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1. INTRODUCTION

Differentially encoded phase-shift keyed (DPSK) binary signalling

Is a comonly used technique in digital data transmission systems. There

are, of course, other modulation techniques that are more efficient than

the DPSK systems In terms of power and spectral occupancy ; however, the

circuit simplicity and the accompanying cost-effectiveness of the DPSK

system often becomes the over-riding reason for its appl i cation in a

data coninunication system.

The choice of DPSK modulation is particularly appropriate when a

small , low-cost modulator is needed . A typical application might be a

buoy which has limited space and limited prime power for the coninunications

system. An expendabl e platform such as a buoy must , of course , be low-

cost. The data transmission from the buoy may Involve a hard -limiting

satellite channel for the purpose of processing the data at a shore

facility .

Surprising as it may sound , however , a compl ete understanding of the

error behavior of DPSK system has been lacking. Much less understood is

the error performance mechanism of a DPSK system over the hard -limiting

satellite channel . The error behavior of DPSK system over a “linear

channel ” has always been assessed on the basis of a most simpl ified fashion ,

e.g. the probability of error for the binary DPSK system has always been

based on the expression 
~e ~ exp(-H

2), where H2 is the carrier-to-noise

power ratio at the sampling instant .
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The demodulator confi guration of a DPSK system requires a phase-

detector (multipl ier) whose inputs are ~direct~ and “one-bit delayed” v ers ions
- 

~
- of the signal. In reality , the inputs of the phase—detector have different

signal power level s due to such effects as phase error, delay line

attenuation , and inter-sym bol interference. Furthermore, the noises

between the two multiplier inputs are necessarily correlated due to the

- I 
band-limited nature of any real system. When these practical aspects are

considered , the error behavior -of the DPSK system cannot be assessed only

on the basis of the error probability expression stated above.

The l ack  of adequate error behavior expressions for the DPSK

system under non-ideal conditions has been a consequence of the non-linear

nature of the DPSK demodulator. Thus , the noise behavior at the decision

time is not amenabl e to a relatively simple description such as coherent

PSK system. As a result , the anal ysis of DPSK system has always been

based on a most simplified ideal assumption . In particular , the noise

correlation between the two phase-detector inputs has been totally Ignored

in the idealized assumptions .

In this report we have treated the case of the DPSK system over a

hard-limiting satellite channel with power imbalance and correlated noise

at the phase detector (multiplier). A surprising result of our analysis

Is that the error performance is Independent of the noise correlation if

the a priori symbol probabilities are equal . As has been remarked

elsew here [1] , this is a departure from previous beliefs.
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2. ANALYSIS MODEL

The binary satellite coninunication system under consideration is shown

in Figure i. Our main objective is to determine the error performance

of the system under the assumptions that (SNR)
1 ~ 

(SNR) 2 at the phase

detector input and the noises n1(t) and n2(t) are statistically dependent.

The condition (SNR)1 / (SNR) 2 arises from a difference in signa l powers

due, for example, to intersymbol interference or del ay circuit phase

error. The noise correlation reflects the band-limi ted nature of a

practical system.

The original transmitted signal s are defined as S1(t) and S2(t):

S1(t) = /�~~ cos(~t - e
~

) (1)

= IW cos[t~(t -1) - ~~
= cos(wt - 0 2

) (2)

where the bit duration is 1; the carrier frequency is assumed to be

selected such that wT = 2,rk, k integer ; and is the power received at

the satellite . The index i = i is associated with the present symbol and

1 = 2 is associated with the previous symbol . Bandpass Gaussian noise

is also present on the uplink with = E{n~(t)} . The upl ink SNR

is de~~ned as R~ ~

At the receiver the signal is corrupted bu~h by passage through the

hard limiter and by additive noise on the downlink. The inpUts to the

phase detector (multiplier) are :

u1
(t) = s i (t) + n1(t) (3)

u2(t) s2(t) + n2(t) (4)

where s (t), I = 1, 2, are the signals as corrupted by passage through the

3
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FIGURE 1 BLOCK DIAGRAM OF DPSK SYSTEM OVER A
HARD-LIMITING SATELLITE CHANNEL
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limiter in the presenc e of up link noise and n
~
(t), i = 1 , 2, are additive

downlink noise. We may write

s1(t) 
[2~j cos(c.t + (5)

s2 (t )  v’~~~~ Co~~(wt + 2~ 
(6)  - 

-

~

where P1 and P2 are the carrier powers at the phase detector and the

si gnal phases •i and •2 are identically distributed random variabl es with

the conditiona l density function [2], [3]

b~ cos[k(a-61 )], 1=1 ,2, I~
-e 1k~

f4 (cz
~

0
1
) =

I
0, I c 1 —~~~~~I >1T

(7 )

k

where bk = £k ~~~~~ r(~ + 1) 1F1 (-~-; k+1 ; 
_i
~ ),

is the signal to noise ratio at the input to the limiter ,

~1, k = O
C k _ S

~2 , k > 0

and 1F1(a;b;z) is the confluent hypergeonietric function (Kummer
’s

function) of parameters a and b and argument z. The bandpass Gaussian

downlink noises are expressed in the form H

n1(t) = x1(t) cos t~t + Y 1(t) sin wt (8)

n2(t) 
= x1(t-T) cos(~ (t—T )] + Y1(t-T) sin [i~(t-T)]

~ X2(t) cos wt + Y2(t) sin wt (9)

and the noise correlation is defined by

E(n1(t)n 2(t)) = E{n 1(t)n1(t-T )} = o~p(T) (10)

5
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where p (T) is the normalized correlation with I equal to the symbol

du ration and the noise power is given by

~ E{n~(t)) = E{Y!(t)} = E{Y~(t)), i = 1 , 2. (ii)

The decision var iabl e y(t) at time t is the output of the zonall y

low- pass filtered version of k
x(t) = u1

(-t) u2(t)

= [
~~~~~ 

cos(wt - ~~ ) + x1(t) cos ~t + y
1(t) sin wt]

[I�~~ cos (~ t - 
~~ 

+ x2(t) cos wt + Y2(t) sin wt],

(12)
i.e.

y(t) = /P
1P2 cos(~ 1-~2) + N (t) (13)

where

N(t) = ~-x1(t)x2(t) + -~-v1 (t)y 2(t) + /P
2/2 X1(t) ~~ •2

+ /I~7~ y1(t) sin~~2 + 
~~~~ 

X2(t) cos + /~j 7� Y2(t) sin •~ .

I’

6
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3. STATISTICS OF THE DECISION VARIABLE

The probability density funct ion of the decision variable conditioned

on the phase difference between the two inputs to the multiplier is a

spec ial case of the general result obtained by Miller and Lee [4]:

= exp [-(h~ + h~)]

\~
‘ ‘ç~” 1 f(’l-p\ 2lrn 1 1(l +p\ 21n

~ [~~~7
h3J iii L~ TJ~4J

exp [- 
2
~ 1 ~ [ 4

~ 1~ ~ ~ aOd(l1
p)1 

°d~
1
~~ 

)

exp
[ 2

2Y ]G~~{~ 2 
4
~~2 ]~~

Y < O  (i4)
ad( l_ p) ad

(l_P )
where

h~ = 
2(1+p) 

(h~ + h~ + 2h1 h2 cos

h~ = 
2-{4-

~
;--) (h~ + h~ - 2h1h2 cos

h~ = SNR at input number 1 of the multiplier ,

h~ = SNR at input number 2 of the multiplier ,

• 
= •~ 

- •2 = the difference in phase between the narrow-band
signals at the multiplier input ,

p = noise correlation ,

and G~(x) = 
~~~ (

~~~~~ 3)~~~

The orobabil ity density function of ~ can be obtained from

f
.
(
~

I0 1~
02) = ff.(~

010 1 )f.(a10 2)da (15)

where f and f are given by (7). The evaluation * of (15) is straight-

forward but somewha t len gthy (see Appendix A), with the result being

* For an alternate approach not requiring explicit evaluation of (15) , see
Appendix B.
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0, _u .C8�O 1_ 0 2_2
~

+ ~~ b [ ’ 2~~
l 2)_!] cos[kl~ -(e 1—e2)I]

- ~~sin[kJ~ _ (o
1
_e
2)J])

f~~BI8 1,8
2) =

-2 ~~ b~bq
~~~~

2
~ 

1k sin[k IB-(0 1-82)I) 
I

—q s in [q I8_ (e ] _ e
2 )J ] }~ ,

el
_e
2~
2
~~~~

e1~
e2+2n

0, 61
_ 6
2+2w<~

.c
~
. (16)

An important aspect of the p.d.f. given in (16) is that f (
~~J0 1

-10 2) depends•
only on the difference ~~~~ which is the info rmation-bearing parameter

in a DPSK system. We can thus write f,(~ I01~e2) as f+
(
~Io 1_ e 2). This

density is shown in Figure 2.

The probability density function of the decision variabl e y

conditioned on the transmitted symbol (e1-e2) with downlink noise

correlation as a parameter can be found from

f~(y;p~e1 -e 2) S 1~
( Y ; P l

~~~~
) f
.

(
~~

I e l 82 )d 8 . (17)

The result of (17) is

__________ 
8 
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Yy;P10r02) 
= 

~~~~ ex~ [- h~~+:~~~

] 

~~~~~ 
~~~

Vm n

exp l-?’ 1 G~~ 
~ 2 

4y 
2 1 y<O

L°d~~~J L od(l_ P ) j

exp 

~

- 

o~~1+p)] 
G~ 

r 2 (1 2
)]~ 

y>O 

(18)

where S

Vm n  = f exp [Y cos~][1+Z COSB]m[l_Z cosB]
~
f.(8l el_ e

2)d8

wi th
-

~~~ — 

2ph1h2
~
‘ 

i—p
p

and
2h 1h2

~~~
= 

� V

The transmitted symbol is “mark” or “space ” depending on the phase
difference 10 1—02N0 or Ie l -e2I=~

, respectively. Thus the following conditional

p d.f.’s are obtained :

f~(Y;~ Is Pace) = f~(Y~~I I 0 1-02IO ) (20a)

and

f~(Y ;~ Imark) = f~(Y;~ lI9 1—0 2 I~’~). 
(2Db)

We evaluate (see Appendix B) the integral in (19) for both space (o 1
_e
2=O)

and mark (Ie 1~
e2I=I) by using the binomial theorem ai~4 an expansion for

powers of the cosine , with the results:

-~~~~~~~~~~~~~~~~-~~~~~--~~--~~~~~~~~~ • - • -~~~~~~~~~~~~~~~~~ ,•~~~~~~~~~~~~~~~~~~~ •‘. 
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Vm n (space) = >

~~~~~~~~ 
b
~
c
~+~($j

~2I

2~+u (s)-k~~ 
+

~~~~
) 2

F
1 

m ,-s;n-s+i ;-1) (21a)

an 

V (mark) ~ E ([~-u(S )~ 2~i]/2)m ,n k=O s=O ~j =O

b~c + (~J

. 

~~~~~~~~~~~ 
+ 
~~~~~~~~~~~

(
~

) 
~~~~~~ 

(—n ,—s ;m—s +l ;—l)  (21b)
where

, 
~ ...JO ,s e v en

— ii , s odd;

is the modified Bessel function of order n; and 2F1
( . ,.;.;.) is the

Gauss hypergeometric function.

I
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4. CONDI T I ONA L ERROR PROBA BILITIES

In order to determine the error probability , we must know the

threshold to which the decision variabl e y(t) is compared . In a binary

DPSK system the transmitted phase difference between consecutive symbol s,

01
_0 2~ 

is either 0 or ±n.  The threshold should be set so tha t correct
decisions are made if noise is absent . In the absence of upl ink noise

the limiter does not corrupt signal phase , i.e. = 0~ and •2 = 02. Then

in the absence of downlink noise the decision variabl e becomes

noise 
= 

~~~~~~~~~~~~ cos(+ 1-~2) = ,‘P1P2 COS (0 1-62) (22)

and the information is contai ned in the sign of y(t). Thus the threshold

is set at zero .

