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SECTION I
/ I• INTRODUCTION

Thi s repo rt presents  the perfo rmance of a new modulation technique

which has been called mixed-base modulation (MBM) . Thi s technique

provides significant performance advantages over other common modu-

lation techniques for applications where both powe r and bandwidth are

limited . Its performance for bandspreading factors  of two to five

relative to single-sideband is reasonably close to the ultimate Shannon

bounds. Most available techniques are very poor in this region.

The viewpoint which allowed synthesis of this technique will be

given before the basic approach and its performance are discussed . A

section comparing the theoretical performance of MBM and that of

other common technique s is followed by a discussion of some of the

practical  considerations.
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SECTION II

THE TRANSMISSION PROBLEM

The problem to be considered is illustrated in Figure 1. An input

signal , m(t ) ,  is to be t ransformed in some manner to a second signal ,

h( t ) ,  to which independent white gaussian noise , n( t ) ,  is added to produce

the received signal , r ( t ) .  This signal is then t ransformed into an esti-

mate of m(t) ,  z~~(t) .  We will take the liberty of calling the device that

t r ans fo rms  m(t)  into h(t)  the modulator and the device which trans-

forms r ( t )  into t~~ i(t)  the demodulator. The fidelity cri teria will be the

normalized mean-squared error , C, betwe en z~~(t) and m(t)  where a

known time delay, Td , is allowed . Thus:

A - 2E [( m ( t )  - m(t+ rd )) ]
€ E [rn2 ( t ) ]

The objective will  be to choose the modulation and demodulation pro-

cesses  to produce a small value of ~ when the spectral cha rac te r i s t i c s  of

the source , and the t ransmit ted si gnal , m(t )  and h( t ) ,  and th e noise

s pec t ral hei ght , N / . ~. a r e  specified .

T o simplify the problem we will  assume the input data to be a

s ta t ionary  process  with an ideal flat bandlimitted spectrum of bandwidth ,

B .  We then can represent the process with time samples of the input

taken ‘t in tervals  of T
5

T = i/2B .

t 

5 V

If the output of the modulator is also a sequence of samp les at

interval s , T , they can be represented by time function s such that the

~ I

4 ! .  
* The objective of centering the spectrum of h(t)  for propagation will be

discussed separately in Section VIII. 
3.

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~--~-~I I’. 
~~~ I 

-

~~~~~~~



______ ______________ 

-. ---- --—--

y~~~~~— RADIATION

output or channel bandwidth will be B = 1 /2T . Thus , the bandspreading,
C

B = B /B , will be the ratio of sampling rates between the output and in-
C V

put. Further , if the receiver f i rs t  passes the noisy signal through an

ideal sharp cutoff filter of bandwidth B , and the result is sampled at

the appropriate times, the problem reduces to a transformation of

independent random variables as indicated in Figure 2 where i is the

time index and the variance of the noise random variables, n ., is:
1

cy 2 E[n .2 J = B N  ~~~N B .
fl 1 c o  o v

It is worth noting that our setup of the problem differs from that

taken by Ford [1] which models the input source as a finite dimensional

Markoff process and allows control theory technique s discussed by V

Snyder £2 ]  to synthesize the opt imum modulator-demodulator pair. Ford

was unsuccessful  in evaluating the optimum non-linear pair and discusse s

instead some of the prope rties of the optimum time-variant linear combi-

nations. It should be pointed out also that the real-time (that is Td 
= 0)

evaluation of e r ro r  implicit in the model provided by Snyder is usually

un realistic in communication problems.

The simplest case to consider is that of unity bandspreading and a

memoryless modulator. Thi s implies that the modulator is simply an

operator that modifie s the value of m . to produce h. and the receiver

estimates m. from each input , r . . Since the received signals are

independent from sample to sample the receiver cannot make use of - -

othe r received samples. If we define :

h. 0. t m .] V
1 1 1

and V

— —m. - 0 £r .] - 0 En.  + h.]a 2 2 
~

- V  - 
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then one may wonder if a good choice of non-linea r operators might

significantl y reduce € (as compared with c for linear operators) for a

specified value of receiver input signal to noise ratio, SNR. =

P /N B = ~E /N -V . S 0 V S 0

wh e r e:

P = E ’ h2JS .  S 1

E = P T .
S S S

In Appendix I ~n integral equation is derived for the opt imum modu-

lator-demodulator  pair which depend s upon the probability density

function of the input. An explicit solution was obtained only for a

gaussian density function .

Lechleider ~ 3, 4 ~ and Haddad 
~ 

5 , 6 ~ have considered the trans-

m ission of th e memoryl ess t ime di scr ete va riables and de r ived some

resul ts  for the “ small noise” case us ing  a t runcated Taylor  ser ies

ex pansion for  the non-l inea r operator . Both have extended the anal ys is

to conside r the memo ry ful case where each output sample is a function

of more than one input sample.

Although the case of unit y bands p readin g is in te res t ing ,  it ca n be

shown by in tormat ion theoretic a rguments  that where the input , rn( t ) ,

is gaussian , min imum mean-square  e r ro r  is achieved when the operators

are  l inear  and rnemoryless . Goblick t 7 1 and Brown and Palermo t 8 1

show that the maximum achievable output s ignal- to-noise  ratio , SNR ,

for a gaussian source is:

