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\ SECTION I

INTRODUCTION
5
This report presents the performance of a2 new modulation technique
which has been called mixed-base modulation (MBM). This technique

provides significant performance advantages over other common modu-

2 lation techniques for applications where both power and bandwidth are
g limited. Its performance for bandspreading factors of two to five
E | relative to single-sideband is reasonably close to the ultimate Shannon

bounds. Most available techniques are very poor in this region,

i The viewpoint which allowed synthesis of this technique will be
given before the basic approach and its performance are discussed. A
section comparing the theoretical performance of MBM and that of
other common techniques is followed by a discussion of some of the

practical considerations.
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SECTION II

THE TRANSMISSION PROBLEM

The problem to be considered is illustrated in Figure 1. An input

signal, m(t), is to be transformed in some manner to a second signal,

h(t), to which independent white gaussian noise, n(t), is added to produce
the received signal, r(t). This signal is then transformed into an esti-
mate of m(t), r’x\fx(t). We will take the liberty of calling the device that

transforms m(t) into h(t) the modulator and the device which trans-

forms r(t) into r?i(t) the demodulator. The fidelity criteria will be the

normalized mean-squared error, ¢, between x?-x(t) and m(t) where a |

known time delay, Td, is allowed. Thus: i

_E[(m(t) - M(t+ Tq))?] (1)
i E[m?(t) |

The objective will be to choose the modulation and demodulation pro-
cesses to produce a small value of ¢ when the spectral characteristics of
the source, and the transmitted signal, m(t) and h(t), and the noise

spectral height, No/l, are specified.

To simplify the problem we will assume the input data to be a
stationary process with an ideal flat bandlimitted spectrum of bandwidth,
Bv. We then can represent the process with time samples of the input

taken ot intervals of Ts:
T =1/2B .
s v

If the output of the modulator is also a sequence of samples at

intervals, To, they can be represented by time functions such that the

e

§ * The objective of centering the spectrum of h(t) for propagation will be
i ’ discussed separately in Section VIII.

‘ A S -
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output or channel bandwidth will be Bc = 1/ZT°. Thus, the bandspreading,
B = Bc/Bv’ will be the ratio of sampling rates between the output and in-
put. Further, if the receiver first passes the noisy signal through an
ideal sharp cutoff filter of bandwidth Bc' and the result is sampled at

the appropriate times, the problem reduces to a transformation of
independent random variables as indicated in Figure 2 where i is the

time index and the variance of the noise random variables, ni, is:

cn2 = E[nf] =B N_= BN B .

It is worth noting that our setup of the problem differs from that
taken by Ford [1] which models the input source as a finite dimensional
Markoff process and allows control theory techniques discussed by
Snyder [2] to synthesize the optimum modulator-demodulator pair. Ford
was unsuccessful in evaluating the optimum non-linear pair and discusses
instead some of the properties of the optimum time-variant linear combi-
nations. It should be pointed out also that the real-time (that is Td =0)
evaluation of error implicit in the model provided by Snyder is usually

unrealistic in communication problems.

The simplest case to consider is that of unity bandspreading and a
memoryless modulator. This implies that the modulator is simply an
operator that modifies the value of m, to produce hi and the receiver
estimates m, from each input, T Since the received signals are
independent from sample to sample the receiver cannot make use of

other received samples. If we define:

hi = Oi [mi]

and

m, = Oz[ri] = Oz'l:ni + hi]

PREe
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then one may wonder if a good choice of non-linear operators might
significantly reduce ¢ (as compared with ¢ for linear operators) for a
specified value of receiver input signal to noise ratio, SNR.1 =

P/NB =2E /N .
s o v s o

where:
P = E[h?] ,
s i
E =PT
s s s

In Appendix I an integral equation is derived for the optimum modu-
lator-demodulator pair which depends upon the probability density
function of the input. An explicit solution was obtained only for a

gaussian density function.

Lechleider [ 3, 4] and Haddad [ 5, 6 ] have considered the trans-
mission of the memoryless time discrete variables and derived some
results for the '""small noise'' case using a truncated Taylor series
expansion for the non-linear operator. Both have extended the analysis
to consider the memoryful case where each output sample is a function

of more than one input sample,

Although the case of unity bandspreading is interesting, it can be

shown by information theoretic arguments that where the input, m(t),

is gaussian, minimum mean-square error is achieved when the operators
are linear and memoryless. Goblick [ 7] and Brown and Palermo [ 8
show that the maximum achievable output signal-to-noise ratio, SNRO,

for a gaussian source is:

/ Ps \Bc/Bv B
(] SNRO: 1/6:\1+NOBC/ =F1+SNRi/B] . (2)

e—
4 -

When the bandspread ratio, Bc/Bv' equals one, the maximum value of
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SNRo is achieved when both modulator and demodulator are linear and
memoryless and a voltage gain of SNRi/(1+ SNRi) is used in the

demodulator.

If the source is non-gaussian the calculation of the rate distortion
' bound becomes more difficult. However, by use of bounds given by

Shannon and Weaver [9 ] we may determine bounds for SNR  to be:

(1+ SNR./p)® < SNR_<K(l + SNR /p)® (3)

where:

2-2[ ( £(m) log, f(m)dm’|
= -t

(2mwe) 'r_rg m?2 f(m)dmj

and as before f(m) is the probability density function of m. If the source

K =

[—

density function is uniform rather than gaussian, K = 1,42, Thus, the

'
Qromg

best possible modulator-demodulator for uniform density and bandspread-

et

ing of one can at most gain 1.5 dB over the linear combination previously -
‘ discussed.

From equation (3) we can conclude that to supply a value of SNRo of

40 dB an input signal to noise ratio, SNRi. of between 38.5 and 40 dB

is required for the case of a uniformly distributed source. An output
signal-to-noise ratio of 40 dB is achieved with an SNRi of 40 dB by simply

transmitting the modulating signal, m(t), and using r(t) as the estimate.