From ( 20a ) and (20b) one can obtain the conditional probabilities

of error from the expressions

• P(e;plspace) = Prob{y<01o 1-02=O) = f  f~(~;~ Jo 1-e2=O) dy (23a)

and

P(e;p~mark) = Prob{y>OI Io l
_e
2I=~

) = f  f),(y;pj I°l —o2I=
~
) dy. (23b)

To compute the error probabilities we need to define the downlink

signal to noise ratio R~. In a DPSK system this is conveniently taken as

the SNR at the direct channel input to the multiplier. In .our notation ,

R~~= h ~ . (24)

Also , since we are cons idering the case of SNR imbalance at the multiplier
inputs , it is convenient to defi ne an SNR difference measure by

2 - 

h~ - (SNR)2
A - - (SNR ) 1 

(25)
Il l

12 
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S. ERROR PROBABILITY EXPRE SSIONS

Carrying out the integrations indicated in (23a ) and (23b) (see Appendix

C) and using the definitions in (24) and (25) to replace h~ by R~ and h~
by A 2R~ we obtain the following rather formidable-appearing expressions

for the conditional error probabilities :
S-u(s)

I 2 1 co w ~ n 2
P(e;p, x lspace) = exp 

~
- 

~~2
( ~ ~~~~

‘ 

~~ >[ i-p J n 0  m 0  k~O s0 ~iO

~
. 1”~~

_________________ 
1n+m~ln~

~I Ik~lfl2 
— 

~ m Its!• m . n . L . r t_2_ ,j

• [~ (
~~~~

) R~(l+A ~~ [i r~
) R~(1+ A2)]

I • 

f2pAR~\ /2pAR~
’t]

. 

L’2~~~~~
_1k1_p 2 ) + ‘2ii+u(s)+k(~~~2 )j

2F1 (_n ,i ;_ n_ m; .~~ ) 2F1 (— m ,—s ;n-s4-l ;—l )

- 

. 
. 

[iF1(~-;k+l ;_ R~)]2 (26a)

and

13
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2 _ 
_

2R m 2
P(e;p,A lmark ) n (1?) exp - E ~l-p n=O m=0 k=0 s=O p O

k
C

k
C + ( 5 )

(_ l )  Im+n\fm\
F Ik+1fl2 t n u s 1

\ / \ I

• ( [ S_ u ( S )~~ 2~~ ] /2)(~~~~) (— ?)~ (~ ) 
R~(l +A 2

)]

[
~ ~~~ 

R~~( l+ A
2

~~

J [‘2P+ us . .k
(~~::~~~~) 

If2pAR~\1+ ‘2wI-u(s)+k~l_~2)j

2~~• 2F1 (_m 1 ;_ m_ n ;1~~; 2
F1 (-n ,-s ;m-s+1;-l)

• [lFi(~
-;k’i-l;_ R

~ ll2. ( 26b )

In writing (26a) and (26b) , we have made use of the relation (2z)!=r(2z+l)= - 
-

222 r(z4)r(z+l)// to simplify the coefficients arising from b~ in (2 1a)

and (2lb). For alternate ways of writing (26a ) and (26b) , see Appendix E.

~aking use of the relation I~ (_ z) (_ 1)~I~ (z )~ j  an integer , and

• making a change of notation in (26b) by replacing in by ii and vice versa ,

we observe the interesting symetry property

P (e ;p , A Is pace)=P(e; — p, A lmark) . (27)

The total unconditional error probability j5 the weighted sum of

(26a) and (26b) given by

P(e;p,A )P5P(e;p ,).Ispace)+P~P(e;p,AImark) (28)

where P~ and are the a pLiori  probabilities of space (“0”) and mark (“1”).
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6. COMPUTATIONAL RESULTS

We have computed the total error probability for the case of equal

a priori symbol probabilities , i.e. “m~
’s=1”2 In doing the computations ,

th-e direct numerical computation of (26a) and (26b) proved to be quite

difficult due to the manner in whic h the multip le series converge and the

• effects of finite word length in the computer. We found that numerical

integration of (19) in conjunction with (18), (23a) and (23b) proved to

be a more computationall y efficient scheme for obtaining numerical results ,

and this was the procedure used in our computations. The program listing

is contained in Appendix G.

Our numerical evaluations of the total error probability were performed

for several values of power imbalance* A 2 and noise correlation p . We have

observed the result that the computed total error probabilities are inde-

pendent of p for all values of A2 considered . However , the conditional

error probabilities were dependent upon the noise correlation. When these

conditional error probabilities were added with equal weights (P
~

=P5=l/2).

the results coincided with the value of the error probability for p=O , as

shown in Figure 3. A similar numerical result was obtained for a terrestrial

link [5] (see al so Appendices H and I). As in the case of the terrestrial

link , the mathematical compl exity prevented analytical verification of this

result. It should be stated here that when one observes the conditional

probabilities of error as given by (26a) and (26b), it appears certain that

the total unconditional probabilit y of error shoul d depend on noise correlation

p . In fact, it has been remarked in the previous publications [6], {7] that

the error probability of a binary DPSK system depends upon the correlation

- - *The power imbalance can arise from intersymbo l i nterference and other effects,
as discussed in Appendix F. 15
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A =- I.5dB

- 
R~~= 7 d B  

-

_ _ _ _  _ _ _ _ _  _ _ _  _ _ _ _ _--

C
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io 2 

P I~~~~~~~~~~~~~~~~~~~~
- 

P(e p=O. 25 L MARK )  I
- 

P(e P O.251SPACE)—’] (
P(e p 0.51MAR K)

- p(e p 0.5ISPAC E) ~~ 
-

1 1 ~1_•___•_ _1 I I ~~~~~~~ I I I

2 6 10 14

UPLINK SNR R~ (dB)

FIGURE 3 INFLUENCE OF NOISE CORRELAT ION ON CONDITIO NAL ERROR PROBABILITIES
FOR POWER IMBALANCE A 2 -1.5 dB AND DOtINLINK SNR R~ = 7 dB
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if there is intersymbol interference (a case of SNR imbalanc e) . The remarks,
it should be pointed out , were based on the observations of the equations
rather than on the proofs.

Figure 4 shows the total error prob ability versus upl ink SNR R~ for
several values of A and Rd. For comparison , the case of ~nf~nite downl~nk
SNR (R~=°) is also plotted ; this is identic al to the terrestrial link with
no power imbalance (A 2=O dB). 

2The curves shown in Figure 4 corresponding to A =0 dB for each case
of R~ (downlink SNR) represent the ideal case of no power imbalance

at the phase detector input. Our curves for these special (ideal) cases
are identi cal to the results reported by Wein berg [8] . 
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FIGURE 4 TOTAL ERROR PROBABILITY AS A FUNCTION OF UPLINK SNR WITH
DOWNLINK SNR AND POWER IMBALANCE AS PARAMETERS
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7. CONCLUSIO NS

In this report we have presented the error behavior of a binary DPSK

system over a hard-limiting satellite channel under the influence of an

SNR imbalance at the phase detector (multipl i er) inputs and noise correlation .

The graphicall y presented curves for error probability are applicable to

evaluation of system performance when the SNR imbalance at the phase detec tor

is known .

Our numerical results show that the performance of binary DPSK over

the hard -limiting satellite channel does not depend upon noise correlation

when the a priori symbol probabilities are equal , regardless of SNR

im balance. The noise correlation has an effect only when the symbol

probabilit ies are unequal .

The mathemat ical comp lex ity of the error rate expressions has , thus

far, prevented an anal ytical veri fication of the numerical results that H

the noise correlation has no effect on performance when the symbo l

probabilities are equal. The mathematical formulation for the error rate ,

however, is possibly amenabl e to further invest igation . Appendix E points

out a few first steps which may lead to further anal ytical investigation

of the error rate propert ies ; however , the mathematical relations involved

are in an area of mathematics , e.g. generalized multip le hypergeometric

functions , which is not yet fully developed . Further investigations may

be mathematicall y interesting, but the directions of such investi gations • -

and the immediacy of practi cal results of such investigations are by no

means clearly evident at this time .

19
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A P P E N D I X  A

DERIVATION OF PROBABILITY DENSITY FUNCTION OF • = -

The pdf of •~, i~ l ,2, is given by equation (7) of the ma i n text.

We must eval uate

f
4
(B(01,02) =ff,(8+a)01 )f,(a10 2)da. (A-i)

In view of the restricted range over which the f
,

’s are non-zero , (A-l)

must be treated as four separate cases (see Figure A-i). If -B+0
1

+n<O
2~~1T ,

or 01-62
+2Tr r~, then there is no overlap of the two fe

’s and ~~~~ In the

second case, we have 82-ir<-~+0 1
+ir<0

2+n , which implies that

o *1T~~~~
f~( B f e 11 o2 ) = j  1 f~~ (8+ aI~~1

)f ~~~(a ) 0 2
)da~ o1 o2~~~

o1
_e
2+21T.

2 (A— 2)

In the third case , -B+O
1

-ii<O
2

+i i<- Bf O
1

+1~ , which implies that

0 +11
f~ (~~~I01, 0

2
) j  2 f,(~ +aI0

1
)f,(ciI0 2

)di
~ 

ol
_e
2
_21
~~~

ol
_o
2

1 11 
(A- 3)

In the fourth case _8+O l
_u>0

2+11, or ~
<o l

_ o
2
_ 21I, there is no overlap and

f~(8)o 1~o2) E 0.

Substituting (7) i nto (A-3) and (A-2), we find

2 0 411

f,(010 1 02) 
= (

~
-) ~1 bk bq j 2 coS[k(~~ a.0 1)]C0S[ q(a. 02)] d1cX~

(A-4)

A-i 

--~~~~~~- -- - 
_ _ _ _  
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p(a) p(a)
p p

. p2

/\ IL _ __ _

_8+e1
_ 11 __t I I I 

~ 
t~02+11 ~8+o 1~11J JI 1~~ 

t 82+11
-~+e~J j  [ 

0~~ -8+e~ j [°
~ •

1

a) Case I b) Case 2
I

_
_ _  _ _ _a

0
2

_ n _tj ti 1L 
8 0

1 0
2
_B -1 .11 II 1L 

t~4~ 1~- 8f 8
1

-.ii J [ +
°~~‘~ 82 J [ 

84- O
i

0
2 8 0

1 0
2

+11

c) Case 3 d) Case 4

FJIUflE A-i DETERMINAT ION OF INTEGftA T IOU LIflITS
FOR PROBABILITY DENSITY OF • -, ASA FUNCTION OF a 1 2

A-2 
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and

f,(8!o1~e2) 
= (~~)

2

E~~~~ bkbq f

ol
+B_ B 

cos[k(84a-o1~~cos[q(a~e2)]da,
k=O q=O 0

2~~
1r

0]
_ e
2~8~

6]
_O
24211 (A-5)

where

bk 
= Ek ~~~~~ r (~+ i) 1 F1(~; k+1; -R2). I

Now consider the inte gra l in (A-4):

0
2

+11

I cos [k(8+a-01 )] cos [q(cx-e2)] dci. (A—6)

We have three cases , determi ned by the parameters k and q. When k=q=O ,

the integrand of (A-6) becomes equal to one , and we have

I = 211+8+02
_e l, k=q=O. - (A-7)

-1
The second case is k=q~’O, for which we apply a trigonometric

i dentity to write (A-6) as

0 + 1 1  6 + 1 1
— 

i = if
2 

cos(k ~+ke2-ke1) dci + Cos (2ka+k8-k6
1-k02) dci.

(A-8)
- - 

Integrating (A-B) we obtain

A-3

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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I = ~ cos(k t~+ko2-kt~1 ) (o
2~~ii -o

1
+ i i +8)

~~ [sin (2k02
42ku4k 8-k01-k02) 

- sin (2k0 1-2k11-2k84k8-k01-k82
)]

= -
~~ cos [k$4k(02-01 )] (211+8+02

_e
l )

4
~k 

[sin(k8+k02-k0 1 ) 
+ si~ (k~+kO 2-ko 1 )] (A-9a)

which can be wri t ten as

I = ~(21148+e2—e 1)cos [k84k(~2-o 1 )1 
4 

~~~~~ sin[kB4 02-01 )~ ,

k=q~O. (A-9b)

In the third case , we have k~q. Using a trigonometric identity ,

( A-6 )  Lan be written as

= cos[(k-q)a+k8+qo2-k01
]dci + cos[(k4q)~+k8-ke 1 -qe2]da.

- (A-b )

Inte grating (A-b ) yields

I

- sin[k01
_q0

1
_ (k_q)11_kB+q8+k8+q02

_ kO
1D

+ 2(k+q•Y in [ke2
4q0

2~
(k+q)ii+k 8-k0 1 -q02)

- sin [k01
+q8

1-(k
+q)11-k8-q8+k8-k01-q02

])

= 
2(k-qT 

{sin[(k_q)ti+ k8 +k(02-01 )] - sin [_ (k_q)11+q8+q(0
2
-0 1 )])

- 

- 

+ ,~
-
~
j- ~sifl[(k4q)TI4k8+k(02

_ 0
1
)] -

A-4

- —.- --
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which simplifies to

= 

~
-p

~
---
~
-j - {sin[(k—q)11+k8+k(02-01)] + sin [(k-q)it-qa-q (e2-o 1 )])

+ 

~Tk~~J 
{sin[(k+q)irfka+k(02-e1)) + sin[(k+q)1rl~q~+q (e2

_ e
1 )J).

(A—l i)

Making use of the identity sin(x+y ) = sin x cos y 4 cos x sin y, and

recognizing that cos (K11) = (_1) K, (A-li) can be written as

i = -(-~~~~ ~~~[(k~~)8 + (!(j~)(o2
_ e

1)] cos [(kjq)8 + (k q)(02
_ 0

1)]

+ 
~~~)k+~ sin [(!~j~.)a + (~j.~)o 2-e1.] cos [(’~-~~)~ + (kj~ ) e 2_ o 1].

