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Abstract

A project scheduling algorithm is developed and illust rated. For

each feasible project deadline time the minimum project cost and corre-

sponding optimal deterministic activity durations are derived. The cost

of an activity is assumed to be a convex piecewise linear function of its

duration. The algorithm is based upon network—flow techniques including

the use of a labeling procedure which preserves complementary slaci ness.

A computer implementation of the algorithm is documented.
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] •.  INTRODUCTION

This paper describes a scheduling algorithm for a project composed

of “jobs” or “activities.” These activities are represented by arcs in

a directed network. The network nodes represent events in time. The

activities at any node can “commence” as soon as all activities “termin-

ating” at that node are completed. Associated with each activity is an

interval of possible completion times and an associated piecewise linear

cost function. Given that the project must be completed by a specified

deadline time, the algorithm determines the individual activity completion

times which minimize the total project cost. Repeating the process for

all feasible deadline times yields the entire project cost curve and asso-

ciated optimal activity completion times.

For example, suppose the project consists of activities A , B, C, D,

• E and the order relationa:

A precedes C and D,

B precedes D ,

C and D both precede E

and those implied by transitivity. The corresponding network represents—

• tion is shown in Figure 1 where the arcs represent activities and nodes

are events. Notice that arc F does not correspond to any “real” activity

but merely represents the order relation that A must precede D. We shall

assume that such dummy activities have zero completion times and zero costs .

Using this network representation of the project, the problem of com-

puting the cost curve can be formulated as a network—flow problem. We shall

make the following assumptions about the network: there are no directed

cycles, and each arc is contained in some directed path from the beginning

_ _ _ _ _ _ _• •----- • 
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node (called the “source”) to the terminal node (called the “sink”) .

This problem can also be formulated as a linear progr amming problem;

however , due to the lar ge number of variables and constraints , it would be

Impractical storage—wise to solve it using linear programming methods.

D. R. Fulkerson (1961) has formulated a very efficient network—flow

algorithm for solving the problem with a linear activity cost function.

In this paper, Fulkerson’s algorithm has been extended to accept a convex

piecewise linear cost function for each individual activity.

2. PROBLEM FORMULATION AND SOLUTION PROCEDURE

2.1. Problem Formulation

The cost of completing an activity is assumed to be a convex piecewise

linear function. The cost curve for activity I is depicted in Figure 2.

Note that the allowable completion t imes for activity I have been divided

into NX(I)—l intervals: (TIME(I,l), TIME(I,2)], [TINE(I,2), TIME(I,3)],...,

{TIME[I ,NK(I)—2], TIME[I,NK(I)—1]}, {TIME(I,NX(I)—l], TINE[I,NK(I)]} with

TIME(I, 1) c TIME(I, 2) < ... < TIME(I , NK(I) 1. (2.1)

Here we interpret TIME(I,l) as the shortest possible completion time and

TIME[I,NK(I)J as the cheapest completion time. Even though the duration of

activity I could be greater than TIME(I,NK(I)J, such durations would be

needlessly expensive and hence TIME(I,NK(I)J is the practical upper bound

• on the duration of activity I. The intermediate times, TIME(I,2), ... ,

TIME [I ,NIC (I)—l ], will be called “breakpoints.”
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Breakpoints arise when there are alternative methods of perfonning an

activity. These methods do not differ  in the end result , but they do d i f f e r

in the amount of time they take and their cost. For example , suppose tha t

snow plows rent for a fixed $200/day and cost a varying amount per hour to

operate depending upon the speed at which they are operated. A correspond-

ing activity cost curve might be as in Figure 3 where the “breakpoints”

correspond to the use of different numbers of plows.
I - The cost for completing activity I in time TIME (I ,M)~ is COST(I ,M)

which satisfies

COST(I,l) > COST(I,2) > ... > COST(I,NK(I)J. (2.2)

Furthermore, letting C(I,H) represent the rate of decrease in the cost of

activity I on the Mth interval Implies

C I 1 COST(I,l) — COST(I,2)
TINE (I ,2) — TIME(I,1) ‘ (2.3)

I NK n i COST[I ,N K ( I )— lJ  — COSTII,N K (I) ]C( ( — I TIME(I ,NK(I)J — TIME[I,N1C(I)—l]

The convexity of the piecewise linear cost function implies that

C[I ,N1~(I )—l 3 < C[I ,NK (I)—2~ < ... < C(I ,1). (2.3a)

Let X&CT(I) represent the duration t ime for activity I. This duration

time , XACT(I) , can be decomposed as

NK(I)-l
XACT(I) XACT(I ,fl) (2.4)

fl—i 

- • - -
~ 

—- - -• -
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where

XACT(I ,l) — min(TIME(I,2) ,XACT(I)] (2.5)

and for M — 2, ..., NK(I) — 1

XACT(I ,M) — min{TIME (I,I’H-l) — TIME(I,M),

max (O ,XACT(I) — TIME(I,M)]}. (2.6)

For example, suppose that in Figure 4 XACT(I) = 25, then

XACT(I,l) min(TIME(t,2), XACT(I)]

lflifl[1O, 25]

— 10 ,

XACT(I ,2) min {TIME(I ,3) — TIME(I , 2), max[O , XACT(I) — TIME(I ,2) ] }

• min{20 — 10, max [O, 25 — lO]}

— 10,

XACT(I,3) min{TIME(I,4) — TIME(I, 3), max[O, XACT(I) — TIME(I,3)]}

ininf3O — 20, max[0, 25 — 20])

— 5 ,

and
3

XACT(I) — ~~ XACT(I ,M)
H-i

= 10 + 10+5

— 25.
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The total cost associated with duration time XA cT(I) for activity I

is
NK( I)—l

KK(I) — ~ C(I ,M) XACT(I ,M~ (2.7)
H-i

where

KK(I) — COST(I ,l) + C(I ,1)TIME(I ,1). (2.8)

The total project cost is

NK(I)-l
~ [KK(I) — ~ C(I M)XACT(I,M)]. (2.9)
I H—i

Let the node time XNODE(K) be the “length” of the longest path from

II the source node to node K when the “length” of an arc (activity) is its

completion time. Thus, for example, in Figure 1

XNODE(l) = 0,

~4ODE(2) = A ,

XNODE(3) — max(B, A + F),

XNODE(4)-max(A+C, B + D , A + F + D ) , and

XNODE(5) - max (A + C + E , B + D + E, A + F + D + E).

If activity I originates at node 01, terminates at node T1, and takes

XACT(I) units of time , feasibility requires that

XNODE(01) + XACT(I) < XNODE(T1). (2.10)

Note that the ttme to complete the entire project is

XNODE(SINK) - XNODE(SOURCE).

In what follows
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XNODE(SOURCE) 0 (2.11)

without loss of generality.

The problem is to minimize the total project cost (2.9) subject to the

condition that the project is completed by a specified time LAMBDA. This

problem can now be formulated as 
-

NK(I)—].
min{PCOST(LANBDA) ~(KIC(I) — ~ C(IJOXACT(I,K)]}

I H-i (2.12)

subject to the constraints
NK(I)-l

XNODE(01) + 
M~l 

XACT(I ,MY — XNODE(T1) < 0 , a].]. I , (2.13)

XNODE(SINK) < LAMBDA, (2.14)

XA CT(I ,M )  < U~~,M), all I and N, (2.15)

XACT(I,M) > L(I,M), • all I and M, (2.16)

where

U(I ,M) [TIME(I~ 2) 14 — 1,

L TIME(I ,M+l) — TIME(I ,M) H — 2, .. ., NK(I)—l,

(2.17)
(TmiB(I,1) 14 — 1,

L(I ,1!t) — 1.o N — 2, .. ., NK(I)—l,

- (2.18)

• 1 01 — the origin node of activity I,

T1 
— the terminal node of activity I.

Since the addition or subtraction of a constant ih the objective function

does not change the problem, we can represent the objective function as

—I —-~~~
.— 
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NK(I)-l
max~ ~ 

C(I M)XACT(T,M). (2.19)
I M-l

We shall solve this problem for all feasible values of LAMBDA . The

minimum feasible value of LAMBDA, LMIN , is the length of the longest path

• from the source to the sink when the XACT(I) ‘a are at their lower bounds ,

XACT(I) = TIME(I,1) for all I. The maximum value of interest for LAMBDA,

LMAX, is the length of the longest path from the source to the sink when

the XACT(I)’s represent the cheapest practical times, XACT(I) — TIME[I ,NK (I) )

for all I. Thus, for a given LAMBDA such that

LMIN < LA~tBDA < LMAX ,

the constraints (2.13) — (2.16) are feasible. The proof for this and all

other underlying theorems presented in the problem formulation and algorithm

are found in Chapter 3, Section 2. We shall refer to the problem given in

(2. 13) — (2.19) as the Primal Problem .

In the Primal Problem , dummy activities may be assumed to have times

and coats equal to zero.

2.2. The Dual Problem

• The standard duality theory for linear programming implies that, if

the primal problem has the form

Tmax c x
subject to the constraints

Ax < b , (2.20)

•

~ 

_ 
~~ —

. •
,

- . .-~~~ .- - 
. ~~~~~~~~~~~~~~~~~
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then the corresponding dual problem is

T
• m inbw

subject to the constraints

ATV U ,c

w > 0, (2.21)

-; see for example Hadley (1962). Writing our Primal Problem in the form

(2.20) Implies that our dual problem can be written as

min[LAMBDA V + ZXu(i ,n) • G(I,M) — ~~L(I,M) • 11(1,14)]IM IM (2.22)

subject to the constraints

F(I) + C(I,M) — 11(1,14) — C(I,M) all I ,M (2.23)

0 K = node ~ SOURCEI SINK

~ F(I) — ~ F(I) —

Ig01 K IeT1—K (b
_V K = SINK,

(2.24)
-

F(I) , V , G(I ,M), 11(1,14) > 0 .  (2.25)

Note that the coefficients in (2.21) of the 8th dual variable are the co-

efficients in the 5th primal constraint, so that, there is a natural one—

to—one correspondence between primal constraints and dual variables.

The dual problem (2.22) — (2.25) can be interpreted as a flow problem

for the project network. The dual variable, F(I), associated with constraint

(2.13) is the flow for the 1th activity. The constraint (2.24) implies

that except for the source and the sink the flow going into a node equals

the flow coming out of that node. Thus at all nodes other than the source

and the sink we have conservation of flow . The total flow of the network is

~~ ~~~~~~~~~~~~~~~~ .~ L ~~~~~~~~ ~~~,_ _ _
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V — ~ F(t) — ~ PCI) — ~ 1(I), (2.26)
IcT1 SINI( IcO1 SINI( IcT1 SINK

and V is the dual variable associated with constraint (2.14) for a fixed

LAMBDA.

The dual variables G(I,M) and 11(1,14) are associAted with the upper

and lower bounds for X~CT(I ,M) respectively.

Rearranging (2.23), we have an equation of the form

H 
- 

g — h — c — f .

For a fixed value of f, we have c — f = r, say, and

g = h + r .  (2.27)

In (2.22) we want to minimize an expression of the form

U g - L h ,

or equivalently using (2.27)

Ug - L h = U ( h + r ) - L h — U r + h ( U - L) .

Since g = h + r and both g > 0 and h > 0, making h as small as possible

• implies

• h = max(0 , -r ).

Correspondingly

g — h + r — m a x (r,O).

H
g — m a x ( 0 , c — f ) ,

h max(0, f— c ) ,

~~~~~~~~~ ~~~



H
and correspondingly

G(I,M~ — max[0 , C( I j1 ) — F(I)],  (2.28)

11(1,1.1) — aax[O , F(I) — C(I,M)]. (2.29)

Using (2.28) and (2.29) the dual becomes

in (LAMBDA • V + ~~U(I,H) . max[0 , C(I ,N) — F(I)J
- IN

— ~~L(1,}I) . max[0 , P(I) — C(I ,M ) ] }  (2.30 )
114

subject to the constraints

r 0 K - node ~ SOURCE SINK
~ F(I) — ~ F(t ) — I c

I€01—K ICT1 K 
~~~~ ~~~~~ 

— SINK,

P CI ) ,  V > O.

A key observation at this point is that for all (1,10

U(I,M) max(O , C(I ,M) — F(I) ] — L(I ,M)max[0, P(I) — C(I ,M) ]

(2.31)

is a convex piecewise linear function of F(I) as sketched in Figure 5.

The convexity of (2.31) follows from 11(1,14) L(I ,M). Furthermore , since

the sum of convex piecewise linear functions is also a convex piecewise

linear function, it follows that

~U(I ,M) max[0 , C(I,M) - F(I) ] - ~L(I,M~max[O , F(I) - C(I,M ))
14 (2.32)

I

1 ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
— —

~~~~~~~~~ -—-— ~~~~~~~~~~~~~~~~~
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ —.——-‘ L4~~... 

.k~~. ~~~~~~~~~~~~~~~~ .~
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is a convex piecewise linear function of F(I) as sketched in Figure 6.

The piecewise linear behavior of (2.32) suggests the following de—

composition of p(I) :

NK~I)
F(I) — ~ F(I ,J) (2.33)

H
where

0 < F(I ,J) < C(I , NK(I) — J] — C(I , NK(I) — J + 1] (2.34)

and

C(I ,0)

CE I , N K (I)]  ~~O.

H (also see Figure 7).

Using (2.33) and the definition of L(I ,M) in (2.18) the dual objective

function becomes
/

~-~b )1
LAMBDA • V + Z~U(1 ,M) . C(I ,M)

114

I rNK (I)-M 1
— ~4~ U(I ,t4)~ ~ F(I ,J) 

~ 
— TI1IE(I,l) • FtI, NK(I) )I -

1114 U - i  -I 
J

Using the definition of U(I ,M) in (2.17) , the dual objective function can

be further simplified to

LAMBDA • V + UU(I,M) • C(I,14) — ~ZTIMEEI,NK(I)+i—J]F(I,J). (2.35)
111 13

Since ~~U(I ,M)C(I,M) is a constant, (2.35) is equivalent to
IM

- • / 
— 

. •
.

~~~

• 1. -i---—-
~

:- 
- • • 

. ___
~~~~~~~~~~~~~~~~
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• C(I ,2) C(I ,l)
F(I)

C[I,NK(I)—l ]

C[I ,NK( I )— 2 ]

FIGURE 6

—, F(I ,NK(I )—lJ F[I ,NK(I) J F(I)

- 

F(1,1) F( I 2) 
~~~~~~~~~~~~~~~~~~~

- FIGURE 7

L~~~i~~~~~~~~~~~ 1~~~ 1J
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LAMBDA • V — ~~TIME(I ,NK (I) + 1 — J)F(I ,j ). (2.36)
H IJ

The final form of the dual problem is

min(LANBDA • V — ~~TIME(I ,NX (I) + 1 — J)F(I ,J) } (2.37)
‘3

subject to the constraints -

r r i (b K node#SOURCE ,SINK
• 

~~ ~ ~
F(I,J) — 

~ ~ ~
F(I ,3) I ‘ C

H IcOf K L J  J 
ICT1= K L J  J (b_V K—S INK

H • 
(2.38)

0 < F(I,J) < C[I , NK(I) — 3] — C(I , Nx( I )  — 3 + 1] (2.39)

:1 
O < V .  (2.40)

This dual problem can be solved as a network flow problem. The origi-

nal project network is enlarged by adding one arc, say ARC(I,J), for each

F(I ,J) so that the proj ect network has NK(I) arcs from Oi to T1 correspond—

ing to each activity I. The flow F(I ,J) through the ARC(I ,J) has the cap—

acity restriction indicated in (2 39) The dual problem is now solved by

constructing a network flow from the source to the sink that minimizes

(2.36) subject to the capacity restriction in (2.39). Refer to Figure 8

for an example.

• 2.3. The Network—Plow Algorithm

An efficient algorithm for generating the entire project cost curve

is given below. The algorithm is initially sketched in general terms and

then presented in detail.
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2.3.1. The Sketch

The algorithm starts with the largest LAMBDA of interest, LMAX, and

sequentially determines the LAMBDA corresponding to each breakpoint of the

• convex piecewise linear project cost function PCOST(LAMBDA) defined in

• (2.12). Corresponding to each of these LAMBDA values, node numbers XNODE(K)

• are produced representing optimal event times in the project network. The

corresponding optimal activity times XACT(I) for the project are

XACT(I) = mln {TIME[I , NK(1)], XNODE(T 1) — XNODE(0
1)} 

(2.41)

since the activity cost is a non—increasing function of the activity time.

Recall that the proofs of claims are given altogether in Chapter 3,

SectIon 2.

The algorithm is based on a labeling process in which labels are as—

• signed to some of the nodes. In general, the procedure is a systematic

search for a path from the source to the sink having certain desired pro-

perties. Flow along this path may travel through arcs either in the same

direction as their orientation or In the opposite direction. Such flows

will be called forward and reverse flows respectively. Roughly speaking,

L - a reverse flow is really only a reversal or re—r outing of earlier flow in

the forward direction. No net flow in the reverse direction Is allowed.

The labeling process is started with a feasible and optimal solution

to the primal and dual problems for LAMBDA LMAX. The initial node times

are found by setting the activity times equal to their upper bounds. These

initial XNODE(K)’s and the initial flow — F(I ,J) = 0 for all (I ,J) —

• satisfy the following properties:

_ _ _

-__ _ _-
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ABAR(I ,J) < 0 tt>F(I ,J) — 0, and (2.42)

ABAR(I J) > 0 — > F ( I ,J) C [I , NK(r) — .)~ — (:~ 1 , N K ( I )  — .1 + 1 J

(2.43)

where

ABAR(I ,J) TIME[I , NK(I) + 1 — J] + XNODE(0 1) — XNODE(T
1
).

(2.44)

Note that no restrictions are placed on F(I ,J) when ABAR(I,J) — 0. Hence-

forth, the properties (2.42) and (2.43) will be referred to as the “optima—

ilty properties” for LAMBDA = XNODE(SINK). These optimality properties

Imply that complementary slackness holds and that the flow F(I,J) minimizes

(2.36) .

The labeling process has been divided into two parts called the first

and second labelings , respectively. In both of these procedures we have

freedom to label wIth respect to complementary slackness since we work

• exclusively with arcs having ABAR(I,J) = 0. The first labeling seeks a

path from the source to the sink composed of infinite capacity arcs, i.e.

• those corresponding to J = NK(I). If such a path Is found, the algorithm

terminates since the Primal Prob lem will be infeasible if the current value

of LAMBDA Is decreased. If no such path is found, we go on to the second

labeling in which we search for a path from the source to the sink having

the following desired properties: for all forward arcs of the path ABAR(I,J)

— 0 and F(I,J) is less than Its upper bound in (2.39); for all reverse arcs

of the path ABAR(I J) — 0 and F(I ,J) > 0. If at the end of the second label—

ing the sink has been labeled , we say “breakthrough” has occurred.

—1~~ -~~~ - --  • - -- —-~ Y•-.
•_ • • • 
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If breakthrough occurs , then the minimum arc capacity along the path is

determined , say CAP(SINK). The old flow F(I,J) is changed by adding

• CAP(SINK) to the amount of all forward flows on the path and by sub t ract-

ing CAP(SINK) from the amount of all reverse flows on the path. This

new flow still satisf ies the optimality proper ties and is interpreted as

an alternate optimal dual solution for the current LAMBDA—XNODE(SINK).

