) GO TO 10
CAL~. ZLIIU (D!ND 1,aI IJFII D1,1D 1O ,58A0)
D ELl A — i I I D I (SSAA)

= S8AB + D~~~.TA
CA £1. 4~..kG (0 1111, D!IID1 , STAE .t,3b~ A1T )

10 C.Ubl’l IUE
DO .40 J l , 16

= T VAa. (J ) /ALk’5~) d
Ii (2. .LE . Z) EZIt a 0.
11 (2. .(1T. Z) CALL LIOV(L0111,M , 1 , HT ,V ,ft)
11 (1 .i t.  Z) OhIT a 4f~ +

= A 4 (0 liO 1.)*2~ + lh1T
SCLIT (2 ,J ,ITAELE ) = EZWT *~TZCTA

0 COai l IN U h

LID
C
C
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aOUoa. & frILo I~ IQb IUICTIUI k4111 (5)
III ~~~~~ OLAi.*b (A—I, K, 1,0—A) , Ll2.161~~(I ,4,0 ,bj
COIIICI /~ dUZ4s / l th.. ,h ,OSTAkI
ct.IIl~~I 55
LX2.~~AldI L 1Ol11,DI IID1

C.AL~. hi.*~1(tOftDI , 1,O~ TA~~.1 ,UftE (1a)
= 00161

kILl = a&~ (—OftM.A~ h)/ (b*01~ (1A) — DLAP (—~.* (A 41(~+5))/ (5*~ )

LID
C
C

L1OUb~i.L kkkC~~ 1O0 IDICTIOI 10111 (s)
IhkLAC1~ *E AJL *b (a—U ,K ,&.,O—Z ) , ~0lO(1Lk(d. ,4 , A ,b)
COIIICI /M(ehu/ kaO,h ,051~AET
IID1 a

LID
C.
C

UUU~i.E ~Ag,C1S1Ob EUICTIOI 110101(5)i1tL1CI~ kk. AL *b(A . 1* ,t( ,L ,O—Z ) , L*2.~ .GI E(I ,.J ,0,41)
COIIfl~~N /~ l1QhO/ k~1O,A ,0ST Ak1

=

• LID
C
C

DOUm.a.E PE41CISIOI kUOC.T IOl D lekID1 (S)
III&LICIT IL IL *b(A—h ,t ,&. ,0—Z) , II (1E8(i,.~,1,0)
C00101 /lliC’Z0/ AH0,h,OSTA1T
1010111 * AdO~ L iE AP (—S)

LID
C.
C

DOUOg. L kkh.C1S1Ol AUICT IOI PIMLI1(OIE(iA)

Ifl~~L~.C1T AE AL* b (A— hI ,K ,1,0—A) •
IS

a ~0A#1 (O11GA) — 55

LID
C
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C
~ ibo oU~&IO1 OZIIEK(IIAEL L)
IKPL ICIT AEAL*$(A—k1,A,L,0.Z), 141t1G1*(1,~,0,II)
COItAVI /1440U2./ ~ VA4.(1D) ,KV A D (7), bCL~~l(10,16, 3) ,AttO I1.,

1ZS1O (3)
C00401 /L A ILAC/  V (50) ,0,I
COmft4..li /LHO ZQK/ O A E ~~,A
L~ TE a0AL frIEK , 11 cA ,Dk’0 LK ,DDIIIE A

C
C. SLAL .LO G W I ~~41 SIuSi~jk (K+1) *sIfO/IC

0146 0410.11
C

4~U 30 13 ,9
A K V AL ( 1—2)

= A* (1—11401~ (1—900)/ ( (1.1) *100)
=

ij StAEl. = 1
= ASIa (III 1.)/*L1C3.L

=

C
iF (0410 . 1.1.. 1.0)  60 TO 10

4P1IU (DkflLK,ULIIOEK,0,S41Am)
* — 1LtLM (Sba ~~)
= SOAI 4 DELI A

CALL ZLEv (il~ K ,Di ft1.A ,5TA1T,O5.1AlT)
10 LUITIIUI

C
DO 20 4=1,16
2. = ~a.VA L (J)/A LkS~~
IF (A ..i.1.. 1) LAJI = 0.
IF (~~ .GT. Z) CAL .. LiI V (PIIL A , ba , UT , V , I I )
IF (~l .t.s. Z) EAII  = 411 4 (T h) *LLh
LZPI = A + (1HC—1.) *~t + Lh1T
SCLW~~(I ,J ,iTAbL1) a

sO CC’kLI1.UE
30 Cu1.TIIUO

LID

C
C.