(A-i?)

Noting that (_1)k-q ( 1) k-q+2q = (_1)k+q and that 2sinxcos y =

sin (~jY-) + sin~ -jY-), (A-12) can be written in the form

= -(4)---~_ {k sin[k~#k(o2-o1)] -q sin[q8+q (02-e 1 )]1, k~q. (A-13)

We now substitute (A-7), (A-9), 3nd (A-13) into (A-4) to obtain ,

replacing (02
_e

l ) by 
_ (0

l
_ 0
2)~

2
f
+
1810 1~

02) (2~
) [211+a_ (o

l
_e
2)]

2 2 (1211+a_ (e 1
_e
_)• + (2) ~~~ 

b~ 
2 ] cos[k8-k(e1-e2)1

+ ~~~~~
- sin [k~

_ k(ei
_ o
2)]} + (1)

2 
~~~ 

~~~ 
bkbq

k=O q=O -q

k?q

{ksin[k8-k(0 1— 02)] 
- qsin [qa-q(e 1— e2)]),

01-e2-211~B~e1 -e2. (A-14)

A-5 

_a -_
~~~~~~~~ ••~~ 

~~~~~~~ 
•— 

- 

—
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In (A-14) the first term in square brackets accounts for the k=q 0 term

of (A-4), the single summation accounts for the main diagonal k=q, and

the double sum encompasses the remaining terms of (A-4). -

We observe from (A-13) that for q~’k, I(k=k0 , q=q 1~) 
= I(k=q0, q=k0). -

- 
-

Thus the double sum in (A-14) can be reduced to one infinite sum and

one finite sum :

_ k-i
2 bkbq 

(..~ )k;~ {k sin [k8- k(e 1-e 2 )] -q sin Eq a-q( e1-e 2 )]}. (

k=l q=O k q

Thus (A-14) becomes

2
f,(8I0 1~

02) 
= (

~
—) [211+a_ (e

l
-_e
2
)]

1 2 2 121r~
_ (O

i
_ O )i

+ bk L 2 
2 
j cos[k8-k(01-92)]

k=l I:

- + ~~~~~
- sin[k8-k(81-e2

)]~

~ k—i

+ 2(.~
_) 

~~~ > bkbq {k sin [k~-k(e1-e2
))

k i  ri=C) -q

— qsin[qa—q(e 1-e2)]),

o1 -e 2— 2n~a~e1—e 2. (A-15)

• . From (A-5), we need to evaluate

01
+11_B

j  
=f cOS(ka+kB-k01) cos(qa-qe2)da (A-l6)

02
_11

which differs from (A-6) only in the limi ts of integration. Again

there are three cases to consider.

_ 

A-6 
_ _

---

~

-- - _ _ _ _  - -- ---- —“- - -- ~~~~~~~~~~~~~~~~ 
-

~~~~~~~~ ~~~~~~
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if k=q O, then (A-16) becomes

J 
J 

dci, k=q=O (A-l7)
02

_lI

which yields

J 2i~-~-(~~ - ei ), k=q=O. (A-l8)

if k=q~O, then (A-16) becomes

~ +~ i-~~ • -

j

l 
cos(ka+kB-ko 1 ) cos(ka-ke2) dci. (A-l9

02
_lI

Using the identity cos x cos y = ~ [cos(x+y)+cos(x-y)] we can write

(A-19) as

0 +ii-~~~ 0 +w-5
j = cos[ k~+k(e1 -e2)) dci + 1J. cos [2ka+kB_k02

_k0
i] dci.

02
_lI 02—n

• 

(A- 20) H

Integrating (A-20),

j J = 
~ 
[211-B-(o2-e i)) cos[k~+k(e2-o1 ))

+ 
~~~~ 

{sin[2k01+2k71-2k8+kB-k92-k01]

— sin[2k02-2k11+kB-k02-k01])

211_a_ (o
2
_o

l )
= 

2 cos[k~+k(e2—e 1
)]

+ 
~
!
k. {sin [—k~-k(~2-o1

)] — s in[k~+k(e2-e1))) (A—21 )

A-7

— - -—~-—~~~~~~
- 
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which simplifies to

J = -

~~ 
[211_ B+ (el

_ 0
2)] cos{kB-k(01

-0
2
)] - 

~j~
- sin [kB_k(0

1
_ 0
2)], k q~’O. I -

-

(A-22)

If ki~q, then (A-16) becomes

0
1
+1 T 8  8 1

+11_ B

j = cos[(k-q)ci+kB+qe2-ke 1] da +~~J~ 
cos[(k+q)cz+kB-ke 1 -qe2] dci

82
_il 02

--n

(A- 23)

which integrates to

- = 

~
-ç~~

-y {sin [k0 1-q01+ (k-q)11-kB
+q8+k8+q0

2—k 01)

• - si n [ke2—qe 2— (k—q)il+kB+q82—k01])

+ 

~~~~~~~~~~ 

{sin[k0 1+q01
+(k+q)ii-kB-qB+kB-k0 1 -q82]

- sin[ke2+qe2-(k
+q)il+ka-k01-q02])

2(k-q) (sin[(k-q)lI+qB+q(02-01)] 
- sin[- (k-q)11+k~+k(e2-e 1 )J)

+ 

~~(~~~~J 
{sin[(k+q)it-qB-q(0 2-01 )] - sin[- (k+q)it+kB+k (e2-e 1)])

= 
2(k~~T 

{sin[(k-q)lI+qB+q (e2-81 )] + sin[(k-q)il-kB-k(e2-81 )])

+ 

~c~~
y {sin[(k+q)11-qB-q(02-01 )] + sin[(k+q)i,-k~-k(e2-o 1 )])

= 2(k-q) {cos[(k-q)ii] sin[q~
+q(e2-e 1)] - cos[(k-q)lI) sin[k~+k(o2-e1)]}

+ 

~~~~ 
{-cos[(k+q)lI} sin[q~+q(e2-e 1 )] - cos[(k+q)iij sin[k~+k(o2-e1)])

(A-24)

LLl;; ~Ill.I ~ IIlMI ~_ll. 
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which simp lifies , recognizing cos .nil = (_1)n , to

j = - 

~~~~~ 
{k s in[k B- k( 0 1-0 2 )] - qsin [qB-q (e 1 -o2)]), k~q. (A-25)

Putting (A-18), (A-22), and (A-25) into (A-5) yields

f,(BIO 1~e2) 
= (1)

2 
(211-

+(~
L)2E b~~[211~~ (9 i-O ?) ] ]  

cos [k B-k(o 1-8 2 )]

(�
!
k) sin[kB-k(e 1-02

)]~ — (
~~.)

2 
2 > > b kbq
k=~ q=O

k+q

2 
{k sin [kB-k(0 1 -02)] —q sin [qa-q(0

1-o2)]), Fq

0
1-82~B~

0
1-02+2lI (A-26)

where we have again used the symmetry property of the double summation

to introduce a finite upper limi t on the inner summation.

In (A-l5), we can rewrite the limi ts of applicability as

-2lI
~
B_ (0

l
_ 0
2)~

O

and in (A-26) we can rewrite the limi ts of appl i cability as

O
~
8_ (0

1
_0
2)~

2lI.

Thus (A-l5) and (A-26) apply to adjacent regions , depending upon

whether B_ (0
1
_ 0
2)<O or a-(01-02)>O , respectively. Letting 4’ = 8_ (0

1
_8
2)

in (A-15) and (A-26), we can see that (A-l5) is merely (A-26) wi th

4’ replaced by -4,. Since (A-15) applies for *<O , -g’ l4 ,l over the range

of applicability . For p’O , I4,~
=4, and thus (A-l5) and (A-26) can be

combi ned to give

A-9

‘I— - —--- - - ——- — -- - •  - - - — .~~~
-- - • • - - — .~
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0,

(i)2{ [ I~~~~~~~~ l)

• + ~~~~~~~~~~~~~~~~ cos[kIB- (01 -02)I]

• f(a1o 1 ,02) = - 
~~ [kI8-(e 1 -e2)l]~

k-I
-2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

k= 1 q=O -q

8l
_ 0

2
_211

~~
8
~

Oi
_ 0

2
427I

0, 0 1-0 2+2lI~B<” .

(A-27) I

I
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APPENDIX B

EVALUAT ION OF EQUATION (19)

We will evaluate (19) for two cases: 101
_0
21 0 (1~spaceh) and

10
1

_6
2 I = 11 (“mark”). First we treat the case of “space” being trans.-

mitted.

B.I “SPACE” (Io 1
_e
2 = 0)

We use the binomial theorem twice to write (19) of the main text
as m - •

~m ,n =J exo [Ycos~J f,(aIO ){~~.1, (~)z~cos~J{E (~)_Z)rcos rBJdB
£ 0  r O  (8 1)

where we have taken into account the finite range over which f
4’
(~jO)

does not vanish . Interchanging the order of summation and integration ,
which is cleariy permissabie due to the finite limi ts,

Vm n  = 

~~ 
(
~
) ( _1)r z~+rfexP[vtosB] ~05L+r

8 f,B~O d ~1 ~B-2)£0 r=O 
-2 i

~ :~ -~

Denoting the integral in (B-2) as W5(t+r), using (16) of the main text

for f,(BlO) , and splitting the range of integration into two subinterva ls 

Ifor positive and negative B to enabl e us to elimin ate the absolute H

value signs from the integrands , we. have

W5(M) 
~
( c MB Yc05B(~)2{(2 )

+~~~~b~ {(211;8) cos(k~) 4~~~sin (kB)]

B-i

• 

• .~. :  ~ - 
- - 

- ~~~~~~~~~~~~~
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+ 2E ~~ 
bkbq ~~~~~ [k sin(kB ) - q sin(qB )]~ d~k I  q 0 k - q

+ 
j lI

cos t4
Be~~~058(~ .)2{ (2l I_ B )

+

~ 

b~ [(2~
n-B 

)
c os(k ~~) - k sin (kB )J

k-i
(1)k+~~1 1)

-2~~~~~~~ bkbq ~2 q2 
[k sin(k8) - q s i n (~a)j~ da (B-3)

k—i q—O

where we have defined £1= t+r for notational simplicity. If we make

the change of variabl e y=—B in the fi rst integral of (B— 3) we find -‘

tha t it equals the second integral . Interchanging the order of summation

and integration , we have:
• r

w5(pi) 2 (1 )2{j 2 - n co sMB e~~
0
~~dB j  

271 
B CO5 MBe 05BdB

+ b~~[w j

2-ir 

cos kBcos M
B e~’

C05 BdB - B COS kBcos M
8e~~

058d8

— ~f s in  kBcos MBe ’?’cos B
dB]

- 2
~~~~~~~

bkbq 
~~~

[k j~~sinkBcos
MBe~’c058dB -

~~~

- qf sinqBcosMae~C0S8da]~. (8-4)

H B-2

LI ____ - 
- ___ — 

~~~~~~~~~~~~~~~~~
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In (B-4) we make the change of variabl e a B-i, and make use of the identities

cos(~ z + Qir) = (-1)~cosqa ~
sin(Qu + Qn) = (I)~si nQa ~ Q Integer (B 5)

to write

= 2(i) {211( 1)Mf cosMae~~~
05ada - f:(~1)

Mcos
M
ae~~~

05adci L

lIf (l)MCOS M~~
_Ycosad

+Eb~ [lIf
(~ 1) kcoska(~ 1) Mcos Mae C05ada

- f a (~ I ) kcosk a(~ 1) Mcos Mae C05 t1dQ

- ~~ flI (~i)
kcoska (~l)

Mcos Mae~~c05d1dci

- 
1 [ ( I) ksink (i)Mc0S

M e
_’YCOSQ

dci ]

