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AN EXTENSION OF THE THEORY OF ACOUSTIC TRANSMISSION
THROUGH POROUS MAT ~RIALS

Palmer S. Chase and Gerald L. Kinnison

I. INTRODUCTION

On the subject of sound absorption by porous materials much work

has been done but , unfortunately, before many recent engineering develop-

ments and apparatus. There now exists the opportunity to check some of

the earlier results and theory derived for sound absorption in porous

materials to determine whether the proposed models yield measured properties

close enough to the theoretical values to be useful. L. L. Beranek and

C. Zwikker both derived theoretical expressions for transmission of a

single frequency through a porous media. The aim in this memorandum is

to follow Beranek’s derivattonç which appeared in J. Acoust. Soc. Amer.,

July 191.7, entitled Acoustical Properties of Homogeneous, Isotropic Ri4d

Tiles and Flexible 9].ankets, and included more mathematical steps for ease

in following the derivatior~~nd to extend some of his results in the trait—

merit of soft blankets in a~’iticipation of lone r~inge needs for their appl i-

cation. The information is published as a Technical Itemorandum at th is

time to ma e the information available to a limited number of persons who

have immediate need for it.

II. PARA? .:~ r~RS U.3ED IN Ttf ~ DERIV ATT ONS

fl oat of the symbols used by 3eranek, and in this article, re~r~.~~nt

well—known quantities , but there are a few whose appearance needs some

explanation. 3eronek follows Zwikker in the use of the ~tr~ cture f~ ctor k e

kosten st : it ’  I that the value of k is ~ener~liy ~r~ it . -~ th:zn 3. •~ccerdin~
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to Kuhl and Meyer, k~ represents the total mass vibrating in one cubic

centimeter, so that the partial motion of the skeleton is accounted for.

Zwikker interprets k as the ratio of the volume of pores ~n the material

to the volume of the pores that run straight through the material, which

he then calls the lateral cavity factor. Figures 1 through 3 show the

fiber randomness and structure in a typical fiberglass sample. Figures 2

and 3 are closeups of~ the sample in Figure 1 taken from the top and edge

respectively. It is readily seen that the fibers are closer packed in

the direction passing down in the sample (as viewed in Figure 1) than in

either transverse direction. The structure factor, k, is an artificial

constant to take up some slack between the theoretical and experimental

evidence. It tries, in one lump, to take care of the effects of the

presence of the skeleton on the acoustic wave passing through the material.

It has been interpreted in many ways, one of which is the lateral cavity

factor, the reason being that a more easily measured and hence verifiable

concept is obtained. In general, k appears to try to account for the

effect of the skeletal structure of the absorption process since little is

known about this mechanism.

The viscous resistance is approximately equal to the resistance to

a stream of constant velocity gas, called the specific flow resistance.

R2 is due to frictional forces among the fibers themselves and is normally

considered negligible.

The coupling factor V (which Beranok writes as ) is introduced

by Beranek as a result of the difference between the velocities of the

air and the skeleton within the sample. It attempts to account for the

apparent coupling between them which causes one to move when the other

does.
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Zwikker states that after extensive tests , he found that the porosity

and the specific flow resistance do not provide sufficient information to

determine the acoustic properties of a material . The structure factor

and the coupling factor have been devised to better explain the acoustic

properties.

III. LIST OF SYMBOLS

These have been taken directly f rom Beranek ’s article since the

notation will be the same in this one.

a, b Complex propagation constants in cm~~.

Attenuation constant in nepers/cm. To convert from nepers
to d~ multiply the former by 8.686.

Q ~~ase angle

C Velocity of sound in cm/sec.

d Depth of sample of material in cm.

.1

k Structure factor as used by Beranek and Zwikker.
Dimensionless.

J Depth of a sample of material or column of air in cm.

K Volume coeft~cient of elasticity of air where :
K a(1/~)(Pj/S~)and ~ is an incremental displacement of
a piston with area 

~1 
acting with a force F~ 

against a
column of air of length

Angular frequency ziu

p Sound pressure in dyne/cm2 as measured by a microphone.

Average excess pressure in dyne/cm2 exerted by a sound wave
against the matter contained in the material, Fe/S.

Vector velocity of air particlee in cm/soc.

q2 Vector velocity of the gross movene:~t of the soli~ particlescaused by tho influence of a so~n~1 wave in Ct~/ooC.

3 
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Q Volume coeff~c4ent of elasticity of an acoustical material
where Q (.,{2)~F/S) dyne/cm2; and is an incremental
displacement of a piston with area S acting with a force 7,
against a c2lumn of material contained in a vented cylinde?
of length j  .

R Uni t area acoustic resistance in rayls; also the specific
flow resistance of a cubic centimeter of material.

Alternating specific viscous resistance offered per unit
volume of air because of a difference between and q2.The units are rayl/cm.

R2 Alternating frictiona l resistance offered per unit volume
of the solid matter because of friction among the fibers
themselves, that is, due to a gradient in q

2.

Rayl Unit of unit area acoustic impedance, dyne—sec/cm3. And
the unit of specific acoustic impedance.

P0 Density of air in g/cm3.

Density of the solid matter Ln the acoustic material, g/cm3.

Density of the acoustical material in g/cm3e
Approximately, Pm =P2(1~~y)

S Area of a section of material = S1 + S2.

Area of air in cm2.

Sa Area of solid matter in cm2.

t Time in seconds.

