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HEAT FLOW IN ATOMIZED METAL DROPLETS

a by
*C. G. Lev i and R. flehrabian

ABSTRACT

The solidification of spherical droplets with a discrete melt-

ing temperature is analyzed using an enthalpy model. Equations

describing the cooling of the initially superheated liquid droplet

an d a numer ical hea t flow mo del for i ts subse quen t sol id ifi ca ti on

are presented. Important parameters like times for initiation and

completion of solidification , cool ing rates and interface velocities

i n alum i num , iron and nickel are related to the process variables

govern ing the rate of heat extraction from the droplets. The analy-

sis is performed for the range of Biot numbers of practical interest

where New tonian cooling models are not considered applicable , 0.01

~~ 
Bi .~~ 1.0, and the resul ts are presen ted i n the form of normal i zed

or d imensionless quantities. It is shown that the average cooling

rate in the liquid prior to solidification can be computed with the

Newtonian cool ing expressions. However , si gni f i can t tempera ture

grad ients are noted at the droplet surface even for Blot numbers as

low as 0.01. Reducing the droplet diameter reduces the times nec-

essary for the initiation and comp letion of solidification , i ncreases

G. Levi and R. Mehrabian are Graduate Studen t In the Department
of Metallurgy and Mining Engineering and Professor in the Depart-
men t of Metallurgy and Mining Engineering and the Department of
Mechanical and Indus trial Engineerin g, respec tively, Un iversity of
Illino i s , Urbana , IL 61801 .
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the interface velocities at equivalent fractions solidified and de-

V creases the GL/R ratio. Although smaller droplet diameters promote

hi gher cool i ng ra tes i n the li quid at the beginning and in the solid

at the end of sol idifi cat ion , the effect at the intermediate stages

is more complex and depends on the initial superheat, the Blot num-

ber and the thermophysical properties of the material.
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I. INTRODUCTION

Dur ing solidification of m etal powders heat is extracted from

the droplets by both convection and radiation at their surface.

However , there are no accurately established values for the corn-

b i ned rad i a ti ve and convec ti ve hea t transfer coe ffi c i en t, h , and

d irect measurement of the cooling rate or heat flux during solidif-

ication of an atomized droplet would be extremely difficult , if not

impossible. In gas atomization the convective heat transfer coef-

ficient is overriding and an upper limit of 4,lO~ W/m
2K can be esti-

ma ted from existing expressions for h under the most favorable ex-

perimental conditions (1).

Ind irect estimates of heat transfer coefficients in various

atomization processes have also been made by comparison of measured

segregate (dendrite arm ) spacings in crystalline alloy powders with

prede termined relationships between these spacings and average cool-

ing rates during solidification. The heat transfer coefficients

for gas atomization deduced in this way are of the same order of

ma gnitude as those estimated from mathematical expressions (1).

In general , then , a limitation on the achievable heat transfer

coefficient at a liquid metal droplet - environment interface can

be translated into a limitation on the important dimensionless var-

iab le , Blo t number *, governing the rate of heat extraction from the

drople t. For example , a heat transfer coeff ic ient h .~~ ~~ W/m 2 .K

translates to a range of Biot numbers of lO
_ 2 

~ 31 .~~ 1. 0 for atom-

ized droplets of liquid aluminum in the size range of 1pm to 1000pm .

a _____________________________________________________

* see nomenclature

•
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Prev ious work on modelling the solidification of metal drop-

• 
le ts has been either confined to the Newtonian cooling regime or

to a specific range of heat transfer coefficients (1-3). In this

‘1 paper general relationshi ps are developed between the rate of heat

ex traction and the important solidification parameters, assum i ng

the hea t is transferred only by conduction inside a spherical drop-

le t under concentric Isotherms. Since Newtonian cooling expressions

are cons idered applicable for Blot numbers below .01 and the limit-

ations on h set an upper limit for Bi of ‘
~~ 1.0, as indicated above,

this study is aimed to analyze the heat flow during solidification

— of superheated metal droplets with Blot numbers within this range.
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~~~ -------—-- - 

- 1--
hilL - 

-
~~~~~ 

- - j  
~~~~~~~~~~~~~~~~~~~~~~

— — — ~.1. ~~~~~~~~~~~ ~~



5

II , PROBLEM STATEMENT AND SOLUTION AP PROACH

We cons ider the cooling of a superheated pure liquid metal

droplet and its subsequent soli dification due to radially uniform

heat loss by radiation and convection from its surface. Surface

conductance - heat trans fer coe ffi c ient - and th e tem pera ture o f the
env ironment are assumed to remain constant. The thermal proper-

ti es of th e sol id and the liq u i d are a lso assumed to be cons tan t ,

but different . Heat transfer inside the droplet is by conduction

only.

First , a d imensionless form of the analyt ical solution to the

one- dimensional heat conductio n equation in spherical coordinat es

is used to determine the temperature proffle in the droplet when

its surface reaches the melting point. This profile is then used

as the initial boundary condition for the subsequent solidification

problem. The concepts of the enthalpy model recently proposed

by Shamsundar and Sparrow (4) are used to develop the numerical sol-

u tions for the solidification portion of the problem. In this model

the enthalpy is used as a dependent variab le in addition to the

temperature, and the finite difference equations are written in a

fully implicit form . The important variables d~”ing cooling and

sol idification of the droplets are determined and expressed in their

mos t general dimensionless form over a range of Blot numbers of

pract ical interes t for drop lets of three elemen ts: alum i num , nickel

and iron.

• ~~~~
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I l l .  MATHEMATICAL DESCRIPTION

For mathematical consistency all the equations in the follow-

i ng formula ti on are wr itt en i n terms of th e di mens ionless Four i er

and Blot numbers expressed in terms of the properties of the liquid.

The cooling of the liquid droplet prior to solidification was

described in terms of the analytical infinite — series solution for

the radially uniform cooling of a sphere with a moderate heat trans-

fer coefficient , given in reference (5).

For the solidification part of the problem the spherical drop-

let is divided into a fixed number of concentric shell domains of

thickness ~r for the internal nodes (2< 1 < n), and ~r/2 for the

center (i= l ) and the surface (i = n+1) nodes. An energy balance

for an i nternal vo l ume ele men t can t hen be wr itt en as :

_ _ _ _  
C (T-T ) - C (1-1

-- 

SL 
- IC r0a AH51 k~ 

r0a t~H51 ( 1 )

( L
) 

- - k 5 V j  a( r ) 
+ 

~~~
r 2 r00

+w here a 1 , a 1 an d v 1 denote the inner and outer surface areas

an d the volume of th e s pher i cal no dal s hel l i , respectively. All

the var i a b les i n equa ti on (1) an d those gi ven be l ow are d efi ned i n

the Nomenclature.

Equation (1) can now be put in terms of dimensionless nodal en-

thal py, p.1 , and dimensionless nodal temperature , O .~, and becomes:

~
j . ~~

‘i — + ao + 
- 90 ( 2 )

- 

~~i 
~~~~~~ 

.
~ 

- 

~i 
.

~~~~~~
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+where: + - k 0 i
-

S i (3)

- 
- k r0a~

• 
- ç

F-~r the center node , i = 1 , the second term on the right

han d side of equat ion (2) becomes zero.

For th e sur face no de , i = n + 1 , an energy balance similar

to expressi on (1) is written which includes heat loss to the en-

vironment. Appro priate manipulation of this equation using the

definitions of dimensionless nodal enthal py and temperature y ields

the following corollar y expression to equation (2):

caL ~~ n+l - 
- 

+ kL
aFo = - 

~n+J 
~~‘n+l 

- 

~~~ ~~~~

— Bi [0,~÷1 + Ste] ( 4)

Ifl general , H 1 in equation (1) refers to the specific enthalpy

of th e volume elemen t i and assumes diff eren t fo rms w hen the node
is in the liquid , the solid or contains the liquid -so lid inte •face .

k in equation (3) is the thermal conductivity of the liquid or the

sol id. k ’~ = IC for all nodes except that containing the interface ,

i = 2.., where k+ = k5 and IC = kL.

In the solid region the dimensionless nodal enthalpy , 
~ 

is

alwa ys nega ti ve an d equal to th e d imensionless nodal tempera ture 
~~

whereas in the superheated liquid region ~
p 1 is larger than unity .

A volume element con taining the liquid—solid Interface is at the

mel ti ng po i nt of the me tal; therefore th e value of i s equa l to

the fraction of the volume element £ that is in the liquid state ,

i.e. 0 ..~~ p~ 
.~ 1.0 and 0~, = 0.