{ memoryless modulator-demodulator pair where all of the error is due to

link error,

This leads one to wonder if relatively simple schemes might provide

; Thus, the ultimate results are achievable (or nearly so) by use of a linear
:

i

:

; good results for larger bandspread ratios. Equation (3) indicates that if
\

» CLN
Y,

3 B
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a bandspread ratio of two is employed a2 scheme exists for providing a
SNRO of 40 dB with 23 dB SNRi for a uniform source. This performance
is very significant since a standard FM system requires a 22 dB SNRi
for 40 dB SNRo with a bandspread ratio of 20 and a P?K system requires |
21 dB SNRi for 40 dB SNRO for a bandspreading of 14, Thus, a choice |

of operators must exist that provides performance close to that of FM

and PSK with a bandspread ratio of 1/10 or 1/7 of the respective system. j

The problem of synthesizing a modulator-demodulator pair for a g8

of two utilizing a memoryless operator is illustrated in Figure 3. Each

ool
input pulse is passed through twe memoryless transformations, 0, (m)

1

and 0, (m) to produce two output pulses h and h, for each input pulse. :

k The received signals r, and r_ are the sum of these values and independent
1

: oy ; A
noise. The minimum mean-square error estimate for m, m, is:
A
m = E(m]|r,, ) = Qe , 2,) (4)

Expressions for M\ and ¢ are given in Appendix 1l for this case. Although
in principle these equations can be used to provide a solution for the

! optimum choice of Ol(m), Oz(m) and Os(r]. ra), the computational diffi-

" culties appear to be very great even if a computer is employed. Thus
the selection of operators for higher bandspreadings than one requires a

different approach.

*  For more details see Appendix 5.
%% The subscript i has been dropped on m, h and r in the memoryless

, d N case.
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SECTION III

GEOMETRICAL APPROACH

A notion which was introduced quite early in the information theory
literature by Shannon [ 10] (and suggested earlier in much less explicit
fashion by Kotelnikov [ 117) and has been discussed more recently by
Wozencraft and Jacobs F'12])and Sakriscn [13] is that of viewing the

problem geometrically.

Let us consider the input, m, to be constrained to a finite range
(say = A) and assume that we wish to choose the two memoryless operators,
0,(m) and 0,(m) for a bandspread factor of two. Any choice of 0 ,(m) and
0,(m) can be viewed as a mapping of a line representing the values of m
onto a plane with coordinates h, and h, as illustrated in Figure 4. Further

the pair of received signals, r and r, represent a point in the plane that i

1

e L

differs from the transmitted pair of signals by the two noise components,

n, and n, which are independent and gaussian. The task of the demodulator,

0,(r,, r,) is to estimate which value on the line was sent given a point in

the plane. Perhaps the simplest rule (but not necessarily the optimum rule)
l for the receiver is to select the point on the line closest to the received

" point. This would correspond to assuming that the most likely noise

vector occurred and as such would be the maximum likelihood estimate.

Assuming this type of receiver, how should we draw the line?

The first observation we can make is that if the noise is '"small" so
that we do not confuse one major segment of the line with another and we
choose to represent the noise components as one tangent to the line at the
estimated value and one perpendicular at the estimated value, the only
error will be that due to the component tangent to the line. The error
in the estimate of m, however, depends upon how different the estimated

value, m, is from the transmitted signal m . If we uniformly mapped m

d onto a line that was 20A in length (or stretched by ten) then the error in

PRECEDING PAGE BLANK-NOT FTLMED
v

.
a»
» . » 9
‘3":.‘ \a L
A b :
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M normalized to the full scale of m will be one tenth the size of the noise
component, If, however, the line is only 2A in length the error in M for
'"small'" noise will be equal to the noise. Even if we constrain the power

in the two pulses:
PS:E[h§+hg]=E[m2] (5)

we can make the normalized error in the estimate as small as we wish for
the '"small noise'' case by making the length of the line sufficiently long.

In this case the gain in SNRO for a specified SNRi is equal to the square

of stretch factor. The problem with this is that for a fixed PS we cannot
make the line longer without reducing the distance between locations
representing largely different values of m. When the noise is such that
errors of this nature (anomolies) occur frequently, a thresholding effect
is observed in the SNRo versus SNRi curve and the closer the line is
packed in the two dimensional space the smaller the noise (or the larger

SNR.) necessary to cause thresholding.
1

This then instructs us as to how we should draw the line. We should
make the line sufficiently long to provide the high-signal to nois~ improve-
ment that we wish, but make it such that the probability of anomoly is as

small as possible. It should be noted that the arguments presented place

no particular desirability on making the line continuous. This is

emphasized since references [127 and (137 both place the constraint of
continuity upon the mapping. Figure 5 shows three mappings which seem
as though they would be pretty good. Mappings a and b contain no dis-
continuities whereas mapping c does contain discontinuities. One might
expect that the thresholding effect in ¢ would be sharper thanina and b
where an anomoly is somewhat fuzzy., In all cases a trade between high

SNR gain and threshold can be made by putting in more or less revolutions,

sawteeth, or lines as the case may be.




If a bandspread ratio greater than two is used with memoryless
operators the mapping problem is one of mapping a line into more than
two dimension with the same notions of stretching and spacing. Timor
[14 7 has investigated the problem of mapping a continuous line in five
dimensions such that points on the line corresponding to values of m
differing by more than a specified value, Am, are separated by a dis-
tance Ar or greater. Under this constraint he maximizes the stretch

factor and estimates resulting performance,

If one wishes to consider the use of memoryless operators then the
geometrical object to be mapped is no longer a line but a hyper-square.
Thus if a bandspread of two is allowed with a memory of two samples the

problem is one of mapping a square into four dimensions.

m RADIATION

SUBSICARY OF HaRR S # rwT iy
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SECTION 1V

MIXED BASE MODULATION

By use of the geometric approach one can coujure up many interest-
ing configurations for mapping lines into two or three dimensions. The
type of mapping shown in Figure 5c is particularly interesting since it
looks as if it should be good, it is easily implemented and its perform-
ance is relatively easy to evaluate, Further, it can be easily extended
to higher dimensions by noting that the location of parallel lines in n
dimensions can be identified by the location of points in n-1 dimensions.
If the length of each line segment is 2A then the total length is 2A times
the number of such line segments. To minimize the problem of anomaly
(or minimize the threshold SNRi) one must maximize the minimum dis-
tance between these points. This, however, is identical to the usual

discrete signal design problem,

The implementation of such a mapping can be explained by consider-
ing an example of mapping the input into eight lines as shown in Figure 6.
The two operators, 0,(m) and 0_(m) required to achieve this mapping
are shown in Figure 7. The second operator can be recognized as an
8-ary quantizer and the first operator as one that provides the remainder
or quantizing error associated with the 8-ary quantizer. A simple way to
synthesize such operators is to use a 3 bit analog-to-digital converter
followed by a 3 bit digital-to-analog converter to produce the 8-ary pulse.
The remainder may be obtained by subtracting the input from the pulse
output as shown in Figure 8 and amplifying. A technique similar to this

was recently described by Hill [15] in connection with some teets run

for the British Broadcasting Corporation.