11C’Ub~~ A’ALC.ISiQb IU1. CL I O0 PII1A (~ )
iIIka.IC1~E lk. 1La8(A-ta ,K ,L,0 Z) , IOI E( 1Lk(1,J ,0,N)
C0L~ift~..i /IIICAOK/ A1iQ,&,U5’1 A&T ,K
COb ol 55
£X t z.~~IiaL k u f t t K ,DIlZk
55a ~
CAL,. Zs.lU(000EK, 11iIIk.K,OSTAIT ,OlEliA )
OSTALT = odLtè A
1111K = DE Lk (— L~~A*Z)/(S*011i.A) — D E Xk (—A * (AUO +~~))/ (5*~~)

LID
C

105
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C
D0U0~~~ i*&Ci3101 kdm CT lUl zbh.A (~~)

• ftga..1C1~ .Kk.AL*8(A — k4,K,L,0—L), I12.I(11*(I,..~,m,O)
~.UN41~~0 /~~t*u ZG K/ gOO,4,CS2.Ai~,K

*

a k.TU~~1
OI L.

C
C

UQUsi.k hOLC ISIOl 1 UNCTiON D10tK~S)N I0&D1C1~ 1.L1~~~8( A b , A ,L, O Z )  •
cObJ1~ 1. /A**0h(jK/ ~~~~ A,OST*EI,K

a

C
C

DOUOLL P~ak.CI5iOI IUICXIOI lh.tftbK (S)
10k~~~CI~L ~ OAL*8 (A— o,K,~~,O— Z ) ,  ib~~mia1k( 1,.a ,0p I)

• C.~~00i..I /0MO~ 4,K/ it1u,~~,O5T AA~~,K
00000K =

JI
1.1 1.

C
C

UUUOA.. L Pk . .CLZOI 1U14..J100 kQ0~ K ((.0E (1A)
IdIa.LC.12 kEA~.*8~ A—b ,K,L,0—AJ , LI’LEuEk (I ,u ,1t ,0)

55
* 101.0(001(11) — SS

LETUKI
01 D

C
C

LII
I0&i.LCIT *EAL*ó (a—b , K,L, O—h) , iEtLGLb(I,4,ft ,li)
C0006l /IIO UA/ T V A L ( 1 6 )  ,KfAL (7) ,50 A.WT ( 1U ,1b ,3) , IO O I1.,

lhSI1 .43)
Cu000l /L A*rLAC/ V (50),.0,I,
COIIOCI /1141010/ ~410,~~,05TAiT&XT~~gI1 L ~iè A0 , ZG A0 , DIG M

C
C SCADlIG rnLT b ~ XG5q,E = 1140

2 kth)1l
*

* DA mS (1-4141()/ii14O
OslA~~Z a 1

a eSliI(ITALLIJ/WTICTo
C
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11 (i~410 .11. 1.0) 00 TO 10
• 1.

DELT A —I ( 1A0 (S41A1)
STALl = 514~~ + DELiA

-f CAll. 1Ll0(iGAft ,Dh( 1M,ATAET, 0bTA1t )
10 C0I~i. IOU 1

• • DO 2( 1 4*1,16
- 

1 = &V AL (J) /ALESgA
• iF (1 .4.1. 1) EI~.L2. * 0.

• ii (~L .G2~. 1) Cl ad. LI 1Y(P6A$,11,~I,1ZI2.,V ,0)
LI II = £ + (100 1.)*T • LAIT
5CLI~ (1O,.J , ITA&0) = EZiT* ih~kCTA

20 COOIIOUL
C

01.4)
C
C• DOUo&.x. klx.CISLOI IUIICTIUN &(iAft(5)

1OPA. 1...iI m0AL *8(A— 41,K ,L,0 Z) ,  L0t~~GLk (1,J,0,0)
COfl~aO N /kkiOhO/ ~~~ ,~~ OSTART
COltho4ã 55

iii L X A L à 1 . A L  EU ( 1A0,~at bA1t
F ~L ~ CALL (F OGAO, D IGAO , 0 T ,uOA GA )
I I C.~~LAct a

