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ABSTRACT

T h i s  t}1e~ is presents the results of a
mathemat teal study concern ing the repeated
appl ica t~ on of a numer ical simulation of a
linear f i lter . The summat ion of several
fi iter outputs was used to generate samples
of a composite output  fun~ t~~ori w h i c h  had a
pow~ r spectral  dens~~t:,’ f unc t ion  sim i lar to
the sum of the power spectral density
funcU ons of the ind iv i dual f ilter output
fijn~~t i on s .
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CHAPTER I

INTRODUCTION
*

This thesis presents the results of a mathematical study

concerning a method for generating samples of a time function which

has a specified power spectral density function . The method makes

multiple use of a linear processor described by Mr. Joel N. Franklin
6

and programmed f r  digital solution by Mr. Walter A. 1~~tuska, Jr . 8

A linear filter with time-invariant elements may be

described mathematically as the convolution

x(t) S0 g( t  - T)w(T)d~ , (1)

where

- x(t) is the output tiae function,

• w ( t )  is the input funct ion , and

g(t) is the filter weighting function.

The filter weighting function is the time response of the filter due

to the input of the Di ra c delta function .

The Fourier t ransformation of a convoluti~ n is the product

of the individual Fourier transformations . Therefore , Eq. ( i )  can be
(~~

- 

expressed as a function of frequency as

1
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2

X( i~) = G(w )W(w )  (2)

where X ( w ) ,  G( w ) ,  and w(u ) are the Fourier transforms of x ( t ) ,  g (t ) ,

and w ( t ) ,  respectively. The funct ion G(~~) i s referred to as the

transfer funct ion of the f i l t e r .

Davenport and Root have shown that the power spectral

density functions S
~
(w) and s

~
(
~
u) of the filter input and out-

put are related by the equation

S (w) = IG(i)1 2 S (u.) . (3)

Suppose an input functi n is seltoted such that its power spectral

density function is identically equal to one . Equation (3) suggests

that, in this oase, the po~.rer spectral density function of the output

is dependent only n tho t ransfer  function of the filter , in that

3
~
(w) = IG (w)1 2 . (

~
)

• If we assume that S (w) may be represent~~ b y ~i rat~ ona1 function ,

then it is possible to find a transfer function whi h satisfies the

condi tion expressed in Eq. ( 14 ).  Davenport and Root 14 have shown that

the conditions

I 
_ _ _ _ _ _ _ _ _  

,
.

..
.-

~~~~~~~ ,

—
.~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_—



3
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s ( ~) = S~
(- w)

and

- - S ( ~u ) -. 0 as w -.

insure that the ra t i0na l  func t i n S ( ~c) can he represented as

S~
(w) ,

where P and Q. are p~lyn~nials in (
~~

) with real coefficients , where the

degree of P is less than tho 1e~ ree 1’ Q, and where the zeroes of Q

do not lie in the positive real half plane . The polynonials are defined

• as

‘1 ~(i~ ) 
= a0 + a

1
( i~~ ) + a~~( i x)

2 
+ .. . + a ( i ~~)~ , (6)

L. and

= b
0 

+ b1(i~u) + 
~~~~~~ 

+ ... + b (iw)’~ 
(
~

)

where m < f l .

The result f combining Eqs. ( 14 )  and (5) implies tha t the

transfer function of the filter can be expressed as a ratio of

polynomials by

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
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G(u.) = . (8)

- - The subst i tut ion of this equation in Eq. (2) yields

P i~t~X(u , ) = 
Q~~iw3 

w(w) . (9)

• If Ø(i~s) is defi ned to be the r a t i o  X (cu )/P ( iu~) ,  then Eq. ( 9) can

be wri t ten as

Q(iu ~) Ø ( iw )  = W(w) , (10)

or

a
0Ø(

iu)) + a
1
( i~~)Ø( iw) + a

2
( i w )

2
Ø(iu. ) + + a (iw ~~

’Ø(iu. ) = W ( i )  . (11)

‘1 Since the inverse t r ans fo rm of ( iw) kØ( iw) is ~~~~ plus a constant,

Eq. (11) can be expressed in the tir~e domain as

a~~(t) + a
1

Ø ’( t )  + a~ Ø” ( t )  + + a Ø ~~~~( t)  = w(t) . (12)

The function Ø (ix) was def in ed as the ratio X(i)/P(iw)

which implies that X(w) can he expressed as

X(w)  = P( iw)Ø( i~~) , (13)

4
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or

-. X( w )  = b
0Ø(

iw) + b1( i w )Ø ( i w)  ÷ b
2
(iu~)

2
Ø(iu,) + + h (IW)

m
Ø(IW) . (~ 14)

Using the Inverse t ransforms , Eq. (i4) becomes

x( t )  = b~~(t) + b1Ø’(t) + bf’(t) + . + b Ø ~~~ (~~) (15)

in the time domain .