-

~ 

~~~~~~~~~~ til t ~ ~~~ ~~~~~~ ~~~~~~~~-
-
-~~~~~~~~~~~~~~~~~~~~ ;

~±~ .~~~~~~~~~~~~~
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Equations (2) and (4) were put into the ir equivalent finite

difference forms using backw ard difference formulas. The resultin g

system of simu lt aneous equa ti ons for the d iff eren t nodes was solve d

using the Gauss-Sei del iterative method startin g with the tempe ra—

ture dist ribution obt ained from the analytical solut ion for the

pre -solid ifica tion stage (5). The conve rgence criteria used for

each iterati on cycle was:

n+l
E ~(~th I ,j+l/~~l ,j+l ) 

- ~ lO~~ ( 5)

where the superscripts t and c denote the trial and calculated values ,

respectively.

The dimensionless time interval ~Fo was adjusted in every step

j to give roughly uniform displacements c-f the liquid -s olid interface .

Tr tal runs were performed changing the number of nodes , n+l , and

the length of the interface displacement s , ~~~ (i.e., the length

of the time steps ~Fo). It was observ ed that for the me tals inves-

tigated , increasing the number of nodes above 21 does not sign ifi-

cantly affect the resul ts. On the other hand , some p aram e ters ,like
GL/R , cooling rates in the liquid 

~~ 
and interfac e velocities at

the beginning (4*÷l) and at the end (qt *+O) of solidifi cation are

partic ularly sensitive to the time step size , especially in the low

range of Blot numbers. For these calculati ons the time step sizes

we re appropriately selected until convergenc e was reached. Calcu-

la tions were performed on a CDC CYBER 175 comp ute - .

• I — - ~~~~~
.. — —-— -
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IV. RESULTS AND DISCUSSION

The anal yti cal equat i ons and the com pu ter heat flow mo del

were used to calculate the important cooling and solidification

parameters (e.g. cooling rates , interface velocities, tempera-

ture gradients , etc.) as a function of time and the dimension-

less variables -mainly Blot Number - governing the rate of heat

extraction from the droplets. The range of Blot numbers inves-

tigated cover the values of practical interest in liquid metal

atom i zati on where New ton i an cool i n g models are no t cons id ered

applicable. Calculations were carried out for droplets of alum-

i n u m , iron and nickel , using the thermal and physical properties

l isted in Table I.

In the first part of this section the results obtained from

the analytical solution for the cooling of the liquid are described .

Fig ure 1 shows the depen dence of the cool i ng time , t°, (i.e., time

for the surface of the droplet to reach its melting point) on the

Blot Number and initial superheat. The time calculated from the

anal ytical solution has been normalized for purposes of represent-

ation , dividing it by the time obtained from the Newtonian cooling

mo d el , wh i ch i s:

Ii
caLt - in (1 + O o/ Ste )

2 - 

3Bi 6)
r0 New t.

L 

As expected , at equ ivalent initial superheats the time for

non-Newton ian cooling Is shorter because not all the sensible

heat in the droplet is removed before its surface reaches the melt -

in g point. Examples of calculated cooling times , t°-, from Fi gure 1

• *— ~~~~~~~~~~~~~~~~~~~~~ • , - •,,_ - . r - - - - - — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--- - 
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~
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for 50 and 500pm droplets of Al , Fe and N i are gi ven i n Table

II . Note that Increasing the particle diameter by one order

of magn itude (and hence the Biot number) will increase the cool-

i ng time by less th an one order of ma gn itude as i nd i cated by

th e values i n the ord i nate of Fi gure 1 , which can be interpreted

as correct ion factors to equation (6).

Normalized temperature distributions in liquid droplets when

their surface reaches the melting point , for different Biot Num-

bers and dimensionless initial temperatures are shown in Figure 2.

The largest gradient occurs at the surface and is given by the

transformed boundary condition:

T - T  (T - 1 )M - . . Ste _ • M
o~~ M 0 0 g

It should be noted that the actual temperature gradient at

the droplet surface is independent of initial superheat and drop-

le t size. Furthermore , calcula tions show that the effect of super-

heat on tempera ture d i str i bu ti ons i s neg l igi b l e for B i ~ .01.

However , the results also indicate that even for small Blot num-

bers , i n the r a n g e  of ‘~‘ 0.01 , there may be significant temperature

grad ients in a metal droplet. For example , In a 2Opm d iameter drop-

let of l iquid iron where Bi ~.
. 0.01 (h = 4 x ~~ W/m 2K) the maxi-

mum tempera ture gradient -at the droplet surface- when t = t° is

‘~ 1.5 x io 6 K/m and a temperature difference of 7.5 K between

the surface an d the center of the droplet was calculated from

th e anal ytical solution.

I I - —
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Thus , the Newtonian coo ling assumption tha t temperature dif—

ferences i ns i de a body are negl i g ib le for Bi ~ 0.01 may not always

be justified. Other examples of gradients at the surface of various

dro plets are given in Table II.

An important variable affecting supercooling prior to nuclea-

tion is the cooling rate in a liquid droplet. The insta ntaneous

avera ge cool i ng rate ~ estimated from the series-type solution was

found to be i dent i ca l to tha t obta i ned from the New ton i an cool i ng

approximation. When the surface of the droplet reaches its melting

point (t = t°) the cooling rate is:

A U  3 c s1 (TM - T )a an ii
—o — I SL ,

~~ ~~
. 

~~~~. — ______________— ~)~oi• .)~e — . —

L r k r00 i

Examples of the calculated cooling rates for 5Opm and 5OO~.tm dro p-

lets of Al , Fe and N i assuming a high heat transfer coefficient of

5 x 10~ W/m
2 K are given In Table Ii

The nex t part of this sec ti on conta ins th e results obta i ned

from the com puter simula ti on of heat flow dur i ng sol idifi ca ti on

us ing the temperature distributions shown In Figure 2 as initi al

cond itions.

The net solid ification time for droplets of Al , Fe an d N i

as a func tion of Blot number and dimensionless initial superheat

is presented in Figure 3. The time resulting from the numerical

solut ion of the enthalpy model has been normaliz ed dividing it

by the time calculated from the following expression for solidif-

ication in a Newtonian regime :

1.

-~~ ~~~~~~~~~ — —— -~~~—-~— — —. — ~~—.---——- ~~ - A 1~~ ~~ — ~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
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— [3 BI Ste (c 1/c 5)i
1 

( 9
~ Newt.

I

As anticipated , increasing initial superheat prolongs solid-

ificat l on , and th e effec t i s lar ger as th e B i ot Number i ncreases;

the sensible heat retained in the liquid portion of the droplet

increases resulting in longer times from initiation to completion

of solidification. For example , 500pm droplets of Fe solidifying

with an h = 5 x ~~ W/m 2K (Bi 0.31) will require 4.8 x l0~~~ to

complete solidification with no initial superheat and 5.3 x 1O~~s

with a dimensionless initial superheat of 0.1 (..l5OK), see Table II

The effect of superheat on net solidification times diminishes with

decreasing Biot Numbers.

Figure 4 shows dimensionless liquid-solid interface velocities

as a function of Biot Number for various positions of the interface

in Al droplets solidifying with concentric isotherms. The data 
-

show that dimensionless interface velocit y increases with Biot Num-

ber and the progress of solidif ication.

The dimensionless interface velocity for Newtonian solidif-

ication is:

r 2 C
R = (— k)  Bi Ste (10)

I New t. S

For a given Interface posit ion , •~
, equa tion (10) would

give a straight line with a slope of unity in Figure 4. The ratio

of calculated non -New tonian to Newtonian Interface velocities is

- - 
- 

_ _ _  

~~~~~~~~~~~~ i~~~~~- --  - - — -_ _ _  
_ _
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close to unity in the beginnin g of solidification for the case of

no su perhea t regardless of Blot number. On the other hand , this

ratio decreases with increasing fraction solid and increasing Blot

number at a given fraction solid. In general , increasing initial

su perheat in the non -Newtonian regime results in a corresponding

decrease in solid - liquid interface velocites. However , this effect

is only noticeable in the initial stages of solidification , and

decays rapidly with increasing superheat and decreasing Biot num-

ber.

Exam ples of calculated interface velocities are given in Table

II. Note that during non-Newtonian solidification increasing the

particle size by one order of magnitude (without changing h) re-

duces the actual interface velocity at a particular fraction solid;

On the oth er hand , increas i ng the heat trans fer coef fic ien t h

(wit hou t chan gi ng r0)w i l l increase R at any location.

The resul ts of normalized ratio of temperature gradient in the

liquid at the liquid - solid interface , GLI to interface velocity R

for the three metals and a dimensionless initial superheat 00/Ste

of 0.3 are presented in Figure 5. 6L at the beginning of solidifi-

ca tion is given by the boundary condition at the surface:

GL 
= Bi Ste . (11)

•*l 
r0 $

w hi le the i n iti al i nterface veloc ity Is close to tha t calcula ted

- ~~~~~~~~~~~~~~~~~~ - -

- -

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~ ~~~ - .1~ ~~~1JI
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from equation (10), hence , the Initial GL /R ratio should asympto-

ti cal ly a pp roac h a cons tan t value w it h d ecreas i n g B i ot number:

G1 AH SL1-. + c when Bi + 0 (12)a
1 L

Exam p les of G1/R ratios calculated from Figure 5 are listed in

Ta ble II. As expected , this parameter decreases rapidly with the

progress of solidification , and with Biot number for a given posi-

tion of the liquid - solid interface. Furthermore , reduction of the

initial superheat (not shown in Figure 5) results in a corresponding

decrease i n G L/R t the effect being more pronounced when 00/Ste is

in the range of 0 to 0.1.

Norma l i ze d va l ues of the ca l cu l a ted avera ge cool i ng ra tes i n

the solid and the liquid during solidification of iro n droplets are

s hown in  F ig ures 6 and 7 , respectively. Note that the part of the

normalizing factor inside the brackets is the Newtonian net solid-

ification time obtained from equation ( 9), which is directly pro-

portional to r0 an d inversely proportional to h. Therefore , in-

creas ing the Biot number by increasing the droplet size , r0, w i l l

i ncrease th e actua l cool i n g ra te onl y i f th e slo pe of the cu rve at

that point is larger than unity. On the other hand , increasing the

• hea t transfer coefficient h will always increase the cooling rate.