On the other hand , if the sink has not been labeled at the end of the

second labeling, we say “nonbreakthrough” has occurred. When this happens,

the old dual variables are optimal for the old primal problem and no new

alternate dual solution can be found. In this case the node numbers

XNODE(K)’s are changed by subtracting a positive quantity DEL from all

XNODE(K) corresponding to unlabeled nodes K. This does not change

XNODE (SOURCE) = 0 but reduces XNODE(SINK) = LAMBDA by DEL. Through (2.41),

these new node times imply a set of optimal activity times for the new

LAMBDA where

/ 
new LAMBDA = old LAMBDA — DEL.

The definition of DEL guarantees that the new XNODE(K) ’s and the old

F(I ,J)’s still satisfy the optimality properties. Hence, when nonbreak—

through occurs, we have Identlf led the point on the project cost curve

corresponding to the new LAMBDA.

The second labeling can terminate only in breakthrough or nonbreak—

through. After either of these, the entire labeling process is repeated.

2.3.2. The Details I’

Initially, the algorithm sets each activity time to its smallest

(most expensive) feasible value and determines the corresponding

Ii~~ 
.

~~~~~~~~~~~~~~
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minimum feasible~project completion time (deadline time LMrt4). Then,

the algorithm sets each activity completion time to Its largest (cheapest)

feasible value and determines the corresponding minimum project cost and

maximum completion time of interest (deadline time LMAX).

The iterative procedure is begun with the node times XNODE(K) cor-

responding to all activity completion times at their largest (cheapest)

values and all flows F(I,J) equal to zero. These node times and tlows

satisfy the optimality properties.

A. Labeling Process. During this routine, a node is conaid~red

to be in one of three states: unlabeled, labeled and unscanned, or

labeled and scanned. InitIally all nodes are unlabeled.

In general, a node label has four parts [A, B, C, D] when the node is

being labeled because it is at “the other end” of an arc associated with

some F(I,3). If “the other end” is the terminal node T
1
, then the label

contains

A 01, B — J, 1) — maximum allowable flow , and

C — 0 [denoting that flow will be in the forward direction

(O

~ 

+ T
1)J.

If “the other end” is the origin 0~, then the label contains A T1,

B — 3 , D — max imum allowable flow, and C — 1 (denoting that flow will

be in the reverse direction (T1 
-
~ 

Oi) 1.

1. First Labeling. AssIgn the source node the label (— , — , — ,

• CAP(SOURCE) ~ ). In general , select any labeled , unscanned node, say

• node n, and search for all unlabeled nodes T1 such that n — Oi and

• ARC(I, NK(I)] is an arc with

-~~~~~ — ~~~~~~~~~ •~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
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ABAR[I , N K (I ) J  — o. (2.45)
I

Label such nodes T
1 with (0k

, NK (I) ,  0, CAP(T
1
) — “3. Such T

1
’s are now

• labeled and unscanned, and node n is labeled and scanned. Repeat this

step until either the sink node is labeled and unscanned, or no more

nodes can be labeled and the sink node is unlabeled . In the former case ,

terminate the algorithm. In the latter case, go on to the Second Label-

ing.

2. Second LabelIflg. Nodes that were labeled from the First Label-

ing retain their labels. However, all nodes revert back to an unscanned

state. The general step is to select any labeled, unscanned node, say n.

(I) Scan n for all unlabeled nodes T1 such that n — 0
1
. For

4 each such node T
1 

find the 3 (if one exists) such t~at both

ABAR(I ,J) = 0 (2.46)

and
/

F(I ,J) < C[I , NK( I) — — C[I , NK(I) — 3 + 1]; (2.47)

• then assign node T
1 
the label [0

1, 
3, 0, CAP(T

1
)]  where

- 

CAP(T1
) min{CAP(0

1
) ,  C[I , NK(I) — 3 ]  — CII, NK(I) — 3 + 13 — F(I,3)}

(2.48)

so that T
1 is now labeled and unscanned. If no such J exists, the node

is not labeled.

(ii) Scan n for all unlabeled nodes 01 such that n — T
1
. For

each such node 0
1 find the J (Ii one exists) such that both

ABAR(I ,J) — 0 (2.49)

Li’- - -• ~~~~~~~~~~~~~ ~~~~~~
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1
and

Y(I ,J) > 0; (2.50)

then assign node 01 the label [T1, 3, 1, CAP(0
1

) ]  where

CAP(01) — min(CAP(T1), F(I,J)] (2.51)

so that 0~ is now labeled and unscanned. If no such 3 exists, the node

0 is not labeled.I

• Repeat the general step until either the sink node is labeled and

• unscanned (breakthrough), or no more nodes can be labeled and the sink

node is unlabeled (nonbreakthrough). If breakthrough occurs, go on to

routine B; if nonbrealcthrough occurs , go to routine C.

B. Flow Change. The labeling process has resulted in breakthrough.

The sink node will have a label of the form [0
~
, J, 0, CAP(SINK)1. The

total network flow will now be increased by CAP(SINK). The flows are up—

• dated as follows. Add CAP(SINK) to F(I,J); then go on to node n = 0I

and its label. The general step fo r node n depends on its label ~nd is:
I 

- 

1. Label — (Oi, 3, 0, CAP(T1)]. Add CAP(SINK ) to F(I,J)

since this additional flow along ARC(I,J) will be for—

• ward flow from O~ to n T1. The next node to con$ider

is n — 0
1
.

2. Label — [T1, 3, 1, CAP(0
1)]. Subtract CAP(SINK) from

F(I ,J) since this additional flow along ARC(I J) will

be a reversal of previous flow from a — to T
1
. The

next node to consider is a — T
1.

This iternative procedure is continued until n — SOURcE. At this point

a path from the source to the sink has been retraced working backwards

- .~..•; 
- 

~~~
.t
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from the sink. The arcs on this path that are traversed in the forward

direction (01 -‘ T1) as we go from the source to the sink have their flows

• increased by CAP(SINK) while the arcs on this path that are traversed in

• 
) 

the reverse direction (T1 
+ 0~) have their flows decreased by CAP(SINX).

All labels are now discarded and the labeling process (A) is started

• over.

C. Node Number Cha ige. The labeling process has resulted in non—

breakthrough. The following subsets of arcs are determined:

‘

~~ A
1 

— ((I,J)j01 labeled, T1 unlabeled ABAR(I,J) < 0}, (2.52)

A2 
= {(I,J)101 unlabeled, T1 labeled, 

ABAR(I ,J) > 0}. • (2.53)

We now define

-‘
DELTA1 — min[—ABAR(I,J)], (2.54)

A1
• DELTA2 — min(ABAR(I ,J )J ,  (2.55)

A2

DEL min(DELTA1, DELTA2). (2.56)

• The node numbers ~~0DE(K) are changed by subtracting DEL from all XNODE(K)

corresponding to unlabeled K. All labels are discarded and the labeling

process (A) is started over.

2.4. Flowchart of the Algorithm

See Figure 9.

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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• FIGURE 9: Flowchart of the Algorithm

Read the algorithm parameterR :

NA — Total number of activItio~
• 

NN — Total number of nodes

SINK — Number of the sink node

SOURCE = Number of the source node

For each activity I:
0I~ 

T1, 
N1((I)

• COST(I ,l),. . .  ,COST(t, N K (I)]
• 

• TIME(I ,l),.. .,TIMEII, NK(I) )

Either the entire project cost curve is

determined or optionally just the optimal

activity times for one specified project

deaallne time, LAMBDA.

~fr
Set all F(I ,J)~”0

Starting routines set all activity times at their minimums and

determine the corresponding XNODE(K)’s and minimum feasible

LAMBDA, LMIN.
Is specified LAMBDA < LMIN?

YES NO

Terminate the algorithm. Set all activity times at their upper
No feasible activity bounds and dete rmine the corresponding
times . XNODE(K)’s and maximum practic d LAMBDA ,

LMAX.

- Is specified LAMBDA > LMAX ?

• 
Terminate the algorithm. Assign the SOURCE the label [ - ,- ,— ,“] ,  I

~ I The optimal activity corn— all other nodes are unlabeled.

pletion times are their

upper bounds.
[~~~toØ (

•~~~_•~_.-• ~~~~~ — •-~ • a~~~ •—‘-•——--—•~~~ 
• -

______ _ _ _ _  ~~ ~~ ~~~~~~~~~~~~~~~
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General step:
Select any labeled node, n, and search for activities I with

unlabeled, and ABAR (I,NK(I)]’~0.

• Label such T1 nodes with (01,NK(I),0,CAP [T1].”')
Repeat until no more nodes can be labeled.

Is SINK labeled? 
• -

YES 
_ _ _

Terminate the algorithm. Labeled nodes retain labels.

L~No feasible activity times. L~~
rrent node—SOURCE.

_ _ _ _ _ _ _ _  
•1~

General step:

Select any labeled node, then go to either (1) or (2) according to

the node:

(1) If node—01, search for unlabeled T1 
such that ARC(I,,J) exists

with ABAR(I,3)0 and F(I,J)<C[t,NK (t)—J]—C[I,NK(I)—3+l].

Label such nodes {0
~
, J,O,CAP[T11) where CAP[T1]’.min(CAP(011,

C[I ,NK(I)—J]—c[I,NK (I)—J+lJ—F(I,J) }.
-
• (2) If nod e T

1
, search for unlabeled 01 such tha t ARC(I ,J) exists

with ABAR(I ,J ) O  and F(I ,J)>O. Label such nodes {T
1,
J,l,CAP(01

]}

where CAP[0
1
]=min{CAP[T

1
], F(I ,J)}.

• Repeat general step until either no more nodes

can be labeled or the SINK is labeled.

If SINK is labeled, break— If SINK- is not labeled, noubreak—

through has occurred. through has occurred.

L
1. [ç ~~ 

toe]
1-
The path from the SOURCE to the SINK is retraced starting at the

SINK. Update the F ( I ,3) ’ s by adding CAP(SINK) to all forward
flows along the path and subtracting CAP(SINK) from all reverse flows

along the path. Continue until the SOURCE is reached. ‘ ..scard

labels and return to ~~

- 
-
. 
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- Find the following subsets:

A1: ((1 ,3) such that Ot is labeled , T1 is unlabeled , and ABAR( I ,.J)<O}

• A2: (( 1 ,3) such that 01 is unlabeled , T1 is labeled , and ABAR (I ,J) >0}

DELTA1 = min[—ABAR (I,3))

• 
A1

DELTA2 = min(ABAR(t,J)3
A2

DEL = min [DELTA1, DELTA2].

1~
Subtract DEL from all unlabeled nodes XNODE(K). Then the

• XACT(I) = min{TIME[I,NK(I)hXNODE(T1)—XNODE(01))
- are an alternative optimal solution for the current LAMBDA and also an

• optimal solution for new LAMBDA = current LAMBDA — DEL .

A new point on the project cost curve has been determined.

Is new LAMBDA < specified LAMBDA? -

• 

- 
YES NO

Terminate the algorithm. Discard labels and return to

Desired solution found. L 

_ _ _ _ _ _ _ _ _  -
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3. VERIFICATION OF CLAIMS

The algorithm described in the previous chapter is based on many

-~~~ claims. The lemmas and theorems given below prove these claims and, at

the same time, show that the given algorithm does indeed yield for each

project deadline time LAMBDA the individual activity completion t imes

which minimize the total project cost.

3.1. Summary

The initial primal aI)d dual variables XACT(I),XNODE(K) and F(r,J) 7

provide a feasible and optimal solution for the largest LAMBDA of interest,

LMAX (Lemmas 1, 5 and 6). The changes applied to these variables arise

from either breakthrough or nonbreakthrough and force the variables to re-

main feasible and satisfy the optimality properties throughout the algo—

- • 
rithm (Lemmas 2, 3, 4, 5, 6 and Theorem 1). The optimality properties

imply that complementary slackness holds which, combined with feasibility,

• 

-
, 

implies that the solution is optimal for a given LAMBDA (Lemma 7 and

Theorem 2).

• The algorithm itself terminates after a finite number of applications

of the labeling procedure (Theorem 3). At the conclusion of the compu—

• tations a path from the source to the sink has been identified in the

First Labeling step such that along this path

TIME(I ,1) + XNODE(01) = XNODE(T
1
).

Since (TIME I ,l) is the minimum feasible completion time for activity I,

this means that the minimum possible time to complete the sequence of

activities along this path is XNODE(SI NK) — LAMBDA. Hence any further

- 
.•

* - 
• • — • - - - -. • •

• - —
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• decrease in LAMBDA would make the Primal Problem infeasible; i.e., the

project cannot be completed in any shorter time.

The project cost function PCOST(LAMBDA) is convex and is linear

between the successively determined values of LAMBDA generated in the

computations (Lmmmaa 8 and 9). Given two successively determined values

of LAMBDA, say Li and L2 — Li — DEL, the optimal node times and activity

completion times for any project deadline time L between Ll and L2 are

I XN0DE~~ (K) if K labeled when LAMBDA L1,
XNODE (K)—(

1~~0DELl (K)_ (Ll_L) if K unlabeled when LAMBDA=Ll ,
• 

~~~~~~~ 
= min{TIMEEI,NK(I)1,XNODE

LETI
]_XNODE

LEOI
])

where the subscript Li implies LAMBDA — Ll (Theorem 4 ) .

One additional feature of the algorithm is that, if the problem is

specif ied in terms of integers , then the breakpoints of the project cost

curve PCOST(LANBDA) and the correspondin~g optimal activity times will all

be integers.

3.2. Proofs

Lemma 1: The original set of node integers XNODE(K) and the zero flow

F(I,J) satisfy the optimality properties. Furthermore, this F(I,J) mini-

mizes (2.36) imp1y~ng an optimal solution for LAMBDA = LMP~.X.

• Proof: In a starting routine the activity times XACT(I) are set to

their largest feasible (cheapest) values. Then the node times ~O ODE(K)

• are set to their corresponding smallest feasible values. This implies

that
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• 1

• TIME[I, NK(I) 7J < XNODE(TJ ) — XNODE(0
1
)

or equivalently

TIME [I , NK(I)J + XNODE(01) — XNODE(T
1
) 
~ 
0.

Thus all ABAR(I , J) < 0. Finally, since all ABAR(I,J) < 0 and Y(I ,J) = 0,

the optimality properties are satisfied.

The dual objective function is

LAMBDA • V — 
~ TIME(I ,NK (I) + 1 — J) F(I ,J)
1,3

= — [ ~ TI)~~(I ,NK(I) + 1 — 3) . F(I ,J) — LA~~DA V]
I,J

— — ( ) TIME(I , NK(I) + 1 — 3) F(I ,J) + [XNODE(SOURCE)
1,3

— XNODE(SINK)3. V}

• 
a —{ ~ TIME(I ,NK(I) + 1 — 3) . F(I ,J) + ~ [~~1ODE(01)

1,3 I,J

— XNODE (T
1) J  • F(I,J)}

= — r ~ ABAR(I ,J) . F(I ,i)].
I,J

Thus , since all ABAR(I,J) < 0, F(I ,J) 0 is optimal. QED.

Lemma 2: If breakthrough occurs, the old node numbers and the new flow

satisfy the optimality properties.

Proof: The node numbers XNODR (W) do not change. The new f lows arc

obtained by adding the positivenuither CAP (SINK ) to all F(I,J) correspond-

ing to forward arcs of the path from the source to the sink, and subtract—

ing CAP(S 1NK) from all F(I,.T) corresponding to reverse arcs of the path. 
• -

— — — --
~

----—- -—-— —~ ~~~~• ~~ •-~~ - - ,--~~, - • • .• ~- - ~~ •
.•~~~~- —

• -~~
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• Flow changes occur only in arcs for which ABAR(I,J) = 0. No restriction

is imposed on the F(I,J)’s in the optimalitv properties when ABAR(I,J) — 0.

Thus, the old XNODE(K)’s and the new F(I,J)’s still satisfy the optimality

properties. QED.

Lemma 3: If nonbreakthrough occurs, the node number change, DEL, is a

well—defined positive number.

Proof: For DEL to be well—defined, at least one of the sets of arcs

I - A1, A2 (as defined in equations (2.52) and (2.53)) is non—empty.

Suppose A1 were empty. Since there is a path from the source to the

sink in the project network, and since the source is labeled and the sink

is unlabeled, there must be a set of arcs {ARC(I,J), 3 — 1, . . . ,  ~TK(i)}

in the enlarged network with 01 labeled and T1 unlabeled. The definition

of A
1 implies 

that if A
1 
is empty, then ABAR(I ,J) > 0 for this set of

arcs . From labeling rules (2.46) and (2.47) -, if ABAR(I ,J) = 0 then F(I ,J)

cannot be less than (C[I , NK(I) — 3] — C(1, NK(I) — 3 + l]}, otherwise

T1 
would have been labeled from O

I• 
From (2 .43) , if ABAR(I ,J) > 0, this

implies that F(I ,J) = C[I, NK (I) — J] — C[I , NK(I) — 3 + 1]. Henc&~ie

have F[I, NK(I)] = =. But this F[I, NK(I)] is part of the actual flow through

the network and, if it equals infinity , the first labeling process would

have terminated the algorithm. Since this has not happened, there are no

infinite flows and A1 is non—empty.

By definition, DEL is always positive. QED.

Lemma 4: If nonbreakthrough occurs , for any DEL ’ -satiSfying 0 < DEL’ < DEL ,

the new node numbers

a

—I--- ~~~~~~~~~~~~~ __ •~pi -
, 

~~~~~~~~ .~~~~~~~ A.~~~~~~ - ~~~~~
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-. :~ 
IXNODE(K) for K labeled,

XNODE ’(K) ~~
~X NODE(K) — DEL’ for K un labeled ,

• and the old flow F(I,J) still satisfy the optimality properties.

• Proof : The new AMR’(I ,J) TIME(I ,NK(I) + 1 — 3) + XNODE’(01
) — XNODE ’(T

1).

• (i) Suppose ABAR’(I,J) < 0. Then F(I,J) — 0 because of the

following:

(a) If ABAR(I,J) < 0, then F(I,J) = 0 by (2.42).

(b) If ABAR(1,J) = 0, then

TIME(I ,NK(I) + 1 — J) + XNODE(01) - xNODE(T1) — 0,

or equivalently

TIME(I ,NK(I) + 1 — J) = — XNODE(01) + XNODE(T
1
);

so that

A BAR ’(I ,J) = TIME(I ,NK(I) + 1 — 3) + XNODE’(01) — XNODE ’(T
1
) < 0,

implies

— XNODE(0
1

) + XNODE(T
1
) + XNODE’(01

) — XNODE’(T
1
) < 0, - •

- 
•
~ and finally

XNODE’(0
1
) — XNODE(0

1
) < XNODE’(T

1
) - XNODE(T

1
) ;  -

but this can happen only when 01 is unlabeled and T1 is labeled . Hence ,

if ABAR(I ,J) a 0, then by labeling rules (2.49) and (2.50) , F(I ,J) — 0,

otherwise Oi would be labeled from T
1
.

(c) If ABAR(I ,3) > 0, then

TIME (I ,NK(I) + 1 — 3) + XNODE(01) 
— XNODE(T1

) > 0,

or equivalently

TIIfE(I,NK(I) + 1 — 3) > — XNODE(0
1
) + XNODE (T

1
) ;

so that

-
• - - .- 
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ABAR ’(I,J) — TIME( I ,NK(I) + 1 — 3)  + XNODE ’(O
I
) — XNODE’( T

1
) < 0 ,

implies

TIME(I ,NK( I) + 1 — 3) < XNODE ’(T
1
) — XNODE ’(0

1
) ,

and 

~~0DE’(T1
) - ~~~0DE ’(0

1
) > — ~~0DE(0

1
) + XNODE (1

1
) ,

and finally

XNODE ’(T
1

) — XNODE (T
1

) > XNODE’(01) — XNOI?E(0
1
).