P B / B
SNR = l/~ = (i + N B  

) c V r A + SNR . /8  ] - (2 )
o c

When the bandspread ratio , B / B  . equals one , the maximum value of

4 •
~~~~~~~~~J 
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SNR is achieved when both modulator and demodulato r are linear and
0

mernoryless and a voltage gain of SNR . / ( l +  SNR .) is used in the

demoduj ato r.

• If the source is non-gaussian the calculation of the rate di stortion

bound becomes more difficult. However , by use of bounds given by

Shannon and Weaver £9 we may determine bounds for SNR to be :

(1 + SNR ./ B ) B � SNR ~ K( l  + SNR /B)B (3)

where:

2 2 [~~~f(m ) lo~~ f(m)dm~
V-i- —

( 2ire) ‘~~~m2f(rn) dmJ

and as  before f(m) i s  the probability density function of m. If the source

density function is uniform rather than gaussian, K = 1.42 . Thu s, the

best possible modulator-demodulator for uniform density and bandspread-

ing of one can at most gain 1. 5 dB over the linear combination previously

disc u ss ed. 3
From equation (3) we can conclude that to supply a value of SNR of

40 dB an input signal to noise ratio , SNR ., of between 38. 5 and 40 dB

is required for the case of a unifo rmly distributed source. An output

signal-to-noise ratio of 40 dB is achieved with an SNR . of 40 dB by simply

transmitting the modulating signal, m(t) , and using r(t)  as the estimate. ]
Thus, the ultimate results are achievable (or nearly so) by use of a linea r

memoryless modulator-demodulator pair where all of the erro r is due to

link error .

Thi s leads one to wonder if relatively simple schemes might provide

good results  for larger bandspread ratio s. Equation (3) indicates that if

6

_ _ _ _  _____ - : ~~ 
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a bar ids pread rat io of two is employed a scheme exists for p rov id ing  a

SNR of 40 dB with 23 dB SNR . for a unifo rm source . Thi s per formance
0 1

is very significant since a standard FM system requires  a 22 dB SNR .

for 40 dB SNR with a bandspread ratio of 20 and a PSK system requires

21 dB SNR . for 40 dB SNR for a bandspreading of 14~ Thus ,  a choice

of operators must exist that provides perfo r mance close to that of FM

and PSK with a bandspread ratio of 1/ 10 or 1/7 of the respective system.

The problem of synthesiz ing a modula tor-demodula tor  pair  for a B

of two ut i l iz ing a memoryless opera tor  is i l lustrated in Figure 3 . Each
1:1*

input pulse is passed through two memoryless transformations, 01 (m)

and 02(m) to produce two output pulses h1 and h2 for  each input pulse .

The received signal s r j  and r 2 are the sum of these values and independent

noise.  The minimum mean-square  e r ro r  estimate for  n-i , i~~ i , i s :

= E(m~~r 1, r 2 ) = 03 ( r 1, r 2 ) ( 4 )

Express ions  for f~ and ~ are  given in Appendix 1 for this case . Althoug h

in pr inciple these equations can be used to provide a solution for  the

opt imum choice of  0 1 (m) ,  02 ( m ) and 05 ( r~,, r2 ), the computational diffi-

culties appear to be very great even if a computer is employed . Thus

the selection of operators  for hig her bandspreadings than one requires a

different approach.

* For more detail s see Appendix 5.
¶ ** The subscript i has been dropped on m, h and r in the memoryless

4 case.
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SECTION III

GEOMETRICAL APPROACH

A notion which was introduced quite early in the info rmation theory

lite rature by Shannon 10 _i (a nd suggested earl ier  in much less explicit

V fashion by Kotelnikov [ l i i )  and has been discussed more recentl y by

Wozencraft and Jacobs r l Z ]  and Sakriscn 13] is that of viewing the

• probl em geometricall y.

Let us consider the input , n-i , to be constrained to a finite r ange

(say ± A) and assume that we wish to choose the two rnemoryless operators ,

0 1(m) and 02 (m) for  a bandspread factor of two . Any choice of 0 1(m) and

02 ( m ) can be v iew ed as a mapping of a line represent ing the values of m

onto a plane with coordinates h 1 and h2 as i l lustrated in Figure  4 . Fur ther

the pair of received signals , r 1 and r2 represent  a point in the plane that

d i f fe r s  from the transmitted pair o f si gnals by the two noise component s ,

n 1 and n , which a re  independent and gauss ian.  The task of the demodulato r ,

0 (r 1, r~) i s  to est imate which value on the line was sent given a point in

the plane. Perhaps the simplest rule (but not necessar i ly  the optimum rule)

for the receiver is to select the point on the line closest to the received

point . Thi s would correspond to assuming  that the most likely noise

vec tor occu r red  and as such would be the maximum likelihood estimate.

Assuming this  type of receiver , how should we draw the line?

The f i r s t  observation we can make is that if the noise is “ small” so

that we do not confuse one major segment of the line with anothe r and we

choose to represent the noise components as one tangent to the line at the

estimated value and one perpendicular at the estimated value , the only

e r ro r  will be that due to the component tangent to the line . The er ro r

in the estimate of m , however , depends upon how different  the estimated

value , ~~~~~~ is  from the transmitted sig:ial m .  LI we uniformly mapped m

4 onto a line that was ZOA in length (or stretched by ten) then the e r ror  in
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2~\ normalized to the full scale of m will be one tenth the size of the noise

component. If , howeve r , the line is only ZA in length the e r ro r  in I~i for

“small” noise will be equal to the noise. Even if we constrain the power

in the two pulses:

P = E [h ~~+ h~~]=E [m2J (5)

we can make the normalized er ror  in the estimate as small as we wi sh for

the “small noise” case by making the length of the line sufficiently long.

In thi s case the gain in SNR for a specified SNR . i s  equal to the square

of stretch facto r. The problem with this is that for a fixed P we cannot

make the line longer without reducing the distance between locations

representing largely different values of m. Wh en the noise is such that

errors of this nature (anomolies) occur frequently, a thresholding effect

is observed in the SNR versus  SNR . curve and the closer the line is
0 2

pa cked in the two dimensional space the smaller the noise (or the l a rger

SNR .) necessary  to cause thresholding.

Thi s then instructs us as to how we should draw the line. We should - -

make the line sufficiently long to provide the high - s i gnal to noise improve-

ment that we wish , but make it such that the probability of anomoly is as

small as possible. It should be noted that the argument s presented place

no particular desirability on making the line continuous. This is

emphasized since references  [121 and [13] both place the constraint  of

continuity upon the mapping. Figure 5 shows three mappings which seem

as though they would be pretty good . Mapping s a and b contain no dis-

continuities whereas mapping c doe s contain discontinuities. One might

expect that the thresholding effect in c would be sha rper than in a and b

where an anomoly is somewhat fuzzy.  In all cases a trade between high

SNR gain and threshold can be made by putting in more or less revolutions ,

sawteeth, or lines as the case may be.

4
10
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If a bandspread ratio greater than two is used with memoryless

operators  the mapping problem is one of mapping a l ine  int o more  than

two dimension with the same notion s of s t retching and spacing.  Timor

. [14 ~ has investigated the problem of mapping a cont inuous line in five

dimensions  suc h that point s on the l ine  cor responding to values of m

diff e r ing by more than a specified value, ~m , are sepa rated by a dis-

tance ~,r or greater. Under this constraint he maximizes  the stretch

factor and est imates resul t ing  perfo rmance.

If on e wis he s to consider th e use of mernoryless operators then the

geometr ical  object to be mapped is no longer a line but a hyper-  square .

Thus if a band spread of two is allowed with a memory of two samples the

pr oblem is one o f ma pp ing a square into four d imensions .

. (
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SECTION IV

MIXED BASE MODULATION

By use of the geometric approach one can co.~jure  up many interest-

ing configurat ions for mapping lines into two or three dimension s. The

type of mapping shown in Fi gure  Sc is par t icular ly interest ing since it

look s as if it should be good, it is easily implemented and its perform-

ance is relatively easy to evaluate. Further , it can be easily extended

to hig her dimensions by noting that the location of parallel lines in n

dimensions can be identified by the location of points in n- 1 dimensions .

If the length of each line segment is 2A then the total length is ZA times

the number of such line segments. To minimize the problem of anomaly

(or minimize the threshold SNR .) one must maximize the minimum dis-

tance between these point s. This , however , is identical to the usual

disc rete signal design problem .

The implementation of such a mapp ing can be explain ed by consider-

ing an example of n-iapp ing the input into ei ght l ines as shown in Figure 6.

The two operators . 0 1 (m) and 07 (m) re quired to achieve this mapp ing

are shown in Fi gure  7 . The second operator can be recognized as an

8-a ry  quant izer  and the f i r s t  operator as one that provides the remainder

or quant izing e r r o r  associated with the 8 -a ry  quantizer.  A simple way to
V 

- synthesize such operators  is to use a 3 bit analog-to-digital  converter

followed by a 3 bit d ig i ta l - to-analog converter to produce the 8-a ry  pulse.

The remainder  may be obtained by subtracting the input f rom the pulse

output as shown in Fi gure 8 and amplif ying. A technique similar  to this

[ was recently d’~scribed by Hill ~i S ]  in connection with some te~’t5 run

for the Br i t i sh  Broadcasting Corporation.

The extension of this mapping to hig her dimensions can be accornrn o-

dated simply by u sing more than one m~ ary  pulse to subdivide the range of

rn. For instance, a bandspread-by-three system might achieve a stretch
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factor by 12 by subdividing the range of m into twelve parts. As indicated

in Fi gure 9, the h2 pulse could be 3-ary  designating which third of the

range m occup ies , h 1 could be 4-ary designating which fourth of the

third of full  scale m lies in . The pulse h0 would then carry  the

remainder information.

If the range of values of h0, h1, and ha ,  were the same as that of m

~ e can note that in the example of Figure 9: V

m =  - j 4 r 4 3 h2 + 4 h 1 - f h 0 1 =

where the transmitted signal is the n-tuple [h2 ,  h 1, h 0 ] and the coefficients

may be thought of as the ba si s for the vector. For this reason the tech-

nique has been named mixed base modulation. The selection of the basis

is such that if:

m = B h + B  h + - - - B h + B h + B h 0 (6) -‘n n n - i  n - l  2 2 1 1 0

then: -
~~~