The average cooling rate in the solid , 
~~ 

Figure 6, increases

with the progress of solidifica tion for Bi ~ 0.9. However , the 
-

~~~

results also indicate that for hig her Biot numbers the cooling rate

has a maximum at some intermedi ate stage during solidification ,

(~ * $ 0). FInally, decreasing the initial superheat w i l l  a lways

increase the achievable cooling rates in the solid , bu t the effect

is onl y felt at the initial stages of solidification.

_ _ _  

-1
— - - - - - - — --— - _______ _______- ~~~~
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The average cooling rate in the li quid , 
~~
, for i ron , Figure

7 , decreases with the progress of solidification; the effect being

more pronounce d at small Biot numbers.

Exam ples of average cooling rates and calculated from

Figures 6 and 7 and simila r plots obtained for aluminum and nickel

(show ing identical trends) are given in Table LI

-- - - — — -~~~- —  - -— - V 
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SUMMARY

The infinite series analytical solution to the cooling of an

initially superheated metal droplet under concentric isotherms was

cou p le d to a numer i cal solu ti on for th e hea t f low p roblem dur i ng

the subsequent solidification , written in terms of both enthalpy

an d temperature as dependent variables. The results obtained from

this analysis as compared to those predicted by the Newtonian cool-

ing model for aluminum , i ron an d n i c kel are summar i ze d be low:

1) Both models predict that the average cooling rate in the liquid

prior to solidification , ~~ is directly proportional to the

heat trans fer coe ffi c ien t, h , inversely proportional to the

droplet radius r0, and independent of initial superheat.

2) The cool ing time (for the sur face to reach the mel t ing point ) ,

t°, estimated from the analytical solution increases with in-

creas ing superheat towards the Newtonian model prediction (which

is a logarithmic relationship). Reducing r0 has a less pro-

nounced effect on t° than the direct proportional i ty indicated

by the Newtonian model . On the other hand , increasing h has a

more pronounced effect on decreasing t° than the inverse propor-

: 4 t ional i ty  predicted by the Newtonian express ion.

3) Substantial temperature gradients at the surface of the droplet

when t = t° are calcula ted from the anal yt i ca l solut i on for B i ot

numbers as low as 0.01 . Al though these gradients are independent

of superheat , the latter markedly influences the internal temp-

era ture profiles for Bi ~ 0.01.

4) Reduc ing r0 diminishes the net solidification time , tf~ in a

more pronounced way than the direct proportionality predicted

by the Newtonian model. Furthermore ,it increases the i nterface

. 
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ve loc i t y  R at equivalent  f ract ions so l id i f ied  towards the

values predicted by the Newtonian model (wh ich  are independ-

e n t  of r0 ). Reducing r0 a l s o  d e c r e a s e s  t he  G L/ R ra t ios  and

increases the ach ievab le  cool ing rates in the l iquid 
~L a t  t h e

beginning of solidification , $*÷1 , and in the solid at the

end of It, •*+0. The effect of r0 on 
~L 

and at intermed-

iate stages during solidification is more complex and depends

on th e me tal , the corres pon di ng B l ot numbers and the i niti al

su perhea t, as well as the fraction solidified.

5) Increasin g h reduces t and increases R in a less pronounced

manner than that predicted by the Newtonian model. It always

I n c r e a s e s  G L/ R as we l l  as the coo l ing rates 
~L and at any

stage during solidification. The progress of solidification

always increases the inter face veloc i ty  and decreases G LIR as

w e l l  as cooling rates in the liquid. However , the cooling rate

in the sol id increases monotonical ly  w i th  time at the smal ler

Blot numbers but apparent ly shows a maximum before the end of

solidification above a certain Biot number , which for iron is

~O.9 and for aluminum and n ickel is above 1.0.

6) Increasing initial supe rheat increases t f~ G1/ R a n d  
~L’ but de-

c rease s  R a n d  ?i~. The ef fects  of superheat are mostly fe l t  in

the Initial stages of so l id i f icat ion and decay rapidly wi th  de-

creas ing Biot number.

L 

~~~~~~~~~ - —---
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NOME NCLATURE

D imens ione d var ia b les

a 1 a r ea  of t he  i n n e r  (- )  or ou ter ( + ) boun dar y

sur face of the shel l  element i

C specific heat

G1 gradient in the liquid at the liquid — solid interface

h heat transfer coefficient at the droplet surface

H specific entha lpy

H~ specific enthalpy of the solid at TM (reference value).

‘~~sL 
h e a t  of fus i on

k thermal conduct iv i ty

r position along the radial coordinate , 0 ~ r ~ r0.

r0 r a d i u s  of t he  s pher ical dro p le t

R inter face ve loc i ty

t time

t° cooling time

tf net solidification time

T temperature

TG 300°K tem pera ture of the cool i ng med i um

T ini t ial temperature of the droplet , T0 ~
TM

TM mel ti ng temperature

v 1 volume of the shel l  element i

ca= k/iC thermal diffusiv ity

instantaneous avera ge cool ing rate

density , average of liquid and solid at T~

__________________________________ ___________ - — --  —
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D i m e n s i o n l e s s  v ar i a b l e s

B i = hr 0/k1 B l ot number

F0 
= aLt/r~ 

Four i er num ber (or tim e)

= ct1t tt / r~ t i m e  i n c r e m e n t

Ste = C~ (T M _ T G )/
~

HsL Stefan number

= r/ r~ p o s i t i o n

4~ = r~ /r~ f rac t iona l  posi t ion of the l iquid-
solid interface

= t~r/ r~ nodal spacing

radius of the sur faces at r. - L~r/2and  r 1 + ~r/2, respectively ~for the
c e n t e r  node = 0 and for tne surface

node •i+l = 1.

0 = Cs(T - TM )/AH sL 
tempera ture

8 0 
= Cs(T o

_T
M )/~

HSL initial temperature

0 0/ Ste  superheat

= (H - H )/t
~
HsL enthalpy

j

_ _ _ _  

I’

_ _ _ _  
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Subscripts

f = denotes complet ion of so l i d i f i ca t i on

i = nodal i nd ex , 1 ~ 1 ~ fl + 1 , i 1  for r 0 , i=n+l for r=r 0
j = time step index , j ~ 1
2. = index of volume element containing the liquid -solid

interface

n = number of s pace i nterva l s be twe en nodes

G = denotes gas environment

I = liquid

M = denotes melt ing

S = s o l i d

Superscr ip ts

+ in the pos i t i ve  r d i rect ion

- i n  t h e  n e g a t i v e  r d i r e c t i o n

* liquid-solid interface

0 denotes the moment when the surface reaches the mel t ing
temperature and so l id i f ica t ion starts 

-— 
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Figure 1 Normalized time for the surface of a liquid droplet to cool

from an initial temperature of T~ to its melting temperature

TM by convection to an environment with constant temperature

as a function of the Blot number and dimensionless initia l

su perheat 00/Ste.

Figure 2 Normalized temperature distributions in a liquid droplet

when its surface reaches the melting temperature TM , for

different Biot numbers and dimensionless initial superheats

00/Ste = 

~
T o - T

M
) / (T

M 
- TG).

Figure 3 Normalized net solidification time for liquid droplets of

a l u m i n u m , iron and nickel , as a function of Blot number and

dimensionless initial superheat 00/Ste. The calculate d curve

for nickel with no superheat closely follows that of aluminum

for 0
0 

= 0.3Ste.

Figure 4 Dimensionless liquid—solid interface velocity during solidifi-

ca ti on of alum i num d ro p le ts , as a function of Biot number and

fractional position of the interface 4~~. 
-

Figure 5 Normalized ratio of the temperature gradient in the liquid

at the liquid — solid interface , GL~ 
to the interface velocity ,

R , during solidification of Al , Fe and N i dro p le ts , as a
func tion of Blot number and fractional position of the inter -

face, 0
~ 

and Ste denote the dimensionless initial temperature

and Stefan num ber, respectively.

- ~~~ - ~~~~i::~~ ~~~~~~~~~~~~~~~~~~ _~~~~~~~~~~~~
_ _ _ _ _

~~~~~~~~~~ J~~~ 

-

~~~~~



- - 
-— —~~~~~— - 

24

F igure 6 Normalized instantaneous average cooling rate in the solid

during solidification of iron droplets , as a funct i on of

B iot number and fractional position of the solid-liquid inter-

face $* , 00 and Ste denote the dimensionless initial temper-

a tur e an d Stefan number , respectively.

F igure 7 Normalized instantaneous average cooling rate in the liquid

during solidification of iron droplets , as a function of Blot

number and - fractional position of the solid - liquid interface

4~* r*/r . 00 and Ste denote the dimensionless initial temp-

era ture an d Stefan num ber , respec tively.
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TABLE I

PROPERTIES OF METALS USED IN THE CALC ULATIONS

P r o p e r t i e s  Al Fe N i

Melting Temperature TM (K) 933 1810 1726

Hea t of Fus ion ~H51 (J/Kg) x 1O~~ 3.95 2.72 3.02

Average Dens ity ~ (Kg/rn3) x lO~~~ 2.46 7.19 8.07

Specific Heat (J/Kg K) x l0~~
Liquid C1 1.09 O.787~ 0.734

Sol id Cs 1.19 0 764t O.6l9~

• Thermal Conductivity (W/mK)
Liquid k1 90.8 40.3

Solid 210.8 34.6 87.0

Therma l Diffus ivity a k/iC (m2/S)x10~
5

Liquid aL 3.40 0.712 0.664

Solid 7.18 0.630 1.74

S tefan Num ber (for TG = 300K) 1.91 4.24 - 2.93

Actua l  Superheat , T O _ T M ( K )  f o r

T _TM 0.4 253 604 570
Dimensionless 0 0/ Ste = 

TM
_T

G 
= 0.3 190 453 428

0.2 127 302 285
0.1 63 

- 151 143

*Thermop hyslcal properties at TM

1•Est imated by ex t rapo la t io n

_- - - ---— -- ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
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Figure 1. Normalized time for the sur face of a l iquid
droplet to cool from an init ial temperature - - -

of T0 to Its mel ti ng tempera ture TM by con-
vect ion to an environment w i th  constant temp-
e r a t u r e  T G, as a funct ion of the Biot number
and d imens ion less initial superheat e0 /Ste.
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TO~
TM BlOT NUMBER Bi = hrO/kL
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Figure 2. Norma l ized temperature d istr ibut ions in a
l iquid droplet when its surface reaches
the melt ing temperature TM, for di f ferent
Biot numbers and d imensionless initial
superheats 0 0/ Stè = (T O

_T
M )/(T M

_T
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—• 5
I 00/Ste

= NET SOLIDIFICATION TIME
4..- c~•

• .4.) /

‘S~’M 1G ’ ‘S’’ O M ’Ste = 
~
HSL 

00 = 
~
.HSL ~~ 

Fe

• _ __ _ _ __ _  

*

3

_ _  

/ 7  
_ _  

~ 3.
-~~~/
‘

/
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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0 0.2 0.4 0.6 0.8 1.0
BlOT NUMBER (Bi = hr0/k1)

Figure 3. NormalI zed net so l i d i f i ca t ion  time for l iquid
droplets of aluminum , i r o n  a n d  n i c k e l , as a
function of Biot number and d imensionl ess ini-
tial superheat 00 /Ste.  The ca lcu la ted curve
for nickel wi th  no superheat c lose ly  f o l lows
that of aluminum for 00 = O.3Ste.
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Figure 4. Dimensionless li quid - solid interface velocit y
dur ing so1~ dif icati on of aluminum droplets, as
a funct ion of Bl ot number and f ract ional  pos i—
tion of the in ter face q~~.