Again, this can happen only when 0~ is unlabeled and T1 is labeled. But

• then the arc ARC(I,J) is in A
2 and DEL < ABAR(I ,J).  This would imply

that

ABAR ’(I,J) = TINE(I ,NK(I) + 1 — 3)  + XNODE (0
1) 

- DEL — XNOT)E(T
1)

= ABAR(I ,J) — DEL

>0.

which contradicts the assumption ABAR ’(I ,J) < 0. Hence this case cannot

occur .

(ii) Suppose ABAR’(I,J) = 0. There are no restrictions on

F(I,J) so the optimality properties still hold.

- 
a - (iii) Suppose ABAR’(I,J) > 0. Then

F(1,J) — cr 1, NK (I) — 3] — C(I , NK(I) — 3 + 1]

because of the following:

(a) If ABAR (1,3) ‘ 0 , ~~~t ,i) = C(I , NK ( I ) — 3] — CII, NK(I) — 3 + 1]

by (2.43).

(b) If ABAR(I ,J) — 0 , then

ABAR(I ,J) < ABAR’(I,J)

or equivalently

- — _______________ _______ ___________________________________________________________________
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H TIME(I ,t4K(I ) + 1 — J) + XNODE(01
) — XNODE (T

1
)

TIME(I,Nt((I) + 1 — J) + XNODE’(0
1
) — XNODE’(T1

);  
-

so that

• XNODE(01) — XNODE ’(0
1
) < xN0DE(T~) 

— XNODE’(T
1
).

This can happen only if 0
~ 
is labeled and T1 is unlabeled . Hence , by

labeling rules (2.46) and (2.47)

F(I ,3) = CII, NK(I) — 33 — C[I , NK(I) — 3 + L) ,

otherwise T1 would be labeled from 0~. -

(c) If ABAR(I,J) < 0, then

ABAR(I ,J) < ABAR ’(I ,J),  i -

and again

XNODE(0
1
) — XNODE’(0

1
) < xNODE(T

1
) — XNODE ’(T

1
).

This can happen only if Oi is labeled and T1 is unlabeled. But then the

arc ARC(I,J) is in A1 and DEL < — ABAR(I,J) which would imply that

ABAR’(I,J) = TIME(I ,NK(I) 4- 1 — 3) + XNODE’(01) 
— XNODE’(T1) -

•

= TIME(I ,NK(I) + 1 — 3) + XNODE (0
1
) — XNODE(T

1
) + DEL 

-

= ABAR(I ,J) + DEL

~~0.

This contradicts the assumption ABA R’(I,J) > 0. Hence this case cannot

occur.

Cases (i) — (iii) together imply that the new node numbers and the -

old flow still satisfy the optimality properties. QED.
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Theorem 1: The optimality properties (2.42) and (2.43) are maintained

th roughout the algorithm.

Proof: From Lemma 1, we see that the initial node numbers XNODE(K)’s

and the zero flow provide an optimal solution for LAMBDA = LMAX. If break-

through occurs, we see that the new F(t ,J)’s are still optimal (Lemma 2).

If nonbreakthrough occurs , we have a well—defined positive number DEL with

which to update the XNODE(IQ ’s (Lemma 3) and, from Lemma 4, these updated

- 
values satisfy the optimality properties. QED.

• I Lenima 5: The starting values of the XNODE(K)’s and XA~T(I) ’s are feasible

• - and remain feasible throughout the algorithm.

Proof: The starting values are found by an algorithm tha t sets the

XACF(I)’s to their largest feasible times, TIME[I, NX(I)). Correspondingly

the XACT(I ,M) ’ s are set equal to their upper bounds and hence (2. 15) and

(2.16) are satisfied. Then the algorithm sets XNODE(K) equal to the

length of the longest path from the source to node K, which implies that

(2.13) is satisfied. We also define XNODE(SOURCE) 0 and IA’!BDA =
- 

~~ODE(SINK); hence (2.14 ) is satisfied and the initial values arc feasible.

- 
If breakthrough occurs , the XNODE(K) ’S and XACT(I)’s are not changed

• and hence remain feasible.

• If nonbreakthrough occurs, the labeled XNODE(K)’s are unchanged, and

the unlabeled XNODE(K)’s are updated by subtracting DEL, determined by (2.56).

Then -

new LAMBDA XNODE(S INK) — DEL

so (2.14) is satisfied.

(i) Suopose both 0
1 

and T1 
are labeled for activity I. Then

- neither these nodes nor XACT(I) are updated and hence ]CACT(I) remains

________________________ •• . • i -.•
~
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- 
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feasible.

• (ii) Suppose both O~ and T1 are unlabeled for activity I. Then

new XNODE(01) — old XNODE(01) 
— DEL,

- 
•~ new XNODE (T

1
) — old XNODE(T1) — DEL , and

new XACT(I) — min{TIME[I , NKWI, old XNODE(T1) — DEL

— old XNODE(01) + 
DEL)

• — old XACT(I)

< old XNODE(T1) — old XNODE(0
1
)

= new XNODE(T
1
) — new XNODE(01) ,

or equivalently

new XACT(I) + new XNODE(0 ) - new XNODE(T ) < 0;I I

so that (2.13) is satisfied. Since XACT(I) has not changed, (2.15) and

(2.16) are still satisfied. Therefore, in this case, feasibility is

maintained.

(iii) Suppose 01 is labeled and T1 is unlabeled for activity I.

Then

new XNODE(T1) — old XNODE(T
1) 

— DEL ,

new XNODE(0
1

) — old XNODE(0
1
) ,  and.

old XNODE (T1) 

,

— DEL 

r - , • 
~~
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so that (2.13) and (2.15) are satisfied. The lower bound constraint,

(2.16), is also satisfied because of the following:

(a) Suppose ABAR (I,NK(I)] < 0. Then since 01 is labeled and is

unlabeled, the definition of DEL implies that

XN0DE( T
1
) — XNODE(0

1
) — TIME(I ,l) > DEL

and hence

XNODE(T
1
) — xNODE(0

1
) - DEL > TIME(I ,l)

which implies that XACT(I) > TIME(I ,1).

(b) Now ABAR[I , NK(I) ] = 0 cannot occur , since T1 would have been

labeled from

(c) Also ABAR [I , NK(I)J > 0 cannot happen since this would imply that

old XNODE(0
1

) + TIME(I ,l) > old XNODE(T
1
)

which contradicts the feasibility of the previous node times.

(iv) Suppoue 01 is unlabeled and T1 
is labeled for activity I.

Then

• 
new XNODE(0

1
) = old XNODE(0

1
) — DEL ,

new XNODE(T
1

) — old XNODE(T
1
) ,  and

new XACr(I) a min~TIME [I , N K ( I ) J ,  old XNODE (T
1
)

— old XNODE(0
1
) + DEL) ;

so that (2.13) and (2.15) are satisfied. Since

TII4E(I,l) c old XACT(I) < new XACT(I) ,

- -
~~~~
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the lower bound constraint, (2.16), is trivially satisfied. QED.

Lemma 6: The starting values of the F(I,J)’s and V are feasible and re—
-

• main feasible throughout the algorithm.

Proof: Initially, the values of the F(I,J)’s and V are set to zero.

Conservation of ~1ow, (2.24), is trivially satisfied since the flow going

into each node is equal to zero which is also equal to the flow going out

of each node, i.e.

~ [ ~F(I ,3)] — 0 — ~ [~ F(I ,J )] .
t€01—K J IcT1=K 3

Since all F(I ,J) are set equal to zero, they satisfy their upper and

- • lower bounds. Hen.~e, the starting values are feasible.

If nonbreakthrough occurs, the values for F(I,J) do not change,

hence remain feasible.

If breakthrough occurs, the P(I,J) along the path from the source to

• • the sink are updated by a positive number CAP(SINK) determined by (2.48)
• /

or (2.51); all other flows remain unchanged. Suppose activity I is an

arc along the path from the source to the sink. Then either T1 is labeled

from Ot or 01 is labeled from T
1
.

(I) In the former case, P(I ,J) < C[I , NK(I) — 3] — C[I,NK(I)

—J + 1] by labeling rules (2.46) and (2.47), and CAP(t) is given by

(2.48). This CAP(I) is the minimum of the previous CAP and C(I , NK(I)

— JJ — C(I , NK(I) — 3 + 1] — F(I , 3) > 0. Now CAP(SINK) < CAP(I)

and new F(I,J) — old F(I ,J) + CAP(SINK). Conservation of flow is satia—

fied since the same value is added to or subtracted from all activities

along this path and V, the total flow, is increased by CAP (SINK). Also,

(2.34) is satisfied since
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- 
0 < old F(I,J) + CAP(SINK) ‘ old F(I,J) + CAP(I)

c C(I, NX(I) — — CII, NK(I) — 3 + 1].

Hence the new F(I,J)’s are feasible.

(ii) In the latter case, F(I ,J) > 0 by labeling rules (2.49)

• and (2.50), and CAP (I) is given by (2.51); i.e., the minim~a of the pre—

vious CAP(K) and F(I ,J). Conservation of flow is again satisfied. The

following also shows that (2.34) is satisfied: Now

- old F(I ,J)<C[I , NK(I) — J j — C[I, NK(I) — 3 + 1 ] ,  and

- new F(I,J) — old P(I,J) — CAP(SINK).

Since CAP(SINK) < CAP(I) < old F(I,J) , this implies that

0 < new F(I ,J) < CII, NK(I) — 3) — Cr 1 , NK(I) — J + 1].

Hence, F(I ,J) remains feasible for this case as well and , therefore, re—

mains feasible throughout the algorithm. QED.

- 
Lemma 7: The optimality properties (2.42) and (2.43) imply that couple—

mentary slackness holds between the primal and the dual problems.

- Proof: We will use the original pair of primal and dual problems

((2.13) — (2.19) and (2.22) — (2.25) respectively) along with the defini-

tions of G(I,M), H(I ,1’l) and F(I,J) to show that the complementary slack-

ness conditions are satisfied; i.e.,

(1) X&CT(I) + ~Oi0DE(01) — XNODE(T
1
) <0

implies that F(I) — 0;

(ii) XACT(I ,N) < U(I ,M) implies that C(I,M) a 0; and

(iii) XACT(I ,N) > L(I ,M) implies that H(I ,M) — 0.

_________________ - • -‘- - - :i~
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• (i) If XACT (I) + XNODE(01) — XNODE (T
1
) < 0, then

XACT(I) < XNODE (T
1
) — XNODE(01).

Since

XACT(I) — min(TIME[I , N I C ( I )J ,  XNODE (T
1
) — XNODE(0

1
)) ,

this implies that

XACT(I) — TINE[I , NK(I)).

Hence,

Tfl€(I, NK(I)] + XNODE(01) 
— XNODE(T

1
) < 0.

Since

TIME(I , 1) < TIME(t, 2) < . . .  < TIME[I, N K (I) ] ,

it follows that

TIME(I , NK(I) + 1 — J) + XNODE(0 ) — XNODE(T ) c 0

:~~t 
I I

for J — 1, 2, . . . ,  NK(I). From optimality property (2.42), F(I ,J) — 0 for

3 a 
~~~, 2, . . .,  NK(I) , and finally F(I) = ~F(I ,J) — 0.

3

• (Remark: Since

ABAR(I ,J) — TIME(I , NIc(I) + 1 — 3] + XNODE(0
1
) — XNODE(T

1
)

and

• TIME(I,1) < TIHE(I ,2) c ... < TIMEII, NK(I)],

£

_ _ _ _  • • — - .- ..
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it follows that

ABAR(I,l) > ABAR(I,2) > .. .  > ABAR[I , NK ( I ) J .

Now the TIME(I,J)’s will be strictly increasing and the ABAR(I,J)’s strictly

decreasing unless there is only one possible value for XACT(I) in which

case the upper and lower bounds for F(I) and the F(I J)’s are 0.

Therefore in the Second Labeling part (i), page 24, there can only

be one 3 such that

ABAR(I,J) 0

and

F(I,J) < CII, NK(I) — 3] —CII, NX(I) — 3 + 1].

For this J

0 > ABAR(I ,J + 1) > ... > ABAR(I , N X (I ) J ,

so that by optimality property (2.42)~ .

P(I , 3 + 1) = ... a F[I , N K (I ) j  0.

Also, for this 3

ABAR(I , 1) > ... > ABAR(I ,J — 1) > 0,

so that by optimality property (2.43) P(I, lY . . .,  7(1, 3 — 1) are all at

their upper bounds. Thus, when F(I) i-s increased, it is the F(I,3) with

the smallest index 3 such that 7(1,3) is less than its upper bound which

is increased.

L ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
~ 

- •
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Similar ly the Second Labeling part (ii) and the optimality properties

imply that when 7(I) is decreased it is the F(I,J) with the largest index

3 such that F(I,J) > 0 which • is decreased. Therefore, if F(I ,J) is posi—

tive,then F(I,l),...F(I ,J — 1) are all at their upper bounds; and, if

H F(I ,J) 0, then 7(1, 3 + 1), ..., Ff1, NK(I)] also equal 0. These natur-

al properties of the P(I,J)’s are used in parts (ii) and (iii) below.)

(ii) Show that XA CT(I ,M) < U(I ,M) implies 0(1,14) — 0 where, as

in (2.15) and (2.28),

çTIME(I ,2) H a 1
U(I ,M) —~~- I ‘TIME(I,M + 1) — TIME(I ,M) it — 2, . .. ,  NIC (I) — 1,

0(1,14) = max{0, C(I,M) — 7(I)),

and

çmin [U( I ,M), X~CT(I) ] M 1
XACT(I ,M) —

~min{U(I ,M), max(0 , X&CT(I) — TIME(I ,M)] }

M — 2 , , NK(I)—l
• ?-~~ •j

If XACT(I ,M) < U(I ,M), then

I X&CT(I) H =
XA CT(I ,M) =

t..
maxlo, ~ACT(I) — TIME(I,M)) N — 2, . . ,  NK(I)—l.

Case I: N — i .

Since

TIME(I , 2) — U(I , 1) > XACT(I , 1) — XACT(I) ,

it follows that •

_ ____  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — 
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TIME(I , 2) > XACT (I) — ain{TIP€fI, N K ( I ) J ,  XNODE(T1) — ~40DE(01)}.

Since

• TIME(I, 2) < TIME(I, Nx(I)J,

this implies that

TIME(I, 2) > XNODE(T1) 
— XNODE(O

t
)

- 

and

- ABARFI , NK(I) — 1] — TIME(I ,2) + XNODE(01) 
— XNODE(T

1
) > 0.

By (2.43),

Ff1, NX(I) — 1] = C(I , 1) — C(I , 2).

Therefore F(I,J) — C[NK(I) — 3] — C[NK(I) — 3 + 1] 3 = 1, . . . ,  NX(I) — 1.

