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CHAPTER 1

INTRODUCTION

1.1. Objective of the Dissertation

The objective of this dissertation is to provide tables for
time-dependent expected server load in M/G/1 queueing systena.l The
results are presented in a form that can be applied by practitioners
involved in the design and control of operating systems. This presenta-
tion attempts to bridge the gap between the mathematical theory of
stochastic processes and the numerical results useful to the manage-
ment science practiticuner.

Waiting lines and congestion are common problems encountered in
almost everyone's daily life. A queue can develop in any service system
whenever the immediate demand exceeds the system's capacity. One of the
problems in designing or controlling such systems is achieving the
proper balance between the level of service and the amount of waiting
which might occur. Formal analysis may be appropriate if the service
involves very expensive equipment, if the costs of waiting are extremely
high, or if the decision involves many similar operating systems where
the combined costs of service or waiting could be excessive.

The mathematical theory of queues can often provide some insight

into the behavior of an actual or proposed operating system. Ideally,

lThis notation is the standard Kendall designation for queueing systems:
Markovian (or Poisson) arrivals/General service time distribution/l
(single) server.
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the designer would prefer a mathematical model or algorithm that would
determine the optimal system design, given the demand or arrival pattern,
the costs of various service levels, and the costs associated with
customer waiting or delay times. Unfortunately, there is no general
optimization technique for queueing models. However, there are numerous
predictive models that allow an analyst to determine some operating
characteristics of a specific system. Prospective levels of service
can be analyzed one at a time and an evaluative model can determine the
total cost of service and waiting for each alternative.

The mathematical formulas for such operating characteristics
that are often available to the practitioner apply only to queueing
systems that are in statistical equilibrium. These steady state results
are appropriate for a system where the server can, on the average,
serve customers faster than they arrive and where sufficient time has
passed to cancel the effects of the system's initial condition. If
customers arrive at the system faster than the server can handle them,
or if the behavior of the system must be analyzed for the start-up
period, then the time-dependent (i.e., transient) operating character-
istics are important. Lee [1966, p. 26], in an opinion probably shared
by many practitioners, has stated "... the first working rule of queueing
theory: time-dependent solutions to queueing-models are either unobtain-
able or unmanageable."

Transient solutions that are available in the queueing literature
are usually expressed in terms of the Laplace transform of the operating

characteristic. Bhat [1969, p. B284] reiterates the problem and mentions

_a possible solution:




L S N T s A e S e B

A Mﬂﬂfmﬂ"wr-vp‘ ST — AR = I ——————————S————

"Plainly speaking, the results, given in terms of trans-
forms, very often with more than one argument, fail to make
sense to an applied researcher. Numerical inversion of
transforms ... is an answer to this problem. But at this
stage, the inversion methods are either not sophisticated
enough to handle the more complex situations or do not appeal
to the applied researcher."

The present research uses an accurate transform inversion technique to 1
produce numerical results for transient expected system load. A
practitioner can use these tables to analyze a wide range of M/G/1

systems by referring directly to Chapter 4. Chapter 2 discusses the

transform relationships from which we start, and Chapter 3 discusses

the inversion technique to be used.

1.2. Methodology

The operating characteristic studied in this disseration is time-

dependent server load. The server load at epoch t, denoted W(t), is

e TR A P 5 T

equal to the sum of the service times of customers waiting in the |

queue plus any remaining service time of a customer being served. The

SO

quantity W(t) 1is also called virtual waiting time, because it is the
time that a hypothetical customer arriving at epoch t would have to *

wait before beginning service. Our objective is to tabulate the

expected value of server laod, E[W(t)], for various epochs t and

various system parameters (initial load, arrival rate, and service time

distribution).

Our study of M/G/1 queueing systems can be embedded in the follow-

ing general framework. Let {X(t), t > 0} be a stochastic process




with stationary independent increments (a Lévy process) whose sample
paths have no negative jumps. Let W(t) be this same process modified
by a reflecting barrier at zero. If X(t) = S(t) - t, where

{s(t), t > 0} 1is a compound Poisson process with positive jumps, then
W(t) 1is the server load process for an M/G/1 queue. (The jumps of

S(t) occur at customer arrival epochs and the jump sizes are service
times.) We shall discuss two other choices for the X process which
lead to W processes that provide bounds or approximations for the
M/G/1 server load process. In one instance, we take X(t) to be

Brownian motion, and, in the other, we take X(t) = G(t) - t, where

G(t) 1is a gamma process (a Lévy process whose increments are gamma

distributed).

In Chapter 2 we present a Laplace transform result for E[W(t)]
that covers both these two cases and the queueing (compound Poisson)
case. In terms of its application to queueing processes, this result
is valid for a system that begins operation either with or without an
initial backlog of work and that has an average arrival rate less than,
equal to, or greater than its average service rate.

There is no general closed-form expression for the exact inverse
of the Laplace transform of mean server load, but numerical methods can
be used to obtain an approximation of E[W(t)] at a specific epoch t.
The numerical technique employed in this research computes E[W(t)] by
taking a linear combination of the Laplace transform function evaluated
at appropriate values of its argument. Theoretically, a more accurate

approximation of E[W(t)] can be obtained by using more evaluations of




the Laplace transform expression, but, when using an electronic computer
for the computations, its finite word length places a limit on the
accuracy that can be achieved in the E[W(t)] approximation. Investiga-
tion of the technique using Laplace transforms with known inverses
indicates that five or six significant digits for E[W(t)] can be
obtained efficiently; this is more than enough to justify confidence
in the three or four digit results shown in the final E[W(t)] tables.
The computational procedures used in this research could be applied
to any M/G/1 queueing system whose service time distribution has a
Laplace transform that can be evaluated numerically. In this research
we achieve a balance between generality of results and ease of computa-
tion by concentrating on the well known class of M/G/1 queues whose
service times have Erlang (or, equivalently, gamma) distributions. We
denote these queueing systems M/Ekll and use the Erlang shape parameter
k to describe the service times. (Parameter k is usually restricted
to positive integer values when describing Erlang distributions, but
here we allow k to assume any positive real value.) For example,
the special case of k = 1 corresponds to the exponential service

time distribution (an M/M/1 system). The present research also examines

M/Ek/I queues with k less than 1 and k greater than 1, correspond-

ing to service time distributions with greater variance than the expo-
nential and less variance, respectively. Most service time distributions
encountered in actual practice can be adequately approximated using the

very flexible Erlang family.
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1.3. Overview of the Subsequent Chapters

In Chapter 2 we explain the sample path relationship between the
server load process W(t) and the associated net input process X(t)
in an M/G/1 queueing system. In this discussion, the net input process

can actually beanylévy process which has no negative jumps. Breiman

[1968] gives an introduction to the theory of such processes, and
Blumenthal and Getoor [1968] provide a comprehensive treatment. We then !
present a result developed by Harrison [1977] for the Laplace transform
of E[W(t)] when the net input is a general Lévy process. This

theoretically oriented chapter finally examines a scaling procedure

which facilitates comparisons among the various processes.

Chapter 3 explains the Laplace inversion technique developed by
Gaver [1966] which gives approximation based on the expected value of
an observational density function. The accuracy of Gaver's algorithm
was improved by Stehfest [1970], and we test the technique using Laplace
transform functions whose exact inverses are known. These numerical
results are also compared with results from Veillon [1974] which were
obtained using other Laplace inversion techniques. We then apply the
technique to E[W(t)] in M/Ekll queueing systems, and we compare our
results with Coleman [1975] who obtained exact E[W(t)] for the M/M/1
case by evaluating sums of Bessel functions. After some additional
checks to ensure the accuracy of our approximations, we provide documenta-

tion of the computer programs which generate the tables of E[W(t)].

Gaver [1966, 1968] presented limited numerical results for transient

H
{
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E[W(t)] in several M/G/1 queues, thereby demonstrating the potential

usefulness of his technique, and Coleman [1975] presented exact results

only for the M/M/1 case. The major contribution of the present research
is the extensive set of tables in Appendix C, providing transient mean
;I server load in queues with a wide range of traffic intensities, initial

loads, and service time distributions.

Chapter 4 explains how the scaled results in the tables can be
used by a practitioner to determine E[W(t)] in M/G/1 queues. Charts
of the Erlang service time distributions are presented, and simple
methods of interpolation in the tables are explained. Several sample
problems demonstrate the entire procedure. It is intended that Chapter 4 . i
can be used by a practitioner without recourse to Chapters 2 or 3.

The dissertation concludes in Chapter 5 with a brief summary, E i

some qualitative observations, and suggestions for further research.

4
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CHAPTER 2

THEORETICAL RESULTS FOR THE SERVER LOAD PROCESS

2.1. The Server Load Process in M/G/1 Queues

The M/G/1 queueing system consists of a group of customers, a
waiting room, and a service facility. We assume that customer arrivals
are described by a stationary Poisson process {A(t); t > 0} with
mean arrival rate A\, where A(t) is the number of customers arriving
during the time interval [0,t]. Thus, the probability of n arrivals

in [0,t] is

e-Xt % n

P{A(t) = n} = o

’ st (0} 0 ERIE S e

and the times between consecutive arrivals are exponentially distributed
with mean 1/\. We further assume that there are no bulk arrivals, no
reneging, and no balking. The number of potential customers and the
size of the waiting room are assumed to be unlimited, and the queue
discipline is first-come-first-served.

Customers arrive at epochs {tl, t ...}, each with a demand

2’
for service {Sl, Sz, «ee}. These individual customer service times
are independent of the interarrival times and are independent, identically
distributed non-negative random variables with finite mean E(S) and

finite second moment E(Sz). We assume that random variable S has

a distribution function F(+) with corresponding Laplace-Stieltjes

Transform (LST):
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e

) =/ & ar(x) , O<s<® .,
0

F*(s) = E(e-sS

The general approach used in this research requires only that this LST
can be evaluated numerically. For the specific cases to be investigated,

S has a continuous distribution with density function £(*), so the

:t LST reduces to the ordinary Riemann integral

oo

£ oa T oy A . 3
0

In particular, we examine M/G/1l systems with gamma distributed

service times, but we employ the terminology usually reserved for the

Erlang family of distributions, where the two parameters are the mean

E(S) and the shape parameter k. The Erlang density function is

k y
(2.1.1) £(x) = [T£f§§3 KL g TkX/E(S) % 50, 3

with k > 1 restricted to integer values. However, here we allow k
to assume any non-negative real value, requiring that the factorial

(k-1)! in the density function be replaced by the gamma function,

oo

) e o™
0

dx .

Using the Erlang terminology, the LST of our service time distribution

-; is (see Drake [1967, p. 138] for a derivation)




k k
| I

(2.1.2) Fk(s) = [m

The variance of an Erlang random variable is [E(S)]zlk. Thus,
for various Erlang service time distributions with the same mean, the
shape parameter k 1is inversely proportional to the variability of
those service times. For example, Erlang service times with 0 < k< 1
have even more variability than an exponential distribution (k = 1).
On the other hand, for very large values of k the variance is very
small, and we approach the case of a constant or deterministic service
time (an M/D/1 system) as k tends to infinity. Probability density
functions for 0 < k<1 and k > 1 are shown graphically in Figure 4.1.
Hillier and Lieberman [1974, p. 417] state that "empirical service-time
distributions can usually be reasonably approximated by an Erlang
distribution."

The most important descriptive parameter for a queueing system
is its traffic intensity p, defined as the mean service time divided

by the mean interarrival time. Thus, for M/G/1 systems, we have

p = AE(S) .

when p 1is less than one, i.e., when the average time between arrivals
is greater than the average service time, we say that the system is
"gtable". In this case, p is the fraction of time that the server is

busy, and it can be interpreted as the system's '"utilization factor".

Furthermore, for p < 1 the distribution of virtual waiting time

10




approaches an equilibrium distribution as t increases. Let W denote
this steady-state waiting time. Its expected value is given by the ¥
Pollaczek-Khintchine formula,

: 2
& AE(S™)
- (2.1.3) EW) = 305 ° pP<1 .

Our numerical results for time-dependent virtual waiting time will

allow us to observe how quickly this steady-state condition is approached.

However, we will also examine '

'unstable" systems (p > 1), where the
queue length and waiting time tend to increase without bound, so that
no steady-state conditions exist.

As mentioned in the introductory chapter, the virtual waiting time

e

or server load, W(t), represents the work backlog at epoch t, i.e.,

the accumulated, unserviced demand. We define W(t) in terms of the
underlying work input processes, which allows us to use existing Laplace
transform results for reflected Lévy processes. Sample path relationships
are shown graphically in Figures 2.1 and 2.2, illustrating one possible 5
realization for these stochastic processes.

The input process S(t) represents the amount of customer work

b

that arrives during the interval [0,t] and is defined by

S(t) = S1 LA sA(t) ’

This compound Poisson process has mean E[S(t)] = pt and variance

var[s(t)] = AE(sD)t.

11
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FIGURE 2.1. Sample Path Relationships when W(0) = O.
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FIGURE 2.2. Sample Path Relationships when W(0) =2z - 0.
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The net input process, X(t), is defined by

X(t) = s(t) -t , t > 0

If the first customer arrives at t = 0, then X(t), sometimes called
pseudo-server load, is identical to the server load process as long as
the server remains busy. The similarity ends when the server first
becomes idle. A general expression for W(t) in terms of X(t)
requires that we account for server idleness.

Let I(t) represent the cumulative idleness of the server during
the interval [0,t]. Since the server works at a unit rate, the
potential work output is t units during the same interval, and the
actual work output is t - I(t). Assuming no initial work load, i.e.,
W(0) = 0, the available work during the interval [O0,t] is S(t),
so the remaining work load W(t) can be expressed as the difference
between the work input and the actual work output, i.e., W(t) = S(t)-[t-I(t)],

or W(t) = X(t) + I(t). The sample path relationships can be seen in

. Figure 2.1. When X(t) is equal to its infimum, the server is idle.

When X(t) is greater than its infimum (because some work has arrived),
the server is busy serving customers. The infimum becomes more negative

only when the server is idle. Therefore, the cumulative idleness can

be expressed as

I(t) = -inf[X(t) : O< T < t] , t>0, if W) =0 .

14




Combining this with the net input, we have the server load representa-

tion (no initial workload),

W(t) = X(t) - inf[X(x) : 0< T < t], t >0, if W) =0 .

The same reasoning applies to the more general case of initial
server load, illustrated in Figure 2.2, where the underlying S(t)
and X(t) sample paths would be identical to those shown in Figure 2.1.
The initial server load 2z represents a specific amount of work avail-
able for service at epoch t = 0. Then the available work during an
interval ([0,t] is z + S(t), and the remaining work load W(t) at
any epoch t is z + S(t) - [t - I(t)], or W(t) = z + X(t) + I(t).
The cumulative idleness function I(t) is slightly more complicated
when W(0) > 0. The server is initially busy in this case, so when
z + X(t) 1is equal to its infimum, the server is idle only if that
infimum is negative. After the initial busy period, the infimum of
z + X(t) becomes more negative only when the server is idle, and the
representation of the cumulative idleness function is similar to the
case with no initial load. Thus, for this general case the server load
representation is

W(t) = z + X(t) - {inf(z + X(T) : 0< T < t]} ,

t >0, if W(O0) =z>0.

15




Our main objective is to compute the expected value of W(t),
where the expectation is taken with respect to a probability distribu-
tion over all possible sample paths. We adopt the notation Ez[w(t)]
and Ez[I(t)] for expected server load and expected cumulative idleness,
respectively, conditional on initial work load W(0) = z. From our

discussion of the sample path relationships it follows that

Ez[W(t)] = Ez[z + S(t) -t + I(t)] ,
(2.1.3)‘

Ez[W(t)] =z+pt-t+ Ez[I(c)] .

Thus, in M/G/1 queueing systems the mean server load can be separated
into four additive terms: initial work load, new work input, potential
work output, and cumulative idleness. Another useful observation is
that Ez[I(t)] must be zero in the interval from t =0 to t = z,
i.e., it is impossible for the server to become idle before the initial
work load has been serviced. In Chapter 3 this property is used to

provide a check on the accuracy of our numerical results.

Thus far the sample path relationships and expectations have
been discussed in the context of M/G/1l queueing systems. However, we
also calculate Ez[W(t)] for processes where the same relationships
apply, but where S(t) is not compound Poisson. These related processes

provide bounds or approximations for M/G/1 mean server load.

16
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2.2. The Laplace Transform Result for Expected Server Load

All of the stochastic processes for which numerical values are
calculated here can be discussed simultaneously in the following
unified framework. Let X = {X(t), t > 0} be a process with statiomary,
independent increments (an infinitely divisible or L;vy process) and no

negative jumps, and define

-E[X(t)] = pt , where - < p< o

(2.2.1)

v,

Var[X(t)] = 021: . where 0O< 02 <®

; for t > 0. According to the standard results for Lévy processes, the

Laplace transform of X(t) has the form

E[e-sx(t)] - g TUDE for s >0 and t >0, '3
r
and the exponent function &(*) is convex with
(2.2.2) $(0) =0, '(0) =u, and &"(0) = o , |
cf. Harrison [1977]) and Takacs [1967]. It can be shown that for each i
| 3
8 > 0 there exists a unique (s) > 0 such that ‘
|
2.2:3) dlw(s)] = s . !

17
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In the previous section we discussed the sample path relationships }
where process W 1is obtained from X by imposing a reflecting barrier
at zero. Using the notation Ez[W(t)] = E[W(t) |W(0) = z], let Pw(z,s)
denote the Laplace transform of Ez[W(t)], that is,

B, (2,8) -(f) o E [W(t)] dt , R

Harrison [1977] developed a simple formula for the Laplace transform of

Ez[W(c)], where p 1is unrestricted in sign:

2 -w(s)z
;| ol € .
1 (2.2.4) Pw(z,s) S 92 + pre

In Chapter 3 we use this formula to obtain accurate approximations
of Ez[H(t)] for specific epochs t, initial loads 2z, and various
net input processes X. To achieve the desired accuracy the numerical
inversion technique requires that Pw(z,s) be computed for 34 values
of s 1in order to obtain Ezlw(t)] at a single epoch, and each evalua-
tion of Pu(z,s) requires that the functional equation (2.2.3) be
solved to obtain w(s).
| The ease with which w(s) can be calculated depends upon the form
of the exponent function, and the exact form of &(:) depends upon
the process X. If we specify X(t) = S(t) - t, where S(t) is a

compound Poisson process, then it can be shown that

$(s) = s - \[1 - F*(s)] ,

18
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In the previous section we discussed the sample path relationships
where process W is obtained from X by imposing a reflecting barrier
at zero. Using the notation EZ[W(t)] = E[W(t) |W(0) = z], let P, (z,8)
denote the Laplace transform of EZ[W(t)], that is,

oo

B, (2z,8) = g o E, [W(t)] dt , 8§50 .

Harrison [1977] developed a simple formula for the Laplace transform of

Ez[W(t)], where p is unrestricted in sign:

z _ e-m(s)z
(2.2.4) Pw(z,s) gloss + __SE-(.;)_- .

In Chapter 3 we use this formula to obtain accurate approximations
of Ez[W(t)] for specific epochs t, initial loads 2z, and various
net input processes X. To achieve the desired accuracy the numerical
inversion technique requires that Pw(z,s) be computed for 34 values
of s in order to obtain Ez[W(t)] at a single epoch, and each evalua-
tion of Pw(z,s) requires that the functional equation (2.2.3) be
solved to obtain w(s).

