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FINIT [ -LLE MENT ANALYS iS 01 LAMINATED COMPOSITE-MATERIAL PLATLS

J. N. Reddy

School of Ae rospace. Mechan ical and Nuclear Eng ineerin q
The Uni ve r sity of Oklahoma , Norman, OK 73019

SUMMARY

A f in i te -element formu l at ion of the equations govern i ng the la minated

an isotropic plate theory of Yan g,  Norris and Stavsky is presented. The

theory is a qeneral i :at ion of Mindlin ’ s theory for isotropic plates to

laminated anisotropic p la tes and include s shear de fo rmation and rotary in-

ert ia ef fects .  Fl ni te- ele ment so lut ions are presented for rectang ular p lates

of anti syinmetri c ang le —p l y  1 ami nates having material propert i e’~ t h a t  are

typical of a high ly anisotropic composite mater ia l .  Two sets of niatt ’rial

properties that are typical of advanced fiber-reinforced compos ites are used

to show the parametric effects of plate aspect ratio, length—to-th ickness

ratio , number of l ayers , and lamination angle. The elem ent is also employed

to study the bending of laminated , anisotropic bi lil odu lus-material plates .

Results are presented for single-layer and two-layer cross-ply rectan gular

plates subjected to sinusoidal loading.

The report a lso presents a C~ f ini te element for the von Ka rman equa-

tions of thin elastic plates . The slope-displacement relations are treated

as constraints using the so-called pena l ty method of Courant. Th e resulting

elemen t conta i ns th e tran sverse defle cti on and two slo pes as nodal degrees

of freedom. By selecting an appropriate value of the pena lty parailieter .

solutions for thin as well as thick plates are obtained. Numerical results

are presented for rectangular plates with various edge condi tions.



2

1. INT RODUCTION

The classical thin-plate theory assumes that normals to the midsurface

before deformation remain straight and no rma l to the midsurface after de-

fo rmation , imply ing tha t the transve rs e shear de fo rmations are negli gible.

As a resul t the free vibration frequencies calculated using the thin -plate

theory are higher than those obta i ned by the Mind lin plate theory [1], which

i ncludes transverse s hear flex ibi lity and rotary i nert i a effects ; the dev i a-

tion increases wi th increasing mode number. The transverse shear effects

are even more p ronounce d , due to the low transverse s hea r modul i rela ti ve

to the in-plane Young ’s modul i , i n the case of fi lame ntary compos it e p lates .

A reliable prediction of the response characteristics of high -modulus corn-

posite plates requires the use of shear deformable theory .

A number of shear deformabl e theories have been proposed to date. The

fi rst such theory for laminated isotropic plates is apparently due to Stavsky

[2]. The theo ry has been gene ralized to lami nated anisotrop ic plates by

Yang, Norris and Stavsky [3]. A good review of various other theories (e.g. ,

[4 ,5]) can be found in [6]. It has been show n (see , for example , [5-8]) that

the Yang-Norris—Stavsk y (YNS) theory is adequate for predicting the flexura l

vibration response of l aminated anisotropic plates in the first few modes .

Whitney and Pagano [9] applied the YNS theory to the cylindrical bending

of an tisyrnmetric cross-ply and angle-ply plate strips under sinusoidal

la ding and free vibration of antisyrnmetri c angle-ply plate strips (see also

[10,11]. More recentl y, Bert and Chen [12] presented , using the YNS theory ,

a closed-form solution for the free vibration of simply supported rectangular

plates of antisymetri c angle-ply laminates .

While considerable effort has been expended in the finite-element vibra-

tion analysis of isotropic plates , only limi ted investigations of l aminated

_______________________ _ _ _ _ _ _ _ _ _ _
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an isotropic plates can be found in the literature [13-16]. Exploiting the

symmetries exhibited by anisotropic plates , Noor and Mathers [13 ,14] studied

the effects of shear deformation and anisotropy on the accuracy and convergence

of several shear-flexible displacement finite-element models based on a form

of Rei ssne r ’s p late theory. The analys i s was lim i ted to symmetr i cally lami-

na ted cross-pl y plates . In [15 ,16] vibration of only cross-ply l aminated

p la tes was consi dered.