- 2~~~~~~~b~t~q 
(1)k;Q [k j

(_l)ksinka (_l)McosMQe
_ YCOScidci

k=1 q=O

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(B-6) ~

•

In (B-6) the second , fifth , seventh , eighth , and ninth integrals vanish because

the Integrands are odd functions ~nd the limi ts are symmetric about zero. Also ,

we may write the integrals of even functions as twice the i ntegrals over

10,11] to give
8-3

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-j--

J. S. LEE ASSOCIATES, INC.

Ws(M) 
= 4~~ i)2 ( 1 ) M 

{lIJ~

1t

e~
VCOSucos MadQ 4~~~~b~ (1)

k

~ I e C05QcosMcicoskoda~. (8-7)

F - 
- Combining formulas for the even and odd powers of the cosi ne [9,1.320.5

• . and 1.320.7] we can expand the power of the cosine in terms of cosines

of multiple arguments :

M-u(M)

= 
t
u~~(M) ~~~~~~~~~~~~~~~~~~~~~~~ (B-8)

where

= ~~ ~=o
~ (2~ ii >O  

F
and

M even -u(M) 
~1, M odd

Using the identity

cos z cos ~ ~~
- [cos(z+C) + cos(z—~)] (B—9)

in connection with (B-8) allows us to write (B-7) as

• M-u(M)

Ws(M) = (1)
2 
(1)M 

j  
e C050

~~ 

~~~ 

t l (M)
M
2 J,?)CQ5{[2~+U(M))a)dci

+ ~~~~~ 
_~~)~

( 

~J ~~~~~~~~~~ > +u~ 1) (EM_u(M)~2u]/2)

B-4

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ • -~~~~ -—-~~~~~~
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• 
•[

~~ 
Cos{[2~i+u(M)+k]ci) + ~ COs([2i~+u (M)-k]ci)] ia~~. (B-b )

Interchanging the order of summation and integration in (B-b ), we

obtain

Ws(M) (
~

) (1)M 
~~~~~~~ 

c + (M)({M (M)
M
2 ],2)

~i=O

.f ~~~~~~~~~~~~~~~~~~~~~~~~~~

M-u (M)

.f> b~ (_1)
k 

~~~i +~ (~l) ([M_u(M)_2u]/2)

11.{
~ 

f e
_ 05cicos{[2~j+u(M)+k]a}da

+ 

~ 
f e c05acos{[2P~~(M)_k]a}daj~. (B-li)

All of the integ rals remaining in (B-li) are of the form [10, 9.16.9] H

f ~~~~ COSNCI dci = -nI N
(_ Y). (B-12)

Jo

Also noting that ‘N~~
Y
~ 

= (_1)NIN(y) for N integer , (B-Il) becomes

M-u(M)

W (M) = 4 (I)
2
(i)M ~~ (1)U(M) 

~~~

~~‘ 2  k,1 
_ _  I M \

~~~L.... , 
bk

(_l) 
~ 2M+1 L_.~ 

tP + u(N) (,~M (M) 2 ],2)

. [ 1) 2~ M)+kI2U~~(M)+k
(Y ) + (

~i)
2
~~~

M ) k I2~~~(M) k(y)]~
(8-13)

B-S

.• __1i~~~
-I•

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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S i nce (~ 1)k = (1) k and (~ 1)
2
~ 1 , (B-13) becomes

M (pa )
2 2 0(M),~Z~ MWs

(M) = 4 (
~

) (1)~~~ M L +u (M)(1M-u (M)-2~]/2)
’2~~~(M)~~~

M-~ (M)

+ ~~~ ~ + u(~ ) ([M-u (M)~ 2~]/2)k=I ~i~0

+ ‘2~+u (M)~ k(fl]~~
. (B-14)

Noting that b0 1 , the single summation in (B-14) can be brought inside

the doubl e summat ion by i ntro duc i ng the fac tor lic k since for k=0 the

two modified Bessel functions are identical . Thus , FT

M-u (M)

Ws
(M) (~1)~~

)
~

1) 

~~~~~~~~~~~~~~~ 
b~ ([M (M)

M
2 ],2)

+ I2~~~(?l)+k (Y)J 
. (B-15)

Putting (B-15) into (B-2) we arrive at the form

~ 2
Vm n  

= 
(
~~) 
(~)Z

r i -~~
u(
~~

r)

£=O r 0  k=0

b~ C~~~~ ()~~~~~ ( 
t+r

\[L+r-u (~e+r)-2p ]/2

[I2

~~~

(z) k(Y) + I2~~~(1+r)+k(Y)] 
. (B-16)

B-6 

- - -~~~ -~—~~~~ - - •~~~ 
• —
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Noting that 
-

(
~
)= 0 if b<0 or b>a , (8-17)

we can extend the limi ts of the summations over 1, r, and p in  (B-16)

to infinity . Then we can interchange the order of summations and use k

Bailey ’s theorem [l1,pp. 58-59] to replace the doubly infinite sums

over £ and r with one infinite sum and one finite sum . Thus , with

s = Z+r and t=e, (B-16) becomes

V — 1  1 \ 

~~~~~~~ b
2 p +’U(s)

m ,n — 2 • \~s—u (s)—2~]/2) \2/ k
k=0 p=0 s=O

S

+ 12~~ - s ÷k(~)] E(~)(5~t)~~
1 t 

. (B-18)

t=O-

It can be shown [
~
[2 ,p . 17] that the finite sum over t in (B-18) is a

Gauss hypergeometric function with a negative numerator parameter,

(
~

) ~~~~~~~ 
= (n) ,F1(-m,-s ;n-s÷1;-1). ~B-19)

Putting (B-19) into (B-18) and again using (B-17) to introduce finite

limi ts in the transformed summations , we have finally that

5-u ( s)

Vm n (space) = E ([s-u s)~~~]/2) (~
)s(1)u(s) 

b~ Cp+u(s)

• k=0 s=O p::O - 
Ck

[12 f(S ) kcv) + I2 + (S)+k (Y)](S)2Fl(-m I-s ;n
~
s+1;-1) (3-20)

which Is (21a) of the main text.

L ~~~~~~~~~~~~ - • •• - -~~~~~~~•~~ •~~:
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B.2 “t1ARK” (Ie
~
_ 021 =

Again we use the binomial theorem tw ice and interchange the order
of integration and summation to obtain , for “mark”,

m n 01
_0
2+2w

Vm n  = 
~ (~X~)_ 1 rZ~~rf exp[Ycos8] cos~~

’B f~i8J Je 1-e2 J= n)d8 .
£0 r=0 

2
• 

0i~
82~ ~ • 

(B-2i)

Equation (B—2i) is identical to (B-2) except that J8
~
_ 0
2J= ~

Denote the integral in  (B-21) as WM(l+r). Since I0 l~
02J= 11 we have

two cases, namely 0
1
_0
2 -ir and 0I

_0
2 11, wh ich occur with equal

probability. Therefore,

W
M

(14r) = 

~ £ exP[Ycos~ ~0~Z+r6 h,(BI81
_0
2
=_ 

~)d8

+ 

~ I exp~~cOsBjcos~~
rB f$(8181-92=71)dB. (B-22)

Using (16) of the. main text for 
~ ‘8I e 1- ~2~’ letting M =l+r , we

can write for the first integral in (B-22)

W~(M) (1)
2 f e1~

05Bcos MB{(3-n+B) + b~ ~
3il+B COS [k(8+lT)]

-
~~~ k-I

~
+ _~~- sin[k(B+-n)J + 2 L,~ L11 

bkbq ‘
~2
’ 
~~2k k=i q30 k — q

‘I

3
ksi n{k(a+ir~J 

— q sin [~(a+lI)]~
}
dB (

~_)2 _[,~ 
e~~°~~cos~

1 a 

• 
I.~~~~~~T~~~~~~ - . T 1. ~~~~~~ 

~: LJ
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-

{ ( w - ~~~~) ~~~~~~~~ b (!jc~) - S~ fl [k(8+i1)]~

-2 ?~ 
bkbq 

t~~-)
_-_ ~ksin [k( B+ 17~J 

- q sin [q(B+~~~~d8
q (8-23 )

and for the second i ntegral in (B-22)

w~(M) (1)
2 f e~~

05Bcos M8~~n+8 + ?~ 
b (!j~~cos 1k(e~lI]+~~ sin1k(B-il~~

+ 2 bkbq ~~~~~q21 
k sin{K (8-il)] - q sin [q a--n~~~~dB

+( �i)

2 f e~~
05Bcos~~(3-n_8) + ~~~~ b~ ~

(
!7!j!) CO s [k 6_ ii )]

~ k-I
- ~ sIn [k8_il)]~ _2 >> b~bq 

k~~LH~ -_

k=i q=0 - q

.~k sin1k(B~
n)]
~ 

q sin [q (B~lI)]~~da. (B-24)

If the change of variabl e y= -B is made in (6-23) we find that

W~(ri) = W~(M). Thus the equally weighted sum of the two integrals in

(B-22) equals the unweighted value of either integral .

Using the form in (8-24) for WM(M), we make the change of

variable y=B-1I . Since cos(y+lI) = - cosv , we have

B-9

- -—- - --- -—-•---~~~~~~~~ — -•--~~-rn - — 
__ .#_ ~~~- — —
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W~(M) (~)~ c0~ (~ I)McosM~{(2fl~~) +
~~~~~~ 

b~[(~~ Y 
)COS(k y) +~~~ sin(ky )]

+ 2 b~b ~~~~~~ 
[k Sin(ky) - q sln (~Y~J}dYk 1  q=0 ~~ - q

+ (I)2j Y c o s y M M  
{(211-Y) + 

~~ 
~~~~~~~~~~~~~~~ sin(k~)]

1
k+q

- 2 
~~ ~~~~~~ ~~~~ sin(ky )  - q s in(~Y)]~ dy. (B-25)

k—i q-O q

Comparing (B-25) with (B-3) we see that the only differences are a
— - multiplicative factor of (_ 1) M and a change of sign in the argument

of the exponential . This latter difference will lead to a change in

sign of the arguments of the modified Bessel functions , allow ing us to

write the results of (6-25) by analogy to (B-15) as

M-u{M1

WM(M)= 
(_ 1)~~~~

(M) 

~~ 

t
~~v (M) 

b~ (
[M_u(Il)~2~]/2)

4~2 M)-k~~~ + ‘2~~~(~4)+k
(
~~
)] . (B-26)

Since i~ (—x) 
(_l)’~1~ (x )~ for n an integer ,

M-u(MJ

W (M) = 
(1)2~M#V(M)) ~~ (-1)~~ _ _ _ _ _

M 2’ k=O j=0 ek k

+ (i)ki (y)] 
. (8-27)

B-1O

— ~~~~~~~~~~~~~
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Furthermore , since an even power of -1 is equal to 1, and (.1)
_k 

=

(B—27) becomes

M~~~ )

• WM (M) =- 
2M+T ~~~ 

C~~~~j•~j) (1)k b~(rM .u(M)~2P]p)

+ I,+(M)+k(Y)] . (B-28)

Therefore, from (B-21) and (B-28) when a “mark” is transmitted

Vm n  
= 
~~~ > (~)(~)_ ~~r ~t+r 

~~~~~ ~£=O r=0 k=0 ii=o k

/ .  £+r •

. (1)k b~ (,~[1+r-u(L+r)-2ii ]/2)

. [12~~~(l+)k
Y + I2~~~(1+r)+k(Y)] . (B-29) P

We again use (8-17) to introduce infinite limits on the summations and

interchange the order of summations , summing first over k and p then

over £ and r. Then we apply Bailey ’s theorem to diagonalize the sums

over I and r. Letting s=-t+r and t=r , (B-29) becomes

~m ,n 
= >~ 

(s~t)(~)(_ 1)t(~)

5
(_1~~ ~~

u(s) b~
k=0 p=O s=0 t=0

• ([SU5~~2~]I2) [I2~~~(S) k v + I2+ (5)+k(Y)] . (B-3D)

L

B-li
_________ - - - -—•• —-———---—

• —
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The summation over t in (B-30) becomes a Gauss hypergeome-tric functIon

[12,p.17] as was shown in (B-19). Therefore ,

~
‘m ,.i 

= ~ ~! ~t ~~~~~~~ ([5_u(S~
_2
~]/2) (

~~~

)

5 

~~~~ ~
k=0 s=O p=0

• 
[‘2~~+~~{ 5 )  k W + l

2p~~ (s)+k(Y)]

.(
~ ) 2F1 n, 5 m 5 4 1~~1) (B— 31)

where we have interchanged the order of summations over s and p and
have again used (8—17) to introduce finite summation limits .