If the differential equation (12) is sclve3 for 0( t ) ,

Ø t ( t ) ,  ...
, O(m) (~ ). in terms of the input function w( t )  and the

o oe f f l c i e nts of the polynomial Q(iw),  then the substi tution of the

solution into Eq. (15) yields the output funct ion x ( t )  in terms of

th coeff ic ients  of the two known polynomials and the input function .6

It should ho remembered that x ( t )  has the desired power

Gp otral density fun ~ t i c n  S (ui ) since the t r a n s f e r  f u n c t ion  G(w)

was chosen such that

s~(~
) = G ( L) 1 2 

. (16)

4 L
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CHAPTER II

DETERMINATION OF A TRANSFER FUNCTION

The generation of a time series with a specified power

spectral density function is a straightforward task as has been

pointed out in Chapter I. When a time series with a specified power

- . spectral density function is desired, the transfer function of the

system Is usually not available. However , in it s place there may he

a ske tch of the powe r spectral density function . Therefore , a method

of determining a transfer function to match the sketch is needed.

Probably the simplest method of determining a rational

algebraic func t ion  approximating a specified gain characteristic is

a reverse application of the asymptotic technique for plotting gain

versus frequency from a given transfer funct ion . The following

discussion presents the basic features of this asymptotic procedure .

A nore complete description can be found In Chestnut and Mayer.3

I
A. Construction of Gain Characteristics from Transfer Functions

It is desired to plot G~w) versus frequency, with the

function G(w) given . G(w) is in general the ratio of two polynomials

in iu , each polynomial containing both real and conjugate complex zeroes .

A typica l form for G(w) is

6
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0 (w)  = ________________________________ 

. (‘7)

+ ~~ + + 1
/ ~

1d/  2

The mu lt ip l icat ion  and d iv i s i ri r tb var us numerator and denominator

factors are transf r i r e l  t add i ti  n and su b t r a ’t i n 1- y considerati~ n of
0 2log10 I G ( w ) I , rathe r than IG(~r)~ d i r ot ly .  Ordinarily, it is conv enient

to plot 10 log IG(w)1 2 whi ’L io tb oain in d -il els. Therefore , Eq. (17)

is transfon~ed m t

20 1c~- t G ( i ) j  20 1T  K + 20 log + ii

+ 20 log ~~~ + 2
~i ~~ 

+

V (18)

- 20 log ~iw~ - 20 log 
~~ 

+

- 20 log + 2~2 ~~ 
+ lf

Thus, a plot f the gai n vs frequency can he made by simple

point-by-point addition of the gain o ’ each individual term in the sum-

mation on the right side of Eq. (18).

The ‘on~~tant gain term 20 log K is independent of f requency and

can be p lo tted as a h r izonta l line ~ fl a log-i g p1 t.

4
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The gain of the linear term +20 log 
~~ 