The ease with which w(s) can be calculated depends upon the form
of the exponent function, and the exact form of ¢(:) depends upon
the process X. If we specify X(t) = S(t) - t, where S(t) is a

compound Poisson process, then it can be shown that

$(s) = s - \[1 - F*(s)] ,

18
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cf. Prabhu [1965, p. 70] and Takacs [1967, p. 59]. Using the terminology
of M/G/1 queueing theory )\ is the average arrival rate and F#*(*) 1is
the Laplace transform of the service time distribution. Since S(t)
has mean AE(S)t and variance XE(sz)t, it follows that the parameters
of X defined by equations (2.2.1) are u = 1-p and 02 = XE(SZ). If
F*(*) can be evaluated numerically, then the properties (2.2.2) of
®(+) indicate that the functional equation ¢[w(s)] = s can be solved
efficiently using an elementary one-dimensional search technique. 1In
Chapter 3 we discuss our use of the Newton-Raphson method to obtain
w(s) for M/Ekll queueing systems.

For the special case of an M/M/1 system the LST of the service
time distribution is obtained by setting k = 1 in equation (2.1.2),
i.e., F*¥(s) = 1/[1 + sE(S)]. For a specified value of s the functional

equation ®[w(s)] = s 1is a quadratic function of w(s), and the positive

solution is

2
(2.2.5) dle) & Sl Msﬂ@l;&s)\/{—l - Ms+E(S)]}” + 4sE(S)

The M/M/1 system is the only queue studied here that has an analytic
solution to (2.2.3). In general the M/D/1 and M/Ekll cases will
require a search to determine w(s). The formulas for these cases
are summarized in Table 2.3 below.

Two other choices for X(t) yield reflected processes W(t)
which provide bounds or approximations for M/G/1 server load. The
first case is the Wiener process, which has been used as a model for

a variety of physical processes since its original development as a
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model for Brownian motion. Gaver [1968] proposed that this diffusion
process could be used as an approximation for the net input process
of an M/G/1 queue by equating the first and second moments of the two

processes.

The Brownian motion process is denoted by
Xg(t) = oE(t) - pt ,

where Z(t) is a Wiener rocess whose stationary, independent increments
have 2 normal distribution with mean zero and unit variance. It follows
that XB(t) has mean -ut and variance ozt. As previously noted,

the net input process of an M/G/1 queue has mean E[X(t)] = (p~1)t and

variance Var[X(t)] = XE(Sz)t. Thus, using XB(t) to approximate X(t)

we would take -p = p-1 and 02 = XE(SZ). The exponent function for
Brownian motion is &(s) = us +‘% ozsz, cf. Takacs [1967, p. 81]; thus

the solution of ®[w(s)] = s can be calculated using the quadratic
formula.
The second non-queueing input process that we consider as an

approximation is a gamma input process, denoted
xc(t) = G(t) -t ,

where G(t) 1is a process whose stationary, independent increments have

a gamma distribution. The gamma density function is

£ = phoy B0 P, a0, B>0, x30 ,
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so G(t) has mean (a/B)t and variance (a/Bz)t. It follows directly

that XG(t) has mean (a/B - 1)t and variance (a/Bz)t. Thus, using

: Xc(t) to approximate the net input process of an M/G/1 queue we would

choose a and B such that a/f - 1= p-1 and o;/[a2 = XE(SZ). The

& exponent function for the gamma input process is ®(s) = s - a log(l + s/B),
cf. Takacs [1967, p. 66]; the solution of the functional equation (2.2.3)

requires a search technique.

2.3. Scaling the Reflected Levy Processes

i In this section we present a method for normalizing the processes
of interest by using a simple linear tranformation for both the epochs
and the server load. This technique allows us to reduce the tabulations
required to describe actual operating systems and also facilitates
comparisons among different processes by adopting a common, normalized
time scale.

Consider an M/G/1 queueing system (as originally described in
Section 2.1) with service times Sl’ SZ’ «.. having distribqtion
function F(*) with mean E(S) and second moment E(SZ). Let
{A(t); t > 0} be the Poisson arrival process with mean arrival rate A\.

The net input process is

(e} =8, & <+ # 8, =

t




and the server load process W(t) is obtained from [z + X(t)] by
the reflection mapping described in Section 2.1, where 2z is the

initial server load W(O0).

We define a new scaled process in terms of the original queueing

process

*
X (t) = aX(bt) .

o e e

This scaled net input process has the form

T 56

: * * *
1 (2.3.1) X (t) = S1 +eoe + SA*(t) = et t>0,
* i *
where c¢ = ab, A (t) = A(bt), and S1 = asi. Note that the random

* *
variables Si have distribution function G (x) = F(x/a), and that
* * *
A (t) 1is a Poisson process with mean arrival rate A = bA. Let u

and ci be defined by

EIX (0)] = -u"t

(2.3.2)

2

Var[x*(t)] il -

t .

We accomplish our normalization by choosing a and b so that

2

* = 10

*
[0 | =1 and o
*
By substituting aX(bt) for X (t) on the left hand side of

equations (2.3.2) and then using the parameters of process X as
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31 % defined by equations (2.2.1), it is easy to show that this particular

scaling requires that

2
a= Jlil and b= =

el | 02 IJ.2

If we define W* as the reflection of [z* + X*(t)], where the
scaled initial server load is z* = az, then it is easy to verify
that W*(t) = aW(bt). That is, the reflection of the scaled net input

process is identical to the scaled version of the original server load

process. If we let t* represent a (scaled) epoch for the scaled

process, then it follows that E?

3 2 2
*(t* = -LE'-I- S * = g *
3 Ez*[w (t )] 2 Ez[w( 2 t )] ’ z m z .
] o W .
] i
P Thus, we can obtain scaled mean server load by evaluating an original v

: queueing system and applying the transformations.

i

é Before discussing the scaled process further, consider a second t
q '*
‘ ! queueing system having Poisson arrival process A'(t) with mean rate

X' # A and service times Si, Sé, ... with distribution function

F'(x) = F(A'x/\) so that E(S') = AE(S)/\'. The traffic intensity
parameter for this second queueing system is the same as the original,

that is,

p' = N'E(S') = \' « AE(S)/\' = AE(S) = p ,
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but the variance parameter is different:

o2 = nt B = M 0% B6D) = 2 aEsD) = 5 o

This second system and the original are related by

SURE——————

4 Xl
k| X =35 x& o,
or equivalently by

E(s") x(E'(S)

X'(t) = 55y XEisy B -

In the context of M/Ekll queueing systems, the second queueing system
has the same p and same Erlang shape parameter k as the original,
but the different values for cz and 0'2 require simple transforma-
tion of the epoch scale and waiting time scale.

Returning to the scaled process which was defined in terms of

the original queueing process, we now express the original process in

i terms of the second process:

Once o (or u) has been specified and a specific form 6f the service

time distribution (i.e., a specific Erlang shape parameter k) has been

determined, then we are free to choose the variance parameter (i.e.,




T ST T T

the time scales) for the queueing process from which X* will be
obtained.

This research tabulates‘ Ez*[w*(t*)] for various values of p,
k, and z%*, and one can obtain mean server load for an actual queueing
system by selecting the table with the closest (o, k, z*) combination
or by interpolating between two tabulated scaled processes, and then

applying the transformation:

2 2
g uo du]
E [W(t)] = E W t)] z* = ¥
z 1]:[ z o2 A 02

Since p = 1-p, this particular normalization cannot be used for systems
with p=1, i.e., u = 0. In this case we tabulate mean server load

for Erlang queueing systems with A and E(S) chosen so that the
variance parameter 02 = XE(SZ) = 1. Let superscript zero indicate

parameters for the tabulated system. Then 02 = 1 requires that
0 k
A and E(S) el

Mean server load for an actual operating system with shape parameter k
and mean arrival rate \ can be obtained from the tabulated values as
follows:

0
A A kA

B )] = T B oG 0l = SR E g o1, Leggye .

z A z
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The tabulated values for the p = 1 case correspond to an actual
queueing system, whereas the tabulated values for the p # 1 cases
represent a stochastic process with '"potential work output rate" of

c=ab = 1/|u|, interpreted from equation (2.3.1). For the p< 1

cases, mean server load in queueing systems approaches the Pollaczek-
Khintchine values, equation (2.1.3). Thus, the tabulated values for

all scaled processes approach

thereby allowing comparisons concerning approach to equilibrium.




CHAPTER 3

NUMERICAL INVERSION OF THE LAPLACE TRANSFORM

3.1. Approximation by an Expected Value

In the previous chapter we cited an expression for the Laplace
transform for the three processes of 1ﬁterest. For the two special
cases of Brownian motion and the M/M/1 queue, analytic methods can
be applied and exact numerical solutions can be obtained. However,
in general it is necessary to use a method for numerical inversion of
the Laplace transform in order to evaluate the process of interest.

In this chapter we describe such a method and its implementation.

The first two sections of the chapter describe the method for
approximate transform inversion using an expected value. In the third
section we present numerical results for test cases where this method
is applied to Laplace transforms whose exact inverses are known, and
we describe the computer routines that apply the invers’on method to
prepare tables of E[W(t)].

The methcd used in this research for numerical inversion of the
Laplace transform was originally developed by Gaver [1966]. Although
there are other techniques which could have been implemented, this
particular method was chosen because it had been applied successfully
to the Laplace transform expression for E[W(t)] in the M/M/1 and
M/G/1 queues by Gaver [1966, 1968].

The problem of inverting the Laplace transform can be summarized
as follows. We have a function of interest, P(t), for which no closed-

form analytic expression is known, so that it cannot be evaluated
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numerically. However, we do know the expression for its Laplace

transform,

p(s) =1 e 5t p(e) at .
-0

Specifically, in this research the function or process of interest is
E[W(t)] and the Laplace transform expression was cited in Chapter 2.
In general, we wish to tabulate P(t) for various values of t.

The method presented here computes an approximate value of the

function at a specified point t'. Theoretically this approximation

can be computed as precisely as desired. Consider observing the function

of interest at a random time T that has density function f£(t)
such that the values of T are concentrated near t', as shown in

Figure 3.1. Then P(t'), an approximation of P(t'), can be expressed

as

(3.1.1) P(t') = [ P(t) f(t) dt .
0

Now the problem is one of finding an observational density function
f(t) so that the right hand side of (3.1.1) can be expressed in terms
of p(s).
Gaver [1966] examined such a family of density functions that
are well-suited to numerical computation. Let fn(t; a) be the density

function for random variable T, with parameters n and a, as follows:
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function or ;
P(t) process of
interest

{ exact P(t')
] desired ™

observational
density

FIGURE 3.1. Observational Density Function

{ 3.1.2) fn(t; a) =a ;Tj%EE%TT (1 - e-at)n M g ol Oy e Le@sive

Gaver [1966] showed that fn(t; a) has the following properties:

modal value N% 1n 2 ’ : |

Lo e 2BEG
a2 (2n-1) (4nt#l) °

Var(T) ~

For increasing values of n, fn(t; a) becomes more sharply peaked at

t = 1/a 1n 2. Using fn(t; a) as the observational density function

30
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in (3.1.1), we let the approximation of P(t') be g

L 4

(3.1.3) Fn -{) P(t) £ (t; a) de ,

where parameter a 1is chosen such that a = 1/t' 1ln 2, thereby
concentrating the values of random variable T near t' as desired.
By substituting the observational density (3.1.2) in the approximating
-at.n

expression (3.1.3) and then expanding (1 - e ") by the binomial theorem,

we obtain

2n)!

n
n - 20l (@-1)! - (t;) (‘1)1 pl(nt+i)a] .

i= 0 '

(3.1.4) P

Thus, §n’ an approximation of P(t'), is based on a linear combination

of the Laplace transform p(s) evaluated at n+l different values

of s. Theoretically, the sequence {fn; n=1, 2, 3, ...} converges

to P(1/a 1n 2), i.e., to P(t'). For any finite n, we can calculate

Fn using (3.1.4), and because Var(T) 0 as n + «® we can obtain

as good an approximation as desired by using a large enough value of n.
Practically, p(s), the Laplace transform of P(t), must be evaluated

at n+l values of s in order to evaluate Fn; in some applications
much time may be required to make each evaluation of the Laplace transform
expression and so the cost of obtaining the desired precision in in may
be prohibitive. Also, for large n the factorial terms in (3.1.4) are
integers with too many digits to be precisely evaluated on computers

with finite word length, and operations involving these large numbers

G A LA 158 i D w
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can result in considerable rounding errors. From the standpoint of
computational efficiency it is important to improve the accuracy of
the approximate inverse without requiring evaluation of En for

extremely large values of n.

3.2. Improving the Accuracy of the Approximation

Gaver [1966] showed that each ﬁn can be represented as an

asymptotic expansion, i.e.,

a a a
P ' BY SMEE e
(3.2.1) PnN P(t') + ~ + 2 +

=
=}
w

where the error components ai depend only on t' and not on n. An
improved approximation of P(t') can be obtained by taking a linear
combination of a set of the Fn approximations, where the values of
n are integer powers of 2. This method, extrapolation to the limit,
ensures that some of the error terms in (3.2.1) are cancelled out,
cf. Gaver [1966] and Henrici [1964].

Stehfest [1970] demonstrated an improved calculation method
that uses a linear combination of an even number of the ﬁn approxima-
tions; this method cancels even more of the error terms than Gaver's
method (extrapolation to the limit). Stehfest combined the coefficients
for the linear combination of ﬁn with the coefficients of p(s) in

(3.1.4) so that Fa, the approximation of P(t'), could be expressed

directly as a linear combination of p(s):
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(3.2.2) Fa.-l“t.2 Z V. p

gml ¥

In 2
tl

iy .

Here N must be even and the combined coefficients V are

i
N
Min(i, 3)
3.2 v = p®@2H ¥yl 2 (01
: i+l (-11 - k)! k! (k-1)! (i-k)! (2k-1)!
el G

For a theoretical comparison of the original in’ extrapolation
to the limit, and Fa, consider the three methods where the number of
values of p(s) 1is 32 in each case. Thirty-two evaluations of the
p(s) could be used to compute 531, and from (3.2.1) the first error

term would be 031/31. On the other hand the thirty-two values of

p(s) could be used to compute Pl, P2, Pa, P8’ and P16

could be shown that extrapolation to the limit would yield an

, and it

approximation of P(t') where the first four error terms of equa-
tion (3.2.1) would cancel completely. The resulting approximation
would be P(t') + a5/210 + *++ . Finally using Stehfest's method
with N = 32, the first fifteenerror terms in equation (3.2.1)
would cancel, and it could be shown that the approximation would
be Fa = P(t') - 016/16! + *++ ., This theoretical superiority of
Stehfest's method was verified numerically in preliminary investi-

gations using functions with known inverses.
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3.3. Computer Implementation of the Technique

In this research, the algorithm LINV developed by Stehfest
[1970] was translated from ALGOL to FORTRAN IV. Some changes were
made in evaluating the Vi of equation (3.2.3) to take advantage of
cancelling the factorial terms and thereby avoid rounding errors. Some
preliminary numerical investigations used BASIC and single and double
precision FORTRAN IV. The computer programs listed in Appendix B
specify double precision for all non-integer variables, and the "AUTODBL"
option available with the IBM FORTRAN H-Extended Compiler was used in
all of the research reported here. With this extended precision there
are approximately 36 significant decimal digits for the non-integer
variables.

Stehfest [1970] published a table of results applying LINV to
six transforms whose inverses are known, using 8 digit arithmetic and
n = 10.  Figure 3.2 shows the exact values of the six functions, the
approximations from this research using N = 34 with 36 digit arithmetic,
and the original Stehfest approximations using N = 10. We observe that
there are at least six correct significant digits in our approximations
(using N = 34) for each of the test functions.

Since the LINV approximation (Fa) is based upon the original Fn’
it should also be more accurate when more values of the Laplace transform
p(s) are used, i.e., if N 1is very large. However, for large values

of N the rounding errors in evaluating V., can affect the accuracy

i
of the results. This problem was investigated by applying LINV to the

six test functions of Figure 3.2; approximations were obtained using
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3.3. Computer Implementation of the Technique

In this research, the algorithm LINV developed by Stehfest
[1970] was translated from ALGOL to FORTRAN IV. Some changes were

made in evaluating the V., of equation (3.2.3) to take advantage of

i

cancelling the factorial terms and thereby avoid rounding errors. Some

preliminary numerical investigations used BASIC and single and double

precision FORTRAN IV. The computer programs listed in Appendix B
specify double precision for all non-integer variables, and the "AUTODBL"
option available with the IBM FORTRAN H-Extended Compiler was used in

all of the research reported here. With this extended precision there

are approximately 36 significant decimal digits for the non-integer
variables.

Stehfest [1970] published a table of results applying LINV to
six transforms whose inverses are known, using 8 digit arithmetic and
n = 10. Figure 3.2 shows the exact values of the six functions, the
approximations from this research using N = 34 with 36 digit arithmetic,

and the original Stehfest approximations using N = 10. We observe that

there are at least six correct significant digits in our approximations
(using N = 34) for each of the test functionms.

Since the LINV approximation (Fa) is based upon the original ﬁn’

it should also be more accurate when more values of the Laplace transform

p(s) are used, i.e., if N 1is very large. However, for large values

of N the rounding errors in evaluating V, can affect the accuracy

i
of the results. This problem was investigated by applying LINV to the

six test functions of Figure 3.2; approximations were obtained using
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N equal to 30, 32, 34, and 36. In each case the correct number of
decimal places was recorded, rounding off both the exact value and the
approximation when making the comparison. Figure 3.3 shows the
average number of correct decimal places over the ten values of t
evaluated in each case. We observe that the approximations using H
N = 34 are at least as good as those using N = 32 or N = 36 in

all cases. Thus, in the remainder of this research we will use N = 34
? in the LINV algorithm.1

Figure 3.4 compares the LINV algorithm with other inversion

techniques. The top section of this table reproduces some results by
Dubner and by Veillon (1974)2; Dubner's approximations are based on

500 values of p(s), while Veillon's method uses 64 values. We observe

et et e R b f e

that in all cases the LINV algorithm using 34 values of p(s) is at
least as accurate as their techniques. The bottom section of Figure 3.4
compares approximations of a second function; we observe that once again
the LINV results are as accurate as the results obtained by other
techniques.

Figures 3.2, 3.3 and 3.4 indicate that LINV can provide very
accurate approximations for the test functions, but it is also important

to investigate LINV's accuracy using the function of interest in this

lln preliminary investigations using FORTRAN IV double precision
(approximately 17 digit arithmetic) without the AUTODBL option, the
most accurate approximations were obtained using N = 18.

T ——

F 2Reprinting privileges for the Stehfest results (Comm. of the ACM, Vol. 13,
¥ No. 1, Copyright 1970) and the results published by Veillon (Comm. of

i the ACM, Vol. 17, No. 10, Copyright 1974) were granted by permission

of the Association for Computing Machinery.
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Places in LINV Approximations of Six Functions
for Determination of Optimal Value of N

!
;

N, the number of values of the
Laplace transform p(s) used Q
by LINV to estimate the function

Punction N=30 N=32 N=34 N-=36
1 6.9 6.9 6.9 6.9 5
Vit
5
= 9.7 10.5 12.7 11.9
sin V2t 6.7 6.7 6.7 6.7
~C=1nt 7.3 7.3 7.5 1.4
" 9.7 10.1 10.5 10.0 %
2 .3 ]
1 -3¢ +3%+% 9.7 10.5 11.9 10.6
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research, E[W(t)]. Our earlier investigations using LINV (not included
here) verified the results for M/M/1 queues reported by Gaver [1968],
but it is more appropriate to compare our LINV results with mean
server load obtained by some method other than Laplace transform inver-
sion. Fortunately, Coleman [1975] evaluated E[W(t)] in the M/M/1
queue using a sum of Bessel functions. In Figure 3.5 the first three
columns show his results at five epochs and the LINV results using
equations (2.2.4) and (2.2.5) for the Laplace transform expression.
The five significiant digits available in the Coleman results are
matched exactly when the LINV results are rounded off.