I--

-- - - 
8-12 
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APPEND IX C

EVALUATION OF EQUAT IONS (23a) AND (23b)

C.i EVALUATION OF (23a)
• . Using (20a) of the main text in (23a) of the main text,

— P(e ;p jspace) = 
J-4 ~~~~~~~~~~~~~~~~ 

__L Vm n  {~
-(
~

-
~ 

(h~ +h~)Jm
-

~~~ d ~ n O m = O

[~~~~~)(h~ +h~)]n exP{2
2
~~~
] 

G~[~~~~ Y~~~] 
dy

Od
( 

~ °d~
1
~~ ~ r

(C-i)
where Vm n  is not a function of 

~ (see Appen dix B) and the function
G~( )  is defined by -

•

n . 

FG~ (x ) .~~~~~(n+m_~) 31~ 
- 

• 

(C-2)

Interchanging the order of summation and integration in (C-i) we obtain

2 2
P(e;pjspace) = —

~~~
- ex~

{_ h1 +h
2]~~~~Ev {

~
. ~~~ -Q-) (h~ +- h~)]m

~ n 0 m=O

.{
~ 

(
~

) 
(

~~~~~
+

~~~~~
) ] f l  Um n  (C-3)

where

Um n  = 

J 
ex~
[
~~~~~

J 
G~
[
~ ~~~~~~ 

dy. (C-4)

C-I
- - - -~~~~~-_ — • • -- - ----

-
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Using (C-2) in (C-4) and interchanuing the order of summation and

integration ,

Um n  = ~~~_3) 1-~P~[ 2
4 2 ] 3 ]  y

J exp 
[0
~
(
~Y_~)] 

dy. (C-5)

Making the substitution x=-y in (C-5) and using [9, eq. 3.381.4] we can -~~
evaluate the integral in (C-5) to obtain •

• 

- .

Um n  = (.!jQ) c
~E(°’~

J) ~~~~ 
- (C-6)

Equation (C-6) can be summed using {12,p. 171 and [lo ,eq. 15.4.1) to yield

= (E
~~~~ 

2 jn+m\ F 1-n 1 - n-rn- -?. -\m,n \ 2 / °d \ m 1 2 l\ ‘ ‘ ‘ i+p/ . (C—7)

Substituting (C-7) into (C-3) and rearranging terms gives (26a) of the

main text.

C.2 EVALUATION OF (23b)

Usi ng (20b) of the main text in (23b) of the main text,

P(e;plmark ) =j
~-4 exp [_ 

h
~
+
hj]~~~ >~~~

l Vm n  [
~ (~
j~)(h~ +h~)]m

0 °d ~ n=O m=O

.[
~~

(
~~_2) (h~~ +h~~)]~ exp 

[-
~~~~

-

~j  
G
~{2

4)’-2_] dy.

(C-8)

Interchanging the order of summation and integration in (C-8) we obtain

P(e;p~mark ) = 
_
~~exp~ I 

h~ +h~
]
~~~~~~~v [

~
- (~f~

2) (~~+h~)]m
d n=O m=O

.[
~ 

~~~~~~~~~~~ Tm n  (C- 9)
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where

Tm n  =1 exP{_~~?Y_.~
] 

G~ [_ ~~~~2)]dY . (C-io)

Using (C-2) in (C-b ) and interchang ing the order of summation and

integration ,

Tm n  ~E (m~~_ )  
i

1
. [ 4 ~~~]i fyi 

exP[_2~
?Y
~
_
_] dy. (C-li)

Using [9, eq. 3.381.4) to eva l uate the integral in (C-li) we obtain

Tm n  = (1j2) ~~ ~~~~ (n-f~m_i) 
(T-

~~~
-)

3 

- (c- 12)

Equation (C-12) can be summed in the same way that (C-6) was summed to
yield

Tm n  ~~~ 
~ (~~n) 2~1 (-m,1;-m-n;~~~) . - (C-13)

Substituting (C-13) into (C-9) and rearrangina terms gives (26b) of the
main text.

C-3

J a. ~~~~~~~
-—-i-
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APPENDIX 0

ALTERNATE DERIVATION OF ERROR PROBABILITY EQUATIONS

This appendix presents an alternate derivation of the conditional

error probability expressions. For brevity, only the case of a “space ” L
bei ng transmitted is considered.

The probability density function of the decision variable conditioned

on the phase difference between the two inputs to the multiplier is given

by (14) of the main text.

The phase difference • is a random variabl e wi th some density func-
tion f~(B) . Thus the unconditi ona l p.d.f. of the decision variable is

determi ned from

p(y) f1~y(Y;PI+ a)1,(8)da (D-l )

Our task, then, is to find f,(8) so that (14) and (0-1) may be used to

find the pdf of y, which may then be integrated to determine the error

rate performance of the DPSK system.

PROBABILITY DENSITY FUNCTION OF PHASE DIFFERENCE $ 
1

The probability density function of • can be obtained from the - I

p.d.f. ‘s of f
~
, i=l ,2:

f (a) = ff (~+a)f (u)da. (D-2)
_ , 1 ~2

In reality, the functions f~ and f, depend upon the transmi tted signal1 2
phases , 01 and 02~ 

respectively, and hence should be written as conditional

_ 
0-1
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densit ies f
$ (ciIe~

) and f
~2

(aI o2). Then f4 (a) becomes f~(a Ie 1~o2) and,
as expected, the result must be averaged over the ap~iori symbol
probabiliti es.

The phases and are ident ically dis tributed random var iables ,
with density function [23, [33

= 
~~~~~~~~~ 

bk cos[k(u_eI)], i~1,2, lo-0.I~ 1~ (D-3)

where k
b k = tkti I’(~~

F I)1Fj(~ ; k +  I; _R
~~)

R2 = upl ink signal to noise ratio (at input toU bandpass limiter)

— 
1• i , k=O

E
k ~~2, k>O

and 1F1(a;b;z) is the confluent hypergeometrjc function. .

The p.d.f. of the decision variable conditioned on e -e -Is H1 2
then

= 

Ji:
I 8 ) 8l01 02~~

= i~ j f y ( Y; P I $ a)f ,1
( 8+a)e i ) f, (a I e2 )d uda . (D-4)

• The p.d -f. of • ,  1=1,2, is given by (D-3). We first
determine the limi ts of the integration

(D-5)

I,

D-2
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In view of the restricted range over which the fe ’s are flOfl-zero, (0-5)
must be treated as four separate cases (see Figure 0—1) . If -a+o1

4~<o2
_
~.

or e -e 42,r.ca, then there is no overlap of the two ‘S and f ~O. In the1 2
second case, we have ~~~~~~~~~~~~~~~~~~~~ which impl ies that

= j  ~ f
~~(B4ciJO 1)f~~(aJ~2)d~. 81

_0
2~

a
~
81

_0
2+2,~.

2 

(0-6)

In the third case, -B+0
1
-~T<0

2
4-n <-B+9

1
+~~, which implie s that

= f  2 f
~ 1

(B+u J o 1
)f~~~(a J e 2 )cia , eI

_O
2
_21

~
8<9]

_e
2 :I 
(0-7)

In the fourth case _8+0
l
_
~
>02+~

, or 8ceI~
1e2

_21, there is no overlap and
f~(~ 1ø 1—~2) E 0.

Accordingly, the range of a and ~ over which the integration (0-4)
should be perfo rmed is as shown by the shaded area in Figure 0-2:

62~~1
01

_a
~~

= J J ~+2
t02)~y1Y P1~~8)f4 (fr~~I01)dsda. (0-8)

el_a_iT

To calculate the error probability , consider the case where a space
is transmitted , i.e., there is no change of transmi tted phase from one symbol
to the next , 0l~

02=O. Thus an error is made if the decision variable ycO , and
we have

i•0

P(e;p~space) J p(y)dy

1.0 1.8
2

+iT (9 1-a+~j j J ~ (c z Ie
i

)f ( y; pI,=8)f  (B40I01)d8dady$1 •1
~~~~ 

0~~
-i

~ 0~-a-~
CD- 9)

0-3

-ii-- i~~i~i :~~~~~* ~~~~~~~~~~ 
- - .. lh-~~- - - .. 1J ~~~~~~~~~~~~~~~~ 
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p(a) p(a)
P - P

•

1
8+0) .~1 1_ 1_ 0~ 

_a+e
i-ii

Jj jI.02

a) Case I b) Case 2
p ci) plo)

P~ P P~ F-I 
- 

_ _ _  _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _

A 2-i~ JJ 11 dt
L O

2
-,~ ._t J It L-8+0

1
-iT J L 0

2
+ir 

0
2 J L 8+01

0
2 

-B+0~ e2+-n ~
6+81 -ii

c) Case 3 d) Case 4

FIGURE D-l DETERMINATION OF INTEGftATJOU UHITSFOR PROBABILITY DENSIT Y OF • —$,, ASA FUNCTION OF a I C
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Putting (14) of the maip text into (0-9) we have , after some algebraic I 
—

mani pulation ,

2
P(e;plspace) = -4 exp [ 

h1+h~

]

~~~ 

~ ~ ~~~ 
(h~+h~)]~

• {~~
) (h~+h~)] Jex~

[
~~~~~~

] 
G~ dy

62+u 0 -a+JT•j •• J I 

e~
’
c058[i+Zcos8]m{i_Zcos8]h1

0
2
-iT 0

1
—a—ii

• f (aJe 1)f(~+aJo 1)d8d~ (0-10)

where

2ph 1h2
I-p

and
2h1h2 

-

h 1 2

Let us denote the doubl e integral in (0-10) by I~ . Then

= f~~~(a JO 1
)I~~(a)dci (D-ll)

02 iT

where 
+

I~(a) =

1 
(0—12)

We can use the binomial theorem to write (D-12) as

Is 
= ~~~~~~(rn

)(
n) (l)rZt+rV (L+ ) (0-13)

t=O r=O

D-6 
-

• - - I - — ~~~~~~~~~~~~~~~~~~~~~~~~~~ ••~-~ — -
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where 
~(1 V MV(M) = 

J e COS 8 
~f (8+aJ01)da (D-14)j01 0i T

and M t + r .

Substituting (D-3) into (0-14) we have

O - a +-,r
V(M) = 

~~> b k f 1 
e~
’C0

~~cos M8cos[k(B+Q...O )JdB (D-15)
k=O e1-~--~

Using [9. 1.320.5 and 1.320.73 we can expand the power of the cosine in terms
of cosines of mu ltiple argument s

cosM~ = 

~ +u(~) (fM-u(M~-2~J,2) 
cos{E2~+u(M)]~} (D-16)

where

~ ...5I,~~=O

~
‘

and

- Jo , q evenu%q, - 
~1, q odd

Using the identity

~~ ~ = + cos(z_~)] (D-17)

in connection with (D—l6) allows us to reduce the integral in (D-l5) to the
form [13)

2~+~
v = J e YCOSO COS NO do = 2111N (Y) (0-18)

where $ Is an arbitrary angle.

0-7 
_____
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Substitution of (0-16), (D-l7), and (D-l8) into (D-15) yields , after
some al gebraic manipulation ,

V(M) -
~~~

- co~~k (a
~
e1)Jc~~(M) b (EMUM ~~2~)/2) • 

-

~

[I2~f (M) k(V) ÷ 12+ (M) k(Y)] (D-19)
• where bk, tk , and u (k) are as defined previously. Using (0-13), (0-19)

and (0-3) in (0-11) yields

£+r_u (L+r)

