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ment “x is a member of S.’1 It then becomes necessary to develop an
empirically valid scale of truth which allows not only the binary
extremes of “true” and “false,” but also the continuum of intermediate
values.

-. tIn a series of experiments, subjects performed two tasks: pairwise
comparison, in which they selected the truer of two sentences; and
direct numerical scaling, where they rated truth on a O—to—lOO scale.
Results indicated that (1) the high degree of transitivity in each
subject’s paired—comparison judgments leads us to reject the hypothesis
of a two—valued true—false logic in favor of a continuum of values;
(2) ability to discriminate, as judged by the consistency between direct
ratings and paired—comparison judgments, seems to be uniform along the
tr ue—false continuum , again favoring the hypothesis of a continuum of

p truth values over that of a binary categorical judgment ; and (3) the
high correlation between an item ’s aggregate binary preference score for
a given subj ect and that subj ect ’s direct rating for the item indicates
that at least two d i f fe rent methods of inferring degree of truth are
highly consistent . Significance of these results and plans fo r further
ef for t s  to develop scaling methods are discussed . ;
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PRELIMINARY INVESTIGATION S INT O THE

PSYCHOLOGICAL FOUNDATIONS OF FUZZY REASONING

1.0 INTRODUCTION

This technical report contains a summary of the empirical
research designed and performed by members of the technical
s ta f f  of Decisions and Designs , Incorporated (D D I ) .  The
research reported here is the f i r s t  par t of a more extensive
program whose overall purpose is to def ine  a f i rm  empirical
and theoretical foundation for the proper use of the concepts
and operations associated with the theory of f u z z y  sets .
Such a basis should include operational def in i t ions  of the
concepts involved; experimental validation of the correspon-
dence between the empirical system thus described and some
symbolic or numerical  system; and specification of the
permissible domain for each operation , as well as its 1m ph -

cations in terms of scal ing,  measurement , and invariance
under t r ans fo rmat ions .

p Fuz zy set theory is a comparatively new field , originally
developed by systems engineers as a method of dealing approxi-
mately with highly complex systems . The progress made
during the initial decade of fuzzy set development has been

strongest , there fore , in the areas of practical implementation
and mathematical representation . However , in the area of
empirical behavioral validation of the theory, the literature
has been sparse , incomplete , and inconsistent. Because the

mathematical properties of a sys tem that would satisfy our
naive intuitive definitions are not uniquely determined , and
because the goals and backgrounds of fuzzy set researchers
differ widely , there have been to date no definitive , standard
set of notations and formulas , and no consistent framework
in which to compare and reconcile results from different
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researchers. This inconsistency has been somewhat of an
embarrassment to those attempting to assimilate the new
technology , of ten leading to the conclusion that the concept
of fuzz iness  is inherently inconsistent or illogical. The
present studies are designed to demonstrate that there doe s
exist an operational, empirically valid set of definit ions,
formulas , etc. , which can act as a unif ying framework for
fuzzy set theory .

The remaining three sections of this report deal with
completed and ongoing DDI research into the empirical founda-
tions of fuzzy set theory and its related logic. Section 2.0

contains a brief survey of the (relatively sparse) current

liter ature concerning empirical psychologica l studies of
reasoning with imprecisely defined concepts. Section 3.0

describes the first completed experiment in a series developed

and conducted by Drs. Jonathan J. Weiss, Paul J. Sticha , and

Michael L. Donnehl, all affiliated with DDI. Finally ,

Section 4.0 outlines our plans for future research , including
one experiment currently in progress and several other
possible future continuations concluding wi th an evaluation
of fuzzy set theory in the li ght of the evidence thus far
collected, with implications for future research into the
theory , methodology ,  and applications of fuzzy sets.

~r.
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2 . 0  REVIEW OF EMPIRICAL LITERATU RE

Despite much rt~~ent theoretical interest in fuzzy set

theory, and frequent assertions that human reasoning may be
organized by imprecise rules , there has been little empirical
research to verify the consistent use by individuals of
fuzzy reasoning processes. The little research already

conducted does not present a coherent picture of the human

as a proce ssor of fuzzy logical information because there
has been no agreement about the types of reasoning tasks to

which fuz zy set theory applies , and because basic questions

about consistency in the use of imprecise information have

not been addressed. This section reviews the limited empiri-

cal literature testing fuzzy set theories of human reasoning,

paying particular attention to the points mentioned above.