All of the plate bending elements based on the displacement type formu-

la tions are algebraically complex (require C ’-continuity ; see Kawa i and

Yosh imura [22]) and are computationa lly too expensive to use in nonlinear

ana lyses. Several C° eleme nts have been develo ped in the las t decade i n

the interest of computational efficiency in large nonlinear problems . These

inlcude the so-called mixed finite elements (see, Hermann [23], Nemat-Nasser

and Lee [24], Kikuchi and Ando [25], and Reddy and Tsay [26]), and elemen ts

based on the discrete “Kirchhoff hypo thesis ” of We mpner , Oden and Kross

[27] and Fried [28], and on the “reduced integration ” techn iq ues of Fr ied

[29], Zienkiew icz and Hinton [30], and Hughes , Cohen , and Haroun [31]. In

these works only linear plate bending problems were considered.

The purpose of the present investigation is two-fold: to develop a f inite-

element model based on Yang-Norris-Stavsky (YNS) theory, and to present a

penalty -fini te element that treats the slope-displacement relations as con-

straints . The relationship between the pena l ty formulation and Reissner-

Mindli n thick -plate equations is established. Numerica l results are presen ted

for free vibrat ion of antisymetri c , angle-ply laminated-composite plates

(based on YNS theory), and for nonlinear bending (based on von Karnian theory)

of thin plates . Results are compared with the closed-form and other approxi-

mate solu tions .
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Following this introduction , we review the equations of the Yang-norris-

Stavsky theory , and present an associated variational formulation , which is

required for the finite-element mode ling .

2. GOVERNING EQUATIONS ~AND VARIATIONA L FORMULATION

Consider a plate of constant thickness h composed of an even number

of thin an’i sotropic layers oriented alternate ly at angles and -
~~~ . The

origin of the ccordi nate system is located at the middle plane of the plate

wi th the z-axis being norma l to the mid-plane . The material of each layer

is assumed to possess a plane of elastic symmetry pa rallel to the xy-plane .

We shall denote the middle plane with ~~.

The YNS theory is based on the following assumed displacement field:

u = u0(x,y,~ ) + : 
~~~~~~~ r

v v0( x ,y,~~ + z ~~~~~~~ (1)

w w(x ,y,f)

where u, v , and w are the displacement components in the x , y and :-directions,

respecti vely, u0 and v0 are the in-plane (stretching) displacements of the

middle plane , and and .

~~~ 

are the shear rotations. Reca lling the strain-

displacement equations of linear elasticity , we have

3u av
C = 2. 

~ z 
___2

~ ~~2. + z ~~~~~~ ox 3x ~x 
‘ y ~y ~

y ‘

~u ~v
= _....2. + + - (—

~ 
+ —

~
) (2 )‘ ‘V ~Y ~X 

~
y x ‘

Y 2 .
,~ ‘( * • ~)xz x ~x 

‘ yz y ~y
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The laminate stt finess es 
~~~~~~~~ 

~~~~~~
. , and are  ~i ‘. r ’~ ~~

~~~~~~~~ , = I

~t /2  
~~~ - 

~ô)

A~~ • k jj ~~~~1; dz ( i ,J = 4 ,5)

The st i  ffness c~e f t i c i  ents Jepen~i 3ri t !ie :~a te r ia l  pro:~erti es and

o r i e nt a t ’o n  ~f the ‘i~— t f l  Ia ’,er . T’~e ~~-a’~’ete -s ~ - a’e t ’~e snear L~ rrect1 , ”

C~er’ ’~ 1ents. ~1~ ’ t ~~ t r a t  f .,ir a n t i~~, ’~r’et : - i C  l a H 2 a t LSs 
* c~e -n cient s ~~, - * , 

‘ ‘ —  *‘0  

~ ,, • ,  ~rij  a.,, ,  ~~~~ i J e f l t i c a l i .  ~~~~~~

In tne absence ~f bad ’, f orces , tne equat ions ~f :,~t io n ass ~’c i at ea

the ~‘,S theoi ’. are ,see [
~~~S \  

*

~N 1 3 N -
+ . _ p -

~
--•
~3x :-v

~N0 — ‘ V

~Q “Q 2

3M 3M
-J -+ -~±~~Q = I _ x.
3x 3y x

)M~ 3M,.,
+ —~- -3’~ ~y y

.~nere o and I are the norma l and ratar’- iner t ia  Ccef ~~ic i e n ts ,

t/2
S

(p, I)  • ~l ,: 
‘~ -

being t~e rnat~rial densi~ . of tnê pla:e ~aat’ ~“ ia~ -iticai la ers ’ .