= ~~~~~~~~~~~~~~ ~~ 
C +u(L+) (rnXn)( 1)rzL+r(

~~~~
r \

\p=O k=O t 0 r=O i~=O - 2 /

• [12~~ (t+)k~~ 
+ 12 + ( + ) k (Y)] b b k f COs [P(ô-O1)]

cos[k(a_ 0
1)]d~~

2 (D-20)

The integral in (0-20) is equal to 21T for p k=O , for p=kjO, and disappears
for p~k.

D-8 L
- I
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Thus we have

= 

~~ -‘-(~X~) ZL r (_1)r
k=O £=O r 0 0 

~ 
r

+ 12U+u (t+r)+k~~~] (0-21)

Making use of the property of the binomia l coefficients ,

(~) = 0 if bcO or b>a , P1

to extend the limi ts of the finite sums to infinity and then applying Bailey ’s

theorem [ll ,pp. 58-59] to the sums over i and r, we can wri te (D-21 ) as

s— u(s) 1•

= 

~ ~~~ 
( [s_ U(S) !2P]/2X~~)

5 b~c~~~(5) (i)~ 
-

S

•[12+US k Y+1 2P+U 5 +k Y] ~~ 
(~X5~) (1)t (0-22)

It can be shown [l2,p. 171 that the summati on over t ifl (D..2~) can be

expressed as a Gauss hypergeometric function with a negative numerator

parameter. Making use of this , we have
s— u(s )

~ ~ o ~ ~ o ~~~~~~~~~~~~~~~~ 
bkclJ+U(sJ _1)u(5)

2p4u(s)-k~~~~2p+u(s)+k~~]

n -s+1; —1) (D-23)

- - 
0-9

---rn------ ~~~~~~~~ ~~~~~~
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where we have aga i n use d the pro per ties of the bi nom ial coef fic ients to
introduce finite sumation limi ts and have used (l)~ ( 1 ) U(S)

Letting I~ denote the first integral in (D-lO), from the definition 
L

of the Dolynomial G~(x) we have

Is 
= ~ (n+m_i)i...(..l)J [;~(~_ P z)]~i exP[2r )]Y

JdY. (0-24)

The integral in (0—24) may be evaluated by making the substitution x=-y and

using [9, eq. 3.381.4) to obtain

= (i_~~)o~ ~~ (ni-rn_i) (2)3 - (0-25)

Using [12], we can sum (D-25) to yield

= (~~~ )o~ (n~m)2Fj(n,I; -n-rn; ~~). (D-26)

Substituting (0-23) and (0-26) into (D-1O), and rearranging terms for

clari ty, yields :

D- 10
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J. S. LEE ASSOCIATES, INC.

S—U(S )

P(e;p~space) =w (2i2)ex~[_ ~~~~~~~~~~~~~~~~~ ~~~

u (s)CkCP+U(s)
(_1) 

(n-sin

I (k+l\1~ 
k m

~~~~~~~~~~~~~~~~~ 
(l4x 2
)]

[+ )R l+A2]~ [2~+U (S)k(~~~ )+ 
I2~+U(S)+k(l~~2)]

- 2F1 (_n.
1;_n_m ; y~~)2

F1
(_m ,_s -.s+1;_I)

.{iFi(~
.; k+l ;_R

u)] 

- 

(D—27)

where - -

ji, q=Otq ~2~~q>O
and

,~~~jo,qeven -
u~q, 

~
i, q odd

and where we have defined the signal-to-noise ratio parameters

= h~ = direct channel SNR into the mul tiplier

and
h

- 
A

L 
= power imbalance between multiplier inputs

h~

and we have used the relation (2z)! = r(2z +1) = ?~ - F(z + .~-) F(z+I) to

0-11
- - -

: ~~~~~~~~~~~~~~~~~~~~ ~L
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simplify the form arising from the coefficients (bk)
2 which occur in (D-21).

Equation (0-27) is identical to (26a) of the main text.

042

- - - - 
~~~~~~~

i— — ~~~~~~~~~ 
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APPENDIX E 
I 

-

ALTERNATE FORMS FOR ERROR PROBABILITY EQUATION

The error probability equations (26a) and (26b) of the main text

may be written in several alternate forms. Although these alternate

forms do not appear to be any more computatlonally efficient , they are L
presented here for the benefit of those readers who may wish to pursue

further the mathematical properties of the error behavior of a DPSK

system. For brevity we present only the forms for a “space ” being

transmitted ; the forms for ~mark” can easily be written by analogy .

First, we consider the inner-most summation of (26a):

s-u(sj

= 
~~~ 

£ +() ([(~~~2 )/2) ~
I2~~~(5)~~~Y + I2~~~(5)+k(Y)] (E-1)

where V 2pXR~/(1-p
2). The expression in (E-1) may be summed as shown

below.

From [10, eq. 9.6.29) we find that

I~~~(z) = 
~~~~ {I~~~(z) + 

(c)  ~v-p+2~~ ~
(
~

) 1v-p+4~~ 
+ ...

+I~~~(z)}, p=O , 1, 2,... 
(E— 2)

where

J (z) .
V dz~ “

For pRO, I~
0)(z) = I

~
(z). Al so, from [10, eq. 9.6.6)

i~~(z) = I~(z) (E- 3)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where n is any integer. Since

(~)(p!j~ 
(E 4)

we can use (E—3) to re—arrange (E—2). If p is even , we begin with the 
• 

-

term 
-
~~~~

(p/2)’v~~ 
(E-5a )

and proceed with terms of the form, using (E-3) and (E-4),

~~~~~~~ 
+ I +2~(z)] (E-5b)

with all the terms of (E-2) being accounted for by the time we reach

j=p/2. If p is odd , then the first term is

([pS],2 ) ~
i~~~(z) + I~~~(z )~ (E-6a)

and we proceed with terms of the form, again using (E—3) and (E-4),

~~~~~~~~~~~~~~~ 
+ 12j41.h,(z)] (E-5b)

for j1 ,2,.. .,(p-1)/2.
p

We now notice that (E-5b) and (E-6b) can be combined by use of the

function u(.) which we Introduced in the main text. However, (E-6a) yields

twice the quantity of (E-5a ) If we attempt to combine them through use

of the u(•) function . To circumvent this probl em , we can doubl e all the

other terms by introducing the Neumann factor ~~~~~~~~~~~~~ which -is I when p is

even and .1=0 and is 2 otherwIse. The entire result is then halved . Thus

p-u (p)

= 

2p+1 ~~~~~~~ 
d
.1+U(P)([P~U(P)!2i]/2){12i U(P)~J2) 

+ 121+u(p)+Jz)] -
.1=0

(E—7)

E-2
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Using (E-7) In (E—1), we find that

= 2s+11 (s) (~) - (E-8) 
I

L
:

Putting (E-8) Into (26a) of the ma -I n text, we have the alternate

expression

P(e;p,A~space) = 11(Y) ex~ [. hp2] E 
~~o 

7
~frP~~32 

cn~
m
~c;)

- (R)
2 k 

2 )S 

~ 
( ~ ) 

R~ (1 +x
2
)I 

m 

R (~.±a) R~( 1 +A 21 
n

( )f2PAR~ \ 2• ‘k 
~~i

2) 2Fl(_n ,1;_n_m ;~T_)

. 
2 Fl(_ m~_ s ;n_ s+1;..1){iFi(~ ;k+1;_R2)]

2 
( E— 9)

I for the error probability given that a “space” was transmitted .

Another formulation for the error probability may be written by

using the relationship [14]

1 2 exp(-R2/2)r(n+1)22” I /R2\ 1R2\1
i Fi(n4~

.;2n+2;_R
~
) = 

[‘nk~~P ‘n+i~c*1j (E-1O)

Setting k/2 = n +-~, the confluent hypergeometric function in (26a) of

the main text may be expressed as

1F1( ~;k+1 ;-R
2) = 

exP (_R~/2)r~~ i)2
’
~’

[ 
(R~
) I(k+1),2(-~)]U 

(E-11)

Putting (E—11) Into (26a ) yields a second alternate formulation for the

error probability

E-3
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P(e;p ,x~space) = -ir R
2 

(.!
f

~L) ex~~[_ 
__
~2] 

exp [_R~]

• ~~~~~~ ~~~~~~~ 

‘

~~~~~~ ~~ 
C~ C .~,(~)(1) 

)~~~~ 
(n+n))
(
fl)
(
~~
_)
S

n=O m=O k=O s=O ~~O 
A

R (~ ;)R~ (1+x 2)] [
~ 

(
~~ 

)
~ 

(1+A~

(2PAR~\ (2pAR~\]• 12~÷u(s)-k~ i_ ~2T 
12p+u(s)+k~ i_ ~2)j

[ (R~\ (~\12• 
L’(k _1)/2vTr ‘(k+1)/2~TJJ

• 2F1(-n ,1;~n-m ; j-~--) 2
F1(-m~-s;n-s+1;-1). (E-12)

A third alternative form may be derived by using both (E-8) and

(E—11) in (26a) to yield -

P(e;p ,x~space) = irR~ ( ‘j~~
—) ex~ [_ —p2] exp [_R~]

~~

• 
~~~ m~~i 

(n+in) (
~

) (_2x

)

5

n=O m 0  k=O s=O A

• R (~~ 
) R~~(1+x2~ [i (i±~~

) 
(1+A 2)] 

fl 
~~(2PAR

d)

• [‘k 1 ,2 T 
+ ‘(k+1),2~f)] 

—

2F1(-n ,1;-n-m ; 
~~~~~ ) 2F1(-m,-S;n-s+1;-1) - (E-13)

• where we also have used (_i)S = (4)u(S)

E-4
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An interesting fourth transformation arises from the use of Bailey ’s

theorem [11] to replace the infinite sums over n and m -in (E—13) with

one infinite sum and one finite sum . Letting v=n and w=n+m we obtain from .

(E-13). after a littl e al gebra ,
2

P(e;p ,A~space) = irR~ ~~~ exp [_R~] ex~
[_ -
~

-
~

-]
1-p

- ~~ ~~ ~~ 
E~ [(w)]

2

0( 
2)5 

[~~

. 

~~~~~ (1+A2)]
k=O w=0 V=O s=O

_ _ _  _ _ _ _  

• (R~
’
\,~ ~ (R~~]2

‘1-pJ k ~~1_~2)~~ (k-1)/2\2J (k+1)/2\T)J

- 2F1(—v ,1;-w; i-
~~

--

~ 2
F1(v—w ,—s;v—s+1;—1). (E—14)

The form in (E-14) begins to resemble summation formulas for generalized

hypergeometric functions, for exampl e [15) or [16]. This is an area of

mathematics which Is not yet fully explored ; hence the impl ications 0-f

forms such as (E-14) cannot be fully stated at this time .
1;-

Other forms can be written by applying various transformation

formulas to the Gauss hypergeometric functions In (26a), (26b), (E—9),

(E-12), (E-13), and (E—14). Exampl es of appl icable transformation can

be found , for exampl e, in chapter 15. of [10]. It seems of littl e value ,

though ,- to write out in ful l the multitude of forms thus derivable.

L. 
E-5
_  __ ____  
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APPENDIX F

A FURTHER CONSIDERATION ON POWE R IMBALANCE I
-

-

The power Imbalance between adjacent pulses arises due to such effects

as del ay line attenuation , phase error, and intersymbol interference .

The power imbalance may also arise from sources other than the receiver

F itsel f such as fading . The effect of del ay line attenuation or fading

on power imbalance is straightforward and need not be mentioned . The

phase error can arise , for exampl e, from an improper delay length

in the del ay circuit of a phase detector. The intersymbol interference

is , however, a compl icated probl em resulting from the combined effects

of the del ay circuit and the transfer function (filter characteristics)

of the system under consideration .

In this appendi x we want to enhance our understanding of the

possibl e relationships between power imbalance , intersymbol interference,

and phase error associated with non-ideal delay lines in the differential

phase detector.

Hubbard [17] analyzed the effect of intorsymbol interference on

the probability of error (for the case of no noise correlation) under

the assumption that the intersymbol interference comes only from adjacent

pulses, and showed that the probabilit y of error is a function of power

imbalance ( between di rect and delayed channe l) caused by intersymbol

interference [17, eq. 14].

Another way of viewing the power imbalance -is to relate it to

phase error. The intersymbol interference is assumed to manifest

Itsel f In the form of a perturbation In the phase of the signal at the

F-i

-: ~~~~~~~~~ ~~ —
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sampling instant . More precisely, the intersymbol interference

introduces a phase shift ~$ so that the phase change in a time slot -is

•±~$ -instead of $ ($=O for a “space ” and 4 =71 for a “mark”). The value of

~$ 
depends on the details of the signal waveform and the filter

characteristics of the system. The determination of the ~~‘s (for a

particular system) which descri be the intersymbol interference phenomena

in a complicated manner is a rather d i f f i c u l t  probl em , and even if i t

is theoretically possibl e (see [18] for example), the actual measurement

of this quantity will be a formidable task. For this reason we will

establish an analytical background to replace ~ by an easily measurabl e

quantity , power (or equivalently SNR) imbalance which is used as a

basic parameter throughout the report . By relating ~$ to A 2 all the

possibl e degradation factors mentioned above (attenuation , fading , phase

error, and intersymbol interference) which otherwise appear to be

different attributes are merged into one quantity A2. The statistics

of A2 may then be experimentally determined for a particular system.