Hence

-
~~~ NK(I)—l

7(1) a 
~F(1,J) — F(I , NK(fl] + 

~ 
7(1,3)

3 3—1

- 
— 7(1, NK(I)] + C(I , NK(I) — 1] — C[I, NK(I))

+ CLI, NK(I) —2] — C(I, NK(I) — 11

+ ...
+ C(I, 1) — C(t, 2)

— 7(1, NK(I)] + C(I , 1) — CII , N~K(I )] .

Since C[I, NK(I)] 0, F(I) > C(I, 1). Therefore,

0(1, 1) — max[0 , C(I, 1) — 7(I)]

=0.

II - - .
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Case II: 14 — 2, ..., NK(I) — 1.

Now U(I ,M) > XA CT(I M) — max [0, XACT(I) — TIME(I ,M)J implies

17(1,14) > XACT(I) — TIME(I ,M)

and

U(I ,M) > mint TIME (I , NIC (I ) ] ,  XNODE(T
1

) — ~~0DE(01)} — TIME(I,M);

so that

17(1,14) + TIME(I ,M) > min {TIME[I, NK(I)] ,  XNODE(T
1

) — XNODE(0
1
)}.

Since 17(1,14) — TIME(I ,M + 1) — TIME(I ,M ) ,

17(1,14) + TIME(I ,M) = TIME(I , 14 + 1)

and

TIME(T.. r 1) > min {TIME[I , NK (I ) ] ,  XNODE (T ) — XNODE(0 ))
I I

~_

Since T1ME(I ,M + ~~~ TIMEII , N1~(I)],  this implies

TIME(I , H + 1) > XNODE(T
1

) — XNODE(0
1
)

or

TIME(I ,M + 1) + XNODE(0
1
) — ~N0DE(T

1
) > 0.

By (2.43),

7(1, NK(t) — H] — C(I ,M) — C(I,M + 1).

Therefore 7(1,1), ... , 711, NK(I) — 14 — 1) are also at their upper bounds.

_ _ _ _ _ _ _  _ _  _ _ _ _ _ _ _  _ _
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N~(I)Of course 
~ 

7(1,3) > 0. -

3—ilK (I) —Pff 1

Thus

NK(I) -M
7(I) — ~F(I ,J) > ~ F(I ,J)

3 3

- — C[I, NK(I) — 11 — CLI, NK(I) ]

+ C[I, NK(I) —2] — CII, NK(I) — 1]

L + . . .

+ C(I,M) — ~~I, H + 1)

— C(I , H) — C[I,N1C(T)1.

Since C(I,NK(I)] 0, F(I) > C(I ,M).

Therefore,

G(I,M) = maxlO, C(I,M) — F(I)]

= 0

• for H — 2, . . ,  NK(I) — 1.

(iii) Show that XACT(I,M) > L(I,M) implies that 11(1,14) 0 where, as

in (2.16) and (2.29),

(TIME(I , 1) M — 1
L(I,M) —

0 14 — 2, . . ,  NK(I) — 1,

H(I,M) — max [O, 7(I) — C(I,M) ],

and

- ---- -- —
- —  
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min [U(I ,M), XA CT(I) ] M = 1
XACT(I ,M) —

ain(U(I,M), max(0 ,XACT(I) — TIME(I ,M ) J J

M a 2, . . .,  NK(I)—l.

Case I: 14— 1 .

If XACT(I ,1) > L(I,l), then

TIME(I,1) — L(I ,l) < X&cT(I,1) — min[U(I,1), X&CT(I)].

Since U(I ,l) — TIME(I,2) ,

TINE(I ,l) c .in[TIME(I,2), X&CT(I) ]

and

TI)~ (I ,l) < XACT(I) .

Thus

TIME(I ,l) < XACT(I) — min{TIME (I, NK(I)] ,  XNODE(T1) — XNODE(01
)}

and

TIME(I ,l) < XNODE(T
1

) — XNODE(01). -

Therefore

ABAR[I , NK (I) ) — TIME(I ,l) + XNODE(01) — XNODE(T
1
) < 0.

Then by (2.42)

7(1, NK (I )]  = 0,

and 
•

- - 
_ - - - --
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NK(I) Nx(I)-l
7(I) — ~ F(I ,J) — ~ F(1,J)

‘1
. 3—1 J—l

NK(I)—l

~ {C(I , NK(I) — J]  — CLI , NK(I) — 3 + 1])

3—1

— CLI , NK(I) — 1] — C [I , NK(t) ] 
•

+ CII, NK(I) — 2] — C[t , NK (I) — 1]

+ ...
I 

- 
+ C(I , 1) — C ( I , 2)

= cfl, 1) — CII, N1 (I)].

Since C[I , NK(I) ] 0, F(t) < C(I ,1). Therefore

H(I ,l) = max[0 ,F(I) — C(I ,l)]

—0.

Case II: H — 2, . .. ,  NK(I) — 1.

If

• -

0 L(I ,N) < XACT(I ,M) min{U(1,M), max[0,XACT(I) — TI1IE(I ,M)] } ,

• 

- 
- then

O < min {U(I ,M), max(fl, XACT(I) — TIME(I ,M)J},

O < max [O , XACT(I) — TIME(I,M ) ] ,  and

O -c XACT(I ) — TIM E (I ,M ) .

This implies that

TIME(I ,M) < XACT(I) — min{TIME[I-, NX (I ) ) ,  XNODE(T
1
) — XNODE(0

1
)) ;

—a- —~~~~~~~~~ •~ ••~~ • - 
• 

- — —— -— - 
.--—-r — -I

—— .  ~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~ 
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-1
so that

‘1

-

• 

TIME(I ,M) -c XNODE(T1
) — XNODE(0

1
) ,

and

ABAR(I , NIC(I) — H + 1] — TIME(I,M) + XNaDE(0
1

) — XNODE (T
1
) < 0.

By (2.42),

F[I , NK(I) — M + 1] — 0.

Therefore F[I , NK(I) — N + 2], ..., 711, NX(I) ] are all equal to 0. Hence,

NX ( I )— H

F(I) = ~F(I ,J) -c 
~ 

{C[i, NK(I) — 3) — CLI, NK(I) — 3 + 1])

3 J 1

— CII, NK(I) — 1] — C(I , NK(I) ]

+ C[I, NK(I) —2] — C[I, NK(I) - 1]

+

+ C(I ,M) — C(I,M + 1)

= C(I ,M) — C [I , NK ( I )1 .

Since C(I ,NK(I) ] 0, F(I) < C(I ,M). Therefore,

— H(I ,M) — max (O , 7(1) — C(1,M)1

- — 0

for N — 2, . . . ,  NK(I) — 1. QED.

Theorei:~~~ Since the XNODE(K)’s, XACT(I ,M)’s, V, AND F(I)’s are feasible and

complementary slackness holds, they are optimal.

L L 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _L~ ~~~~~~~~~~~~~~~~~~~~ - ~~~~~~ 
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Proof: The primal problem (2.13) — (2.19) is in the form

T
max C x

subject to

A x < b ,

where the x vector contains the XNODE(IQ’s and XACT(I ,M)’ s. The dual problem

(2.22) — (2.25) is in the form

‘I 
-

min b Tv

subject to

TA w  = c

w > 0

where the w vector contains V and the F(1)’s.

For any feasible x

A x < b ;

so that for any feasible v j

wTAx < w Tb.

Since WTA _ for any feasible w,

T Tc x ~~~b w

holds for any feasible x and w. When Ax ~~. b is rewritten in the form

A x + x  a b
9 

- I

- 

5

—
-u- -- _________ 

_ _
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where x is a vector of slack variables, complementary slackness means

T
V X  0.

S

Therefore , since for any feasible x and w

T T T
w A x + w x  — v b

S

or

T T T
c x + w x  — b w •

S

complementary slackness implies

T T
• c x — b v

and hence that both x and w are optimal. QED.

Theorem 3: The algorithm terminates after finitely many applications of the

- 
- - labeling procedure.

Proof: In order that the algorithm fail to terminate , an infinite sequence

• of breakthroughs and nonbreakthroughs would have to occur .

Since the flow change following a breakthrough has a positive minimum, an

infinite number of breakthroughs would produce flows having arbitrarily large

values V. However, when a sufficiently large value V is reached, there will be

a path from the source to the sink with F[I, NK(I) J > 0 all along this path.

Since ABAR(E , NK(I) ] < 0 throughout the computations, we would have ABAR(I ,NK(I)] 0

for arcs on this path. But then the first labeling procedure would terminate.

Therefore, there can only be a finite number of breakthroughs.

Following a nonbreakthrough, all nodes previously labeled can again be

labeled. (This follows froi~ the fact that for labeled Oi and T1, the new ABAR(I,J)

is equal to the old ABAR(I,J)). In addition, at least one more node can be



labeled (the node(s) corresponding to the arc(s) in A; and A2 that determine

• I B€L). Eventually, the number of nodes that can be labeled will reach the total

• number of nodes implying that the sink can be labeled and the occurrence of a

breakthrough. Therefore, infinitely many successive nonbreakthroughs cannot occur.

Hence, there can only be a finite number of applications of the labeling

procedure. QED.

Def inition: A function P(X) is said to be convex over some interval in X, if

for any two points Xl, X2 in the interval and for all a, 0 c a < 1,

P(aX2 + (1 — a) Xl ] c a P(X2 ) + (1 — cz).P(Xl) .

Lemma 8: PCOST (LAI4BDA) is convex for LMAX > LAMBDA > LMIN, where

LMAX the longest (cheapest) time to complete the project

and

LMIN the shortest time to complete the project.

Proof: Let Li > L2 both be in the interval (tHIN, LMAX3. Let

L aaL2 + (l~~~a)Li.

for some a in (0 , 1]. Also let XACT
1

(I) , XNOIZ
1

(0
1
) XNODE

1
(T
1
) ,  XACT

2
(I) ,

XNODE
2

(0
1
) ,  and XNODE

2
(T
1) represent optimal solutions to the problems cotrea—

ponding to LAMBDA aLl and LAMBDA — L2 respectively. We first want to show that

EaXNODE2
(IC) + (1 — a) XNODE

1
(K) ) and (a•X&CT

2
(I ,M) + (1 — a) XA CT

1
(I,M)] are

feasible when LAMBDA a 
~ This result follows easily since the constraints

(2.13), (2.14), (2.15), and (2.16) are linear:

~•~J•- J~ - 
~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~
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(i) Since flIODE1(01
) + IXACT1(I ,M) — ~ I0DE1(T1) < 0

a.- N

and -

XNODE (Oi) + ~XA CT (1,14) — XNODE2
(T ) < 0,2 2 I

it follows that -

(ciZNODE2(01) + (1 
— ci) XNODE1(01

)] + IfciX&CT2(I ,M) + ° — 
~~~

— IuThODE2
(T
1) + (1 

— a) XNODE
1

(T
1)1

and the constraints (2.13) are satisfied.

(ii) Now XNODE
1
(SINI() < Li and XNODE2(SINX) 

<L2; so that

-i (1 — a)XNODE
1

(SINX) + aXNODE
2

(SINK) < (1 - a)Ll + aL2 L

• and constraint (2.14) is satisfied.

-
~~~~~~ 

(iii) Also, L(I ,M) < XACT
1

(I ,!4) c 17(1,14) and L(I,M) < XACT2 (I ,M) c 17(1,14)

- 
- implies

~j .j L(I ,11) c (1 — a)X&CT
1
(I ,M) + aXACT2 (I ,M)

c U(I,M)

and hence constraints (2.15) and (2.16) are satisfied.

• Recall that

PCOST(LAMBDA) a KK — 
~~ 
(c(I,M) XA CT(I ,M)1

1,14

- where

______ • .
~~-i•_ _

~v-~ •• - -

a 1-~~ - ~~~~~~~ - - .- • .- :~~~;‘ ~~~~~~~~~~~~ 
—•-q
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KR — flCOST(I,l) + C(I,1)TIME(I ,l)].

Hence,

ctPCOST(L2) + (1 — cs)PCOST(Ll)

• — a{KX — 
~ (C(I ,M) X&CT

2
(I ,M)]} + (1 — a)(KX — ~~ [C(I ,M~XAcT1(I ,M ) ] }

1,14 I,M

— aKK + (1 — Ci)KK — a ~~ C(I,M)XACT2(I M) — (1 — a) ~ C(I ,M)XAcT1(I ,M)
• I,M 1,14

— KR — ~ C(I ,M)(aXACT2(I ,M)-}— ) C(I,M) (( l  — a)XACT
1
(I ,M )]

1,14 I,M

— KR — ~ C(I,M)(aXACT (1,14) + (1 — a)x&CT (1,14)].
T M  2

- 

• 
I Furthermore zPCOST(L2) + (1 — a)PCOST(Ll) is the objective function value corres—

ponding to [czXNODE2(K) + (1 
- a)XNODE

1
(K) ] and (UXACT 2(I ,M) + (1 — a)XA CT1

(I ,M) ]

which we have just shown are feasible. Therefore, since we are minimizing

PCOST(LA}IBDA),

PCOST(L) i’COST[csL2 + (1 — a)L1]

< aPCOST(L2) + (1 — a)PCOST(Ll) ,

and PCOST(LAMBDA) is convex.

II Lemma 9: The project cost function, PCOST(LAMBDA) , is piecewise linear.

Proof: Let Li > L2 — Ll - DEL be two successively determined LAMBDA’s

where DEL is determined by (2.56). (Of course, Li could be the initial value

of LAMBDA.) Suppose Li > LAMBDA > L2 and that F(I,J)’s and V were the flows

when LAMBDA was changed from L2 to Li. Recall that

PCOST(LAI4BDA) — PCOST(XNODE(SINK)J — ~IKK(I) 
— ~C(I,M)XACT(I ,M)]

I H

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
• ~~~~~~ •~~~~~~~••~~~~~~~~~~~~~~~~~~ •
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which is the pr imal objective function. Since the primal and dual objective

functions are equal under optimality, we have, for all LAMBDA with Ll > LAMBDA

>L2 ,

PCOST(LAMBDA) Z — LANBDA V  + ~ F(I,J)TIME[I , NK(I) — 3 + 11
Ii

where Z is a constant. Therefore

PCOST(LAI4BDA) — PCOST(L 1) 
• 

a

F — Z — LANBDA•V + 
~ 

F(I ,J)TIME [I , NK(I) — 3 + 1)
IS

— Z + Ll•V — ~F(I ,3)TIME [I , NK(I) — J + 1]
LI

- - LAJIBDA•V + Ll•V

— (Li — LAMBDA) V

for Li ‘ LAMBDA > L2, so that PCOST(LAMBDA) is linear on the given interval.

QED.

Theorem 4: If Ll > L2 — Li — DEL are two successively determined values of

LAMBDA where DEL is determined by (2.56), then for any value of L such that

Ll > L > L2 the optimal values of the XNODE(K) ‘a and XACT(I) ‘s for that L are

given by

XNODE.~1
(K) if K is labeled when

LAMBDA a Ll,
~~ 4ODE (K) =L XNODEt1(K)_ (Ll—L) if K is unlabeled wh&-~i

LAMBDA = Li,
-a.

XA CTL
(I) a min(TIME(I,N1((I)], XNODEL(TI) — 

~~~~L
(0I~~

_ _ _  ~ .~~~~~~~~~~~~ JL~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~
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I - 
where the subscripts L and Li imply LAMBDA L and Ll respectively.

Proof: Since Lemma 1 states that we begin with an optimal solution when

LAMBDA — LMAX, we can without loss of generality assume that we have found op—

timal solutions for all LAMBDA values produced by the nonbreakthrough procedure

up to LAMBDA Li. We will now show that the above XNODE(K)’s and XACT(I)’s

are optimal for all LAMBDA between Li and L2 including L2. The terms “labeled”

and “unlabeled” below refer to “labeled when LAMBDA = Li” and “unlabeled when

LAMBDA — Li” respectively.

We first want to show that for Li > L > L2 the 
~~
ODEt(K) ‘a and XACT

L
(I) ‘s

are feasible. Since the definition of XACTL(I) implies that

a 
X
~

CT
L

(I) + XNODE
t

(O
i

) - XNODEL(T
I
) -c 0

and

XACTL(I) < TIME[1, N K (I ) ] ,

(2.13) and (2.15) are satisfied. Therefore, the only aspect of feasibility

- -
~~;~; 

- 
left to show is (2.16), i.e.

TI!€(I l) 
-~~ 

f
L

(1)

or equivalently

TIME(I,1) < ~a~ODE~(T1) 
— XNODEL(O

I).

(i) Suppose O
~ 

and T1 are both labeled for a specific activity I. Then

JOIODEL(TI) — XNODEL(OI) — 
~~
ODLLi(TI) - ~~

ODELl(OI) > TIME(I,l)

since the solution at Li is feasible.

_ _ _ _ _ _ _ _  -~~~ - - - . ~~~~~~~~ 
~~~~~~~~~~~~a 

£ 
~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-

.

(Ii) Suppose O~ is labeled and T1 is unlabeled. Then 
- 

-

IUIODEL(T
I
) - XNODEL(O

I) — XNODEL1(T
I
) - (Li - L) - XN0DE.J~1(0

1
).

The definition of DEL implies that if ABARIl, NK (I)) < 0, then

~~0DE.~1(T1) - Th0DE.~1(01) - TIME(I,l) > DEL > Li -

Hence,

XNODEL1(T
I

) — XNODEL1(O
I

) — (Li — L) ‘ TINE(I , 1)

and

XNODE
L

(T
I
) — XNODE

~
(O
1) > TIME(I , 1).

If ABAR(I , NK (I)]  — 0, then T1 would have been labeled from 01. Since
- 

~• feasibility is satisfied at LAMBDA — Li, it follows that

TIME(I , 1) + XNODE.Ui
(O

I
) — XNODEL1(T

t
) < 0,

and consequently, since

ABARIT, NX(I) ] = TIME(I ,l) + XMODEL1(O
I

) — XNODELI(IT) ,

ABAR[I , NK(I) ] cannot be positive.

(lii) Suppose 0~ and T1 are both unlabeled. Then

~
OI0DE.L(T

I
) — 

~
G
~
ODE

L
(O
I
) — 

~~
iODELl(T

t
) — (Li — L) — 1

~~°~~Ll~°x~ 
— (Li. — L)]

a ZNODEL1(T
t) - XNODE,bl(Ol

)

> TII’~ (I, 1)

since th . solution at Li is fesaible.

— —  - -

--- J-- -~ ~~
- - - -
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-
~~~

- ‘- -~~~~- ~~~~~~~ 
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(iv) Suppose 0
~ is unlabeled and T

1 
is labeled. Then

~
alODEL(TI

) - XNODEL(0I) — ~a4ODL~1
(T
1) 

— (XNODEL1(0j ) — (Li - L) I

~~ XNODE~~1
(T

1
) — XNODEL1(O

I
) + (Ll — L).

Since feasibility is satisfied at LAMBDA — Li, 
-

~
U
~
ODELl(TI) 

- 
~
4ODELl(O

I) 
> TIME(I ,l) -

and trivially

XNODEL1(T
I
) — XNODEL1(O

I
) + (Li — L) > TIME(I,1).

Hence ,

XNODE
L

(T
I

) - XNODE
L

(O
I
) > TIME(I, 1).

Now, we have Just shown that the XNODEL(K)’s and XACT
L
(I)’s are

feasible. Lemma 6 implies that the F(I,J)’s are always kept feasible.

-1 . 
Lemma 4 implies that the optimality properties (2.42) and (2.43) are

so that by Lemma 7 these

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~o~p~~~~itai-4’siacfcii~~s. Since

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ ~~m~l~mentary slackness are satis-

fied, Theorem 3 ~~~~~ tR~~ 
~~~~~~~~~~~~~~~~~~~ 

~~ T~kI~~~~for

Li > L > L2 are optimal. QED. ~~~

~ ~ih~~ ;4 r:J~ ~~~i Th -~~dm~ n ~~~~ --
~~~~~ -

4. A COMPUTER IMPLEMENTATION -
~~~~~ !~rnio i

A ~~~~~~~ ~~~g!am i~pls~~i~tthg ~-~the ~mpro~ed ~~~~~~ schóduiin~ (i~1gOrithm

described in Chapter 2 Is available. Th~~~gethd imput to the program Is

(a) ~~~a~~q~$c ~ ec~ me~iesr~1~ ~.sttb ~~~ oIo~iroe and one sink , and

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ and their associated costs.

_ _ _ _ _ _ _ _ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~
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The program ’s output for each f easible project deadline time consists mainly of

(a) the optimal activity completion times and costs , and

(b) the total proj ect cost .

Optiona l output may include node label. , optimal node times for each project

deadline t ime, and dual variable. (flows) .

Incor porated in thi s progr I. the option to have the minimum project cost

and corresp onding opt imal activity t oupletion times determined for only one

specific project deadline tie..

A listing of the computer program Is given in the appendix. The flowchart

for this program is given in Chapter 2, Section 4, pages 27—29.

4.1. Specific Input Instructions

Card 1. Col. 1 — 4: The number of nodes in the network,

Format (14).

Col. 6 — 9: The number of activities in the network,

Format (14). -

- ~~~~ ~,- -

Col. 11: TEST1 — 0 print the input data,

- - -~~~ — 1 do not print the input data.

Col. 13: TEST2 — ‘) print the intermediate output,

a 1 do not print the intermediate output.

Col. 15-18: The number of the source node,

Format (14).

Col. 20—23~ The number of the sink node,

Format (14).

Col. 25: TEST3 — 0 do not wish to specify a single value for

• LAMBDA,

— 1 do wish to specify a single value for

LAMBDA and print the intermediate output, 

- - -

~~~
‘:

~~~~
-
~~~~~.

--
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~
.
~~~

--
~
----

~~~~~~ 
L ._ ~~!~ ~~~~~~~~~ ~~~ ---~~~~~~~
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2 do wish to specify a single value for

LAMBDA but do not print the Intermediate output.

For each activity I one set of 3 — 5 cards:

• Card 1. Col. 1 — 4: O
t 

the number of the origin node,

Format (14).
1 Col 6 — 9: T

1 
— the number of the terminal node ,

Format (14).

• - 
Col. 11—12: NK(I) — the number of activity completion times and costs

that are read in (< 11),

- Format (12).

Card(s) 2 — 3. Format (8110) : TIME(I ,l),...,TIME(I , NK (I) 1 — the activity

completion times in increasing order (8

I on Card 2 , 3 on Card 3 if needed).

• Card(s) 4 — 5. Format (8110): COST(I,i),.. ,COST(I,NK(I)] = the cost associated

with each activity completion time (8 on Card 4 ,

3 on Card 5 if needed) .

The next card is present only if TEST3 = 1 or 2.

-• 
Last Card. Col. 1 —lO:Specified project deadline time ,

LAMBDA , Format (110) .

The nodes and activities may be numbered In any order. The current dimensions

viii allow 3000 nodes , 3000 activities, and at most 11 different completion times

and costs.

V

* - -

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~~~
-
~~~~~~~~~~~~~~

- 
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4.2. An Example

The program’s input and output are illustrated in terms of the example net—

work in Figure 10. The input data are found in Table 1. As an example, the acti-

vity cost curve for activity 7 is illustrated in Figure 11.

A listing of the computer input is given in Figure 12. The optimal pro-

ject cost curve determined by the algorithm is plotted in Figure 13. The opti—

H mel activity durations for two values of the project deadline time, LAMBDA,

are given in Table 2. The actual computer output is given in Figure i4.

- ‘I
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FIGURE 10
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Figure 11: Computer Input for Example

6 1 0 0 0  1 60
1 2 2

2 4

8 4

1 3 3
7 12  15

23 2
1 4 4

4 e 12 16
27 15 7 3

3 4 2

H 0 0
0 0

2 5 3
20 2 1  22

8 4 1
3 5 3

5 10 15
28 13 3

3 6 4
23 24 25 - 26
t O  4 3

4 6 2
23 25

5 6 3
15 17
12 7 3

2 3 2
6 6 

-
~~~~~
. — - -. - .

~
.