2.1 Methods of Assessment

Although the ax ioms of fuzzy set theory have the poten-
tial for application to a variety of human activities , care

must be taken that results in one area are not generalized

unjustifiably to different reasoning tasks. Recent empirical

research has investigated fuzzy reasoning in a variety of
contexts. Graded-set membership functions have been inferred

from confidence judgments (Macvicar-Whelan , 1978), choice
proportions over individuals (Hersh & Caramazza , 1.976),
paired comparison and direct judgments of degree of truth of
statements (Oden, l977a , l977b), degree of agreement with
statements (Dreyfuss, Kochen, Badre , & Robinson , 1975),
judgments of how well objects exemplify concepts (Rosch,

1975), and estimates of the range of possibility (Hersh ,

Note 1), the fuzzy analogue to the statistical concept of a

confidence interval.
0
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Potentially , of course, any task provides a set of
behavioral data which may be modeled by fuzzy set theory .

However, not all tasks pertain to questions of whether
individuals perceive envir...nmental partial truth or have im-

precise internal representations of truth or set membership.

For example, Macvicar—Whelan (1978) inferred membership

functions from confidence judgments on statements about

height. Although inferences were made about the representa-

tion of height, the judgments had nothing at all to do with

height; rather, they were measures of confidence . Individuals

may be more or less confident about statements, even if all

their perceptions and internal  representat ions are precise.

Fuzzy set theory may provide a model of confidence , but this

experiment does not tell us how we understand sentences

about height.

A similar problem occurs when membership functions are

inferred from group response proportions. This method was

used by Hersh and Caramazza (1976), who had subjects judge

the applicability of statements about the sizes of various

squares. The membership function was taken to be the pro-
portion of ‘yes ’ responses within the group. Rationale for

this definition is Zadeh’s (1968) assertion that the proba-

‘1 bility of an event is the expected value of its membership
function. However, this assertion cannot be used to infer

individual membership functions from group response proba-

bilities. The probability merely provides a measure of the
• degree of consensus among respondents. Furthermore , addi-

tional assumptions which allow the inference of individual
C membership functions must deny individual difference s in

membership functions. A somewhat similar method was used by

Thole , Zimme rmann , and Zysno (1979), who inferred differ—
ences in set membership from group choice proportions.

Other investigations have been somewhat more direct in

4 
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Howeve r , since there seems to be a tendency for investigators
to use personal measurement scheme s , it is important to
avoid overgenerah iz ing results of a particular scheme to all
schemes. The reader is advised to pay careful attention to

measurement techniques when consider ing the results presented
below.

2.2 Experimental Findings

Researchers seeking some empirical verification for

fuzzy set theory have been principally concerned with three
questions:

1. Is it possible to obtain quantifiably imprecise

judgments from individuals , or other judgments
from which the degree of imprecision may be inferred?

2. Doe s individual understanding of the logical
operations (‘not ,’ ‘ and ,’ ‘or ,’ etc.) correspond
to the conjectures of Zadeh (1965) and others?

3. What func t ion  is served by l inguis t ic  hedges , such

as the word ‘very ’?

It should not be at all surprising that individuals

occasionally produce imprecise j udgments. What is surprising
is that thi s fact has been used as evidence for the “psycho-
logical reality of fuzzy sets.” Macvicar—Whelan (1978),

using con fidence judgments , found imprecise boundaries
between those squares judged “large ,” for example , and those
not judged “large.” Kochen and Badre (1974), and Dreyfuss
et al. (1975) investigated the effect of context on imprecision

in judgment, and found that context information tends to

increase judgmental precision when context information is
related in a sensible way to the judgment, while nonsensical
context information decreases precision .

4
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Zadeh (1965) has suggested the following representation

for the logical functions negation, conjunction, and dis-
junction : The truth value of the negation of a statement is

assumed to be the complement of the truth value of the

statement; that is, the sum of the truth values of a statement
and its negation is 1. The truth value of the conjunction

of two statements is the minimum of the truth values of the

individual statements. The truth value of the disjunction

of two statements is the maximum of the truth values of the
two statements. Alternative formulations have been suggested

by others (Goguen, 1969), and no consensus has yet been
reached as to which of these formulations is “correct.”

Hersh and Caramazza (1976) have investigated negation

by using group probabilities and confidence judgments to

assess truth functions. The data they obtained seem to

support Zadeh ’s conjecture. However, the results should be

interpreted in light of the assessment method used . Oden

(1977b) used functional measurement techniques (Anderson,
1974) to investigate the role of conjunction and disjunction

in imprecise reasoning. The results indicate that conjunction

may be represented by the product of individual truth func-

tions , and disjunction by the sum of the truth values less

their product. Judgments of truth for conjunctions and

disjunctions directly contradicted the minimum and maximum

functions suggested by Zadeh. On the other hand , Thole et
al. (1979) found evidence supporting the minimum operation

for set intersection.