I lGAr~ * 111 ( Oftkau è*Z)/ ( 0*UOMA)
LOT U 1 0
LID

C

DUUO LL kEECISIQI IUICTIOI 0(1*0(5)
I0i.~..LC IT IEAL * 8 (A— d , K ,L, 0 Z) , .iIT060E (1 ,4,z& ,b)
CC~A0U41 /alUOAO/ ~bC,A ,05TA1T
1(1*0 = 5—mt&0*DLO(1(i+S)
~E TU 0b
LID

C
C

DOUSAL £1ECI~ 10b IUI CT ION 01610(5)
1.0PL 2CI~ 1 AA L * 8 (A— O ,K,L,o— Z ) ,  £12.L4ilk (I ,~~,I ,I)
C01100I /kIO~ U/ mLl G ,A ,OITAET
111(110 = 1—EhQ/(1+S)

0011
• C

C

107 
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o0Umi.L 1a&C.15IOa IDICT IOI FO( 1A4(000( 1A)
Iht4. .i.C.a. 2~ Lk.A4. 8 ( 1 I ,K ,L,0 h) , A a ~~0(11A(1 ,.i , L~, l )
COIOCO /LU~)ZU/ g41C.,a,U~~ AR1
Cu ftOul S~
10(1~0 = 1(110 (001(1*) — Sb
aETUON
LID

C.
C

SUb U~ I~iL h L l O(t ,Lk ,XS~l ALl ,Xs1.40)
• 10 ~~~~~ L,.AL*8 (A—4a,K,L,0—Z), iN1~.(1El(i,1J,0,l)

C.uIftu1. /1LWlA~/ TCiENC ,0A1iTIilL~~ll = 0
C

10 uèb’LIIUL
= 0 — I ( X ) / D k  (X) -•

= (X I1 .W — X) / 100w
I = AlL.

= i4EAA T • 1
iF (.L2O11Al .60. 0A4110) 60 ~ u 50
IF (DADS(IEL ACC) .Dk .  ~OLlOC. ) ~~ ~O 20
GD I C  10

20 CONlA.IUE
XZEl6 = S

C
50 WE 1T I. (6 ,60)
60 1000 11 (1411 , ’ IE i T U ~~—lAfrbS0I ~~~ AAC0 I SUm*~~U TINL £100’ ,

1’ EXCOLDOD OAXIO 4aO AL1OWA8~L 1U081.A Cl £TEkA~ 1OI.~.’)
WhIl l. (6,62) 0AX s10,LELACC ,I0L*IC

62 10 lt1 A~i ( l k iO , NAX LTI = ‘ ,14,///,’LE DAC(. ~~~~~~~~~~
1///, ’TULaIC ‘,112b.lb)

ST .?
OlD

-
i C
• C

SUDLOUTIIL a~.UU~• I0k.~..a.CiT ALAL * 6 ( A — l i , K ,L, O— h) , 102.1611 (1 ,~~,0, 0)
COZi lICI /I I UUT/ T V A & ( 1 6 ) ,K Y A D (1), SCL. It ( 1O , l6, 3) ,I 1t311,
11.511 (3)

• DIOEISiOl I S C L W I : ( 1 O , lb ,3)
C

• DO ~ C IiCOL 1a1,5
C.

~k I IE 4 b ,1O)
10 V030Al(liIl,///)

= ~e + ICOP Y
DO Is 10a(i l~ 5,0A*G.LI
Il  12.1 (6 , 11)

11 IUoo At ( l n  )
12 CONT.LI UE

108

— —- — -— - •— ~~ - • -—~ -~~~~~-—— ~ •~~~— -—~ -- 
~~~~~~~~~~~~~~~~~~~~~~~~ 

- -~ — ———— - ~~~~~~~ --- — —
~~~~ 

--



- - - n r-,~- 
-‘ -‘ -- -~~ -# ~~~~~~~ .‘-—-- - -

• •~~~~~~~~ ~- •- - --~ --—~~~~ • Ii

C.
110 dO ,.lAbLk l ,3

— 
C

SCALoL a 1000.
.a.l (SC.a.411(1,1b ,ITAOLE) .GZ. 1U.j SCALOA 100.