Coupling factor per unit volume of the air in the material.
Introduced because of a difference between and q2.
7~~ R 1 + j W ( k — 1) p0 Beran ek uses lj2 for th~.s symbol.

u Component of the vector velocity q in the x direction.

V Infinitesimal volume of acoustical material, V = V
1 +

V Infinitesimal volume of air in cm3.
• 

V
2 

Infinitesimal volume of solid material in cm3.

4 Incremental displacement of the particles of air or solid
material.

Y Porosity, equals the ratio of the volume of voids to the
total volume of a sample. Y z V1/(V1 + V

2
).

4
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Z Unit area acoustic impedance in r .y]s. 1 • p/a.

characteristic impedance of an acoustical material in
rayla . i . O , 1, 2,3.

hr Initial impedance of a sample of material; i.e., at x 0.

IV. SOME FORMULAS ~1ORTH NOTING

1. 1• — R1 + j 1 1(k_ 1)

2. Y.. VAV1+ .v~)

3.
x a d

4. ic —

5. Q

6. ~i~~~Z1r f

8.

9. Z’~” R 1Y+ ~~)[p~~+ (k~~i)

V. D RIV.’~TICN OF A ~AV~ E~UAT toN

In the mathematical treatment of a wave propagating in a fibrous

material it is expedient that we make some simplifying assumptians.

First, it wifl be assumed that a large number of fibers run randomly

through each infinitesimal volume of the material and that statistically

an equal number of them run through each face of this volume element.

An actual obsorv~ition of a typical fiber shows that the natural construc-

tion by compression tcchniques stratifies the absorber and increases

the number of fibe rs running laterally through a volume element . A

one—dimension analysis will circumvent this discrepancy since we will

then re.-iutrc only a constant number of fibers to pass through any given

5
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unit—cross—sectional area. This requirement can be closely met. When

acoustical waves impinge on the material there will be a compression

wave propagated in the air in the spaces between the fibers. Also, a

certain traction of the fibers will be compressed into the volume element .

That is, the skeleton will react much like a driven spring. This spring

* effect will vary with direction since the material is in general not ~~~

tropic and hence div q will, be direction dependent. Here also a one—

dimension analysis will remove this difficulty by reducing div q to

and hence considering the material as propagating waves in one dimension

only.
I ~‘

From considerations of continuity of mass we get two equations.

Their difference arises because the gas is assumed to be compressible in

Equation (1) while in ~q. (2) it i.~ assumed that the compressibility of

the individual fibers is negligibly small.

Cl) div 
~~~~~~~~~~~~~ ~~~~ 

= 0

(2)

It can be shown by taking a~ incremental volume ~elem~nt and compressing

it slightly that .~~~~~~~ ~~~ which becomes, when ~ze let d~~=4

• = d~~~/p . Substituting t~ ’ volume coefficient3 of elasticity,

Q and K and the above relationship into ~qs. (1) and (2) we find that

they reduce to:
- _ _  

_ _

Q y

(Z ip) dt v c ~~~4 ~~~~~~ ~~~O

6
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Beranek remarks that K will, be found to assume values between 10 and

x to6 dyne/cm2 as the compressions vary from isothermal to adiabatic.

Q will depend on the particular fiber chosen , but will fall in the region

of 2000 to 10,CO0 dyne/cm2 for most materials.

The equations of motion can be derived from the physical principle

that says basically that the pressure change is proportional to the

velocity of the mass ~n motion , and opposite in sign. Beranek writes the

equations of motion in the following form.

(5) — = Z~ ~~ 
- ‘t~ ~ i + (‘-~~

= ~Z 1~~ 
- ‘rY ~~i

(6) _
~~j~~ z., ~~ 

- ~

where and are given by

Z, = ~~ .j-

• %~~ 1- -J t~u [p,~ ~~
- 

~k- i)~~ Y J

~~ 
+

~e note the existence of the ~~~~~~~~~ ter~ in ~q. (5) which is presen t

to account for ~1is~i~’ation forces due to relative movement of the fibers

with one another. If this fr ict ional  force is small., as we sh all consider

• later, then R2~~ 0 ariJ Z~. Since we are inter~ -ted only in the

steady state solution , ~ can assume it to be periodic and make the

• gim~ick substitutiop ~~~~~~ ~Uso, let D be the operator~~
_ anc~ let

div q have only a component in the x—dtr ect ion . ‘
~~~~ can sum~arize the

manipulattona so far in this derived set of e~uations.
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(7) DAA -~L jwp  - _ _ _  = 0

(8) ~~A&~ *II L U P z  = 0

* (9) — —

(10) - Dp2 = Z7~AA 2 — 

~r Y. 4~k~

This is a system of four equations in four unknowns and their first

derivatives. To solve for p, first differentiate ~q. (9) with respect

to x and then substitute for Du1 and Du2 from E~s. (7) and (5). ~e

then get

(11) — 
._ PL(1 u-v) .t-~r?J — _ _ _ _  z

Differentiate :q. (10)

(12) — D 1 
f~ 

1 ,
~~ 

D -u,

Eq. (12) is valid since

considering D and 
~2 

both as differential o~~r~tors. Agnin, substitute

Eqs. (7) and (8) into Eq. (1) to obtain

• (13) — 
l~~f~J Z ~ + + 1~’ Y

Solve Eq. (13) for i”P~ and substitute this into Eq,. (11).