The linguistic hedge ‘very ’ may have two functions: it

may serve to translate the boundary between true and false

sentences; or it may serve as an intensifier , making judg-
ments more precise. Kochen and Badre (1974) found evidence

for the use of ‘very ’ as an in tens i f ie r .  Macvicar-Whelan
(1978), and Hersh and Caramazza (1976), on the other hand,

found that ‘very ’ did not serve to increase precision.

4
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The empirical literature presents an incomplete picture

of individuals ’ usage of imprecise reasoning. In particular ,

there is some confusion about the types of tasks in which
imprecise heuristics are used . There are also some con-

flicting results on certain aspects of imprecise reasoning .

Most important, basic questions remain unanswered , the most
fundamental of which is consistency. That is, do people

- respond to imprecision in a consistent and coherent manner?
And by what rules are complex judgments derived from their

simpler constituents? The question of consistency, there-

fore , is the principal concern of DDI ’s current investigation.
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3.0 THE EXPERIMENT

The first experiment in DDI’s research effort was
designed to investigate the consistency with which individuals

make judgments about the truth of sentences. Only individual

results were used, because it is important to distinguish
the true fuzziness inherent in a subject’s knowledge and
beliefs from the less interesting phenomenon of “noise” due
to the aggregation of subjects whose perceptions do not
coincide. Two methods of measurement were used : subjects

first rated the relative truth of sentences in paired-

comparison judgments ; later , they made direct numerical
estimates of the degree of truth attributed to each sentence.

Consistency was tested with respect both to the transitivity

of the paired comparisons , and to the compatability of those
paired judgments with the direct scaling data.

In interpreting the results of this and subsequent
experiments , the reader should be aware of the natural
correspondence between truth value and set membership. In

standard two-valued logic, a statement is either “true ” or
“false,” just as in classical set theory an element is

either a member or a nonmember of a set. Thus, the truth
value of the statement , “x is an element of the set S,” is
by definition equivalent to the degree of membership of x

in S. Similarly , the truth value of any sentence Y can be

identified with the degree of membership of Y in the set of

true sentences. When extending these classical two-valued

notions to the realm of fuzzy set membership and multi-
C valued logic, we may simply replace the binary set (0,1) by

the interval [0,1]. Thus, 0 represents the truth value of

a “false ” statement, or the degree of membership for an item

which is completely excluded from a given set; 1 represents
C the truth value of a completely “true” sentence , or the

degree of membership of an item which is unambiguously a
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member of a given set; and intermediate values represent

sentences which are judged only partly true, or elements
which are only partially included in a given set.

Just as “truth” (in the classical sense) and “proba-

bility ” (in Bayesian statistics) may be viewed as subjective ,

primitive concepts, we may stipulate that “degree of truth”

or “level of membership” is also such a concept. In other

words , although there is no a priori way of objectively
defining the “real” truth value of a sentence (other than

self-contraditions or tautologies), we may productively use
the concept of subjectively defined partial truth if we can
verify that people deal with it (at least ideally) in the

same way. In other words, we assume, in a manner entirely
analogous to the classical logician or the Bayesian, that
individual differences in assigned truth values represent
differences in information states and in personal values ,
but not fundamental variations in the subjects ’ essential
concept of “degree of truth.”

3.1 Method

3.1.1 Subjects — Subjects were 11 male and 14 female

employees of Decisions and Designs , Incorporated. Subjects

were not familiar with the purpose of the experiment. The

experiment took up to an hour and was conducted during

office hours. The subjects received no pay other than their

regular salary for their participation in the experiment.

3.1.2 Stimuli - Stimuli were a set of 50 sentences.

Sentences were limited to those for which truth could be
evaluated, and selected to cover as uniformly as possible
the range from “true” to “false.” Sentences were non-

controversial and were written to avoid dependence on sub-

jects ’ personal values or on special knowledge. Stimuli for

any single subject were 20 sentences randomly chosen from

4
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the entire set. Each subject received a different set of

sentences. A list of the 50 stimuli sentences appear in

Appendix A.

3.1.3 Procedure - The experiment had two parts. In

the f irst  part of the experiment , subjects viewed all pairs
of the 20 sentences, and indicated for each pair the sentence

they felt was truer. Subjects were presented all 190 pairs

for a single replication, along with the following instruc-
tions :

Often in real life we encounter statements which seem
neither entirely true nor entirely false. Given two of
these statements, we may be able to say that one or the
other is more true, although we could not say that
either is absolutely true or absolutely false.