C
DC 114 .1 = 1,10
DO 1~I 4 1,16
~5CL .T (i ,J ,I~.L14LL ) = 5CALO11*SCi.iI (I ,J,1~ asL1) + 0.)

114 COITIZIUL
C.

11 (SCA LOR .LQ. 100.) i~IXE (o,1ó) Lli0.L1.,~5iI(ITA1LE)• 16 hO~ i1A1(1B— ,1OX ,’~ HC. 1 ,15.2,bh,SCALLD £I~~~ AL SElV~~ ’,
1’ LULL a’,15.2,12X,’SCALI.D mEAl 41A~T Il 01111101.112.415’)

C.
IF (.~CsLOl .1.0. 1000.) iu&IT1(6,20) aliOIl,hSll(ITASL1.)

~0 1 OAX(1a ,1O1,’ibU ‘,F~.2,bA ,’SCAL0D 1I12.~.AL SEHEL’,
1’ LOAD I,k5.2,11X,’SCAa.ED 01*1 WAIT II T0O~SA011TMS’)

C
W~ 1lk (6,25)

25 1ORIAI(1k4 ,55L,’SCAa. ED LkOCtl ’)
C

• IOIIL (6,30) TYAD
• 30 k’0 1101l ( 141 ,21i ,~ c 5.2,7I5.1)

C
aAiA z. (b,35)

35 k0 00At(141 ,211,lb ( 1X ,’— - — — ’) )
C

iA42 L (6,110) (I~ CLW~L( 1 ,3 ,1~LAb4.1) , J 1 ,loj
40 i0~~i4A T(141  , 1CX ,’lIk.I LL ‘,16(14.,i4))

C
WIt IlL (6 ,45) (I5 C4.iT (2 ,J ,ITAb~ 1), J l ,16)

45 komLAT(10 ,1OX ,’LILl eUEUL ‘.16(11,14).)
C

• DO 60 j =3•~
hu lL (6,~~O) oVAL (Z— s) , (15Ci.d~~(I, 4 ,ITAL~iL) ,J=1 ,1b)

:0 i~.#110A~~(1~ ,1OX ,’d E1 Ka 1 ,15. 2,1o(1h ,14))
- : oC CO0XI1.Uk.

C
~iu L  (6,7(1) (ISCL mT (IO ,J,ITAb~.1), 3*1,16)• 70 k0~~0AT( 1b , lOX ,’u AIthA IIPUI ’,1b (1A,14) )

C
60 C.Ot4~~Ik U L

C
WO COIa IIU ã

C.
OLlUla
LI II

i i
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. 1
C.(s f l e 0 L E O  1à ~0 U0AL1 100 ~~~fr k I D ~ S i A~~~L5, 5410 LQUAa. 2.0 CI lL

IftL~ ..a~CiX Lg.AD *8(A fl,gt,L,0~~h), Ak tt.~,Lk (I,.. , ~, 1.)
UjftftC.jji /1~ u U 2./ T~ A L( 1b), KVAi. 17), hA1T(1C ,10 ,3) ,h1O(3)
CoNOOl. /4.1LLAC/ V (50),1t,I
C0000l / IEIaAP/ TQL1b C,0ALI~ a

C

1=314
• 01(sTl 2O

TQLg4 C.= 1,~~~2fJ
C

• adO bD IiA (11.1,3
OL AU (5, 40) (AI0 ( .a.IAOA. E) , I TA&a .k. l , i )
o LAD (5,20 ) (2 . VA L (J) , ~~~1,6)
01*11 (5 ,20) C L V A D ( l 3 ) , 4*7, 12)
£tLAAI (5, 40) (IVAL (J) , 3*13,10)

• 20 IuLIUT (bI10.C)
C

• LaO 50 iIAbLL* 1,3
CALL Oh hbA( 1 lA&Lj
CALL 11.0111 (IT AbLE)
CALL I C ( IIA14L1.)
CA LL 11.610 (IT Ama.~ )

50 COI ’1~ . lDE
CALL 1AQU~

60 Cual i lUE
SloP
LIED

C
C

LMO CK DATA
Ift~~Lic1l b1.AL.*8(A— U ,K ,L,O Z ) , Llt 1.6E1(I,o,il ,0)