+ lf can be plotted
0

approximately by using a pair of asymptotes . These asymptotes can be

inf er r e d  by considering the linea r t~em at frequencies al~~ve and below

the frequency 
~~~

. For frequenoies ~ the toys. ~/w0 say  be

neglected . Therefore, at these frequencios the gain approaches 0 dB.

At frequencies x >> ui~ the term w/w0 is dominant and the gain be comes

asymptotic t a  st raight line with  a sl pe of ÷20 dB per decade .

Positive slopes are used with numeratL r factors of Eq. (17), wh ile

negative slopes are used with Jenos inator factors . The two asyaptotes

intersect  at the frequency w0,  which is known as the break frequency .

Figure la is a 1 ~--1og graph oh w i n g  these two as~rptotes . The actual

gain curv e is shown oelow the asyr pt tes.

A special ase of tb ~ia ar tt rr~ is tb~ t eys +20 log iw~

Its gain can be plotted as a single straight line having a slope

of ±20 dB per decade and 0 dB of gain at w = 1.

The situati n is slightty ci y c np lio ~ ted in the conside~~ tion

• i~ 1w .:f tb quadratic  term s +b  lug (—)  + 2~ — + 1 . The gain 01

these quadratics ifl ~i ‘an to plotted approximately by using a pair of

V asymptotes.  One asympt ote  is a horizontal l ine  cons t ruc ted at 0 dB,

and the other is a s tra ight line with a slope f +140 dB per decade .

These asymptotes intersect at the frequency w0
. The closeness of

the f i t  of the actual gain ‘U~~ve t the asymptotes near the break

frequency is controlled by th va iu V f ~~ Figure lb shows a family

of actual curves with c as the Independent parameter. Regardless of

4

4
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- - 
the value of C~ 

the actual curv e approaches the asympt .  tes at fre-

quencies above and below the break fr  quen ’y.  The error between tb-

• actual curve and tb asymptotes is g n t r ical i~v uyn.neto~ 
• ab ut the

break frequency; i.e., the err r for ~ = is i. bn t -al t ~~

er ror  at an x of

B. Example Problem

V A rati nal al gol ~ai c  fun c~ a is t l o  0 un l  wbi~~L , wi On o u d

as a filter transfer fw~ ti. a, will -auc tb output of the filter to

have a p:w r spectral density functi a s i m i l a r  t V  tb ‘urve shown in

Fio . ~~~. Tb general slope 0 the urv e is t he -20 dB p r  decade.

There are t 1 e tw peaks: a sli~tht 
pt -a~ at 0.1 Hz and a sharp

peak at 1 Hz.

The r~ •~~ at 2 .1 Hz -an 1- generat I : a quadratic fa -toi- ,

(
~

) + ~~ + ~ 
‘-
~~ d~~ ~~~~ f ~~ ~~~~~~

w h o

0 . i ~ 0ad1a n.~, and

T h is  f ac t  r -auces a -~.2 IF pe r decade s1epe at frequencies greater

than ° .T h .  A I a V a o factor + 1 is required in the numerator to

4- cr- -as t b -  . t i  pe t -20 lB per d ade .

4 1

‘ 1
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The peak at 1 Hz can be created by using another quadratic
, ~2

factor, + 2C ~~ 
+ 1, In the denominator ,2 u ) 2

where

= 2~t radians, and

0.05.

• This factor will cause an additional -140 dB per decade dro p in gain at

frequencies greater than 2s. There fo re , a quadratic factor 
~~~

)2 + 2C3 
~~ + 1

is required in the numerator ~ o s  t: 10 the general slope to -20 dB per

decade .

The use of a ra ti  of quadrati - fact ~~rs with the sam e b reak

fre quen -y causes n :  gain except in t li  v i c i n i t y  of the break fi-equen y .

The gain in dB at the 1 rs ak f r quefl ~~~ V
V appears to he app roximately

20 log (C N/~ D )
~ 

w h o  and c rio fr-cm the numerator  and denominator ,

r e s pe ct i ve l y ,  and are  — f ~eas na1 1-c sagnitult- . When the gain for a

peak or nul l giv’ r-i , tb I n t l  is f ixed . The i n i t i a l  cho ice  of

one of tb- ~ not  fli~~~i~~p~ les a value for the other but als sets the

“width ” of the peak or null .  An examination of Fig. 3 will indicate

tha t f or a f ixed rat io, C N/C D f 14, several “widths ” are created which

depend upon the choice of one of the 
~~~
.

The preceding descri ption of factors indicates tha t theV V required rational algebraic func t ion  or t ransfer  func t ion  shoul d be

4 .

_ _ _ _ _ _  - 
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2
(~~+l~ F(~~~ ÷ o.14~~~+l\W 1 /L \w2/ w2

- G~wj 2 2 (19)

F (~&~ + 1.2 .~~~~~ + h F  ~~ + 0.1 + 1
I \W~~J ~ i ii \W~~/ U)

2

Figure 4 is a log-log plot of the power spectral density functIon

obtained when the transfer functIon , Eq. (19), was used in Franklin ’s

method. A comparison of the dashed line which represents the desired

power spectral density function with the solid curv e indicates tha t this

Is Indeed the necessary transfe r function .
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CHAPTER III

PERfl~-1~~ TAT ION

The method of creating samples of a time function with a

— given power spectral density function as de scribed in Chapter I requires

the transfer function . A method of determining the t ransfer  funct ion

from a sketch of the desired power spectral density function was

described in Chapter II. Therefore, it would seem tha t the task of

creating these samples of the time function is a straightforwa rd

procedure. However, Franklin ’s method of solving the differential

V equation, Eq. (12), is quite inefficient with respect to the ratio of

the number uf output sampics to the number V~~f input samples. The

generation of each output sample requires n samples of the input

whe re n is the degree • f the polynomial in the denominator of the

-• transfer function. This requirement may be a severe limitation when

the power spectral density funct ion is not simple.

A. Parallel Filters--Sam e Input

In an ef for t  to generate samples of a time funct ion with a

complicated power spectral density function and still have a large

number of output samples , two fi l ters with simple transfer functions

f were used in ~ara1lel . These fil ters shared samples of a common Input

function w1( t )  whose power spectral density function was flat.  The

samples of the output time functions x1( t )  and x2( t )  were summed in

$4 ~~~~V 16
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a point-by-poInt fashIon to yield samples of the time function y
1

( t) ,

where

• 
y
1

( t )  = x1( t )  + x
2

( t)  . (20)

• The transfer functions of the two filters are

G1(w )  = 

:2~ + ~ 

(21)

LL)
]V J 

l j~1~

where the values of and C1 are O.2~ and 0.6, respectively, and

+ 1
\ 

~2G
2

(w) = 

2 ‘ (22)

‘1 (
~~

‘
~ + 2 ~ 2 x 5

where the values of i~~ and 
~2 

are 2rt and 0.05, respec t ive ly .  The constant

gain factor -  K has the value 0.01 /10

The square of the ma~~itude of each of the transfer functions

is sho~m in Fig. 5. The dashed lines near the intersection are the

approximate sum s of the tw funct ions .  These two transfer funct ions

w • r  selected in an effort  to create samples f a time function with a

power spectral densi ty  funct ion sim ilar to the curve shown in Fig. 2.

4

V - 

