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I . INTRODUCTION

The purpose of this report is to present  the result s of an examination of

the thermod ynamic performance of the discrete  injection transpirat ion-cooled
nosetip (TCNT)  for reentry vehicles. By anal yzing the physical  model of the
system numer ica l ly, predictions for nosetip surface temperatures during
flight may be obtained . Test data indicate that in the case of a reentry vehicle

clear air  t ra jec to ry, aerodynamic heating alone can cause the temperature  of
the noseti p to increase  beyond the material’s me lting point. In an environ-
ment whe re part icles  of snow or dust imp inge upon the nosetip surface , it has
been found that erosion of the surface  is more pre valent . The model which
descr ibes  the system must therefore  take into account the possibility of a
receding sur face .

A n underlying assumption in the physical description of the problem is
that the p late-l ike elements which compose the nosetip may be represented as
individua l webs (f ins) ,  while the coolant flowing throug h the noseti p flow
passa geways may be con s ide r ed to absorb energy from the individua l f ins ,
with the coolant then removing heat by flowing out of the system. The energy
balance described in A ppendix A results in two coup led , one-dimensional
transient  heat conduction equations which involve temperatures of the fin and
the fluid.  Surface heat fluxes , which become part of the fin boundary condi-
tions , are ta ken to be those at the stagnation point of the nosetip. The fin is
represented as a semi- inf in i te  s lab, thus implying that the distance from the
noseti p surface to the orif ice through which coolant enters  is much greate r
than the thermal  penetration depth.

An imp licit finite difference scheme is used to solve the equations
numerically on a computer . Iterative techniques are incorporated to ensure
that dramatic  paramete r changes (eithe r in boundary conditions or in the
coup ling of the equations) do not drive the system unstable. Temperature
distr ibutions for clear air  and weather environments are compared with actual
test data recorded in a ballistic range .
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II. FORMULATION OF THE PHYSICA L MODE L

The nature of this problem is such that fin and fluid temperatures

influence one another .  If the fin temperature  T F is a function of time due to

changing sur face  condit ions , it may be concluded that the ttbu lk ’t tempera-

tu re  of the fluid T B also changes with t ime. Separate energy balances are

pe r fo rmed  in Appendix A to yield two part ia l  d i f fe ren t ia l  equations. For the

pur poses of th is ana lysis , the fin mater ia l  is assumed to be stain less steel ,
and the f lu id is consider ed t o be water .

I.

A . ONE-DIMENSIONA L TRANSIENT CONDUCTION
EQUATIONS

* - i

The governing equations for fin and fluid temperatures  as functions of

time and distance are der ived in A ppendix A and shown below .

1. FIN EQUATION:

OT / O T \
F PF~~~~~~~~~~~~\ F~~~~j  ~~(~ F PF~ )~~~~E~~~a~~

2. FLUID EQUATION:

~~
I O T \  aT 2

PBCPB ~~
T_ = 

~~~~~~ (~K~ -
~~

-;
~~~ 

+ (PBCPB~ 
+ n-1CPB) 

B 
- _

~~~ 
Q ( 2)

where - 
-

Q = h(T B - T F), the internal  convective heat t ransfe r rate per
unit length

the recession or erosion rate of fin surface

ri-i the mass flow rate per unit  area of the coolant

The dimensions and other terms refe r to the representation of the physical

model shown in Fig . 1. The dimensions a ’ and bt  are substituted for a and b ,

respective ly, in the equations when x lies between I - f  ~ dt and 1. Also ,

for this range of x , th’ should rep lace ri-i, where ri-i ’ =
0 brh/b ’ .

- -——~~-•--- —
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— — —— — — SURFACE AT T I M E t = O
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SURFACE AT TIME t

FIN FLUI D /
‘(“F” PROPERTIES )’ (“8” ,/

/ 
,/“~~/PROPERTIES) /~~

~~~~ 
-

F i g. 1 . Fin Geomet ry

It is appa ren t  that in the fluid , e n e r g y  is t r an spo rted in the flow direc-

tion by both convec t ion  and conduction . The Peclet number  (DpUC~~/ K )

prov ides  a m e a s u r e  of the r e l a t i v e  impor tance  of convection to conduction
and , for  the condi t ions  of i n t e r e s t , has a min imum va lue on the o rde r  of
s e v e r a l  hundred . Calculations done to assess the importance of axial con-

duction have indicated 1 that the e r r o r  involved  in d ropp ing the conduction
term is negligible for va lues of the Peclet number greater than one hundred .

Thus , with the deletion of the conduction term , Eq. (21 becomes

2
PBC PB ~~~~ (PBCPBè + rhC pB)  ~~~~ 

- Q (3~

1 Ralph P. Stein, “Liquid Meta l Heat Transfe r, Advances  in Heat Trans fe r,
Vol. 3, Academic Press (19661 .

- 10-  
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Thi s  r ev i s e d  f lu id  equa t ion  s imp l i f i e s  the nume r i c a l  a n a l ys i s  and a i d s  in the

spa t i~t I s t ab i l iL a t i on  u f  the f l u i d  t e n I ~) er a t u r e s .

The source term Q is dependent upon the type  of heat transfe r mecha-

nism that coup les the f i n  to the coo lan t .  In t h i s  case , e i t h e r  hea t  t r a n s f e r

without phase change of the f l u i d  or subcooled  bo i l i ng  hea t  t r a n s f e r is postu-

lated . W h e n  no phase  c h a ng e  o c c u r s , tha t  is , w h e n  the  t e mp e r a t u r e  of the

fin is l ess  t h a n  the s a t u r a t i o n  t e mp e r a t u rt ~ of the f l u i d , Q t a k e s  the fo rm

= 
N u . K ~~ 

(T B 
- T F)

whe re Nu is the Nusselt number , and ha s bee n as si g ned an ave rag e value of 4
for  the b a l l i s t i c  r a n g e  and fli g ht cases  r e p o r t e d  h e r e i n ;  and DEl is the h yd r a u l i c

d ia met e r , d e t e r m i n e d  as

— 
2bDH — 1 + b /w

w h e r e  w is the width  of the f lu id  and f in e l e m e n t s . As an es t imate  fo r  the

subcooled boi l ing heat  t r a n s f e r ra te , an emp i r i ca l  r e l a t ion  pos tu la ted  by
horn

2 
is used:

Q(Bt u / f t 2-sec) = 0 . 0 5 3 6  e’
~
(T F - TSAT

) 2 
( temperatures  are in °R )

whe re TSAT is the sa tu ra t ion  tempe ra ture  of the coolant (found as a funct ion

of the e x t e r n a l  p r e s s u r e  and P is def ined  to be P/630 , where P is the ex te rna l

p r e s s u r e  in psia . For the case where T
F is g rea te r than TSAT, Q should be

calculate d us ing  both of the foregoing relations. The l a rge r  va lue is then

chosen to r e p r e s e n t  the source te rm , s ince the heat t r a n s fe r mechanism for

subcooled boi l ing is g r e a t ly improved  ove r that without phase  change.

2
J . B. S. Thom , et al ,, “Boi l ing  in Subcooled Water in Tubes and Anul l i , ”
Proc. Insti tute Mech. Eng. ,  3C l80 :226  ( 1965-1966) .
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It has been susp ected from prior usa~ that the equat ion for subcooled
boi l ing hea t  transfe r is o v er l y optimistic , i . e., the equat ion  ov e rp r e d i c t s
the amount  of heat  remove d f r o m  the f in .  For the present , howe ve r , thi~
re la t ion  s h a l l  be used u r i t j  I n ew c o r r e l a t i on s  can be f o r m ula t e d .