• C0000l /IIOUT/ TVAL(16),KVAa. (7),IIA1T (1C ,lo,3),Iiti(3)
• DIII tCVA L/4. ,3.,s. ,1.5,1.,.s, •/

C
C

~~~~~ .sU2.Lb L ~~ a V ( P ,O,T, 0A ,V ,0)
LOILICI I kEk *8~~A— H ,U— A) , L1.~L m k ~E (i—N )
COOl
adIOLIE SIQI ~. ( 25). , 1(25), 41(2sj, V ( ~~0)
I! (d.k~~.l) GO To ~O0H~~~~N/2
0(1) = 2
0(s) = 12
1(1) 1
k (2) = 1
110 l O i = 2 ,  OH
E(I.1), a ( s.DC* (~*I+1)*E (.L) j  / £
1 (1+1) a

10 CONT .LOU I.
* Oh
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44(1) = 2/ 1 (141)
- DO C 4 * 2 , Nh
41(4) *

-
• I 20 CON~~I0U 0

ISlbb =

D0 4 0 1a  1,!a
V (I) * 0
411152. (1.1) /2
JLASI =
110 30 4 = JII4SI, .J4.A5T
V (I) = V U)  + d ( .a )/ (1 ( .I—J+1) *k (2*4 1+1))

• 
• 30 C0 OA’~1IEU O

V ( I )  = L~ I(1IE~ V (l )
= -.5161

. 1  40 LCt .TIIUz~-
~~

50 1 1= 0
A = .o~~3114? 1o0 55994b 3O 941723212114~ 8DO / ~LO b C i l , I
rI = hA + V (I) *P (i*A)

00 COI~L 1IUL
IA = 1*1*

LOU
C
C

.~uakouLzbL ~~~0*(flAmLE)
lOPlILIT gE AL *6(A .~H,K ,L. ,0.. Z) ,
(.044000 / IN OUT/ IVA L (lb),KVAa. (7) , WA IT( 1C, 16,3) ,ZII(3)
C0191u1 /A.APLAC/ V (50) ,0,N
COILICI /ZD/ b ,OSl ALT
LXIEOI AA. £ ‘WIEA

C
4. = £11 (ITAbLO)
DO 2u 4*1,16
¶1 = TVAA . (J)
CALL LIOV(P h1.4t,N ,X,T1.&03,V,I)
WAII (1,J,LIAISL E) = £ + TE~ o3

20 CuaTibU l

El D
C
C

DOUbL O ?âEC lbiOI FUOCT 1OI PIIA(S)
LOIL1CII gLA4.*8 (Ab ,K,i,O~~), LI2.1GER(1,J,a,0)C000 ul /10/ £ ,0bLAL T
~ 4 10GA * LaS 11 WJ ( 2 *S)

a

LID
C
C
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SU ~~0CU ’A~Ilk. 01.L 1 L 1 ( i~~A & ~LL)
iMP.&. s~.. .&I it~~.A L * 8 ( A Ii , 0, a. , 0~~~.) ,  I I ~L06L0 (I ,~J ,L4,1.)
Lue~4 4CN / i l0U~./ T V A ~.(1 o ) , K WAi. ( 7) ,~~AI~L ( 1Q ,1b ,J ) , 1.i1.( 3)
C000ol / LA&LAC/  V (50) .0 ,1
Cubft( . a /~.u/ Z ,OS~.*11T
LX ’X E OOA L £~oLa1 ,Fft111,LaL~0D1
oS2.AA’t = 1
I.. = h1 N( I tAA ~h. L)
~.Lh

C
DO sO . 3 1 ,lö
¶1. = ~a .VA L (J )
11 (1 .LL. ~.) £1.1 1 a
IF (a  • (1’)~, Z) CA i.L L .i.IV( PLtlu l ,b ,i ,L1T ,V ,ta)
IF (~ . .G2.. Z) LZ1~L~ = 41~ + ( T—h ) ’L LZ

= 1. + OsiT
20 COi~LI0ba .

LID
C
C

L a O U b~.L kCi5.~.C.1. IUNLa IOI k 1W1(~~)
L0~~~a~Cis 0k.AL*b(a—H ,K,L,O—h) , II TE6E b (I,4,Zi,I)
C000CO /1.0/ ~ ,OST &1T
C0000l ~~
EI~L 14lAL k OOLd l ,D k O L 1
55= ~(.1.1. ILSO(1 00111, DZ 1,0~ TL0s ,0006A )
CSIAoT = 00161
IOD 1 = ~ 1S&~ (—Q0i~bA *Z)/  (5*0441(11) — DIX? (—e * (1+5)1/ (S’~)
OETU ol
0111

C
DU~JELL k1kCI5 1u1. .kUNCT IUIE 10111(5)
LOILICIT h 0 A L * 8( a — b ,*t ,L,0— Z~~, IkIAb10(I ,.i ,~~,0)
C000Co /10/ h ,Ob~L AlT

= — 1. + L# EXP ( 5)

0011
C

DO U øLL ~oEcTh1OI IUICTIUI Dr L4Aal (5)
IOILIUT bLAL ~~8 ( A — b ,K,L, O—Z) , 1~~~~ .E0(I ,.J ,i~,I)
C000ob /4.0/ e ,05LAI T
1110111 = 1.—DLS~~(—5)

00 1.
4..

110U14I.1. Ih1CIS.LOl hUIECTIQI FuftDl(000GA)
I0 1’L 2CLT ALAL * b (A—h, K ,L, U—I) , IITLGEI(I ,4 ,44 ,l)
Cob ol 55

= E0u1 (O0L~iA) —
1.011101
LID

112