On the following pages are several pairs of statements
labeled A and B. For each pair, circle the letter of
the statement you feel is more true.

There are no right or wrong answers to these questions ,
and this test in no way measures your intelli gence or
personality. In fact, your responses will not be
compared to the individual responses of any other
subjects. There are a lot of questions; work quickly
but carefully . Your help in this research is much
appreciated.

Remember , for each pair, circle the letter of the sen-
tence you feel is more true. Please answer every
question, even though it may be difficult on some
problems for you to decide which letter to circle.
When you finish all sentence pairs, continue with the
brief second part of the experiment. If you have no
questions , you may begin.

In the second part of the experiment, subjects
individually estimated the truth of each sentence, assigning
a number between 0 and 100 to each sentence in proportion to

its perceived truth. Subjects received the following

instructions :

4
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For this part of the experiment, you will see the same
sentences you saw before, now one at a time instead of
in pairs.

Your task is to assign to each sentence a number between
0 and 100 in proportion to how true you think each sen-
tence is. If you think the sentence is completely
true , assign the number 100 ; if you think the sentence
is completely false , assign the number 0; otherwise
assign an intermediate number corresponding to the
sentence ’s degree of truth. Put the number on the line
to the left of each sentence. If you have no questions,
you may begin.

Data consisted of paired-comparison judgments and direct
estimates for each subject.

3.2 Results

3.2.1 Transitivity of paired-comparison judgments -

For each subject’s paired-comparison data, the number of
intransitive triples was calculated. The distribution of

the number of intransitive triples is presented in the stem-

and-leaf display (Tukey, 1977) in Table 3-1. (Readers

unfamiliar with stem-and-leaf displays can find a brief

p explanation in Appendix B.) The median number of intransi-

tive triples is 17 , and the first and third quartiles are

given by 8 and 24 , respectively. To help interpret these

numbers , the maximum possible number of intransitive triples

is 330, and the expected number given random choice on each
pair would be 285. Clearly , there is quite a bit of regu-
larity in the paired-comparison judgments.

C Kendall (1955) has shown that under the assump-
tion of random choice , the number of intransitive triples is
distributed approximately x , and has derived formulas for
calculating a test statistic and appropriate degrees of
freedom. The third column of Table 3-2 shows the value of

for each subject. Examination of this table shows that
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0 2 3 4 4 5 5 8 8
10 1 3 5 5 7 7 8 9
20 3 4 4 5 8
30 0 7 9

110 7

Table 3-1
STEM-AND-LEAF DISPLAY OF NUMBER OF INTRANSITIVE TRIPLES
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Numbst of X 2
- .  Intrans it ive (Randomness ) (m u -False) (Three Group )

Subject Triples di 27 di 40 di 75

1 6 l66.5t 127.ot
2 15 162.Ot
3 5 l67 O~ 114 7~
4 39 150 0t 693h 28.0
5 18 lGO.5t 973t 91.0
6 28 61.0
7 23 90 7t 76.0
8 6 166 5t 1133t 127 0t
9 15 10~~3t

10 8 165 5t 1107t
11 24 157 5~ 89.3* 73.0
12 2 168 5t 139.ot
13 17 l6l .O~ 98 7t 940
14 24 157 5t 89.3t 73.0
15 17 l6l.Ot 94.0
16 30 154.5* 8l.3~ 55.0
17 37 15l.O~ 720h 34.o
18 3 168.Ot lll.3t l36.Ot
19 11 184.0* ,D6.7t
20 19 l6O.Ot 96.Ot 88.0
21 8 165.5* 110 7t
22 117 1110t —34.7 — 206.0
23 25 157.0* 88.0* 70.0
24 5 167.0* 114 7t
25 13 163.0*

1p<.OS hp<.O1 t p<.OO1
.

Table 3-2

• CONSISTENCY MEASURES FOR PAIRED-COMPARISON DATA
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every subject had significantly (2 < .001) fewer intransi-

tive triples than would be predicted by chance.

A somewhat more interesting null hypothesis than

that of random choice is the hypothesis that the set of

sentences may be partitioned into two distinct subsets:

“true ” sentences and “false ” sentences. Under this hypothesis,

subjects will always say that a “true ” statement is truer
than a “false ” statement, but will choose randomly between
pair s of “true” statements or pairs of “false” statements.