As mentioned in Section 2.2, except for the Wiener process and
the M/M/1 queue, the value of w(s) must be obtained using a search
technique. Our final results use the quadratic formula to determine
w(s) for the Wiener process, but in all other cases (M/D/1, M/Ekll
including M/M/1, and the gamma input process) we use the standard
Newton-Raphson method. This search technique was chosen because expres-
sions for the derivatives of the functions were available and subsequent
computations demonstrated that the search usually converged in only four
or five iteratioms.

The exponent function &(-) 1is designated FMD1l, FMEK, or FGAM
in the FORTRAN subroutines, and functions FOMDl1l, FOMEK, and FOGAM are

defined as

FO »++ [w(s)] =F *+* [w(s)] - s
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Thus, in order to determine w(s) > 0 such that ®[w(s)] = s, we
search for the value of ® such that FO -++ equals zero. Subroutine
ZERO performs the search, computing the relative accuracy (change in w
from the last iteration). When the absolute value of the relative
accuracy is less than a specified tolerance, the search stops, and the
current value of ® 1is used to compute the Laplace transform using
equation (2.2.4).

The choice of tolerance value (FORTRAN variable TOLRNC) affects
the accuracy of ® determined from the search, and the accuracy of
affects p(s) and the estimate of E[W(t)]. Figure 3.5 shows both
the approximations of E[W(t)] based upon the exact quadratic solution
of the functional equation (2.2.4) and the approximations obtained using
the Newton-Raphson search with various specified tolerances. We observe
that the two results agree for nine or ten signficiant digits in all
cases and that the number of search iterations does not increase greatly
as the tolerance is decreased. For each of the ten epochs, w(s) is
evaluated thirty-four times (N = 34); thus, the total number of itera-
tions shown in Figure 3.5 applies to 340 evaluations of (s). Since
the average number of iterations inech evaluation only increases from

4.2 to 5.3 as the tolerance decreases from 10-10 to 10-26, we have set
0

the search tolerance at 10.2
In Chapter 2 we discussed the stochastic process W(t) in an

M/G/1 queue and its expected value function. Equation (2.1.3) is

restated here in a slightly different form along with the Laplace

transform of EZIW(t)], equation (2.2.4):
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Thus, in order to determine w(s) > 0 such that ¢[w(s)] = s, we
search for the value of ® such that FO ::+ equals zero. Subroutine
ZERO performs the search, computing the relative accuracy (change in w
from the last iteration). When the absolute value of the relative
accuracy is less than a specified tolerance, the search stops, and the
current value of w is used to compute the Laplace transform using
equation (2.2.4).

The choice of tolerance value (FORTRAN variable TOLRNC) affects
the accuracy of ® determined from the search, and the accuracy of
affects p(s) and the estimate of E[W(t)]. Figure 3.5 shows both
the approximations of E[W(t)] based upon the exact quadratic solution
of the functional equation (2.2.4) and the approximations obtained using
the Newton-Raphson search with various specified tolerances. We observe
that the two results agree for nine or ten signficiant digits in all
cases and that the number of search iterations does not increase greatly
as the tolerance is decreased. For each of the ten epochs, w(s) is
evaluated thirty-four times (N = 34); thus, the total number of itera-
tions shown in Figure 3.5 applies to 340 evaluations of (s). Since
the average number of iterations inech evaluation only increases from

10

4.2 to 5.3 as the tolerance decreases from 10 to 10_24, we have set

the search tolerance at 10-20.

In Chapter 2 we discussed the stochastic process W(t) in an
M/G/1 queue and its expected value function. Equation (2.1.3) is
restated here in a slightly different form along with the Laplace

transform of EZ[W(t)], equation (2.2.4):
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Ez[w(t)] =2z~ (1-p)t + Ez[I(t)] s

5 22 -w(s)z
Pw(Z,s) = 's" * "s"'z' + s (s) ’

The first two terms of Pw(z,s) can be inverted "by inspection," i.e.,

by referring to any table of function-transform pairs. Only the last

term requires numerical inversion using LINV. Stehfest [1970, p. 48]

cautioned the prospective user of LINV as follows: 'One ought to be

sure a priori that the unknown function F(t) has not any discontinuities,

salient points, sharp points, sharp peaks, or rapid oscillations."

Recall that our unknown function, EZ[I(t)] in M/G/1 queues, is a non-

decreasing function and that it must be zero between t =0 and t = z.

Although it is not a discontinuous function, its slope does change

abruptly at t = z, and we might expect some inaccuracies near that

point. The top section of Figure 3.6 shows scaled approximations of

Ez[I(t)] evaluated at t = z for M/M/1 queues with traffic intensities

between .5 and 2 and scaled initial server loads between .2 and 4. If

the inversion technique is accurate, then all entries in the table should

be zero. We observe that there are some inaccuracies, particularly for

queues with low traffic intensities. For example, the worst case is

o= .5 with 2z' = 1.0, where scaled Ez[l(t)] is .007 instead of zero.
Since the inaccuracies may be related to the discontinuity of

the derivative of Ez[I(t)] at t = z, our approach does not invert

the third term of Pw(z,s) directly. Instead, we construct a new

function,
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H(t) = Ez[I(t)] + g(t) ,

where g(t) and its Laplace transform are known, and where g(t) is
chosen so that both H(t) and its derivative are continuous. Then
LINV is used to invert the Laplace transform of H(t), and approximate
Ez[I(t)] is obtained by subtracting g(t) from approximate H(t).

It can be shown that the slope of Ez[I(t)] in M/G/1 queues
is equal to the probability that the server load is zero, denoted
P{W(t) = 0}, an any epoch t. Therefore, the slope of Ez[I(t)] at
t =2z 1is P{W(z) = 0}, which is the probability that no arrivals will
occur between t =0 and t = z, or e-lz. For H(t) to have a
continuous first derivative at t = z, that derivative must be zero.
Since the slope of Ez[I(t)] is e-)\z at that point, then the slope

of g(t) must be —e_Kz. Therefore, we define g(t) as follows:

0 for 0<t<z
g(t) =
-e-xz(t-z) § for t > z

Referring to any table of transform-function pairs, the Laplace transform
of g(t) 1is -exp[-z(K+s)]/s2. Thus the Laplace transform of H(t),
i.e., the transform of Ez[I(t)] + g(t), is

o -w(s)z e—z(k+s)

-st e
(3.3.1) Pﬂ(z,s) -5 e H(t) dt = et - 82 g

44



5 ».R"‘?'L”“‘ L T —

v o

Sl R

? Applying LINV to Pﬂ(z,s) we obtain an approximation of H(t). Using
overscore to denote approximations, we compute the estimate of Ez[I(t)]

as follows:

|A
ct
|A
N

s 0 for 0
EZ[I(t)] = H(t) - g(t) = H(t) +
l e—xz(t-z) for t > z

The bottom section of Figure 3.6 shows scaled EZ[I(t)] when the
correction term, g(t), is included in the analysis. The results are

considerably improved, and since the main tables will express Ez[W(t)]

in hundredths or thousandths, the slight inaccuracies which remain will

not affect our tabulated results.

The correction term, g(t), is employed in our computations for

both M/D/1 and M/Ekll queues. Equation (3.3.1) is incorporated into

A A LA 30 AR

subprogram functions PMD1 and PMEK of the main programs. The gamma
y input process does not require the correction term because both Ez[I(t)]

and its derivative are continuous, i.e., the slope of EZ[I(t)] is zero

e e

at t = z. The method is not applied to the Wiener process because
{ process W(t) cannot be separated into four components, z + S(t) - t + I(t);

thus, the third term of Pw(z,s) cannot be interpreted as the Laplace

transform of expected cumulative idleness in this case.

So far, our discussions in this section have covered some of the

. important details of the two main computer programs which produce the

tables of scaled EZIW(t)] is Appendix C. Listings of these two main
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programs, one for p =1 and one for © # 1, are included in Appendix B.
We now discuss the algorithm for M/Ekll queues with p # 1, and we
briefly mention the differences in the algorithms for the other three
processes and for p = 1. Figure 3.7 describes both the steps of the
algorithm and the names of the subprograms which perform those steps.

The first program specifies the values of the parameters for
subroutines LINV and ZERO. Values of p, scaled initial server load
(z*), and sixteen scaled epochs (t*) are read from punched cards.
The program performs computations for three pages of tables on each
run. The three tables on a page have the same value of o and epochs
t*, but each table has a different value of 2z*. For each table we
compute Ez[w(t)] for the Wiener process at all sixteen epochs, then
for the M/D/liqueue at the same sixteen epochs, followed by each of
the seven M/Ekll queues and the gamma input process.

For each of the two processes the first step is conversion of
z* and t* to unscaled values. As discussed in Section 2.3, the
time scale conversion factor is (1—9)2/02; this factor is denoted
ALFSQR in the subprograms RZWNR, RZMD1, RZMEK, and RZGAM. The value
of 02 for the unscaled proéess is selected so that the formulas and
numerical computations are subsequently simplified. The conversion
factor for server load or wait is Iul/oz, denoted WTFCTR in the sub-
programs.

The initial trial value of w(s) in the Newton-Raphson search
for the solution of ®[w(s)] = s 1is denoted OSTART. For a specific

z* and p < 1, OSTART is arbitrarily set equal to 1 for the first
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E [W(t)]
=z+ (Dt + E [I(1)]

OSTART in next search FHER
for w(s).)
Calculate H(t) LINV
E, [1(1)]

RZMEK

- Blt) + & Pieas)

Convert EZ[W(t)]
to scaled form

v

Print tables

FIGURE 3.7. Flowchart of Algorithm for Tables
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search pertaining to the first epoch t*. 1In preliminary investigations
this first search usually converged in seven or eight iterations. All
subsequent searches related to the specific 2z* and o use the previocus
value of w(s) as OSTART, usually converging in four or five iterations.
For p > 1 it is possible that the Newton-Raphson search could find a
solution of $[w(s)] = s such that w(s) < 0. To ensure that the search
converges to w(s) > 0 1in this case, we determine OSTART using a two-
stage search as described in Figure 3.7.

If the epoch to be evaluated is less than or equal to the initial
server load 2z, then the expected cumulative idleness is zero. For
t > z we use subprogram LINV to numerically invert the Laplace transform
of Ez[I(t)]. On any given run of the computer programs (when three

pages of tables are prepared), the array V is computed only when

i
subprogram LINV is first called. This feature and others are explained
in a fully documented version of LINV included in the first section of
Appendix B, "Computer Program for Figure 3.2."

The last section of subprogram LINV evaluates the Laplace transform
at 34 values. Each evaluation requires a Newton-Raphson search to
determine (s), except for the case of the Wiener process where OMEGA
is determined by the quadratic formula. The number of iterations in
the search is reduced by using the current value of w(s) as the initial
trial value for the next search. Subprogram LINV uses array Vi and

the 34 values of the Laplace transform to calculate H(t).

Subprogram RZMEK first combines H(t) with the correction term

to obtain Ez[I(t)], and then it computes Ez[W(t)] for the unscaled
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process. In the final step EZIW(t)] is converted to scaled form and
stored in the three-dimensional array SCLWT. When the computations
for three tables (each with ten processes evaluated at sixteen epochs)
are completed, subprogram RZOUT prints five copies of the tables with
varying margins. Then the main program reads punched cards specifying
ps 2%, and t* for the next page of tables.

All computer programs listed in Appendix B were coded in IBM
FORTRAN IV [IBM, 1971] and processed on an IBM 370/168 with the high-
speed-multiply feature. The average computer time needed to evaluate
scaled EZ[W(t)] for one process at one epoch, i.e., a single value

in the tables of Appendix C, was approximately 0.17 second.
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CHAPTER 4

NUMERICAL RESULTS FOR EXPECTED SERVER LOAD

4.1. Using the Tables

In this section we explain how the tables in Appendix C can be
used to obtain time-dependent mean server load in M/Ek/l queues. We
will repeat only the notation and formulas from the previous chapters
that are required for using the tables; the details of the underlying
theory and numerical method will not be discussed here.

The system being studied is the standard M/Ekll queue. We assume
that the analyst has specified the value of the mean arrival rate,
denoted A, and has determined that the service times (random variable
S) can be described by a gamma or Erlang distribution. If an actual
operating system is being studied and data are available, the analyst
can use the methods described by Hora [1978] or Reinmuth [1971] to
verify that the input process is Poisson. Similarly, a chi-square
goodness-of-fit test can be used to compare the actual distribution
of service times with tabulated values of the incomplete gamma function
[Pearson, 1922]. In cases where the service times of an actual system
do not exactly fit the gamma distribution, the analyst still may wish
to use this theoretical distribution as an approximation.

We define the probability density function for this two-parameter
gamma distribution using the mean, E(S), and the Erlang shape parameter,

k (not restricted to integer values), as follows:
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£(t) = [k/E(S)] tk—l e-kt/E(S)

(k-1)! ’ t>0, k>0.

The standard deviation of this service time distribution is E(S)/Vi.
so the appropriate value of parameter k can be determined either
from the mean and second moment, E(Sz), or from the mean and variance,

Var(S), as follows:

- 2
JE®) | [EE)]
(4.1.1) k Var(S) E(Sz) = [E(S)]2

Figure 4.1 shows two groups of gamma service time distributions,
where the special case of the exponential distribution (k = 1) is
included in both groups. The mean, E(S), of each distribution in the
figure is equal to unity, so the standard deviation is 1/Vk in each
case. The top chart includes density functions with k =2 and k = 4,
i.e., with less variance than the exponential distribution. The limiting
case as k becomes infinitely large is the degenerate distribution
with constant service times, corresponding to the M/D/1 queue. The
bottom chart of Figure 4.1 includes density functions with k = .5
and k = .2; these two distributions can be used to approximate systems
where the service times have more variability than the exponential case.

The stochastic process being studied is server load, denoted W(t).
This process is also called unfinished work, system backlog, or virtual
waiting time, the latter because W(t) represents the time that an
arrival at epoch t would wait before beginning service. The system

may begin operation at epoch t = 0 with some initial backlog, W(0) = z.
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Our results, in scaled form, are for time-dependent mean server load,
denoted Ez[W(t)]. This operating characteristic is appropriate when
waiting costs associated with an actual system are directly proportional
to the waiting times experienced by the customers.

To use the tables, the analyst must describe the system by
specifying A, E(S), k, and z. Some preliminary computations are
required before consulting Appendix C, and these steps are outlined in
flowchart form in Figure 4.2. We use an asterisk superscript to denote
the scaled values which appear in the tables, e.g., Ez*[W*(t*)]. The
scaling factors are WF, which is applied to the virtual waiting time
(server load) values, and EF, which is applied to the epochs (points on
the time scale). Values of p, z*, and k should be determined before
consulting Figure 4.3.

The tables in Appendix C contain scaled results for eight M/G/1
queues: the M/D/1 queue and M/Ek/l queues with k = .2, .5, 1, 1.5, 2, 3,
{ and 4. If the value of the shape parameter k determined by the analyst

is not exactly equal to one of the seven tabulated values, either the
closest tabulated value of k should be chosen or simple interpolation
can be employed. In most cases the interpolated values can be determined
by mental calculation directly from the scaled results for adjacent k
values in a table. It should be noted that for interpolation purposes
the gamma input process and the M/D/1 queue correspond to M/Ekll queues
with k=0 and k = =, respectively.

In Appendix C there is a separate table for each combination of

p and z*. If the analyst chooses not to use the closest (p, z¥*)




X, E(S), k| z

p = AE(S)
NO YES
ps
?
NO YES NO YES
k+1 2
Ao [EG)] £(s) 1% K+l 1
= = = = — F = = — |
WF ‘1-0‘ WF e WF EF oY W EF X ]
__WF
EF = TI:BT
1
- -
z% = z/WF

&

Consult Figure 4.3 and text for the correct

case for the specific combination of p, 2z*.
; Obtain pairs of t%*, E % (W¥(t*)] directly
from Appendix C or by interpolation.

t = EF-t*

E,(N(£)] = WE'E,,[W* ()]

‘ ; Note: EF = Epoch Factor for scaling
E N WF = Wait Factor for scaling

FIGURE 4.2. Flowchart Instructions for Using the Tables
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z* - 0’ -2,
.4, .6,
08,1.0

p=.5,.6,.7,
.8,.9

S < p< 93
ot .6,.7,.8

1.1 < p< 2.3
o#1.2,1.3
1.4,1.5

FIGURE 4.3. Various Cases for (p,z*) Combinations




combination which is tabulated, then interpolation between two or more
tables will be required. Figure 4.3 illustrates the cases which might
be encountered, and the appropriate methcds for these cases are dis-
cussed below. For any specific (o, z*) combination being studied,
the objective is to de¢termine pairs of t* and Ez*[w*(t*)] to which

the scaling factors, EF and WF, will be applied.

Case A. No interpolation is required. There is a table in
Appendix C for this specific (p, z*) combination, and the values
for scaled epochs, t*, and scaled mean server load, Ez*[H*(t*)]. can

be read directly from the table.

Case B. The exact value of 2z* is tabulated, but the exact value
of p falls between two tabulated values. First find the two tables
that have the exact z* with the two closest values of p. Then list
the scaled epochs (t*) that appear on both tables, and also list both
values of Ez*[w*(t*)] for each of the common epochs. For each epoch
use simple interpolation to determine Ez*[w*(t*)] for the exact

value of o.

Case C. The exact value of p is tabulated, but the exact value
of 2z* falls between two tabulated values. The method is similar to
Case B. Find the two tables with the exact p© and the two closest
values of 2z*; list the common values of t* with the two values of

Ez*[w*(t*)]; and use simple interpolation. The initial behavior of
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the system can also be determined as follows:

zk - t* for p< 1, 0 < t* < (1-p)z*
Ez*[w*(t*)] = ( z* for p=1, 0 < t* < z*
z* + t* for p>1, 0 < t* < (p-1)z*

Case D. The exact values of neither p nor =z* are tabulated,
but the exact valu% of each does fall between two tabulated values. For
one of the closest z* values which are tabulated, perform the inter-
polation between the two closest values of p using the procedure of
Case B. Use the same procedure for the other closest value of z*.
Finally, use the procedure of Case C to interpolate between those two
sets of data. For example, if we are interested in results for (p = .67,
z* = _44), we interpolate between (p = .6, z* = .,4) and (p = .7,

z* = _4) to obtain (p = .67, z* = .4). We also interpolate between
(p= .6, zx=.6) and (p= .7, z* = .6) to obtain (o = .67, z* = ,6).
Finally, we interpolate between (p = .67, z* = .4) and (p = .67,

z* = .6) to obtain results for (p = .67, z* = .44).