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• ~UbiO U TIlL R.e0LK(IIA LL L)
I0 .LL..2. OLAL*8(141 ,K,L, U 1 ) , 112.0(111 (I,il,h,-l)
Cob ol /IIOUT/ ~ VAL(1b) ,1VAL(7) , IA.LT( 1O,1b ,3), zIIE (3)
Cu044~ a /LA~ LAC/ V (5O) ,m,N

• • C0 1Ib~~b /hOK/ h ,U . 111 T,1(
£X2.IJIIAI P0E~~,kb1.K,1110EK

C
DO 3C ~ =3,-~jA V AL(i —2 )
(iSTAET a 1

a 1.4.1(12.1144.0)
• 1kb = 4)0A?(Z*(K+1)/&)

C.
Uo 20 Jal,16
I ¶L VAL (J)
II (2. .1.1. £) £1.12. 0.
11 (~ .62.. Z) Clad. ~lIV (PbLL~,0,~ ,th ,V,h)
Il (~

i .b2.. I) £1.12. = 01 • (T—h) *LL Z
.AiT (I, ..~,IlA 14LE) = 1. + LILT

20 CO OTII U E
30 COIi JIE U L

TU~ b
a~.la D

C
C.

DOUbLE ?4ttCISlOO FUNc T ION Loll(S)
IIlPLiCi1 ltLIL *8(A 14,l,L ,O Z) , IItEGEk(I,o, l , O)
C(JOOCIE /101/ Z ,O~ tAiT, l
CO 444401 55
£X’~1kOAL 0000K ,DbbI1(

CA ~.L h0nC (I COOK, DhOEK ,DSTALC ,00EGA )
0511*2. =

= DLX? (—001GA *Z)/ (5*Q44E(1A) —
1ETU ~~O
LID

C
C

LsuUbi.L LIECISION EU1. CTIU N FOl K (S )
ioP...ICLT AE AL*8(A-tI ,L (,a., 0—hJ , Il2.OGEL(I,4,0,$)
Cu Abul / ..u t(/ 1.,OSIAOT, K
0001% =

002.1111
0111

C
C

DOUS..k. &oECISIUN IDI CT IO IE DL~O1.4( (b )
10P..LCA.T iL AL*8(A 41,Ll,L,O—s)., INT000I (1,J,0,M)
COoth o /401/ Z,OSTAk2,K

*

LE T UoN
LIED

113
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i,OUb.~ ~ 01C .LSI0I I UIiCTIO I 0000K(C.i4k.( 1A)
I0k . .1C2.  1k.AL*b (A ~~41,1,L,~~~h) , .a.12k.6EO (i ,ad ,~~,I)
CU A000 55
k-COO! = ke. Ll (00161) - $5

LID

~ UboUU2.10E Ah6AtI ( IIA 14L O)
LOk.. .~CiT 1LA~a.*8(A 0,K,L, O h ) , IEIZGZI (I , a ,b,a)
(.0444400 / i IOU2./ 2 . V A L ( 1 b j ,1VA~~(7) , hAi~~(1G ,1b,3) ,AII (3)
C00001 /LAk’LAC/ V ( ~ O) ,b ,IE
COt~0Cb /eO/ z,OsTART
LA11oOA L P O AO , k ( 1 Ah , DE a I A O

051*12. = 1
hlI (ITASL L)

C
110 20 4 1 ,16

• = LVAL (J)
• .11 (~ •LL.  4.) £4A 2. = C.

11 (~ .~~~. 2.) CLD4. LIIEV (26A0,l,A ,EhIT,V~ b)
bA 12. ( 1G,J,L~iAóLl) i. • £4.12.

20 COI~a .LIU0

L ID
C
C

11011144.1 k0LCI~ LOs lUI CTiOl £ 610 45)
IOPL j .C1.l LIAL * 8 ( a— h , K , k , O 1) , iNTLCiEl (I ,..a , b ,0)
(.00001 /40/ ~,CaoTAat

55
£X.a.&oIA L fo6AO ,IIt’61a

S
Clii. lOb (h Q(1A0 ,a.16A0 ,U A14, 001(1A)
GS~ A A2. *
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APPENDIX C

TABLES OF SCALED EXPECTED SERVER LOAD

All tables for a specific value of p are grouped together.

The tables are arranged in the order shown in this list.

Each page contains results for three values of z*.

p 5*

2.0

1.5 There are two pages

1.4 of tables for each 1.0, 0.8 , 0.6
of these five values

of ~ 
0.4, 0.2, 0.0

1.1

1.0 -

0.9 There are three 4.0 , 3.0, 2.0

0.8 pages of tables 1.0, 0 8 , 0.6
for each of these

0.7 0.4, 0.2, 0.0seven values of p.

0.6

0.5

H
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This research provides numerical results for time-dependent expected
server load (mean virtual waiting time) in single-server queues with