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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W i t h  the finite-element discreti .~ation in mind , we give a variational

form of the equations in ( 7 ) .  The kinetic energy and the strain energy

associated with the problem are ,

T = 
~
- p[(~~) + (-

~~
) (

~~~
) ]  + I[(•~~ -) + (

~~~~
) ]

~ 
J-\ d~

(9)
t/.,

2 ~ ij  ij  ‘ 
- •

-t/2

Using equations (2) and (4), one can e~oi ’ess the st ra i ’ i  ener r ,y in te n~s of

the displacements and the slope functions as

~u 2 3u ~u ~u 2 3u 3vu = 

~“~l l  ‘ °
~ + 2A 16 —~-P_ .~~0 A 66 (-—- ~-) + _—~~~ (A 12 -~-

,
-~~ A 16 ~~~

-°-)

+ °~~A 0 + A  O \~~~ ° ‘A °+ A  0
‘ 12 ~x 26 ~y 

I, 26 .~y 66 3\

3v C •~v .~v+ 0 ’A —~~+ A  —~-~~+ A  ~ 
O~ +~ ‘A ~ 0

~
‘ 16 •‘x 66 .~y ‘ 26 3y 3x

~- A66(-~ °) + -
~
-
~~
° (811 ~~ + 816 + ‘

~l2 
~~~ 

+ 816 ~~~

+ (—2- + O )( B X + 866 —~2~- + 826 •
:~

—
~~

- + 866 ~
-
~~

)

+ 
~~~~

— (6~~,, 
~~ 

+ 8 26 ~~~ 
+ 8

22 ~~ 
+ B,, -_-~ 1 + _

~~ ~~~~~~~~ 

~~~u+ B —~ + B + B + I _—~~. + —Yi ~B —p- + B --— p16 3y 12 3y 16 3x ‘ ‘~ v ~x ‘ 16 ~x 66 ~v

+ B25 ~~ + B56 
~~0 ) + 

~~~~~ 
(B~~ 

0 + 826 + 822 0

+ B26 -~-~°) + A 44 (
3w

)
2

+ 2A45 ~~ ~~~÷ A 55 (
3W )

2

+ ~~~~
- 
~~~~~ + A45~~) + 4~ (A 45 ;. +

+ 1A ~~ + A  3w
~~+ A L~~~~+ ,\ ~W

‘x ’ 45 ~y 55 ax ” ~~ 44 ~y 45 ~x

_ - • • -~~~~~~ •- •~~~~~~~~ - - -.~~~-•-
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+ 066 (
7~~~ 

+ A 55
2
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~~

-

~~

- (D~~ ~~ 
+ 2016 —i-) + 

~~~~~~~ 
(0~~ 

—__
~
- + 2026

_.
~~

-) (10)

+ 2066 ~T ~~~~~~ 

+ 2A45 ~
‘x”y + 022 ~~~~ 

+ 2026 ~~ ~~
~ 2

+ 066 ~~~~~ 
+ A44 

2~ dA

It can be verif ied that the fi rs t variat ion of the Lagrangian functional , L 1—V

(i.e. Hami l ton ’s principle) leads to the equations of motion (7) expressed

in terms of the displacements and slope functions. Here V denotes the total

potential energy (i.e. sum of the strain energy and energy due to applied

loads) of the plate . • 
-

3. FINITE —ELEMENT MODELS OF THE YNS THEORY

The first variation of the Lagrangian functional , L = T-V,qives the

variational form of the equations of motion governing the layered aniso-

tropic plates . This variational form is convenient for the finite-element

formulation. Since we are primarily interested here in the free vibration

anal ys i s , the potential energy due to the appl i ed loads is zero.

Let the domain ~ be decomposed into a se t of f i nit e elemen ts . The

restriction of the Lagrangian functional L to the finite element is

denoted by Le~ 
We have

L = z  Le(u:, v , we, ~e , ~~~ 
(11)

where N denotes the total number of finite elements in the mesh. Over each

element 2e’ the field variables (u 0
e 

~
e 

~
e, ~~ 

, 
~~ 

) can be represented

by the following approximation 