- 

~~~~~~~~~~~~~~~~~~~~ 
- 

- - - 
-~~

31

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  

*

_ _ _ _ _ _  

ALUMINUM :: 
_ _ _ _ _ _

_ _ _ _ _  — — — I RO U  _ _ _ _ _

_ _ _ _ _  — — NICKEL :: _ _ _ _ _  ~~~~ 
0.9

00 = 0.3 Ste - - — .- — — - 0.7
.•- —

*..- In_ i  
_ _ _ _ _  

— — — —— - - .  
_ _ _ _ _—I~~~v _ _ _ _  — — — —— - - -  . ~~~~~~~~~~~~~

—
~~~~~

— - -  05— _ _ _ _ _  
,

_ _ _  ~~~~~~~~,:,:/
‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

-~~ 1O 2 

_ _ _  

5~~~~E~~~~~! E  
_ _ _  

0.5

• . 

_ _ _  

EEE~~~~E E / _,i~~~~~~ EE ~ !

io~~
_ _

=h4==~~i ‘7 ~~~~~~~~~~~

_ _ _  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

/ ‘

_ _

~

2I

~~

III I
lO~ 10~ 100

BlOT NUMBER (Bi = hr0/k1) 
-

Figure 5. Normalized ratio of the temperature gradient
in the li quid at the liquid-solid interface ,
GL, to the interface velocity , R , during
solidific ation of Al , Fe and N i drople ts , as
a func tion of Blot number and fractional posi-
tion of the interface Oo and Ste deno te the
d imensionles s initial temperature and Stefan
n u m b e r , respect ive ly .  
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RAPID MELTING AND SOLIDIFICATION OF A SURFACE
DUE TO A STATIONARY HEAT FLUX

by

S. C. Hsu , S. Kou an d R. Mehrabian *

ABSTRACT

A general two-dimensional computer heat flow model is devel-

oped in an oblate spheroidal coordinate system for rapid melting and

subsequent solidification of the surface of a semi -infinite solid

subjected to a high intensity heat flux over a circular region on

its bounding surface. Generalized numerical solutions are presented

for an aluminum substrate subjected to both uniform and Gaussian

heat flux distributions. Temperature distributions , melt depth

and geometry , and melting and solidification interface velocities

are calculated as a function of applied heat flux , radius of the cir-

cular region , and time. It is shown that the important melting

and solidification parameters are a function of the product of the

absorbed heat flux , ~~ ,, and the radius of the circular region , a.

General trends established show that melt depth perpendicular to

the surface is inversely proportional to the absorbed hea t flux

for a given temperature at the center of the circular region. Dimen-

sionless temperature distributions and the ratio of liquid - solid

interface velocity to absorbed heat flux , !~Lg, as a function of
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dimensionless melt depth remain the same if the product ~~ is kept

cons tan t, while ~ and a are varied. For a given total power ,

absorbed melting and solidification parameters are compared for

uniform and Gaussian heat flux distributions. For a given tempera-

ture at the center of the circular region both melt depth and width

- 
are smaller for the Gaussian distribution while temperature grad-

ients and interface velocities are larger.
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I. INTRODUCTION

In a recent paper rapid melting and so l idif cation of a met-

allic surface layer subjected to high intensity heat fluxes , suc h

as th ose ach i eved v i a con ti nuous CO 2 laser radiation , was dis-

cussed (1). The effect of absorbed heat flux on the important

surface layer melting and subsequent solidification variables of

three substrate materials; aluminum , iron and nickel were deter-

mined using a simplified one— dimensional computer heat flow model.

A second limitation imposed on the previous problem statement was

that only uniform heat fluxes were considered. In general , both

of these restrictions are violated in practice. Exception is noted

for cases where the spot diameter of the incident radiation is

large relative to the heat affected zone in the work piece and

the one -dimensional heat flow model for the case of unifor ;n heat

flux is applicable.

This paper addresses the two-dimensional (axi-synmetrtc)

= heat flow problem of the melting and subsequent solidification of

a surface l ayer subjected to a stationary high intensity heat flux

over a c ircular region on its boundary surface. A general method

for the solution of this type of a problem is developed which per-

m its treatment of both uniform and non-uniform heat flux dist ribu-

tors in the circular region. Results of numerical computations

carr ied out on a Control Data CYBER 175 computer are presented for

* a pure aluminum substrate subjected to both uniform and Gaussian

hea t flux distributors.

• The two main assumptions of this paper are: (a) therma l proper-

ties of the liquid and the solid are independent of temperature , but

di fferen t from one ano th er , an d (b) convec ti on i n the l iq u id reg i on

is not taken into consideration.
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II. PRO BLEM STATEME N T AND SOLUTIO N AP PR OA CH

- • Consider the rapid melting and subsequent solidification

of the surface layer of a semi -infinite solid , initially at room

temperature , subjected to a high intensity heat flux over a cir-

cular region on its boundin g surface. The surface outside the

heated region is considered adiabatic. The hea t conduction equa-

tion for the axi-symmetric system is put in oblate spheroidal

— coordinates which is a ~mo re na tura l 1’ coordinate system for this

problem geometry , i.e., is more compatible with the bounding surface.

- 

- 

This results in reduced storage requirements as wel l as computa-

tional time. The generalized expressions deri ved by Yovanovich

et al ( 2 ) for the determi nation of the coefficients in the fin-

ite difference equations governing the heat transfer within the

discretized spatial domain are used . However , in contrast to

previous treatments of melting and solidification probl em s the

finite difference equations are rewritten in terms of the entha l py

-

~~ J model recently propo sed by Shamsundar and Sparrow (4) for multi -

- 

- 

~- dimensional phase change problems. In this model the enthalpy is

used as a depen dent variable in addition to the temperature. In

this way a single energy conservation equation is used for each

discritized spatial domain which by appropriate substitution of

physical constants is applicable regardless of whether the domain

is in the liquid state, the solid state or contains the liquid —

soli d interface. The interface shape, its velocity and other im-

portant melting and solidification parameters are obtained by per-

• forming aux iliary computations. Finally, the computational tech-

n ique utilized is a fully Implicit one.
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III. MATHEMATICAL DESCRIPTIO N

The axi-symmetr ic oblate spheroidal coo rdinate system used

in th is  study is shown in Figure 1. The re lat ionships between

th e c i rcular cyl i n der and the obla te sphero i dal coordi na tes are :
r = a cosh n sin 

~ (1)
z = a sinh r~ cos ~

where a is the radius of the circular region subjected to the
heat fl ux.
The contro l volume is centered about an arbitrary point (i ,j)

in space in Figure 1 , where i and j indica te the finite discriti-

zation of space in the n and ~ directions, respectively. The

change in respective coordinate values between successive nodes

in the r~ and ~ directions are &i and ~~~~~, respectively.

The general form ulation of the finite difference represent-

at ion of the heat conduction equation in orthogonal curvilinear

coord inates and its specifi c form in the discritized domain of

Figure 1 centered about nod e (i ,j) is given by Yovanovic h et al

( 2 , 3 ) .  For the specific probl em at hand this eq uation can be put

in the followi ng backwa rd difference form :

~~ ~~~~ — ~~~~~~~~~ + C2 (Ti+l ,j — T1 ,~ ) — ~3 ~~~~ —

+ ~ 4 ~~~~~~ - 
~~~~~~~~~~ 

+ 

~~~~~~~~~~~ 
= (2 )

cosh 2~ 1 - s1n 2 -~. m m-l

L AFo ~~~~ — 
l ,i

Where the coef f ic ie n ts  ar e:

-

~ 

ta nh~~ 1
C1 ,2 ~~7~~~2An

(3)

- 1 
_ _ _ _C 3,4 -
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k~~ t
~Fo 

-

PC~ 5a
2 a 2 (3) continued

= a cosh  s i n

a n d  P~IV is the total source strength of the arbitrar y control vol-

ume. While the subscripts i and j refer to spatial location , the

super subscript m refers to time level. A ll the other terms in

the equations are defined in the Nomenclature.

The finite difference representation of the heat conduction

equation , express i on (2), can now be pu t in terms of dimensionless

nodal enthalpy , p, an d dimensionless nodal temperature , 0.. These

two depen d ent var i abl es are defi ned as:

- i ~~( H _ H )  
d V _ S

________  - bH 5~ (4)

0 L 
Cps ( T_ T M)

k5

In genera l H in equation (4) refers to the specific entha l py

of the d iscr i t i zed space vol ume and assumes d i f ferent  fo rms when

the node is in the l iquid, sol id or in the l iquid-sol id region.

H 5 is the specific enthalpy of the solid at its melting point and k

is thermal conduct iv ity which assumes conductivity of the l iquid

or  the sol id.  In the formulat ion presented here the fo l lowing

assumpt ions are made ; the density of the solid and the liquid are

equal , the con duct ivit les and heat capaci ties of the solid and ii-

qu id are independent of temperature , but different from each other. 

- .-..--—..‘-- - - - . . . 
~~~~~~~~~~~~~~~~~~~~ 