The er o s i o n  rate of the f in  ~ depends  upon the f r e e  — s t r eam condi t ions
ou ts ide  the shock wave . An emp i r i c a l  f o r m u l a  used  to obtain the erosion rate

i s  as  f o l l o w s :

~ ~~LWC l!
~~S = - 

~~N~~~1•’

whe  re

p1 W( ’ = the  l iqu id  \V~ 1tt ’ r conte nt o f th e f r e e s t r e am  (the n-ias s of - ‘

wa te r pe r V() [uiiie of a i r

U = t he  free — s t r e a m  ve l oc i t y ,  wh ich  is e q u i v a lent  to the
ye b c  i~ v of the  v e h i c l e

C N an  e r o s i o n  c o e f f i c i e n t , he r e i n  t a k en  to be a func t i on  of
t h e  f i n  su r fact ’  t e m p e r a t u r e

P1. the d e n s i ty  of the f in  mate n a  I

For  the  p u rp o s e s  of t h i s  a n a l y s i s , i t  is  as smiied that  in a c lea r a i r  en vi r~~n —

m e n t  the erosion te r in  is a l w ay s  z e r o . At  p r e s e n t , the  f on i nu  la t ion  does not

mode l  f in  m a t e  n a  I the  rma I l y r e i i ioved  whe ii s u r f a c e  t e iuI ) e  ra tu  re s exceed  the

m a t e r i a l  rue it t e r up e  r atu  N’ . The inn  po rta n-i t i n fo  r i na t ion  to be ob t a ined  in the
c l e a r  a i r  case  is  w h e t he r or  not the fin s u r f a c e  tempe r a t u re  ac tua l l y r eaches
the inc It t enri pe r atu  re . The va lue f o r  Inas  s f lux  of the coolan t  t~ i is a ss u i n ed
to be s upp l i ed  a s  a f u nc t i o n  of t i m e  or  a It i tude  of the  veh i c l e . Coolant  mass
f lux  ~vi 11 he speci  ficed by d e s i g n  to r e s t r ic t  s u r f a ce  t e m p e r a t u re  to below
m a t e r i a l  mel t  va lues .

— 

- 

- 
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[3. SURFACE BOUNDARY CONI)ITION FOR TIlE
FIN EQUATION

The second-order partia l diffe rentia l equation which gove rns the

t e mp e ra t u r e  in the fin indicates that two boundary conditions are needed
for complete solution . The su r face  condi t ion in the f in  is dependent upon

the net heat flux conducted into the f in .  The boundary  condi t ion takes  the
f o r m :

aT F . . . .
- K F 

~~~~ x~~0 
= = + - (4 )

where
p.

4 the aerod y n a m i c  heat  f lux  a t  the f in  s u rf a c e , t a k i n g  in toaero .account inje ct ion of the fluid into an a i r  boundary  la y e r

~ par~ = the heat flux due to the impinging  of w ea t h e r  pa r t i c les

= the heat flux due to r ad ia t ion  f rom the f in  s u r f a c e

These heat flux te rms may be eva luated by t he ana lys i s  which  follow s .

Because some percentage of the coolant  vapor izes  at  the f lu i d - a i r
inte r face , a boundary lay er  composed of a i r , H2O liqu id , and 11,0 vapo r is
fo rmed ove r the TCNT su r face  as shown in Fig. 2 .

LfflUW D~~ PLETS WHI CH

0 ~____ _
~~

__ t_ ~~~~~~0 

~~r -
~

1-
~ *H~~m / 

// 
/ FIN “~/ FLUID FIN

-~ Fig . 2 . Surface  Mass T r a n s f e r Schematic

- 13 -
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lie re the re l a t i o n s h i p  holds that

m = ~n + r n
V

re

= the total mass flux of the coolant

ni~ the mass flux of the coolant which vaporizes H
the mass flux of the coolant which does not vaporize at
the  l i q u i d - a i r  i n t e r f a c e  and t h e r e f o r e  en te r s  the
b o u n d a r y  l ayer  as a li quid

The s u r f a c e  t e m p e r a t u r e s  of both the f lu id  and fin a re  su f f ic i en t ly low

and the p r e s s u r e  s u f f i c i e n t l y hig h to p rec lude  the poss ib i l i ty of gas phase

r e a c t i o n s  at the s u r f a c e .  Thus , th e on l y gas  phase  spec ies  p re sen t  at the

s u r f a c e  a re  wa te r  v a p o r , molecu la r n i t r og e n , and oxygen.

The w i d t h  of the f in  is a s sumed  to be smal l  enoug h such that the

bou nda ry layer does not relax significantl y from its state ove r the slot.

That i s, it is assumed that th e ae rod ynamic  heat  f lux to the fin sur face  is

e s s e n t i a l l y the same as the heat flux to the fluid issuing from the upstream

s lot . The on l y d i f f e r e n c e  between the two va lues  is that the heat flux to the

fin s u r f a c e  is c o r r e c te d  to r e f l e c t  the hi g he r  f in s u r f a c e  tempe r a t u r e .  In

p a r t i c u l a r , the same reduc t ion  in heat t r a n s f e r due to v a p o r i z a t i o n  at the

s lot s u r f a c e  is p esur -ned to also app ly at the fin s u r f a c e .  Thus , the aero-

d y n a m i c  heat  flux to the f in  s u r fa c e  is r e p r e s e n t e d  by

/ h \ Cw~~ Hq (f in  s u r f a c e)  q 11 - — i —
~~

——— (5)aero  0 \ ~~~D / ” t T
I’,

_ _  - -  
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whe re

4 = the cold -wal l , n o n - b l own aerod ynamic  heat flux to the0 s u r f a c e  (e valuated at the s tagnat ion  point  in th i s
repor tl

h
~~ 

= the en tha l py of the m i x t u r e  of species at the wa l l  s u r f a c e
( t h e r e f o r e  eva luated at the f in su r f ace  t e m p e r a t u r e)

the r e c o v e r y  entha lpy

C11 = the Stanton numbe r for  heat t r a n s f e r with blowing
(assumed equal  to the Stanton number  for  m a s s
t ran s fe r)

C11 = 
PeUe~~

lR h )

CH = the Stanton number  in the limit for non-b lown  heat
0 t r a n s f e r (-h = 0)

v 
.

- 

q
0C11 PeUeH R

The t e r m s  in Eq. (5)  may be d e te r m i n e d  in the fo l lowing  m a n n e r .

The ra t io  of Stanton n u m b e r s , CH /C H .  is by de f i n i t i o n  a func t ion  of

the mass t r a n s f e r d r i v i ng  force , B ’ . A commonly used e x p r e s s i o n , with

some t h e o r e t i c a l  j u s t i f i c a t i o n3
, is g iven by

= 
I f lB  

(A 1. 28)
H 0

B a  
m 

(6)
Pe~ eCFI

- ‘ 3 W , H. Do r r a n ce , Viscous  H yp e r s o nL c  Flow, M c G r a w -H i l l  ( 196~~) .
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The ra t io of St ant on numbers  is a l so  known to be th e “b lowing cor rec t ion ”
for the mass  flux of the coolant which vapor izes  at the surface , 

~~~~~~~ 

Follow-
ing th e ana ly sis desc r ibed in A ppendix B , the K n u d s e n - L a n g m uir  equation for
non-eq u i l ib r ium wate r vapor iza t ion  is incorpora ted  to y ield the following
equation , which r~iay be so lved i t e ra t ive ly for B’ for g i ven va lues of flu id

sur face t empera tu re

(~~+~~~)tn’~~~ + 1) 
+ G ~~~ (~~ - H 20) 

= G~~ P~~~0 (7)

The var iable s are def ined  in A ppendix B.

The “ wall en th alpy ” h
~~ 

is a function of the erithal pies of the individua l
species presen t  at the sur face , so that we may write

h w 02 ( _ H \  ÷
‘<
“~z ( H_\ +

K H ZO H
RT~~ 

- 32 
~

RT F)  28 \~RT F/ 18 \RT F H 002 2 2

where  the species mass  f rac t ions  (K. ) ex is t ing  at the fin sur face  are pre-  H
sumed to be th e same as th ose a t th e slot su rf a ce and a r e eva lua ted in t e r m s

of the mass  t r a n s f e r parameter  B ’ (see A ppendix B) . The temperature  used to
eva luate h

~~ 
is that of the fin surface , since it is assur-ned that the gas phase

adjacent to the wall  adjus t s  ins tantaneously to the step change in temperature
from the f luid value to the fin va lue . It is recognized that this instantaneous
relaxat ion in t empera tu re  is inconsis tent  with the previou s assumption of slow
re laxa t ion  with respect  to surface  b lowing . This inconsistency i s t o le ra ted
because it provides  a mechanism for the fin aerod ynamic heat flu x to be
influenced by the fin sur face  tempera ture  (which seems physically p lausible ,
at least to some degree) .  A better approach would be to use wei ght ed avera ges
of su r face  t empe ra tu re  and mass  t r a n s f e r parameter , in te rms of re laxat ion
dis tances , to de te rmine  the wall tempe rature  and blowing cor rec t ions  to the

- 16-
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fin heat flux . Howe ve r , in light of the boiling heat t r a n s f e r and two-phase

boundary laye r uncer ta int ies  in the analysis , this addit ional  comp lexi ty doe s

not seem warranted .