Case E. For situations where 0 >2 and 0 < z* < 1, the Wiener
process provides an upper bound for Ez*[w*(t*)] in any queueing system.
Because of the scaling used in the tables, the tabulated values of
Ez*lw*(t*)] for the Wiener process depend only on 2z*, not on op.
Therefore, any table with p > 1.1 and the specified value of 2z* can

be used to determine the upper bound. Interpolation can be used if the

57

S ——

-

i,




exact value of 2z* falls between the tabulated values. In these same

situations a lower bound for Ez*[w*(t*)] is z* + t*,

Case F. For situations with both o > 1 and z* > 1, a very
accurate approximation of Ez*[W*(t*)] is =2z* + t*, The accuracy is
best when both p and 2z* are large, but even for p = 1.1 and

z* = 1 the maximum error (M/D/1 queue, t* = 1.5) is only 1.4 percent.

Case G. For p=1 and 2z* > 4, the initial behavior is
Ez*[w*(t*)] =2z* for 0 < t*¥ < z*, For t* > z*, the results for

z*¥ = 4 provide a loose lower bound.

Case H. For .5< p< .9 and 2z* > 4, the initial behavior is
Ez*[w*(t*)] = 2% - t*, for 0 < t* < (1-p)z*. For t* > (1-p)z*,

the results for z* = 4 provide a lower bound.

Case I. For systems with p < .5 the approach to equilibrium is
very slow. If the initial server load z* > 0, the initial behavior
is the same as Case H. For z* < 4 the results for the same queue

(i.e., the same value of k) with p = .5 provide an upper bound.

Other Cases. For situations with .9 < p< 1.0 and 0 < z* < 4,
the tabulated results for the Wiener process with any p < 1 and the
appropriate 2z* provide a tight upper bound for any queueing system.

Likewise, for situations with 1.0 < p< 1.1 and 0 < z* < 4, the
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tabulated results for the Wiener process with any p > 1 and the
appropriagg .z* provide a tight upper bound. In both cases the Wiener
approximation is most accurate for values of p closest to unity.

The tables in Appendix C can be used along with Figures 4.2 and H
4.3 to obtain explicit results for the transient behavior of mean
server load in a wide range of M/G/1 queues. In many applications
the analyst will perform some sensitivity analysis by using various
estimates of X\, E(S), k, and 2z and comparing the results. In cases
where p < 1 the analyst may be interested only in the speed with
which the system approaches steady-state. Expressing the Pollaczek-

Khintchine formula with our notation, the mean of the steady-state

distribution for server load (often called expected waiting time in

the queue, excluding service) is

Ez[W(w)] = WF/2 , 2% 0, 21 .

4.2. Several Sample Problems

In this section we illustrate the methods described in Section 4.1
by working several sample problems. The first three problems show how
changes in the variance of service times affect the transient behavior
of mean server load and the steady-state value, assuming the other
parameters of the system are held constant. The fourth and fifth problems
illustrate using interpolation to determine results for queues when the

exact value of p or 2* is not tabulated. The determination of waiting
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costs using time-dependent mean server load is discussed and applied to
one of the sample problems.

The following problems are adapted from an example described by
Hillier and Lieberman [1974, p. 436]. A university plans to lease a
small batch-processing computer for its students to use. It is expected
that the students will submit programs to be run every 3 minutes on
the average and that the times between submission of programs have an
exponential distribution. The computer under consideration could
process an average of 25 typical student programs per hour if it were
run continuously. We will examine the transient behavior of this

M/G/1 system for an eight-hour period, assuming that the system begins

operation with no backlog. Thus far we have specified A, E(S), and =z.

For Problem A we assume that the processing times for the students'
programs are exponentially distributed, i.e., k = 1. Referring to
Figure 4.2, we perform the initial computations, using hours as the

time unit.

Problem A.

A =20, E(S) = 1/25, k=1, z =0
p = 20-(1/25) = .8
_ 20-2-(1/25)2 _
WF o .32
EF = .32/.2 = 1.6
z* = 0/.32 = 0
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Referring to Figure 4.3 with o = .8 and z* = 0, we see that Case A
is appropriate, i.e., the exact values of p and z* appear in a
table in Appendix C. Referring to the appropriate table, we note
that the sixteen scaled epochs t* are between .02 and 4. Eight
points should be sufficient to describe the queue's behavior; the
selected values of t* and Ez*[W*(t*)] from Appendix C are shown
below in the first two columns. Referring to Figure 4.2, we compute

t and EZ[W(t)] by multiplying the scaled values times the scaling

factors. The desired results are shown below in the last two columns.

Problem A.

tx  E [Wk(eX)] t E [W(t)]
ol .164 .16 .052
.2 .230 J52 .074
4 .306 .64 .098
.6 .351 .96 112
1. .405 1.6 .130
2. 461 3.2 .148
3. .482 4.8 .154
4. .491 6.4 .157

The steady-state mean server load in Problem A is WF/2= .16

hour (9.6 minutes), or four average service times. After approximately

one hour of operations (t = .96), mean server load (.112 hour) in this

M/M/1 queue is about 707 of steady-state; after three hours it achieves
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90% of the steady-state value. For queues with p< 1, Ez*[W*(t*)]
approaches a steady-state value of .5; therefore, the percentage of
steady-state achieved at any epoch can be determined simply by doubling
the Ez*[w*(t*)] value.

For Problem B we consider a system with the same arrival rate
and the same mean service time, but we assume that the service times
are constant (deterministic). In the context of our original computer-
leasing problem, it might be that the student programs are actually
uniform or that this specific computer has very little variation in
processing times for the programs being run. Referring to Figure 4.2,

we perform the computations for this M/D/1 queue.

Problem B.
A =20, E(S) = 1/25, k ==, 2 =0
o= 20-(1/25) = .8
W-Mi_%ﬁ-.ls
EF = .16/.2 = .8
z* = 0/.16 = 0

Referring to Figure 4.3, we see that the exact values of p and =z*
are tabulated, and we select eight points from the appropriate table
in Appendix C as shown below. The tabulated values are mutiplied by

EF and WF to obtain t and Ez[W(t)], respectively.
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Problem B.

t* Ez*[w*(t*)] t -Ei_[!d(t)l i
.2 .242 .16 .039
4 .316 .32 .051
.6 . 360 .48 .058
f 1. 412 .8 .066
1 1.5 446 1.2 .071
> 2. .465 1.6 .074
3. 484 2.4 .077
4. .492 3.2 .079

N—

The steady-state mean server load in Problem B is WF/2 = .08

NP W

hour (4.8 minutes), or two service times. We observe that after a
él i half-hour of operation (t = .48) mean server load (.058 hour) is about
70% of steady-state; after one and a half hours (t = 1.6), it has
reached 907% of the steady-state value (.(074 relative to .08). Compared
with the M/M/1 queue of Problem A, this M/D/1 queue has a lower steady-
state mean server load and it approaches that equilibrium value much
faster.

For Problem C we consider a system with the same prameters as

Problems A and B, except that the service times have wide variability.

We assume that the mean service time is 2.4 minutes (1/25 hour), as } i
before, but that the standard deviation of the service times is 5.4

minutes. Referring to equation (4.1.1), the appropriate Erlang shape
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parameter is k = .2. The computations from Figure 4.2 and the selected

points from Appendix C are shown below.

Problem C.

>
(]

20, E(S) = 1/25, k= .2, z=0

p = 20-(1/25) = .8
WF = 39l9i§%§3213 = .96
EF = .96/.2 = 4.8
‘ z* = 0/.96 = 0
t ELen] ot E WD)
E .1 .156 48 .150
?' .2 .223 96 .214
| .4 .299 1.92 .287
5 .345 2.88  .331
.8 .377 3.84  .362
% .400 4.8 .384
1.5 .438 7.2 .420
2. .459 9.6 441

The steady-state mean server load in Problem C is WF/2 = .48 hour
(28.8 minutes), or twelve average service times, which is much higher
than the M/M/1 and M/D/1 cases. We observe that about 70% of steady-
state is achieved after three hours and that approximately eight

hours of operation are needed to reach 90% of the steady-state value.
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Figure 4.4 shows mean server load curves for Problems A, B, and

C, where these three queues have the same values of A and E(S). We
observe that the queues with higher variance of service times, i.e.,
with lower values of k, have a higher steady-state mean server load.
Furthermore, the approach to equilibrium is slower for the queues with
the higher steady-state value. We also note from Figure 4.4 that the
ordering of the curves is the opposite of the ordering of the scaled
values in the table (p = .8, z* = 0) in Appendix C; this reordering
is explained by the different scaling factors, WF and EF, for the
three queues.

Returning to our computer-leasing problem, we next consider a
computer that can process an average of 30 programs per hour, i.e.,
E(S) = 1/30. We assume that the processing times are exponentially
distributed, i.e., k = 1, and that the arrival pattern is the same as
Problems A, B, and C. For Problem D we will assume that students can
leave programs during the night for processing when the facility opens.
It is estimated that "about a dozen'" programs will arrive during a
typical night; thus, the initial server load (assuming 12 jobs at 1/30

hour each) is .4 hour. Referring to Figure 4.2, we perform the follow-

ing calculations.
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Problem D.

Values from Appendix C

E_ [WA(t%)], z%=3

p=,6 p=.,7

Interpolated

B, [0 (t%)] E, [W(t)]

p= .67 o= .67

2.5

2.5

2.0
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Problem D.
A =20, E(S) = 1/30, k=1, z = .4
o = 20.(1/30) = .67

2
20-2-(1/30)° _
WF e .133

EF = .133/.333 = .4

z*

.4/.133 = 3

Referring to Figure 4.3 with p = .67 and z* = 3, we see that Case B
is appropriate. The two relevant tables are (p = .6, z* = 3) and
(o= .7, zx = 3), and we list the values of t* appearing on both
tables. Those thirteen values and the corresponding values of
Ez*[w*(t*)] from the two tables are shown in the first three columns
below. For each scaled epoch we interpolate to find the approximate
value that is two-thirds (or about seven-tenths) of the difference
between the values for p= .6 and p = .7. The interpolated value
is shown below in the fourth column. Finally, we obtain t and
Ez[w(t)] by multiplying t* and the interpolated values of
Ez*[W*(t*)] times EF and WF, respectively.

The steady-state mean server load in Problem D is WF/2 = ,067
hour (4 minutes), or two mean service times. We observe that transient
mean server load is within 10% of the steady-state value after approxi-
mately two and a half hours of operation. Figure 4.5 shows the curve
for Problem D and the curve for the same queue with no initial load.
(The calculations for the latter case are not shown here.) The system

with z = 0 reaches 907 of steady-state after only .8 hour of operation.
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For our last sample problem we consider a computer that can process
an average of only 20 programs per hour, and we continue to use the
same arrival pattern that was specified for the first four problems,
i.e., an average of 20 arrivals per hour. Since the arrival rate is
equal to the service rate in this system, the traffic intensity parameter
equals unity and we have an unstable queue. For Problem E we will
assume exponentially distributed service times and an initial server
load equivalent to five average jobs. The initial calculations,

following the steps in Figure 4.2, are shown below.

Problem E.

>
L}

20, E(S) = 1/20, k=1, z = .25

20-(1/20) = 1

°
(]

WF

EF = 2/20 = .1

z%

.25/.1 = 2.5

Referring to Figure 4.3 with p=1 and 2z* = 2.5, we see that Case C
is appropriate. From the tables for p =1 in Appendix C we note that
the scaled epochs are identical in the tables for z* = 2 and z* = 3.
We select eight of the sixteen epochs and record the tabulated values
below. From the discussion of Case C in Section 4.1 we also know

that Ez*[W*(t*)] = 2.5 for 0< t* < 2.5.




Problem E.
>

Values from Appendix C

Interpolated
Ez*[W*(t*)].t>=1 Ez*[W*(t*)] Ez[W(t)]

z* = 2 zk = 3 zk = 2.5 t z = .25

2.5 0 to .25 .25

If the M/M/1 system described in Problem E continues operating
indefinitely, the mean server load will increase without bound. In
many actual systems the arrival rate equals or exceeds the service
rate for short periods of time, but such situations may be acceptable
if the cost of providing faster service exceeds the cost associated
with the high waiting times.

The five sample problems show that the methods described in
this chapter can be used to determine time-dependent mean virtual
waiting time, an important operating characteristic of M/G/1 queues.

In actual applications the analyst may wish to determine the cost




|
{

associated with EZIW(C)] when analyzing or designing a system. In
their discussion of decision models for queueing systems, Hillier and
Lieberman [1974, Ch. 10] discuss appropriate cost functions for various
problems and apply their methods to steady-state distributions of both
the number of customers in the system and the waiting times of individual
customers. As previously mentioned, our results for expected server
load are appropriate for evaluating costs only in systems where the
waiting costs are directly proportional to waiting times. We next
describe a method for evaluating the waiting cost in situations where
the transient behavior of the system is important.

Let c¢ be the cost per unit of waiting time experienced by an
individual customer. The cost associated with a customer arriving
at epoch t 1is c*W(t), where there may be some initial server load
W(0) = z for process W('). For any specific epoch t, W(t) is a
random variable; in our situation the cost function is linear, and the
expected cost for a customer arriving at epoch t is c'Ez[W(t)]. In
cases where the cost function is non-linear, we would need more informa-
tion about the distribution of W(t), not just its mean, in order to
determine the expected cost of a customer arriving at epoch t. The
probability that a customer will arrive during interval (t, t+At)
is Adt, and such a customer would incur expected cost c-Ez[w(t)].
Thus, the expected waiting cost during a period from t =0 to t =T
is

T T

(4.2.1) [ ¢ E_[W(t)] \dt = ¢\ [ E_[W(t)] dt .
0 - g "
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Note that the integral on the right-hand-side of (4.21) is simply the
E area under the curve for transient mean server load.

? i For a queueing system that approaches steady-state quite slowly,
4 the analyst should use the integral expression, not the equilibrium :
mean waiting time, to evaluate expected cost. To illustrate the i

difference, consider again the system described in Problem C. Assume

the university has determined that for this situation the appropriate
cost associated with making a student wait for a program to be processed |
is $10 per hour. If we approximate the mean waiting time using the
steady-state value of .48 hours, then the expected waiting cost for an
individual student arriving with a computer program to be run is $4.80.
The mean arrival rate is 20 per hour, so the expected waiting cost is

$96 for each hour the system is in operation. Thus, during an eight-

hour day the total expected waiting cost is $768. This total cost
figure is based on the equilibrium mean waiting time, but from Figure 4.4
we can see that EZ[W(t)] for Problem C is substantially less than
the equilibrium value.
For a more accuratc determination of total waiting cost during '1
the eight-hour period, we can evaluate the integral on the right-hand-
side of equation (4.2.1) graphically by plotting the curve from Figure 4.4
on a fine grid and counting the squares. Using this method the value
of the area under the curve is approximately 2.66 hoursz. (The correspond-
ing value using the equilibrium mean server load is .48-8 = 3.84 hoursz.)
Multiplying the area under the curve by c-\, we find that the correct

total expected waiting cost for the eight-hour period is $10°20°2.66

= $532.
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In this particular problem the use of the equilibrium value
produces a total cost figure approximately 447 greater than the correct
amount. The example illustrates the importance of using time-dependent
results when the approach to equilibrium is slow. The graphical
technique can also be used to determine expected waiting cost for

unstable queueing systems (p > 1), where all behavior is transient

and no equilibrium is ever achieved.

|
I
v
E




|
|

E

i
|
B

B

CHAPTER 5

CONCLUSTIONS

The objective of this research was to provide tables for time-
dependent mean server load in M/G/1 queueing systems. Chapter 2 pre-
sented the theoretical framework for the server load process, the
Laplace transform of EZ[W(t)], and a scaling procedure that allowed
us to reduce the number of parameters required to describe a specific
system from four [, E(S), z, k] to three [p, z*, k]. 1In Chapter 3
we considered a technique for inverting the Laplace transform, and
we conducted extensive checks and comparisons to ensure the accuracy
of our numerical results. The sample problems in Chapter 4 illustrated
that a practitioner can easily use our tabulated results in Appendix C
by following simple step-by-step procedures. We now discuss some
additional results of this research, including a study of the error
associated with the Brownian approximation, and we offer some suggestions
for future research.

The scaling procedure employed in this research produces curves
for Ez*[w*(t*)] that are monotonically ordered by each of the three
parameters (p, z*, and k), and these consistent orderings facilitated
the interpolation procedures described in Chapter 4. Referring to any
single table in Appendix C, i.e., fixing the values of p and 2z*, we
observe that the curves for Ez*[w*(t*)] increase monotonically as k,
the shape parameter of the Erlang service time distribution, increases.

(This ordering of the transient curves by the shape parameter has not

been proven analytically and is a possible topic for future theoretical
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research.) As we would expect, the upper bound (corresponding to
k = @) is the curve for the M/D/1 queue. But our numerical results
also indicate that a lower bound can be identified: the gamma input
process (corresponding to k = 0). We can think of these upper and
lower bounds as defining an "envelope", and we might hypothesize that
this envelope contains the curves, in scaled form, for all M/G/1 queueing
systems, not just for the M/Ekll queues that are studied here. Figure 5.1
shows the upper and lower bounds for the (p = .5, z* = 0) case. We
observe that the envelope is relatively narrow; specifically, its
maximum width is 11% of the steady-state value in this case. For
zx =0 and p= .6, .7, .8, and .9, the maximum width is 9%, 7%, 5%,
and 3%, respectively. We could use these bounds to obtain approximate
results for any M/G/1 queueing system for which X, E(S), E(Sz), and
z are known, without specifying the exact shape cf the service time
distribution.

Another monotonic ordering is observed by fixing the values of
k and 2z* and varying p. For example, if we examine the curves for

the M/D/1 queue (k = =) with z* = 0, we observe that for p< 1 the

scaled curves increase monotonically as p increases. (In Appendix C
this comparison requires examining tables that are each three pages
apart.) The M/D/1 curves seem to be approaching the curve for the
Wiener process as p increases. This observation has not been proven é
analytically, but the heavy traffic (or Brownian motion) approximation /

for the equilibrium distribution of M/G/1 server load is derived by

examining, the scaled form, the limit of a sequence of queues as p
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t 1.5
E 1.4
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FIGURE 5.2.

1, 2. 4.
91 60 39 30 21 13 7
56 38 25 19 14 8 5
46 32 21 16 12 7 4
37 25 17 13 10 6 3
25 18 12 9 7 4 2
13 9 6 5 4 2 1
14 10 6 4 3 1 0
35 23 14 10 7 3 1
65 42 26 18 12 6 2
108 68 41 30 19 9 3
171 109 67 48 31 15 5
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and rounded to the nearest whole per cent.