The expected number of intransitive triples under this
hypothesis is smaller than under the hypothesis of random

choice. Furthermore, the expected number depends on the

number of sentences in the true and false sets. The expected

number is lowest when half of the sentences are true and

half are false , so this case gives, in some sense , the most
stringent test of consistency compared to the true-false
hypothesis. In the above case, it is possible to modi fy  the
test statistic to test the true-false hypotheses.

values are presented in the fourth column of Table 3-2. The

expected and maximum number of intransitivities under the
true-false hypothesis are 60 and 80, respectively . As

3 illustrated in Table 3-2, all subjects but one had signifi-
cantly fewer (

~ < .01) violations than would be expected

under the true-false hypothesis. The remaining subject had
more violations of intransitivity than would be possible

under the true-false hypothesis.

It may be plausible to hypothesize that sentences

are divided into three groups: “true” sentences, “false ”
C sentences, and those sentences which are neither true nor

false or for some reason cannot be evaluated as true or

false. It is possible to derive a statistic to test this

three-group hypothesis, but its approximation by a x 2
distribution is only fair. Nevertheless, the fifth column

14
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of Table 3-2 shows that twelve of the twenty-five subjects

had significantly fewer (p < .05) intransitive triples than

would be predicted by the three-group hypothesis. These

independent x 2 variables may be summed to obtain an overall
indication of consistency. The obtained overall x 2 of 2080
is highly significant (df 1860 , 

~ 
< .0 01) .

To summarize, the consistency of paired compari-
son responses was much greater than would be expected by

either random choice, or a two-group hypothesis. For twelve

of the subjects , the three-group hypothesis could also be

L rejected; furthermore, the three-group hypothesis could also

be rejected when individual data were aggregated over all
subjects.

Another way of assessing the level of consis-
tency is by estimating the probability of making an error on

a pair which would produce the obtained rate of inconsis-

tency. That is, suppose subjects were transitive, except

that they reversed their choice randomly with probability 2•
Then , the probability of an intransitive triple, p~ is given
by:p

[13

If the obtained proportion of intransitive triples is p0 ,
then ~ may be estimated by :

/ 1-  ( 2 ]

2

Note that the expected proportion of intransitive triples
C reaches its maximum when 2 is 1/2.
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The obtained distribution of 2 is displayed in

the stem-and-leaf display in Table 3-3. This distribution

ranges from 0.18% to 11.61% and has a median of 1.51%. For

all subjects except one, the inferred probability of paired

comparison reversal is less then 3.6%. Clearly, the deviations

from transitivity are minor, and consistent with a reasonable

level of experimental error.

.00 2 3 4 4 5 5 7 7
01 0 2 3 3 5 5 6 7
.02 1 2 2 2 5 7
.03 4 6
.L~4

11 6

Table 3-3
STEM-AND-LEAF DISPLAY OF INFERRED PROBABILITY OF PAI R REVERSAL
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3.2.2 Categorical perception of truth - It seems clear

that the subjects consistently respond to the truth differ-
ences between sentences. However, the sentences may be per-
ceived to be either true or false. If this is the case,

then subjects may have more difficulty distinguishing the

relative truth of two sentences perceived as true or perceived

as false , than distinguishing the relative truth of a true

and false statement. This type of result has been used as

evidence for categorical perception of speech sounds (Liber-

man , Harris , Hoffman , & Gr i f f i th, 1957);  sounds which are
placed in di f ferent  categories are much easier to distinguish
than sounds placed in the same category , even if the sounds
in d i f fe rent  categories are much more similar on some
physical dimension than the sounds in the same category .

A fundamental dif ference between the sentences
used in this investigation and computer-generated speech

sounds is that there is no environmental measure of partial
truth . However , it may seem reasonable to use the direct
truth ratings as the objective measure of truth . Since the
direct ratings were on a scale of 0 to 100, statements rated
greater than 50 were interpreted as “true ” statements; those

rated less than 50 were interpreted as “false ” statements.

The statement pairs were then divided into four groups. The

“true” group included those pairs in which both statements
were “true ,” or one was “true ” and the other was rated 50.

• . The “ false ” group included those pairs in which both state-
ments were “ false ,” or one was “false ” and one was rated 50.

The mixed group included those pairs consisting of a “true ”

and a “false ” sentence. The remaining pairs, consisting of
two sentences rated 50, were not analyzed further (there
were 65 such pairs , comprising 1.37% of the total sample).

For each group, the probability of choosing the
sentence with the higher directly estimated truth value was

calculated as a function of the difference in the estimated

17
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truth values. Direct estimate differences were grouped by

tens so that groups consisted of pairs with differences
between one and ten, eleven and twenty , and so forth. If

perception of truth is categorical , the proportion of choices
consistent with direct estimates should be greater for the

mixed group than for the true or false group for a scale
difference.

The results of this analysis are displayed in
Figure 3-1. The obtained proportions are displayed along

with 95% confidence intervals for the actual probability .