Then

(1k) 
~~~~ ~!c~ -~*2~! ID

l5
?~ ~~~~~ — 2-~

( j~f
-

~~~ 

K

8
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If now we differentiat Sq. (11) twice ,

(15) -t~~p 
- _ _ _

and solving Eq. (1k) for D2p2 we can substitute this expression into

Eq. (15) to obtain finally:

(16) D
Lp - ~~~~~~~~~~ D

L
?

- 
_ _ _ _ _ _

f L4J~~~Y ~L ., = o
This now can be factored in the following way.

(17) ~[D
l ~~~~~~~~~~~~~~~~

p

Z

— - .,~(i- ’~’) ~ 
-

~~~ p o
If here we assume to be negligible, implying the frictional dissipation

among the fibers themselves is negligible, then Z2 * Z~, a constsnt.

Then we recognize Eq. (17) as being a homogeneous fourth order differential

equation with constant coefficients. Beranek points out that the part

that R2 plays in the total absorption will have to be determined experi-

mentally, implying that leaving it in the equations complicates them

sufficiently to prohibit further derivation of useful solutions. From

now on, we will understand to be the constant Z~.
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VI. SOLUTIONS !IV TW~ I/AVE ~~UATT0N

If we treat Eq. (17) as a fourth order differential equation with

constant coefficients it can be written as

(i8) 
{1D~— ,sJL Dt - ~J — S D~ p = 0

where the constants,3l~~ ?lcan be seen to be the following from
Eq. (17). 

_ _ _ _  _ _ _ _ _ _
— Q

• “ 2--, (.1.~ 

~1
The roots to the associated equation are

= ~s s -  r i- s + ~/?s.ts ~-i)~~ 4&’~s~’÷’1)
(19) 2

which implies that Eq. (17) has a solution of the following form1

where A , B, C and ~ are arbitrary constants.

- A •—
~~~~)(

(20) p~~ n e  -t-~~~~e - i - C e  + Ee-

From Eq. (19) we can write a and b to be:

(21) [ E ÷ ~[~ ±-L(j

If we now substitute the values of f3, 1’~ ~~~~~~~~~~~~ 
the result is the

• following which can be written more compactly as Eq. (22) .

(22) ’ ~~~~~~ UJ f Z~K+Z ,~~ ‘~-~it~[~ tn - 4~QY(Z~Z~-’fY) 1j , 1V1
bJ L ‘ 1J 

~ 
L jZiK*zi Y~

.
~r~

(I _ i2J j

10
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Thr a wave propagated in an infinite medium, A = C = 0, since the pressure

must be bounded. In general, two waves will exist, corresponding to the

two propagation constants a and b, each with a different velocity of propa-

gation and a different rate of attenuation. One of these waves travels

primarily in the skeletal material and the other travels through the gas

in the pores of the material. ‘.iith apparatus to test the propagation of

an oscillatory wave through a material we will be able to test the assump—

tion that two waves exist. Mathematically they exist, as has been shown.

Also, these waves are not independent because of two coupling factors.

One of them comes from the viscous properties of the gas and the fact that

there is a frictional dissipative force existing as the gas passes over the

fibers. This factor is what gives rise to the ‘~~~ in the equatior~ derived.

The second coupling factor arises because as the quantity of solid matter

in an incremental volume of material increases, the volume available for

gaseous occupation is reduced. This is mathernaticaily expressed by the

appearance of the term in Eq. (5). Since we are dealing wi th small

amplitudes of particle motion, and hence volumetric change , it saems

reasonable to expect this quantity to be negligible. The combined result

of a small and small is that the term (~‘O~. ~ in ~q. (5)

is neglected in the derivation of the wave equation. And hence Z~.

• Beranek remarks that equation (22) is difficult to use as written,

and that in practice two types of materials can be treated readily due

• to simplifying asswn ptions in Eq . (22). These are soft acoustical blankets

and hard acoustical tiles. Both types have wide practical use, and

acoustical m~terials in the intermediato ran e are few, a justification

for the special treatment of thesc two specific types.

_ _ _  

- 
- .

~

—--—-.— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_____________________________ —~ ~~~~~~~~~ ~~~~~~~~~ . .. _. ~~~ 1~~•__.•..~~~~ . . .‘—--. —.—~•.



-~ -~~~ . ~~~~~ —-—~~ -
- - - ~~~~~~~

— : ‘  .—•--—-— . ..- .. _ _ _ _ _- . . . ~~~~~~~

VII . SOF’P ACOUSTICAL BLANK~TS

Beranek defines soft blankets as those for which

(23) ~~~~z1Z~~rL1)\? <<.. ~~~~~~~~~~~~~~~~~~

Values of R..A and 10~~that are frequently measured require that K ) 20Q

for the above inequality to hold. Values of R, tLle specific flow resistance,

, Y , ~ and K/~ measured on several acoustical materials are given in

Table I and are co~ied direct from Beranek’s renort to give the reader

some feeling for the magnitudes of these quantities. For the purpose of

determining K/Q Beranek assumed a value of about 1.2 x 106 for K.