The tabulated error is the difference between the Wiener
and the gamma input values, divided by gamma input value,

Percentage Error of the Wiener Approximation, z* = Q

e e ——




relationship using a quadratic function. In such cases knowledge of
both the first and second moments of the server load distribution is
required. Prabhu [1965] derived the double Laplace transform for the

time-dependent server load distribution in M/G/1 queues. If we

evaluate the second derivative of that expression at zero, we obtain
the Laplace transform for the time-dependent second moment of the
distribution. The LINV algorithm can then obtain the second moment

at specified epochs for use in a quadratic cost function. There may

il

be other queueing applications for this relatively efficient and

accurate numerical technique for Laplace transform inversion.
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approaches unity. Our empirical observations suggest that for both

the transient and equilibrium cases it might be possible to obtain
analytic proofs for the ordering, not just for the limit.
The Wiener process was included in our research because it is
often proposed as an approximation of server load in M/G/1 queues.
If our detailed results for M/Ekll queues are not available, an
analyst can use the scaling factors and a brief tabulation of the scaled
Wiener process to obtain such an approximation. From Figure 5.1
we can see that the method will be most accurate for M/D/1 queues or
M/Ekll queues with large values of k. Conversely, the error will be
greatest when the method is used for an M/Ek/l queue with k near zero.
The limit of this "worst case" is the gamma input process, and our
numerical results in Appendix C allow us to make a detailed study of
the possible error associated with the Brownian approximation. We
express the difference between the values for the Wiener approximation
and the gamma input process as a percentage of the value for the gamma
input process, and Figure 5.2 tabulates this error for all values of
p at selected scaled epochs. We observe that this "worst case' error
decreases monotonically as p approaches unity or as t* increases.
This research used numerical inversion of the Laplace transform
to determine the first moment of the server load distribution at
specified epochs. In Chapter 4 we used the transient curve to deter-
mine waiting cost for cases where the cost is directly proportional
to the customer waiting time. In many applications, the cost function

may not be linear, and the practitioner may approximate the cost
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APPENDIX A

SUMMARY OF NOTATION

This. list includes brief definitions of the notation used most

frequently in this dissertation.

A(t)

Fa

F(+)
F*(s)
£C°)
fn(t; a)
G(t)
g(t)
H(t)

I(t)

P(t)

-l

stationary Poisson process, the M/G/1 arrival process
cost per unit of waiting time

expectation, first moment, of a random variable
expected value, conditional on initial load =z
scaling factor for epochs

an approximation based on Stehfest's algorithm
cumulative probability distribution for S
Laplace-Stieltjes transform of F(*)

probability density function

ohservational density function with parameters a and
gamma process

correction term function

E [I(t)] + g(t)

cumulative idleness process

Erlang shape parameter

n

number of values of the Laplace transform used by Stehfest's

algorithm to obtain an approximation

any function of interest

an approximation of P(t) based on n values of the Laplace
transform using Gaver's method
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Pu(z,s)
Pw(z,s)
p(s)
S, S

S(t)
Var|[-]
WF

w(t)

X(t)

a, B
T()

()
w(s)

Laplace transform of H(t), conditional on 2z
Laplace transforn of W(t), conditional on =z
any Laplace transform function

service time random variable

compound Poisson process, an input process
random variable for an observational epoch
variance of a random variable or process
random variable for equilibrium server load
scaling factor for waiting time

server load, or virtual waiting time, process
net input process, a Levy process

deterministic initial server load, W(0)

error components of an asymptotic expansion
shape and scale parameters for gamma density function
gamma function

mean arrival rate, parameter for A(t)
-E[X(t) ]/t

standard Wiener process

traffic intensity parameter

Var[X(t) 1/t

exponent function

solution of functional equation ®[w(s)] = s
overscore, or "bar", denotes approximation

asterisk superscript, denotes a scaled value
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APPENDIX B

LISTINGS OF THE COMPUTER PROGRAMS

Figure 3.2, including the documented version of LINV
Figure 3.4

Figure 3.5

Figure 3.6

Appendix Tables, p # 1

Appendix Tables, p =1
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(WMEUTEE PaUGEAM FOR riulsde 3.2

P TG P RGBTV PDP DD DO B WD WD B D

Ifkeicly HEAL®B(A=id,0=2), Ikitush (1-N)
CORELD/ LAELAC/EFUCH (10) , APEKUZ (10 ,6)
LIbbaSIUd B XACT (10,6) ,SLEHE (10,06) , V(50)
AT aMAL P1,¢2,P3 ,24,¢5,F0
=0
N=34§
LAUA SLEHE /e26535,439912,.32655,..8278,
1.25174, 422589, 021322,. 19950, 138 14,. 17790,
i 1. 16.)66, 1. 3‘5“-’,“.“)35“,
l 1100@03“2,20.70&“5'3507&b32,36.62533,b“00‘735,
! 1120.78473,165.66749,
1. 98775' 091001’ 0038261030900,
1'.02119"0 315‘7,'.5725“,‘.7050"’0 910“9"0 309‘39'
1-. 37762'-1. 27(;8“,"1.675““'
1-1 0903’2'-20 18727 "'2. 30870'-"0 3‘270' ’2.037“0'
1-2.77139€C, -2 ,00091,
1. 36798,.13557, .U5C43,.0184Y,
1-000“0..00 195,.00036,‘0000003'0000“7 '°000020 0
1-. 06-’33'-. ."331’ 1.0‘575, e 3’533'
12, 76604,14421092,-3.32556,-11.082953,-25.28353, 44,0051/
w 30 1=1,1¢
EEUCH(1)=1
v =1
EXACY (I,7) =1/DSual (1*3.1415526535897932304626433)
EXALY (1,2)=1%1*T/6
EXACL (1,3)=DSIN (boyail (2*T))
EXAC4 (1,4) ==Di0G (1)=G.577215604901533860061
LilbaCi (1,5)=DEXP(-1)
EXACL (4,0) = 1= 3%1+ 351 % /2-T*1*]L /0
CALL LIBV(ET,N,L,AEPROL (I,1),V,H)
CALL LINV(P2,N,i, APPaOX(1,2),V,8)
CALL LINV(P3,N,L,APPaUX(L1,3),V,H)
CALL LINV(EQ N, , AEkBROX (I,4),V,0H)
CALL LIMV(ES,N,T,APPRUX(I,5),V,d)
CALL LIBV (k6,N,%, BEPHOX(1,6) V ,08)
3C CONTINUE
bv 80 NCOPY=1,5
wxlIlE (0,4)
3 4 FORMALY (1H1,//7/7)
' MARGibd = U4 ¢ NCOPX
L0 o iMBGN = 5,MARGIN
th‘i‘k)(b,o)
6 FOkNAL (1H )
6 (WNTIHRUE
WRITE (0 ,40)
40 FORMAL (TH ,354,'t1GUKE 3.2 INVERSION O 1pS51',
1" FUBMCLIONSY)
wh ITE (6 ,42)
42 FOanAY (14 ,35X,39 ('=*))
aRITE (6,43)
43 EORMAT (140, 33X 42 ("APPRCKINATE F(T) USIMNGL',21X))
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CUM: UTEE PaUGKAM FORK riGlUne 3.2

3¢

6
-]

40

42

43

Itkadicii BREAL®*B(A-H,0-2), Ibsboch (1-N)

COLiELd/ LAELAC/EFUCH (10) , APERU L (10 ,6)

LibbsaSius LXACT (10,6) ,5LEHE (10,6),V(50)

viTL bMNAL Pl.rZ,P3,P“.r5,Pb

4=0

N=34

LALA SLEHLE /e26935,639914,432655,.48278,
1.25174, .2258Y, 421322,. 19956 ,.13814,. 17790,

Te 160€6, 1. 3c543,4.44354,
110.00342,<0.70645,35.76032,56.,82535,bU.0473)5,
1120.78473,165.,66749,
1. 96775' .91001, .03826'.309000
1-002119‘-0315‘7'-05725“.”0706031-0910“9'-. 309‘39'
1=e57762,-1. 27084,-1. 67544,
1-1.90392,-2,18727 ,~2. 30870 ,= 44 5270,=2.0574C,
1-2.7739C, -2 ,00091,

1. 36798,.13557, «U5C43,.C184Y,
1.06C040,.06195,.,00036,=-.00000,-.,00047 ,-.00020,
1'.06-)3-"-. J"331'1c01575' 2e 39533'

12, 75&““'1041092’-3032956'-11.02953.-250253’3'-““06&511/
L 30 1=1,1¢

EFOCH (1) =1

T =1

EXACYL (I,1)=1/DSyual (4*3.1415526535897232384626433)
EXACT (I,2)=1*1*T/6

EXACY (I,3)=DSIN (Doyai (2*T))

EXACL (I,4) ==Di0G (4)=0.57721560490153386061
LXACL (1,5)=DEXLP(-1)

EXACL (4,0)=1=3%1+ 351 %L 2-T% 1%L /0

CALL LINV(P2,N,%, A¢2a0X(L1,2) ,V,8)

CAus LINV(P3,N,0,ARPPaGX (L,3),V,H4)

CALL LINV(FU,N,Y,AackBROX(I,4),V,H)

CALL LINV(ES,N,T,APPauX(I,5),V,H)

CALL LIDV (£6,8,%, ABRPROX(1,6) ,V 1)

CONTINUE

Dv 80 nCOPY=1,5

wnllE (0,4)

FORMAY (1H1,///7)

MARGIN = 4 + NCUPYX

L0 o iMBGN = 5,MARGIN

hAIlb(b,o}

FORMAL (1H )

CUNT IHUE

WKITE (0 ,40)

FORMAL (TH ,354,'tIGUKE 3.2 INVERSION Or insi',
10 FUBCLICHS')

wh ITE (6 ,42)

FOanAY (14 ,35X,39 (*=1))

«RITE (6,43)

EORNMAT (140, 33X 2 ('APPRCAIMATE F(T) USING',21X))
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76
00

P T

sk Itk (C,44)

FOARMAT (VH 354 ,2 (1IHSLEHFESL'S AaRTHOD,204) )
WRILE (0 ,4)5)

FOBMAYL (10 ,32X,2(25('=°),184))

wkI1lE (6,46) N,D

FUBMAT (14 ,11X,°T ¢ ,64X,<4( EXACT F (1) *',9X,'u=* ,12,9X,
1'5=10',7X))

Wk iTL (6,40)

FORBAAL (1H 10X 0====0,2(2X,14("=%)) ,2X,9('=%),
12(24,14(°=)) ,24,9(°="))

SRITE (0,50)

FORMAL (1HO , 20X ,%E (1) = 1/Suas (PI*T)® 244,

1'F (L) = =C~LN(T) ")

ARIT L (6,22)

FORMAT (T4 ,106X,2 (41(*~"*),2X))

whILE(6,54) EFOChH (L) , (EXACY (i,J) pAEEBCK (I,4),
151 Enk (i,9), Jd=1,4,3)

FCKMAT (1H ,10X ,Fae1,2(2(2X,E14.10) ,2X,F5.9)).
CONLIMIUE

FORMAL (100 ,26X,°F (L) = (4*T*T)/6°',27X,
1'F (1) = EXE(~T)")

WRITE (6,52)

O b6 i=1,10

Whiic(b,54) EPUCH (1), (EXLACT (I,J),aPPRCL(1,J),
15T Euk (L,d) » 9=2,5,3)

CONL IME

de:lb(o,?O)

FObin AL (1d0 , 26X, F (1) = SIN(SuBI(<*D))*,4<a,
1% (I) = 1=3%1+¢3%1%1/4=-1%T*T/0")

WKITLE (0,452) ’

L 70 1=1,10

WaITE(6,54) EPOCH (L) , (ELACL (I,4J) AFERCGA (l,v),
1STEUF (in,d), ¥=3,0,3)

CuNz INUE

CUNLAIMNVE

T UE

END

oUBaCULINE LINV(E,N,T,EA,V,b)

iMPLICIT «EAL*8(A=H,K,L,0=2), LN1EGER (1,J,8,N)
CuBtGN/INPUT/EPOCE(1G) ,LABBOA, EXESVC, RHU,J10L(8)
CUBBON/OUSFUL/UAL(10) ,EXPWL (10,8) ,1ThTua (8)
LIMENSIGH E (25), & (25), H(25), V(30)

;o o ARGUNENT k¥ = FUNCTLUN ¢ (S) = LafLACE 1ERANSEVQRYE OF F(T)

b = NCo OF VALUES OF S USED TO APPuUALBATE F (D)
1 = VALUE AL WHICH F(T) 1S5S TO EE APPaCX1NAIED

‘A= AFFROXLiMATE F (L) BASED Oa N VALULES OF 2(S)
ABsAY UF COLFFICIEimLS ‘USED acriALEDLY)

FOR DAL ZABAMELEE EXribAINLD BELUw.

o

O <
non
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Ikl‘&'b(c'““)
44 FORMAT (VW ,354,2(V17HSYEHFES1L'S aETHOD,204))
WRITE (0 ,4))
45 FOBRMAY (10 ,32X%,2(25('="*),184))
Wwk1lE (6,46) N,D
46 FOBMAMY (14 ,11X,'1°%,64,24( EXACE F(T) ',9X,'n=* ,12,9X,
1'4=10',7X) )
wkiTL (6,4b)
45 EOEBA’I(’H ,1(‘1,‘----’,2(21,1‘6‘("‘)) ,21,,("‘.) ]
12(24,14(°="')) ,24,9(°-"))
SRITE (0,50)
50 FORMAL (1HO,20X,% (1) = 1/S5yas (PI*T)* ,24%,
1'F (L) = =C-LN (D))
j AR IT L (6,52)
i 92 FORBAT (W ,10X,2(41('~*),2X))
_ bu 20 1I=1,10 f
WhILE(6,54) EFOCh (L) , (EAACY (Li,J) )AEEECK (I,J),
15LEnk (I1,9), d=1,4,3)

i Y4 FCOKMAT(1H , 10K ,Fue 1, 2(2(2K,E14.10) ,2X,F5:5))
. 56 COMLIMBUE
aKkILE (6,60)

60 FORMAIL (1hH0,26X,F (L) = (L*T*T),6°',27X,
1'F (1) = EXE(-T)")
WRITE (6,52)
WO 06 Li=1,10
Whiic(6,54) EPOCH (1), (EXACT (I,J),APPROX(1,Jd),
£ ’bIEhE(l,J)' J=2.5'3)
i 66 CONLIMUE
- 7C (Obin A4 (1d0,20X,° F (3) = SIN(SuBT(<*Y)),4<a,
1'% (T) = 1=3%7¢3%185/,=-4*T¢T/0"?)
WRITE (0,52) :
VO 70 1=1,10
1STEUF (i,d), 4=3,0,3)
76  CuNiINUER
80 CUNLINUE
oL UFE
END

i JQB‘O“II‘E LI“V(E,..T,E‘,V,“}

AMPLICIT aEAL*8(A-H,K,L,0=2), INLIEGER (1,Jd,8,N)
CuntCh/INPUT/EPOCE (1G) LAMBOA, EXESVC,kHO,JyT0L(8)
CUBHOUN/ QUL FUL/WAL(10) ,EXPWL (10,8) ,1ThTVs (8)
LIMENDSIGM E (25), & (25), H(25), V(50)

CC

o o ARGUNENT & = FUNCTLIUN ¢ (S) = LaPLACE 1EkARSEURS O F(T)
b = NCo OF VALUES OF S USED TO APPuUALIBATE F (D)
1 = VALUE AL wBICH F(T) 1S TO bE APPaCX1NAIED

rcOcec 0

FA= AFFROX.LMATE F (L) bASED Ua N VALULS OF 2 ()
V = ABaAY Vb COLEFIClEimLS ‘USED anriALEDLY)
4 = FONDAL ZAMAMELLE EXPLAINLD BELUW.
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1F (Bebued) GO L0 50
<
Coe oUb FindSu CALL OF LINV (M 80T 2WAL 1V b) Aamdyr V(i) dldd
C be LVALUALED.
C ;
CookanST CUAKULE E(I) = rACTOmIAL OF 21 VUVER indbe UF 1 Awb
¢ I=-1, AslL B(I) = EACTORIAL OF I1I-1.

C
N = N/<
E(Y) = 2
E(2) = 12
F(1) =1
F(2) = 1
C

U6 16 1 = 2, NH
E(I+1) = ( 2.D0%(2%1¢1)*E(I) ) / I
F(ie1) = F(1)*I
10 CONTINUE
C
Co oMEXY CUBEUZE H(J) = ALL WBaMS IMULPEMDBNT ur 1abEX I Im
C TEE V(i) SUMBATIGN,.
C
EWa = NH
H(1) = 2/F (Nk)

H(Jd) = ¢(J**paR)*E(J))/F (BR=J+1)
20 COATINUE

C
CooFINALLY EVALUATE Anadl V(I).
C

ISiGh = 2% (NH=2* (ah/2) )= 1
C

w v I =1, ¥

V() =60

JFIBRST = (1+1) /2

JLAS: = MINO(I,NH)

DO 3G o = JFiBSL, JLAS:
V(I) = V(I) * H@W)/(E(I=J+1)*F (2%d=1+1))
CONT IME

V(I) = ISIch*V (i)
ISiGHe = -iSIGR
40 CONTIME
C
B =

(&
 CooSUBSEQUEM CAuly (K BQUAL TU N) WiuLl USE AssdX V(I) FRuM
C CUMMUN STORAGE AND will BBANCH 20 THIS SECIl1OoM UF LINV.

.
S0 kA =0
A = o0931471605599453090 1723214145000 / 1



LO 60 1= 1, &
FA = FA « V (I)*p(I*a)
CONTINUE

¢EA = A%ERA

AETURMN
&ty

DUUBLE PRECISION FUNCTION £1(S)
IMELICIT REAL®8 (A-L,u~%), INTEGEE(I-N)
E1=21/DSu B ()

KETU BN

END

DCUBLE ERECISION FUMCTION PZ(>)
INPLICiY aEAL®@(A=l,u-2), Im%EGEE(I-N)
E2=1/(5%5%5%5)

EELU b

END

LOUBLE FRECISION FUNCTION P3(n)
IMNELLCAT KEAL*8(A-H,0-2), INiLkGEk (I-N)
F3=L5val (3. T41592€53589793238U020433/(2%5%5+8) )

1*VEXE(=1/(2%9))
aETUKM
EdD

DOUbLLE EBECISIOM FUNCTION EW(S)
ISPLICIT hoAL*B(A~H,0-2), InioGEE (I-N)
£ =DLVG (S) /S

BETU BN

END

LOUBLE PasCIlSION FUNCTION PS5 ¢S)
IEFLICIT REAL*8(A-H,u-4), INTEGEk (I-d)
¥5=1/(54+1)

SE4Uind

LND

VOUBLE PakCISION FUMCTICHN Po(S)
IMELICIT BEAL*8(A=H,0-2), IMaBGEA (I-N)
Po= (S=1)% (5=-1)%(5=1)/(S*5%5%5)

KETUEM

EMC




COMPULER PaUGEaM Fua FlGUKE 3.4

INELLiCLiT oedAL*8(A-0,0-2), InsiiGik (I-N)
cunhea FAY(1G),PAL(9)
LINENS1Gs F1(10),51(10),D1(10),V1(10),
cXTEBNAL k1,E2
=90
N=34
DC 2¢ 1=1,10
1=1
EV1(3)=T1/boultl (1*3.141552653509793236406 20433)
CALL LIV (R 1,b,Y,EAY(I),V,N)
<0 COMLiMUE

LUAZA §1/050555’o399’2,.32.:3,.25275.
102517“' 044389 oo ‘1322'0 19956'0‘861“'0177,9/
LATA L1/.73172,.40035,.26343,. 20260,
1.19305,0 12,0100 ldObZ,.ZO‘H&,.&‘o(ﬁ,. 17630/
LATA V1/.50419,.358594,.32573,.28209,
1.25231' 013033,0213‘“00 199“7,.166‘:0, 0178“‘/
DALA 42/0.140186,2.501126,1,043438,1.085u04,
10093147, 8412.98, ¢ 410521, .,085541,.016048/

v 3V i=1,9

1=42 (1)

F2 (1)=DEXP(~i/4)

CALL LINV(P<,N,T,FA2(I),V,H)
30 COMLLInUE

LATA bd/e 140527, 4 268195, .4395004,.581306,
1.707316,.813401,, 898482, 9570847, .,992205/
DATA Vi/.120174,. <86329,, 439675, « 5614665,
1.707107,.813712, .689%815b6,.958135,.,992015/

Do 180 acorY¥=1,5
aRIZE (b ,4)

4 FORMAZ(V41,////7)
BARGIN = 4 + MCORYX
VO & IMmGh = S,MARGIN
oRITE (6 40)

6 FOEAAL (14 )

8 CUOMIMNE

WERLLL (6,40)
40 FOAMAL (TH ,33X,'FiGURE 3.4 COMEARISUNSY,
1% wish CIHED TECHMIQUES')
WR 11k (6 ,48)
46 FOSMAT(TH ,33X 45 ('-*))
sRITE (6,92)
52 FORMAL (VHO,20X,°F (L) = 1/SuRTI (T*EI1)"*)

e




i
1
|
i
:i
4

54

6C
64
1

0

12

76
76

s

&l

05

&b

1.