Examination of Figure 3-1 shows that the probability of a

choice consistent with the direct estimates indeed increases

when the difference in the estimates increases. There

appear to be no differences between the mixed group and the
other two groups. An analysis of variance of the trans-

formed proportions for the range of sca le differences from
one to fifty confirms what seems obvious from Figure 3-1.

The effect of dif ference in scale value was large and sig-
nificant (F(4,8) = ~~~~ 2 < .01), accounting for 81% of the

total sum of squares. The effect of pair group was not

significant (F(2,8) = 0.67, NS), accounted for only 2.7% of

p the total sum of squares. Thus, there is no evidence for

categorical perception of truth.

3.2.3 Consistency of paired-comparison choices and

direct estimates - The results described in the previous
section suggest that there is substantial agreement between

the two methods of assessing partial truth, To check this

directly, the product-moment correlation was calculated for

C each subject between the number of statements a sentence was
judged truer than in the paired judgments and the sentence ’s

directly estimated truth value. A stem-and-leaf display of

the distribution of correlations is shown in Table 3-4. The

correlations ranged from 0.737 to 0,977, with a median of
0.900. Clearly, there is almost complete agreement between

4 the two assessment methods.
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C Figure 3-1
TEST OF CATEGORICAL PERCEPTION OF TRUTH
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4

.700 — P749 37,41

.750 — 799 76

.800— .849 20,46

.850 — .899 55. 58. 87, 88, 93. 94. 97
900— .949 00,01.02,10.12,16.19.37,38
.950 — P999 54,59, 70, 77

Table 3-4

STEM-AND-LEAF DISPLAY OF CORRELATION BETWEEN
PAIRED-COMPARISON SCORE AND DIRECT TRUTH ESTIMATEp

r
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3.3 Discussion

In order to represent judgments of relative truth by an

ordinal scale, it is necessary that these judgments be

connected and transitive. The data seem unequivocal on

transitivity. There were far fewer violations of transi-
tivity than would be expected if subjects responded to

sentences as though they were either true or false. The

results also seem to indicate that individuals perceived the

truth of the statements in a continuous rather than a
categorical manner. Furthermore, two measurement techniques
gave highly similar truth scales. Although the results seem

clear , attention should be paid to limitations in the experi-
ment.

There are two differences between the present analysis

of categorical perception and those which have been done in

other areas (e.g., Liberman et al., 1957). First, in the
current analysis, there is no objective measure of partial
truth. Since two subjective measures are being compared ,

both may be perceived the same way , and no categorization

effect will be found, independent of the nature of subjects ’

perceptions. Second, categorical perception has been tested

in a single context only. In the perception of speech

sounds , the main strength of the findings that perception is
categorical comes from the fact that in a different context,

when individuals employ a physical rather than a linguistic

interpretation of the sounds, perception is continuous. The

existence of contextual dependencies corrects for possible

confounding effects of nonlinear subjective scales. This

result suggests that although perception of truth may be

continuous in the context in which it was analyzed , it may
be that categorical perception would occur in other contexts,

such as in more complex judgment and decision-making tasks.

Further research in this direction may serve to illuminate

this problem.

21
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It must be realized that both the task used and the

type of consistency tested are somewhat limiting. Behavior

in a simple paired-comparison task will not necessarily

reflect the same processes as the behavior in a more complex

decision-making task. Furthermore, the statements themselves

were simple. A much stronger test of consistency would
- involve sentences formed by joining two or more simple

statements with appropriate logical connectives. Tests of

this stronger form of consistency would give knowledge of
the processes by which the truth of combinations of state-

ments is evaluated, a stronger representation of partial
H truth, as well as further verifying the validity of partial

truth in human reasoning.
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4.0 OUTLINE OF FUTURE RESEARCH PLANS

The encourag ing results of the experiment described

in this report ind icate that further investigation of the
psychological foundations underlying fuzzy set theory would
be of value. DDI has designed a second experiment to extend

the domain of application beyond simple sentences, and to

test for scale properties stronger than the ordinal ranking

demonstrated here. Furthermore, we envision a broader
program of research based on the experiments performed under
the current contract. The goal of such a program would be

a complete, well-validated body of empirical evidence which
could be used to justify the application of fuzzy set theory
to human decision problems , and to determine appropri ate
methods for implementing fuzzy set techniques.