The extension of this mapping to higher dimensions can be accommo-

dated simply by using more than one m-ary pulse to subdivide the range of

m. For instance, a bandspread-by-three system might achieve a stretch

e ——

PRECEDING PAGE BLANK-NOT FTLMED !
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factor by 12 by subdividing the range of m into twelve parts. As indicated

in Figure 9, the h, pulse could be 3-ary designating which third of the
range m occupies, h, could be 4-ary designating which fourth of the
third of full scale m lies in, The pulse h, would then carry the

remainder information.

If the range of values of ho' h,, and ha' were the same as that of m

l’

we can note that in the example of Figure 9:

1

o

4 1
e E R

l . . .
m:F[‘l 3 h, +4 h, + h,1 =

—

where the transmitted signal is the n-tuple [h,, h,, h ] and the coefficients
may be thought of as the basis for the vector. For this reason the tech-
nique has been named mixed base modulation. The selection of the basis

is such that if:

m=B h +B_ | h | +---Bjh, +B h +Bgh, (6) =

! then:

Bkzzﬁ‘rle fork>1 and B_ =K

where K is selected such that:

i :
T B =1 f
j=0 ?

and the number of discrete levels of h is M , h is M , etc,, and h ]
n n n-1 n.l <
{ is continuous. It is interesting to note if M, through M, are equal to two ‘
the system is equivalent to a binary PCM system with an extra bit which
§
! describes the quantizing error. Such a technique was suggested as early ‘

as 1948 by Earp [ 161 and described in a paper by Nomura and Yasuda
(177 in 1962.

1
14 ,I
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SECTION V

PERFORMANCE OF MBM USING A SIMPLE RECEIVING SYSTEM

The discussion of mixed base modulation thus far has considered
only the modulator. The simplest demodulator is that shown in Figure
10 where each noisy discrete pulse is quantized to select the nearest
possible transmitted level and the continuous pulse is simple left alone.
The estimates of the transmitted values are then appropriately weighted
to provide the estimate of m. This is equivalent to maximum likelihood

reception except for an end effect in receiving the continuous pulse.

An analysis of the performance in terms of (SNR)0 versus (SNR)i is
given in Appendix 2. Performance curves are given in Figures 11 - 14
for the case where the peak power in all pulses is made equal and where
the number of levels in all discrete pulses is made equal. Bandspread
factors of 2 through 5 are given. The probability density function of m(t)
is assumed to be uniform. The rate distortion bounds for the uniform
source are obtained from equation (3). The performance of a single-

sideband system is plotted also for reference. Note that the MBM system

trades threshold performance for high signal-to-noise ratio gain in a

manner that is very close to that of the optimum modulator-demodulator

pair which allows infinite memory. As can be seen from Figure 11, with

a bandspreading of two, 40 dB SNRo can be obtained with an 8-ary and a
continuous pulse with 27 dB SNR,1 as compared with 40 dB SNRi for

single-sideband. The ultimate bound is between 42 and Z3 dB.

The requirement that all pulses have equal energy is not fundamental.

The division of energy which maximizes SNRO for a given SNRi is determined

in Appendix 4. The resulting SNRO is plotted in Figures 15 - 18. As can be
seen in most cases very little is to be gained by unequal energy division.

The optimum ratios are given in Appendix 4.
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SECTION VI

PERFORMANCE WITH A MINIMUM-MEAN-SQUARE ERROR RECEIVER

The equation for the minimum-mean-square error receiver when
bandspreading is present (given in Appendix 1) is somewhat cumbersome. i
For the case of MBM, however, it is shown in Appendix 3 that the mini-
mum mean square estimate of the transmitted value ™ given the received

set of signals, r

, - T, can be obtained by weighting the minimum mean
n

square estimate of each transmitted pulse given the corresponding received
signal. This argues that the discrete pulses can be operated upon independ-
ently and if the discrete pulses in the transmission have the same number
of possible levels, the same operation needs to be performed on each

pulse, Of more significance is the fact that if the receiver minimizes
mean-square error based on a uniform density function for the input, m,
then its performance will be better than that of the simple receiver des-
cribed in the preceding section for all density functions which are zero
outside the range of the uniform variable. This, then makes the minimum

mean square error receiver of practical as well as academic interest.

Unfortunately the calculated performance of the mmse receiver based
upon a uniform density function (given in Appendix 4) indicates that the
performance gain is small (generally less than a dB) over that available

from the simpler receiver described in the preceding section.

SRR
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SECTION VII
COMPARISON WITH OTHER TECHNIQUES

Figures 19 through 23 are performance curves for SNRo versus
SNR,1 for a variety of common modulation techniques. In all cases the
same idealizations were made that have been made in the calculation of
the MBM performance curves. The detailed basis for the curves is

given in Appendix 5. A significant point to note is that in all of these

systems the high SNRi versus improvement threshold tradeoff is tied

directly to the bandspread factor, g, whereas MBM allows the trade to

be made for a fixed bandspread factor.

The FM performance given in Figure 19 is calculated on the basis
of a peak-to-peak frequency deviation equal to the IF bandwidth and a
noise model based upon an unmodulated carrier. The values of g given
are the ratios of the IF to video bandwidths. Figure 20 shows the per-
formance of coherent phase-shift keying and quadraphase. In Figure 20
the values of SNRo for large values of SNRi are limited by quantization
error, In Figure 21 three different coding-decoding techniques are given
which provide essentially equivalent bit-error performance versus Eb/No
( and hence equivalent SNRO versus SNRi) but requires different channel
bandwidths. The values for g for each depend upon whether PSK or QP
are used. The logic in listing all three rather than the most conservative
in bandwidth (the 63, 50 block code) is that the 23,12 is a more commonly
used block code and the constraint length 5 convolutional code allows the
simplest decoding equipment of the three. The two block codes are BCH
codes and a minimum distance decoder is assumed. For the convolution-
al code of Figures 21 and 22 the decoding strategy is assumed to be that
of a Viterbi decoder. The orthogonal and biorthogonal systems of Figure
23 are based upon coherent matched filter detection and hence might

apply to digitally coded systems, discrete PPM or banddividing FM such

a
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as described by Akima [18] (PFM as described by Rochelle [19]) if a

coherent reference can be obtained.