_______________—

- —-----~~ —-  - -  - -~~~~
-- -- 

~~~~~~
- - -

~~~~~~~~~~~~~~~=- 

~~~~~~~~~~~~~~~ - 
-

-~~

11 — — -..a—- ___~ _~_~_ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
_
~ tL.~l~ ~~~•=.•. ~~~~ .k. a~~~. —



40

In the so l id  region the d imens ion less  nodal enthalpy , 4,, i s

nega t i ve and is equal to the d im ensionless nodal temperature , 0:

C ( T  - T )
- - 

AH 5
S Q .

In the superhea ted liq uid region:
C ( T - T )

- — — 

~
HSL

(6)
- 

k
~ 

C~,50 - r- c— 4 , - l )

For an element containing the liquid-solid interface is at the melt-

ing point of the metal , ljJ is defined by:

0 .
~~ • .~ 1.0 and 0 = 0 (7)

The value of 4, is equal to the weight fraction of the element

which is in the liquid state ,

The appropriate forms of equation (4) for an elemen t in the

l iquid or solid phase are substituted into equation (2). After

some manipulat ion and multiplicat ion by different factors the fol-

low ing common equation Is obtained for both cases .

cosh2 - s i n 2 
~~
. m in

tiFo ~ *j,j 
+ (C 1 + C2 + C3 + C

4
) ej,j =

cosh2 n.1 - s i n 2 
~ m-l m m m

AFo ~ 
~~~~~~ 

+ (C1 01 1 ,j + c 2 + C3 01 ,j_1

C4 °i j+l~ 
+ 2w k 5 r1~~~ fl~~ ~~~L (8)

• 
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IV .  BOUNDARY CONDITIONS AND SOL UTION OF THE
F I N I T E  D I F F E R E N C E E QU A T I O N S

The initIal and boundary condit ions are derived based on the
follow ing assumpt ions.

The me ta l is in i t ia l ly at ro om temperatu re ,T = T0.

The absorbed heat fl ux in the c i rcu la r  region of the
surface is in general q = q(r) and the problem is
sol ved for the two special  cases of constant and
Gaussian d is t r ibut ion of the absorbed heat fl ux.

Equation ( 8 )  is then subjec t to the fo l lowing boundary con-

d i t i o n s :

( I )  t = 0, 0 .
~~ ~~ 

< ~~~, 0 ,~< ~ .~< 11/2 ,

4, — 0 — 
C~~5 

(T
M 

- T
0
)

I ,j — i ,j — — AH
~~& ~ ~

(ii) t > 0, ~ 
= 0, O .~ ~~~ 11/2 C1 = 0

( a )  q = Q/wa 2 = constant

(b) q = q0 e
2 si n 2~ (1 0)

(iii) t > 0 , ~ = 11/2 , ~ > 0

C4 = 0 (11)

(iv) t > 0, ,
~ 

+ ~~~, 0 ~~ ~~ ~~ 11/2

C PS (T M - T
~~
)

* j ,j  — o
~ ,i = — AHSL (12)

(v )  t > 0, r~ > 0, ~ = 0

c 3 = o ( 1 3)

Boundar y condition (iii) assumes that convec tive and radiative

heat loss from the surface are negl ig ib le.  This is in line wi th

our ear l ier  ca lcu la t ions  (1).

---- -- - -- -—----- - - .  i~
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Finally, for the boundary condit ions (i i)  to (v )  the value of
PAy in equation ( 8) is zero except at the circular reg i o n  on t he

surface , boundary condi t ion (11) , when it is spec i f ied  by the fo l-
low ing equations:

PAV = ira2 J’ ~ q (
~

) s i n  ( 2~ ) d~ ( 1 4)
- A~/2

For case (a )  q = constant

PAV = 2ira 2 q sin~~ cos~~ s inA~ ( 1 5 )

For c a se  ( b )  q = q0e 
-2sin 2

~

PAV = ira 2 q0 [ e~~ 
s i n 2 (

~ - 

~~ -e -2 sin 2 (
~ 

+ 

~~~ (16)

The system of algeb raic equat ions, equation ( 8 ) for the dif-

ferent elements in the oblate spheroida l coo rdinate were so lve d

using the Gauss -Se ldel  I terat ive method . The computer logic pre-

sented below c losely  fo l lows that descr ibed by Sparrow et.  al .  ( .  ) .

Howe v er , the family of equations and speci f ic  re lat ionships between

dimension less nodal enthalpy and tempe rature developed here are -

dif ferent in problem geometry , coord i nate system , boun dary con-
di-t ions and the fact that superheat in the liquid is taken into
consideration.

Once the solut ion ias been obtained for a time level  m - 1 ,

the ca lcu la t ion for the fo l lowing time level  m Is start ed by

in i t ia l l y sett ing all the values as equa l to the previous

time level .  Then using the equations (5) to (7 )  the left-hand

side, L .H.S. ,  of equation (8) is wr i t ten in terms of dimensionless

nodal enthalpy as fo l lows ; If < 0 the e lement is In the so l id ,

_ _
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= 0~~~~ and both the left and r ight-hand sides of equation

(8) are less than zero . On the other hand , if 0 ~ 1.0 .

the element contains the l iqu id-sol id  in ter face and the fo l low ing

relat ionship hol ds for the R.H.S.  of equation (8) .

cosh2r~ - sin 2
~~.0.~ R.H.S. ( 

1 (1 7)
AF0

Finally, i f  > 1.0 the element is in the superheated liquid

region and substitution of equation (6) into equatio n (8) yields:

R.H.S. 
cosh2 T) 1 - S i f l2~~~ 

(18)

The sign and the magnitude of the r ight-hand side of equation

(8) is used to determi ne the app l i c a b l e  ~~~~~~~ 
~~~~~~~~ 

relationship,

equations (5) to (7). For example , if using the mos t recently

com puted values of 4,m at the four points surround ing 1 , j yields a

R.H.S. corres ponding to equation (18), this means that > 1.0

and the new val ue of 
~~~~~~~~ 

is ob ta i ned from :

= 
R.H.S. + (C1+C2+C 3+c4). ktCps /k sCpt (1 9)