~~~~~~~~~~ V 
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V 

The power spectral density function of the sampled output

time function from the filters is shown in Figs. 6 and 7. The dashed

-- . . 2
lines are the plots of the functions G(w)

All power spectral density functions shown in this thesis

we re produced by a spectral analysis program similar to the program

SPECT , as found in a report by Ellis and Boston .5 Under certain

conditions the power spectral density function of a time function
V 

x( t )  can be estimated by

PSDF = $ R e
_
~~

t dt , ( 23)

where R is the autocorrelation funct ion of x(t). The autocorrelatIon
xx

function is defined by

~~ ~-T 
x(t)x(t - 7)dt  (24 )

if the limit exists . The limit  in Eq. (2 14) was dropped in the program

SPECT becaus e the time functions to be analyzed were all of f ini te

duration.

The power spectral density function V f the summed samples

of the two f i l ter  outputs , x1( t )  and x2 ( t ), was somewhat dif ferent

than had been expected . Figure 8 shows the powe r spectral density

function of the output samples of the~~ara11e1 f i l ters .  The dashed

line in this figure is the approximate sum of the two curves shown in

4 Fig. 5.
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The difference can be explained as follows . The autocorrehation

of the sum of the functions is

= 
~~~~~ 

$_~ 
y
1
(~~~~~~~~

’
~~~~~ 

- T)dt . (25)

But the function v
1
(t) is the sum of the func t ions  x1( t )  and x2( t ) .

Therefore, Eq. (2~) can he expressed as

R y y  = ~~~ 
$

T

[
~~~t + x

~~( t )1  [x1
(t - T )  + x5(t  - T)] dt (26)

or as

R = ~~~~ 

$

T
~~~~~~( t )~~~~ (t  - 

~~~) 
+ ~~~( t ) x ~~( t  -

(2 7)

-- + x2 ( t) x1( t  - 
~~~) 

+ x2 ( t )x 2 ( t  - T) ]

Since the integral of the cur: i s  the sam- V : as the sum of the in tegra ls,

V Eq. (27) can be written as

R = f ~~( t ) x1( t  - T)d t  + ~~~~~ $

T
x2(t) x2 (t  - T)dt

~~~
5 T ~~~~~~2 - 7)dt  +~~~ r x2 ( t ) x1( t  - T)dt  . ( 28)
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This can he expressed ent irely in terms of correlation func t ions  as

R = R  + R  -s- R + R  . (2c )y ly l x 1x1 x2 x2 
x1X2 x2 x_ 1

Therefore, the power spectra l dens i ty  fun ct ion of y
1( t )  produced by the

- 
spec tral analysis  p rogram SPE~~ is the sum of the POW~

V
~ spectral densi ty

V fu n ct i o i .  : each of tl~~ filte: ou tp nt s  a t :  I h e  cr o ss—spe ct ra l  densi ty

f un ’ t n due to th e  cro so- - ~~~~~~~~~~~~~~~~~~ n terms B and Bx 1 x2 x2x1
S ~~~~~~~~ the filte r - -. chat-cd tPo- same input san:ples , there is a

p 5 5  ii t: tha t th V f i i  t •  r u t ou t  V :a : : Vp  ~~-s  a r c  OV r . ew h a t 
V lat i If

t t o e , th- n the ~~~~55_ rr- la t :  V ’ to :T:5 in E 1. (y t ) wi l l  cause

the ~o~~~~~~ ra density futteti t i c  t. V c.V l n t r i lV u t e  S :V1 f~~cant 1y  to

the power  s p o ct ~~~~l 2 nc1t~ f U Z i V t l  of the c-us . V the t’~~ V V flit • outputs