‘1 Bk I~ i f v1. for k � 1 and B = K

where K is selected such that:

j =0 ~ 
-

-

and the number of discrete levels of h is M , h is M , etc. ,  and h 0n n n — l  n — i
is continuous. It is interesting to note if M1 through M2 are  equal to two

the system is equivalent to a binary PCM system with an extra bit which

• describes the quantizing error . Such a technique was suggested as early

as 1948 by Earp [161 and described in a paper by Nomura and Yasuda

[17 1  in 1962 .
4
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SECTION V

PERFORMANCE OF MBM USING A SIMPLE RECEIVING SYSTEM

The discussion of mixed base modulation thus  f a r  ha s  considered

only the modulato r . The simplest demodulator  is that shown in F igure
V - 10 where eac h noisy d iscre te  pulse is quantized to select the nearest

possible t r ans mitt ed l evel and th e continuous pul se is simp le left alone.

The estimates of the t ransmit ted  va lues  a re  then appropr ia te l y weig hted

to provide the estimate of m. This  is equivalent  to maxim um likelihood

r eception except for an end effect  in receiving the continuous pulse.

An ana lys i s  of the per formance  in terms of (SNR) ve r sus  (SNR) . is

given in Appendix 2. Pe r fo rmance  curve s are  g iven in F igures  11 - 14

for the case where the peak power in all pulses  is made equal and where

the number of levels in all discrete pulses  is made equal.  Bandsp r ead

fac tors  of 2 th roug h 5 are  g iven. The probabi l i ty  dens i ty  funct ion  of m(t )

is assumed to be un i form.  The rate dis tor t ion bounds fo r  the u n i f o r m

sou rce a re  obtained f rom equation ( 3 ) .  The pe r formance  of a s ing le -

sideband system is plotted also for  r e fe rence . Note that  the MBM system

trades  threshold  pe r fo rmance  for  hi gh si g na l- t o - n o i s e  r at io  ga in  in a

ma nner that is  very  close to that of the opt imum m o d u l a t o r - d e m o d u l a t o r

pair  which a l lows inf in i te  memory.  As can be seen f rom Fi gure  11 , with

a band sp readin g o f t wo , 40 dB SNR can be obtained with an 8~ ary and a

continuous pulse with 27 dB SNR. as compared with 40 dB SNR . for

sing le -s ideband . The ult imate bound is  between 22 and 23 dB.

The requirement  that all pulses  have equal ene rgy  is  not fundamental .

The division of energy which m a x i m i z e s  SNR for  a g iven SNR . is determined

in Appendix 4 . The resul t ing SNR is plotted in F igures  15 - 18. As can be

seen in most cases very little is to be gained by unequal energy divi sion.

The optimum ratios are  given in Appendix 4 .
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PERFORMANCE WITH A M I N I M U M - M E A N - S QU A R E  ERROR R E C E I V E R

The equation for the minimum-mean-square error receive r when

bandspreading is present (g iven in Appendix 1) is somewhat cumbersome.

For the case of MBM, howeve r, it is shown in Appendix 3 that the  min i-

mum mean square estimate of the t ransmit ted value g iven the received

set of signals , r 1 - r , can be obtained by wei ght ing the minimum mean

square estimate of each transmitted pulse given the corresponding received

signal. This argues that the discrete pulses can be operated upon independ-

ently and if the discrete pulses in the transmission have the same number

of possible level s, the same ope ration needs to be pe r fo rmed on each

pulse . Of more s igni f icance  is the fact that if the rece iver  m i n i m i z e s

mean- squa re  e r r o r  based on a uni form density funct ion fo r  the input , m ,

then its per formance  will be better than that of the simp le rece iver  des-

cribed in the p reced ing  section for  all density funct ions which a r e  zero

outside the range of the uniform variable.  This , then makes the min imum

mean square erro r receiver  of practical  as well as academic  in teres t.

Unfor tunate ly  the calculated pe r formance of the rnmse  rece iver  based

upon a unifo rm density function (g iven in Appendix 4) i nd i ca t e s  that  the

per formance  gain is small  (general ly  less  than a dB) ove r that available

from the simp le r receive r de scribed in the pr eceding sec t ion.
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SECTION VII

COMPARISON WITH OTHER TECHNIQUES

Figures 19 through 23 are performance curve s for SNR versus

SNR . for a variety of common modulation techniques. In all cases the

same idealization s were made that have  been made in the calculation of

the MBM perfo rmance curve s. The detailed basis for the curves  is

given in Appendix 5. A si gnificant point to note is that in all of these

systems the high SNR . versus  improvement threshold t radeoff  is tied

directly to the bandspread factor , e. whereas MBM allows the t rade  to

be made for a fixed bandspread facto r.

The FM performance given in Figure 19 is calculated on the basis

of a peak- to-peak frequency deviation equal to the IF bandwidth and a

noise model based upon an unmodulated c a r r i e r . The values of ~ given

are  the ratios of the IF to video bandwidths.  Figure 20 shows the pe r-

fo rmance of coherent phase-sh i f t  key ing and quadraphase. In Figure 20

the values of SNR for  l a rge  values of SNR . ar e li m it ed by quantization

erro r . In Figure  21 three different  coding-decoding techniques  a re  given

whic h provide essential ly equivalent b i t- e r ro r  pe r fo rmance  versus  Eb /N

and hence equivalent SNR versus  SNR .) but requires different  channel

bandwidths. The values for  ~ for each depend upo n whether PSK or QP

are used . The logic in listing all th ree  rather than the most conservat ive

in bandwidth (the 63 , 50 block code) is that the 23 , 12 is a more commonly

used block code and the constraint length 5 convolutional code all ows the

simplest decoding equi pment of the three. The two block codes are BCH

codes and a minimum distance decoder is assumed. For the convolution-

V 
al code of Figures 21 and 22 the decoding strategy is assumed to be that

of a Viterbi decoder. The orthogonal and biorthogonal systems of Figure

23 are  based upon coherent matched filter detection and hence mig ht

app ly to digitally coded sy stems, discrete PPM or banddividing FM such
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as described by Akima [18] (PFM as described by Rochelle [19])  if a

coherent reference can be obtained .

In Figure 24 the performance of the various systems are plotted for

a SNR of 40 dB. In the case of the discrete systems only the minimum

value of ~ which can provide 40 dB SNR is shown. Other value s of ~
are  either larger and require higher SNR . or cannot provide 40 dB SNR .

Only the 63, 50 block code from Figure 18 is shown. As can be seen the

bandspread region occuppied by MBM is not available from the common

discrete transmission systems and the continuous systems capable of

• operating in that region are not very efficient in their use of these

relatively small bandspread factors. As the bandspread ratio increases

the straight-forward MBM system would appear to be - ‘ 1ikely to be

competitive in performance with coded quadrap hase but might still be a

rea sonable choice based upon equipment consideration.
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SECTION VIII

PRACTICAL CONSIDERAT IONS

Seve ral p r a c t ica l con s ide ra t ions are wo rthy of d iscuss ion .  The MBM

system ana lys i s  was based upon use of cardinal  function s for  pulses  with

bandwidth B l / ( 2 T  ). To retain this bandwidth , but to t r ans fo rm thi s
C 0

spectrum to a f requency appropriate for  propagation it is necessa ry  for

either a sing le sideband technique or quadra ture  modulation (such as

that used for  the color s u b c a r r i e r  in color TV) be used .