We now show the relation of ~ to A 2. To do this we note from

the definitions following (14) in the n~ain text that the parameters h~
and h~ are all that we need in describing the error performance in terms

of power imbalance. For simplicity , consider the case of no noise

correlation (p=O). We may write then

H~ ~ 2h~ = h~ + h~ + 2h1h2 cos~ (F— la)
and

~ 2h~ = h~ + h~ - 2h1h2 cos,. (F-Ib)

F- 2

~~~~~~~~~ ‘~-_. - -~.a l4~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Let us define the average StIR (or equivalently average power)* R2 by**

+ h
2

R2 = 2 (1-2)

and a differential phase (or phase error) 
~4 such that

2h1h2
COS t~4 2 2 (F- 3)

h1+h2
Then (F-i) can be written

H = h  + h  +(h +h ) 2 cos$
1 2

= 2R2 + 2R2 cos&~ cos$ (F-4a)

and

H~ = 2R2 - 2R2 cos~$ oOs $ . (F-4b)

Al so , defining the power imbalance A2 by
2

2~~ 
h2

“1
we can write (F-3) as

cos~$ = 
2A

1+A

or

- (F-5)

*J~ binary communication systems, error performance of a correlation
receiver (optimum) depends only on the average signal energy E=(E0+E1)/2
where and are energy associated with bits “0” and “1” respectively
provided the level of noise spectral density is the same In two inputs
and the two input signals are uncorrelated [19, p. 163].

** This definition of R differs from tha t used in Append ix H of this
report.

F-3 _
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We note that (F-i) describes H3 an d H4 In terms of h1 and h2 (two

different input SNR’s), while (F-4) describes the very same parameters

by R and A4 ~constant average power and differential phase error). We

may call the former a “power imbalance model ” (since h1#h2 in general),

and the l atter a “phase imbalance model .” The important fact is that

the two model s are equivalent under the constraints of (F-2) and (F-5).

A geometrical interpretation will be more instructive in grasping

physical understanding of the relationships between the parameters

~~~~~~~~~~~~~

involved . 

_________________________________________

Let us consider , for simplicity , the case that a “mark” is trans—

mitted ; •=e1-02 ir. Then since cos~=-1 and sin$ 0, we may write (F-i)

and (F-4) as E
H3 

— h1-h2 (F-6a)

H4 
= h1+h2 (F-6b)

and

H3 ~4~
2+R2 2R- R cOSA$ (F-7a)

H4 = ~!R
2+R2+2R.R cos~$ . ( F-7b)

• We now show that the geometry in Fi gure F-i satisfies all the

• relationshi ps given by (F-6), (F-7), and also (F-2) and ( F— 5). Noting

that CP=EP h1, we have (F-6a), while (F—6b), (F-7a ) and (F_7b)* are obvious

from the figure. EquatIon (F-2) follows from the fact that ~5
2=~V

2+W2= h~+h~;

and ~~
2+~~

2 2~~~ AC2 (2R) 2. The validit y of (F—5) can be shown as follows:

h —

= ~~~~ = ~~~ . = tangent of angl e DCP = tan (45°—~~/2).1 CP

* (F—7a) and (F-7b) are from the law of cosines .

F-4 •
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FIGURE F-i GEOMETRICAL REPRESENTATION OF PARAMETERS H3 AND H4
IN TERMS OF h1 AND h2 (POWER IMBALANCE MODEL), AND
R AND 

~ 
(PHASE IMBALANCE MODEL)
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Thus

A 2= tan2(45°—~$/2) = -~-t 45°~~~’2) = 
1-cos(9O°—~~) t 

-

cos (45°—~~/2) i+cos(9O°—~~)

— i-sin~$ (F 8’i+sin~$ 
- - ,

Equation (F—8) or (F—5) is significant in that it bridges , under the

constraints of constant average power (F-2), the gap between the power

imbalance model and the phase imbalance model . The relationship

between A and 
~4 as a function of the degree of imbalance can also be

shown from the figure. When point “P” is close to point “0”, we can p .

see that h1=h2 R and ~~~ which represents an ideal situation . As the

point “P” moves toward point “0” along the arc OPD, the value of A : h2/h1
decreases (power imbalance increases) and accordingly ~4 increases .

As “P” approaches “D” , A becomes zero (large power imbalance) and ~
becomes 900 . Thus we can see that change of A from 1 to 0 corresponds

to change of ~$ from 
0° to 90°.
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APPENDI X H

ERROR BEHAVIOR OF A BINARY DPSK SYSTEM
DUE TO INTERSYMBOL INTERFEREN CE AND

CORRELATED NOISE*

It is well known that the classical result of the error probability

for differentially coherent detection of binary PSK appl ies only to

the ideal situation where the received symbol signal energy from pulse

to pulse is assumed equal and the noises at the sampling instants

uncorrélated. The purpose of this appendix is to show the error behavior

of a differential phase shift—keying (DPSK) system under practical —

assumptions where the signal powers at sampling instants between the

adjacent pulses are unequal and the jiolses correlated. Error performance

is presented graphically for different l evels of power imbalance . A

significant result observed is that the probability of error is indepen—

dent of noise correlation for all degrees of intersymbol interference 1’

(power imbalance). This result (based on our computations) is clearly

a departure from the previous beliefs .

ANALYSIS MODEL

The bi nary DPSK system under consideration is depicted in Figure

H-i. The primary objectives of this appendix are the considerations of

the error performance calculations under the assumptions where (SNR)1~ (SNR)2
and the noises n1(t) and n2(t) are statistically dependent (see Figure H—i).

The situation where (SNR)1 Is different from (SNR)2 is brought about by

unequal signal powers at the phase detector of the DPSK demodulator , due to

* This appendix is based largely on [5] with a change in the definition
of the SNR parameter . Minor typographical errors In [5] have also been
corrected.

H-i
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such phenomena as intersymbol interference , phase errors in the delay circuit

and/or delay circuit attenuation. Thus , the error performance analys is based

on the unequal s ignal powers over two consecutive symbol signal pulses would

constitute an upper bound of error probability in the presence of intersymbol

interference. The noise correlation is a practical assumption since the

noise is necessarily bandlimited in practice .

In Figure H-i , the two inputs at the phase detector (multipl ier),

u1(t) and u2(t), represent the noisy 
received waveforms for two consecutive

source symbols:

u1(t) S1(t) + n1(t) (H—i)

u2(t) 
= S2(t) + n2(t) (H-2)

where S~(t) , i i ,2, are the bandpass information carrying signals; and

n1(t), 1 1 ,2, bandpass noises. Assume that the “present” and the “preceding” f,

source symbols are identified with carrier phases o~ and 02) respectively.

Then we may write

- :
- ~1(t) 

= /~~j cos (wt — O
~

) (11-3)

s2(t) = /2~~ cos [w(t-T) -

= J2P~ cos (wt - 02) (H-4)

where the carrier frequency is assumed to be chosen such that wi = 2~k ,

k integer, and P1 and P2 are the carrier powers at the phase detector. We

shall be primar i ly concerned with the ca se where P1 / P2.

The bandpass Gaussian noises are - expressed in the forms:

n1(t) X 1(t) cos wt + Y1(t)sinwt 
(11-5)

n2(t) = X1(t-T) cos [w(t-T))+ Y1(t-T) sin [w(t—T))

X2(t ) cos wt + Y2(t) sinwt (11-6)

H-3 
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and the noise correl ati on i s defi ned by

E{n1(t)n2
(t)) = E{n1(t)n 1(t—T)) 

= a2p(T) (H-i)

where p(T) is the normalized correlation with I equal to symbol duration ,

and the noise power is g iven by

~
2 
~ E{n~(t)) = E{4(t)) = E(Y~(t)); 1 1 ,2 .  (H 8)

The decision variable Y(t) at time t is the output of the zonally

low pass filtered version of

x (t) = u1(t) x u2(t)

=[/~~~cos (w t - ei) + X1(t) cos wt + Y1(t) slnwt]

• [/�~~ cos (wt  - 82) + X2(t) cos wt + Y2(t) Slflwt] - (H-9)

~1

Since Oi 
- 02 is either 0 or +ir in a b inary DPSK system, the

binary decision is based on the comparison of the decision variabl e Y(t) t I

with “zero” threshold, for, when noises are assumed to be absent at the

input, the decision variabl e is given by -

Y(t) = ‘%1P2 cos (ei — 02) - (11-10)

DECISION VARIABLE STATISTICS

The problem of obtaining the probability density function (pdf)

of the lowpass filter output for the sys tem model that fits our situation,

depicted in Figure 11-1, was solved by Miller and Lee [4] in great generality .

Our need here is a special case of the problem treated in [4) - Front

[4, eq.(25)) we have the pdf for the decision variabl es y(t) as follows :

f(y;p~e1-e2) 
= -4 exP[_ H~+H~ ]>~ n~

,

exp[ -?y 1 G~ ~ 
4y 1 . y~0

10 +p J La (i-p )j
(H-i’.)

exP[2~
-1 ]  G~ [2~~

’
aj]’ 

ycO
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where

h~ + 2h1h2 cos (o~ 
- 02)]

H~ 2(1-p) Eh~ 
+ h~ .- 2h1h2 cos (01 

- 82)j

G~(z) A ~~~m+n_k) ~~ (H-12c)

and where

4 —i- (SNR) 1 ; i 1 ,2 (H-12d)

and P1, ~
2 pEp (T), are the signal power , noise power and noise correlation ,

respectively, as defi ned earlier.

If we assume that the reference phase 02 is 0, then is either

O or 11 , depending upon whether the symbol following the reference symbol is

- -- 0 (space) or 1 (mark), so that 01 
- 02 

= 0 or 01 - 02 
= 11. The conditional

pdf’s are thus obta ined as follows:

- 
f(y;p~space) f(y;p Io 1—8 2 0) 

- 
(H—i3a) 

-

f(y;p~mark) = f(y;p~81—82 n). (H-13b)

CONDITIONAL ERROR PROBABILITIES

From (H-13a) and (H-13b) one can obtain the conditional probabilities

of error from the-expressions

P(e;p~space) Prob(y<0J01-e2 0) f(y;p~01-e2 O)dy (H-14a)

and 

P(e;pjmark ) = Pro~ y>O e1-e2=~) =1 f(y;pJo1-o2=~)dy. 
(H-14b),

Carrying out the integrations indicated by (H-14a) and (H-14b) using the

density functions given In (H-li), one obtains the followtnq results :

- - 

11-5
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P(e;plspace) = !~ja ex~[_ 1—p2 (h~ + h~ — 2Phih2)~J

.EEE2
)
(n+m~k)

n=0 m 0  k=D m.n.

• [~~~~~)(h1 
+ h2)2][~~(~

t~) 
(h1 

- h2)2](1-~~) 
(H-15a )

and

P(e;pjmark) = exp 
1-p2 (h~ + h~ + 2~hih2)]

E E2~
(m

~~
) 

(m+ n~k)
n=O m=O k=O m.n.

(h~ - h2)
2]m
[~~(

~~ )(h1 + h2)
2]m
(
~~)k. (H-15b)

it is interesting to observe a “symetry” property of

P(e;p(space) = P(e;-p lmark) - (11-16)

ERROR PROBABILITY EXPRESSIONS

To compute the error rates using the equations (H-1 5a) and (H-15b), we

need to define an important variable . in a DPSI( system, a single symbol ~
‘-

decision is made using two symbols. Since we are considering a situation

where each symbol signal energy is not equal (due to intersymbol interference,

for example), it is appropriate to define the signal-to-noise power ratio

per pulse (or symbol) as follows :

= h~ = direct channel SNR. (H-li)

(a classical case), there is no difference between this defini—

- -0  oa~~ the conventional SNR definition per symbol .

H-6
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Define, fur ther , an SNR di fference measure by 
- -h2 (SNR)

~ (SNRJj” (H- )

I

In terms of R2 and A2, the conditional error probabilities of(H-15a)
and (H-15b) are given by -

- 

-

P(e;p;A lspa ce) = ~-~
.:xP[_ 

R-~_(1 + - 2~X)]

•; ~~~2 1~
1n) 

(fl+rn
k)(

1 )m-n

• L~ 
~l+A )2j 

~ 
(l x)2Jfl (2)k (R2)m+n (H-19a) F

and

P(e;p;Ajmark) = Aj2. exp [_ ~
2

~~ (i + x 2+ 2~~)]
- _____

n=O m=O k~O 
m !n ! \ n

{
~ 

(I+X)2]~ ~j  
(i_A )2Jfl(i.L~~ R2

mth
. (H-19b)

The total uncondition al probability of error is the weighted sum of
(H-19a) and (11-1gb) given by

P(e;p;x) = PSP(e;p;Alspace )+pp (e;p ;xlmar k) (11-20)
where P~ and are the a priori p~obabi ) i-ties of space (0) and mark (1).