Table I

g
R
sec

_l

Material 
- 
g/crn2 1 cm 3 K/Q

Fiberglass AA 0.0112 0.996 58 2800 400
Fiberglass A~ 0.0074 0.997 34
Fiberglass R-33 0.0416 0.983 29 8000 150
(X14-PF)
J. ?7. Stonefelt 0.0541 0.969 28 10000 120
Type “N” 0.01326 0.97 31 9000 130
Kapok—cotton 0.0498 0.96 118 9000 130

~~~~~~~ Wood fiber 0.0322 — 39 4000 300

With the definition for soft blankets , Eq. (23) yields:

~~~~~~~~~
Which simplifies to

~~~~~~~ L~~~~~ ]
h/L

L~~~~~~~~~ ~~~~~~~~~
If we impose further that OJKc(1/2C, a becomes

(24) [_ ~ ]“~[Za. i r ~ s — ’~’)J
”
~

12

_______ 
. -— - — —

~~~~~~~~~~~~~
-
~~~~~~~~~~~~~~~—



____ - ~~~~~~~ ~~ ‘ w ~~~

A similar approximation for b is facilitated by the following a].gebrsic

approximation. 
)l/)

h/~

Then b becomes
• 1’ /

b~~ [~~~ (‘Z ’ +~~a~~+ ~ Y ij ]
L

And then imposing the inequ ali ty K~~)2O~

b~(25) L~~~J L z 4 ~~ (,_y) J

L
And when (c.uflm) )�(Re z2 ) . H1! then

(26 ) b ~
And if we let R

1 ~ 0, k ~ 1 and I — 1, then Eqs. (2~) ani (25) reduce to

(2?) 0.. = 1’~-~ L ‘~~J

(28)

Here a is the propagation constan t for a wave tr we1tn~ in the skeleton

alone, and b for a wave in the gas alone.

VIII. RIGID OR DEI ’~S~ ACC~~TICAL TILES

W. follow Beranek in his definition of a rigid tile as one fjr which

• (29) Z ,~~~ ) SO Z L K

For tiles, the magnitude of is close to H
1 

and is nb~ut ~~~~
so that ~/K must be gre~ter than 5O ti,~~~~. Th~.s condition is ~~t only

for very har~ tiles, for wh i ch a and b roi~ Jy become :

13 
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(30) & {
~ ~~‘k1 (~ ~~ 

-

(3’; L J ~~ cz 7.z —~~~.~~]
t
~

If again we let — 0 and k — 1, then a becomes the propagation constantfor a wave traveling in the gas, and b for a wave in the skeleton, so that

the roles of a and b have changed places in going from a soft blanket to a

rigid tile. When Eq. (23) holds, K/~ )20 and the skeleton bornewave is

rapidly attenuated and has low velocity. In a rigid tile, when Eq. (31)

holds, the wave in the skeleton is not attenuated appreciably and travels

with a high velocity. At some intermediate value of ~, both waves will

travel with equal velocity . When attenuation of a narrow frequency band

desired the thickness and ~ can be adjusted so that the two waves will

arrive at the second face out of phase and advantage can be taken of

attenuation by cancellation.

We now turn our attentt.on to finding p2
, u

1 and u2. Eq. (2) gives p as

(20) p = ~ B~~
’
~ ~~~

- C e~~ ÷
If we differentiate this twice and substitute into ~q. (11) we can solve

for Then A~( - 
~ 
-

~ I ~~~ — 1 % Y j LU

-t- 13e

(32) 

÷fr
bx E~ bX~f 

~~~~~~~~~~~~~~~~~~~~~~
To find U1 we aubstttute p and p2 into Eq. (7) to obtain Du1 ,in~ then

inte~rate once with resrect to x to obtain u • The re.~u1t is:

_ _
~~~~~~~~ ~~~~ i-’~’)-~ ~~~~~~~~— Bc’ ]~ ~~~~~~~~~~~~ 

.,~~

— 
~~~ —~)•~- 

-
~

.~~~~ [C~~~ Ji. T~~~~’~~J1
113 

--.———-__ . —-- . -*- .- - - — - -‘~----
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We can find u2 by using ~q. (8) and integrating once with respect to x.

The answer becomes: 
- 

~~~ 
— -j ~

-~~~~ = r ~e ~~~~~~ 
~~~~~~~~~~~~~~~~~ 3~~~1X 1+ [c~ — E -~

• IX. NORMAL ACOUSTIC IPIPEDANCE

Thø normal acoust~ic impedance at x ~ d is defined by taking the ratio

p/u, where u is the particle velocity just outside the sample at x - d ana

p is the acoustic pressure at this point. At x — d, u = -.(u.1Y + u2(1—Y )).

For the acoustic impedance of a flexible blanket we can use the fact that

in a soft blanket the skeleton borne wave travels slowly and is attenuated

highly, justifying u2 0. Then u — Yu1. Since the wave in the skeleton

is attenuated greatly, the pressure ~nd velocity are composed primarily of

the components with propagation constant b Then

p ~ e + Ee 
~b~(i-~) ~~~~~~~~~~~~~~~~

~reeb� E -~L ~~~~~~~~~~~~~~~~~~~~~~~~~

rc * Ej~~~r k-v~~zI —--~~ U ~~~~~~~~~~~~~~~~~~(35) Y I ~~~~~~~ 
— E. e JL ~. 1 — 3

•~
-

• L C~~~~_ E e~~Xi”

where H has the value given in Eq. (35). By definition p/
~

If we let EJC e ’2’~” then we can write that

I fl c!.t,;)i (b 1-t - ~1’)
(36)

From the equation above that ~;tates .~ ~ ~~~~~~~ I~ , we can solve for ~‘C.