The pa rameters  H R and 
~~ 

may be obtained from an analysis of the

boundar y layer flowing ove r the TCNT nosetip. In this report , the values of

recovery erithalpy and cold wall , non-b lowing heat flux will be taken as those

va lues appropriate to a gaseous a i r  boundary layer.  That is , the coolant

mass flux enter ing the boundary layer as liquid wate r x~i1 is assumed to exer t

no influence upon the heat flux to the fin surface.  Thi s is obviously in c o r r e ct ,

but it does provide an uppe r boun d for  the sur face  heat flux and is jus t i f ied on

that basis . An analysis  of the two-phase a i r -wate r boundary layer wou ld be

required to accurate ly define the heat flux and is beyond the scope of the

present  e ffo rt.

The flux at the fin surface due to particle heating 4 will enter the
bounda ry condition [Eq. (4) ]  when ambient condit ions indicate that a “weather  r
environment ” is present .  For par t ic les  of rain or snow, the part icle heat

- 
flux is a function of the liquid water content of the a tmosphere

4part  = 
~ OP LWC (U W ) 3 (8 1

where

a = accommodation coeff ic ient , whi ch is expe r imenta ll y
de termined (herein assumed to be 0. 71

~LWc = liquid water content with units of mass  of water  per
volume of air

U = f r e e - s t r e a m  ve locity

Since the weather test case that shall be con sidered late r does not include

impingement of dust part icles , Eq. (8) will be used to represent  par t ic le

heating .

- 17-
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The radia t ive  t e rm  in boundary  condit ion [Eq . (4) ] usually wi l l be

much smalle r than the aerod ynamic or particle heat fluxes , but for com-

p leteness is eva luated as follows:

4 rad 
E O T~, (9)

where
E the total hemispher ica l  emiss iv i tv  of the fin assumed to be

0 . 16 (for s ta inless  steel)  - 
-

= the Ste fan-Bo lt zmanrr  constant

T = the surface tempera ture  of the finF

C. BACKFACE BOUNDARY CONDITIONS FOR THE
FIN AND FLUID EQUATIONS

The second boundary condi t ion used for the f in equation and the boundary

condition for the fluid equation are  bot h specified at the backface of the

respect ive elements . Both elements are  con -‘idered to be semi- inf in i te

slabs: that is , the length £ is assumed to be much g rea te r  than the thermal

penetra t ion depth of eithe r fin or fluid for  the time scale of in te res t .  Thus ,

the backface  tempe ra tures  remain at the i r  ini t ial  values for the entire time

considered , so that  our boundary conditions a re  formulated to be

T T , . .  T . , .  ( lOa)
F I F initial initial

X~~ L’

T T . . . T. . . ( lOb)
B I B init ial ini t ia l

X L

So that no convective heat t r ans fe r occurs at the lowe r portion of our model ,

we assume that the init ial  tempe rature s of the fin and the fluid are  equal .

Since the reent ry  vehicle is in storage for a considerable length of t ime before

being used , the fin and fluid are assumed to be at room temperature init ially.

-18-  
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~ n a l t e rna te  f o r m u l a t i o n  of these  b o u n d a r y  c o n d i t i o n s  is to c o n s i d e r  the

conduction in both the fin and the fluid to be zero at the backface. This

cond i t ion  is pe r f e c t l y val id  for  the s e m i - i n f i n i t e  s l a b  a s s u mp t i o n ;  howe ve r ,

s ince  conduc t ion  in the  f lu id  is neg lected a n y w a y ,  it p r o v i d e s  r e d u n d a n cy  as

a b a c k f a c e  fluid boundary  condi t ion . Since we w i s h  to ha ve the b ackface

tempe r a t u r e s for  both e l e m e n t s  in e q u i l i b r i u m, the r e l a t i o n s  Eq. ( l O a l  and

Eq. ( l O b s  wi l l  be app lied to the problem .

I). C; L O B A L  E N E R G Y  BA LANCE

In order to check the validit y of the t empe r a t u r e  ( l i s t  r i bu t i o n s  ob ta ined

by so lu t ion  of the two gove r n i ng  equa t ions , an o v e r a l l  en e r g y  balance of the

s y s t e m  should be s a t i s f i e d . We c on s i d e r  a c o n t r o l  volume for  the e n t i r e  sys-

tern  (composed  of one fin e l e m e n t  and one f l u i d  e l em e nt i  ~ t S  Sh ()v ~’rl in Fi g .  3 .

~net IhCPB T BJ

/ / /  
/ 

I

¶ 1
~~~~~~~ F L U I D

I /~~~~~ ,/
/ 

I

I 0T~ I
I • K ~~

.
~- 

- -

I - - X 
~=1~ 

thCPB TB1 I
1. _ _ _ _ _ _ _ _

J..u.
~- a ..-f-.. b 

H

-I
Fig. 3 . Cont ro l  Volume for  E n e rg y  Balance
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The net energy into the system must be equa l to the change in sensible
ene rgy in the fin and in the fluid , yielding the relat ionship -

a f  PF C PF ~~~~~~ dx + b f  PBC PB ~~~~ dx a +

OT
+ b

~~~
C PB (T B~ ,~~~

T
BI ~~~~

a K F~~~~~ ax L ~ x 0 , x L

( 11)

Equation ( 11) shall  be used to test the accuracy of the finite d i f f e rence
solution of the d i f f e ren t i a l  equations .
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III . N U M E R I C A L  A N A LYSIS

The two coup led pa r t ia l  d i f f e r e n t i a l  equations which govern  the behavior
u~ t he f in  and  fluid tempe ra tures  must  be solved by numer ica l  methods . An
i m p l ic i t  f i n i t e  d i f f e r e n c e  scheme shall  be used to r e p r e s e n t  the t e rm s  in the
d i f t e r e n t i a l  equa t ions . An exp licit  f o r m u l a ti o n  was in i t ia l ly a t tempted , but
n u m e r i c al  i n s t ab i l i t ie s  caused a quick  r e v e r s i o n  to the method f ina l ly em-
!) l0Ye1l .

The basic  p r i n c i p le u n d e r lying an implici t  f in i te  d i f f e r e nc e  representa-
t ion of a p a r t i a l  d i f fe r e n t i a l  equat ion is that the spatial  de r i va t i ve s  a re  repre -

p4 -sen ted as funct ions  of the dependent  variable at the fu ture  time . Thus , to
obtain spatially dependent values of the variable from one time leve l to the
nex t , a sy st em of equat ions mu st be so lved . As the time and spatial incre-
men t s  used in the diffe rence approximat ion become smaller , th e values
approach the t rue solution.

A. FIN EQUATION AND BOUNDARY CON DITIONS IN -‘
FINIT E DIFFERENCE FORM

In order  to ensure  stabilit y of the solut ion even with s e ve r e  hea t f l uxes
at the fin surface , a variable spatial increment  will be incorporated to pro-
duce a ti ghter mesh at the surfaces of both fin and fluid . The th ree-po in t
cent ra l d i f ference  representat ions with variable me sh size a re

8T n+l  
- 

R 2 T~~~
1 

+ (1 - R
2 )T~~~

1 - T~~+~
(1 + R )R ~~x.

3 3

n+1 RT~~~~ - (1 + R) T~~~ + T~~~j
1

a 2 
. (1 + R ) R ( ~~x. ) 2
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whe re

j = the spatial node

n = the  t i m e  le ve l

a the ratio of successive spatial increments

A n  i t e r a t i v e  t e c h n i q u e  sha l l  be emp loyed to d e t e r m i n e  pa r a m e t e r s  at fu tu re

t i m e  l e v e l s . Th us , q ua s i -  l i n e a r i z a t i on  may be used to r ep re sen t  more
accurate ly those parameters which c h a n g e  d r a m a t i c a l ly with t ime.  Quasi-

l in e a r iz e d  for m u l a t i o n s  of these pa rame te r s  are  de r ived  in Appendix C.