4.1 Plans for Experiment Number 2

Our second experiment will extend the domain of partial

truth to include compound sentences formed by joining two
sentences with logical operations , such as conjuction and

3 disjunction. In the experiment, conjoint measurement tech-
niques will be used to test the ordinal implications of

‘1 alternative mathematical formulations of the logical opera-

tions. If the assumptions are satisfied , then a scale of
truth can be determined which is consistent with a particular
formulation of the logical operation ; this scale may also

have stronger uniqueness properties than the ordinal scale

determined in the previous experiment. In addition , the
C scale obtained indirectly will be compared with direct

estimates of truth.

The experiment will consist of two parts. In the first
I —

part, subjects will rank order compound sentences according

to their perceived truth. Examples of these sentences are

4
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“Ohio is in the midwest , and a porpoise is a typical mammal,”
and “Neither ‘A man S’ll” tall is very tall ,’ nor ‘Many
stars are visible in the city sky at night,’ is true.” The

sentences will form factorial designs which allow for testing

using conjoint measurement. Product and minimum rules will

be tested for conjunctions ; inverse product and maximum
rules will be tested for disjunctions.

In the second part of the experiment, direct estimates
will be obtained of the truth of the simple and compound
sentences ordered in the first part. Consistency of these

estimates with the alternative combination rules and with

the scale obtained from the rank order will be tested.

Analysis will concentrate on answering the following
three questions: 1) Can a representation of truth of com-
pound sentences be established which is consistent with a
reasonable and coherent set of combination rules? 2) Can a

scale be obtained for partial truth with ordered metric or
stronger uniqueness? 3) Do direct estimates provide a

reasonable scaling technique? The techniques of conjoint
measurement have been extended in two ways to answer these
questions. First, methods have been developed to test
whether a rank order on a factorial design is consistent

with rninimum .or maximum combination rules. Second , tech-
niques are being developed to determine whether two orderings
(i.e., on conjunction and disjunction) are simultaneously

consistent with related combination rules (e.g., minimum and
maximum). These techniques will be used along with other

appropriate methods to seek the answers to the questions

stated above.

4.2 Long—Range Planning and Evaluation

Based on the results of our first experiment, we can
envision a number of directions for fruitful extensions of

4
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the currently planned research. Roughly, these can be
divided into two categories : theoretical advances (includin g

both mathematical and empirical research), and applications.

Theoretical advances which might be accomplished in a

long-term research effort might include the following :

o axiomatization and empirical testing of advanced

logical and arithmetic operations (such as quanti-

fication, fully developed predicate calculus , and

logical “types ” or “categories ” which may be
thought of as an extension of “sets ”);

o development of a standard set of replicable methods
which may be used as operational definitions of

the concepts of fuzzy set theory , and emp loyed to
assure consistency of results; and

o extensions of fuzzy set theory itself to apply to
unsolved problems in other areas of mathematics,

engineering, or decision theory.

Among the applications which could be productively
developed , two which have been previously investigated by

DDI are fuzzy decision analysis (Watson, Weiss , and Donnell ,
1979) and fuzzy  policy capturing (Weiss , 1978). The preliminary

investigations in both of these areas have indicated the

potential for useful applications to practical problems, and

demonstrated prototype systems for their implementation .
However, before such methods can be applied with the confidence
that now characterizes the probability and utility-theoretic

models used in decision analysis, much refinement , testing,
and implementation of methods remains to be done. Further-

more , once fuzzy-set-based decision aiding techniques have
been deve loped, it is expected that the experience gained
during the first applications will provide the impetus for

• 
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both methodological improvements and further theoretical

research.

Further extensions of fuzzy set applications might

include a number of other highly important fields , of which
the following are a representative sample:

o consensus formation, group decision making, and
multi-participant negotiation;

o pattern recognition by machine, using visual and
- 

linguistic information (e.g., recognition of faces
from a verbal description);

o natural language processing (e.g., translation,
• data-base access by linguistic interaction , fuzzy

“ programming ” ) ;  and

o microprocessor control of complex systems under
multiple objectives (e.g., automobile engines

regulated to combine fuel economy , emission control ,
and power response).

4 Each of these would, of course, represent a full-scale
‘1 project of its own, but all would be based largely upon the

fundamental research performed within the current project.