15
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Using this and the exponential definition of ctnh x, we see that

c*~~i * H
Consequently the impedance is given by the relation

• = ~~ ‘(Z I —~ j ~ J,cbY)

~~~ü— i~ ÷ Z 1 -~~/’ )’I

-

~~~~~ 
~~~~~~

We can similarly find the impedance at x = d of a rigid tile. If it is

mounted so that it does not vibrate as a whole, u2 = 0, then the acoustic

impedance will be given by: °J .uj -% d 
~ I~=d

(38) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . , ~~~ d s ~i)
r~

1 ( i— ’~ ~~~~u (Z , ~ 3 (4J/ ~) \(

-l ~~~~~~~~~~~~~~~~~~~~~~
2 2For a rigid tile we can approximate still further when (b K) <~ (a K)

<< (L~~)
2. ‘!e rationalize Eq. (33) and apply the inequalities to

finally obtain:

~ TI~
_
~~ c~-~1h c~~d ~(39) FM

For an infinitely thick blanket , i.e., is d~~ a~ , oh~~~i = 1 and

using the above inequality , (b2K )2<~. (cu~)
2 

~~t’ get that

• (~‘0). 
___

is c~l1ed the charact er is t ic  impt ~dance of the ri~ teriai ani in defined

in Eq. (40). It ~~~ shown e:irlior th at the ~~~~ ~;—ttLon con stant  for hcmo—

geneous anJ iaotr ~p L c  s-~t~~’ial,~ cm be t~L ’r ~ i:~ed frora a na:il~ ‘r of

i6
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specif ic parameters, namely : K, 
~~, ~~ , 1p~~, Y, H1, R2. For acoustic

blankets we found that XJQ was greater than twenty, and one of the waves,

with propagation constant x a, traveled with low velocity and was attenuated

highly in traveling through the material. The other has propagation

constant b given by Eq. (25). When this equation is rationalized and the

values substituted for Z1, Z2 and 1 , we can write it in the following

form , which Beranek does.

; . <R 1) ~Yz

0.1) b = ~3~ ’ ( )~~~ 
~. 

I — _____

where 
~~~~ 

and <R e ’) are given by

~c ~ /c ~~(‘+ i~-t)/p,~f[ Y*/’an/ t i/L’a ~~~
_t)

~
i
~’i1(42) <~~~ 

~~~~

° L i + 
~ /L~~~~~( 

~~~~~~~~ 
-J

(43) Li + ,; (~ v-i)/~~ + ~~~~~~~~~~~~~~ L + p~ ( ~ -t~f~~~ ~
1 

~ ‘1 1 ~ 
( i + - I) / ,  J J

If , moreover , ,t~,ü~_ %)/~~ lthen 
~~~

‘
~
) ‘ and can be ~i.ven by the

approxinationa

(4?,) 1 ~ ~~~ ‘-~~ I ~
l/ ,~~i~~4~:

— • (45) . 
: -

~

3eranek refera to 
~4) :~a the ef ~ecttve  d~ n~ ity of the gas particles

and to ~ as th - ~ dynamic or ef ~’eet tv e  res~ .nt : ince . He n - ’to~ t h - ’t  the
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I
value of is nearly constant as a function of frequency and approximately

equal to the specific flow resistance.

The value of K, the volume coefficient of elasticity of air will vary

from about 1.0 to 1.4 x io6 dyne cm2. This is evident from the definition

• of K and thermodynamic considerations.

• (‘.6) = ‘°—
~~~ 

= — i’ 
~ -V ~~~A V

Isothermal action requires that PV ~ constant, so that Eq. 46 implies

K s P. The minus sign appears because a positive change, increase in P,

corresponds to a negative change, decrease in V. On the other hand, if

the gas moves adiabatically then PY — constant. Consequently, K •

where ) for air is about 1.4 near standard conditions. In general, the

motion of the gas varies from isothermal at low frequencies to adiabatic

for higher frequencies for many bases so that K will vary from 1.0 to 1.4 t
times the pressure as a function of frequency for air, and the result

follows since p is nearly io6 dyn/cm2 for normal atmospheric pressure.

~p~
) approaches ~~~~~~~~~ at low frequencies since the mass

reactance, (‘~~‘,~i , is so low that the fibers move with the gas. At high

• frequencies the fibers stand nearly immobile as the air flows past with

effective density approaching f0k . Also, <R1) approaches H1 for

high frequencies when the fibers are stationary, and (~~~~i~ /t~~) for

• 

- 
low frequencies where there is little relative motion and hence little

viscous dissipation.

From Eq. (40) we can solve for K. By using an experiment to determine

the characteristic imedpance , Z0, we can experimentally determine the

atten mtton an-i phase constants of b. A theoretical prediction of b can

be obtained by Eq. (25) and the two compared. This is precisely 3eranek ’s

•.-
~ •

•• 

_

;
_
.; 
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approach and shows graphically the change from isothermal to adiabatic

as the frequency increases. This changeover occurs entirely within the

100 to 2000 cpa range, and mostly between 100 and 1000 cpa. Beranek’s

results indicated that was reasonably constant over a wide range of

frequencies but that ~ /‘,) and <Re) were not. Assuming the structure

factor k to be about 1.5 and the porosity greater than 0.95, Beranek

asserts that the propagation constant for homogeneous and isotropic

materials can be found with good accuracy.