The r e s u l t i n g  imp l i c i t  f i n i t e  d i f f e r e n c e  r ep re sen t a t i on  of the f in equa-

t ion  is as f o l l o w s :

P~~
C

~~F 
I T F~~~

1 
- T

F~ 

+ T F
t+ 1

}

+ (P~~
C

~~F~ 
+
~~~~~~~ + ( i R~~~T

i + l  
- T

F
1+ 1

} (12 )

whe re i denote s the le ve l of ite ration of the set of equations and

c
~~~~

)
~ 

(TF
1
~~
’ - TF’) + 

(~~~~~~~(T B~~
’ - T

B:)

which is deri ved in Appendix C. iteration of the system of equations is pe r-
formed unt i l  the d i f f e r e n c e  between success ive  t empera tu re  i terat ions is less
than some establ ished convergence  c r i t e r ion .  Since some of the proper t ies  in
Eq. (12) do not chang e dramat ica l ly as a function of t empera ture  (specifically,
the prope rt ies  of steel) , they may be approximated as value s at i terat ion
level i rather than at i+l .
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The s u r f a c e  boundary  condi t ion in the  f in  may a lso  be r ep resen ted  in

finite d i f f e r e n c e  form because of the conduct ion t e rm.  Yet , if we assume

that the f i r s t  node (j 1) occurs at the surface  of the fin , the t empera tu re

eva luation at the node j -  1 has no meaning . Thus , a fo rward  d i f f e rence  repre -

sentation of the de r iva t ive  shall  be used for  this boundary condition at j 1 :

~ 
R 2 T~~ - (1 + R)T

F
’
~~ 

+ ( 1 + 2 R ) T F
’
~~ 

- 
.i + l  L

(1 + R ) R ~~x2 
— 

~net

whe r e

- 

~~ et +~~y (T F
I+l  

- T
F1) + ~~ ~~ ~

T B
’
~~
’ - T BI )

which are  evaluated in A ppendix C.

The backface boundary condition in the fin is represen ted  s imp ly as

T i+l = T . . .  (14)
Fj !JM A X init ial

where  j = JMAX r e f e r s  to the node at which x L.
B. FLUID EQUATIO N AND BOUNDARY CONDITION IN

FINIT E DIFFERENCE FORM

Since the two equations governing fin and fluid temperatures  are  coup led

by the source term Q, it follows that the time and spatial increments  used to

approximate the fluid equation should be the same as those in the fin equation.

In addition , the sudden increase in Q (when the fin tempe rature exceeds the

fluid saturation tempera ture)  s t rengthens the coup ling fur ther , and incites

oscillations in the temperature distributions with time. Hence , quasi-

l inear izat ion of the source term is used to rectif y this situation. Spatial

_ 
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os ci l la t ions  a lso tend to occur when a centra l d i f f e re n c e  scheme rep resen t s
t he spa t ia l  de r iva t ive  in the fluid equation , thus necess i ta t ing  the incorpora-
tion of a two- point fo rward  d i f f e r ence  (i . e. , upwind di ffe rer icing) .  The
resu l t ing  imp lici t  f ini te  d i f f e r e nc e  represen ta t ion  of the fluid equation is

P ’
B C P

’
~ T i + l  T ~ ~~~~~~~~~~~~~~~~~~~ 

T i+ 1 i+ 1 2 i+ 1
B. - B. - 

~~x.  B. - T B. -

J j  j  3+ 1
( 1 5 )

where  Q~~ ’ is expanded in the same manne r  as for the fin equation . The
parameters  

~ B and C PB are eva lua ted at i nc remen t  le vel i by the a s sumpti on
that fluid proper t ie s do not vary  grea t ly with temperature.

While the use of the upwind difference scheme for the convective te rm
e l i m i n a t e s  the spa t i a l  osc i l l a t ions , it is only f i r s t - o r d e r  accurate spatiall y,
whereas  the c e n t r a l  d i f f e rence scheme is second-order  accurate.  Howeve r ,
suff ic ient  accuracy may be ensured  by using a fine mesh near the sur face
(i . e. , R < 1). In any eve nt , ex cess i ve conc e rn  with higher  order  accurate
nume rical  schemes is ha rd ly wa r ranted when the uncertaint ies  in the physical
model  d r ive  the solution . 

-

The backface  boundary condition in the fluid is represented simp ly as

T = T. . . (16)Bj JMAX ini tial

C. SOLUTION OF THE SYSTEM OF EQUATIONS

In examining the system of Eqs. (12) and (15), we find that the two

dependent va riable s are eva luated at three spatial le vels : j - l , j ,  and j+ 1.
Thus , since the equations can be written in t r idiagona l form , the unknown

-24- 
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i+ 1future  tempe ra ture s T and T - may be found u s i n g  es tabl ished solution

pro ce d u r e s . A system of t r i d i a g o n a l  equations takes  the form

A ( j , 1) u~~~1 + A ( j ,  2)  U. + A ( j , 3) u
J 1 + A (j , 4) v.~~1 +

+ A ( j ,  5) v.  + A ( j , 6) v .~~ = A ( j , 7) ( 17a)

and

B(j, 1) u 41 + B (j , Z )  u. + B(j ,3) u
J 1 + B(j , 4) v. +i +

+ B ( j , 5) v . + B(j , 6)  V
•j 1 = B (j , 7) ( 17b)

where u and v are dependent  variab les evaluate d at time level i+1 , the j value s

r e p r e s e nt th e noda l point s , in this case va ry ing f rom 1 to JMA X , and A and B
represen t  coef f ic ien t  a r r a y s  which are  defined in Table 1.

C lea r ly, the two gove rning d i f fe rence  equations can be represente d in
this manne r if the fin equation takes the fo rm of Eq. ( 17a) with T F rep la cin g u

and T B rep lacing v and if the fluid equation take s the form Eq. ( 17b) .  The

coeff ic ients  in the equations are  listed on the following pages.

It is apparent  that the surface  boundary condition in the fin , Eq. ( 1 3 ) ,

cannot be rea r ranged  into t r id iagonal  fo rm at j 1  since it contains a variable
at the j+ Z le vel . Howeve r , if solved simultaneously with the d i f f e rence  equa-
tion at j 2 , the boundary condition can be manipulated to take the form of

Eq. (17a). The backface boundary conditions in both equations are easily

represented in t r id iagona l  form.

4R . D. Richtmye r and K. W. Mo rton , Dif ference  Methods for  Initial Value
Problems, p. 276 , Interscience Publishers (1967).
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D. STABILITY A N A L Y S I S

To e n s u r e  that  the d i f f e r e n c e  scheme chosen  to r e p r e s e n t  the equat ions

w i l l y ield stable solut ions for fin and fluid t empera ture  d i s t r ibut ions , a sys-
tem stabil i ty ana lys i s  is pe r fo rmed , as de sc r ibed  in Appendix  D. For
var ious  phase ang les (a) , u n c o n d i t i o n a l  s t ab i l i ty  r equ i r e s  that the cha rac-

t e r i s t i c  e iger ~va lues (A) of the d i f f e r e nc e  equa t ions  a r e  less than  or equal  to

one. The relations for the two eigenvalue s derived in A ppendix D have been

solved as a func t ion  of phase  ang le , a s s u m i ng  a u n i f o rm  mesh and typ ica l  fin
and fluid properties (i. e., cons tan t  values not dependen t  on tempe ra tu re ) .

The resu l t s  c lear ly show that the sys tem of equat ions  is uncondi t ional ly
stable for al l  phase an g les . A s mi ght be expected , when time and spatial
in c r ement s a re  dec reased, the eigeri va lue s become even smal ler . The
resu l t ing  eigenvalue  for  va r ious  t ime and spa t i a l  i n c r e m e n t s  a r e  shown as a

funct ion  of phase  ang le in A ppendix D 0 The A v e r s u s  curve s are symmetric

about ~ = 180 deg.
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IV . RESULT S

Solut ions derived from the ana lytical formulation are obtained and

compa red with exper imenta l  data in this sec t ion.  Two cases  of par t icula r

in t e r es t a re  co n sidered . Fi rs t , co mpar i sons  a re  made with sur face  tern-

pera ture data obtained f rom a c l e a r -a i r  ba l l i s t ic  range  shot . Following th is ,
k

calculations are presented for a typ ical  fli ght test t r a j e c t o r y  in a weathe r

envi ronment .

A . BA LLISTIC RANGE TEST CASE

The test data for the ballistic range exper iment  include ac tual  TCN T

surface t empera tures  located in the stagnation region as a function of time .

Prescr ibed  coolant mass flow rates and environmental  conditions are then

supp lied to the numerica l  solution so that predicted fin t empera tu res  may be

compared with measured stagnation tempe ratures .