~~ (cosh2~~ - sIn 2
~~)/ A Fo + (C 1 +C 2+C3+C4) kLC ps /k sCpL

The new val ue of is compared with the old guess value

to see if it satis i-fies a convergence criterion , I~~ j ( new)  -

~~~ 
(old) ’ 0.005.

This process is then repeated throughout the mesh i n a defini te

order a number of times for each time ste p until the convergence

criteria is met , after which the nex t time step, ip~~
’
~ is c a l c u l a t e d

using the same procedure.

____ ~~
- -  ---k -i - 
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V. RESULTS AND DISCUSSION

A. Un iform Heat Flux

The analytical solution to the thermal fields in a semi-

infinite solid substrate subjected to a uniform heat flux over a

c ircular region on its bounding surface is given by Carslaw and

Jae ger (5). The solution may be simplified to give the temperature

at the cen ter of the ci rcular regi on , 1(0,0). One form of this

ex press i on i s:

k [T(O,O) — T ] 2J~~T5 0 
= 

S [1 — ,ii~ ierfc 
a (20)qa a 2,’~~f

Equa ti on (20) was use d to calcu l a te the curve assoc i ated w ith

the vertical axis on the right side of Figure 2. This plot shows

that for a given radius of the circular region , a , there is a mini -

mum hea t flux required if the center of the circular reg ion is to

reach a given temperature ,e .g. the melting point of the substrate. That

is , for small values of a/2/’&’T, large Four ier numbers ci5t/a
2, the

lef t hand side of equation (20) approaches one - the temperature ,

1(0,0), approaches its maximum steady state value. For exampl e, in

a l u m i num * the product of absorbed heat flux and the radius of the

ci rcular regi on qa ~ 1.45 x l 0~ W/m if the cen ter of th e ci rcular

region is to ever reach the melting point.

Similarly one may anticipate that specific qa values could be

deduced from numer ical computations for the initiation of surface

*Pro perties of aluminum used in the calculations are listed in
Table I.

k 
_ _ _ _ _ _  

_ _ _  ___________

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  _ _ _  
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melt ing and for any sur face temperature at the center of the liquid

zone up to the vapor iza t ion  temperature. Figure 3 shows a p lot  of

the data obtained from approx imate ly  15 computer runs (over  two

hundred points). Note the similarity between the curve associated

with the vertical axis on the right side of this Figure and that

in Figure 2. The numerator on the vertical axis includes the sum

of kR.
(T_T M ), ks(TM -TO) and k5AH 5&/C~&. 

The latter is used here

to denote the equivalent temperature change for the melting of

the subs trate. The curve in Figure 3 approaches ‘~97% of the steady

state value for small a/2I~~i values which is sufficiently accurate

considering other approximations used in the computer heat flow

mo del. For an aluminum substrate , m inimum values of qa 2.3 x lO~
W/m and qa : 4.2 x lO~ W/m are deduced from this curve for the

i ni ti a ti on of sur face mel ti ng and for a sur face tem pera tur e 1(0,0)

= Tv • For exam ple when qa = 2.86 x ~~ the calcula ted max i mum

steady state temperature at the center of the molten zone is 1607 K.

Equation (20) can also be written in the following form :

/~ [1 (0,0) - 1 ] /k p C = 1 - ,1~ ierfc a
0 S S PS 2v’&t (21)

- 2 qv’T

The left hand side of equation (21) is now the rat io of the

surface temperature of a semi- in f in i te  so l id  subjected to a uni-

form heat f lux over its entire surface to the temperature 1(0,0)

at the center of the c i rcu lar  region. A l te rnat ive ly  the L.H.S. of

equation (21) can be v iewed as the rat io of q/€~ 1_ D in the one-

dimensional to the q/f~2..0 in the two-dimensional  heat f low problems ,

____________________

- 

________ IT :.~~~: _ i . . __ :_I~~.
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respectively. In either case the curve associated with the verti-

cal ax i s  on the le f t  side of Figure 2 shows that for va lues  of

a/2,’~~T ~. 2.0 , c* 5 t/ a
2 

.~< 0.0625, heat flow is essentially unidirec-

tional. A similar plot obtained from the computer heat flow model

during surface melting is shown in Figure 3. The general form of

the two curves in Figure 3 permit the deduction of the following

information for any absorbed heat flux and radius of the circular

region. First , for a gi ven value of ~~ a n d  1(0 ,0) one may es tab—

lish whether lateral heat flow in the substrate can be ignored .

As e x a m p l e , f o r  an aluminum substrate , when qa ~ 1.4 x 1 06 W/m

heat f low is essent ia l l y  in one d imension for T(O ,O) tem pera tures

up to 
~~ 

Second , the time for the cen ter of the circular regi on to

reach any temperature above the melting point of the substrate can

be deduced. For example , for an absorbe d un i form hea t flux of l 0~
W/m 2 an d a spot radius a = 38Opm , T(O ,O) w ill reach 1700K in 2.1 x

l0 ’
~ sec. Fur thermore, the max imum tem perature ach i eved at the

cen ter of the circular region would be 2238K.

— F igure 4 shows the general relationship developed from num -

er ical computations between temperature at the center of the cir-

cular region and the product of absorbed heat flux and melt depth ,

qz , for an alum inum substrate. z in this figure denotes melt depth

along the z-axis at the center of the circular region r = 0. For

any value of ~~ , an d a , for which the product qa ~. 2.3 x lO~ W/m ,

time for 1(0,0) to reach a gi ven tempera ture can be deduce d from

F igure 3. The corresponding melt depth along the z-axis can then

* be found from Figure 4. For example , for uniform heat fluxes of

3 x io8 W/m 2 and 10~ W/m
2 absorbed over circular regions with

~1 — 
— -— - - 

-~~ 
-

~~~~~~~~~~ -~~~~~~~
-
~~~~ 

- - -
~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~

-
~~~

-
~~
— 
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r a d i i  of ~ l587pm and 476 pm , respec t i ve ly  (qa : 4.76 x 10~ W / m )

the corresponding times and me lt depths during melting of an alum-

i num su b strate when T(O ,0) = are t = 5.4 x 10 2sec an d t = 4.86

x 1C’3sec from Figure 3 and z = 933pm and z = 280pm f rom F ig u r e  4 ,

respectively . Similar information can also be obtained from these

two figures for any 1(0,0) tem perature between an d T~ . While

the data plotted in Figure 3 can be used for any substrate material ,

the curve i n F ig ure 4 i s spec ifi call y calcula ted for an alum i num

su bstrate. Similar curves can readily be generated for other sub-

strate materials using the equations and computations procedure

outlined in the previous sections. As noted above , for values of

qa >~. 1.4 x io 6 W/m heat flow in the aluminum substrate is essenti-

ally one— dimensional and the corresponding times and melt depths

from Figures 3 and 4 would be identical to those previously de-

scribed (1) when the physical and thermal properties of the substrate

are the same.

An important finding from this work is that for a given value

of 1(0,0) at the center of the circular region the dimensionless

temperature distribution in the substrate material during melting

an d solidification is identical for any combination q and a as

long as g~.= constan t. F ig ure 5 shows the shape and loca ti on of

several i sotherms , including the liquid-solid interface , i n an

alum inum substrate mate rial subjected to a uniform heat flux q

over a circular region of radius a where the product qa = 4.76 x

lO~ W /m. Note that these are the Isotherms at the instant 1(0,0)

reaches the vaporization temperature of aluminum T~, = 2723K and the

ax is used are made dimensionless d ividing them by the radius of

~~~~~~~~~~~~~ 
- -- - - - - - - - ----- - —

~
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the circular region . Identical dimensionless p1ot s were obtained

from several com pu ter runs where ~ an d a va l u es were var ied  over

large ranges while the product ~~ was kept constant.

Figure 6 shows the dimen sionless plots of the location and

shape of the liquid — solid i n t e r f a c e  for  qa = 4.76 x iO~ W/m during

melting and subsequent solidification of an aluminum substrate .

In these simulations the heat flux was removed , PAV in equation (15)

was set eq ual to zero , as soon as 1(0,0) reached the vaporization

temperature. As in the previous one -dimensional heat flow model

(1) melting of the substrate continues until heat flux in the

liquid and the solid at the liquid - solid interface become equal -

the interface velocity approaches zero . Decreasing values of

a/2v’&T, increasing time , denote the successive positions of the

l iqu id-so l id  inter face during the mel t ing and the subsequent sol-

idification sequence . The curve in Figure 6 identified by

a/2/
~~

tmax shows the shape and position of the liquid - solid inter -

face when the melt along the z— axis reaches its maximum depth. It

is interesting to note that due to the lower temperature gradients

in the liquid near the perphery of the molten region solidification

in this region commenced wh i le  melt ing in the central  region was

st i l l  cont inuing.  The higher la tera l  heat loss thus results in

liquid - solid interface shapes closer to that of a spherical geometry

during the solidification sequence. Finally, both dimensionless time ,

a/ 2 /~~T, and l iqu id -so l id  inter face shapes and ve l oc i t i e s  remained

the same in these types of dimension less plots as long as the product

was kept constant .

Figures 7 and 8 show the effect of increasing the product g
~

the geometry and the locat ion of the l i qu id -so l id  inter face at the

- _—- ___________________________________________________________________ ~~~~~~~~~~~~~~
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instant the temperature T(0,O) reaches 2 100K an d 2723K , respectively.

The curves for qa 1.9 x io 6 W/m are in the range where heat flow

can be assumed to be essentially one -dimensiona l and the shape of the

isotherms verify this fact. On the other hand , with decreasin g va l—

ues of g~ , lateral heat flow becomes significant and the li quid -

solid interfaces assume shapes closer to the oblate spheroi dal coor—

dinate illustrated in Figure 1.

Liquid - solid interface velocities during melting and sub-

sequent solidification of an aluminum substrate along the z-axis

and the r— axis as a function of ~j are shown in Figures 9 and 10.

These data show that for a given value of ~j the interface velocity ,

R , is directly proportional to the absorbed heat flux during both

melting and subsequent solidification. Furthermore , for any given

value of ~~ interface velocities along the r-axis , on the specimen

surface , are higher than those along the z-axis.

Figures 9 and 10 also show that in the one -dimens ional heat

flow range , qa ~ 1.4 x 106 W/m , liquid - solid interface velocities

are essentially identical to that previously reported (1). Inter-

— 
face veloc iti es ra pi dl y i ncrea se to a max im um value * once sur face

melting commences and drop off to zero sometime after T(0,0) =

and the heat flux is removed. During subsequent solidification

interface velocities increase with distance solidified but always

remain lower than that during melting. For example , for an absorbed

• heat flux of q = 10~~ W/m
2 and qa = 1.905 x 106 W/m (a = 1905pm )

*the rapid increase after the in itiation of melting occurs over very
• small fra ctional distances and is not shown in these Figures.
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the calculated interface velo cities along the z-axis midway during

the melting and the solidific ation sequences (Z/Zm a x  = 0 . 5 )  are

“.0.17 m/sec and ‘.0.15 m/sec , respectively. The corresponding inter-

face velocities in the radial di rection , on the specimen surface ,

at r/rm a x = 0.5 are “ 3m/sec and ~-. O.32m/sec , respectively. In-

creasing the absorbed heat flux by a factor of five w hil e

the product ~j is kept constant (a = 381 pm) would result in a

cor responding factor of f ive increase in the interface vel-

ocities calculated above.

For values of 2.3 x ~~ < qa < 1.4 x io 6 W/m the liquid - solid

interface velocities along the z-direction are always lower during

melting than during solidification . This is simpl y from the in-

creasing lateral heat loss due to the increased divergency of heat

flow with decreasing values of ~~ in this range. However , for

lower values of ~~~~~~ e.g. qa = 4.76 x lO~ W/m , interface velocities

along the r-axis are approxi m ately the same during melting and

solidification. For example , at an absorbed heat flux of q = l0~

W/m 2 and qa = 4.76 x 10~ W/m(u = 476pm) the calculated interface vel-

ocities along the z— axis midway during the melting and the solid-

ification sequences are “O.063m/s and ‘.‘O.24m/s , respectively. The

corresponding values in the radial directio n , from Figure 10 , are

~O.68m/s and ~0.57m/s , respectively.

No attempt is made here to quantitatively describe the more

complex relationshi ps between absorbed heat flux and the ratio of

temperature gradient in the liquid at the liquid-so lid interface

and growth velocit y , GL/R. However , qualitative relationships are

eas ily deduced from Figures 4 to 10. In general , for a gi ven value

of ~~ temperature gradient at the liquid-solid interface Increases

—---- -- •—_ ~ *_ -~.--—--- — — -i— - -- - -  —- - —-- .— —--~~~~ -~ -----------~‘--— -~~~ — ---. ---~~--- 
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proportionally with increasing values of absorbed heat flux , ~~~.

On the other hand , si nce i n terface ve l oc iti es also i ncreas e

with increasing values of q, the ratio GL/R is not affected . The

max i mum values of GL/R during solidification are noted at the ini-

tial stages of solidification , when R is almost zero and the temp-

erature gradient in the liquid is high . Furthermore , superheat

in the liquid is rapidly consumed while interface velocities in-

crease with increasing distance solidified - resulting in a rapid

d e c r e a s e  i n  GL/R. Figures 6, 9 and 10 also show that temperature

gradients in the liquid are high er and interface velocities are

lower along the z-axis during solidification , therefore, the ratio

GL/R assumes its maximum value along this axis.

B. Gauss ian Absorbed Heat Flux

In order to systemmatically analyze the effect of Gaussian

absorbed heat flux distributions on the surface melting and solid-

ification parameters and relate same to the previous case of uni-

form absorbed heat f lux , the re la t ionsh ip  between the two heat

f lux d is t r ibut ions shown in Figure 11 was f i rst  developed.  Inside

the c i rcu lar  region the oblate spheroidal  coordinate r~ = 0, Figure

1. Equation (16) for case (b) can thus be written in its equiv —

alent form in cyl indr ical  coord ina tes :

= q~ e
2r 2

~~
2 

(22)

If we assume that th e total power absorbed , Q , in the circu-

lar reg ion is identical for the uniform and Gaussian heat flux

distributions , as shown i n Fi gure 1 1 , then the following relation-

ship is deduce d :

____  

_ _ _ _ _ _  
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= 
q0 (23)

2.313

where %is the absorbed heat flux at the center of the circular

region and w i l l  be referred to hereafter as the maximum absorbed

heat flux.

The equations and solution methods described in previous

sections were used to generate data for the rap il melting and

subsequent solidification of an aluminum substrate material.

The relationship between melt depth along the z-axis , max i mu m

absorbed heat flux , q0, and temperature at the center of the cir-

cular region is shown in Figure 4. The data indicate that for a

given temperature 1(0 ,0) a n d  total power absorbed , Q, melt depths

in the Gaussian heat flux distribution are ~.2.3l3 times shallower

than that obtained in the case of the uniform absorbed heat flux.

Computer ca l cu la t i ons  a lso  showed that dimensionless temp-

erature distributions during surface melting and subsequent solid-

i f i ca t ion are ident ical  if the product q0a is kept constant while

q0 and a are var ied .  Figure 12 shows the shape and loca t ion  of

severa l i sotherms , including the liquid - solid interface (T = 933K),

dur ing surface melting of an aluminum substrate subjected to a

Gauss ian absorbed heat flux distribution. These are the isotherm

s h a p e s  a t  t h e  i n s t a n t  w h e n  1(0 ,0) = 2723 K.

Figure 13 shows the e f fec t  of increasing the product q0a /2.3 13

on the geometry and the location of the liquid - solid interface at

the Instant when 1(0,0) reaches the vapor iza t ion  tempe rature of

the aluminum substrate.  Increasing the product q0a r e s u l t s  i n

sha l lower  melt depths as an t ic ipa ted .  It should be noted that the

.~ 
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i