92
54

2

1Cy

100

106

11C
100

WRIT L (0,54)
FOBMAL (1H ,20X,19 (*=°) ,3X,'AvPaUXiNA%E E(X)",
1 USING WURMERICAL INVERSION')

wBliL (0,60)

FORBAL (1 , 42K ,42 (*~'))

WRILE (6 ,04)

FORMAL (14 ,44X,17 HSTEHFEST'S MEIHOD)

nhITE (6,066)

andAl‘(“h ,“21,21 (.-.,,

WhITE (6,7C)

1'u=10* DUENEa* VEILLON®*?)

WB1IE(b,72)

kOiﬂlT('lﬂ ,21“'"--. ‘2 (‘01,1(! ‘.‘",),3(“‘.7(.-.)‘).
DU 78 1=1,10

WRLATE(60,476) 1,F1(I),EAYV(I) ,SV1(I) oD1(I) ,VI{I)
FOBRBAT (TH 021X ,2¢,5X 02 (F1046,4X) o3 (F7e5,4X) )
COM iINUE

WEITE (¢ ,80)

POEMAL (Vh=,20X,'F (1) = BAP(~1/2)")

wE1IL (0,62)

FOBMAT (TH ,20X,%0 (*=*) ,10X,* APPRCXINMATE £(T)°,

1 USinG AUMExICAL INVERESIOM')

WRILE (b,05)

tO&nAT(‘H ,061,42 (.-.),

WaITE(L 480) b

FORaAL (14 , 24X, T ,9X, 'EXACE F(T)*,6X,
1'S4EHEEST u=',12,4X,'BELLAAN® VAILLON*')
wRI%E (b ,80)

E(.:ulh\"(‘lﬂ ,201,8(‘“'),2(33,13('-')).2(31,8("")))
w 94 I=1,9

whlac(0,92) 22(1) ,F2(1),FA2(1) ,B2(1) ,V2¢d)
kUhd‘T(1u ,20);*6.0.“31.!13013,.2‘31,?5.6,)
CunIlibUE

[l

wEkI4E(6,104)

FUaBAL (TH=,25%X,"'*80TE: DATA tux BELHCDS MabKEL®,
1' bY AN ASTELISK Wemk 1AKEMN')

Wk i%E(6,104)

POSa AL (Vb ,32X,'FLOM AeCe M ALGOmiITHY Uoo, ',
1234 WU BESICAL IMVEBSIVUN OF)

wk I1E (6,106)

FOrdMAG (1H , 34X, <3HLAFLACE LuanSrORY', bBY ,
1'% BANCOLSE VEILLUN, COMMUNI-')

whiTe (6,108)

PORB AT (1 ,32X,'CALIUNS UF 1hHo AeColMe,',
1% VULUAE 17, slUsBEka 10,')

WEITL (6,110)

FUBMAL (14 ,32X,'UCL0BEE 1974.°)

COnalnUE

Siue

&bl
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(s E A Sl i o UL i i

R

10

20

30

40
SQ

60

D E— gl

SUtavuiine LIN V(P ."'I."(V")
ikPLicid BEAL®B(a-H,0-4) , INLEGER (1-N)
Wiskud FAY(10) ,FA2(9)

DinEaSIQn E(29), E(25), H(29), V (50)
M = n/2

£(1) = 2

E(e) = 12

k(1) =1

k(2 = 1

W 10 1 = 2, Mh

£(1¢1) = ( <eDO® (*1¢1)*E(I) ) / 1
F(I+1) = F(I)*1

CONL1NUB

EWwh = NH

d(1) = 2/F (i)

DO 4G v = 2, bH

ti(d) = ((J*®puk)*L (J)) /F (BH=d¢1)
CONTIMUE

iSiGa = 2% (kn=-2% (MH/2) )-1

LO 40 I = 1, N

V(1) =0

JFIRSL = (4¢1)/2

JLAST = uiNO(I,NH)

DO 30 J = JFIBST, Ju b5 ;

V(i) = V() ¢ H(J)/(F(i=d¢1) *F (2%J=1¢1))
CONIINUE

V(L) = 15IGcN*V (1)

ISIGN = =ISIGH

CON2 INUE

B =0

EA = 0

A = ,69314716055y9453094 1723212145800 / 1
L o0 I= 1, N

FA = FA ¢ V (1)%pP (I%A)

CONLIDNUE

FA = A®EA

KETU&N

END

VOUBLE PECISIOM FUMCTIION 21(S)
IBFLICIT &EAL®*8 (A-b,0-2), InanGEL(I-~N)
EV1=21/D5URL(S)

REIU RN

END

DOUBLE ERECISION FUNCTION PZ(S)
INPLICIT EAL*8(A=h,0-=2), LIaLEGEK (1<)
Pe=gy (142%))

BE1U &N

END
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CUMEUTLR FoOGRAM FOR FIGURE 3.5
IMeLICLIT REAL*B(A-H,KeLe0=2), IaAEGER(I,u,M,N)
COMBCH/INFUT/EPOCH (10) ,LAMBOA, X ESVC,kHU,JLUL (8)
COMMCH/QUTRPUL/QUAL(10) ,EXPWT (10,8) ,ITNLUT (B)
CUNMUM/LAPLAC/YV (20) ,4,D
CUNACE/ME1/0ST ART ,58
COMMON/MEWAAP /10, uNC ,ITNSUN
EXTEunal ELUAD,PaN1
EXTERDAL FuM1,DF 3M1,DDFHMNT
L =20
N = 34

C % = 0.0C

Lo <01 = 1,10

CALL LINV(PQUAL,N ,EPOCH (L) j801T,V,H)

QUAD (I) = (BHU=-1,)*LPOCH(I) + £217
20 CONYIMUE

DO 5¢ J=1,8
JICGL(J) = 4% + 8
TCLENC 1/ (10.,**JT0L (J) )
C514KL 1

ITasUY

c

Lo 40 i=1,10

CALL LINV(PM41,N, EEOCH (I) ,E41T,V,N)

EaPui (1,Jd) = (EHO-1,)*EPOCH(I) ¢ EZiT
40 COUN2INUE

ITNC0a(J) = IUNSUN
5C CunsTInUb
CALL 10LLUT

STOok
END

BLUCK ULAlA

IMELLICLT BREAL®8 (A-MK,L,O‘Z) P 1‘1363.(1.0"6'.’
CUMMCH/18PUL/EREUCH (10) ,LAMBLA ,8XPSVC,BHC,J404L (8)
UATA £eGCh /204,46G.,60.,80.,100.,
1600. '3000 ’“000 '800. .1100./

DATA LAMNDDA,EAYSVC,RHO /‘00010095'0095/

END

cCc

SUBRUUTINE 1ULOUT

idPLiCLT aEAL®B(A=H,K,L,0=4) , iNLEGER (I,u,H8,M)
CObMON/LNEUL/EEOCH (10) ,LAMBLA, BXESVC ,BHY ,J1VL (8)
CONBUM/OUL2 UL/ GUAL (10) ,LXPHx (10,8) ,ITNTUL (8)
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i CUMMUMN/LAFLAC/Y (20),8, N
§ LidbkaSIuN BESSEL (2) ,J20L (8)

3.5161
5. 4651
6.5582
7.4191
b. 1335

BESSEL (1)
cBSSEL (2)
BESSEL (3)
BLSS LL (4)
BESS EL (3)

bu 8L KNCOPYI=1,5

WRAILE (b,4)
4 ORMAT (VWH,///7/)
hABGIN = § ¢+ NCOPY
V0 8 ibhkGa = 5,4A2GIa
WwRILlE (6,6)
FORSAT (14 )
CONTINUE

xC

a1l kL (6,14)
12 FORMAR (V1H ,29X,'FIGURE 3.5 EFFfbCT UF NoWiuN-RAPHSCA',
1 ScArCH YOLLKANCE')

1¢ FGRHAL (1B ,29X,53('="'))

wRILE (b,10)
16 FO&NMAT (1HU, 1CX ,37H1I41S TABLE CUOMFARES CULLBAMN'S BESS:il
1'FUnCTIuns sESULTS AT FiVeE EPOCHS WwITH LaruLiCE')

C

walik (6,18)
16 FOisHAL (1H , 10X, 'INVESGSION medULLS FOR BuTla ute BAACL 9,
19QUa CRATIC SOLUZICN OF £HE FUNCTIONAL Aai 1HE *)

|

“KITE (b,20)
U FORMAL (Td , 10X, APFBOLKIMATE NewlOUN-KAPHSUN ScACid ',
1'50LUC108 UF THE FUNCTIONAL Wiid VARIOUo LULEKAMNCES.')
WRITE (6,30)
30 FUnbAZ (1n0, 10X,'d4/4/1 AEAN SceaVEk LOAD,®,
1¢ LAABDA = 1.0, L () = Ved5, 4« = 0.')

DO 8C JELESI=1,5,4
JLAST=JFIKST¢3

WRITE(6,3b) o
36 rOXMAT (160,364, INVERSION OF LAPLACE T haad>FGha,',
1228 STEHFLST'S METHOL, N=,14)

shITL (0 ,40)
40 FUsaAZ (o ,18X,"'SUsS OF *,73('="))

ok ITE (6,42)
4. FOBMAT(TH ,19X,'bESSks wUAVBRALIC L0LbxANCE FOa °,
T'MEWTQN=8APHSON SEARCH SULULZ.ON CF FUNCiiOMAL')
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S e s A

R . = = . . PP S e

wB1LE (6,44)
44 FOaMAT (14 ,10X,*EFOCH FUNCLIJNS SOLUTiON OF 9,58('=*))

E 1 LO 46 u=JELEST ,JLAST
i 46 COMLLBUE

& c
E wkILTE(6,50) (JTOL (J) ,d=JFIaSY,JLASE)
! 5C FORMAL (TH ,10x,' © (COLLHAN) FUNCLLIUN AL ‘.,
§ 14(*10%*=1,12,8X))
‘ C
aRILE (0,96)
5€ FORAAT (1 , 1CX, ' =====~ —emee=t,5(2X,13("=*)))
4 C
! Lo 62 1=1,5
4 (&

Wwalik(c,060) EPOCH (I) ,BESSEL (1) ,wUAD (1),
1(EXEWT (I,J) pJ=JFIBST,JiAST)
60 EOHHA'L(,H ’ 101,1"3.0.31,1"7. “'5(’x1f1“011),)
€2 Cuslidle

LO ¢o 136‘ 10

] WRITL (6,064) EPOCH (1) ,QUAD (1), (EXEWT (I,Jd),J=JFIRST,JiLAST)
2 64 FORBAT (1H ,10X,F50,10X,5(1a,k14.11))

66 CUALINUE

Witk (6,70)
70 FCaMAL (Th ,VWZ,'TOLAL MUMBER OF MEWLON=-RAFHSOM')

eall s (6,72) (118401 (J) ,d=JFIb>E ,J1ASY)
| 42 rUKEA% (18 ,10X,*1TEKATIONS TO EVALUATE 10 EPUCHS:  °,
g 14(14,11X))

: 8C CUMLIME
E | &ETURN
i ENL

cC
o

SUbBCULINE LIMV (F,N,T,FA,V,08)
IMPLICIL REAL*8 (A-L,u-Z2), INLEGE&(I-N)
: COMNCA/LAri AL/ER2VUCH(10) ,aPPRULL (1C,0).
b DIME®SICN E (25), £(25), H(25), V(OV)
: IF (deEwesd) GO Tu 50

s = g2

E(1) = &

E(2) = 12

F¢1) = 1

F(z2) =1

w 10 1 = 2, N

2(i*1) = ( Ze0® (2%1¢1)*E(I) ) / 1
c(l*e1) = F(1)*1




e p e g

c G

w

20

30

40

€0

CONLIMUE

EWbk = bi

u(l) = 2/¢& (Nn)

D(J 20 J = ) .h

H(J) = ((J**2WE)*E (J)) /¥ (NH=J*1)
CONTINUE

iSIch = 2% (Mu=2% (dh/2) )=1

V0 «C I = 1‘ ]

V(I) =0

JEIBSL = (i®l)/2

JLASE: = MiINO(LI,NnH)

LO 30 J = UF1ESY, JuASl

V(I) = V(I) ¢ h(d)/{F(I°J01)‘?(2'J’If1))
CUNTINUE

V(I) = 15IGN*V (1)

ISIGN = =-ISIGNH

COn1L INUE

B =N

EA = C

A = ,0931471805599L5309417234121458DC / %
e 60 1= 1, 8

EA = FA ¢ V (1)%p (1%A)

CUNLLDUE

FA = A®EA

aETUKD

ENLC

WUBLE vakCISION FUNCLIUM Pyuuad(S)

iMELICIL REAL®8 (A~b,K,L1,0-4), IalEGeia(l,d,n,n)
CUBMLN/INPUL/EPOCH (10) ,LANBWA ,ELFSVC,BHG,Jilu (8)
6 = 1= ckiPSVC*(LAMEDA+S)

LMEGA = (=b¢LSQET (b*B+U*S*ELESVC)) / (2*EARSVC)
kWUAL=DEXE (=OMEGA*L) / (S*OMEGA)

BRELURN

END

DOUBLE kheCISIGe FUNCTION PHNT(S)

IMPLICIE KEAL®8(A~d,K,L,0=4), INLEGER (i,u,a,b)
CuMBuUN/ INEUS/EPUCH (10) ,LAMBUA, bXESVC ,RHU ,JiVi(0)
COMMCN/Mal /051 AR ,SS

EXZENNal FCMa1,DFH81

58 = &

CAuiu ZEMG (FOsM1,UkdN1,0STAST, OMEGA)

OSTABL = GMEGA

PHM1=DLX ¢ (~CHEGA*2Z) / (S*OMEGA)

RETU&N

END

LOUBLE PasClsIOn FUNCTLION Fudl (S)
IMELLICLE aEML*8 (A=H,K,L,0-4), LINTEGEK(I,Jd,a,b)

CoONBOMN/InpUL/ERPOCH (10) ,LANBUA ,BAPSVC ,BHC,va0L(8)
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1C

[ 8]
S

25

Fhal = $ - LABEDA® (1- (1/ (1+5%LiP5VC)))
bEXU b
END

DCUBar EKECISION FUNCTION LFHN1(S)

IAPLiCIT KEAL*8(A-H,K,L,0-%), INTEGER (I,J,H8,n)
COlMON/INKUT/EPUCH (10) ,LAMBO A, EAESVC ,Kilv,J10VL(8)
DEMMT = 1 - LAUBDASEAPSVC® (1/ (1¢5%EXESVC)) #%2
KEIU &N

END

LOUolE E&LCISICN EFUNCTIUN LULMET (S)

Inpi ICIT AEAL'b(A'H,K, L’O‘Z)' 181EGEK (I,J,B,l)
COUNMON/INEUT/EPOCEH(10) ,LAMBDA, BAESVC,BKHU,J£0L (8)
DDEMEY = Z*LAMEDA*EXPSVL** ¥ (1/(1+5%LAPOVC) ) **3
aETUAN

EML

DOUBLL kkiCISION FUNCTIOUN FOul 1(UBEGA)
I8FLICIY abAL*S(A=U,K,L,0=4), INYIEGER(I,J,a,h)
COlAUN/Bu1 /05T AL ,55

FOMET = FUAL(OHEGA) = SS

BRELUnN

INL

SUbaVUTINE Z&n( (f JUF ,XSLART, A4ER0)
IMELICLIL REAL®D (A=h,K,L,0-4), INIEGER(I,vu,u,b)
CondUN/NEWDA: /TULHNC ,I4BSUN

1L ERAT = 0

A = XSTAKY

COMIIMUE

Ahcw = X = F(X)/uvE(X)

pELlALC = (ANEW=X) /XNEwW

A = AbLEW

I91Enai = A4 EaAT ¢ 1

1F (i1LKEAL «GE. 50) GO %0 Sv

iIF (LABS (KELACC) <uEe. 10LBNC) GO TG 20
Gu 2v 10

CubnsInUE

ILNSUE = 14NSUM ¢ ITERAT

AdkrL = &

&kl ULN

CONLiINUE

#EITE (b,55) BELACC, 10L&dC

FORd AL (140 ,*ITERAL=50, RELACLC=',D24.16,', SULENC=" ,Li4.10)
11boU8 = IUNSUM ¢+ ILEmAL

X4EBV = X

ReTUsd

END
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CONMRULLE PaCLRAN Eun FLGUERE 3.6

1«

e
40

4y

46

56

60
o4

iMELICIT nEAL®*8 (A-Ek,u=4), IMIEGER(I-N)

CULMCN /aHOZ/ Eul ,<

DIBERS 10N 5E6I%1(11,8) ,SE6IT2(11,8) ,V(5V) ,45In (8), divis(11)
EXTERbAL PulUab1l, P UAD2

UALA 4Sib /o&,.“'06505'10.20'Jop“o/

UATA EkudQlh /.5,.0,07,.5,09'1.1,1.2.1.3.1.“.105'20/

h=0
N=34

DO 1< iEW0=1,11

RHO = &d0O1N (IKHO)

dlkCia = LABS (1. =-KHO)/RHO

bo 12 Ja=1,8

L = LSIN(JZ2)/uTECILE

CALL LINV (PQUADY,N,4,E214,V,H)
SE4LILN (I6dU pdé) = ELIL*WTFCik
SEZI12(IatG,dd) = ELIL*WTFCia
CUNTINUE

L0 8b NCUPY=1,5

WR 1Tk (6,20)

cORM MY (AR, //7/7/7)
MABRGINM = 4§ ¢ nCOP Y

DO <b IBkGM = 5,84 ARGIN
B ITE (6 ,24)

FORM AL (1H )

CONL LDUE

Wwh IT Lk (6,32)

Fvbha AL (IH ,206X,'FJGURE 3.6 CORLECTIONS?,

1% FUn DISCUNTINUOUS FIRSY DERIVALIVE')

wRITE (6,36)

FORMAT (1H ,20X,50 (°'="))

WRITE(6,40) N

FOaMAS (1=, 33X, APEROXINAZIVAS UDINGY,
122H SLEHFESL'S METuOD, k=,12)

WKILE (6 ,44)

FORBAL (1H=,204,'u/8/1 SCALED MEAM CUMULATIVE',
1474 IDLeNESS AT T'=ABS (MU)*4' (1.E., AT 1=4))
WKiT Lk (6 ,40)

FORGAT (1H0,47X,* wILHOUY CURBECILTiCN LEERN')
WRITE (b,52)