In Figure 24 the performance of the various systems are plotted for
a SNRO of 40 dB. In the case of the discrete systems only the minimum
value of g which can provide 40 dB SNR0 is shown, Other values of g
are either larger and require higher SNRi or cannot provide 40 dB SNRO.
Only the 63, 50 block code from Figure 18 is shown. As can be seen the
bandspread region occuppied by MBM is not available from the common
discrete transmission systems and the continuous systems capable of
operating in that region are not very efficient in their use of these
relatively small bandspread factors. As the bandspread ratio increases
the straight-forward MBM system would appear to be 1 'ikely to be
competitive in performance with coded quadraphase but might still be a

reasonable choice based upon equipment consideration.




SECTION VIII

PRACTICAL CONSIDERATIONS

Several practical considerations are worthy of discussion. The MBM
system analysis was based upon use of cardinal functions for pulses with
bandwidth BC = 1/(2T0). To retain this bandwidth, but to transform this
spectrum to a frequency appropriate for propagation it is necessary for
either a single sideband technique or quadrature modulation (such as

that used for the color subcarrier in color TV) be used.

If one takes into account the use of real pulse shapes rather than
cardinal functions, the bandwidth required in the receiver preceeding the
matched filter may be much wider than I/TU. This implies that the
spectral occupancy of the system by almost any definition is larger than
the values of Bc given, The same fact, however, applies to the other
systems discussed in Section VII. A thumb rule for a PSK system which
uses square modulating pulses is that a filter of 4 times the bit rate
should be used before the matched filter to avoid mismatch and crosstalk.

The spectral occupany of FM by most definitions is wider than the IF
bandwidth.

It is reasonable to argue that the crosstalk problem in MBM due to
bandlimitting will be more severe than that of a binary transmission, since
MBM may use pulses with more levels. For that reason pulse shaping of
MBM pulses will almost certainly be a requirement and must be consider-
ed in the complexity tradeoff with binary (or quadraphase) systems where
pulse shaping is rarely employed. However, it is felt that reasonable
pulse shaping techniques can be employed which allow use of IF bandwidths
and provide spectral occupancies which are closer to the values quoted
than is the case for quadraphase and bi-phase systems where pulse shaping

is not employed. Means for synchronization of the receiver demodulator
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and for providing timing for the matched filter and for demultiplexing
in MBM have not been accounted for. Insertion of a reference pulse
periodically could serve both of these functions plus the additional
function of providing a reference for calibration, which would be likely
to be required when large values of SNR0 are desired. In general, it
is felt that MBM systems can be constructed such that the total imple-
mentation losses are held to 1 to 2 dB which is a reasonable estimate

for implementation losses in the other systems over the theoretical

performance curves given in Section VIL
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APPENDIX I

DERIVATION OF THE OPTIMUM MEMORYLESS OPERATORS

Assume the two operators to be 0, (m) and 02 (r) as shown in Figure 2.

. The optimum choice of 0, (r) is:

& 0,(r) = E [m]|r]

3>

{ m tm|r) am = (2 firfl(rrn%fgn) dm

] m f(r|m) f(m) dm
M5

( f(rlm) f(m) dm
e-[r-O1 (m)]? /Z(TiA

/Zn'on

1 However, f(r|m) = fn [r-0, (m)] =

where 1; is the variance of the noise:

‘ Thus, the optimum receiver for any 0, (m) is one that chooses M to be:
' " c -[r-a(m))? /25
r/}‘:\me n f(m) dm :Nr) e
i . -[r-0, (m)]? /Zr*v';’1 D(r)

For such a receiver the error is uncorrelated with the estimate. Thus:
E [ﬁ')(ﬁa-m)] = 0

E [mh] = E [#2]

o e

45
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and if E [m?] = 1

e =lh-mP) =E[m?] - E[M?]

Since M is dependent upon the random variable, r, the expected value of

rl;ia is: J i
‘:_ S m f(r|m) f(m) dm]3 f(r) dr
E[ﬁf’]=§ﬁ?(r)ﬁr)dr=§— J
£ (r) ] 1
r Q m f(r|m) f(m) dm]a
E [ﬁ'lz] =S — dr
s f(r|m) f(m) dm
Hence:
¥ 5 e N2 (r) : :
¢ Qm f(m) dm o g —L—Dm dr 1-2 i

By use of standard variational techniques under the constraint that:

P_=( 0 (m)f(m)dm 1-3
]

we may determine that the optimum choice of 0, (m) satisfies: _]

1 N N
23 0, (m) = 7= —(—LD(:) rr-0, ) [ 2m - —U-D(:) ] .
e L

[0y m)]? /202 dr  1-4

| 1
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where:

-[-0, (m)]? /207,

N(r) - Q m f(m) e dm

- - 2 =
D(r) = { fm) e [r-0, (m)}? /202

and )\ is a constant which is chosen to satisfy the power constraint of
1-3. If three memoryless operators are as illustrated in Figure 3, the

optimum operator, 0y (ry, r,)is:

Sm f(r,, r, |m) f(m) dm

M
flry, 1, )
r = 3 4r = 12 2
: S o P(_ r, - 0,(m))® +[r, - 0, (m)] )/Zon £en) dim = Nizy , 2, )
m = - a A B =
Ko([r" 9 mo)l" +1xy -~ D mllido, oy gen D(ry,r,)
] 1-5
Using the same procedure as before:
e = E[(m-thP) = E[m?] - E[M?]
o 1 N (ry, 1)
= ° - 1-6
€ g m“ f(m) dm ﬁ?on S \D(ry, 1) dry dr,
This procedure easily generalizes to N memoryless operators to yield:
B = 0,02, A ):N(rl, Iy, ==-Tn) 1-7

D(r1 H ra ’ "rn)

. . ¥ L e &
“J%‘,:.“\l
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where:

N(ry,1y---r_) = g mf(m) e” 20 ° ~i-1

N
1 [Z @ -0 m)?

D(ry, 1, ---r) = ( fm) €7 20 % "=

N
1 2 -0, (m))‘*]

dm

e
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APPENDIX 2

DERIVATION OF SN Ro EQUATION FOR ONE DISCRETE PULSE

Let us analyze the output signal-to-noise ratio of an MBM system
with bandspread by two and mapping as shown in Figure 6. Assume that
J the data is uniformly distributed between + A and that this range is
mapped into M lines. The two dimensions are transmitted as two pulses,
B the first with uniform distribution over a range + aoA and width T0 and
the second an M-ary pulse with M equally likely levels ranging from
+ 3, A and width T, .