11-7

_____________ 1 -~~~~-L - —~~ -~~~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~



J. S. LEE ASSOCIATES, INC.

ERROR BEHAVIOR UNDER SPECIAL CONDITIONS

If x2=1 is substituted into(H-19a) and (H—19b), we obtain

P(e;p~space) = J-j2 exp(—R 2) (H-21a)

P(e;p~mark) .!j2. exp(-R2) 
(H-21b)

and the unconditional error probabilit y of(H-20) becomes

P(e;p) = ~ [i + - P5)p]e~~ 
(H-22)

This is the identical result gi ven by Lee and Mil ler [7]. The significance
p-s

of the result given by (H-22) is that the probability 0-f error depends on

noi se correlation p only i f a prior i probab ilities are unequal . When
= 

~M 
= , (11—22) reduces to the classical error rate expression of

P(e) = ~~~~

Now, let us assume that mark and space are equi—probable:
= -

~~ . When one observes the conditional probabiliti es of error as

given in (H-19a) and (11-1gb), it anpears certain that the total unconditional

probability of error given in (H-20) still depends upon noise correlation p.

In fact , it has been remarked in the previous publ ications [5], [7] that

the error probability of a binary DPSK system depends on the correl ation
• if there is intersymbol interference and that, in the absence of inter—

symbol interference,the error probability is independent 0-f the noise cor-

relation prov ided that = 

~
‘s =

We have computed the probability of error expression (H-20) with

= = ~ for various values of A2 (different degrees of intersymbol

interference) and p . We have observed the surprising resul ts that the com-~
puted probabili ties are independent of noi se correl ation p for all values

H-8
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of A 2 considered ! The conditional probabilities , however , were dependent

upon noise correlations. When these conditional error probabilities were

added with equal weighting 
~~ 

= 

~s = 
~) ,  the result converged to the

values of error probability for the case p=O. To show the error mechanism ,

we have plotted in Figures 11—2 and H-3 some specific cases of conditional

error probabilities . Figure 11-4 shows the error probabilities of a

DPSK system for A 2 
= 0 dB (no intersymbol interference), -l dB , -2 dB , and

-3 dB. Note that A 2 
= 0 dB corresponds to the ideal classical case. Our

results indicate that the probability of error for a binary DPSK system P. 
-

depends on noise correlation p only when the message symbol probabilities

are unequal . Whenever the prior probabilities are equal the error rate I
is independent of noise correlation whether or not there is Intersymbol

interference. As stated earlier , this is a departure from the previous F

beliefs . It must be stressed , however, our findings are based on the

computational results . The mathematical complexities of the error rate

expressions did not lend themselves to an analytical veri fication of

the computational results observed .

ALTE RNATE FORMS FOR THE ERROR RATE EX PRESSIONS

The error rate expression in (H-19a ) and (H-19b) may be written in

several alternate forms . First , we can use the relation

j  
(n#Th~k) ~ 0, k>n (11-23)

to replace the finite upper limit of the sunination over k in (H-19a )

and (H-19b) by lnfinity If we then let t= n-k in (H-19a) we obtain

H-g
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ERROR PROBABILITIES FOR POWER IMBALANCE A~~ -l dB
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1 2  1
P(e;p ,X)space) = ! j Q exp i- 

R 
2 (1+A 2... 2pA)I

L~~ J

• E >~ ml (k+L)1 (m+t)[R
2 (
~

) (i+x~ 
~m

m=O k=0 1=0
L

• [~ (
~~)(l~A 2]~~~ (~~ )

k
. (H-24)

A simi lar form can also be obtained from (H-19b) for the case of a

mark being transmitted ; for brevity we will not go into the details of

that case in the following discussions.
I

Interchanging the order of summations over k and & in (H-24),

the~su~imation over k is recognized as a confluent hypergeometric

function:
.
~-j 1F1 [i; t+1; —k- . (H-25a)

App iy ing Kumer ’ s transformation [10, eq. 13.1.27] to (H-25a), we obtain

~~j 
exp [~~

. 
~ :~

12
]iFl[L;L+1;_ ~~ . (H-25b)

- k

We next interchange the order of the summations over c. and m an~
recognize the summation over m as a confluent hypergeometric function :

~ 1F1[L+1;1; ~~.(~i~~ i+A )2] (H-26a)

Applying Kummer ’s transfo rmation [10, 13.1.27] to (H-26a) we find that

(H-26a) can also be written as a laguerre polynomial [10, 13,6.9] :

eip [.~ .(~j~)(1+A) 2] i4_ ~~(~~ ci+x )2] (H-26b)

H-13 - -
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Using (H—25b) and (H-26b) in (H-24) we find the alternate form

P(e;p,A j space) = 1j2- exP[_ ~ (1+A )2J~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~

• iFi[L;~+1; - 
~~~~ 

- (H~27a) 
L

Similarly for mark we can derive the form

P(e ,p,Almark) = 1j2. exp ~~~ (1+A )2J> ~~j-{~~~ (~~~) i l_x 2]LL2{~~ (~±~) i +x 2J

• iFift;L+1; - -
~~~~~ 

(~~~~~
] 2] - (H-27b)

The forms (H-27a) and (H-27b) are more computationally efficient than

(H-19a) and (H-19b) and are the forms impl emented in the computer program

listing contained in Append ix I.

Returning to (11-24), we can write another alternate form for the
error rate expressions . Using the relation [2, eq. A.i.44c]

n ! = (i)~ (11—28)
where (Z) n is Poch hammer ’ s symbol [10, eq. 6.1.22] the tripl e summation

-in (H — 24 ) can be recogniz ed as a confluent hypergeometric function of three

var Iables [16, eq. 2.13] and we find that
r 2 1

P(e;p ,Ajspac e) = 12 exp~- R (1+A 2... 2pA )I 34~~(i,1,1;i,1,i;x .v ,z )

I I—p J
(H -29a)

H-14
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where •

~~

R2 (1—x ) 2

and
- 

z5 =~~.(~
i2.)(1_A)2 .

Similarly we can derive the other case

2

P(e;p ,xfmark) = ~~ ex~[_ 
1—p 2 (1+x2+2PA)~j 3O F (1,l,1;1,1,1 x m IY

~~
zm)

(11—2gb)

where -

Xm = ç(~±~)(l+x )2.
- 

- _ _ _ _ _ _

m - 2(1+p)

and

z — R2(1—p’\,1 A~
2

m 4\ l+p/ ’ - -

— 

The -forms (H—29a) and (H-29b) are more compact than other notations,

but their full analytical importance is unknown at this time since the

mathematical properti es of these functions have not been fully explored.

CONCLUS I ONS

In this a ppendix  we have presented the error behaviors of a binary
DPSK system under Influences of intersymbol Interference and noise correla-

tions . The graphically presented error probability curves are applicabl e

to system perfo rmance evaluations when SNR -Imbalance at the phase detector

11-15 -
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is known. Our results show that in a DPSK system, the error probability
does not depend on noise correlation when the symbol probabilities

are equl-probabl e regardless whether there is intersymbol interference

or not. The noise correlation affects the error probability only when

the message symbol probabili ties are unequal.

. 1
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APPENc)IX I

COMPUTER PROGRAM LISTING
FOR

ERROR RATE PERFORMANCE ‘
~~. -

OF
DPSK OVER A TER RESTRIAL LINK

WITH ::-
~POWER IMBALANCE AND CORRELAT ED NOISE

AT THE PHASE DETECTOR
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P O R T I A N  IV C LEVE L 21 MAIN DA TE 19040 08/53/58 ~*ct 0001

0001 IMPLI CIT  A1M~~~BI 6—PI .L.D- -Z)
0002 DI MENSIO N RSQLI S I1bI
0003 1000 R(801S.1.INL) 90001 RP4 O. L S QV 8 .NR S O
0004 1 IO ITI2P~~~1,I3)
0005 REA0I5.2O01 )I#S0LISI1NP1 .J~~P .t.NRS Ql
0006 200 1 IORM*T I16PS.1)
0007 - - - W411114.218H0 .l.5008
0008 2 FOR NAII///’ rn40. .F5.I.5x, LANRDA .’2. .Fs.i.’ 0B•/

• A” ? ID8P.T23 .’PIE .T40. PIE(MAR ~~I . T b0. ’PItISp ACEb . ,
0009 LSQ .101”ILSOD8/1D1l
0010 LAMRDA .DSOATILSQI
0011 0P$HD.IDO.RHO
0012 OMAMO IDO—RNO
0013 0PO~~~-UPRH0/0MR NO
0014 D.~~~~P.0MRH0/0PRHO
0013 OPL-L .D0.LANBO A
0016 DPL2—OPI ’OPL
0017 OML- 1.00—LAM8DA
0018 OML2-QMLSOML
0019 

- 
00 900 J*S 1.NRSQ 

- 
—

0020 RSQO~~-AS 0 L J S I J R S I
0021 RSQ- 101AS (RS008~~LDL~
0022 XARG——0.2500’RSQSOPL2
0023 TP. .25D~~~OMCCP.OML2 .PSQ
0024 TN- .2500.OPOO N’OML2’kSQ
0025 

- - L P-— .2500A1S0’OPOQMSOPLZ
0026 LN-— 2500’ASO’OMOOP’OPLZ
0027 f P—— .5OO.RS0~ oM12/0Pg uo
0028 F N — .500SRSQ’ OML Z/CMRHO
0029 X X — D E Z P I X A R G I
0030 CALL DOSU M(TP.LP .FP.SP)
0031 ~~~ ~~ PEP .5DO’ZX’0PPI4~~~SP
0032 CALL DOSUM ITN.LN .PN.SNI
0033 PEN- .500’xX’OMRHO’SN
0034 PE— .500 (PEP .PEN$
0035 - W RI TE (6.3IRSQG8.PI.PLP.PEN
0036 3 F 0 R M A T ( 3X .~~4 . 1. T 20 .1PD10 .3 .T40 .1P0 l0 .3.T8O.1P0 tO .3$
0037 

- 
900 CONTINUE —-

0038 GOb 5000
0039 9000 STOP
0040 END

~0ATRAN IV 6 LEVEL 21 DOSUN DAlE - 79040 08/53/58 PAGE 0001

0001 SUBROUTINE DOSUNIT .A RG( .ARGF ,5Q* I
0002 IMPLI C IT RIA L I$IA—H.L,O--Z I —

C M-0 TIP-N
0003 SUN’ 100
0004 COEF—I DO
0005 TER M- 300
0006 MSTOP SOI.DARS (?)
0007 

— 
IF IMSTOP.L - E .1 02 ,MsTo p —Joz

0008 011 100 M -1,N STOP
0009
0010 F M P~ -PM ~ 1D0
0011 C0(F—COEP’(T/FMI
0012 01ER~~-TER~
0013 LG R’LAGERR ~~M.ARGLb —

0014 0FD-ONEF1 (PM .FMPI. ARGF I
0013 TERM -C OEF SLGR * GF O
0016 SUM’SUM.TFPN
0017 1FI0ABSITEP-M).GT.D A8StoTEP,~, 16010100001$ - IF IO A B S I I E R N J  .LT.DABS(SUMI S1D—b IGUTO200
0019 100 C0N1INL~ 

- —- -

0020 W R E T E I Ô ,1 ) M S TOP
0021 1 FURMAT I’ T PIE SUM DID NCT CC NV ERGE .  NSTDP. ,110)0022 STOP
0023 200 RETU RN
0024 END 
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FORTRA N IV 6 LEVEL 21 LA CER R C A E  - 79040 08/53/58 PAGE OCOI
0001 RE AL FUNCT ION LA GERR*81N .X I
0002 INPI.IC IT P - E A L S 8 I A~~I. . O_ Z I
0003 1F IN)1.1 .2
0004 1 LA GE RR.100
0005 RETURN
0006 2 S 100
0007 1F 1L1 3 14 . 3
0008 3 b- lOt)
0009 DO 100 N 1,N
0010 A -N
0011 T T’ (N—M .IDOI/(AeA I
0012 1—T aX
0013 b——I
0014 S—S .T
OOiS 100 CONTI NUE
0016 4 LAGE RR. S
0017 RETU RN
0018 END

FORTRAN IV C LEVEL 21 0NEf 1 
- 

DATE — 79040 08 /5 3 / 5 8  PAG E 0001
000 1 

- - REAL FUNC T ION OMEF I .EIA ,8,Z)
0002 IMPLICIT RFL L*81A — II , 0~ R I
0003 1-100
0004 S-iDa
0005 A MI A—100
0006 BM1-8—100
0007 _ 00 100 1-1.100
0008 C—I
0009 1—7* 2 /0
0010
0011 S—S aT
0012 IFLOAB5(T /5) .LT . 1o_ e) 6010200
0013 100 CONTINUE
0014
0015 5 FOP -NP -TI . 1F1I .D15.8,~~.’,oi5.e.•...ois.e. .I Nd IV ALL AT E C TO 10..—AC CU RA C V I
0016 200 0NEF1~~S0017 RETUR N
0018 END
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