To summarize, our preliminary experimental investiga-

tions into the empirical basis for fuzzy set theory have

been encouraging. We intend to continue our studies of the

fundamental operations underlying fuzzy set theory and its

reasoning, and to extend such investigations to apply to
more phenomena than the simple sentences of the first experi-

ment. Because of the encouraging nature of our results, it
seems very likely that a consistent operational system can

eventually be defined and validated, to serve as the basis

4
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for a fuzzy technology of reasoning and arithmetic , with
productive applications to decision theory and related
problem areas.
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LIST OF STIMULUS SENTENCES
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LIST OF STIMULUS SENTENCES

1. Ohio is in the Midwest.

2. It’s a long way from Pennsylvania to Canada.

3. Physicians make a lot of money.

4. A penguin is like a fish.

5. California is in the northern United States.

6. Four inches is a heavy snowfall.

7. A porpoise is a typical mammal.

8. Four pancakes is a lot for a lumberjack ’s breakfast.

9. A man five feet, eleven inches tall is very tall.

10. Mathematics is a difficult subject.

11. It is inappropriate to be barefoot in a restaurant.

12. Shoplifting is a serious crime.

13. Mexican food is very spicy.

14. Jockeys are very short.

15. President Carter has a strong accent.
$

16. Hamsters are popular pets.

‘1 17. It is uncomfortable to wear your right shoe on your
left foot.

18. An umbrella is effect ive in keeping one dry in the
rain.

19. Many stars are visible in the city sky at night.

20. It is not expensive to call someone in Europe from the
United States.

21. Most Americans are overweight.

22. Cheesecake is very sweet.

3 23. Athletes are overpaid.

4
A-2

L_
~~ ~~~~~~~~~~~ ~ •± -. 

__



_ _ _ _

24. Alcohol excites people.

25. Ringo Starr (of the Beatles) is a great drummer.

26. It is unsafe to live in large American cities.

27. Bob Hope is very funny.

28. The Internal Revenue Service (IRS ) is reasonably fair.

29. The United Nations is an effective organization .

30. Most lawyers act as though they have no conscience.

31. Los Angeles has clean air.

32. Chevrolet makes excellent cars.

33. White lies do no harm.

34. Medicine tastes terrible.

35. Women and men are treated equivalently in our society.

36. Greece is a nice place to go for a vacation.

37. Lake Erie is a large body of water.

38. The Olympics is an example of international cooperation.

39. Rhode Island has a lot of people.

40. West Germany is a highly industrialized country.

41. Fish have a strong odor.

42. The color of goldfish is yellow.

43. Skiing is a dangerous sport.

44. Tennis balls are fuzzy.

45. A lemon is a large fruit .

46. Smoking tobacco is beneficial to one’s health.

47. Alaska is north of Canada.

48. A 35-year—old man is middle-aged.

: 49. Denver is near the Pacific Ocean.

50. Potato chips are salty.
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APPENDIX B

A BRIEF EXP LANATION OF “STEM-AND-LEAF ” DIAGRAMS
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A BRIEF EXPLANATION OF “STEM-AND-LEAF ” DIAGRAMS

The “stem—and-leaf” diagram is a recently developed

means of displaying raw or calculated data in a manner which

permits either rapid visual scanning or detailed study. It

is essentially a kind of histogram, where equal intervals

are labeled along the left-hand margin, and each occurrence
of a value within a given interval corresponds to one token
on the appropriate line of the main figure. Typically , the
left-margin label will be either the interval’s range or the
lower bound of that range (choice of scale is at the pleasure
of the user, but is typically designed to segment the sample
into groups of no more than ten or fifteen). The tokens

themselves are the least significant digits of the corres-
ponding numbers. For example, to represent the set of
observations (2, 4, 7, 7, 12, 15, 17, 19, 21, 28, 43), we
might use the five intervals [0—9), [10—193, [20—29), [30—

3 9 ],  and [4 0 - 4 9) .  Thus , the stem-and-leaf diagram would
look like this :

$ 0 2 4 7 7

10 2 5 7 9

20 1 8

30

40 3

The reader can then read the diagram either as a gross

histogram of the scores (4 in the 0-9 interval, 4 i the 10-

19 interval, etc.), or else look in more detail at the
specific scores (for example, the entry “7” on the line
labeled “10” corresponds to the observation “17” that was

4 listed in the original sample.
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As a further example, suppose you must represent given

the scores: .0037, .0042, .0059, .0059, .0062, .0064,

.0076, .0078, .0091, .0099, .0120, .0145, .0187, .0277,

.0291. The stem-and-leaf representation of this set of data

might look like this:

.0000- .0049 37 42

.0050— .0099 59 59 62 64 76 78 91 99

.0lOO— .0l49 20 45

.0150— .0199 87

0200— . 02 49

.0250— .0299 77 91

Here again, the essential shape of the distribution may be
read simply and directly, while each individual data item is
also represented with no loss of information (for example,

the entry “91” on the “ .0050- .0099” line represents the

observed value of .0091.

This simple but useful format is gaining popularity as

a means of displaying data, and the reader should find it
a worth the small effort it takes to get comfortably acquainted

with it.
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