If one takes into account the use of real pulse shapes rathe r than

cardinal  func t ions , the bandwidth requi red  in the r ece ive r  p receed ing  the

matched f i l t e r  may be much wider  than l I T . This  imp l i e s  that the

spectral occupancy  of the system by almost  any de f i n i t i o n  is l a rge r  than

the values  of B g iven . The same fact , however , app l i e s  to the other

sys tems d i scus sed  in Section VII. A thumb rul e for  a PSK system which

uses square  modulat ing pulses  is that a f i l t e r  of 4 t imes the bit rate

should be used before the matched f i l t e r  to avo id  misma tch  and crosstalk .

The spectra l  occupany of FM by most def in i t ions  is  wider  than the IF

bandwidth .‘1
It is reasonable  to a rgue  that the cro sstalk problem in MBM due to

bandl imit t ing wil l  be more severe than that of a b inary  t ransmiss ion , si nce

MBM may use pulses with more levels . For that reason pulse shap ing of

MBM pulses  will almost certainly be a requirement and must be consider-

ed in the complexity t radeof f  with bina ry (or quadrap hase) systems where

pulse shaping is  rarel y employed . However , it is felt that rea sonable

pulse shaping techniques can be employed which allow use of IF bandwidths

and provide spectral occupancies which are closer to the values quoted

than is  the case for quadraphase and b i -p hase systems where  pulse shaping

• is not employed . Means for  synchronization of the receive r demodulator
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and for  providing timing for the matched filter and for  demultiplexing

in MBM have not been accounted for. Insertion of a reference pulse

periodically could serve both of these functions plus the additional

function of providing a reference for calibration, which would be likely

to be required when large values of SNR are desired. In general , it

is felt that MBM systems can be constructed such that the total imple-

mentation losses are held to 1 to 2 dB which is a reasonable estimate

for implementation losses in the other systems over the theoretical

performance curve s given in Section VII. -
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APPENDIX I

DERIVATION OF THE OPTIMUM MEMORYLESS OPERATORS

-.- Assume the two operators to be 0~ (i n)  and 02 ( r ) as shown in Figure 2.

- 

- 

The optimum choice of °2 ( r )  i s :

P1.
- in = O2 ( r )  = E [mf r~

= m f(m I r) din 
in f ( r ~ m) 1(m) din

f( r )

n-i f ( r ~ m) f ( m )  din

ç f ( r l m )  1(m) din

- [r - 01 ( m f l2  /2~~~
2

However , f ( r l m )  = f Er-01 (mfl ,,~
—‘a

where  -‘
~~

5- is the variance of the noise:n

Thus , the optimum receive r for  any O~ ( i n )  is one that chooses to be:

- r - a (m ) J2  /Z~in e - n f ( m )  din
rn = 

~ 
- r r - o1 (mf l2  /2~ 2 = 1_ i

For such a receiver  the e r r o r  is uncorrelated with the estimate . Thus :

1 1

E IAi(~s-m)] = 0

L
E [zni~s ] = E 1~~~~]S .’

4

45
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and i f E [ m2 ]  = 1

€ = r (~n~ m)2 J = E [m2 ]  - E[~~-i2 ]

Since i~ is dependent upon the random variable , r , the expected value of
A -
in is:

r c m f ( r l r n ) f(m) dm12 1(r)
E [ z ~~

2 
= c~~~~

(r)f(r) d r z c  — ) J A.

- 9(r)

r cm  f(r~m) f(m) dm]2
E [ i

~~~] = S  ~ V 
dr

~ f ( r ~ m) f(m )  din

Hence:

= in2 f (m)  din 
+/~~

T
~n S 

dr 1-2 j

‘1
•1 By US C of standard variational techniques unde r the con straint that:

P = ç ~~ (m) f(n-i ) dm 1-3

we may determine that the optimum choice of 01 (m) sat isf ies:

I 

_______ ______ _____ 

11
2 X 01

(m) = [r - 0~ (i n)]  r Zm - 

~~~~~~~ 
]  .

-[ r_ O~ 
(rn)]2 /Z--.12 dr 1-4

4 
C I’
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wht’ rt’:

N ( r )  -- in f (m) e
1 r -01 ( i n)]2  ~~~~ din

D ( r )  = f ( m )  e~~~~~
°
~ 

(rn ) ]2 / 2~ 2 
din

p 
and \ is a constant which is chosen to satisf y the powe r constraint  of

1 -3 .  If th ree  memoryless ope ra to r s  are  as i l lus t ra ted in F igure  3 , the

optimum opera tor , 03 ( r 1 , r2 ) i s :

= 
5 in f~r1 , r2 in) f (m )  din

f(r1, r2 )

in e~ 
r1 - 0~ ( rn )~

2 
~- 

~ r2 - 02 (m~~
2 ) / 2cy 2 

f ( m) din = N ( r 1, r2
= 

5 e~~ 
r1 - 0~ (rn Yl 2 

+ [r 2 - 02 (m) ] /2(12 
f ( m )  din D(r 1 , r2 )

L sing the same p r o c e d u r e  as b e f o r e :

i-
A- ~~~~~~~~ = FT r m2 ]  — FTE~~ifl

I ~ nr ’ f(rn ) din - 
~~~~~

. r2 ) ~ dr 1 dr2 1-6

This  p rocedure  easil y genera l izes  to N mernoryless ope rators to y ield:

A N (r 1, r2 , -- r)~~
in = 0 3 ( r 1,  r2 t _ _ r

n
) = _____________ 1-7

D(r 1, r~~, - - r~~)

-4 -
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where:

- 
1 (r~ - 0

~ 
(m~~~2]

N(r 1, r2 - - -r ) = 5 nif(m) e 2~y 2 ‘i-i din

- 
i (r~ - 0 . (zn)) 2]

D(r1, r2 - - - r )  = f(m ) e 2(1 2 i=l din -

I
I

~1
d
11

4
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APPENDIX 2

DERiVATION OF SNR EQUATION FOR ONE DI SCRETE PULSE
0

Let us analyze the output si gnal- to-noise  ratio of an MBM system

with bandspread by two and mapping as shown in Figure 6. Assume that

the data is uni formly dis t r ibuted between + A and that thi s range is

mapped into M lines. The two dimensions are  t ransmitted as two pulses ,

the f i r s t  with uni fo rm dis t r ibut ion over a range + a A and width T and— o  0

the second an M -a ry  pulse with M equally likely levels ranging from

± a1 A and width T1 -

The receive r is assume d to make a hard decision with the second

received pulse as to the line corresponding to the second t ransmit ted

pulse and then accept the f i r st  pulse directly. If the received value of

the f i r s t  pulse is h and the d iscre te  decision value of the second pulse

is k , then the estimated transmit ted value , x~i , is

~~~= k ( ~~~~ ) + ~~~ T
~~~~1~~~

A 0 � k � M - l  2-1
0~~~~~~~~~

If the actual t ransmi tted  value was in:

- f 2A \
in = — ) + in - A 2-2v M  ‘ o

then the error , e, is:

~ 
[ = (m-~~) = (k-j)

( ~~
) 

~~(~~~~M 
- m )  2-3

Howeve r ,

h ~~a M m  + n  2 -4
0 0 0 0

4 H;
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where  n is the noise associated with the continuous pulse.

Thus:

a M m  + n
- 2 A \  0 0 0

€ = (k-j )  ( 
~~~~ 