~~~~~~ 
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= :: et c .

where ( 
~ ,

, ) are , ni te- el e~:t ’n t inte rpo l at i cii f a i iV  cn~ a 1 sc c a l l e d  ‘S h a V e

tu rc t icn ~,) - For siiipl ic i t~~, the sa:1~ ’ i ter~olat ~er ~s er~p l c’,ek~ fo r a l l  ci

the f i ~e f i e lds .  Subst i  tu t ia n ot equat i o n (1,’) in t o  the t t’st var ia t  ion

ot L , g i v~c ~o :ii tti nq the al ~ebraic detn isI the fol lo~ i nq set  of  e.~ua 
- ‘ I

t ion s f~ r a typi cal ele ’-~t’nt

+ [~]~.‘: ‘,C’ ~13)

I •T .T i ,T i .T T , -

~nere • • - u • ‘ v ~ • ‘ - , - ‘ • a hr by 1 CO 1 u~ r11 1 1 V -

.t’. t ’r , ar’d

11 1 ’ 11 F 
-
~~~ r 1

[ N ] [ ~~~~~~] { L 1 ] [ N ] [N
’
] [ M ]

N ,, —.., C
[N”-]  [ 0 ]  [K~

4 ] [~c
5

] [N1 ]

= [K 3
~ ] [K~~ ] [K 35 ] [N] = 

N
1

-
‘ 

U “s ymme t r c [‘ - ] [K ” ] C [N

[K55]

The e1e’~ents (~~ ,: = 1 ,2 .... ,5 i ,~~ 1..’ 1 of the stiffn ess ~atri~

• of the ross  ;
~iatr i~ are de f ined b~

A 1 1 S~ . + A 16 (S~~ + ~~~
) + A66 S~~

K~ : = A , S~~ + A , - S~ . + A .5 . S~ . + ~13  1~ ij  ib 13 ~c 1$ tt ’  3 1

= 811 S. . + 8l((S~ + S~~ + 866 S..

= B -. S~~ + B - S~ . + 8.. 5-~ + B - S~~~
’

13 1_ U Ic ~j  .-c U 6t j i

K~~ A ,.( S~~~ + S~Y1 + A , S~
’ . + A.. S~ .

13 = 
~~ t 13 2 1  13 no 13 
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where .. i s  the f requency of the na t ur a l  v i b r a t i o n . Lqi ia t iou i  ~l~~l

can be solved , a fter imposi nq the boundar~ condi t i on s  ~f the p~-ohler . L ’\ I I 1 \

standard ci oc r iva l  uc proq ra~i.

Severa l comments are in orde r on the f i n i t c -~~1e~ent equat ions (16 ~ . in

theory , cact i 1 a~ er ~f the p late can ha~ e i t s  own rater ia l  properties and

anq le ~f o r i e n t a tj o n . The mate r ia l propert ics of each la~ t~r a re 9enerai ly 

______
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known i n its ow n coordi nate rvs ter~. ~e nce , they rust be t ran s~ or cC , us in c

tne angle  of o r i e n t a t i o n, t’ .’ the plate coor d inates (see [1 2 ] )  to get

fo r  e a c h  la m ino . Ti obta in ~~~ 8 i j’  and one rust use equa tions (10 ) .

For exa r p i e ,
Y2 L ;i’÷l

= = : dz (17)
- 

* , ., n i l
— ~~. ~.

w here  2 is the d is t a n c e  fro n the mid-plane , a long the th ickness,  of the louer

s ur face of the th layer.  Thus , once ~~~ ~~ 
and are known for  the la ’ ,—

ered composite p late , it can be viewed as a plate made of s i ng l e  ma t e r i a l

ha vi no be’~uvi ~ r character ized by the c o n s t a n t s  ~~~ ~~ and - Con-

sequen t l y ,  the f i n i t e  ele ment procedure becomes the one that is used in

Ni nd l in ’ s p late theory .

~n the present study the eight-node (r=8) rectangular elements (of  the

se rend ip it ~ fa m il y)  are used. The element s t i f fness  matr ix is of order

-10 ov 40.

4. FREE V i ~ RAT i0 N ~NAL ’iS i S 3AS~ D CN T H[ i~ S T hEORY

Numerical resul ts are presented fo r antisv rimetric angle-pl y rectangular

plates wi th  al l  four edge s simply supported. A l l  of the la’ ,e rs  are assu med

to be of the same thickness and made of the same orthot ropic mater ia l .

Hence , the coeff ic ients Q~~ referred to the material -symmetry axes are

g i v e n  by

r~l ~12 E2 0 0 0 
-