~~~~~
-

~~~~
-
~~~~~~~~~~~~~

- - —— 
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- 
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PCOST (LANBDA )
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65
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55
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• 0
c-~ 50
4.’
U

0
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• 35

30

• 25

37 38 39 40 41 42 43 44 45 46 47 48 49 50
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Table 2: OPTIMAL PROJECT SCHEDULES
FOR TWO SPECIFIED DEADLINE TIMES

Project Deadline Time Project Deadline Time
LAMBDA = 40 LAMBDA = 44

Activity Activi ty
Duration Duration

Activity # Time Activity Time Activity
(I) XACT(I) Cost XACT(I) Cost

____________ ____________ _____________ ___________ _______________

1 2 8 4 4

2 12 8 12 8

3 15 4 16 3

4 0 0 0

5 21 4 22 1

6 11 11 14 5

7 26 3 26 3

8 25 4 25 4

9 17 7 18 5

10 6 4 6 4

j 
- 

- 
-

~~~~ 
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F~gure 14: Comp uter Output for Example •

vt

TIlE NUMOER OF P.COES (5 6.
THE NUM8ER OF AC T IV I 1 I C S  *5 10.
THE SOURCE NODE IS NUMBERED I AND ThE SINk NODE IS MIMOEIICO 6.

$4 NODES: $4

K 1 2 3 4 5 6

INITIAL . XKCCE (K) 0 6 15 16 30 49

*4 A cr Iv *TjES : S.

I X*CT 05*6 TERM .1 TIME COST C - *0*5
i 4 1 a i a a O.20000E 01 0

2 4 4 —2
2 15 1 3 1 7 23 0.30000E 0* 0

2 12 8 O.20000E 0* —3
3 L5 a —e

3 16 1 4 1 4 2? O.30000E 0* 0
2 5 15 0.20000E 0% —4
3 *2  1 0.L0000E 01 —e
4 16 3 — 12

4 0 3 4 I 0 0 0.0 —I
2 0 0 —1

5 22 2 5 1 20 8 0.40000E 0* —4
2 21 4 0.30000E 0% —S- j  3 22 1 —6

6 *5 3 5 * 5 28 0.~~0CO0E 01 0
2 10 *3 0.20000E 01 —5
3 *5 3 —10

7 26 3 6 1 23 - *0 0.40)OOE 04 —s
2 24 6 0.20000E 01 —9
3 25 4 0.I0000E 01 —10
4 26 3 — I I

8 25 4 6 1 23 6 0.20000E ot —e
2 25 4 -10

9 19 5 6 4 16 *2 0.S0000E 0% 0
2 17 7 0.20000E 01
3 *9  3 —3

10 6 2 3 I 6 4 0.0 —5
2 6 - 4 —S

• THE CNTIRE PNCJECT COST CURVC IS GOING TO LIE DETERMINED,

LA ML I)A ~ PROJECT (~CMFLCTI CN TINC

• 
- • TU~ STARTING V*L%.E OF LAMUD A IS 49.

TIlE COPRESPOPOING TOTAL PROJECT COST IS 0.27000E 02.

- 
- 

IsE SOURCE HAS A VALUE OF ZERU AND (S A SSIGP~ED THE LA*NEL (~~~~ , .1NF ). 
-

~

- - - • - -  -
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SSS  
• 

ITER A T I C I  P VMOER I •SI

THE SINK HAS P.07 BEEN WEACHED WITH INFINITE CA PACITY — CONT INUE 11TH THE LABELING PROCESS.
THE NODES THAI HAVE BEEN LABELED WI LL RETAIN THAT LABEL EON THE REM*IM)EI4 OF THE ITERATION.

THE NODE 2 I-AS THE LABEL 1 1. 1. 0, 0.200002 OIl .

THE NOOf ~ I-AS TIlE LABEL 1 1. 1. 0. 0.200002 0*).

THE NODE 4 I-AS THE LABEL 1 1. 1. 0. 0.100002 01).

THE NODE 5 I-AS TPE LABEL 1 3. 1. 0. 0.200002 01).

Y PIE NODE 6 I-AS THE LABEL I 5. 1. 0. 0.200002 01).

BREA KTHROUGH : LPOATE THE Du AL VAR IABLES.

ACTIVITY a: I J NEW FLOW: FI1,J)

-~~~ 

- 
I 1 0.0
1 2 0.0
2 I 0.20000E 01
2 2 0.0
2 3 0.0

-
• 3 1 0.0

3 2 0.0
- - 3 3 0.0

3 4 0.0
4 1 0.0
4 2 0.0
S 1 0.0
5 2 0.0
5 3 0.0

-
~ •~ 6 * 0.200002 0%

6 2 0.0
• 6 3 0.0

1 1 0.0
7 2 0.0
7 3 0.0
1 4 0.0
a * 0.0
• 2 0.0
9 I 0.200002 01
9 2 0.0
9 3 0.0
*0 1 0.0
10 2 0.0

4*4  ITERATI CN P.UMBER 2 *4*

THE SINK HAS P.CT 132CM REALNEC W ITH 1P.FINITE CAPACITY — CON TINUE WITH THE LABELING PROCESS.
THE NODES THAT HAVE UCEPI LASELEO WILL 027*1% THAT LABEL FOR THE REMAINDER OF THE I TERATION .

THE P4(102 2 I-AS THE LAUEL. ( 1. 1• C. 0.200002 0%).

THE NOOC 4 I-AS THE LAINEl. * t . 1. 0. 0.100002 OIl .

~~~~~~~~~~~~ ~~~~~ - — ~~~~~-
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P4ONBREAKTP400UGP : UPOATE THE PRIMAL VAR IADL ES I
.4. • O ET EMMI% E OPT IMAL A C T I V I T Y  T IMES FOR LAMB DA — 46.

DELTA (REPRESEP.TEO BY M5N ) RANGES FROM 0 TO 3.
LA MBDA RANGE S FRCM 49 TO 46.
THE M I N I M U M CCST PIaCJFCT SCIICOUL E FOR PROJECT DEADL I NE — 49— 0*

• I NODE a: x PEl VALUE: XP ODE (I(I
1 0
2 4
3 * 5—0
4 16
5 30—0
6 49—0

PROJECT COPPL .EI ICII TIME ~ 49—0.

ACTIVITY a: I NEW VALUE : MACT I!) ACTIVITY COST
$ 1 4 0.400002 0*

2 15—0 0.200006 0* • I 0.20000E 01*0)
3 16 0.300002 0*
4 0 0.0
5 22 0.100006 0%
6 *5 0.300006 01
7 26 0.300002 01
0 25 0.40C002 01
9 0.300002 01
10 6 0.400002 01

THE CURRENT V ALUE CF THE PRCJECT COST IS 0.210006 02 4 1 0.200006 01*0* .

P.2W VA LUES OF ABAR FCR J *.2.....P.KCI)

I J: 1 2 3 4 5 6 7 B 9
I 0 — 2

2 3 0 -5
3 0 —4 —a — 12
4 —4 — 4
S — 1 —2 —3
6 0 —5 — 10

• 7 —~~ —9 — 10 — 11
8 —5 —7

• 9 0 —2 —3
10 — 2  —2

4*5  %TER *TICN PUMBER 3

TIlE SINK HAS P.CT BEEN RE ACHED W ITH INFINI TE CAPACIT Y — CONTINUE WI TH THE LABELING PROCESS.
THE NODES THAI HAVE ACEN LABELED WI LL RETAIN THAT LABEL FOR THE REMAINDER OF THE I TERATION.

THE NODE 2 I-AS TPE LAULL I I. 1. 0. 0.2C0006 01).

7)42 NODE 3 I-AS TIlE LABEL I 1. 2. 0. 0.100002 01 ).

THE NODE 4 lA S TI-E LABEL I I. I. 0. 0.100002 01).

~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~
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NOM IRFAKTHROUGl : UPCAT€ THE PRIMAL VARIA LILE SI
I.E.? DETERMI NE OPTIMAL A CT IVITY TIME S FOR LAMUCA — 45.

DELTA IRE$’RESEP ’TED BY D )  RANGES FROM 0 TO 1.
LAMBDA RANGE S FRCM 46 TO 45.
THE MINI M UM CCST PROJECT SCHEDULE FOR PROJECT DEADL INE ~ 46—0 : $

NO DE a: K NEW VALUE : MNOOE(K)
I 0
2 4
3 12
4 16
5 27—0
6 46—0

PROJ ECT COMP I.EIICN TI NE — 46—0 .

A C T I V ITY a: I P E W  VALUE : xA C T I I )  ACTIVITY COST
I 4 0.400002 0 1
2 12 0.800006 0 %
3 16 C.3000C6 01
4 0 0.0
5 22 0.100006 01
6 15—0 0.300006 0* 4 1 0.20000E 01*0)
1 26 0.300006 01
a 25 0 .400022  01
9 19 0.300006 0*

10 6 0.40000E 01

THE CURRENT VALUE CF 11€ PRCJECT COST IS 0.330002 02 + 1 0.200002 01*0).

P42 W VALUES OF AEAR FOR J — 1 . 2 . . . . . N K ( I %

I j: * 2 3 4 5 6 7 8 9
1 0 —2
2 3 0 —S
3 0 —4 —. —Ia
4 —4 — 4
5 0 —1 —2
6 1 -4 —9
7 —1 —e —9 — 1 0

• 8 —4 —6
9 0 -2 —3

10 — z —z

*4 5  ITERA IICN NU MBER 4 *44

THE SINK HAS NCT BEEP PEACHEC WITH INFINIT E CAPACITY — CUNT INUE W I T H  THE LAOEL ING PROCESS.
THE NODES THA T HAVE BEEN LABELE D W ILL RETA IN THAT LABEL EON THE RE~MAIND ER CF THE IT ERATION.

TIlE NODE 2 I -AS THE LABEL ( I. I. C. 0.200002 011.

THE NODE 3 I-AS THE LABEL I 1. 2. 0. 0.100002 0 1) .

THE NODE S lA S TPE LADEL 1 1. 1, 0. 0.100002 0 % ) .

THE NODE 5 I-AS TPi E LABEL 1 2. I. 0. 0.200006 01) .

~~~~ ~~~~~~~~~~~~~~~ 
. — ~ ~~~~ ~~~~ ~~



p ~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~-~~~~~~~~~.::

—72—

NONUREAKIIIROUGI - UPCA TE THE PRIMAL VA R LADLE S I
I.E. ?DE TERM IP.E OPTIMAL ACTIVITY TIME S F OR L.AMQOA — 43.

DELTA (REPRESENTED BY 0”) RANGE S FROM 0 ro 2.
LA MEDA RANGES FRCM 45 TC 43,
THE MINIMU M CCST PROJECT SCHEDULE FOR PROJECT DEADLINE a 45—0:
M~0E a: K PEW VALUE : XP.OOE(K)

1 0
2 4
3 12
4 16
S 26
6 45-0

PROJECT COMPLET ICI, TiME 45—0 .

ACTI V I T Y  a: I P.2w VALUE : MACT I l l  ACTIVITY COST
1 4 0.400~~OE 01
2 12 C.8000CE 01
3 16 0.30000E 01
4 0 0.0
5 22 0.100002 01
6 14 0.50000E 01
7 26 0.30000E 01
8 25 0.40000E 01
9 19—0 0.300002 01 + I 0.200002 01*0)
*0 6 0.400002 01

THE CURRENT V ALUE CF THE PROJECT COST (S 0.350002 02 4 1 0.200006 01*0*.

NEW VAL UES OF A BA R FOR J 1.2.....NKII) -

I j: 1 2 3 4 5 6 7 8 9
I 0 -2
2 3 0 —5
3 0 —4 —8 — 12

.a ‘ .. 4 —4 —4
5 0 —1 —2
6 1 -4 —9
7 —5 —6 —7 —8
8 —2 — 4
9 2 0 —1

10 —2 —2

~~~~ ITERATICN NUNEER 5 * 4.

THE SINK HAS P.CT DEEP REACHED W ITH INFINIT E CAPAC ITY — CONTINU E W ITH THE LABELING PROCESS.
THE NODES THAT HAVE BEEN LABLLED WILL RETAIN THAT LAIJEL FUR THE REMAINDER OF THE ITEIIAT ION.

THE NODE 2 I-AS TIE LABEL I I. I. 0. 0.200206 01).

-I
THE NUDE 3 I-AS TIE LADEL I 1. 2. 0. 0.100002 011 .

THE NODE 4 l AS THE LABEL I I. 1. 0. 0.IOOCO€ 0*).

THE NODE S I-AS THE LABEL 2. I. 0. 0.2OCOOr 0*).

k - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~— .~~~~~~~~~ .ta~~~~
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• THE NODE 6 I-AS THE LABEL I 5. 2, 0. 0.20000E 0*).

BREAKTHROUGH : UPDATE THE DUAL VAR I ABLES.

ACT IV ITY a: 1 J NEW FLOW: F (f.J)
• I I 0.200002 01

1 2 0.0
2 I 0.200002 0*
2 2 0.0
2 3 0.0
3 1 0.0
3 2 0.0
3 3 0.0
3 4 0.0
4 1 0.0
4 2 0.0
5 1 0.200002 01

H s 2 0.0
5 3 0.0
6 * 0.200COE DI
6 2 0.0
6 3 0.0
7 * 0.0
7 2 0.0
7 3 0.0
7 4 0.0
8 1 0.0
8 2 0.0

-
~ - 9 1 0.20000E 0%

9 2 0.200006 01
9 3 0.0
10 I 0.0
*0 2 0.0

ITE PA IICN lUMB ER 6

V TIlE SINK HAS P.CT 02211 REACHED WITH INF NZT E CAPACITY — CONTINUE W I T H  THE LA B ELING PROCESS.
IKE NODES THA I HAVE DEEN LABELED WILL RETAIN THAT LABEL FOR THE REMAINDER OF THE I TERATiON .

T HE NODE 3 I-AS THE LAHEL I 1. 2, 0, 0.100006 0*).

THE NUDE S I-AS THE LAUEL I I, I, 0. 0.100002 01).

NONHREA ICTMPOLGP: I$PCA TE THE PR I MAL V A R I A B LE S ;
I.E. DETF RMIN E OPTIMA L A C T I V I T Y  TIME S FOR LAMBDA a 41.

DELTA (RE PRES IPTEC BY “0” ) I ANGES FROM 0 TC 2.
LA MBDA MANGES FREM 43 TO 4*.
THE M I N I M U M  CCST PRCJECT SCHEDUL E FCR PROJECT DEA DL INE — 43—0:

NODE a: K PE W VALUE: *P1CDC (K)
1 0
2 4-0
3 12
4 16
5 2 6 0

- - ~~~~~~~~~~ 
_ _a_-_ - _. 
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- 6 43—0

PROJECT CO MP LETI CN T I M E  43—D.

ACTIVITY a: I NEW VALUE : XA CT (I) ACTIVITY COST
1 • 4—0 0.400006 01 + 1 0.200006 01*0)
2 12 0.B0000E 01
3 16 0.300006 01
4 0 0.0
5 22 0.I000CE 0*
6 14—0 0.500006 01 + ( 0.200006 01*0)
7 26 0.300306 01
8 25 0.400002 3*
9 *7 0.100006 01
10 6 0.400302 01

THE CURRENT VALUE CF THE PMCJECT COST IS 0.390002 02 + I 0.400006 01*0).

NE W VALUES OF A BA R FCR J=1,2 ,...,NK(I)

I J: 1 2 3 4 5 6 1 8 9
I 2 0
2 3 0 —5
3 0 —4 — 8 —12
4 —4 —4
5 0 —I —2
6 3 —2 —7
1 —3 —4 —5 —6
8 0 -2
9 2 0 —1

10 — 4 — 4

*5* ITEPAT IC N NUMBER 7 *5*

f IlE NODE 2 I-AS T)-E LABEL C I. 2.0.INF).

THE SI NK HAS NCT dEC14 REACHED WITH INFINITE CAPAC ITY — CONT INUE WITH THE LABELING PROCESS.
THE NODES TI-sAT H AVE BEEN LABELED WILL RETAIN THAT LABEL FOR THE REMAINDER OF TIlE ITERATION.

• ~
• 

THE NODE 3 I-AS THE LABEL 1 1. 2. 0, 0.100006 0* ).

THE NODE 4 I-AS THE LABEL. C 1. 1. 0. 0.100006 01).

THE NODE 5 I-AS THE LAQEL 1 2. 1. 0. 0.100006 01 ).

• T IlE NODE 2 I-AS THE LABEL 1 4. 1, 0. 0.190006 0*).

BREA KTHROUGH: UPDATE THE DUAL VAR I ABLES.

ACT I V I T Y  0 I J FEW FLOW: F (L,J)
I * 0.200002 0*
1 2 0.0
2 I 0,20000E 01
2 2 0.0

- 

2 .3 0.0 

•

- . 1_,__W. • - ____
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3 1 0.I0000E 0*
3 2 0.0
3 3 0.0

‘1 3 4 0.0
4 1 0.0
4 2 0.0
5 1 0.200006 0*
5 2 0.0
5 3 0.0
6 I 0.200006 01
6 2 0.0
6 3 0.0
1 I 0.0
7 2 0.0
7 3 0.0
7 4 0.0
B I O. IOOCOE 01
8 2 0.0
9 * 0.200002 01
9 2 0.200006 0*
9 3 0.0
10 1 0.0

- 10 2 0.0

*~~~* ITERA T ICN NUMBER $ *5*

THE NODE 2 HAS THE LABEL C 1. 2.0.INF).

THE SINK HAS NCT DEEPS REACHED W I t H  INF INITE CAPACI TY - CUNT1NOE WITH THE LABELING I~ROCESS.TIlE NOi)ES THAT HAVE BEEN LABELED WILL RETAIN THAT LABEL FOR THE REMA INDER OF THE ITERATION.

THE NODE .3 HAS THE LABEL ( 1. 2. 0. 0.100006 01).

THE NODE 5 HAS THE LABEL 1 2, 1. 0, 0 .IOOCOE 01).

THE NODE 6 HAS Tr- E LABEL I 5, 2. 0. 0.100006 0*).

*$MEA KTHN000Ps : UPDATE THE DUAL VA RIA *3LES .

A C T IV I T Y  a: I J NEW FLOw: P (I.J)

* * ~.2O000E 01

* 2 0.0
2 1 0.200006 01
2 2 0.0

p 2 3 0.0
3 1 0.100036 01
3 2 0.0
3 3 0.0
3 4 0.0
4 1 0.0
4 2 0.0
5 I 0 .J300CE 01
5 2 0.0
5 3 0.0
6 1 0.200C06 0*

• 6 2 0.0
6 3 0.0 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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7 * 0.0
7 2 0.0
7 3 0.0
7 4 0.0
8 1 0.100006 01
8 2 0.0 - •
9 I 0.200006 01
9 2 0.300002 01
9 3 0.0
10 1 0.0
10 2 0.0

*5*  ITER A T I C P 4  NUMBER 9 *5*

THE NODE 2 I-AS THE LABEL C I. 2.0.INF).

TIlE SINK HAS P.CT 06611 RP’ACHEO WITH INFIN ITE CAPACITY — CONTINUE WITH THE LABELING PROCESS.
T HE NODES THA T H A VE BEEN LABELED WILL RETAIN THAT LABEL FOIl THE REMAINDER OF THE ITERATION.

THE NODE 3 HAS THE LABEL I 1. 2. 0, 0.100006 0*).

NONBRE AK TP -sRO LGI-: UPDATE THE PRIMAL VA R IABLES; 
•

- 
I.E. DETER MI N E  OPTIMAL A C T I V I T Y  TIMES FOR LAMBDA = 40.

OFt TA CRFPRESEP.TEO BY “0” ) RANGES FIlCH 0 TO 1.
LAM B DA RAN GES FRI M t i  TO 40.
T I-IF M I N I M U M  CCST PRCJECT SCHEDUL E FOR PROJECT DEADLINE a 4 1—0:

NODE a K P E W  VALU E : X NC O E ( K )  -

1 - 0
2 2
3 12

H 4 16—0
5 24—0
6 41—0

PROJECT CO MPLET ICPI TINE = 41—0 .