X. FRIcTtONAL ~~SIST•’~NC~ AMONG THE FIBERS

In solving Sq. (17) for p we assumed that R2 — 0, so that

and our calculations would be simplified. when B2 is not zero thenZa -~ +
and Eq. (17) would then be written

(47) go~-~- ~~(z.2~ ~
- R~ (I- Y) DJfb~

_ -
~

_
~

yz $-}

_ _ _ _  + _ _ _ _

This is also a fourth order differontial equation , but unlike ~q. cl’),

terns of the first and third orders are present. The a x~li~r~ equition

will in general have four distinct roots , none of them ~~~ ate~- . Hence

the solution c~n be interpreted to be four inJej~en~ent waves propagate~1

• through the material with its own char acter i s t ic  velocity ~n i  attenuation

constant.

When R2~~ 0 it meana there exiat frictional forces due to relative

motion of the fibers amon.~ themselves which dis~ipate , or at least re—

distribute , et~’r~~ an~1 cet t~~ alter th .’ pr~ : hja ~ i o~ of the wave

sa it pr~ _:re.~ 03 t r~u~h t~~e flt’ •u ~~, Any ~~~~~ lost is tr~e ern~~d

19
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2.

a priori to heating the gas in the interstices. In general, the effect

would be to reduce the velocity and increase the attenuation in the skeletal

borne wave, with the opposite effect on the wave propagated in the gas.

The thermal effects would be greater on the gas than the material.

Hence B2 acts as a thermodynamic coupling factor. In rigid tiles the

• skeleton remains immobile so R2 is necessarily zero. In soft blankets at

high enough frequencies so that the gas moves adiabatically, the skeleton

will again have little motion relative to the gas and B2 will again be

zero. At very low frequencies the skeleton will move in phase with the

gas and the system will act isothermally. With sufficient time for the

system to equilibrate dun n.; each cycle, the energy lost from the skeleton

to the gas would be returned and the effect would be the same as though B2
were zero.

The determination as to whether B2 is actually negligible is of con-

siderable importance. ~‘Ie wish to deter:iine its significance . Enclose a

piece of absorptive material classed as a soft blanket into an evacuated

chambe ’ and fasten one face rigidly to a mechanism that will drive the

surface at a known frequency. Then measure the motion of the opposite

surface, perhaps using an optical technique. In effect, we will consider

the problem of a plane wave impinging on one side of the material and then

measure the velocity and attenuation as a function of thickness and fre-

quency. ~o can then calculate tha propagation constants for the skeleton

alone, since the wave propagated in the gas will be absent. Thus we let

K a 0. Also and will be zero which implies that and ~r are

also zero.

From Eq. (7), when K = 0, p = 0, and = C in Eq. (9). Also, ‘r = 0

makes Eq. (10) become

20
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(48) —~ )p~ =

Then di f ferentiating Eq. (48) and substituting into Eq. (8) we find 4

(49) D(z~ y~) 2~ Di~ ~ 1 ‘~~~~~~ ~~~

(50) 
[

~~2 _
~~~~ Za] p  C)

CR

This becomes, upon substituting for

— 

~~~~~~(t - -~~D

This equation seems reasonable since with no air present the pressure
measured by a microphone, Pi would be zero so the only pressure present

• would be that exerted by the material surface, p2. Under the assumptions

that B1 and ~ o eiual zero, a and Sq. (51) becomes

(52) [D
l 

— 
_ _ _  — 

_ _ _  

~~~

Thi5 equation has the following solution,

~~ 4 Be

Where A and B are arbitrary constants and the constants a and b are

given by

21
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A. = _ _ _ _ _ _ _

b = 1~a C’ z j o~ + -
~~~~~~4c~

The velocity in the gas, q1, would be zero, and we need only solve for
q2. Using Eq. (8) we find that q2 is:

4 p
(~51.) — e  

*•Q&÷ b)

If we use Eq. (10) to evaluate the constant C, we find that it must be

zero unless a = 0. But this implies that B2 = 0 and that the pressure is

a pure undamped sine wave. Since this case is trivial we discard it and

letC= 0.

The motiona]. impedance of the material at a point x = d from the

initial point where the wave enters the medium , is given by p/u
f d

Since u — (Yu1 + (1—Y)u2) and u1 = 0, then u = — (l—Y)u2. The impedance

is then given by 
—-i Ae 13e

~~ (i—y){ 4 ~~~~ (4tb~X 
— 

~~~ 
~~~~~ 

(h~ j
With a little manipulation this expression becomes more useful.

~~~~~~~~~~~ 
-4(56) Y’/~~~ Ct -y~ ?i~) L ~~~~ — 

~~~

b~ . 8 _If we let •— then the expression for the impedance can

more simply be written

22
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(57) 
(flq){

0~~+ ~~~~~~~~
If the impedance at x a 0 is called the initial impedance and denoted by

.
• Zir then from Eq. (56)

• (58) ZT = (i~~ ) t°~~~ 
b( ’  I ~ %,)J

b-~~~

Or that cM~ i(. ~~~~~~~~~~~~~
In the case that R2 

a 0, we get the former result that b a

and the derivation of the motional impedance yields

• (59) ( i_ si) C~&1h (~j~~&1 -f ~)

Where

(60) 11k. CiliA ~~~~ 
(s~~)

j

The measured values for the impedance can now be compared with these

theoretical values to judge whether internal dissipative forces, B2,

are actually negligible.