Poisson arrivals and ganina distributed service times. The results are
presented in tabular form to facilitate their use by practitioners involved
In the study of operating systems. .~~~~~‘ p”—
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•

- The server load process is expressed as a net input process (Mving
~ ~ 

stationary independent increments) modified by a reflecting barrier at
~~

, 
- 

the origin. In queueing systems the net input process is compound Poisson.
• 

—. ~~Two other choices 0f net input processes, the Wiener process (or Brownian- iiIO’tion) and the ganra process, provide approximations for the queue i ng
process.~~This research considers groups of server load processes whoseparameters are selected so that the first and second moments of their net
input processes are matched. An existing Laplace transform expression is
empl oyed to obtain transient expected server load at specified

- 

I 

- 

The Laplace transform is inverted numerically using an existing
- • technique. The inversion technique is first applied to test functions

- whose exact inverses are known, and the results are also compared with
-
- queueing results obtained by other methods. These investigations indicate

• / that the numerical results for expected server load have four to six
/ significant digits when the approximation is based upon thirty four values

of the Laplace transform function. The computer programs are coded in
/ FORTRAN IV using extended double precision , and complete documentation is

— included.
-
. 

The numerical results for expected server load are tabulated in
scaled form. Each of the 93 tables includes results for a specific combi na-
tion of traffic intensity parameter (twelve values , ranging from .5 through

- / 1.0 up to 2.0) and initial server load (either six or nine values , ranging
/ from 0 to 4 in scaled form). An individual tables has results for the

- - 

i Wiener process , the gaimia input process, and eight queues wi th different
service time distributions; each of the ten processes Is evaluated at

• 
• 

sixteen epochs. Step-by—step procedures for using the tables are included ,
.........a,d several sample problems are presented.

• 
• ~~ The tabulated results allow a comprehensive study of the error

associated with using the Wiener process as an approximation of server l oad
in queues. This study confirms that the Wiener process is always an upper
bound and that the approximation is best for queues with a traffic Intensity

• parameter near unity. The scaled results also indicate that the ganina
input process and queueing process wi th deterministic service times provide
tight lower and upper bounds, respectively, for expected server load in all

— queues with Poisson arrivals and ganra distributed service times.
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