~~~

~.12 E2 ~E 2 0 0 0

[ Q’ ]  = 0 0 0 0 , k = 5/6 . ~ 
=

O 0 0 kG 1~ 0

O 0 0 0 k G ,3

________ _ _ _ _  ---~~~~~~ -- - -  

. .
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In addition to the i sotropic properties , the fol l owing two sets of dimension-

less ma ter~al properties (typical of two kinds of graphite—epoxy ) are used:

1. Isotropic: E1/E2 
= 1.0 , G12/E2 = l/2(1+v) , v 0.3

2. Material I: E1 /E2 
= 40 , G12/E, = 0.6 , G13/E2 = G23 /E2 = 0.5, v12 0.25

3. Material II: E1 /E2 25 , G 12 /E 2 = 0.5 , G13/E2 = 0.2 V 12 
= 0.25

All of the computations were carried out on an IBM 370/158 in double precision.

Due to storage liniitation s ,onl yaquarter plate (exploiting the biaxial

vw= ox O

~~ ‘
~x~~ H 

u=w~~~~ 0

____  __________  
u 0  

____  H
V r ~~ O

(a) half plate (b) quarter plate

Fi gure 1 Bounda ry conditions and the finite element mesh for
the simply supported plate .

symmetry ) is used to compute the fundamental natural frequencies and a half -

plate model is used to obtain the symmetric and antisymmetric higher orde r

modes . The finite-element mesh and the boundary conditions for the simply

supported edges are shown in Figure 1.

As a check for the numerical accuracy of the finite element method ,

natural frequencies were first obta i ned fora thick isotropic plate (v  = 0.3)

with side-to-thickness ratio of 10. The finite-element results are compare d

with 3—0 linear— elasticity solution , Mi ndlin ~s thick—plate theory, and the

class ical thin—plate theory in Table 1. The finite—e lement solution was k
obtained using 2x2 and 4x2 quadratic element meshes in the half plate .

Clearly, the resul ts obtained by using the 4x2 mesh are closer to the thick -

p late theory indicat i ng that further mes h ref i nemen ts coul d yi el d bet ter

accuracy . However , with the increasing mode number , the finite -element results

___________  •
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Ic 1 Co~ pat ’ ison of nondi nens tonal f r e i t i t i le’; \ .o~ ( .  / E C)

of a sq uare sim pl y supt iOr t~ J j, ot , ’i i p i a : t ’ (v  0.3 , a / t  - U’ 

— .  ~~~~~~~~~~~~ -.- — .
~~~ -- ‘— -.— -.-.