~~~~~~~~~ - - -~~~ -~~~~~—-  -~~~-



-

53

center of the circular region reaches the vaporiza tion tempera-

ture of the substrate for q0a/2 .3l3 values lower than the criteria

developed for the uniform absorbed heat flux , qa ~ 4.2 x ‘O 5 W /m.
This is simply due to the higher absorbed heat flux at the center

of the circular region in the Gaussian di stribution.

Figures 14 and 15 compare the shapes and locations of the

liquid — solid interfaces between uniform and Gaussian heat flux

distributions when T(O ,O) reaches 1420K and 2723K , respectively.

As indicated above , f o r  a given total absorbed heat flux equation

(23) holds and the center of the circular region heats up muc h more

rapidly when the heat flux has a Gaussian distri bution. The melt -

depth along the 2 -ax i s  is sha l lowe r , while the melt width is smaller

due to the diminishing absorbed heat flux with increasing r in the

ci rcular  reg ion.

Figure 16 shows d imens ion less  p lo ts  of the locat ion  and shape

of the l iqu id-so l id  in ter face for q0a /2. 3l3  = 4.76 x lO~ W/m during

melting and subsequent solidificati on of the surface of an aluminum

subst ra te .  As before , th e hea t flux was remove d as soon as 1(0,0)

reached the vaporization temperature. Note the similarity between

Figure 16 and 6, the tota l absor bed power over th e c i rcular regi on

was the same in the two cases. The higher maximum heat flux in

the Gaussian distribution results in higher temperature gradients ,

shallower melt depths and shorter times - larger values of a/2/& 1.

For exam p le , for a total absorbed heat flux Q 0.71 KW over a

c ircular region of radius a 476pm the times for the interface to

reac h its maximum melt depth for uniform and Gaussian heat flux

dis tributions are 5.9 x lO~~ second 6.25 x 1O~
4sec , respectively. 
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L iqu id-so l id  in ter face v e l o c i t i e s  during melting and sub-

sequent solidification of an aluminum substrate along the z-axis

an d the r— axis as a function of q0a/2.3l3 are shown in Figures 17

a n d  18 , respec t i ve ly .  Note that in these two f igures the inter-

face ve loc i ty , R , i s  d i v i d e d  by q 0/ 2 . 3 l 3  - the equivalent heat

f l u x  in the uniform distribution. These data again show that for

a gi ven value of q 0a / 2 .3 13 the inter face ve loc i ty  is d i rec t ly  pro-

portional to the absorbed heat flux , and that velocities along the

r -ax is  are higher than those along the z - a x is .  Furthermore , as

t h e  p r o d u c t  of q 0a / 2 .3 l3  decreases , heat f low l ines , during solid-

i f i c a t i o n , become more divergent resulting in a corresponding rel-

a t i v e  i n c r e a s e  i n  interface velocities along the z-axis. Finally,

for a given total power absorbed , the calculated interface velocities

along the 2— axis in the Gaussian distribution are higher than those

for the uniform absorbed heat f lux.  For example , at an absorbed

heat f lux of q0/2 .3 l3  = l 0 ~~ W/m
2 and q0a/2.3l3 = 4.76 x lO~~ W/rn

(a = 476~.im) the interface velocities from Figure 17 during melting

and sol idification are 0.27 rn/s and 0.47 m/s , res pectively. TP.-e

correspon di ng values for the same total power absorbe d un iform ly

over  t h e  c i r c u l a r  r e g i o n  were  previously noted to be ~O.O63 rn/s

a n d  ~ 0.24 rn/ s . respectively. The same observa ti on holds true when

- - in ter face ve loc i t i es  in the radial d i rect ion are compared , F i g u r e s

18 and 1 0. - -

1•¶ 1. 
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V I . SUMM .RY

The c o n c e p t s  of an en th alp y model recen tly p roposed are used

to develop the heat f low equ ations in ob late spheroidal coordinates

for melting and solidification of the surface of a semi -infinite

sol id  subjected to a var iab le  heat f lux in a c i rcu la r  region on

i ts bounding sur face.  W h i l e  n u m e r i c a l  s o l u t i o n s  a r e  p r e s e n t e d  f o r

step function uniform and Gaussian heat flux distributions , the

equat ions and numerica l technique developed can be appl ied to heat

f luxes that are both a funct ion of pos i t ion  and time. General

trends es tab l i shed  re la te the important mel t ing and so l id i f i ca t ion

parameters to absorbed heat flux , rad i us of the c i rcu l ar regi on

an d time using the thermophysical properties of an aluminum sub-

strate material. No account is taken of the changes in reflectiv-

i ty of su bstra te w i th tem pera ture or convec ti on i n th e mo lt en

reg ion. The former can be readily included in the generalized

e q u a t i o n s  w h e n  exper imen tall y measure d va l ues become ava il ab le ,

whi le  the la t ter  could be approximately  accounted for by i ncreas i ng

the therma l conductivity of the liquid. 
- 
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NOMENCLATURE

a radius of the circular re gion , m

C integration constant

s p e c i f i c  h e a t , JKg~~ K~~

f
2 

fraction liquid

Fo F o u r i e r  n u m b e r  ( k 5t / PC~ a 2 ); A Fo
d imens ion less time step.