The receiver is assumed to make a hard decision with the second
received pulse as to the line corresponding to the second transmitted
pulse and then accept the first pulse directly. If the received value of

the first pulse is h0 and the discrete decision value of the second pulse

is k, then the estimated transmitted value, r’}x, is

| v
' r'h:k(ZA\/+aii—o o it 0< k< M-1 21

then the error, ¢, is:

h
| A ; 2A [}
5 | e () 4 (35 m,)
{1 However,
8
{ 1 h =a Mm +n 2-4
. ’ o o o o

49
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where n_ is the noise associated with the continuous pulse.

Thus:
A aMmo+no \
= e _— + =
5 (kJ)(M> ( a M mo/
n
’ A\
o

The two error terms are caused by the additive noise on the two channels

and are independent. Hence:

2
AN O
E[e? ] :E[(k-j)e'](%) +a::42 2-6
o

To evaluate the variance of the error in the discrete pulse it is necessary

to evaluate Ef (k-jP

M M
E[(k-jP) =2 Z (j-kP P(j| k) P(k)
j=1 k=1
, M M
E[(k-jf) =37 & Z (-kP P(j|k) 2-7
j=1 k=1

From Figure 7 we can deduce:

(|1-k|-%) 2Aa

Bl e Sy ) el
P(M|k) - Q{(lM-kl -%) ZAal} i=M
: O3 (M-1)
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‘ (li-k|-3)24a Ai-k|+3)Aa
| ol = 8{ T—manr ) -l R Beieme o
4 ny m
-
L where
@ -Z2 /2
Q(x) = dz and o __ is the standard deviation of the
; ’ ) 2w n
@ .
| noise on the discrete pulse.
P Since E[ (k-jF ] is a function of the absolute value of j-k only:
] 2 M j-1 g
: Ef (e~jF] = 32 X T (j-kP P(j{k)
j=2 k=1
We have dropped the terms where j = k.
M-1 (M-k-})2Aa
y s r 1
E[k-jP] = M Z  (M-kpP Q1
k=1 o_. (M-1)
n1
2 M-1 j-1 - G-k-$)zAa
M T 0P o
MJZZ k=1 l Sy M
(j-k+%)2Aa
( 11 7
e ETTRRET &
“m (M-1) i
If M-k = m in the first summation and j-k = m in the second:
n , M-l (m-%)2Aa
i -t = — 2 —————
o EiRejF]apg & m )
m=1 m




[

o 2 i ;::
M msl k=) - 9 (M-1) ) -
fi

(m+3)2Aa U!

M-2 (2m-1)Aa ]
2 E T N % .
+E L (M-1-m) | Q{c (M_l)}] ]
! m=1 ¥ m
M-2 (2m+l)Aa
2 1
2 " Moaem) 2@ ——} ]
' l M m=1 [ {om (M-l)}“'
t '1 Letting m = n-1 the last summation and:
(2m-1)Aa,
Q R Q
{ o (M-1) m
n
2 M-1 M-2
-3 = — 2 i
1 E[(k-jP] = i1 {23 m?Q _+5  (M-l-min® Q
E | m=1 m=1
M-1 n}
- (M-n)n-1F Q
n=2
52
L




- ———

{\ Q - (M-17Q. | +(M-2)Q, - (M-2FQ

1 M-1

M
2
o {M-1g + eM-3, +£_ @m-1)M-m)Q_ }

]
—

M (Zm-l)Aa1
e e e =1

E[(k-jFP] = £
=1 n

Thus the mean square error is:

"noa gaz M-1 . (2m-1)Aa

2% = L T = i N Ve o

E(e’] =z3p *3p T (@m-1(M-m)Q{ (M_l)}
o) m=1 n

The signal component of fh is equal to m. Hence the mean square

output signal to noise ratio is:

2

Q

o N & 1
ni " 3E[e] M-1 r(Zm-l)Aa1
2 [ad A2 ash = - — T
3ano /aoM"' +24/M ;1:1(2m 1)(M m)QL ™ ™MD

The power in the first pulse is:

a® A®
o

o 3

and the energy is:

a AT
) A O« 5
o 3

E RADIATION
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SERPY e,

The variance of the noise adding to the first pulse is:

The variance of the second pulse is:

1 M-1 2Aa
PoemZ ¥ (3) - aaF
k=0
4A2 a® ( IMEM-1
i M-1)M((2M-
p,_M(Ml)F Z )—‘-(Aaq)z
ZAaa‘:(ZM-l)
P, = _Azala
1 3(M-1)
azAa
p. - -1 /M + 1N

The energy is:

2 a2
alAT‘ (M +1

3 \M -1

Ey =BT, =

The variance of the noise in the second pulse is:

N
SRR,

“m 2T,

The energy in the total signal is:

2 A2 2 A2
_alA T1 aoA To

M+ 1
E +E =—3 M-1)+

=
1

E :S_!‘a (M+1)+

2-12

2-13

e o o




If we define:

; 2

R B e 2-15

FEE M+1 7
g s - (M_1)+aZT
and
E, af i (%)
et 2-16
e S
5 gy (m) +aoTo
then:
2
S 1 6E
3 -1 W
"o 1/ ER9) 4 za/me b2 @m-DM-mie{ @m-1 & (55 )
o m=1 5 LG e

iHZE /N =Y

“‘o M RoY

"o _ 2-17

~° 24R -1 i

n 1+—KA—°-1§§ (zm-x)(M-m)Q{(zm-l)(sR,Y/M‘-l)’b}

m=1

The case where multiple discrete pulses are utilized may be
analyzed in a similar manner. Let us assume that J discrete pulses are
transmitted with M, levels for the j'" such pulse. The peak values of the
jth pulse are iAa..J As before the peak values of the continuous pulse is
Aao. The first dii;crete pulse is used to divide the total range into M,
segments; the second divides each of the M, segments into M, smaller
segments, etc. If, as before, decisions are made in the usual manner

on the discrete pulses, the error at the receiver is:

E sacuaTION
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n
o 2A " 2A 2A
e = gy =)y ) + - k.-,
e J 1
e M Ty
o)==l =1
n J
A
e = — = + 5 ?‘J (k_-5_)
a ..M n=1 7 .M,
& 3ul ] =1

where as before the jth level of the pulse was transmitted and the kth level

received. The mean square error is:

on: J E[(kn-jn)ajz
Efe®*] = s il 4A2 Y, T e z2-19
a? M2 n=1 M.P
o [f=1 J] S

Using equation 2-10 to express the E[(kn-jn)a] we have:

[ J Mp-1
P a4 n
E(e ] ..—J—"-——- + 8A2 3 l/Mn (u’:lM.)eE (Zm"l)(Mn’m)
ale M n=1 J I m-1
e
Q{(Zm-llAan } 2-20
o_.(M_-1)
nj n
The signal to noise output is then:
2
e 1
"n 2/Ma 213 M S am @ g
+ - -
Hine 1w [ M) + 20 _1( M5 45 (2m-1)(M_-m)Q_
n= m=1
(2m-1)(Aag 5 S

where: Q = Q
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As before the energy in the continuous pulse is:

ao?‘ A® To
th . :
and the j  discrete pulse is:

a?A®T. M.+l
J 2 J

(M.-l /
j

Ej= 3

The total energy is:

J
2 - .
E =A_ a?T +3 a.aT'(MJi_l>-‘.
s 5. .. % 0 joi J 3 Mj-l o

As before we will define:

E.

Rj :—J—E

s

and:

N
R Rl
nj 27T,
: J

g2 Fs .M F R

G s =1 o

roE J n-1
“n 1 +24R YZ[(JJr_ M. P /M (T M.P]g (2m-1)(M_-m) Q

o sl =l nj=1"j e n mn
: t " (2m-1F RpY
where: Q = Q {I_Mna . YW} 2-22
7 'Aﬁ.’ o
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where, as before, Y = ZEs/No

In the case where:

M. =M
j
4
b (yoa M IR Y |
i g Tem- PR Y e
n 1 + 24R YZT: N@J/M"““)E (Zm 1)(M- m)Qi o }
n=1 m=1
If in addition:
F |
Rn= R, n#o
(_-,02 M J R Y 1]
2 2-24 J

% 1 +24R Y[mw—r)]z, ¥ (2m-1)M- m)Q{[ (2m- IF&Y‘J‘}}
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APPENDIX 3

PERFORMANCE OF THE MINIMUM MEAN SQUARE ERROR
RECEIVER FOR MBM

The equation for the MMSE receiver for the general N +1
dimensional memoryless mapping given in Appendix 1 is rather cumber-
some. The MBM form of mapping, however, reduces the problem
b considerably. This can be argued in the simplest fashion by noting that

the input is in the form of:

N
m=7, B h 3-1
f fafy 4 3
]
The received signal set, ro, r--—-rn, are related to the trans-
k

3 i i 1 P i :
‘ mitted signals, ho, h, hN, in that

E r.=h +n
J J

J

The random variables h. and nj are jointly independent. Thus:
J

1 f(h, Dy, ====hy, r , 1y =-m-r ) = (b ,x ) f(hy, 1y )--==f(h,r )

N

and hence:
f(h_, hy,-=--h |r , ry,----r) = f(h_|r )£ [, Jeeeoflhy|r)  3-2

{ ‘ The optimum receiver is one that outputs:

)dm

! -
f | | M = E[m]| T T ----rN) = \‘ m f(m| 5 Sy tand

N
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h = S --*Sgg (li B.h.) f(h_, by ----h [T , £y ----r )d h dh ----dh [

N
fh = Qggg (2 Bh) £ |r ) fly |1y)----fhy|r ) dh dhy ----dh
' i=0

which yields:

N N N
m=2 B, Sh. fh.|r.)dn, =2 B, Eh,|r.)= Bh 3-3
5 1 1 1 1 * 3 1 1 1 o 11
i=0 i=0 i=0
k The equation, 3-3, states that the minimum mean square estimate of g
3

m is a weighted sum of the minimum mean-square estimate of each

transmitted pulse. Further, the error in the estimate is:

N
m-Mm=% B (h-h) 3-4
i=0 1 1 1

and the mean squared error is:

. PSS

N N
¢ Em’) = E{((m-mFP)<Z T BB E{(hi-fli) ( hj-ixj)}

i=0 j=0
Since:
E[hihj] =0and E [hihj] =0 i#j
{ N N
¢ Em?) = E[(m-mP] =% B? E{(hi-?x P } =T B? & 3-5
i=0 ! T

Thus, the mean square error associated with the MMSE receiver is the
weighted sum of the mean square error associated with the optimum

estimate of the transmitted values.
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In the case of the continuous pulse:

1
f(ho) = 2aoA = aoA < hi < + aoA

From Appendix 1

o 5 2 2
g o h . (ro hO) /Zﬁn dh
o o
g -aoA
ho :Q ho f(holro) dho 3 +a A (r -h )2 /25 2
i e o o “n dho
-a A
o
Performing the integration yields:
3
6. T oafa Ber i -fa Ak Pl )
A o n e o o n -e o o n |

=y -
o o ﬁ Q(aoA-rc)) 5 Q(-aoA-ro>
n n

vince: r =h +n
o o o

s [ <@ A-h -n)2/252 -(a A+h 4 )2 /20 2 |
N e TR o © n -e o o o n
o o o .;Zw Q(aoﬂ:ﬁo-no\) j Q(-aoA-ho-no>

a g
n n

o
i

o>
1

h +n -F(t ,r )
o o o o

The mean square error, eoa s i8:

A
E((h -h )] = E[n?) - 2E[n F(h_,n )] + E[F° (b ,n )]

—
o]

i +o -n 2 /2

. 1 e © dh dn 3-6
- RSOl - . o _—

| | e, ol ZOA Q ['ZnoF(ho, no) e (ho,no)] e 5 o o
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where:
r 2 2 2 27
c i =-(@a_ A-h -n )? /20 -(a A-h +n )? /2o _l
F(h,n)=n Le o o o n -e o o o n
T Bt R Y R R
o]
n n
% Although in equation 3-6 it is desired to average over the value of ho

as shown, it is interesting to observe the value of eoe for a fixed value

W of h . If the ratio of peak signal to rms noise, aoA/on, is reasonably
large (> 5) then the calculatable ratio of eo2 te Ona depends only upon

the number of noise variance intervals that ho differs from plus or minus
] aoA. The reduction in eoa is plotted as a function of Ona in Figure 3-l.
The MMSE receiver based on a uniform density does not increase the
error for any transmitted value of ho. This fact can be verified from