ACTIVITY a: I NEW VALUE : MACT II ) ACT IVITY COST

* 2 0.800005 01
2 *2 0.800006 01
3 *6—0 0.300006 01 + C 0.100006 01*0)
4 0 0.0
5 22— 0 0.100006 3* + 1 0.300006 0*50)
6 12— 0 - 0.900005 01 • C 0.200006 01*0)
7 26 0 .3 0 0 0 06  0~
8 25 0.4OCOGE 0*
9 £7 0.1OCOCE 01

10 6 0.40000E 01

TH~ CURRENT VALUE OF THE PROJECT COST IS 0.S1000F 02 + I O.6?000E 01*0).

I- SEW VA L UES OF AEA R FC~ J I.2.....P.KII)

I J I 2 3 4 S 6 7 8 9

* 2 0

PI~~ 
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2 3 0 —5
I —3 —7 — i i

4 — 3 —3
5 I 0 —1
6 4 — 1  —6

7 —2 —3 —4 —5
8 0 —2
9 2 0 —I
10 — 4 - 4

ITE RA I 1 CN  NUMBER 10 *5*

THE NODE 2 HAS THE LABEL C 1. 2.0.INF).

THE SINK HAS PCI BEEN REACHED WITH INF INITE CAP ACI TY — CONTINUE WITH THE LABELING PROCESS.
THE NODES THAT HAVE BEEN LABELED WILL RETAIN THAT LABEL I-OR THE REMAINDER OF THE I TERATICH .

THE 14006 3 I-AS THE LABEL 1 1. 2, 0. 0.I0000E 01).

THE NODE 5 I-AS THE LABEL 1 2. 2 ,  0. 0.I0000E 01).

NO NDREAKIIIROLG I .: UPDA TE THE PR I MAL VA RI ABLES;
1. 1 . DETERM I NE OPTIMAL A C T I V I T Y  TIMES FUR LAMBDA = 39.

DELTA (REPR E SENTED BY “U” ) RAN GES FR CM 0 TC I.
L AMBD A RANG E S FM C M  40 TO 39.

• THE M I N I MUM CCST PROJECT SCHECULE FOR PROJECT DEADLINE = 40—D
P4006 a: K NEW VALUE : ~NOOE (K )

ii ::

PROJECT C O P # P L E I I C P .  T I M E  = 4 0 — 0 .

ACT~~V IiY a: I NE W VA LUL : XACT (I) A C T I V I T Y  COST
1 2 0.8000CE 01
2 12 O .800COE 01
3 t5—~) 0.400006 0) 4 1 0.100006 01*0)
4 0 0.0
5 21 0.400306 01
6 1% 0.11 (005 02
7 26 C. 500006 0%
8 25 0.SOOI’OE 01

-
~~ 9 17—0 0.700)CE 01 + S 0.S0000t 01*0)

10 6 0 .4 0000 6 01

THE CUR RENT VALUE CF IHF.  PROJECT COST IS 0.530036 02 + C 0.6~~00OE 0*50 ).

NEW VALU ES OF A D A M  FOR J I.2... ..NKII)

I j :  1 2 3 4 5 6 7 8 9
2 0 

- 

-
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- 2 3 0 —5
3 2 —2 - —6 —10
4 —2 —2
5 1 0 —I
6 4 -l —6

—1 —2 —3 —4
8 0 —2
9 3 1 0

*0 —4 — 4

*5*  I TERA T ICN P.UNEER II

THE NODE 2 lA S  THE LA(IEL 1 1. 2.0.INF).

THE SINK HAS NCT BEEN REACHED WITH IN FINI TE CAPACITY — COP4flNUE WITH THE LABELING PROCESS.
THE NODES THAT HAVE OEEN LABELED WILL RETAIN THAT LAOEL FOR THE REMAINDER CE THE I TERATION.

TUE NODE 3 I-AS THE LABEL C I. 2. 0. 0.100006 01).

TUE NODE 5 I-AS THE LABEL 1 2. 2. 0. 0.)0000E 0*).

THE NODE 6 HAS THE LABEL C 5. 3. 0. 0.100006 01).

BREAKTHRO UGH: UPDATE THE DUAL VARIABLES.

ACT IVITY a : i j  HEW FLOW : FCI. J)
I 1 0.20000E 0*
I 2 0.0
2 1 0.200006 0)
2 2 0.0
2 3 0.0
3 1 0.100006 01
3 2 0.0
3 3 0.0
3 4 0.C-
4 * 0.0
4 2 0.0
5 & 0.300006 0*
5 2 0 .IC000E 01
5 3 0.C•
6 1 0.200006 01
6 2 0.0
6 3 0.0
7 1 0.0
7 2 0.0
7 3 0.0
1 4 0.0
8 1 0.100006 01

• 2 0 .0
9 I 0.200006 DI

~ 2 0 . 3 1 0 0 0E  0*  :
3 0.1 00006 01

II 1 0.0
II 2 0.0

• ‘ ‘ -
~~~~‘U ~~ M.~~~~~ (fl *2 •s *
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TI-SE NODE 2 I-AS TI-SE LABEL I 1. 2.0.IPF).

THE SINK HAS PET OEEPI REACHED WI T H  IN FINITE CAPACITY - CONTINUE W I T H  THE LABELING PROCESS.
T HE NODES THAI HAVE BEEN LABELED •1LL RETAIN THAT LAOEL FOR THE REMAINDER OF THE ITERA TION.

THE NODE 3 HA S THE LABEL C 1. 2. 0. 0.100006 01).

NON B REAK T HRO UGI- : UPOA T E THE PRIMAL VA R IAB LES
I.E. DETE RMINE O PTIMAL A C T I V I T Y  TIMES FUR LAMBDA = 38.

DELT A (REPRFSEPTEO DY “0” ) RANGE S FROM 0 TC I.
L AM E~OA RA NGES FR CM 35 TO 38.
THE M I N I MUM CCST PRCJEC I SCHEDUL E FOR P~ OJECT DE AD LINE • 39—0:

NODE a K PEW VALUE : XISODCCX)
1 0
2 2
3 12
4 * 4 — 0
5 23—0
6 39—0

PRO JECT COMPLE I ICN TIME a 39—D.

ACTIVITY a: i NEW VALUE : XACT(I ) A C T I V I T Y  COST
1 2 0.600006 01
2 12 0.00 00CC 01
3 I4—D u .S0000E 01  + C 0 .L0000E 01*0 )

- . • 4 0 0.0
5 2 1— 0 0 .40000E 01 + C 0 .400006  01*0)
6 11—0 0 . I I 0 0 0 E  02 • ( 0 .200006 01*0 )
7 26 0 . 30 000 E  01
8 25 0 . 40 0 0 06  0*
9 *6 0 .120006 02

10 6 0 .4 00006  01

THE CURRENT VALUE CF THE PRCJ ECT COST IS 0.S9000E 02 + I 0,700006 0 1*0) .

NEW VALUE S OF A EA R FC~ J 1 ,2 . . . . , N K( I)

I J : 1 2 3 4 5 6 7 8 9
1 2 0
2 3 0 —5
3 3 — 1 —5 -9
4 — 1 — 1
5 2 * 0
6 5 0 —5
7 0 — 1  —2 —3
8 0 -2
9 3 1 0

10 — 4 —4

**.  IIC RATICP. NUMOER *3

T I-i C NODE 2 hAS THE LABEL I I, 2.0.INE).

L~ 
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THE NODE 5 HAS TI-E LABEL. 1 2, 3.0.INF).

T HE NODE 6 I-AS THE LABEL C s. 3.0.1146).

* 5 * * *

11-6 SINK WAS REACHED W ITH INFIN ITE CAPACITY IMPLYING AN INFEA SIBLE SOLUT1CN TO THE PRIMAL PROBLEM
IF LAM UDA O~~UPS EELC W ITS CURRENT VALUE. 38.

g -
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~j J~~~~ ~~~~~~ ~~~~~~iei~~~ ~~~~~~~~c-t~cC Appendix. Program Listing COSTOOI
C***********************************************************.**$******.*COSTOO I
C COSTO02 -
C THIS PROGRAM IS DESIGNED TO FIND THE M I N IM U M  PRO JECT COST AS A COST0O~
C F UNCTION OF PROJECT DEADL INE TIME . CUR RENT DIMENSIONS WILL COSTOO3
C ALLOW A PPCJECT NETWORK WIT H UP TO 30C0 NODES . 3000 ACTIVITIES. COSTOO3
C AND 11 LE VELS OF COST S AN~ TIMES. ALL V A R IA e L E 5  ARE INTEGER *2. COSTOO 4
C (IF ANY VARIABLE IS NOT ALREADY IN INTEGER FORM. THE VALUE S MUST COSTOOA
C BE RESCALED • Ti- AT IS. MULTIPLIED BY AN APPROPR IATE POWER OF 10 — COSTOQ5
C UNTIL THE VALUE S ARE INTEGER .) COSTOO 5
C CO STOO 6
C************************************************************** *********COSTOO6
C COST0O T~
C THE INPUT IS AS FOLLOW S (ALL RIGHT— JUSTIFIED): COSTCO 7
C COSTOO 8
C 

• 
COLUMN DESCRIPTION COSTOOB

C CAROl : 1— 4 NUMBER OF NODES COSTOO9
C 6—9 NUMBER OF ACTIVITIES COSTOO 9 

-

C 1 1 OPTION TO SUPPRESS PRINTING OF INPUT — TEST I COSTOIC
c (O=PR !NT , I=N O PRINT ) COSTO 1O -
C 1 3 OPTION TO SUPPRESS IN TERMEDIATE OUTPUT TEST3 COSTO t1
C (0=PPINT . 1=NO PRINT) CO STO I1
C 15— 18 SOURCE I-iCDE C0S1012
C 20—23 SINK NODE COSTO I2
C 25 CPTIOt .. TC SPECIFY VALUE FOR LA M B D A — TEST3 CQSTC I3 

-

-

C (O=NO , 1 YE S AND SEE INTERMED IATE COST 0l3~
C OUTPUT. 2 YES BUT NO INTERMEDIATE OUTPUT)COSTOI 4
C COST OI 4
C THE FOLLOWING CAR DS ARE IN SETS OF 3—5 CARDS COSTOL S I
C C ONE SET FOR EACH ACTIVITY). COSTO I5 -

C COSTOI 6(
C COLUMN DESCRIPTION COSTO I 6’
C CARDI : 1—4 ORIGIN NCDE COSTOIT(
C 6-9 TERMINAL NODE COSTOI7’
C 11~~12 NUMBER OF ACTIVITY COMPLET ION TIMES COSTO I 8C
C AND COSTS THAT APE READ IN (<=1 1 )
C CARD (S)2— 3: FORMAT SIL O COMPLET ION TIME S (8 ON CARD 2. COSTOI9(
C 3 ON CAR C 3 F NEEDED) COSTOL.9’-
C CARD (S34—5 : FORMAT SILO COST ASSOCIATED W /EAC H COMPLETION COST020~
C T IME (8 ON CARD 4, 3 ON CARD 5)  CO STO2 O’
C COSTO2)C
C LAST CARD (USE ONLY IF TEST 3 = 1 OR 2):
C COLUMN D E S C R I P T I C N  COST O22C -

C 1—10 SPECIFIC VALUE OF LAMBDA COST022~
C COSTO2 3C
C*****************************************$*****************************COSTO23~
C C O S T O 2A C
C DEF I NITION OF V A R I A B l E S :  COST024~
c COSTO25O
C ABAP (I ,J ) = TIME(I,NK( I)G 1— J ) + XNODE(OR IG(I))—XNODE (TERM (I)) COSTO2S5
C CCI..)) = DECREASE IN I iN ACT’ S COST PER UNIT FOR J TH TIME COSTO26O
C CAP = M !N(FLOW REACHING ORIGIN NODE. EXCESS CAPACITY TO COSTOZ6S

. 1 !  C T E R M I N A L  NCOE) COSTC27C
C COSTCI.J) COST OF COMPLETING A C T I V I T Y  I AT TIME (I,J ) COSTO2TS
(. DEL = M IN (DE LTAI,DEL TA2) COSTC2BO
C DEL TAI = M IN (—A EA R (t.J) W ITH I LABELED hP-ID J UNLABELED , COSTO2B5
C ABAR (I .J )<0) COSTO29O

4 C DELTA2 = M TN(ABAP (I.J ) WITH I UNLA BELE C AND J LA8ELEO , cosTo�qs
C A BAR( I .J)>O) COST0 3OO~
C D IPEC(J ) = DIRECTION OF FLOW REAC H ING NODE J COSTO iO5
C (O=FOPWAPD . 1=RE VEPSE ) CO STO3I~~ -~H. _
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C FLOW (I.J) = FLOW It-I J TN PIECE OF ACTIVIT Y I COSTO3$
C INE = ANY NUMBE R GREATER THAN MA X ICA P ) COSTO3~
C (CURRENTL Y SET AT (2*MAX +1)) COST03~
C K 1 (E ) = THE NUMBER OF TIE TIME—COST PIECE USED IN COSTO3~
C LABELING TERM (I) FROM OR IG( I) COSTO).~
C KOUNT = KEEP S TRACK OF ORDER IN WHICH NODES WERE LABELED COSTO34

• 
C LABEL II) = 0 IF NODE I UNLABELED COSTO34
C 1 IF NODE I LABELED - COSTOJ~

( C LINPUT = SPECIFIC VALUE OF LAMBDA IF YEST3= 1 OR 2 COSTO3S
C NA = TOTAL NUM B ER OF ACTIVITIES COSTO3~

- 
- 

C NK (I) = NUM8 EP OF DIFFERENT TIMES AND COSTS FOR ACTIV ITY I COSTO3~
C NP4 = TOTAL NUMBE R OF NODES COSTO3 1
C ORIG (I) = ORIGIN IWCDE FOP ACTIVITY I COSTO3J
C ORIG2 (I) = W HER E TIE FLOW IS FROM — USED IN LABELING ONLY COSTO3S
C PCOST = PROJECT COST FUNCTION COSTO3*
C SINK = NUMB ER OF THE SINK NODE C05T039
C SOURCE = NUM BER OF THE SOURCE NODE COSTO39
C TERM (I) = TERMINA L NCDE FC~ ACTIVITY I COSTO 4O
C TESTI = CPT I ON TO SUPPRESS PRINTING OF INPUT COSTO4 O
C (O=FR INT , 1=NO PRINT ) COSTO4 I
C TEST2 = OPTION TO SUPPRESS INTERMEDIATE OUTPU T COSTO4 I
C (O=FR I NT. 1=NO PR INT ) COSTO42
C IEST3 = CPTION ‘TO SPECIFY VALUE FOP LAM BDA COSTO42
C (O=NO , 1=YES AND SEE INTERMEDIATE OUTPUT . COSTOA 3
C 2 YE5 SliT NC INTERMEDIA TE CUTPUT ) COSTO43
C TIME (I.J) = .1 TH BREAKPOINT (DURATION TIME~ F-OR ACTIVITY I COSTO44
C XACT (I) = ACTIVITY DURAT I ON TIME COSTOAA
C XNODE (I) = NODE TIME COSTO4S
C XDIFF (l) = XNODE(ORIG (I))—XNODE (TERM (I)) . AN UPPER BOUND ON COSTO45
C THE ACTIVITY DURATION TIME COSTO46
C L .J .K ,M .N.P = INDICES COSTO46
C I NODE. ITERM ,IACT ,IOR IG ,tOIFF,ETC . COSTOA T
C = NON— INDEXED V ERSI ONS OF X P-.COE(I ),TERM (I) .XACT (L), COSTO4T
C ORIG (I).XOIFF (I),ETC . COSTO48
C CO STO 4 8
C***********************************************************************COSTO49
C COSTC 49
C DIMENSIONS: COSTO 5O
C NN = TOTAL NUMBER OF NODES COSTO5O

H c NA = TOTAL NUMBER OF ACTIVITIES COSTO5I
C MAX = MAX( NK (I)) COSTO5 L
C CAP (NN),FLOW ( NA.MAX) .C(NA ,MAx) ,OR IG (NA) ,TERM (NA) .TIME (NA .MAX ),C05T052
C COST (NA.MAX ) ,NK (MAX ).ABAR (NA .MAX) .XD IFF(NP .j) .XNODE (NN) .XACT(NA ) .COSTO52
C DIREC (NN ) ,LABEL (NN ),K1(NN ) ,ORIG2(NN ) ,KOUNT(NP .J ,AORO (NA ) , COSTO53

S 
C ND (NN ) ,NDD (NN ) .IP (N *) .CTIME (NA) COSTO53
C COSTOSA

C COSTO55
I MPL ICIT INTEGER*2 ( A—Z ) COSTO5S
REAL*4 CAP (3000),FLOW(3000,I1).C (3000.t1),PCOST ,INF .PCOSTI, COSTO56
1KCOST ,ACOST .PNE W COSTOS6
COMMON TIME .CTIME.XNOOE ,ORIG .TERM ,AOPD ,NK .NN .NA .LMIN,LMAX ,TESTI COSTO5T
D IMENSION CRIG(3000 ) ,T E R $(30 0 0) . T I ME ( 30 00 . 1 L ) . C O S T(3 0 00 . 1 1) ,  COSTO5?

IN K (30 00 1 .  A BAR ( 3 0 00 , 1 1 ) .X O IF F(3 0 00 ) ,X N Q D E(3 00 0 ) ,  COSTO5 B
2XACT (30 00), DIREC(3000), LABEL (3000), COSTOSS
3K 1(3 0 0 0) . O R IG 2( 30 0 0 ) . K C I J NT ( 30 0 0 ) .A O R D( 30 0 0) . CT I M E( 30 00 ) .  COSTO59
4 ND(30 0 0) , NC D(30 0 0) , IP(3 00 0 )  COSTO5 9H C CO STO 6O

C INPUT DAT A COSTO6 O
C COSTO 6I

R E A D ( 5 . I O O )  NN, Nt , ,TEST1 ,TE ST2 ,SO U RCE,S IN IC,TEST3 COSTO6 I
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INF=0 . CO ST
PCOST O. COSTO
WRI TE (6,225) COST
I F(T E S T L - . E C . 1)  GO TO 401 COSTO
WRI TE (6,150) NN .NA ,SCIjPCE.SINK COSTO

401 DO 12 I 1,NA COSTO
R EAD( 5 .230)  ORIG( I) • TERM (I) ,P-4K (I) CO STO
KN N K ( I )  COSTO6
READ (5 -23 1 ) (TINE(I.J).J 1.KN) COSTO6
READ (5 .231) (COST (I.J) .J 1 .KN) COSTO6

12 CONTINUE COSTO6
CALL ORDER COSTO 6

C - COSTO6
C - SET UP INIT IAL V ALUES COSTO6 ~C

1F(TESi1.E0.1)  GO TO 193 COSTO6
L K 3 1  CO STO7 q

192 K2 K3+ 8 COSTO74
L F( K 2 .GT .NN ) K2=NN COSTO?L 1
WR ITE (6,151) (K .K=K3.K2) COSTO7L1
WR ITE(6 ,157)  ( XNO DE(K ) .K K3 .K2 )  COSTO72I
IF(K2.GE.NN) GO TO 191 COSTO7I
K 3 K2+ I COSTO 73~• GO TO 192 COSTO 7~ J

191 W P IT E (6 . 15 2)  COS1O1~
193 DO 10 I=1,NA COSTO74 !

LAB EL( t )=O COSTO ?
XD IF F( t ) = X NO D E (O R IG ( I ) )—X NC O E ( T E R M ( I ) )  COST O7

- - NKM1 NK(U~~l COSTO?
KN NK(I)  COSTO 7&
00 9 J 1.NKM 1 COSTO7?~
IF (TIME (I .J+1 ) TIME( I,J)) -i,e.i COSTO77I

- 

- 7 C( I .J )= (C OST ( I ,J ) .C C ST ( I  .J + 1 ) ) / (T T M E ( I . J, I )— T I M E( I ,J ) )  COST O7SI
GO TO 6 COSTO78 I

-
~~ 

- 
a c lI.-..s) -=o. COSTC79~-J 6 IF(INF . L T . C( I . J) )  INF C( I ,J l  COSTO79I

XACT ( I)= XD IF F( I)  COSTO SOI
IF (XACT(T) .LT.TTME(I ,J+1)) XAC T(I ) TIME(I.J+1) COSTO8OI

H JJ NK( I)—J+ 1 COSTO BLI
ABAR ( I .J ) T I N E( I . J J )+ X CI F F( I)  COS T C B1
FLOW( I . J) 0 COSTO82I

9 C O N T I N U E  - COST08~ 1
ABAR ( I , K N I= T I NEC I , 1) + X OI F F( j )  COST O83
FLOW ( I.KN)=0 COSTOS3I
IF(T E S T I . E 0 .1)  C-C TO 10 COST C84~WR IT E(6 , 1 53 )  I . X A C T( I ) , O R I G( I ) .T E P M( I ) , (J ,T I M E( I ,J ) , C O S T( I . J ) .  COSTO8 AI

IC ( I . J I ,A BA R ( I ,J ) .J = L . N K M I I  COSTOS5I
WR IT E(6,156)  K N .T IM E( I . K P) .C O S T( I  .1(N ) ,A B A R ( I , K N)  COSTOB5

10 CONT INUE COSTOS6~H INE=2•* INF41. COST0S6~DO 4 1 7  1 1.NA C0S10871
C (I.NK (I))=0. COSTOS7I
NKM I N K( I) 1
PCOST1=0.  COST0A8~IKK O COSTC S9 I
DO 418 K = 1 . N K M L  COST OSS
IF(K .NE. I)  GO TO 40 COST O9OI
X IJ X A C T ( I )  COSTO9 O~1 F(X IJ . G T . T I M E( I ,2 ) ) X IJ = T I M E( I , 2)  COSTO9 U
GO TO 41 COST Q9I~

40 X IJ = X A C T ( I ) — T I N E( I , K )  COST O92 I

• 
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IF (XIJ.LT .O) X IJ O - 

COSTO92
IF (XIJ .GT .(TIME (I.K+1)— TIME (I,K))) X IJ~ TIME (I.K+1)—TIME( I.K) C0S1093
IF (IKK .EO .1) GO TO 41 COSTO93
IF (C(I.K) .GT.C(I.K 1)) GC TC 50 COSTO94

41 PCOSTI=PCOSTI+C (I.K)*XIJ COSTO9A 
-

GO TO 41~ cosro~ s
-

~ 

• 50 IKK I COSTO9S 
-

WR ITE (E .237) 1.1 C0S1096 -

PCOSTL PCOST I +C (I,K)*XIJ COSTO96
418 CONTINUE COSTO97

PCOST=PCOST+COST(I,11+C(I,1)*TIME(I,1)— PCCSTI COSTO97
PNEW=PCCST COSTO 98 -

417 CONTINUE C05T098
L AMBDA LNAX COSTC99

- ‘ IF (TE513.GE .l) GO TC 700 COSTO99
WR ITE (6.154) COST100
L INPUT O C O ST IOO
GO TO SE COSTIO I

700 READ (5,232 ) LINPUT COST1~~I
IF (LINPUT.LT .LMIN ) GO TO 705 COSTIO2
LF(LINPUT.GE .LMAX ) GO TO 704 COSTIO2

• IF (TEST3.EO.2) GO TO 724 COSTIO3
WR I TE(6.1S!) LINPUT COST1O3 

-

96 WR ITE (6,200) LAMBDA , PCOST COSTIO4
IF (TEST2.EQ .1.OR .TEST3.GE.1i GO TO 724 COSTIO4
W R ITE (6,235) COSTIO5

724 CAP(SOUPCE )=INF COST1OS
I TER O COST1O6

99 L ABEL (SOURCE) 1 COST1O6
IF (TEST 2.EO.I.OR .TEST3.GE.1) GO TO 97 COSTIO?
ITER=ITER+ 1 COSTIO 7
W RITE (6.225) ITER COSTIO8

C C O S T I O S
C INITIAL LABEL ING ITERATION COSTIO9
C C O S T I O 9

~~ 1=1 COSTIIO
J=SOURCE COST IIO 

-

M 0  C O S T 1 I 1
C IF AC T iV I T Y  STARTS AT DESIGNATED ORIGIN. TRY TO LABEL , COSTIII
C OTHERWISE , CHANGE ORIGINS. COST1I2

1 4 IF (ORIG (I).NE.J) GO TO 13 COST112
ITERM TERM (I) COSTII3

C CHECK IF NODE ALREADY LABELED AND COST I1 3
C CHECK IF A BAR (I,NK( I))-=0 . 

- 
C0S1114 —

IF (LABEL (ITERM ).NE,0.OR.AEAR (1,NK (j)).NE .C) GO 10 13 COSTII4
C IF NODE NOT ALREADY LABELED AND A BAR (I,NK(I))=O . CO STLL5
C PROCEDE W ITH LABEL ING . COSTII5

LABEL (ITERN) 1 COSTI16
ORIG2( I TERM ) J  COSTII6
K 1 * ITERM ) NK (I) COST1I7
DIREC (ITERM )-0 COSTL I7
CAP (ITEPM)=IN F COSTLIS
IF (TEST2.EC .1.OR .TEST3.G[.1) GO TO 403 COSTIIB
W R ITE ( 6.201) ITEPM, ORI G2(E TERM) .1(1 (ITERM ) (051119

C IF CAN REACH S INK , TERMINATE I IMPLIES INFEASIBLE) COST119
403 IF (ITERM.E0.SINK ) GC TO 15 COSTI2O

M M + L  COST 12 O
KOUNT 4M ) ITERM COSTI2I

C IF EVERY PATH TESTE D AND INFIN ITE FLOW NOT PCSSI ØLE , COST12L
C GO ON TO LABEL ING PART (II). COSTI22

13 1:1+1 cosTL2e
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IF (I.GT .NA) GO TO 11 C05T123
-~~ GO TO 14 COSTI 23
• C CHANGE DESIGNATED ORIGINS. COSTLP 4

11 IF (J.EO.SOURCF) P 1  COSTI24

• IF (P.GT.M) GO TC 16 CO5T*25
C IF ALL LABELED NODE S HAVE BEEN SCANNED AND NC NEW NODES COSTI&5
C HAV E BEEN LABELED, GO ON TO LABELING PART (II). C05T126

J~~KOUNT(P) COSTIZ6 
-

p=p+i COST127
1=1 COSTI27
GO TO 14 

- 
COSTI2 8

• 15 IF(TEST3.GE .1) GO TO 404 COSTL28
WRITE (E,202) LAMBDA COST129

404 GO TO 999 COST I2 9
16 IF (TEST2.EC .1.OR.TEST3.GE.1) GO TO 405 COSTI3O

WR ITE (t.203) COST13O
C COSTI 3 I
C NEXT LABEL ING PROCEDURE COSTI3I
C COST 132 -

405 1=1 COSTI32 -

J SOURCE COSTI 33
C AGAIN , CHEC K ALL CONDITIONS FOR LABEL ING C0ST133
C IE. CHECK IF NODE IS ALREADY LABELED . IF ABA P (I,J)=0 , AND COSTI34

H C IF THE FLOW (I .J) IS LESS THAN ITS UPPER BOUND . COSTI34
20 IF (ORIG (I).NE.J) GO TO 24 COSTI3S

F j  ITERM= TERM (I) COSTI35
KN NK (I) COSTL36-
DO 25 K 1 , K N  C0ST136
IF (K .E Q.KP.) GO TO 27 COSTI37
IF(L.ABEL (ITERM).NE .0.OR .ABAR (I,K).NE.O .OR.FLOW (I.K).GE. COST137~

1 (C(I.NK (I)~~K )—C(Z.NK (I)—K+1)))GC 10 25 COST136~
DIREC (ITERM ) 0  COST138~

• C CAPACITY IS M IN OF PREV ICUS FLOW AND THE EXCESS CAPACITY COST 139~
CAP (ITERM) C(I ,NK(I) K)— C (I .NK (I)—K+1) — FLOW(I ,K) COST139~
GO TO 23 COST1 4O (

27 IF(LABEL (ITERM ).NE .O .OP.ABAR(I,K).NE.O.OR.FLCW( I,K).GE.INF ) COST140~
i - 

1 GO TO 25 COST 14 1~
C IF THE NODE HA S NOT ALREA DY BEEN LABELED , ABA R (I ,J ) 0. AND CO ST I4I1