EORMAT (14U ,45X ,*SCALED INITIAL SEnVER LUAL'Y)
WhITE (6,56)

FORMAL (1H ,19%,76 (*="))

Wi ITE(6,00) (28S1d (JZ), Jau=1,0b)

FOBMAL(TH ,15X,'a by’ ,5X,8 (F3.1,7X))

wRILE (6,64)

EORMATL (TH , 15K ,'===1 ,8(2X,8('=*)))
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bl e it

CC

06
72

80

&4
(2]

1

<«

40

DO 72 IRHO=1,11
WEITE(6,68) RHOLM (IKHU), (Se4IT1 (LaHO,dq) , Jo=1,8)
CONLINUE ¥,

Wa ILE (6 ,706)

FORaAT (14 )

WRITL (6,44)

¥k I7'E (b,80)

FOBM AL (1H0 , 484, 178 CORKECTION 1EEH')
WEILE (6,52)

WEITE (6,56)

WKIZE (0,00) (ZSIN (JZ), JZ=1,8)

WEILE (6,64)

LO 84 IEHO=1,11

w8 ITE(6,68) KHOIN(ikHO), (SE«I12 (IEHG,Jd4), JZ=1,8)
CONL1MUE

CONLINUE

S5 0P

IND

SUBaCULIME LINV(P,a,1,FA,V,n)
IMPLICITY ELAL*E(A-H,0-%Z), IMIEGER (i-N)
CUMAUMN/LAPLAC/ EPVLE(10) ,ARFRUX (10, 6)
DIidEnSIUN £(25), E(2D), H(<O), V (50)
dF (MeEyed) GO 10 50

Mo = B/<

(1) = 2

E(g) = 12

E(1) =1

£(2) = 1

e 101 = 2, NH

L(I*+1) = ( <eDO*®(2%1¢1)*c(1) ) 7/ 1
sylel) = £k (I)*I

CONLIMUE

Pax = AB

H(1) = 2/F (uli)

LC ¢C y = 2' NH

H(J) = ((J*®Puk)*E(J))/k (ati=d¢ 1)

CONL Il

ASIGk = 2% (MH=2% (Mh/2))-1

VO 46 1 = 1,

V() =0

JEIRSA = (I+¢1) /¢

LASY = Ala0(I,8h)

DO 30 J = JFIKSI, JiASA

V(L) = V() ¢ HJ)/(F(I=JeV)=F (2%J=-1¢1)).
CONMIME

V(1) = Isicu®y (1)

loiud = =151GMk

CunliIbie

8=
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|
, ¢ kA =0

1 A = .09310716805299453094 1723414145000 / 4
g W oo I= 1, »

; EA = EA ¢+ V(i)®%F (1%A)

; 60 CONTiMUE

A W 38 oo e G e 5 oo it

{ FA = A%rA
! HELURM
ENL
|\ c
! C
WUBLE £2a2CISION £UNCLIVN EyUALT (S)
IMELICIT BEML®*6 (A~b,u~2), ANIEGEE(I-N)
] COMMLAE ,sBHO4L/ EHO o4
E | ! b= 1= BHO - S/<.
: OMEGA = =B+DoyRT (B¥B¢2%S)
¢rQUALY = DEXE (=UMEGA®*4)/ (S*UBEGA)
BELUEMN
END
C
C

DOUBALE PRECISIOs FUNCTION 240UADZ (S)
IKPLICIT BEAL®*8(a=-H,0=2), IaXTEGEAR (i-N)
; CONNUN /RHOZ/ RHO,s
a b =1-Riu - S/z.
i GhrGA = =B+ DSQURT (B*B+2%S)
PQUAD2=DeX k (~CMEG A%Z ) / (O%JN LGA) = LEAP (= 4% (2.%hilU*+S) )/ (S%5)
&ETURN
END
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COMPUTER #nOGRAN FOK APFEMNDIX TAbLLS, BHO MOT oyUAL TO OMNE
IMPLICIT BLAL*8(A-H,K,L,V=2), INTEGER (1,u,H8,D)
COMBUN /INVUT/ TVAL(16) ,KVAL(7) ,5CiLW1(10,16,3) ,kHOIN,
1451n (3)
COMMUN /LAELAC/ V (50) ,a,N
COMHON /NEWRAP/ LQLENC,MALITH

C
M=0
»=34
MAXITM=20
4OLaaC=1.0-20
C

DO 60 1EAGE=1,3
KEAL (5,20) BHOIN, (2SIN(IYABLE), ITABLE=1,3)
BEAD (5,20) (TVAL(S), J=1,6)
akAD (5,20) (EVAL(J), 4=7,1%)
aEAD (5,20) (TVAL(J), J=13,16)
<0 FUENMAL(6£10.0)

LC 50 ITABLE=1,3
CALL kZWNbk (I2ABLE)
CALL haMD1(ITABLL)
CALL AZAEK (ITAELE)
CALL K4GAM(ITABLE)
50 COaTIMUE
CAii alOUT
60 CONTIMUE
STOE
END

BLCCK DATA

iaPL ICIL REAL.B“‘H.K'L'O-Z)' IﬁtEGEﬁ‘I,J,H,H)

COMMUMN /I‘UUT/ TVAL(16),KVAL(7).SCLUI(10,16.3),thIl.
1451b (3)

cATh KVAL/“O’30’20'1.5'1.'.5'.2/

ENL

SUBROUTINE LINV(2,h,L,FA,V,N)
IBeLiCiT EAL®™B (A=H,0-2), IMLEGER(I-N)
CUUMCN/LAPL AC/ERVCH(10) ,APERGX (10,0)
vILLLSIGN E (25), F(25), H(25), V(50)
IF (fBeEyeh) GU 10 SU

Mi = /2

E(1) = ¢

E(2) = 12

£(1) =1

F(2) =1

W 10 1 = 4o MH

E(i*1) = ( ZewO0* (2°I¢1)%E(I) ) / i
Eqiel) = Fl)*1
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10 UL INUE
| EWb = bd
G H(1) = 2/F (hn)
DO <0 v = 4, MH
d(J) = ((J*®PHR)®E (J)) /F (M=t 1)
20 COSLINUE
: ISiGN = 2% (hH~2% (su/2) )-1
4§ V(1) =0
JEIRSY = (i*l)/<
JLAS4. = MING(I,NH)
DO 30 v = JF1GST, JuLASI
| V(I) = V(I) ¢ HB(J)/(F(I=de1) ®F (2%4=-1¢1))
E | 30 CONTINUE
V(I) = ISIGE*V (1)
E ISIGk = =ISIGH
3 40 CUNLINUE
a =N
5C kA =6
A = ,693147180559594530%4 1723121456800 / 4
o 60 I= 1, o
FA = kh ¢ V(I)*P (I*A)
| 60 CONLIMNUL
| FA = A*FA
‘ BETURM
EMD

SUBRUVULIME B4WdR (ITABLE)

IMELICIY REAL®E (A-b,K,Le0-2), INILEGEL(i,Jd,N,N)

Coauil /INOUL/ ZVAL(16) (KVAL (T) ,SCLWYL (10,10,3) ,EkHOIa,
14518 (3)

COEMOM /LAcLaC/ V (50),48,D

COAACM /6HOZ0/ Ad0,2,0START

LATEBMAL K&

(& SCALILG W1ih SIGoyh = 1
BHC = hnUIN
ALES (R = (1=RHC) ® (1-KHO)
WITECIk = DABS (1-&HO)
2 = WWIn(ITable)/WIFCIR

VO «C U‘1p1§

1 = axVal (J)/ALESus |

CALs uLiNV (EWMR ,b,T,TE£H3,V,H)

4wt = 4 ¢ (&HO=1.)*T ¢+ TERA3

SCLWZ (1,J,ITABLE) = Eswi*WiFlla
<0 CUNTINDUE

(g}

BETU RN
LBD
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10

<0

LDOUBLE FRECISION FUNCLION PWAR (5)

IMpL IC1T EBLAL*E6(A-H,K,L,0-4), INTEGER (I,J,H8,D)
COBNCH /8HV 20/ kHO,Z,08LA8T

CALGA = =(1-kHO) ¢+LSUEY ((V=hiv)* (1=&HC) +2%5)
FWNR = DEXP (=OMEG A%Z)/ (S*ONEGA)

EETUnN

EbL

SUBKOUL INE RZMLY (ITABLE)

IMELICIT arAiL®*8 ("B‘K’L'O-Z,' IIIBGEQ(I,J.H,I)

CObNUN /INOVUT/ TVAL(16) ,KVAL(?) ,SCLET (10,10,3) ,RHOIN,
1451n (3)

CUMMUK /LAPLAC/ V (50),H8,N

COMMCN /BHOZO/ RHU,Z,08TART

cXTEaMAL FMD1,FMD1,DFML1,DDE8D1

SCALING Wilh S5IGSQs = BHO
EiaC = EHOIN

alFSys = (1-kHO) * (1-En0) /a3 HO
wikC4R = LABS (1-RHO) /KHO
OS1ARI 1

VA Lo1N (ILAELE) /WIFCIk
EuZ = DEXP (=nHO*Z)

IF (kHGC .LE. 1.C) GO TO 10

CALL ZEBO(DFMDY1,VDEMDY,10-10,5BAk)
LVELLYA = -FMD1(SBAK)

S1ART = SLAR ¢ DeilA

CALL 4EkG(F MD1,DFMD1,STARL,0S2ART)
COMLINUE

% = TVAu(J) fALFSQ2

IF (1 «LE. %) Ezil = 0.

1F (T euTe 2Z) CALL LIAV(FHUT ,b,L,HT,V,N)
IF (1 o¢bis 2) E4IT = HYI ¢ (L=4)%*End
biui = & ¢+ (BHO=1,)%% ¢ EZIT

SCLWT (2,J,ITABLE) = EZWT*dTPCTa
COM1INUE

bELU RN

END
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WUvLe PrECISION FUNCTION kabl (S)
iMPLicly REAL®D (A=H,K,L,04), AIMIEGER(I,J,4,b)
COMBLA /8HUZL/ Rdu,4,051AK1
CCMMLN SS
3 LXLeanal FOML1,DE 8D
| 58= §
i CALL 450 (rOMDY, LEADY,05TARLY ,OBEGA)
USTARY = C(ABEGA
PAL1 = DiaP (~OMEGA®L)/ (S*OMEGA) = DBLXP (=4* (BHO*S) )/ (5%3)
BETUEN
EMD

VOUBLE rRECISION EUNCT ION Fabl(>)
COMMCH /BRHCLU/ BHO,4,0START

FMDY1 = S=RHO* (1-LELP (=S))

BETIUbb

LhWD

DOUBLE PmiECISION FUNCEION VEBD1(S)

AMZLICIT REAL*8(A-H,K,L,0~2), INLEGER(I,J,0H,H)
CONMHUN /uH0L0/ kdQ,4,0STARY

LEFMD 1 = V1=KHU®DEXLE (=S)

RE1URM

Eabd

DOUbLE PRECISION FUMCTI ION DLKFaD1(S)

IAELICIT ib‘b.b(‘-h'hpbco-Z)' I.!EGEB“,U'“")
COLMCHN /RHGZO/ RHO,Z,05TART

LDEAVLT = KHQ®DEXP (=S)

sE1UBD

END

UOUBLE FRECISION RUMNCTION FOaD1(OMEGA) 4
INELLCIT BEAL*6(A=-H,K,L,0-4) , INLZGER (I,J,H,0) 3
COLMGH 5§ s
FOMD1 = <BL1(OMEGA) = SS
BEL1UGN

END !
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10

oUBBCULINE SZMEK (I1ABLE)

INPLICIT BREAL*8(A-H,K,L,0-2), IMYIEGEm(I,v,8,H)

COMAUN /IMOUL/ LVAL(10) ,KVAL (7),5CLi1(10,16,3) ,4H01n,
12514 (3)

COMAGM /LAELAC/ V (50),8,N

COBNLN /BHOZOK/ bkbU,%4,0850AR%, K

LATEosSAL FPMEK,FucK,DFMEK ,DDFBEK

SCALING WILH SIGSyh = (K¢1)*alO/kK

uSTARL
VA 451In (ILABLL)/eiFCla
ELZ = DEaP(-kHO*4)

MG = hHOIM
bu 30 1=3' Y
K = KVAL (I-2)
ALESyls = K* (1-EHOJ* (1-RHO) / ( (A +1) *RHO)
WLFCEk = K*DABS (1-EHO)/((K+1)*RH()
= 1

iF (BHO oLke 1.0) GO TO 10

CAul ZEBU (LEMEK,UDEMEK,0,SBak)
LEL2A = =FMEK (SBaR)

STAKL = SBAg ¢ DEL1A

CALL ZLBU (FMokK,Ue MEK,STAKY,0S1ARY)
CONTIMUE

DO 20 J=1,16

1 = LVAL(J)/ALFS 8

iIF (1 euke 3) E4.T = 0.

IF (L «GTe 2) CALL LINV(PMEK,8,L,HT,V,H)
IF (4 eGie Z) EZI1IX = HI + (T-4)%*ELs
EZWI = % ¢+ (aHC=1.)%f ¢ EZIT
SCLWI(I1,J,iTABLE) = L4WT®*WLIFCTIR
CONL INUB

CUKT INUE

BE1UN

LMD

VOUbue PRECISAOM £UnCLION PHEK (S5)

IMELICIT &L “‘B(A'H,K'L,O' Z) P IDI.EGI'.B(I,J. A, ')
Cultilva /aHC4LOKy oHO,4,USTART ,K

CoMnul S5

EXToabal FVAEK ,DFMER

§§= &

CALi ZoBC(FCOEK, DFHMEK,OSTART ,ONEGA)

OSTALY = VUEGA

EMEK = DELK (~OMEGA®Z)/ (S*ONEGA) = DEXE (=4% (aHO¢3))/(5%5)
sEIUAN

LMD
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DOUBLE EBLCid>IOn FUMCTION sBEK ()

IBksLiCit REAL®6(A=H,K,L,02), LSTEGEK(I,u,a,b)
COMAUN /BHUZOK/ ubU,4,CSTAKL, & 1
EBZK = S-knG® (1- (K/ (K+S) ) **K)
BETUxS

ENL 1

DOUSLE PRECISIGH FUNCTIUN LEMEK(S)

IMELICIY BEAL®8 (A~b,K,L4,0-2), IMIEGER(I,Jd,a,b)
COMMLM /BROLUK/ BUO,<,0STAKL ,K

3 ' LVELEA = 1-kd0* (A/ (K¢S) ) *%* (K¢1)

4 aELURM

] : Eab

cC

DOUBLE PabCISION FUNCLION DurMEK (S)

IfELAiCIYS éi“‘a “‘D' “' L,O'Z) ) ;."b\lsi(lyﬂ'“'.,
CUBMUN /BHOZUK/ RO, 4,05TARL ,K

DDFMER = KHC® (K+1)®(K/ (K¢S))*® (K+2)/K

BETURNM

kb

o APV

C !
DOUBLE PRECISION kUNCLION FOMEK (CMEGA) ;
IfELiCIA kEM‘“(A‘b, “ L‘O-Z' ') INTEGER (I'“'B'N, ‘
COoMavE SS
FUBEK = FNLK(OMEGA) = SS
RETU&N
END

SUBBUUL INE R4GAM (ITABLE)
; INELLICIT REAL®*S ‘.'h' K'L'O-Z) e Ll‘liGEﬁ(I.J.M ebl)
i ! COMMGN /INOUL/ TVAL(16) ,KVAL(7) ,5CLUWE (10,106,3) ,Ri01a,
| ‘ 1281In(3)
- COMACNh /BHUZO/ 8HG,2,0START
LXTadaDALl FsAl, FGAM,DFGM

f [ SCALIinG wlTh SIGSyk = RHO
BHC = hHOIN 1

ALFSya = (1=EHU) * (1-EHO) /R bw

«TFCTR = LDADS (1=HUU) 7&HO

OSTART = 1

P = 4SIN(ITaELR)/WLECTH
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IF (#HC olze 1.0) GO T0 10

SoAk = Biu - 1

DELYA = =FGAM (SBAR)

STARL = SbAR ¢+ DELI1A

CALL ZERO(£GAN,DEGAM,STAKRT ,05TARY)
CONA INUE

DO <0 J=1,16

1 = VAL (J) /ALESyR

iIF (L <LEe &) BEZil = 0,

IF (4 oG%e &) CALL LINV(PGAM,N,%,B21%,V,N)
bLZal = 2 ¢ (BHO~1,)%T ¢ EZIT

SCLia (10,J,ITABLE) = EZWT*WitCTR
CONLIMUE

BETU DM
Ead

VOUbLL EBeCISIOM FUNCIION PGAM(S)
IMPilv it nbAL®B(A-H,K,L,0-2), INAIEGEX (I1,J,M,N)
COMiaUN /ERHUZ0/ &iC,4,0START

COMMLU SS

X1 AL FUGANM ,us AN

o9= 8§

CALL 4bBU (FOGAM,DFfGAN,0STARY,VNEGA)
C51451 = OMEGA

EGAn = LEXFK (=OMEGA®Z)/ (OD*0NMBLA)
sETUnM

END

VOUBLL ERECISICUR FUBCTION FuaAd (S)

IMELICIT REAL*8(A-HoK)L,0<2), LATEGER(I,Jd,0,N)
CONMUD /BUOLU/ aHC,4,0START

EGAM = S=ahU*DLUG (1¢8)

aETULB

ENLD

VOUbAE ERECISION FUNCTION DEGAN(S) :
IMPLICIY REAL®*B(A-h,K,L,0=2), INLLGER (i,9,0h,))
CONACH /RBV W/ ahG,4,05T AKT

UFGAd = 1=KHO/ (1+8)

RETU kb

ENy
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VOUDbLE FabCISIOM FUMCT ION FUGAU(CHBEGA)
IbeksaiCid hbl&‘&(d‘d,l‘,L,O‘l}, L.ILGE‘(I'U""‘.)
COUMBCD /RuOZ0/ anlC,6,05LART

Culidaul 5SS

t0Gab = kGAM(UMEGA) - SS
SELU BN

Enb

SUBEVULINE 4EKRO (¢ ,LF ,ZS5LARL ,X4ERQ)

IMeLiCly bLAL*8(A-H,K,L,0-2), IN1LGER (1,d,8,0)
COBBON /HEWEAP/ TCLENC ,4AXKITM

11Enadl = (¢

X = ASTAsT
10 COMLIMUE
ANEw = X = B(X)/70Fk(X)
BELACC = (XMEW-X) /XNEW
X = AbLws
iTERAaL = LLERAT « 1
IF (IILLAY <GE. 0AiIId) 60 1v 50
IF (WALS(RELACC) oibe 20LRNC) 6V 10 20
Gu 1C 10
20 CON1iMUE
XZERC = XK
BEAU bN

50 WwkITE (6,00)
6C FOBRMAT (VHd1,'MEWTO8=RAPHSON oSLEARCH IN SUbavUTINE ZERG',
1¢ EXCEEDED MAXIA UM ALLOWABLE NUMBEK CF AiTEKALIONS.')
WEITE (6,62) NAXi%TM,RELACC,1ULabC
62 FC b AL (1“0"H‘XIT. 3"1“'///"‘21:‘0‘. 3'.'068. 1°'
1///+ *20LaNC =1 ,D26.16)
STuP
EMD