+ ( a M  
- in I

- - ‘ZA \ o
c = (k - .j)  ( -

~ j — ) + M 2-5

The two e r ro r  te rms are  caused by the additive noise on the two channels

and are  independent. Hence:

E[c2 ]  = E[(k-j ~~~ (

~~~~~~~~~~~~~

)

2 

~~~~~ 
2-6

To evaluate the variance of the e r r o r  in the discre te  pulse it is necessary

to evaluate E r ( k - j ) 2 1

M M
E[ (k -j )2 ]  =E E ( j -k )2  P ( j l k )  P(k)

j= 1

‘1 1
M M

E[(k-j )2 ] =- ~ E E (j -k ) 2  ~‘( i I k )  2-7
j = l

From Figure 7 we can deduce:

(I 1-k i -~~) 2Aa
P ( l I k )  = Q { a 1(M- 1)  } ‘~ 

= 1 ‘I

P ( M I k )  = Q{(~M-kI -)
~~ 2A~~

} j M
- (M -1 )

_ _ _  I ::IT~. i:T~
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( I i - k I - ~ )2Aa1~ 
_ _ _ _ _ _ _P(j~ k) Q{ 

~ni 
(M- 1)  ~ 

- 
~ ~~~ (M-1)~ 

2 
~ ~ M-l 2-8

where

— 
~~r e - - -Q(x)  

~~ dz and ~ is the standard 4-~ev1ation of theni
V X

noise on the discrete pulse.

Since E[ ( k -j ) 2  is a function of the absolute value of j -k  only:

2 
M j-1

V E 1(k -j )2 ]  =~~~ ~~~

‘ E (j - k)2 P(j~ k)
j =2

We have dropped the terms where ~ = k.

2 
M—l - (M -k-~~)2Aa1

E[k-j)2] = -
~~ E (M-k ) 2  Qj

k=l r~ ( M - l )

M- 1 j - 1  (j-k-~~)2Aa

M~~~2 
~ ( j - k~ [Q{ 

~~ 
(M-1).~

(j-k-fflZAa~~ ,
2-9

fli (M-l)

If M-k = in in the first summation and j-k = in in the second :

- 
¶1 

2 M-1 (m-~~)2Aa
E~ (k-j)2 ] = E ~~ Q{ (M-l)}

m 1  ni

I’ 
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M-l  M-l -m  (m-~~)2Aa 1
+~~~~~

- E E m2rQ { ( M - 1) }
m=1 k=1 ni

(m+-~ )ZAa1
- 

o ( M - l)
ni

M-l  (Zn-i- 1)Aa
E~~(k- j ) 2 ]  = -

~~~~~ E m
2 

(M-1)}

M-Z (Zrn-l)Aa

+ -~~~~ E (M-1-m) m2iQ{_ (M-l)}l

M-2 (Zm-f 1 )Aa1
- ‘

~~~~~ ~~~~~~~~~ 

(M-l-m) m2 [Q
{ 

~~~~ 
( M-1)}l

‘1 Letting in = n- i  the last summation and :

(Zm- 1)Aa 1
Q{~~ (M-1)}~~~~ m V

111

M- 1 M-Z
E [( k -j ) 2 ]  = fr {E in2 Qm +E (M-1-m)in2 Q

rn=1 m=l
V 

:i M- 1
-~~~~~ (M-n) (n-1)2  QJ
n=2

: a-—--- — --

‘

a-—

’ 

- --a-

,
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~ Q1 - - (M
~~

l
~

’ 
~~M 1 + (M - Z) Q 1 - ( M a - Z f Q

M 1

M-2
+E rm2 + ( M - l - i n )2 - (M -m ) ( m - 1 ) 2 1 Q

A_i fl~Jm=2

= 
~~ 

{ (M - l ) Q 1 + ( Z M V A 3 ) Q
M 1 

~~~~~~ 

(2m.l)(M
~

m)Q
~~}

M-l  (2m- 1)Aa
E~~( k -j )2 ]  -

~~~~

‘ E (2m -1) (N -m )  

~~~ 
(M_l)} 2- 10

Thus the mean square e r r o r  is:

2 
2 M- l  (Z m - i) A a

E[~ 2 ]  
a2 M2 

~~~~~ ~~=i 
(2m

~
1)(M

~
m)QA L

_
(M l )~}

The si gnal component of is equal to in. Hence the mean square

output signal to noise ratio i s :

‘1
~~~O A2  

- 
1

- 

3E[~- 1 
- 

M -i  (Zm - l  )Aa 2- 11

+ 

- 

~
‘
~no

2 /a2 M~ A2 + 2 4 / M ~~~ ( Z m _ l ) ( M — m ) Q {  (M l ) }in= i

The power in the f i r s t  pulse is: 
V

a2 A 2
~ 1; P =  

0

V 
0 3

- 
and the energy  i s :

fl a A 2 T
Vi H E = ° ~~V 

0 3

L
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The variance of the noise adding to the f i rs t  pulse is:

N
2 

=ano 2T
0

The variance of the second pulse is:

M-1 2Aa
Pl =~~~~E k 2 ( M~~~)~~~(Aa,~)2

4A2 a2

- ~ r ( M -l )M ( ZM - l f l- M(M -1)  L. 6 
- (Aa1

2A2 a~ (Z M -1 )
= 

3 (M - l )  
- A2 a.12

a2 A2
~~,

1 ( M + l \
1 

- 

3 ~.. M- 1 1 2- 2

The energy is:

a 2 A2 T
+ 

E1 = P 1 T1 = 
1. (~~:~:) 2-13

The variance of the noise in the second pulse is: 11
V N

2 - 2G
fl 2T1

The energy in the total signal is:

a2 A2T a2 A3 T
E = E + E 1 = 

1 1 

~~~ 
+ 

0

- 14 
-

~ E =ç [a~ T1 ( M + l )  + a
~~

T
~~ 

Z~~ 4

• -

- 
_ _
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If we def ine:

F: a2 T
R = ~~ -9 =

a i ~~(1~
t
~)+a~~T 

2-15

and

2 M+lE1 a1 T ( ~~j —j -)
R a- — - 2- 161 - E - 

a~ T1 (~~~
‘
~~) + a2 T

then:

n
fl 

= 
l / ~ 9 (~~~~ ) + Z4/~~~ ~~~

‘(2m- l) (M -m)Q { (2m -1)~~~~~ 
~

i f Z  E IN = Y
5 0

- 
M2 RoY+ 

- 

1 + 
24~~0 Y 

~~ (2m-1)(M-m)Qj (Zm-1)(3R1 Y/~~ -i)~} 

2-17

The case where multiple discrete pulses are utilized may be

analyzed in a similar manner.  Let us assume that J discrete pulses are

transmitted with M . levels for the 3
th such pulse. The peak value s of the

~th pulse are  ± Aa . . As before the peak value s of the continuous pulse is

A a .  The f i r s t  discrete pulse is used to divide the total range into M1
segments;  the second divides each of the M1 segments into M2 smaller

segments , etc. If , as before , decis ions  are made in the usual manner

on the d i sc re te  pulses , the e r ro r  at the receiver  is:

- ;  55
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2A - 2A 2A -

a M . 
+ ~~~~

- (k1 -j~~) + + -- 
~ M . 