- 
~~~~~~~ C THE FLO W IS LESS THAN ITS UPPER BCUND, PROCECE WIT H THE LABELING COSTI42I

- - j C OF THE NODE. COST142~
D IREC IITERM ) 0 C0S 11431
CAP (ITERM) INF C05T143’

23 LABEL (ITERM )- 1 C05T1444
ORLG2 (ITERM) J COSTI4AI
K1 (ITERM ) K  COST14SI
IF (CAP(ITERM).GT.CAP (CRIG(I))) CAP (ITERM)=CA P (OR IG (I)) COST145~
IF (TEST2.EC.1.OR.TEST 3.GE.1) GO TO 406 COST146~
WR ITE (6,204 ) ITEPM ,OPIG2 (ITERM ),KL (ITERM) ,DIREC (ITERM ) ,CAP (ITERM ) COST146I

C IF SINK LABELED , GO TO UPDATE PROCEDURE C0ST147~
406 IF (ITERM .EQ.SINK $ GO TO 21 COSTI47I

M M 1  -

KOUNT (M) ITERM COST148~
C CHECK IF ALL PATHS TRIED COST149~

25 CONTINUE COSTI49
GO TO 19 - COS TIS O

24 IF (TERM (I) .NE .J) GO TO 19 COSTIS6
IOR IG=ORIG (I) COSTISI
KN NK (I) COST1SI
DO 26 K 1 ,KN cosTis?
IF(LABEL ( IORIG).NE .O .OR .ABAR (I ,K) .NE .C .OR .FLOW(1.K).LE .0) COSTIS2

2 GO TO 26 COST1S3
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DIREC(IOR IG ) 1 COSTL53
CAP ((OPIG) FLCW (I .K ) - COSTI54
LABEL C IOR IG ) 1 COSTL5 4
ORIG2 (IOR IG)= J COSTISS
K1 (IOR IG ) K  C0ST155
IF (CAP (IORIG) .GT.CAP( TERM(I))) CAP(IOR IG)=CAP(TERM( I)) COSTIS6
LF (TEST2.EO.I.OR.TEST3 .GE.1) GO TO 402 COSTI56
WR ITE (6.204) IOR IG ,ORIG2 (ICPIG),K1(IOPIG) ,QIREC (IOPIG) ,CAP (IOQIG) COSTIS7

402 M M+ 1 C0ST 157
- 

- 
KOUN T(M) ICR !G COSTL58

- - 26 CONTINUE COST158
19 1= 1+1 COSTI59

IF (I.GT.NA ) GO TO 18 COSTIS9
GO 10 20 COSTIÔO

18 IF (J.EO.SCURCE) P 1  COST1 6O
IF (P.GT.M) GO TO 22 COSTI6I

- I J=KOUNT (P) COST 161
P=P+ 1 C05T162
1=1 COST 162
GO TO 20 COSTI 63

C COSTI63
• C NONBREA KTHROUGH HAS OCCUREO . DELTAS ARE FOUND AND UPDATING COST L 64

C MADE IN THE XNODES AND XAC’IS. COST1 6A
C - COST L 65

22 DELTA L :INF+ 1 COST I 65
DEL TA2 : INF+1 COST I66
DO 4 I=- 1 ,NA COST166
KN = N K ( I)  COST I6T
IF (LABEL (ORIG(II).EQ .1 .AND.LABEL (TERM (I)).E0.0) GO TO 1 COST167

C A l IS SET CF I LAFELEC AND J UNLABELED. COSTI 68
C A2 IS SET OF I UNLABELED AND J LABELEC. COSTI68

IF( L A B E L (C R IG( I ) ) .EO .0 .A N D .L A B E L(T E R M( I) ) .E 0 .1)  GO TO 2 COSTI69
-

~ GO TO 4 COST 16S
C FINDING DELTAI’S. COSTL 7O

1 DO 3 J 1,KN  COST 17 O
IF (ABAR (I ,J) .GE.0) GO TC 3 COSTLI1
IF ( ABAR (I,J) .LT .DELTAII DEL TA I=—ABAR (I,J3 COSTI7L

3 C O N T I N U E  C O S TI ?2
GO 10 4 COST 172

C F INDING DELTA2 ’ S  COST 173
2 DO S J 1 ,KN C0sT173

IF (ABAR (I.J).LE.O) GO TO 4 COST17A
IF (A BAR CI, J ).LT .OELTA2) CELT A 2= ABA R(I, J) COSTI74

5 C O N T I N U E  COSTI75
p 4 CONTINUE COSTL75

C DEL M IN (DELTA I ,DELTA2 ) COSTL 76
DEL DELTA 1 COSTIT6
iF (OELTA2 .LT.OEL ) OEL DELTA2 COST17I
LAMBDA LAMBDA— OEL COST 171

C UPDATING TIE XNODES . C05T178
IF (TEST2.EC.1.OR .TEST3.GE.13 GO TO 407 COST1?8
W R ITE (6,20E) LAMBDA COSTI79

407 IF (TEST3.F0 .2) GC TO 721 COST1 7~
DEL TA= LAMBDA + DEL COSTI8C
W R IT E (6,209) DEL.DELTA .LAMBDA .DELTA COSTISC

• 121 IF (TEST2 .EO .t .OR .TEST3.GE.1) GO TO 408 CQ ST1BL
WR ITE(6 ,207) - COSTI~~1

408 DC 80 I=1 ,NN COST18~
I NODE XNODE (I) COST18~
IF (LABEL (I).EQ .0) GO TO 81 COSTI~~

4 IF (TEST2.EO .1 .OR.TEST3.GE.l) GO TO 409 COST18~

_  -_ _
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WR ITE(6 210) I,INODE COST184~

409 XNODE (I)-=INOOE COSTIB4I
GO TO SO COST 18~~I

•1 81 IF (TEST2.EO ,1.OR .TEST3.GE.1) GO TO 410 COSTI85I
WR I TE(6.211) I.!NODE COSTL8SI

410 XNQDE (i)=INODE—DEL COSTIabI
80 CONT I NUE 

- CO ST1 8 7I
IF (TEST3.EO .2 ) GO TO 722 COSTI88I
W R ITE(6,212) DELTA C0S71681

722 PCOST O. COSTL89I
DO 82 1 1.NA COSTIB9I
IP (I ) 0 COSTI9OI
PCOST1 0. COST19OI

H NKM I NK (IP—1 COSTI91 (
I ACT TIME (I.HK (I)) COST 19II
IOR IG=OR IG (1) COST192~
ITERM TERM (I) COST192I

H IDIFF XNODE (ITERM)—XNODE (ICPIG) COSTI93I
XD IFF (I )~~~IDIFF COST1 93I -

IF (IDIFF.GE .IACT ) GO TO 86 COSTI94I -
XACT(I) ID IFF COSTI9 4I -

00 550 K 1,NKMI COSTI95~
IF (K.NE .i) GO TC 43 COST 1951 -

X IJ=XACT ( I) COSTI96( 
-

IF (X IJ .GT.TIME (I,2J ) XIJ=T1145 (I ,2) C0ST196! -

FLAG 1 O COST 197(
GO TO 42 COST197C

43 XIJ XA CT( t ) TIME(I,K) COSTJ9B( -

IF (XIJ .LT.0) GO TO 552 COST19Sr
IFIX IJ .GT .(TIME (T ,K+1)— T IME (I ,K))) X IJ=T IME II,K -I1)— TIME( I ,K) COSTI99 (
FLAG 1- 0 C0ST19951
GO TO 42 CDST20O0~

552 FLAGL 1 COST2005’
FLAG2=K—1 COST 2010
GO TO 553 COST2 OI5

42 PCOST1=PCOST I+C (T.K)*XIJ COST2O2O
550 CONTINUE COST2O2S
553 KCOST=COST (I ,I)+C (1 ,I)*TIME(I,1) COST2O3OI

ACOST=KCOST— PCOSTI COST2O~~5
PCOST=PCOST+ACOST COST2O 4O
IF (TEST3.E ~~.2) GO TO 62 C0ST2045
IF (LABEL(IORIG)—LABEL (ITERM)) 83,84.85 COST2OSO

83 ID1FF ID IFF—DEL COST2OSS
IF(FLAGI.EO.1) GO TO 59 COST2O6O
ACOST ACOST + C (I,NKM1)*DEL C0ST2065
IP(I) 1 COST2O7O
W RL TE (6.214) I,ID IFF ,ACOST ,C (I,t-IKML) COST2O7S
GO TO 82 COST2060~

59 ACOST ACOSI+C(I ,FLAG2)*DEL COST2O8S
IP I I )~~1 COST2O9O
W PITE (6,214) I,IDTFF,ACOST.C (I .FLAG2 COST2O95~
GO TO 82 COST2IOO

-

• 

~4 WRI TE (6,2161 t ,XACT( t),ACQ ST COST2IO5-
GO 10 ~~ COST2110~

85 IDIFF IDIPP+DEL COST21L5~
IFIFLAG1 .EC.1 ) GO TC 58 cosT2l2o
ACOST ACOST — C(I,NKN1)*DEL C0ST2125

— 

- IP (1)~~2 COST2I3O
WR I TE(6,213) I,IDIFF ,ACOST ,((1,NKML) COST2I3S
GO TO 82 COST2I4O

- • 58 ACOST= ACOST—C (I,FLAG2)*DEL COST2I4S -

_______________ ~~~~~~~~~~~~~~~~~~ 
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IP(I)=2 COST2I
W R ITE (6,213) I,IDIFF ,ACO$T,C (I,FLAG2 ) COST2I
GO TO B2 C05T2 1.