SUbKCGUTINE acULUL

COHNMCN /iNOUT/ TVAL(16) (KVAL(T),5CLET(10,16,3) ,ktd1In,
14510 (3)

DIMENSION ISCLWI (1C,16,3)

LO ¥C NCOPY=1,5

wk ITE (6,10)

1C FOEBAL(141,///7)
PABGIN = 4 ¢+ JQOP )
DO 1< IAsGH=5,MARGIN
WRITE(6,11)

11 FObBA (14 )

14 COMINUE
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VO 90 iBAbLE=1,3

SCALCA = 100G,
iF (SCiLWI (1,16,ITABLE) +GE. 1U.,) SCALOA = 100,

O 149 = 1,16
15CL wT (1,J,194BLE) = SCALOR*SCLWI (1,J,1TaBLE) + 0.5
CONTINUE

1F (SCALOR +EQe 100.) wallE(o,10) RHOLM,4S51N (ITABLE)
16 FOALUAT (1B-,10X,'aHC =*,F5.2,064,'SCALED 4M1liidl SERVea',
1' LOAL =',F5.,2,12%,°SCALLD aEAsd WALl IM HUNLBLDIHS®)

T TTE

. IF (5CaLlOBR oEQe 1000,) WRIIE (6,20) RHOIN,4SIN(ITABLE)
: é0 FOBMAT(TH=, WX,'8H0 =',F2.2,04,"'5CALED INIGiAL SERVER',
1¢ LUAD =',F5.2,11X,°SCALED HEAd wAiL IN ThOUSANDTHS')

WRILE (6,49)
¥ 25 FURBAL(1H ,554,'SCALED EFOCH')

wkIlce (6,30) TVAL
30 FOBMAL(IH ,211,5:5.2,7F5.1)

white (6,35)
35 EGRBMAL (I ,21K,16 (1,0 ====1))

wnile (6,40) (ISCLWL(1,J,I04bLE), J=1,10)
4C  FULMAT (V4 , 1(X, ' IEDEE " ,16(14,44))

WRIZE (6,45) (ISCLWT (2,J,ITAbLE), J=1,10)
45 FUBMAT (VW ,70X,*d4L1 QUEUE °*,16(1X,14))

ARSI E

w eC i=3,9
j 50 cURBAL (1H 10X, HE1 K=*,F5e 2, 106(14,14))
g o0 ClUuLIalk

i waitk (6,7V) (ISCiaT(10,J,ITABLE), J=1,10)
: 70 EUMAT (b , 10X, AHNA INPUT®,106(1i,I4))

60 CONIIMUE
C
90 CONIMA
¢
bETURD
EdD
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COMEUTER kaUsBAa ECh arFENLiIA TADuLrS, RHU EQUAL 10 Vb k

56
60

10

IMPLICILE BEAL®*B(A=-0,0oL,0=4), inQEGER (Llyuea,h)
CONMON SLAPLAC/ V (50G) ,h,a
COMMOUN /MEWs8AP/ TOLEMC,MALITS

h=¢

N=34
MAXLTN=20
TOLah(=1,0-20

L0 60 IZAGE=1,3

BEAD (5,20) (4IN(41ABLE), IThbiLk=1,3)
READ (5,20) (LVAL (J), ¥=1,0)

EEAD (5,20) (LVAL (J), J=7,12)

BEAV (5,20) (IVAL (J), J=13,10)

FUBAAL (6F10.C)

w0 50 i%abLEi=1,3
CALL biwWk(1iABLEL)
CALL R4BOY (LITABLE)
CALL R4BEK (I1ABLL)
CALL BR4GAL (ITAbip)
CONLLINUE

CALL B4QUY

COnl INUE

Sivp

LND

ELOCK LATA

counus /IMNOUT/ TV AL (16) ,KVAL (7) ,WAIT (VC,10,3),210(3)
LATA “v‘l‘/“.'3.".l’.S".'.a'.z/

&NV

SlbavlLine LiaV (P ,N,T,FA,V,N)
AMELICIL REAL*B(A=H,0=4), INLEGED (1-N)
COMMUN/ LARLAC/LEOCH (10) , APPaVA (10 ,0)
VIMENSIQN £ (25), F (25), H(25), V(20)
IF (Hebyel) GO TU 50

A = N/2

E(Y) = 2

E(¢) = 12

F(1) = 1

£E(2) = 1

E(I¢1) = ( 4o DC* (*I¢1)*E(d) ) 1/ 1
F(Ie1) = E(I)*I

CONTIME

ENE = MH




40
o0

o0

H(1) = 2/F (BH)

LW 4C J = &, BB

H(J) = ((J*%PuR)*E(J))/F (BH=J*1)
COnLIMNE

ISIGh = 2% (hu=2% (BH/2) ) =1

DO 40 I = 1, 4

V(I) =0

JFIRST = (1+¢1) /2

JLASY = dls0(I,u)

DO 30 J = JEIBST, JiLAST

V(I) = Vi) ¢ H(u)/Z(F(I=Je1)*k (2%J-1¢1))
COMLINUE

V(1) = 15Ich=V (1)

iSIgi = =4i51IGHN

CCuTIMUE

E =M

FA =0

A = 693147100559945309417232121458D0 , &
Lo 6C 1= 1, N

FA = FA + V (3I)*F (1%A)

CONL INUE

FA = A% FA

sELU BN

END

SUBKGULIINL B¢ wks (ILADLLE)

IMPLICIT IE“‘E(A'H'K'L'O-Z) '] Id1EGER ‘l,d,&,‘)
CoMdUN /INOUT/ 2VAL(16) ,KVAL (7) , WAZT(1C,16,3) ,21H(3)
CUMMUN /iLAPLAC/ V (50) ,M,N

CONUCh 20/ 4,0S8% AT

EXTERBAL EdB&

VA = 4IN(ITABLE)

Lo 2V J=1,16

T = 1IVAL (J)

CALL LINV(PWaa ,N,T,TERHM3,V,NH)
wAIZ (1,J,12ABLE) = 2 ¢+ TEaN3
CUNTIMUE

RKETURN

END

DOULLE PAECISION FUBCTIUN PUMAE(S)

INELICIT1 QEAL*™8 (A=~E,K,4,0-4), INIEGER(I,J,N,.b)
COCANMUN s40/ &,0START

VHMEGA = DORL (2%8)

PWan = DEXF ("OMEGA®L)/ (5*0BLEGA)

bETVLak

END
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20

SUokCUTINE BofL1(i4AkLE)

IMPLAICAT BoAL®8(A~H,Ke4e0=2), LINLEGEK (I,u,8,0)
COARUN /LARLAC/ V (50) ,b,N

Culbla /oGy Z,051 ABT

EXTERMAL 2P0oDV,FHD1,0END

USTARL 1

P LIN(I%ApLc)

tli = LEXE(=¢)

V0 ‘0 J=1 '10

1 = YVAL(J)

iF (¥ <ike &) EZLIT = 0,

IF (4 oGYle 2) Ciasl LANV(PMDY,n,I , HT,V,k)
IF (% «G%e 2) EZ2IT = HL ¢ (T-4)*LELZ
WAIT (L,9,11A8LE) = & ¢ E4IT

COndINLE

bEIUab

END

DOUBLE PRECISAON FUNCLIOM EHL1(S)

iMeLiClY ibh‘&(A'h,K,L,O‘Z), IUTEGEA(I'J'A'.)
CUMMCY /40/ 4,0ST ART

COnhobd o5

EXiEdNAL FOML1,DFMLT

S$8= o

CALL Z4LRO(FCML1,DFBD1,05TARL ,UMEGA)

CS1AKT = OMEGA

EMD1 = UELP (~OMEGA®*Z)/ (S*OMEGA) = DEXE (=o*(1+S) )/ (5%>)
HhETU ah

EBD

LUUBLE FkRECISIUN FUNCTION EhLbL1(S)

IMELICIS ibu‘a(l-h,K,L,O'Z), Ihlﬁb‘ﬁ‘lf\‘,hpb}
COMNMCD /20/ 4,081 oRT

FMC1 = 5 = 1, ¢ VEXP(=5)

BE41UaN

LhD

DOUBLE PaECISION EUNCTION DFND1(S)

IMELICIT EEAL®8 (A=hb,K,L,0-2), INTEGEE(In,0.h)
COMNCN /40/ 4,051 ART

DE#MDY = 1.=-DEXE(-S)

RETUGN

EML

DOUbsE EMECISIOM FUNCTION Futw1(UMEGA)
IBPLICIT BEAL®*6 (A=H,K,L,0=2), INTEGER(L,J,i,N)
CoHMUN SS

FOMUY = FMUT(OMEGA) ~ 5

sETU BN

END
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SUBROUTINE ROMEK (I14AELE)

IMPLACLTE REAL®8(A-H,K,L,0=3), INTEGEk (I,u,8,)0)
Lubavk /INOUT/ AVAL(16) ,KVAL(T) ,WALT (10,16,3) ,218(3)
CudNUN ZLAPLAC/ V (50) ,a,N

COMMLY /40Ky 2,0510KT,K

eXTERMAL PAHEK,FMEK,DFMEK

Lo 3C 21=3,9
K = KVAL(i-2)
USTART = 1

< = 4u8 (ITABLE)
ELé = DEXP(=2% (K+1)/K)

D0 20 u=1,16

4 = TVAL (V)

IF (% oLEe 2) E4Il1 = 0. 4
1F (2 «Gle Z2) CALL LINV(PMEK b ,L,HL,V,H) !
IF (4 ¢GTe 24) EGIT = HT ¢ (T=Z)*ELZ |
WwAiT (1,9,11ABLE)
CONTINUE :
CONYL INUE 1 3
sETUnM
&hND

= & + EZIT 1 3

DOUBLE PobkCISION FUNCTION PALK(S) 1
IMFLICi1 BEAL*8(A=H,K,L,0-2), INIEGER(I,u,N,D) !
COMMCY /20K/ Z,051AKRT,K |
COnlOs 55

EXWEGMAL EOMEK,DFMEK

S55= S ;

CALL ZEaC(FCMEK, DFMEK,U5TARYL ,O8EGA)

0US1ART = UMEGA

EMEn = LULXE (~OMEGA®*Z)/ (S*OMEGA)
FETU BN

Lab

= DEXP(=2%(S¢(K*1)/K))/ (5*S)

LUUBLE PBECISION rUNCTION FBEK(S)

CUBAUN J4UK/ 4o05LART,K

FEEK = S=(K*1)* (1= ((Ke1)/ (Ke1¢5)) *%k) /K

EEXU BN |
EBD '

LOUBLE EBECISION EUNCTION DFBEK(S)

IBPALICLIT REAL*8(A=-l,n,L,0-4)., INTEGER (1,J,H,N)
Coundud /UKy 2,GSTAR1,K

DEMER = 1= ( (K¢ 1)/ (Ke145)) %% (K¢ 1)

BETU &N

END
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20

OUket PRECISION £UNCTION FOMEK (CUELGA)
IdPLICis AELAL®8(A-H,K,0L,0=4) , LNAEGER (I,u,u,b)
CLUahOM S5

FCHEA = Fabk (UMEGA) - S5

FEXU ad

EhD

SUBaUVULIME kZGAM (LTABLE)

Ik LiCIT Bl’-l&*a ‘A-B' K' L‘ 0’6) '} INTIEGER (I'd' h, .)
COMMOM /IbOUY/ TVAL(16),KVAL (7) ,WALL (106 ,10,3) ,4IN(3)
COnuMON /LAPLAC/ V (50) ,4,N

COENCH /4Oy Z,05TART

cATEahAL FGANFGAB,DFG AL

USTART = 1

a = 4IN(ITABLE)

Lo 20 J=1,16

2 = AVAL (V)

iF (4 eanbe &) Evil = Co

It (2 eGle Z) CALL LINV(PGAD ,8 ,4 (EZIT,V ,48)
WAI% (10,J,1%ABLE) = 4 ¢ EZ11

COnLINUE

REZU BN

END

DOUBLE FRLCIoIOs FUNCTION EGAM (S)
INPL4C1) kEAL®*8(a-h,K,1,0~2), IMTEGER (L,uo8,0)
COMNOL /U/ «,05T Axd

coanes SS

EXscebbAL FuGAl,biGMM

SS= S

CALL LE8U (EQGAN, LEGAN,USTARL ,0HEGA)
CSLABY = QUEGA

PGAE = DiX ik (-=OMEG 4%%) / (S®OMEGA)
KEiunp

EMD

LOUBLL EsECISIUM FUNCTION FGAB 3)

IMPL ACILY HE.AL'G(A‘&.K.L.O‘M, A0TEGER (I,uoH,0)
CoNnul /Jav/ ¢,05TART

FGAN = S=Du0G(1¢5)

AETUaM

LMD

DOUbWzE FaECISION RUNCTIVUN DrGAN(S)
COMMON /407 4,08TAxi

LEGAL = 5/ (1+8)

BELU kb

EWD

Gk e e i G e



A A RS

()

DUUBLE FaECISIOM FUNCTION FOGA M (CHEGA)
IBPLICLT WEAL*8 (A-d,K,L,0-2), INIEGER (I1,v,8,)8)

COMMON S5

FuGas = FGAM{(OMEGA) - SS
BETUBN

Eab

SUBARVGULIME ZLRO (F ,LF ,ASTARL ,A4ERC)

iMPLICIY BE‘L.B“-“'“QLQO-‘)' I.aEGEB‘IQJ’“'l)
COMMUN /BLwBAk/ TCLLRNC ,MAXITH

ITERAT = 0

LA = ASTAxT
1C  CONTINUE
AMEW = X = F(X)/0k (X)
RELACC = (XNEw=X) /XMLW
A = AbEN
12ERAT = ITERAT ¢+ 1
1F (I1ERAT +GE. BAXITN) GU 2v 20
IF (WABS(BELACC) JLE. TOLRNC) GO TO 20
60 1T¢ 10
20 CONLINUE
X4ERO = X
aE1U &N

5C WaILE (b,0V)

©6C FOpdaAl (1d1,'NEniO8~BAPUSON SEABCH IM SULBOUZINE ZEav®,
1 LXCEEDED MaXIMUM ALLOWABL: NJaBka QF ITEKATIONS.Y)
wikITE (6,62) MALLiTh,KELACC,TOLuNC

6< FOGMAL (1HO ,"MAXITAN =',I48,///,"RELACC =',D28.106,
1///'.T0&i.c 3'(026.16)
S10F
ENL

SUBAOULINE BZOUX

14FL1CIT KELAL®8(A=H,K,L,0-2), INTEGEE (1,J,H,H)
conncs /INUUT/ TVAL(16) ,KVAL(7),wAIT (10,16,3) ,21N(3)
vIMEMSION 1dAiT(10,16,3)

L 90 sCUFi=1,5

WkIZE (6,10)

1 EORBA%L (1H1,///7)
LABGib = 6 ¢ MCURY
LU 12 iMaGH=7,84RGIN
Wk ILE (6,11)

11 FURMAT (1H )

12 CONTIaUE
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%

25

16

<0

30

35

70

&0

90

DU bV I%AbAE=1,3

SCAauLLEk = 100C,
1k (l‘&'&(‘.‘b,llﬂnu) oGE o 10.) SCALOR = 1006.

LO T4 o = 1,10

LO 14 4y = 1,16

<wAll (1,J,iTABLL) = SCALOE®*wAiT(iI,J,I1TABic) + 0.5
COaTIMNUE

Wk ITE (6,25)

€0bb AL (Ya= ) 10X ,"PABANETLES ¢0i THESE PaUCESSES SLlilléei’,

1' S50 Tudt VAR(X(1))=1s AND E(X (1)) =0e0, lerte, aill=1,0")

iF (SCALGCR +EQe 10C.) WRITE(6,16) <l (IsAoiE)
EORLAL (1 , 10X ,'BLAN WAIT IN alUMVAaEDTHS',,
143X, 'Is1TIAL SEaVE& LOAD = ',F3,1)

IF (SCALUB oEie 1000.,) WRITE(6,20) ZIN(IiAwlE)
FORAAT(1h ,10X,"MEAN &ALl IM THOUSANDTHS®,
1424, *INIZIAL SE« VER LOAD = *,F3.1)

WBRITE (6,30) TVAL
FOH“‘T(‘H ,‘lOX,' EBOCH: "5“'“?:.2' 8",5.1)

WRITE (b,35)
FOhMAL “d I} 21X ,1 6 (1‘. .----') )

WRITE (6,40) (I1walIl(1,J,ILabLE), J=1,16)
FORMAT (18 , 10X, wIENER ' ,16(1X,14))

@RITE (6,45) (IWAI1l(2,J,1TABLE), J=1,10)

FOBLAL (VH ,10X,'aL1 QUEUE ',16 (1X,14))

e 60 13309

WRITE: (6,50) AKVAL (1=2), (IWNAIT(1,J,ITABuk),d=1,16)
FOBMAYL (10 , V10X ,'MET1 k="' ,F5.<,10(14,14))

CONLIMUE

WEkITe (6,70) (IwAILa(10,J,ITABAE), J=1,10)
FORMAT (1H ,1CA,'GABNA I8PUT® ,16(1X,14))

COSTINUE
CONMLAiMWE

aETUBMN
END
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APPENDIX C

TABLES OF SCALED EXPECTED SERVER LOAD

All tables for a specific value of p are grouped together.

The tables are arranged in the order shown in this list.

Each page contains results for three values of z*.

There are two pages
of tables for each 1.0, 0.8, 0.6
of these five values

oF B 0.4, 0.2, 0.0

There are three 4.0, 3.0, 2.0
pages of tables 1.0, 0.8, 0.6
for each of these

seven values of o. 0.4, 0.2, 0.0
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ABSTRACT (continued)

The server load process is expressed as a net input process (having
stationary, independent increments) modified by a reflecting barrier at
the origin. In queueing systems the net input process is compound Poisson.

~~~~~ | Two other choices of net input processes, the Wiener process (or Brownian

motien) agd the gamma process, provide approximations for the queueing
process.—>This research considers groups of server load processes whose
parameters are selected so that the first and second moments of their net
input processes are matched. An existing Laplace transform expression is
employed to obtain transient expected server load at specified epochilp

The Laplace transform is inverted numerically using an existing
technique. The inversion technique is first applied to test functions
whose exact inverses are known, and the results are also compared with
queueing results obtained by other methods. These investigations indicate
that the numerical results for expected server load have four to six
significant digits when the approximation is based upon thirty four values
of the Laplace transform function. The computer programs are coded in

FORTRAN IV using extended double precision, and complete documentation is
included.

The numerical results for expected server load are tabulated in
scaled form. Each of the 93 tables includes results for a specific combina-
tion of traffic intensity parameter (twelve values, ranging from .5 through
1.0 up to 2.0) and initial server load (either six or nine values, ranging
from 0 to 4 in scaled form). An individual tables has results for the
Wiener process, the gamma input process, and eight queues with different
service time distributions; each of the ten processes is evaluated at
sixteen epochs. Step-by-step procedures for using the tables are included,
\\\ggg\several sample problems are presented.

>> The tabulated results allow a comprehensive study of the error

associated with using the Wiener process as an approximation of server load
in queues. This study confirms that the Wiener process is always an upper
bound and that the approximation is best for queues with a traffic intensity
parameter near unity. The scaled results also indicate that the gamma
input process and queueing process with deterministic service times provide
tight lower and upper bounds, respectively, for expected server load in all
queues with Poisson arrivals and gamma distributed service times.
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