(k~
_
~~ )

o j=l j  j = 1 j

n J
= ° +E 2A — (k -i ) 2-18J J n f la ~ M. n~ 1 ~ M.o j=l 3 j =1 3

where as before the ~th 
level of the pulse was tran smitted and the kth level

received.  The mean square e r ro r  is:

2 J E [(k  -i )2 J3

EEc2T = 
no + 4 A2

~~~ 
‘~ -— 2-19

a 2
t i~ M 12 n=1 (~~ 

M ) 2
0 j l j  j 1 3

Usin g equation 2-10 to express  the E~~(k j ) 2 J  we have :

(V~ 2 j
EEc2] = 

no 
+ 8A2 ~~ 1/M (-up M .)2 ~~ (2m- 1)(M -in)

a 2 El M . 12 n l  n j — 1  
~ ~~~~~~ 

n
o j l j

Q {(Zm Aa
n }  2-20

The signal to noise output is then:

— = 

n M~~ 1
V 

n 3ano
2 /A2 a

0
2 

Ej~1
M~
]2 + 24~~ ( l/ M ~ (

y 1 M~)2 )E (Zm_ l ) ( M
n

_ m) 0mnn

where: Q Q ~‘ (Zm-l) (Aa ~~’~, 2-2 1inn L a . ( M -1] )
14

56

_ _ _ _ _ _  V 
- 

-

- 1---- A - —- -- -~~~



r~~ 
- — -

.=----
~~~

- -
~~ 

‘- -- - ---‘- - -— _____ 
- - 

~~~~~~~~~~~~~~~~~~~~~~~~ 

—- V

~~~~~~~ RADIATION

As befor e  the energy in the continuous pulse is:

a 2 A2 T
E =

0 3

th - -and the j discre te pulse is:

a 2A2 T . M . +1
3 ( 3  ~

3
3

The total energy is:

E ~~~ — ~ a 2 T +

~~ 

a .2 T .(~~ 3~~~
’
)~

As before we will define :

E.
R

3 E

and:
N

nj 2T .

Substitution into equation 2-21 yields:

; t r  MT~~R
0 - ~J l ) 0

V 
2 

- J j  ~4n- l
1 + 24R YE [ (~~ M.)2/M (

~~ 
M .) 2 ]  2-f l ’ (2 m - l ) ( M  -in) Q

- I ° n=l  j = l  3 fl 3= 1 3 m 1  n inn

U

where : Q Q {I ( Zm - 1 )2RnY’~~
} 2-22

‘ L i

r
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whe re , as before , Y = ZE I N8

In the case where:

M. zM -~

3

I
V ~~~~~~2 M 2 J R Y  --

G~~~ 1+ 2 4 R  y~~ (~~~ J/ ~~~ n+ 1 )~~~~’ (z )( ~~(2m 1 )2 Rn~~~~
} 

2-23 j
n 1  m= l  M~ - 1 

~ - -~

If in addition:

Rn = R 1 n � o

M 2 J R Y  1

1+24R Y (2m~1)(M~m)Q{[ ~~~1} 2-24

and:

E a2A2 T r 1 + ~ 
(M+l )~~

3 (M- 1)~~ ]
R ( M - 1 ) + J ( M + 1 )

- 
( M + l )

4 - ( M - l )  + J(M+1)
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APPENDIX 3

PERFORMANCE OF THE MINIMUM MEAN SQUARE ERROR

RECEIVER FOR MBM

V 

The equation for  the MMSE receiver for  the general N + 1

dimensional memoryless mapping given in Appendix 1 is rathe r cumber-

some, The MBM form of mapping, however , reduces the problem

considerably. Thi s can be argued in the simplest fashion by noting that

the input is in the form of:

N
m~~~~ B. h. 3-1

- i l l
i=0

The received si gnal set , r , r- - - -r  , are related to the tran s-
o n

mitted si gnals , h , h1 - - - _h
N f in that :

r . = h . + n .
.1 3 3

The random variables  h . and n . are jointl y independent . Thus :

‘1 f (h , h1 , _ _ _ _ h
N~ 

r , r1 ---- r )  f(h , r )  f(h1 , r1 )____ f(h
N I

r
N
)

and hence:

+ 

f (h , h1 , ~
_
~~

h
N I r , r1 , ~

_
~~~

r N
) = f(h~~ r ) f(h 1 ~ 

r1 )~~~~
f(hN I rN) 3-2

The optimum receiver is one that outputs:

V = E [m l r , r1, 
~
_ __ r

N
) 

~~
, 

in f(m~ r , r1 
__
~

_ r
N
)dm

‘A 

a- - - - -- - - ; _ .~~~~~~ _ ~~~~~~~ - 

-- - _ _ _ _

-- —~~~~~~~~~
-
--- 

- —w~r ~~f~~:-~~ a- - ~~~~~~~~~~~~~~~~~~~~~~~~ —
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~~~ 

B.h ,)  f(h , ~~~ - - - ~hNI r , r1 - - - ~r
N

)d h d ~~ - - - -dh N

i=0 
B . h.)  f(h l r )  f~~ r1 )

~
_ A _

~
f(h N I rN

) dh d~~ ~~~~~~

which yields:
I

N N N
~~~~ =E  B. ch . f(h .Ir .) dn. E B. E(h . I r .)  E B.Ii. 3-3

- i )  1 1 1 1 - 1 1 1 1 1
i=0 i 0

The equation , 3-3 , states that the minimum mean square estimate of

n i  is a weighted sum of the minimum mean-square estimate of each

tran smitted pulse. Further , the e r ro r  in the estimate is:

N
m - f ~i = E  B.(h . -~i . )  3-4

1=0 
1 1 1

and the mean squared error is:

N N
€ E(m2 )  = E[(in-i~i)~] =E E B. B . E{(h .~ I1.) ( h . -Ii .)

i=O j=0 
1 1 1 3 J

V Since:

E [h .h .J = 0 and E Eh .tl .) = 0 i � j
i _i 1 3

N N
c E(nP ) E [(m-rn)2J  E B~ E{(hj _ti )

~ } =E B2 e2 3 5

Thus , the mean square er ro r  associated with the MMSE receive r is the

wei ghted sum of the mean square error  associated with the optimum

estimate of the t ransmitted value.. 
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In the case of the continuous pulse:

f(h ) =  - a A < h . < + a Ao 2 a A  o o
0

V From Appendix 1

-fa A 2r o -(r -h ) /Znh e  o o n
V 0 0

- a A
h - ç h  f(h~~~r ) d h  =

-
‘ 0 o o o o + a A

C’ o - ( r  -h )2 IZçy 2

\ e 0 0 n
-a A

0

Performing the integration yields:

r -(a A -r  )2 /~~ 
2 -(a A+r )2 /Zn 2~~~~

r 
- Q

(~~a A ~~r )  
n

.~ nce : r h + n
V 0 0 0

V~T r -(a A-h -n )3 /2~ 
2 -(a A+h f~ )2  /~~ 

2~~~~

- 
n _ e 0 0 0 fl -e 0 0 0

fa A-h -n \ r -a A-h -nQ~~~o o o)~~~Q~, 0 0 0

a an n

h + n  - F(h , r )
o o 0 0 0

V 
The mean square e r r o r , e 2 , is:

e 9 = E [(h~~~~~)2 ]  = EEn 2 J  - ZE En  F(h ,n )] + E[~~~(h ,n )J

-n02 I 2  
6r e a 2 - 

~ r zn 0F(h , n )  - F~~(h ,n ) J  e d

~-r~.- ’- - ~~~~~~
__________  

A-
V --A-’ 

-

— - - -- --~~~~~ -- - — -- - -- -—--V —  — -u-- A - — - - — - -- - _ _

- -a- -- - --- —-A-- 
-- - - ~~~~=- -A--- - — - - -A - -  --a--- -- ,~~__
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where :

a T -(a A-h -n )2 /aa 2 -(a A-h +n )2 /Za 21

F(h , n )  
7I~~I : 

_ _ _ _ _ _ _  
- Q(-a  A-.h n )  