The data shown in Fig. 4 indicates  that the surface temperatures

obtained ex pe r imentally are  fa r  greate r than those determined numerically.

Several  factors could have caused this discrepancy. The most predominant 4

is the Thom Correlat ion which represents  the source term for subcooled

boiling heat t r ans fe r .  If the corre la t ion  causes too much heat to be removed

— from the fin, predicted fin temperatures will lie below the actual values.

Another case was run to establish an uppe r bound on fin tempe ratures by

using a constant Nusselt  number for the source term. The temperature  distri-

bution for Nu = 4. 0 (Fig . 4) lies above the experimenta l data points . Thus ,

it appears that because of the influence of the source term , a more realistic

corre lation for the heat t ransfe r mechanism should yield more accurate

result s .

• The possibili ty exists that the assumption of a laminar boundary layer

- ) - also causes deviat ion from actual surface temperatures. If thc non-blown

ae r od ynamic heat flux is greater  than that assumed (i . e ., a turbulent instead

of a laminar heat flux), both fin and fluid temperatures could be higher than
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Nu = 4.0
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Fi g. 4. Fin Surface Temperatur e for AEDC Ballisti c Range
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predicted . Howeve r , when a turbulent  non-b lowing  flux is incorpora ted  into

the solut ion , the inc rease  in f in t empera ture  is not enough to reproduce the

obse rved tempe ra tu res . It may then be concluded that the reported discrep-

ancies a re  the r e s u l t  of an o v e r l y opt imis t ic  c o r r e l a t i o n  for  the source te rm.

Even if a real is t ic  co r re la t ion  for  subcooled boiling were incorporated ,
the n u m e r i c a l  solut ion for  f in  tempe ra tu res  would be hi g her  than that indicated

by bal l is t ic  range  data . The d i f fe rence would a r i s e  f rom the assumpt ion of a

gaseous  bo unda ry layer . It may be postu lated that the li quid pa rticle s presen t

in the boundary  layer  ac tua l ly reduce d r i v i n g  entha lpy with phase change ,
lessening  the e ffect  of the heat flux at the fin sur face  so that t empera tu res

are  lowe r , Had this type of result  been obtained in the numer ica l  solution ,
a typ e of acc ommoda t ion fac t or wou ld h ave t o be in c luded t o rep r esent the

aerod ynamic heat flux more  accura te l y.

Since coolant mass  flow rates a re  re la t ive ly large for the ball ist ic

range  tes t  case , the convec t ive  t e r m  in the fluid equation may become much

la rge r  than the t r ans i en t  t e rm . A case in which the fluid equation is assumed

stead y state has been run , y ielding vir tual ly  the same tempe rature dis t r ibu-

tions in both fin and fluid as those for the transient case.

B. F LIGHT T R A J E C T O R Y

The compute r code was ap p lied to a conventiona l Kwajale in  r e e n t r y

in to a postulate d weathe r env i ronment  using a representa t ive  s tagnat ion point

coolant flow rate . The mass  f lux  of the coolant , shown as a funct ion of a l t i -

tude in Fi g. 5, exerts  a s t ronge r  inf luence on the temperatu re s because of

the re lative ly large range of values it a s sumes. Fin su r face  t e i t ipe r a tu r e s

are  seen to rise , then f a l l  off as a l t i tude  dec reases  as shown in Fig. 6 ,
simila r to the behavior  of coolant f lux .

Note that the cons tan t  N u s s e l t  number  case wou ld p redic t s u r face

mel t ing  in Fig. 6 , p resumably se t t ing  upper  and lowe r bounds for  the

actual  fin tempe ra ture  d i s t r i bu t ion .  The amount  of p r ed i c t ed  e ros ion  in
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the noseti p d r a m a t i c a l ly con t ra s t s  the two source term corre lations , as

seen in Fi g. 7. When the fin surface tempera tures  are  high , as in the case
a r i s ing  f rom a constant  Nusse l t  number , the e ros ion  coe ff ic ient  is g r ea t ly
r educed , thereb y increas ing  the erosion rate s ignif icant ly. Even thoug h
the amount of mate r ia l  eroded is hi g hl y unrea l i s tic for an actual  run (near l y
twice the length of the origina l f in element is removed),  the resul t s  indicate
the s t rong stabil i ty of the solution even with dras t ic  parameter  var ia t ions .

The resul ts  also suggest the need to increase  flow beyond the g iven schedule
to mainta in  sur face  temperature  be low the mate rial melt va lue for the
constant  Nusselt number solution.

Figure 8 provides a comparison of fluid surface tempe rature and
satu ration temperature  as a function of al t i tude.  The incorporat ion of a
non-e qui librium vaporizat ion rate to evaluate the mass t r ans fe r dr iving force
B’ allows fluid tempera tures  to exceed the saturation temperature . Whi le
this onl y occurs for  low coolant mass  flow rate s at hig h a l t i tudes , it is
apparent  that liquid and vapor phases can be present  at the surface of the s lot .
The assumption of onl y s ing le-phase flow in the analy sis , which g enera t es

two governing  equations instead of three , may st i ll be considered p lausible ,
in li ght of the relative ly short time in which vaporizat ion occurs.

The ‘ow mass flow rates for the coolant prescribed for the beg inning of
the fli ght t ra jec tory  could indicate a greater  importance associated with
the t ransient  te rm in the fluid equation. Howeve r , the test  cases exhibited in
Fig. 9 show neg ligible d i f fe rences  between fluid temperatures  obtained by a
steady-s ta te  fluid equation and those found by t r ans i en t  anal ysis . Both
ballistic range and flight test runs indicate that the t rans ien t  term in the fluid
equation may be just i f iably eliminated .
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V. CONC LUSIONS

The thermodyna mic behavior of a discrete inject ion transpiration-cooled

noseti p has been modeled by considering the energy exchange between the
metal matrix and coolant for a simple fin and s lot combination. The relevant

partial differential equations governing the energy transfe r in the fin and

coolant have been derived and solve d numerical ly using an unconditionally
stable imp licit finite difference scheme .

While the heat t ransfe r mechanism between fin and fluid accounts for
the possibility of subcooled boiling, it is maintained that the bulk of the coolant 4

is in the liquid phase.  The analysis  treats the gove rning final equation as
such , but in order not to preclude the possibility of two phases, a non-
equi librium vaporization rate of the fluid into the boundary laye r is incorpo-
ra ted . it is furthe r assumed that the boundary layer of the noseti p is sole ly
gaseous , so that analysis  may be simp lified and an uppe r bound on the sur-

face heat flux may be established .

Comparison of noseti p temperature distributions obtained by numerical
means and by expe riment indicate s that the correlat ion for  subcoole d boiling
heat t rans fe r is over ly optimistic for indepth energy exchange. A more
realistic representation might yield surface temperatures closer to the actual
values .

While both governing equations are considered to be t ransient  throughout
this analysis , a steady-state postulate in the coolant equation yield s vi rtually
the same results as the comp lete t ransient  representation, thereby validating
this commonly used assumption.
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A PP E N DIX A.  D E R I V A T I O N OF G O V E R N I N G  EQ UA T IONS

A . FIN E QU A T I O N

The physica l situation dep icted in Fig. A -i represents a fin volume

e l e men t , located at an a r b i t r a ry d i s t a n c e  z f r o m  the o r i g i n a l  s u r f a c e  of the

noseti p. The coordinate x denotes the distance of the element from the

~~~~~~~~~~~~~~~~ s u r f a c e  location at some t ime t , that is , the location of the s u r f a c e

af te r the f in  has  b e g u n  to e rode  at a rate s .

— — — —  — — —j-- -?j ———--—T- — FINSURFACE AT TIME O
~~J sdt

TB 
q~(w Az )~j F q~(w .i~z)~ TB

_ _ _  _ _ _ _

Fi g. A - i . Fin Volume E l e m e n t  -
‘

The T F and TB are used to denote the t e m p e r a t u r e  of the f in  and the tempera-

ture  of the fluid (or “ b u l k y ’) ,  r e spe ct ive ly. Thus , an ene rg y balance on this

volume element wi l l  include the fo l lowing t e r m s

OT F
- K F Ox

is the rate of heat t r a n s f e r per unit  a rea  due to conduct ion  in the fin (where

K F is the fin t h e r m a l  conduc t iv i ty) .
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q = h ( T 1. —

is the rate of heat  t r a n s f e r per  u n i t  a r e t  due to convec t ion .

The change in s ens ib l e  e n e rg y  of the sys t em in time 4t is

(PF
CPF 

. a • w . . 