XI. A~rr~NUATIoN IN A TRANS!-1I?rING ~•:~~IUN

• If we wish to consider attenuated , normally imptngent, plane acoustic

waves in a medium we can consider the velocity to be complex to account

for the attenuation . This leads to the representation for pressure

in the standard form p a 4 e~~~
t4J t — 

~~~~~ 
)

~-ihere IV~ is the complex wavelength constant , a -
~~~

- • Separating the

real and imaginary parts by letting ~~~~ then the expression

23
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for p be comes
-oc x

(61) e
The attenuation constant o( is a lumped constant and may actually be a

function of frequency or other parameters. We interpret its presence as

due to viscous forces acting between the fibers and the air, or perhaps

between the fibers themselves. The mechanism for Q( is not considered,

but we assume that a kepresentative value for a given material can be

measured. The transmission coefficient ‘(‘~- as a function of the mentioned

measurable quantities is now sought. When ~ = 0 we have only the acoustic

impedance mismatch resulting from the acoustic wave propagation across a

boundary as the mechanism for reduction in sound intensity. In this more

general case we allow the second medium to absorb sound energy as well.

General theory dictates that we set up the following model for thre’~ media

with two interfaces. The first and third will be considered to be infinite.

m. 111 .

(~ )
‘~2 ~r~)-( ~~ -•- 3

ID \  Io\ ——

2,
• P are incident waves, P are reflected waves and P are transmitted waves.i r t •~~~~~~-~(1 (~.r- l(X)

The incident wave in medium I may be written (Ps
), = ‘

and the âther waves may similarly be written:

~~~~~~~~~

(62) €

(63) 
~~~~~~ 

- 

~~
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(64 ) =

(65) (?.~~~3 
= 3 ~~~~~~~~~~~~~~~~~~

The constants ) A ~~L~3may be complex quantities and physically

accounting for a phase change at the interfaces. Also, ~~~~ 
~ 

are

the attenuation constants respectively for the three media . The are

the respective characteristic impedances, given by the complex ratio of

pressure to particle velocity, P~/u~.

The continuity of pressure at x = 0 gives rise to the equation

(67) 1- fPj ~ 
4 IB~~e

• The continuity of particle velocity implies that

(68) 
_ _ _  

— 
_ _ _  = 

_ _ _  - 
_ _

it 2,
which becomes after substitution for the

- : (69) 21(A ~~- ~~~ U~~
• Similarly, continuity of pressure and particle velocity at x = 1 gives

two more equations.

(70) ~~ e e  4 ~~~~~ e —

(71) z3 ~~ — 

~~ Z2 ~~~

25
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The sound power transmission coefficient OC T 
is defined as the ratio

of the intensity of the incident aound in medium I to the transmitted

sound in medium III.

- -. (P4~~/~; z, D\’~— —

(f?1), /~ z ,
0 

Where is the magnitude of the complex ratio of gø~ and A
To find o(~. we first can eliminate LB1 from Equs. (67) and (69).

A -
~
- (Z2 2,)e~~~~~/~~~

Eqs. (70) and (71) combine to give

(74 ) B\ 3 (Z 3~ z )  = ~ z 3 1B~

Then the ratio can be found from solving these equations. The

result is:

(76) _ _  ~z 1+z~)(z~~~z~ ) ~~~~~~~~~~~~
IA3 *Z ~~ Z3

(z, -Z~)~z2 —z~) ~~~~~~~~+

Eq. (76) may be rewritten as

AL ~~~~~~~~~~ ~~~ { (z, •+ Zj)~z. + 2 e°~ ~4Z~ 23 ~
+ (Z ,—2~) (z2 _ z 1)e

~~ [(z 1 + 2~~~z~+;) ~~~
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With a little manipu l ation , and using the exponential definitions of atnh

and cosh we are led to the final for m for #41/ ~~ 3 ,

(78) ~~
-1 

~~~~~~~~~~~~~~~~~~~~~ c ’ ~~+~~

_ _ _ _ _ _ _ _ _ _ _ _ _  ~~~

Substituting the magnitude of this quantity into Eq. (72) we are led to

the final result for

1co~~ cos C~~h’?’)

•+ ~~~ 
k 

~ ~ +

where _
~~ Z (z ~~~~

* = c ~~~ —_2_ L ~~~~~~
_

~~~ 
— 

Z Z 3 1- Z~E (2~-z~~ z; -z~)1
The theoretic .~l cha racteristic impedsnce of a sample of material can be

shown to be , where is th~ density of the material and c is the

velocity of soun i in the material, for a wave travelin~ in the positive

direction. Letting Z~ = ~~ c~ for i a 1, 2, 3 and making the useful

assumption that the characteristic impedances are related by the

inequalities /0,0, >) ~~~~ )> ,Oi C j

we obtain
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(80) = -T c 
~A + ~~~ k ~~IP~ I~~~ 

(~t~ ~ +
where = C

-
~~~~ - ~~ i 

~ _ _ _  

~~~~~~~~~ +— 

~
. ~~~~~ 1 ~~ j  flu ~ i

If , in addition, is small, we can use the approximation that sinh ~~~~ X

for small x to obtain the following results:

— - 
4.,o1C.3

(81) 
~ T 

i ~ c~s~ + s 1- ~~~~~~~ C 1 + ~~~~~~~~~~~ \~f~”•~ 
p s~ ,J

On the other hand, if “
~~~

-
~~ were large enough compared to so that

the further inequality ~ )
~ e held , then we could approximate

a(’—~- in this ca~~ by the expression

L±LI~J ~~~~~~(82) 
~~ C ,

A thick, or highly absorbing material, such as an acoustic blanket, ri~id1y

attached to a stiff backing would satisfy the ir.equaliti~ s assumed in

deriving the tra2~smi~.;ion coefficient given in Eq. (82).

Another useful approach is to let fl1C , -= 
~~~~~~ 