H speci f ic  enthalpy , JKg~~
AH 52 hea t  of f u s i o n , JKg ~~

H k thermal conduct iv i ty , J m s ~~ K~~
p rate of heat generat ion per unit vo lume ,

Wm 3

q absorbed heat f lux , Wm 2

Q rate of total absorbed heat , W

r radial coordinate , m

t time , 5

t time for the surface of a material to reach its
m mel ting temperature ,

t t ime for a material  to achieve a maximum meltmax d e p t h ,

t time for surface of a material to reach its vapor—V i zat i on tempera ture ,

- 
- T0 amb ient temperature K

T
M melting temperature K

surface temperature K

T
~ 

vaporizat ion temperature K

V volume , m3

volume of d iscritized domain

z axial coordinate , in

a thermal diffusivity (K/~C~ ), m2 
s~~

1 __ _ _ _ _ _  _ __ _ _ _ _ __ _ _ _ _4

~~

b

~~~

4M.
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oblate spheroidal coordinate

J 0 dimensionless temperature var iab le , e q u a t i o n  ( 4 )

oblate spheroidal coordinate

4, d imens ion l ess  enthalpy var iab le , e q u a t i o n  ( 4 )

p d e n s i t y  Kg m 3

Subs cr ipts

i,j nodal poi nt subscr ipts in n and ~ d i r e c t i o n s,
respect iv ely

- ;  2. liquid region

s s o l i d  r e g i o n

Superscr ipts

m time level

:i:~I~~.
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L I S T  OF F I G U R E  C A P T I O N S

• 
Figure 1. Two-d imens iona l  spheroidal coord inate system and

problem geometry for the rapid mel t ing and solid-

ification of a surface layer.

Figure 2. Temperature at the center of a c i rcu lar  region of

a sem i—in f i n i t e  sol id subs t ra te  as a function of

applied uniform absorbed heat flux , radius of the

c i r c u l a r  r e g i o n  and time. The vertical axis on the

left gives the ra ti o between tem pera tures i n one

and two—di mensional  heat f low .

F igure 3. Temperature at the center of the l iquid zone of a

semi -infinite solid substrate during surface melting

as a func ti on of un iform absorbed heat f lux , r a d i u s

of the circular region and time. The vertical axis

on t h e  l e f t  g i v e s  the ratio of square root of times

in one and two-dimensional  heat f low.

Fi gure 4. Temperature at the center of the circular region

T ( O ,O) over which a heat f lux is absorbed in an alum-

m u m  subs trate versus the product of the absorbed heat

f lux and melt depth in the ax ia l  d i rect ion away from

the surface. q0 d e n o t e s  t he max imum heat fl ux a t the

center of the Gauss ian heat f lux d is t r ibut ion.  See

Figure 11 and equa tion (23) .

Figure 5. Shape and locat ion of several  isotherms , including the

l iqu id-sol id  inter face (T = 933K) ,  during melt ing of

an aluminum subs trate subjected to a uniform absorbed

h e a t  f l u x  ~ over a c i rcu lar  region of radius a. The

isotherms are drawn at the instant when T (O ,O)= T
~

=2 723K.

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ - - .•——-— -~~~ -.~ -• -- 
~~~~~~~-~~~~~~~IiS iir - 

-

-—- - - _
~~- -- - -

‘

- --- - - _- :-- -- - -—----
• - 

~~~~~~ 
- -

i.__

~

._ -“ - —_~ -•—-. - -- — - - - - - ‘i~~~~~ y~ •
— —~----- -~ ----- -,-~~- ~~~~~~~~~~~~~~~~~~~~



4 61

Figure 6. L iqu id—so l i d  inter faces during mel ti ng an d su b se quen t

solidification of an alu minum substrate subjected to

a un i form a bsor bed hea t f lux ~ over a c i rcu la r  region

of radius a. The curve marked T(0,O)=T
~ 

shows the

l oca t ion  of the in ter face at which time the heat f lux

was removed. Decreas in g va lues  of a /2 ,’~~T d e n o t e  t h e

successive positions of the liquid-solid interface

during the melting and the subsequent solidification

s e q u e n c e

Figure 7. Liquid — solid interfaces during melting of an aluminum

subst ra te  subj ected to a uniform heat f lux ~ over a c i r -

• cular region of radius a. The interfaces for each con-

stant q~ are shown at the instant the center of the cir-

cular re gi on reac hes th e tem pera ture T ( 0,0)=2100K.

Figure 8. Liquid-solid interfaces during meltin g of an aluminum

substrate subj ected to a uniform heat f lux ~ over  a cir-

cular region of radius a. The interfaces for each

c o n s t a n t  ~~ are shown at the instant the center of the

circular region reaches the vaporization temperature.

Figure 9. The ratio of l iqu id-so l id  inter face ve loc i ty  to absorbed

h e a t  f l u x , R/q, as a funct ion of f ract ional  d is tance ,

Z/Zmax~ during melting and solidification of an aluminum

substrate subjected to a u n i f o r m  a b s o r b e d  h e a t  f l u x , ~
over a c ircular region of radius a.

Fi gure 10. The ratio of li quid - solid Interface velocity to absorbed

h e a t  f l u x , R/q, as a funct ion of f ract ional  d is tance ,

r/rmax~ dur ing melting and solidification of an alu minum

subs trate subjected to a unifor m absorbed heat flux , ~

over a c i rcu lar  region of radius a.
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Figure 11. Relat ionship between uniform and Gauss ian  absorbed

heat f luxes when the total  power absorbed over the

ci rcular  region is ident ica l .

Figure 12. Shape and locat ion of severa l  isotherm s , including

the liquid — solid interface (T=933K) during melting

of an aluminum subst ra te  subj ected to a Gauss ian

absorbed heat f lux d is t r ibu t ion  over a c i rcu lar  region

of rad ius a. The isotherms are drawn at the instant

when T( O
~
O)=Tv=2723K*

Figure 13. Liquid -s olid interfaces duri .ng melting of an aluminum

substrate subj ected to a Gauss ian  absorbed heat f lux

dist r ibut ion over a c i r cu la r  region of radius a. The

i n t e r f a c e s  f o r  each cons tan t q0a/2.3l3 are shown at the

instant the center of the circular region reaches the

vapor izat ion temperature.

Figure 14. Comparison between the shapes and loca t ions  of the

l iquid -solid interfaces during meltin g of an aluminum

substrate subjected to un i form an d Gauss ian absor bed

heat f lux d is t r ibut ions at the instant T (O ,0)= l420 K.

Figure 15. Comparison between the shapes and locat ions of the

l i qu id—so l i d  in ter faces during melt ing of an aluminum

substrate subjected to un i form and Gauss i an absor bed

heat f lux d istr ibutions at the instant T (0 ,0 ) T
~
.

Figure 16. L iqu id-so l id  Interfaces during melt ing and subsequent

so l id i f i ca t ion  of an aluminum substrate subjected to

a Gaussian absorbed heat f lux distr ibut ion over a cir-

cular reg ion of radius a.
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Figure 17. The ratio of liquid — solid interface velocity to

absorbed heat f lux as a funct ion of f rac t iona l

d i s t a n c e , Z/ Z max ~ 
dur ing m e l t i n g  and solidifi-

cation of an aluminum substrate subjected to a

Gaussian absorbed heat flux distribution over a

circular region of radius a.

Figure 18. The ratio of liquid —s olid interface velocity to

absorbed heat flux as a function of fractional

distance , r/rmax , during melting and solidifi-

H cation of an aluminum substrate subjected to a

Gaussian absorbed heat flux over a circular

region of radius a.
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TABLE I

SUMMARY OF PROPERTIES AND SOME CALCULATED

CONSTANTS FOR THE A L U M I N U M  SUBSTRATE

= 1048 J Kg~~ K ’, Specific Heat of Solid

C~~~* = 1086 J Kg~~ K~~, Specific Heat of Liquid

= 3.95 x l0~ J Kg~~ , La ten t Hea t of Fus i on

k = 228 Wm~~ K 1 , Therma l Conductivity of Solid

H - k~~ 
= 108 Wm~~ K 1 , Therma l Conductivity of Liquid

T
M 

= 933 K , Mel ti ng Tem pera ture
= 2723 K , Vaporization Temperature

cg* = 8.55 x l0~~ m
2 sec 1 , Thermal Diffusivity of Solid

-5 2 -l
£ = 3.91 x 10 m sec , Thermal Diffus ivity of Liquid

p = p~*~ = 2545 Kg m 3 Density

q/t = 1.5 x lO~ J m 2 sec~~
”2

m l-D

= 4 .5 x i0 7 j m~~~ sec~~”2
: l-D

~~~~m a x J 1 0 
= 5.5 x 10’ J m 2 sec~~~

2

* Avera ged from 298K to Melt ing Point
** A v e r a g e d  f r o m  Mel ti ng Po i nt to Va por i za ti on Tem pera ture
*** Average of Liquid and Solid
1-0 Re fers to One -Dimensional Heat Flow
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F igure 1. Two -dimensional spheroidal coordinate system and
problem geometry for the rapid m elting and solid-
ification of a surface layer.
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Fi ’ure 2. Ter~perature at the center of a c i rcu lar  region of
a semi - infinite solid substrate as a function of
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inum substrate versus the product of the absorbed heat
f lux and melt depth in the axia l  d irect ion away from
the surface. q0 deno tes the maximu m heat tlux at the

— center of the Gaussian heat flux distribution. See
Figure 11 and equation (23). 
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heat f lux ~ over a circular region of radius a. The
isotherms are drawn at the instant when T(O ,0y=T
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=2723K.
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Figure 6. L iqu id-so l id  inter faces during melt ing and subsequent
so l id i f i ca t ion  of an alum inum substrate subjected to
a un ifo rm absorbed heat flux ~ over a c ircular region

• of rad ius a. The curve market T(0,O)=T shows the
location oT the interface at which time v the heat f lux
was removed. Decreasing va lues  of a/ 2v~~~ denote the
success ive  pos i t ions of the l iquid-sol id interface
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Figure 7. Liquid-solid interfaces during melt ing of an aluminum
subs trate subjected to a uniform heat flux ~ over a cir-
cular region of rad ius a. The Interfaces for each
constant q.~ are shown at the 

instant the center of the
circular region reaches the temperature T(0,0) 2100K.
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f lux , ~ over a circular region of radius a.
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F igure 15. Comparison between the shapes and locations of
the liquid-solid interfaces during melting of
an aluminum substrate subjected to uniform and
Gaussian absorbed heat flux distributions at the
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