~~~, ~~~~ 

- T~~~ :j
so that an overall energy balance yield s H

(PF C PF • a • w • 
~~4[~ F - 

- T F~ ] =
z , t +Ef t z , t

(-K F~~~~~ ) .  a • w .  ~~~~~~~ - (-K F~~~~~~) .  a • w ~~t~~~
4 . (

- z h .  w~~ 4z .4t
~~

T F~~~~~ 
- TBL J

Dividing by a • w . ~~z~~t and taking the limit as 4t and ~~z - — ~ O , we obtain

the following pa rtial d i f f e r e n t i a l  equat ion

ÔT I a T \  h
PFC PF ~~~~ I~ ~

K F 
~~~~~~~ 

2 — (T
B 

- T
F ) ( A - l )  H

In o rde r  to incorpora te  the e ros ion  t e rm  in the equation , we p e r f o r m  a
t ra n s f o r m a t i o n  to z -coord ina te s , u s in g th e rela t ion

z = x + J ~ dt (or dz dx + ~ dt)  (A - 2 )
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Our goal is to t ?ansfo rm tempera tu re  T F as a f un ct ion of z and t to TF as a
• function of spat ia l  coordinate  x and time ~~~. Thu s, if we wish  to have

T F(z , t) = T F (x , t)

we may then differentiate to obtain

OT OT OT OT
dz~ +-~~~-1dt = ~~~~~~~~~~ dx + —J dt

If we let t~~~t and dt~~~dt , then using Eq. ( A - 2 )  we find that

OT
~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~d x + - ~~fd t

or

ÔT F OT F 1 OT
F ÔT F1 ÔT F1 F-

—

~~~~~~

— s + -

~~~~

-

~

-— j cIt 4- -s-—— dx = -~c-j cit + -
~

_ J dx

Equating coeff ic ients , the following relations result 
- 

-

~~~F OT F
—

~~~~~~

-- = _

~~~~
-;

~

_

~~~F ~~~F . OT F
-

Using the t rans ien t  heat conduction equation for the fin in Eq. ( A - I ) ,  we ob ta in

0~~~~~ 
~~~~~ / \äT h

PFCPF 
—

~~~~~~~~ 
= 

~~~
— ~~~ -s---) + (~PFCPF ~)~-~3i + 2 — (T B - T F ) (A- 3)

whe re t now rep laces 1. it should be noted that when no erosion take s place ,

~ equals zero , and the form of Eq. ( A - 3 )  reduces to that of Eq. ( A - l ) .

-43-

- 0 -~ - - _ ___._•.—• -_--
~~~~~~ -k ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



When e r o s i o n  of the noset i p s u r f a c e  occurs , examinat ion of the model

indica tes that the ent i re  fin of length J is shi fted downward by the amount

I ~ cIt . For the pa rticula r app lication of the t r anspira tion-cooled noseti p,

the length I is def ined to be the d i s t ance  f r o m  the sur face  of thc fin (before

e r o s i o n )  to the smal l  opening th roug h which coolant  is injected , as shown in

Fig. A- 2 .

— r T 1  1~ 
_

~
r_ SURFACEAT T IMEo

~dt I z

x/~/
SURFACE AT TIME t

FLUI D

Fig. A -~~~~. Cont ro l  Volume Geometry

Thus , i f the fin is to be cons ide red  to have constant  length I a f t e r  eros ion

take s p lace , the d i m e n s i o n  a in Eq. (A - 3~ must  be rep laced by a ’ for  the
a ft .

lower portion of the fin (i. e., for x I - j  s dt to x ~ The same back-
face bounda ry condition would app ly as if s were  zero , s ince we a r e

assuming  the f in  to be s e m i - i n f i n i t e.

- 4 4 -
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13. FL U I D ( B U L K )  EQ UATION

A s imi l a r e n e r g y  ba lance  may be performed on the fluid volume ele-

ment  shown in Fig. A - 3 , with x-  and z-coo rd in a t e s identica l to those of the

fin e lement  so that e ros ion  may be taken into account.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~ 

— 

FLU I D ~~~~~ i~~~j77772SURFACE AT TIME t

• ///4~ b r

Fig. A - 3 . Fluid Volume Element

The t e rms  in the energy  ba lance are

is the rate of heat t r ans f e r per unit  area due to conduction in the fluid .

h(T F 
- T B)

is the rate of heat t r a n s f e r per uni t  a rea  due to convect ion ove r the fin .

r~
1C P

T
B

is the rate of he at t r a n s f e r per unit area due to inject ion of the fluid , where
iii is the specif ied mass flow rate of the coolant per unit area .
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An o v e r a l l  e n e r g y  balance yie lds the relat ion

(P BCPB
. b .  w .

~~ z) [T
B I t+~~t 

- T
B(~~~~] 

= (-KB~~~~~ ) . b .  w .  4t -

- ( K B~~~~~) . b .  ~~~~~~
. 

~t I + ~~ 
+ I

~~
C pB . b .  ~~~~~~

. 

~~t(T B~~~~~~ 
-

- T
Bj  -) 

+ z h .  ~~~~~~
. 

~~~~~~ 

~ 
- - 

- ~~~~~ 

~
).

z, t z , t z, t
I-

f rom which the pa rtia l d i f fe r en t i a l  equation is obtained

OT B 0 / OT B\ OT B h

~ B~~PB~~~T o k
K B _ a )  + (rh C pB )

~~a_ + 2 .  
~ 

(T v - T B) (A -4 )

A coordinate  t r a n s f o r m a t i o n  s imila r to that for the fin equat ion y ields our

f ina l  r e su l t

OT 
~~/ OT B\ OT B h

PBCPBW = ~~ ~ <B T5~~) 
+ (P BCPB~ 

+ 1-flCpB) -a-- _ 
+ 2 

~~~ 
(T F 

- T B)

( A - 5 )

Because erosion causes the fin to be “ sh i f ted”  downward  by the amount

J ~ dt , the reg ion of interest  in the fluid , also of length !, must t r ans la te

downward as we ll. R e f e r r in g  to Fig . A - Z , it is a,,~ parent that the dimension b

in Eq. (A-5) must be rep laced by b’ for x = I - J ~ dt to x I .  It is c lear

that , since m is def ined as the mass flow rate of the coolant per unit  area , a

d i f fe ren t  value r-i ’ should be substi tuted into the equation for I ~ dt < x <I .
From continuity,  this new mass flow i~ fo und to be ri ’ = rn ( b/ b ’) .  °

In the der iva t ion  of Eq. ( A - 5 ) ,  the fluid was assumed to be incompres-

sible such that work  due to vo lumetric changes is neg lig ible . The fluid

velocity is assumed constant such that viscous d iss i pation can be ignored .
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APPENDIX B. VA PORIZATION FROM A LIQUID WATER SURFACE

The mass t r ans f e r pa rameter  B’ is required to de te rmine  the reduction
in ae rod ynamic heat flux due to coolant vaporizat ion at the s lot surface .  The

mass t r ans fe r parameter  is obtaine d from the ana lysis g ive n in this appendix .

The prob lem is to determine the vaporization f rom a liquid wate r sur-

face ove r which an a i r  boundary  layer is flowing. In o rder  to sim p lif y the
ana ly sis , the usual  assumptions  of unit y Prandtl  and Lewis number and equal
di f fus ion coeff ic ients  are invoked . With these assumpt ions , the e lementa l
m a s s  f ract ions  at the sur face  are  obtained f rom the wall  boundary condit ions

for the elementa l conservat ion equations in terms of the mass t ransfe r para-
meter .

I<o + 4 ~~ B’
KOw 

= 1+  B’ KOe 
0 . 232

K
N

: _ _ _ _  

KN e 
= 0 , 768

B’ p ( B - i)
e e  H

where  subscr ip ts  w and e refe r to wall and boundary layer ed ge conditions ,
respect ively, and superscr i pt ti lde r e fe r s  to element mass fract ions .