, equation 3-4. Therefore, such a MMSE receiver will provide results
with the continuous pulse which are at least as good as those provided

by the simpler receiver for any density function which is zero outside

the range aoA and -aoA. The average reduction in error for values of

‘ h such that |a A-h | < 55_ is 0.181 g_2. Since the reduction when
o o o n n
'i h0 is outside this region is negligible we may deduce that:
50n
S =B . bt
e, o, (1 .181(a A):I aoAz 80n |
a 2A2
5 P S i
f Y =R Y=j 20 ]

{ then: eo2 =on3 1 - .905/(12Y°)§-] = cna [1- .262/Y°é] Yoz 5.33(7.3dB)

Figure 3-2 is a plot of eoa versus Y for a MMSE receiver and the simple

receiver described in Section V,
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In the case of the discrete pulse, h, with M levels ranging from plus to
L minus a, A, the MMSE receiver is:
M a A
[ 'y 1 . M + 1 \
) h = E(h = h P = . ——
(r) (h|r) jZ:l (hjl r) where h), = (J > )
M
PO | S L
h(r) =M
Z, f(r|h) P(h.)
g J J
Since
-(r-h.)? /20 2
f(r|h,) = s &
wo
n
and
1
P(h,) = M
then
M
S p e-(r-h)? /20 2
Miry = 2L :
(r) = M 3-7
-(r-h)? /Zon2
71 © !
If the actual transmitted value was h’k then r = hk + n and:
i |
ks o -[(h -h,) +n]2 /20 2
v > '2;,1 h, e l"'k j n
T > e'[(}ﬁ('h') +n]? /20na
. 2 J-l J
£ Tl
L
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th . :
If the k= term in each summation is taken out of equation 3-6

This is in the form:

_a+b _a  b-ad/c
?1( ) > % ct+d
Thus:
M
2 (h hk) [(h.k-hj)+n]2 /2Una
fir) = h + 1\;
- = 2 2
5 L) +nl /20,
j=1

fir) = h+ F(k,n)

error if all values of k are equally likely is:

1

Z"‘

Z:l K F° (k,n) dn

-na /2(1 -[( -h) +n]2 /20 2

%(r) 3 h.k e n + ?lfk h‘1 }H( j n
- /2 - -k.) +n]? /20 2
p Gn +21#k oLy J) n)?/ o,

The second term is obviously the error. The mean square value of this

versus Y, for values of M from 1 to 10 where:

64

28 raA  (j-k) +n72/20 2
(50 oo the 7
where F(k,n) = M aA A (j-k) + n‘la /Zdn3
fie

Equation 3-7 was numerically integrated to produce curves of ¢

BA AT 8 5

3-9
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a® A®
n
*' These are plotted in Figure 3-3 along with the equivalent error produced

by the simple receiver. As was the case with the continued pulse error
evaluation the error for the MMSE receiver given a particular trans-
mitted value, hk’ is equal to or less than the error with the simple

receiver for all values of k.

Equation 3-9 can be used in combination with the data in Figures

3-2 and 3-3 to calculate SNRi versus SNR for MBM with a MMSE
o

receiver and a specified energy ratio for the pulses.
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APPENDIX 4

OPTIMUM ENERGY RATIOS

I The mean square error for MBM transmission can be expressed

in the form:

o
(&)
]

B2 e (%) 4-1
1 1 i

0

-
1]

where: J + 1 is the bandspread factor, B, or the number of output

pulses per input pulse.

Bi is the weighting or basis for the ith pulse

2E.
Yi = -N—l- = average pulse energy to noise spectral height ratio
o
k for the ith pulse.

Equation 4-1 applies to both the case of the simple receiver and the
MMSE receiver. If the total energy to noise ratio is:

2E
s

N
o

M

= Y 4-2

B 20 i

=

then the optimum problem is one of minimizing e® in equation 4-1 under
the constraint of equation 4-2. Fortunately, this problem can be handled
as a sequence of two-dimensional optimization problems rather than a

{ J + 1 dimensional problem. If one starts with the first two terms:

e LP S Bo2 e: (Yo) + By® o® (V)

PRECEDING PAGE BLANK=NOT SIDED
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and determines the minimum achievable em1a for a given Y,/ = Y ot Y,

then a new curve exists such that:

2 = ! 7
ernl e " (Y, ")

If one then adds the next term:

€ma = Cm TB® & (o) =e! (V) +B,% e? (V)

and minimizes for all Y,/ = Y, + Y, this produces a new curve:

em: =e (V')
which corresponds to the optimum split between the first three pulses.

This procedure can be continued until all J + 1 pulses are included.

Plots of e, ? (Yi) are given for both the simple and MMSE receiver
in Figures 3-2 and 3-3 in the previous Appendix. Since the analytical
forms for these plots were cumbersome it was found easiest to produce
the combined optimums by hand and replot the new curve. The resulting
optimum energy ratios are given in Figures 4-1 through 4-4. The

resulting SNRo versus SNRi for optimum energy split are plotted in

Section IV,
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APPENDIX 5

SYSTEM PERFORMANCE

SINGLE SIDEBAND (SS)
A single sideband system transmits data of bandwidth, Bv. The
sampling rate is ZBv and sample time, Ts is:
1
s ==

g 2B
v

If the pulse has average power, Ps, the energy, Es is:

If the pulse is transmitted in the presence of white noise with two sided

height of NO/Z, and a matched filter with impulse response:

.
T
s

]

H(t) U<ts Ts

=0 otherwise

is used then the output due to signal is equal to the input and has

variance, 002 5

The variance of the noise, Ona is:

No Ts 1 No

B s ———\3 =S
9 T 2 Y ()% dt =57
o 8 8

Thus, the output signal to noise ratio is:
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Since the output sampling rate equals the input sampling rate the band-

spreading is:

B =1

OTHER FORMS OF AMPLITUDE MODULATION

Suppressed carrier A, M. differs from single-sideband only in the
method of frequercy translation. The effect is to leave the relationship
between SNRo ~nd SNR.1 the same but double the bandspread ratio. That
1 is for SCAM:

SCAMISNRo = SNRi

1

B =2 11

Ordinary non-suppressed carrier A.M. is the same as SCAM except

that additional power is added to the signal in the form of carrier. This
signal increases the required input power without increasing the SNRO.