C-~ ~~~<

Then if we assume that k21 is smnll enough that co~ k2
]. ~ 1 and sin

k2l~~ k2i , and go~n~ back to Eq. (77) ~~~~ can derive an equivalent equation

for this case.

~~~ ~‘~T c~ E~~~
(
~ ’+ ~Li~~ ) + ( ~~~~~ s)~~c~ 7
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For very small “~a. this expression becomes

A ~~~~= — r/°,~~-i

~~ q ((~~ ÷ ~~~~~~~~ ~~~~~~
When the second term in the denominator of the above expression is

sufficiently larger than the first term that we can neglect the first

term, we obtain the familiar mass law.
• 

4,4~~~~~(85) 0< T = 
~~

This might be more apparent if we replace~~~J by 0 , the area density,

c2k2 by 2 11 f , an;1 then take the logarithm to the base ten of both sides

of the equation to find the transmission loss~ T.L., in dB. The recogniz-

able result is:

(86) ~~~~~~ ~~L T L. ~Ct = 20 ~to~ Jt + ~~~~ o ~~~~~~~~ ~~~~ -c
If we let the medium be air, with a characteristic impedance of about

415 ;ixs rayls, and changing units 30 that ~~ is expressed in lb/ft2

then Eq. (86) becomes

(87) T.L. — 3 I~ 4 + ~0 ~~ ‘r4~ (d1~

We recall that this equation is valid for k2
1~ ~~ 1 and for all reasonable

frequencies with the assumpt ion that the second medium has characteristic

impedance much greater than the surrounding medium .

When is large in Eq. (84) it becomes

(8~1) u( — __________T [i~~ (~~c~~]
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which can also be written in terms of the Transmission Loss, in dS.

(89) T,L.  — .~ O 1oc~ ~~~~~ + o.e68 d~~~~~~~~~~

Still another approach is to consider the loss due to medium II alone,

and the interface between the second and third media . The problem then is

• reduced to finding the transmit.ö.r coefficient given by

— 

(90) 
~
( 

~ 
~~~~~ = ~~ W’~3 I~z3 / i~,j

For this case we can allow Z2 to be complex.

From Eq. (75) this transmission coefficient is

4Z ~~ Z3 -~~“(~~f
(91) °

~

‘ 

+

Since the magnitude of is much less than Z
2 by hypothesis then

(92) 
~~~~~~

‘ 
— _ _ _ _ _•1~~ j z~ )

Allowing that the second medium is a sof t bla nket we can substitute

for the value of Z0 given in Eq. (ko). The value of b as given in

Eq. (26) is

(26) b ~ (i~~
’
~{Y( ~ 1~ ~~~~~~~~~

from when the magnitude of can be computed and substituted into Eq. (92).

II -

/ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

T 
~
:-
~1 

~~~~ + c :~i ~
) 1+
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Analyzing Sq. (93) --se see that the frequency dependence of decreases

as £.~J increases, At lower frequencies the attenuation given by is

more dependent on the frequency.

The import of these results is that knowing the transmission loss

of a sample of material of thickness , then we can find 4. as a

• function of the viscous absorption ~~~~~ It appears that knowledge of the

behavior of the absorption of an acoustical wave as it travels through the

material, giving , and a measure of the transmission loss after it

has passed through one interface into air will yield enough inform:ition

to determine k, the structure factor of the material. The assumptions we

have made are briefly:

1. small amplitude of particle motion

2. (b2K)2 <(. (a21ç)2 <,
. (C.4JR )

3. Y > 0.95

4.

XII. APPLTC.~TtCNS

The theoretical results found in this memorandum can be directly

applied to producin~ better sound transmission loss materials in the

- : 
following manner. Sound propagation from a steel bulkhead through a

- - 
• 

sound—absorbing material ~nd into air satisfies the model used for attenua-

tion in a transmitting medium . As such, the theoretical results are

applicable. •\ttenuation constants can be measured for various sound—

absorbing materials and a prediction of the transmission lost obtained.

Various aspects of the theory can then be readily checked. Theie .we:

(1) The equat~.ona for transmission loss, begin:~tn~ with ::~. (80) ; (2 )

31 
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~y enclosing the sound—absorbing material in an evacuated chamber and

*ptically measuring its displacement due to surface vibration, a check

of the theory simplified for near zero atmospheric pressure can be made,

as predicted in section X. Further, an estimate of the magnitude of R2,

the frictional resistance among the fibers themselves can be made. (3)

- • For partial atmospheric pressures, known values of K and ~ can be used

to predict the values of the propagation constants a and b from which

estimates of the variables k and ‘r can be made, 
:

An attenuation tube, as originally designed by Scott, and a standing

wave type impedance tube are now in use. Appropriation of materials and

equipment for the previously suggested experiments has beg~..n, including

the acquisition of an optical tracker, vacuum equipment and transducer.

The transducer is located in water and will drive the steel hull of a

barge with the sample and optical tracking equipment in place on the

inside of its hull. This method is simultaneously easy to set up in

terms of available e~ui~ment and useful, since it will test samples in

an actual operational environment.

• 
- H
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