0 n

Although in equation 3-6 it is desired to average over the value of h

as shown, it is interesting to observe the value of e 2 for  a fixed value

of h .  If the ratio of peak signal to m s  noise , a A/a , is reasonably

large (� 5) then the calculatable ratio of e 2 to a 2 depend s only upon

the number of noise variance intervals that h differs from plus or minus

a A. The reduction in e 2 is plotted as a function of a 2 in Figure 3-1.
0 0 fl

The MMSE receiver based on a uniform density does not increase the

e r ro r  for  any t ransmitted value of h .  This fact can be verif ied f rom

equation 3-4. Therefore , such a MMSE receive r will provide results

with the continuous pulse which are at least as good as those provided

by the simpler receive r for any density function which is zero outside

the range a A and -a A. The average reduction in e r ro r  for  value s of
0 0

h such that a A-h � 5a is 0. 181 a 2 Since the reduction when

‘1 h: is outside this region is negli gible we may deduce that :

Sa
e 2 a 2 [1 - .181(— ~ )]  a A �  8a 

V

o n a A  o n
0

a 2 A2
If Y R ~~ 2o 0 lZa~

then: e 2 n 2 
~1 - .905I ( 12Y )

~~~
] - a 2 E l  - .262/Y~~J Y �  5.33(7.3dB) ]

Figure 3-2 is a plot of e 2 versus Y for a MMSE receiver and the simple 11
receiver described in Section V.
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In the case of the discrete pulse , h , with M levels ranging from plus to

minus a1A , the MMSE receiver  is:

~ ( r ) E ( h I r ) E h  P(h~I r )  where h
3

=~~~ (j  
M + 1  ~

M
h . P(hi r)
~ I

M
f(r~h.)P(h .)

3 3

Since:

- ( r -h ) 2 / 2a 2

e 3 nf(r~h.) =
3 +J L 1t~~~~

and

P(h . ) = ~~~

then:

- ( r -h .) 2 / 2n 2

3
ii(r) = 

j=1 j  3 7
— (r—h )2 /Z~ 

2

L~~~e n
V j= 1

If the actual tran smitted value was hk then r = h.k + n and:

E h . ~~~~~~~~~ 
+ ~~~ ]2 /2a~ 2

J l 
3-8

~~~ e i c~~’j~ 
+ n]2 /20 n

2

4 - .
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If the kth term in each summation is taken out of equation 3-6

-n2 /2a 2 
M 

-[(h. -h) + n]2 /2a 2

V h.K e n +~~~ h . e K 
~

h ( r )  = j = l ~ k J
-n2 /2a 2 M 

-[( b~ -k .) + n]2 /2a 2

e n + E .  e x n

Thi s is in the form:

a+b a b-ad/c( r ) _ ~p~~~ _ +  
c+d

Thus :

E (h
~~

hk) e~~~~ k~~’j~ 
+ n]2 /2~n

2

11(r) h,K + ‘~~~ ~

E e ~~~1~T
h1

J
) + n]2 /2a~

2

j = I

Ii (r) h
k 
+ F(k,n)

The second te rm is obviously the e r ro r .  The mean square value of this

e r ro r  if all value s of k are equally likely is:

e2 
M F~~(k , n) dn 

-

~~

aA2\ 1aA ( j -k)  + n ~, 2 / Za 2

()
~~~~~~~ 

E~ (j -k) e — M
where F(k , n) = 

M r a A  ( j -k )  + n 12 /2a 2 
3-9

Z1 e L M  
I
i

Equation 3-7 was numerically integrated to produce curve s of e’

versus Y1 for value s of M from 1 to 10 where:

4
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a2 A2
Y1 r-5-

~
--

These are plotted in Figure 3-3 along with the equivalent e r ro r  produced

by the simple receiver .  As was the case with the continued pulse e r ro r

evaluation the e r ror  for  the MMSE receiver given a particular tran s-

mitted value , h.k~ 
is equal to or less than the error  with the simple

receive r for all value s of k.

Equation 3-9 can be used in combination with the data in Figures

3-2 and 3-3 to calculate SNR. versus  SNR for  MBM wi.th a MMSE
1 0

receive r and a specified energy ratio for the pulses.

~
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APPENDIX 4

OPTIMUM ENERGY RATIOS

The mean square er ror  f o r  MBM transmission can be expressed
V in the form :

A - 3
e2 E B.2 e.2 (Y.) 4— 1

. 1 1 1
1=0

where:  J + 1 is the bandspread factor , ~, or the number of output

pulses per input pulse.

B . is the weighting or basis for  the ith pulse

2E .
Y. = ~~~~~~~~~ = average pulse energy to noise spe ctral hei ght ratio

for the ith pulse.

Equation 4- 1 applies to both the case of the simple receiver and the

MMSE receiver.  If the total energy to noise ratio is:

2E J
Y. 4-2N i=O i

0

then the optimum problem is one of minimizing e2 in equation 4-1 under

the constraint of equation 4-2. Fortunately, this problem can be handled

as a sequence of two-dimensional optimization problems rathe r than a

3 + 1 dimensional problem. If one starts with the first  two terms:

e •
2 = B 2 e 2 (Y ) + B12 e1

2 (Y 1 )
ml 0 0 0

_  _  
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and dete rmine s the minimum achievable e 2 for a given Y1’ = Y f Y,,mi o
then a new curve exists such that :

e 2 = e1’ (Y1 1)

If one then adds the next term:

e 2 = e 2 + B2
2 e2

2 (Y2 ) = e1 ‘ (Y 1 ‘ ) + B2
2 e2

2 (Y2

and minimizes for all Y2 ’ Y2 + Y1’ this produces a new curve :

e 2 e ’ (Y ‘)
rrç 2 2

which corresponds to the optimum split between the first three pulses.

This procedure can be conti nued until all J + 1 pulses are included.

Plots of e12 (Y .)  are given for both the simple and MMSE receiver

in Figures 3-2 and 3-3 in the previous Appendix. Since the analytical - A

forms for these plots were cumbersome it was found easie st to produce

the combined optimums by hand and replot the new curve. The resulting

optimum energy ratios are given in Figure s 4-1 through 4-4. The

resulting SNR versus SNR . for optimum energy split are plotted in

V Section IV.

4
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APPENDIX ~

SYSTEM PE RFORM ANCE

SINGLE SIDEBAND (SS )
-
~ A single sideband system transmits data of bandwidth , B .  The

- sampling rate is 2B and sample time , T is:
A. V

T = j ~ — 5-1

II the pulse has ave rage powe r , P , the energy, E is:

P
E = P T  ~~~~~~ 5-2
s s s  2B

V V

LI the pulse is transmitted in the presence of white noise with two sided

hei ght of N / 2 , and a matched fi l ter  with impulse response:

H(t ) =~~~— O s t � T
S 5 3

0 otherwise

is used then the output due to signal is equal to the input and has

variance , a 2 ,
V 

-

V 
The variance of the noise , a~

2 is:

t ( 1  N T N
~~n

2 = 
S ( J_)2 dt 

~~~~~~~ 

5-4

V Thus , the output si gnal to noise ratio is:

4 fl

+ 
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2 P T  2E P
SNR ~ 

2 /~ 
2 = ~ ____ = 

S 
= SNR . 5-5o o n N N N B  1

0 0 O V

Since the output sampling rate equals the input sampling rate the band-

spreading is:

OTHER FORMS OF AMPLITUDE MODULATION

suppressed ca r r i e r  A. M. differs  fr om sing le-sideband only in the

method of f requer cy translation. The effect is to leave the relationship

between SNR .nd SNR . the same but double the bandspread ratio. Thato 1

is for SCAM:

SCAM J SNR = SN R.
0 1

Ordinary non-suppressed carr ier  A .M.  is the same as SCAM except

that additional power is added to the si gnal in the form of car r ier .  This

signal increases the required input power without increasing the SNR .

For the case of a uniformly distributed modulating signal and 100%

modulation index: - 
I

AM 1 SNR = .25 SNR .o 1

V 

~~= 2

I ;
FREQUENCY MODULATION (FM)

The general equation used to calculate SNR versus SNR. for f requency

modulation is:

4 1 1
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1Z~~fd2 B . ID ( I Z B  2 
+ B 2 )

if v S V

- . SNR 
l + ~~ F(~~) - 3B . (B . -B )/(12B 2 + B 2 5-6

if  i f  v s v

where:

B
= ~~~

-
~~

— SNR . = IF si gnal to noise ratio
if

fd = rms  f r equ e n cy  devia t ion

B = bandwidth of video fi l ter
V

B = cente r frequency of video filte r

B . = bandwidth of I . F .  filte r
if

and :

F(~~) = 
~~~~~~ (~~~+ ) ~~ 1 {(1+z ) Q~~~~~( 1+z ) )  Q(-~~~~( l + z ) )  5-7

- t- E z ( 1~ z fl -~ e ‘[Q(-,JZ~z) - Q(+,,/ z )~ [Q(-~J~~ (1 +z)-Q(J2~ (l+ zfl

+ ze~~~ Q(J~~z) Q(-\
/2~ z)

whe re :

~ -t2 / 2
(~
‘ e dt

x

121
dc

= 
B. ‘

¶ if

r ~dc 
explained in the next paragraph.

Equation 5-6 is taken from reference [20 where the term represent-

ing the spectral hei ght of the FM output noise at the frequency orig in has
4
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been replaced by F(p) .  The expre ssion for F(p )  is taken from re fe rence

r z i ]  and is the spe ctral hei ght of the noise at the ori gin based on the noise

model of that report. Thi s spectral hei ght is derived assuming an unniodu-

lated but not necessarily tuned carr ier .  The term, 
~d~ ’ represents the

detuning of the carr ier  from the center of the IF.

Equation 7-1 applies to cases where a bandpass video filter is used

as well as the case where a lowpass filte r is used. Figure 5-1 is a plot

of normalized SNR versus SNR . with thresholding noise based upon no

frequency offset. These curves for  the case of the lowpass vide o filte r

correspond very closely to curves based on Stumpers [22] equations

(see Akinia [18]) . Figure 5-2 is similar except that the threshold noise

is based upon a frequency offset of half the IF bandwidth.

Figure 19 in Section VII is taken from Figure 5-1 where 1
d B.1/J1~

and B = B /2 . For uniformly distributed, m, this corresponds to setting

the peak-to-peak deviation equal to the IF bandwidth. For FM we call

B . / B  ~~3.
if v

•1 DIGITAL TECHNIQUES

Phase Shift Keying (PSK)

The bit e r ror  probability, 
~e ’ for PSK is well known to be:

2E

where :

Eb = energy per bit

N / 2  = noise spectral density

4 —
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If the message value , m, is quantized to n bits then :

2E
SNR 

s 
= 

b
i N  N

0 0

SNR .

~e 0
~~~~fl

1

Also if the distribution of m is unifo rm , the quantization e r ro r  normalized

to the rms value of the data will be:

E ~ =
q

The normal ized link e r ro r  is:

= 4?~~ l - 

2
2 11 ] 5-8

SNR = 
+ E~~ 

= 
1 /2n  + 4~~~~ 1~~~~~1/ 22

fl

1 
Q~ SNR i~

The pulse shapes can in theory be made so that the channel bandwidth

is equal to the bit rate which is n times the sample rates and Zn times

B .
V

= Zn

Quadraphase (QP)

The only difference between quadraphase and PSK is in the channel
- .  bandwidth which is one-half that of PSK. Thus :

and SNR versus  SNR . is given by equation 5-5.
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Coded PSK Systems

The calculation of bit error rates as a function of E IN for severalb o
error correction codes is shown in Figure 5-3. As before the relation-

ship between E IN and SNR . is:b o  1

ZnE
bSNR . = 5-9i N

V 0

where Zn is the number of quantization increments of the code. A fact

not widely known is that the relationship between bit e r ro r  probability

and mis link er ror  for most coded-systems is the same as that given in

equation 7-4. The necessary and suIficient requirements for  this to be

true are :

(a) The probability that a particular inf ormation bit is in e r r o r  j
is the same as that of any othe r bit being in error.

(b) The error  in a particular bit is equally likely to be in either

polarity .

The argument to j ustify the statement is to observe that the mean

‘1 square error  when several bits in a sing le word are in e r ro r  is the same

as that when the bits occur in separate words This is a consequence of

(b). If the absolute error  in a particular word is e1 and the e r ror  due

to an additional bit error  in the same word is e2 which is equally probable

to add or subtract from e1 then the mean squared er ror  is:

E(e2 ) .5( e1 + e 2 )~ + .5(e 1 - e2 )2 = e12 ~~~~~~~~~~~~ 5-10

This is the same squared error  that would occur if the additional e r ror

had been in a separate word. If all bits in the 11 bit word are in er ror

with probability 
~e 

and the mean squared e r ro r  is the same as that which

4 would occur if they we re in separate words then the total mean squared

4 1 
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error is:

n p
mse = 

~e E ( ~)~j = ~~~~ [1 - 1/2 2n]  5-11
j=l

TM s er ror  is no rmalized to full scale. Normalizing to the rms value

of a uniform density req uired multiplication by 12 which produces

equation 5-8.

Although both block and convolution codes tend to cause clustered

errors , the usual decoding technique s still meet requir .  ‘- - ‘ (a)  even

in the case where blocks are an integer numbe r of words

Thus , the equation for SNR for  coded PSK is:

SNR = l / Z ~~ ~~~ ~e 
(SNR .)  5- 12

A plot of Pe
(E

b /N o
) is given in Figure 5-3 for several coding-decoding

techniques.

The bandspreading is the bandspreading caused by the coding, a,

time s the bandspreading of the PSK system. Thus:

= Zan for  coded PSK
5-13

V 

e an for coded QP

Orthogonal and Bio rthogonal Systems

The symbol error  probability,p , as a function of E
b
/N for

orthogonal and biorthogonal. systems is well known and has been tabu-

lated by Viterbi [23]. Totty [24] has shown that the mean square error

normalized to full scale of orthogonal signals is:

4 H.
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mse P /6 5-14
S

and that for biorthogonal signal s the mean square error  is very nearly

the same. Actually the argument associating bit e r ror  probability with

mean square e r ror  given in the preceding section can also be applied to

o rthogonal and biorthogonal systems. This would allow exact calcu-

lation bom biorthogonal systems since the bit e r ro r  probability as well

as the symbol e r ro r  probability was tabulated by Vite rbi . Unfortunately

the tabulated bit e r ro r  probabilities for the biorthu~ al case are  in

e r ror  so that we must settle for  use of equation 5-14 and Totty ’ s

bounding arguments. Normalizing equation 5-14 to the mean square

output for  uniform data we have :

Orthogonal and 1 
~ ~ 5

- 

SNR~~~ 1 /22 fl + 2 P (SNR. ) 
-

Biorthogonal s i

where as before:

2
n 

= number of quantizing increments

SNR. = ZnE I N‘1 i b

The bandspread factor is:

Orthogonal ~ = 2
n

Biorthogonal ~ = 2n-1

4
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