B. ~~ ral le l  Fil t er - s- -Separate Inputs

•1 - -  In an a t temp t to m i n i m V i ~ e these c :-ocs- . ;p - c t:~~1 d’~n sity

- f u n c t i o n s , se1~~:-at un :-r lated i nputs we :- used w i t h  t h V  came pai r

V of f i l t e r s . It was hoped tha t since the inputs we r- otto i t-elated , the

I 
outputs  woul d aloe l e  wie Vr r e l a t e d . If th is  W e t - c  t b ’  case , the t e r~ss

R and R in  Eq. (?c) would 1IC small , th r - - 1 y r educ ing  the ef fe -t
x1x2 x~ x1

of cross-spectra l d e n s i t y  f u n c t i o n s.

The power spectra l dens i ty  f u nct io n  f the second set of

Input sampl e s  was f i a t .  These samp les were used as input to the

4

• 

V V~~~~~~~ 

V~~~~~~~~~~’~~~~~ 

-

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _  _ _ _ _ _ _ _ _ _  
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f i l te r  with the transfer fuLL ction expressed in Eq. (22) .  Figure 9

depicts the power spectral density function of the samples of the

V filter output x~(t) . The dashed li ne is the plot of the funct ion

2
V - !G2(w)

An ~V r ~~ tmif l at i e n  of Fig. 10 will indicate that there was onl y

a sligh t d i f fe rence  between the powe r spectral densit y f unction of

the summed samp les of the two f~~1 t V ~1 outputs , x1(t) and x3(t), 
and

the approximate sum of the two curves shown in Fig. 5. The dashed

line is the desi red shape and the solid line is the power spectral

dens ity function of the summed samples ‘f the two filter ‘utputs .
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CIfAF~ER IV

CONCLUSIONS

A t ransfer  fun c t i e n  for -  a f i l t e r  can be determined which wil l

yield an output fu n ct i on  wi th any specified powe r spectral density

funct ion . Franklin ’ s method of generat ing the samples of the f i l t e r

V 
- -  output func t ion  is i n e f f i c i e n t  if  the t r ans fer funct ion  has very many

V facto rs in the denominator .  To c ir c u m v e n t  t h i s  l imi ta t ion , the outputs

- of several f i l ters can 1€- summed . These f i l ters  should have s imp le

transfer - functions and sepa rate uncorrelated input fu n e t i n s .

The summation of several filter outputs can he used t~

generate a composite output f un et io n  which has a powe r spectral

dens i ty  funct ion  similar -  to the sum f the power spectra l density

- V f unct ions of the individua l f i l t e r  output  functions . A libra ry of

time function samples with various power spectralV dens i ty  func t ions ,

generated from uncorrelated input samples, could he of value. Time

-. functions front the l ibrary  could be selected according to their

V power spectral densi ty funct ions  and summed in order to produce a

V time function with most any desired power spectral density function.

• 
L These library t ime f un c t ion s co u ld also he used tO alter r-ecorded

samp les of natura l occurrences to suit the desires f the user.
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APFEI~DIX

A reference in the thesis was made concerning the inefficiency

V 

of Franklin ’s method for- s iving the differential Eq. (12). His

-. solution requires a samples of the input t generate each SaI:.r, 1, V f

t he output where n is the degree V
f the polynomial in the den minator

V of the transfer function.

• It was necessary f r - Franklin t def i ne a sequence 1’ n-

-• dimensiona l vec t V rs , one vector- V Ic  used f o r  each output sample.

- These vectors ~.ver e defined as

w w w
IV n+l Jn +l

(°)  - 
(1) - (2 )

w — . - -‘ — • , V — . , . . .

V w V
n 2n 3n

St whe re w1, w~ , w3,  . . . ,  are the in p u t sam ples. V

V It- was noted that the method m ight have been r V I-e efficient

- • had the vecto rs been defined as

29
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( 0) (1) (2)
- - 

w - . , w - . , w - . , ...

-- w V V
V n n+l

V 
The difference between the number of input samples and output samples

V for the last definition VVf vectors is n - 1; the difference resulting

from Franklin’s method is N(i - !), where N is the number of input

samples.

All claims made by Franklin concerning the various

characteristics ef the linear processor which he described apply

equally well with either choice of vector definition . This is true

because the arguments really apply to the individua l vector components

rather than to the vectors themselves.
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