86 X ACT II)= IACT COST2I
DO 551 1 C 1  .tIKM I COST2I
IF (K.NE .1~ GO TO 45 COST2L
XIJ=XACT (I) COST2I
IF (XIJ .GT .TIME (j,2 )) X IJzT1ME(I,2) COST21
GO TO 46 COST2I

45 X IJ=XACT( I)— TIME( I.K ) COST2I
IFIX IJ .LT.C) X IJ= O COST22
IF (X IJ .GT. (TIME ( I ,K+1)— TIME (I,K))) XIJ TIME( I,K+ 1)— T IME (t ,K) COST22

46 PCOSTI=PCCST1+C (I,K)*XIJ COST22
551 CONTINUE C05T22

KCOST CCST(I,1)+C (J,1)*TIM E(I,1 ) COST22
ACOST=KCOST— PCOSTI COST22
PCOST=PCOST+ACOST COST22
IF (T E S T 3 .EO .2 )  GO TO 82 COST22
WR IT E ( ( , 2 1 6)  I . X A C T ( I ) ,A C O S T  C0S122

82 CCNTLNUE CO ST 22
IF (T E ST 3 . E Q.2 )  GO IC 723 COST 22

• PCOST1 PNEW COST22
PNEW= (FCCST ~~PNEW)/DEL COST22
WR ITE (6.224) PCCSII,PP4EW COST22

• 723 PNEW PCCST COST22
IF (TE ~~T3 .NE.0.AND.LAMEDA.LE .LINPUT ) GO TO 703 COST22

C RESET LABELS 10 0 AND PEFIGURE ABARS . COST22
C THEN START CVER . COST22

00 87 I=1 .NN COST22
LABEL (I) 0 COST22

87 C O N T I N U E  COST23
IF (TEST2.EQ .1.OR.TE ST3.GE .l) GO TO 420 COST23
WRITE (6 ,226) (J ,J 1 . 1 1 )  COST23

420 DO 88 I= 1 ,NA COST23
NKM L NK (I ) 1  COST23
DO 500 K 1  ,NKN 1 COST23
J NKM1+ 2—K COST23

- -, 

500 ABAR( I,K I=T IME (I,J )+XDI FF(I ) COST23
ABAR (I,NK (I))=TIME(I , 1)+XO IFF(I)
IF (TEST2 .EO.1.OR .TEST3.GE .1) GO TO as COST23
NK 1-=NK (I ) COST23

I • WR ITE(~~.227 )I,(ABAR (I,J) ,J=1 .Nlc1 ) C0S123
88 C O N T I N U E  COST23

IF (LAMBDA.LT.L. MII ) GC TC S98 C05T23
GO TO SS C0ST23

COST2 3
C UPDATE THE FLOW AF TER eREAKTHP0uGPI . COST23

COST23
21 IF (TEST2 .EC.1.OR .TE ST3.GE.1) GC TO 34 COST23

WR ITE (6.205) 
- 

COST23
34 FLOW (t ,K l (ITERM )) FLOW( I ,K1 (ITERM ))+CAP (ITERM) COST24

C IF D IREC 0 THEN CAP ACDEO TO FLOW, COST24
C IF DIRIC  =1  TI-EN CAP 15 SUBTRACTED. COST2A

30 ITFRM ~~ti R I G 2 ( I T F R M )  - CO ST2A
C CHECK IF BAC K A l  5OURCE . COST24

IF (ITERM .EC.SOUPCEI GO TO 3~ COST24
C FIND WHERE FLOW CAME F~~ON. COST24

I N A  COST24--
32 I=I 1 COST2A

L IF (ORTG(I) .E0.0R1G2( ITFRM ).APD .TERM( I).EC.ITERM ) GO TO 31 COST24 ,
GO TO 32 COST24
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C CHECK IF DIRECTION OF FLOW IS POSITIVE OR NEGATIVE, COST245
C ALSO CHECK IF CAPAC ITY IS INFINITE . C0ST246

H 31 IF (CAP(ITERM).EC .INF ) GC TC 33 C0ST246
IF (DIREC (ITERP4).EO.0) GC TO 34 C0ST2474
FLOW (I.K1(ITERW) )=FLOW( I,K 1 (ITERM))—CAP (ITERM) C0ST2474
GO TO 30 COST2~ S4

- 
- 

C RELABEL AND START OVER . COST24B~
33 IF (TEST2.E0.1.OR .TEST3.GE .1) GO TO 415 COST24SI

00 560 I= 1 ,NA COST249~
NK 1 NK (I) C0S12501
DC 560 K 1 ,NKL COST2SO’

560 WR TTE ( -6,220) t,K,FLOW (I.K) COST251 (
415 DC 9$ 1 1 . N N  COST25I’

LABEL( I )=O COST 252(
98 CONTINUE C0ST252c

GO TO SS C0 S T 2 5 3 (
C PROGRAM TERMINATES WHEN EVENTUALLY AN INFIN ITE FLOW IS ACHIEVED COST25 3~
C FROM THE SCURCE TO THE SINK. OR WHEN THE VALUE OF LAMBDA DROP S COST25AC -
C BELOW THE M I N I M U M  LENGTH CF THE P~ETWCPK . COST254~
998 IF (TEST3.NE.O) GO TO 9c9 C0ST255C

WR I TE (E,202) LAMBDA COST25S!
GO TO 999 COST25~~C -

705 WR ITE (6.233) LINPUT ,LMI N COST256~
GO TO SSS COST257C

704 WR ITE(6 ,236)  L INPUT,LMAX COST2St ? f
WR ITE(6 ,238)  LINPUT COST2 S8C
0=0 C0ST258C
DO 60 I=1,NA COST259C

60 IP(I) C COST 259f
GO TO 707 COST 26OC

703 WR ITE (E .234) LINPUT COST26O~
706 wRITE (6,23e) LINP IJ T COST26LC

D=L I NPUT—L AM B CA COST26IS
707 PCOST=O. COST262C

00 57 1 1,NA C0ST2625
IF (IP (I),EC.1.sIND .O .GT.0 ) XACT( I)=XACT( 1)—D COST263C
IF (LP(I).EO.2 .AND .D.GT.0) XACT( I)=XACT (I)+O COST26 3~
PCOST1=0. COST264C
NKM1 =NK (I)—1 COST264~
DO 51 K 1.NKM 1 COST265C
IF(K.NF .1 ) GO TO 52 C0S72655
X IJ=XA C T (I) C0ST2660
IF (XIJ .GT.TIME( I,211 X IJ TIME (I.2) C0ST2665
GO TO 53 CO S T2 6TC

52 X 1J=XAC T (II TIME (I .K) C0ST2675
IF(XIJ .LT.0 ) X IJ= 0 C0ST2680
IF (X IJ.GT .(TIME (I ,K+1) TINE(I.K))) X IJ TIME (1 .K + I)— TIME (I,K ) C0S12685

53 PCOSTL=PCOST I +CII ,K )*X1J COST26SO
51 CONTINUE - C0ST269E

KCOST COST (J,1)+C (I ,1)*TIME (I,1) C0S12700
ACOST=KCCST— PCOST1 C0ST2705
WR !TE (-6 ,21-e ) I,XACT(1) .ACOST - COST27IO

- 

- 57 PCOST=PCOST+ACOST COST27IS
WR ITE (6,235) PCCST C0ST2720

999 WR I TE (6,225) C0ST2125
STOP C05T2T30

100 F ORMA TU 4,IX ,I4,IX,I1 ,LX,11 ,LX. I4.1X ,14 .1X .I1) COST2T35
- - 150 FORMAT (’—’,’THE NUMBER OF NODES IS ‘,I 4 ,’.’,/.LX.’TF-IE NUMBER OF ACCOST2T4O

IT IV I T I E S  IS ‘.14,’.I ,/,1X, ITt-sE SCU RCE NODE IS NUMBERED ‘.1 4,’ AND C0ST2745
2THE SINK NODE IS NUMBERED ‘,I4,’.’,/.’—’ ,’ 4* NCDES: *4’) COST2750

151 FORMAT (’O’ ,lfX , ’K’,7x ,g(3x ,14,5x )) C0ST2755
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15 2 FO R N A T ( ’— ’ ,’ *4 ACT IV ITIES: **‘,//,6X.’I ’ ,7X ,’XACT’ .6X,’OREG’ ,3X .COST2T
I’TERM ’ ,4X , ’J’.6X. ’TINE ’,SX ,’COST ’,1 4X .’C’,13X .’ABAR ’) COST27i

15 3 FCRMA Tf ’ ’ ‘ ,3X.14,3X .II0 ,3X,[4 .3X ,14,(T39,I2,3X ,I1O,3X ,I10,3X, COST27
t E 16 .5 . 3X , 1 1 0) )  COST27’

1 54 FORMAT ( ’— ’ , ’TH E ENTIRE PROJECT COST CURV E IS GOCNG TO BE OETERMINECOST27 I
10. ’) COST27I

155 FORMAT (’—’,’TI,E OPTIMAL ACTIVITY COMPLETION TIMES FOR A SPECIFIED cOST 27’
IPROJECT DEADL INE TIME = ‘,IlO , ARE GCING TO BE DETERM INED .’) COST21~

156 FORMAT (’ ‘,T39,12 .3X.I10,3X ,I10.22X,I10) COST2SC
157 FCRMA T I’O ’ , 4X , ’I tII TIAL XNODE(K) ’.3X. COST2SC

l9 (II0 ,2X)) C05128 1
200 FORMAT (’O’ ,’LA MB DA PROJECT COMPLETICN TIME ’.//. C05T281

• I )X, ’THE START I NG V ALU E CF LAMBD A IS ‘,IIO. ’.’,// C0ST282
2 ,IX. ’THE CORRESPONDING TOTAL PROJECT COST IS ‘.E16.5. ’.’)C 0ST282

201 FORMAT (’O’ ,’TI IE NODE ‘.14.’ HAS THE LABEL (‘.14,’.’.I4.’.0.INF). ’)C05T283
202 F 0RMAT- (’O ’ ,~~///-.3OX ,’* * * * *‘ .,i l i i, ix ,  C0 ST2 83

I ‘THE SINK WAS REACHED WITH INFINITE CAPACITY IMPLYING ACOST2S4
IN INFEASIBLE SOLUTI ON TO TNt PRIMAL PRCBL EM ,/,20X ,’IF LAMBDA DPOCOST2S4

- 
- 2P5 BELOW ITS CURRENT VALUE, ‘.11 0.’.’) COST28S

- - 203 FORMAT (’ ’.’THE S INK HAS NOT BEE P-S  REACHED W ITH INFINITE CAPACITY —COST2S5
- - I CONTINUE WITH THE LABELING PPOCESS.’,/ ,1X . ’THE NODES THAT HAVE COSu28 6

I 

- 2SEEN LABELED W ILL RETAIN THAT LABEL FOR THE REMAINDER OF THE ITERACOST286
3TION .’) COST2B7

204 FORMAT (’O’ ,’THE NODE ‘.14,’ HAS THE LABEL (‘,14.’.’.I4.’.’.14.’,’.COST2B 7-
1E1 6.5,’).’) C05T288

205 FORMAT (’— ’.’BREAK THROUGH : UPDATE THE DUAL VARIABLES.’ COST288~
1.///.1X ,’ ACTIVITY •: t’ ,3x.’J’,9x, ’NEw FLOW : F (I,J)’) COST2B9I

206 FORMA T (’—’ ,’NONBREAKTHROUGH : UPDATE THE PRIMAL VAR IABLES ;’,/.IX , COST2SS
I’I.E. DETERMINE OPTIMAL ACTIVITY TIMES FOR LAMBDA = ‘.110,’.’) COST2S O

207 FORMAT (’ ‘,‘ NODE : K’,SX, ’NEW VALU E XNODE (K)’) CO5T29O~
209 FORMAT (’— ’,’DELTA (REPRESENTEC BY ~0”) RANGES FROM 0 TO’ COST29L’

I ,14, ’.’./ ,lX , ’LAMBDA RANGES FROM’ .IIC , ’ TC’.IIO , ’.’, COST291’
2 / ,1X , ’THE MI N I M U M  COST PROJECT SCHEDULE FOR PROCOST292(
3J EC T OFADL INE • .ii0 .’—D :’i C0ST292!

21 0 F ORMAT (’ ‘.7X .14.12X.I1O ) COST2S3 (
211 F ORMA IC’ ‘,7X .I-4,12X. I10 ,’—D ’) C0ST293’
212 FORMAT (’—’ .’PROJECT COMPLETION TIME = ‘,lI0, ’~~D.’,//,1X. C0ST294 (

1 • ACTIVITY a : I’ ,3X , ’NEW VALUE: XA C TII )’.SX , ’ACTIV ITY COC0ST294~
2ST’) C05T29 5(

213 FORM AT (’ ‘.5X.I4.12X .I1O ,’—D’,SX ,E16.5, ’ + (‘.E1 3.5,’*D)’) COST29SC
214 FORMAT (’ ‘.5X .14,12X ,I1O. ’+D’ ,SX ,E1 6,5,’ + (‘,E13.5,’*D)’) C0S1296C
216 FORMAT ( ‘.5X,1 4 ,12X ,I1O .11X .E1E.5) C0ST296’
220 FOR MAT (’ ‘,12X ,1 4,2X ,I2 ,7X,E16.5) C05T297(
224 FORMA T (’O’ ,’THE CURRENT VALUE CF THE PROJECT COST IS ‘.51 6.5, COST2S7C

1. + (‘,E1 3.E, ’*O ).’) C0ST298C
225 F ORMA T (’—’ ,’*** ITERAT ICIl MJMBEP ’,16,’ *4*’)

226 FORMAT (’ ’,’NEW VALUES OF ABA P FCR J=1,2 ,....NK (I)’,//,6x ,’I’ ,3 X. COST2S9C
1’J :’ .11 (5X ,12 ,3x)) COST299~

227 FORMAT (’ ‘,2 X ,I-4 ,7X ,11 (18 ,2x 1) COST300C
228 FORM AT (IH1 ) COST3O 0~
23O FORMAT (14 ,IX. 14.1X.I2 ) COST 3OIC
231 FORMAT( 8I10 ) C0ST3015
232 FO R M A T I I 1 O )  COST3O2C
233 FORMAT (~~~’,’TH E SPECIFIED VALUE CF LAM BDA, ’.IlO. ’.IS LESS THAN THECOST302~

1 MINIMU M VA LUE ,’.tlD , ’,IMP LYZNG AN I NFEASIBLE SOLUTION .’,//,)X , COST 3’)30-
- 2’TH E PROBLEM W I L L  NCT BE W O RKED. ’ )  C O S T 3 0 . ~~
234 FORM AT( ’l’ ,’THE SPECIFIED VALUE CF LAM BDA .’.IlO . ’,NA S BEEN REACHEDCOST 3O4O

1.’) COST 3O4S-
P 235 F ORMAT (’O’ . ‘THE SOURCE HAS A VALUE CF ZERC .ANO IS ASS IGNED THE COST3O5C

3LABEL ( ,, . I NF).’.// ) COST 3OSS
236 FORM AT (’~~’.’ThE SPECIFIED VALU E CF LA M B D A ,  •.I1O . ’,IS GREATER THANCOST3O 6O
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I OR EQUAL TO THE MAXIMIJM VALUE , ‘.Eto,’;’,~/, COST3O6~
1 IX,’THEREFORE, THE ORIGINAL COST3O7C
2XNODE(K)’’! AND XACT(I)’’S ARE CPTI~~AL .’) COST307~

237 FORM AT(’ ‘,‘** WARNING: ACTIVITY NUMBER ‘.14. ’ HAS A NON—CONVE X CC0ST3OBO
lOST FUNCTION;’,,,12x,’IE. THE C(’.14. ’,M )’’S ARE NOT NON~~INCREASIP4(OST3O8C
2G.’) COST3O9O

238 FORNAT (’ ’,’FCR PROJECT COMPLE TION TIME ~ ‘.110.’, THE OPTIMAL SOLCOST3O9~
1UTION is:’.,,,ix, CDS1 3100
I ‘ ACTIVITY a: 1 ,3X,’NEW VALUE: XACT (I)’.9X.’ACTIVITY C0COST31OS
2ST’) COST3IIO

239 FORMAT(’— ’,’ThE CORRESFCIDING PROJECT COST IS ‘.E16.5,’.’) COST3II5

H E~~D COST !120
SUBROUTINE CRDER C0ST3125

C COST3 13O
C THIS SUBRCUTINE CETER~~INES THE ORDER IN WHICH TO CONSIDER ’ COST3I3S
C THE ACTIVITIES FOR THE CALCULATION OF THE CRITICAL PATH TIME COST3I4O
C DIMENSIONS: C0ST3145
C NA=M= THE t~UM8ER OF ACTIVITIES IN THE NETWORK COST3ISO
C NN=N= THE NUMBER OF NODES IN THE NETWORK C0ST3155
C ORIG (NA),TERM(NA),AORO (NA),CTIME(NA),XNODE(NN),ND(NN),NDD(NN), COST3I6O
C T(NE(NA,MA ~~),NK(l~AX ) C0ST3165
C COST3IIO

H I MPLICIT INTEGER*2 (A—Z) C05T3175
COMMON TIME,CTIME.XNCDE .ORIG.TERM,AORO .NK,NN .NA,LMIN,LMAx,TESTI COST3IBO
DIME NSICN ORIG (3000),TERN(3000).AORD(3000) ,CTIME (3000), COST3IS5
1XNODE(3000),ND(3000),NDO(3000),TIME (3000,tJ),PK (3000) COST3I9O
N N N  C0ST 3195
M N A  COST !200
NDD(1) 1 CC’ST3205
DO 5 1=2,N COST32IO

5 NDDCI )=O C0ST3215
DO 6 I=1,M C0ST3220

6 A ORD (I)=O COST3225
K 0  C0ST3230
MP M+ 1 C0ST3235
DO 1 11 1,MP C0ST3240
DO 20 I=1,N C0ST3245

20 ND(I)=NDD(I) COST32SO
111=0 COST32~~5
1P 11+1 C05T3260
DO 2 J=1.M C0ST3265
LF (ND (ORIG (Jfl.NE.LI) GO TO 2 COST32TO
NDD(TEPM (J))=IP C0ST3275
111=1 C0ST3280
IFLK .E0.O) GO TO 14 C0ST3285
DO 10 L 1 ,K  COST329O
IF(AORD(L .).EQ.J) GO TO 11 C0ST3295

10 CONTINUE COST3300
14 K K+ 1 C0ST3305

GO TO 13 C05T3310
11 IF(L.EC.K) GC TO 2 COST331S

KM.~K 1  C0ST3320
DO 12 LL~~L,KM C0ST3325

12 AORD(LL)~~ACRO (LL+1) C0ST3330
13 AORD(K) J C0ST3335
2 CONTINUE COST33IO

IFIIII.E0.0) GO IC 3 C0ST334&
1 CONTINUE COST33SO’
3 CONTINUE COST33!!

00 30 1 1,NA C0ST3360
30 CTIME (I)=TIME(1,t) C0ST3365
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LMIN~ CPTIME(CPATHT) COST33~
00 31 I=1.KA COST33~

* 
NK1 NK(1) COST33I

31 CTIMEI I)TIME (I,NKl ) COST33I
LMAX CPTIME (CPATHT) COST33I
RETURN COS1339
END COST34C
FUNCTION CPTIWE (CFATHT.) COST~~4C¶ c COST34I

C DETERMINE THE CR ITICAL PATH TIME: CPTIME COST34I
C XNODE(1) = EARLIEST TIME THAT AN ACTIVITY EEGINNING AT NODE I COST34~.
C CAN COMMENCE COST342
C DIMENSIONS: COST3A 3
C N A M  THE NUMBER OF ACTIVITIES IN THE NETWORK C0ST3431

F C NN=N THE NUMEEP OF NOCES IN THE NETWORK COST344i
C ORIGINA ),TERM (NA ),AORD(NA),CTI$E (p&A),XNODE(pffi),ND(NN).NDD(NN), COST3AAI
C TIME (NA,MAX),NKIMAX ) COSI3AS
C COST !45

IMPLICIT IP4TEGER*2(A—Z) C0ST3461
COMMON TIME,CT I~~E,XNODE,ORIG,TERM, AORD .NK ,NN,NA,LNIN,LNAX,TESTI C05T3461
DIMENSION ORIG (3000),IERWI3000),*OPD(30001,CTIME (3000), COST~ 47
1XNODE(3000),ND(3000),NDD(3000),TIME(3000,ll),Mc(3000) COST347!
DO I 1 1,NP~ COST34 8~

1 XNODE(I) 0 COST34SI
00 2 II=I,NA C0ST3491
I=AORDIII ) COST349I

2 IF(XNODE(ORIG(I))+CTIWE (I).GT.XNODE(TERM (I))) COST3SOI
1 XNODE (TERM (I))=XNOOE (CRIG (I))+CTIME (I) COST35OI
CPTIME XNCDEINN) COST35II
RETURN COST3SII
END COST~~52I

*
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