I 
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Assuming that the surface temperature is low enough to preclude

dissociation reaction s , the gas phase at the wall consists  solely of molecula r

oxygen , nitrogen , and steam. Elementa l conservation at the wall yield s

1
~N = K Nw 2

-~ 
- 

16K0 - K 0 +~j~~
K H Ow 2 2

= 
~~ 

K~~~0 (B-2 )

The sum of the part ial  pressures  must equal the mixture pressure

+ ~ O2 
+ 

~~H 2O = P (B-3)

The pa rtial pressures are velated to the species mass fractions as

follows:

PMK PMK
- 

N 2 - 

02
28 P

o - 32

PM K H O
- ‘B-4’H 20 18 ‘

If it is assumed that the vaporization reaction is in equilibrium such that
the water vapor pa rtial pressure is identical to its equilibrium vapor pres-
sure (i . e., = P~~~0), the mass t ransfe r pa rameter may be obtain ed from
the foregoing expression as

18fiP ~ ~ 
K N 1<0

B~ q 
a 

pV 
2 

—
~~-~~

-
~~- + 

~~~~ 
(B-5)

- H20

whe re ~ was defined for notationa l convenience.
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Since the va por pressure  is a known function of tempe rature , the

equil ibrium value of B’ is eas i ly computed for specified values of surface

tempera ture  and pre s sure.  The equilibrium mass t ransfe r paramete r is

und e fined for  sur face  tempe ratures  greate r than the saturation te mpe rature

(i . e. , P” > P) . Thus , the use of the equi l ibr ium assumption wouldU 2-0
c o n s t r a i n  the solution fo r  the su r f ace  coolant tempe rature  to a lways be less

than the saturation value. In some instances this is phy s ica lly unrea l i s t i c,

and the mass t r a n s f e r pa rameter  will  be obtained from a non-equi l ibr ium

assumpt ion.

The non-equi l ib r ium vapor iza t ion  rate is mod eled using the Knudsen-

Langmuir equation , which is g iven as

~~ ~~~~~~~~~~~ 

~~~~ 
- P~~~0) 

(B -6)

• where  ~ is the vapor iza t ion  coeff ic ient , and M is th e molecu la r  we ight of
wa te r  vapor.

Using the definition of B’ and d iv id ing  throug h by the heat f lux y ields

/ ‘(~~v
‘H O ’H O

B’ = “ 2 2
C

CH

G~~ peueCH 
(B- ?)

This equation , along with the pre viously obtained expres s ions , yield s a
nonl inear  algebraic  equation for  B’ .

+ 

~~~~~~~~~ 
(~ - = GflP~~~0 (B- 8)
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Since the ratio of blowing to non-blowing Stanton number is presumed to
be a known function of B’ , this equation may be solve d i tera t ively for B’ for

specified va lue s of surface tempe rature , pressure , and non-blowing heat

flux (i . e., PeUeC
~~~~ 

The Stanton number express ion  used in this report is

given as

- 
t n (l  + XB’) • - 1 28CH 

- 

XB ’
0

— As equilibrium is approached (i . e. , CH — *0) , Eq. (B-8)  y ields exactly

the value of Eq. (B - 5 )  for  B’ . Fu rthermore , °Eq. (B-8) is well defined at

the saturation temperature, thereby allowing solutions for surface coolant
temperature  in excess of the saturation value.

The required va lue of vaporization coefficient was obtained 5 and is

g iven as 0 = 0.04.

Some typical value s for B’ are shown in Fig. B-i  for a pressure  of

100 atm for both the equilibrium and non-equil ibrium case.

a

5John P. l-!irth , ”Evaporation and Sublimation Mechanisms , “ The Characte ri-
zation of High Temperature Vapors,  Chapte r 15, ed. T . L. M a r g r av e ,
John Wiley and Sons , Inc., New York (1967) .
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APPENDIX C . QUASI UNEARIZED FORMULATION OF PA RAMETERS

The two parameters in the governing partial dif ferent ia l  equations
which are s t rong functions of temperature are Q, the coup ling heat t ransfe r
source term in both equati ons , and 4net’ the fin surface heat flux which
enters  into one boundary cond ition . When the governing equations are  repre-
sented in finite d i f fe rence  form , it is necessary that these two terms in
particu la r are  eva Luated at “future” time levels to ensure consistency.  Hence , 0 -

~

a technique is incorporated to evaluate the terms iterative ly. The terms Q ‘

and 4net will be represented  at future time le ve ls by the method of quasi-
linearization, which consists  of simply expanding the terms in a Tay lor
series .

A . THE SOURCE TERM Q

• The source term eva luated at iteration le vel i+l is

• Q1+1 
= Q~ +(~~~~~)~~~

T F~
+’ - T F’) ÷(~~~ ~

T B;÷’ - T
B;) 

( C - i )

Since Q is represented by two different re lations , dependent upon the regime
of the fin tempe rature , the derivatives take two different  forms:

1If T ~ T (fluid)F. sat
3

= h (TB~ 
- T F’-) where h = 4 .  K B /D H

/ Ø Q \~ ~
4
~~~

K B

~\
OT F)

3
and

/~~~~~ \i 4 • K B
1dT I = D (C -2)
\ B f .  H

-

~ 
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If T > T ( f l u i d )  -
} .  sat -

Q~ 0,0536 e~
’
~~
6
~
°
~ (TF~ 

- Tsat)2 where P is in psia ; -

3

~~ 
)i = z io . O536)e /630) 

(TF~ 
- T t) ;

and

~~~ T 
~ 

0 (C 3) 
-B • r4 -~

When the f in  t empera tu re  exceeds the fluid saturat ion tempe rature , the rela-

tion which y ield s the m a x i m u m  va lue of Q is chosen to r ep re sen t  the source

t e r m . In this  case , the assoc ia ted  d e r i v a t i v e s  for  the pa r t i cu l a r  Q re lation 1
are  subst i tu ted into Eq. (C- 1).

B. THE S U R F A C E  HEAT F LUX 4net 
I 

-

-

The net heat flux imping ing on the surface  of the fin may be div ided into
— three major components . These are  (a) the fluxes due to aerod ynamic heating,

(b) parti c le heat ing,  and (c) radiat ion.  The representat ion of the surface 
-

boundary condit ion is - -

- K F~~~~~ ~~~~ + (~~~~~~)~~(T F
i+i  

- T F 1) + ( g~~~t) (
T B

I+1 
- T B’)

(C-4 )

-
p 
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- - -
~~~~~ 

-
~

- - -
~~~~~~~~::~~~~ 

-
~~ 1~~~

where

. i .i .iq q + q  - qnet aero  par t rad

h c
-I. • w H

= ~o(i ç)
~~~~~~i~ 

p

~ ;:~ar t  - 2 0
~~LWC (Uco)3

- - 4
E a(TF’)

The pa rticle heat flux is independent of eithe r temperature , but bo th and

cj ente r into the evaluation of the derivative srad

(~~~
net V (°4aero~~ (~~~rad~~

\ ä T F /  \ a T F /  \ öT B /1 1

(ö4 net \
1 

- 
(a4aero\

’

\ aT B 
~ 1 ~~~ 

ÔT~~~J

} To obtain the derivati ve s of aerod ynamic heat flux , it must f i r s t  be
determined how the te rm is dependent on temperature .  For the relat ion

~ ae r o ~o(’ 

~~~

~~~~~~~ 
— - _ - •  _ . _ _

-

_TI• _ _.__ - —
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ __ -  — - -



I

the t er m s  q ~m cI  H
R a r e  func t ions  of the local b o u n d a r y  l aye r  condi t ions  and

t h e r e f o r e  i n d e p e n d e n t  of T or  T , the t e rm h is found by -

h = RT
~~. 

[
~~~ 

(R~~F) 
+
~~~~(~~~ ) 

K

H O ]

with - - -

N B’K0 
-
~
---

~
---

~~~
-

~ , K N 1 + B ’ • and K
H O  1 + B ’

and

= 
In (A B’ + 1) ( X =  1. 28)XB

-
~~ 0 

0

It is a p p a r e n t  tha t  h is a funct ion of the f in  t empera ture  T F. Since the ~~- -

m a s s  t r a n s f e r dr iv i  -g fo rce  B ’ is solved i t e r a t i v e ly using the relat ion

+ ~~ + G - ~~ ~P - H 2O
/~ 

G~~P~~~Q

where

128. 0536a 
____G 

PeU C CH V R T B 
-

p H
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It can be seen that  both h and C /C a re  func t ions  of the fluid ternoeraturew H H0
T B. Thus , the aerod ynamic heat flux de r iva t ives  become