For the case of a uniformly distributed modulating signal and 100% ‘1

modulation index:

AM]SNRO = .25 SNR, -

B=2

FREQUENCY MODULATION (FM)

The general equation used to calculate SNRo versus SNRi for frequency

i modulation is:
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12of#*B. /B (12B 2 +B 2?)
3w s v

SR " T4, Fip) - 3B, (B _-B )/(12B ® +B 3 ol
if if v s v

where:

o]

v

Bif

0 SNRi = IF signal to noise ratio

fd = rms frequency deviation

Bv = bandwidth of video filter
BS = center frequency of video filter

B., = bandwidth of I. F. filter

if
and
Bif
Flo) = se5mmz L(1*2) QWZo(l+2) Q-/Z5 (1 +2)) 5-1
-2
+[z(1+2))% e °[Q(-/Zpz) - Q(+/Z52)] [Q(-v/Zp(1+2)-Q(/Zp (1 +2)]
+ ze-z‘:> Q(/Zpz) Q(-/2pz)
where:
Qi) = e 2 a
"y Jim
X
&L 12 ch
']
fdc = explained in the next paragraph.

ey
€ =l

Equation 5-6 is taken from reference [20] where the term represent-

ing the spectral height of the FM output noise at the frequency origin has
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been replaced by F(p). The expression for F(p) is taken from reference
f21] and is the spectral height of the noise at the origin based on the noise
model of that report. This spectral height is derived assuming an unmodu-
lated but not necessarily tuned carrier. The term, fdc’ represents the

detuning of the carrier from the center of the IF.

Equation 7-1 applies to cases where a bandpass video filter is used
# as well as the case where a lowpass filter is used. Figure 5-1 is a plot

of normalized SNR0 versus SNRi with thresholding noise based upon no
E frequency offset. These curves for the case of the lowpass video filter
correspond very closely to curves based on Stumpers [22] equations
(see Akima [18]). Figure 5-2 is similar except that the threshold noise
is based upon a frequency offset of half the IF bandwidth.

Figure 19 in Section VI is taken from Figure 5-1 where f, = Bif/m
and B_ = BV/Z. For uniformly distributed, m, this corresponds to setting
the peak-to-peak deviation equal to the IF bandwidth. For FM we call
B, f/ B =8.

DIGITAL TECHNIQUES
Phase Shift Keying (PSK)

The bit error probability, P, for PSK is well known to be:

2E
3 i
pe_Q[N ]
(o]

where:
i Eb = energy per bit

NO/Z = noise spectral density

o e
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If the message value, m, is quantized to n bits then:

ZES Z.nEb
SNRl 3 r - N
o o
SNR

pe=Q[—;l—‘i]

Also if the distribution of m is uniform, the quantization error normalized

to the rms value of the data will be:

E? =1/2"
q

The normalized link error is:

1
3 = 4 o e -
E° =4[]l -3m ] 5-8
1 1
SNR_ = —3 = = - 5-9
T Eq i 1727 4 4[ 1185 Q[-S%Bl]

The pulse shapes can in theory be made so that the channel bandwidth
is equal to the bit rate which is n times the sample rates and 2n times
B .

v

8 =2n

Quadraphase (QP)

The only difference between quadraphase and PSK is in the channel
bandwidth which is one-half that of PSK. Thus:

g =n

and SNRo versus SNRi is given by equation 5-5.

E RADIATION
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Coded PSK Systems

The calculation of bit error rates as a function of Eb/No for several
error correction codes is shown in Figure 5-3. As before the relation-

ship between E, /N and SNR, is:
b "o i

ZnEb I

SNR, = 5-9 1‘

o !

where 2n is the number of quantization increments of the code. A fact }
not widely known is that the relationship between bit error probability |
and rms link error for most coded-systems is the same as that given in Ii

equation 7-4. The necessary and sufficient requirements for this to be \

true are:

(a) The probability that a particular information bit is in error

is the same as that of any other bit being in error.

(b) The error in a particular bit is equally likely to be in either

polarity.

The argument to justify the statement is to observe that the mean
square error when several bits in a single word are in error is the same
as that when the bits occur in separate words. This is a consequence of
(b). If the absolute error in a particular word is e, and the error due
to an additional bit error in the same word is e, which is equally probable

to add or subtract from e, then the mean squared error is:
E(€®)= .5(e; te, P +.5(e; -, =¢,? +e,2 5-10

This is the same squared error that would occur if the additional error
had been in a separate word. If all bits in the n bit word are in error
with probability P, and the mean squared error is the same as that which

would occur if they were in separate words then the total mean squared

3 RS
ey A Lo 41
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error is:

pe
5 [1- 1/2%] 5-11

msae =
pe

bl i B
|o—-
~
-

1]

This error is normalized to full scale. Normalizing to the rms value
of a uniform density required multiplication by 12 which produces

equation 5-8.

Although both block and convolution codes tend to cause clustered
errors, the usual decoding techniques still meet requir- ment (a) even

in the case where blocks are an integer number of word

Thus, the equation for SNRo for coded PSK is:

X 1
o 1/2°n 44 P, (SNRi)

SNR 5-12

A plot of pe(Eb/No) is given in Figure 5-3 for several coding-decoding
techniques.

The bandspreading is the bandspreading caused by the coding, a,
times the bandspreading of the PSK system. Thus:

2an for coded PSK

™
I

5-13
an for coded QP

™
"

Orthogonal and Biorthogonal Systems

The symbol error probability,p_, as a function of Eb/No for
orthogonal and biorthogonal systems is well known and has been tabu-
lated by Viterbi [23]. Totty [24] has shown that the mean square error

normalized to full scale of orthogonal signals is:

75
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mse = P /6
s

and that for biorthogonal signals the mean square error is very nearly
the same. Actually the argument associating bit error probability with
mean square error given in the preceding section can also be applied to
orthogonal and biorthogonal systems. This would allow exact calcu-
lation bor biorthogonal systems since the bit error probability as well
as the symbol error probability was tabulated by Viterbi. Unfortunately
the tabulated bit error probabilities for the biorthuoy-al case are in
error so that we must settle for use of equation 5-14 and Totty's
bounding arguments. Normalizing equation 5-14 to the mean square

output for uniform data we have:

Orthogonal and 1
SNRo“ 1/221 + 2 Ps(SNRi)

Biorthogonal

where as before:

n B
2 = number of quantizing increments

SNR. = 2nE, /N
i b o

The bandspread factor is:

Orthogonal g =2"

Biorthogonal g = Zn-l

oy
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