_ _ _ _ _  

q &(
~~~
J t)  

C Ohn e r o  
= q —~~~~ -- - 2- hw OT B +(

~~~~
±L)

~~~~~~~~~~~~ ( C - 4 )

0

and

04 -q C Oh
(C-5)

All of the derivatives in Eqs. (C- 4) and (C-5) may be eva luated in closed form . - 
-

1
~

0

— -I’

:
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I

A P PE N DIX I) . STABILIT Y ANA LYS IS FOR SYSTEM OF EQ UATIONS

A . G E N ER A L

A s t a bi l i t y  a n a l ys is  for  the coup led sy s t e m s  of d i f fe rence equa t ions
obta ined  in Section III wi l l  p r o v i d e  i n f o r r i -ta t ion about the c o n s t r a i n t s  (if a ny )
imposed  on se l ec t ion  of t ime  and spa t i a l  i n c r e m en t s . For a sys t em of
equa t ions  to be u n c o n d i t i o n al l y s tab le , it is r equi r ed  that  the c h a r ac t e r i s t i c
ei genva lues (A) be less  than o r  equa l to u n i ty  fo r  a l l  va lues  of the coe f f i c i en t s.
The ana l y s i s  h e r e i n  has  as s um ed  the c o ef f i c i e n t s  in the gove rn ing  equa t ions
to be e xt r e m e  ~~~~~~~~~~~~~~~~ case ~ value s , and the spa t i a l  in c r e m e n t s  to be u n i fo r m
CR = 1 ) .

The f lu id  and f in  d i f fe r e n c e  e q u a t i o n s  may  be r ep r e s e n t e d  as follows for
s t a b i l i ty  c o n s i d e r a t io n s .

1. FLUID EQUATION

T B
~~~

’ - T B~ = A 
[T B

n + 1  
- T B~~~1j  + B 

[T F~~~
1 

- T B
f l + ’ }

where

— 
( Ii cpB + P B C PB

S) ~~tA = A >  0PBC
PB IIX

— 2h4t
~~~~~~~~~ b ’  B > o  (D l)

~B P B
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~~~. FIN EQUATIO N

T F
f l tl  

- T f~ = C [T F
n+ 1 

- 2T F~~~
’ + T F

f l+ l  

I

+ D [T F~~~
1 

- T F~~~h I  + E [TB~~~
1 

- T F~~~
’ j ( D - 2 )

j -f- i j — 1  j

whe re H-

KFM
2 ’  C > 0

PFCpF (1
~

x)

/

D~~~~~~~
E’ PF

~~~~9—_ D > 02i~x PFCPF

E~~ 
2h~~t E > 0

PFCPFa ‘

Since constant coe ffi c ients in the d i f fe rence  equations are assumed , th e need

for  i te ra t ions  is e liminated , and the unknown tempe ra tu r es a re  t o be found at
time le vel n+1.

In accordance with Rich tmyer  and Morton 4 , it may be assumed that the

set of solutions to these simultaneous equations takes the fo rm

T B
n1 

- and T F~ =

where and G~ are some fun ct ions  of x and t ra ised  to th e ~th powe r and

E = cos$ + i sin $, a function of the system phase ang le ~ (c  is raised to the
power j ) .
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Plugging these solutions for temperature into Eqs . (D-1) and (D-2) ,  and

using the identities

p 1 . .
= Zi sin$

and

E + - ~~~~~2 cosf l

the following is derived for the fluid and fin equations

n+ l  G~~~
1[ 1 + B - A (cos$ + i sing 

- 
i ) J  - G?

G 2 = B (D - 3)

n+l  G’~~~ [1 + E - 2C(cos~~ - 1) - i (ZD sinfl) } 
-

G1 = E (D-4)

These equations may be solve d simu ltaneously to obtain relations for the

functions and at time leve l n+l in te rms of the functions at time level n

= 

a 11 a 12

Gr’ a 21 a 22

where

a — 
Ii - E - ZC(cosfl - 1) - i(2D sin$)]

1i
_ 

R - i I

Ba 12 — R - ii

a21 = R - ii

a - [1 + B - A(cos$- 1) - i(A s in$)]
22 R - i I
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~~1

with

H [1 + B - A(cos~ - 1)] ~1 + E - 2C(cos$ - 1)] - (A sin~~) ( 2 D sin$) - BE

I (A sin$)[ 1 + E - 2C(cos$ - 1) ]  + [1 + B - A(cos~ - 1)] (2D sing)

The mat r ix  containing the akj  coefficients is known as the amp lifi cation

mat r ix . It is the ei genvalues (A) of this matrix which yield the important

informat ion conce rning system stabilization

a 11 - A  a
12

= 0
a 21 a22 -X

The final  pol ynomial to be solved for the eig enva lues is

~ 2 {x l + i ~ 
1 ~ 

[ 
R + ‘I = 0 (D-5)

R + I  R + I

where

x 1 = R 
12 

+ B + E - (2C + A) (co s~ - 1) 1  - I(2 D + A)s in~~

and

x 2 -R ( 2 D  + A)sinfl + I + B + E - (2C + A)(cosfl  - 1)~

If ~A I  � 1 for all va lue s of A, B, C, D, and E , and for O~~�$ < 360 °, then
it may be concluded that the system is unconditionally stable. Since extreme
constant parameters  in this system of equations has been assumed , the te rms
A - E may be varied by chang ing the time and/ o r  spatial increments .
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_ _ _ _ _  ~~~~~~~ • 0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



L~~~~~H ~~~~~~~~~~~ 
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For the case where  ~~ = 0
0

, Eq. (D - 5)  reduces con siderably, and y ields
the two ei gen value s

A 1
1, 2 

— 1 + B + E ’

Since the coef f i c ien t s  B and E are  always greate r than ze ro , the stabilit y
c r i t e r i o n  is u n c on d i t i o n al ly sa t i s f ied  at  fi = 0

0
. k

When ~ � 0~~, the solutions for  A are found by complex analysis. The ~

- 

p

r e su lt in g e igenva lues a re  th en

I(~2 
+~~2) 

_ _ _ _ _A1 = 
2V~ R

2 
+ i2)2 

+ r - 
2 

~
1
çz (x 1cos ~ + x 2 sin 

~
) (D - 6 )

2 2

A 2 = ~~~~~~~~~ ~~~~~~ + r + 
~~2 ~~~2 (x 1cos ~ + x 2 sin fl ( D - 7 )

where

. J 2  2 H
a + b

0 tan
1 

~ H

with  
—

2 2
- ~~~~~~~ 4Ra - 

(i~
2 

+ 12)2 
- 

R 2 
+ I~

b - 

2x 1x 2 41

• (H
2 

+ j 2 ) 2  
- 

H 2 
+ 1

2 ‘

and x 1~ x ,, R , and I a r c  the same as p rev ious l y g iv en .
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When combinations of ~1t and ~~x are substitut ed into these r elations
for $ vary ing between 0 deg and 360 deg, a comp lete picture of the system
stabilit y is obtained . In every instance , the compute r solution shows that
each eigenva lu e is less than unit y, except at $ = 0

0
, whe n A2 becomes equal

to one s The case when both eigenva lue s approach uni ty closest  is for a very
small time increment  and a very la rge spatial increment (~~t = 0. 00001 sec ,
4x = 0. 1 ft) .  Yet the ei genva lues a lways remain less than or equal to unit y,
indicating that the governing diffe rence equation s are unconditionally stable .
A sample plot of A versus $ is shown in Fig. D-1 .
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Fig. D - l . Eigenvalue s versus Phase Ang le fi
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N O M E N C L A T U R E

a f i n  w i d t h

B’ m a s s  t r a n s f e r pa r a m e t e r  I d e f in e d  in Eq. ( 6 j

b s lot width

C~~ spec i f i c  heat

H R 
r e c o v e ry  entha lpy

( H / R T ) .  n o r m a l i z e d  en tha lpy of spec ies  i

K t h e r m a l  conduct iv i ty

K. mas s  f r ac t i on  of spec ies  i

r - - t coolant mass  flow rate per uni t  a rea

R u n i v e r s a l  gas constant

fin surface recess ion  rate

T t empera tu re

t time

I s lot depth

P densi ty

P eueCH co ld wal l , blowi ng heat flux paramete r = 4/H R

P eueCH co ld wal l , nonblowi ng heat flux paramete r 4 /H
0

Subscripts

B coolant p roper t i e s

F fin p roper t i es

• W wal l  value s
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