~~~- - .-~~~~ ~~~~~~~~~~~~~~

3~~1 Linea r Mind l in ’ s Rock and Pres e nt  F- EM C i i ’ ; i c a l
L lu - ;t i c l t ’ . fhi~ k P l a t ,~ Hinton Hal f  P l a t e  Model P l o t ’
So lu t i on  Solut ion -

~~~ 
-

m n L ~~J.i~~L - -~ L1 ij 3 oo r 
~ 

I ~ J h 001 ( \

1 1 5.700 5i67 5.7~-1 b .7 ’U 5. 020 5 9 73

1 2 13 .005 13.7 5 5 13. 74’) 14 .08 1 l5 . .~51 1- 1 . 13 1

1 3 .‘5 .0~ 7 05. 00 27 .20 7 27 .545 ,~0 .l33

.2 32 .401 3.2 . .2 34 .010 ~5.04C 33.057

3 .3 42. 12.1 42 . 300 4:3 .~~0)  4 ’ ) iS*3 4 ) . 723
1 5 S7.47~ 56.750 7-1 .803 74.041

Tab le .2 E ff ec ts of ~n— p1ane disp lac ement s , lamin a t i on an yle , ~nd the
f i n i te - e l e m ent  mesh on the iimensio nle s- .~ f undamenta l t m ’ ’ ;uen :’. ,

~a
’ (./5 , t~ ~, of a in p i ‘,‘ sup[’Ort ci sq uar e ~l at

¼ 0  t = 13 . a b = 1 , 4 1,i .~ i’s)

• 1 — -

- 
‘i ’ ~~

‘:ch 

NDFH NDF
~~ 

2L1~~ \l~~~~ ’ Ll~ N1’~~ NCI L 1

l x i  i4 5C-1~ 1n .~ l , .4 ~ .,’ 1 ) . .lni 10 41 2 Oil _ l O S

14 . l~13 14 . 1 .13 10 . 220 1 7 .hO’ 1 I 7 .h 3 10. l~ 4 10 .001 ’ 10 4t’
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seem to deviate n~ re from the 3— 0 e las t ic i ty  and rlindli,Y s thick p late so lu-

tions.

Figure 2 shows a plot of the dimensionless frequency versus the s i de- to-

thickness ratio for three aspect ratios of layered composite plate consisting

of four Material I layers oriented at 45~ / - 4 5~/ 4 5~’/ - 4 5 ° . The resul ts are

compared w i t h  the closed-form solut ion of Bert and Chen [12].  For a q iven

aspect rat io , the f ini te-element results seem to approach the closed - form

solut ion wi th  a decreasing s ide-to -thickness rat io.  The figure also indicates

that the finite-element solution converges to the exact wi th decreasing

aspect ratio. Figure 2 also contains a plot of the fundamental frequency

versus the side-to-thickness ratio of a square plate consisting of four

l ayers of Material II. All of the results were obtained using a 2x0 mesh

of quadratic elements in the quarter plate.

Table 2 shows the effect of in—p lane displacements , the l amination an gle,

and the mesh on the fundamenta l natura l frequency of square laminated plates

consistin g of four l ayers (a,”t = 10).  The three-degree-of- freedom (NDF = 3)

solution is obtained by suppressing the inplane displacement degrees of

freedom (U,V) . It is clear that the fundamenta l frequency increases w i t h

the lan ii naticn angle (results are symmetric with respect to 45~ , i.e..

resul ts for 9Q0 _ are identical to those of o), and the 3-degree-of- freedom

prediction results in higher frequencies . Due to storage limita-

tion further refinement of the mesh was not possible; however , the finite-

eleme nt solution seems to converge towa rd the closed-form solution.

The ef fects of the lamination angle and the number of layers on the

di mens i onless fundamen tal frequency are shown in Table 3. The fi n it e

e 1 emen t method predicts the 1 owe r values for the frequencies coinpa red to the ci OSt ’d

form solution of Bert and Chen [12] as the number of layers is increased.
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3 0 0
0

0

2 5 3  
C P T - - ~~~~~~~~~~~~~~~~~— 0 Q

______  _______

20.0 
a/ be t .2

a/b~ %.0 ~~/
‘

a/b~1.0

aIb~O. 4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~ i~o re e _.,~~_ Present ~~~~.~o.. 3ert & Ci ,enCI2) FEM

0.0 1 3.0 20.3 30.0 ~~O . 0  5 0 .3  6 0 .)

Figure 2 Comparison of fundamental frequency for a four -layer antisymi r.etric
angle—ply (y=45)) simp ly supported square plate by classical plate
theory (CPT) and shear deformation theory of Ref. [3].

Table 3 Effects of l amination angle (‘i ) and number of 1~~~rs on the
dim ensionless fundamental frequency a-’(:/E~t°) ‘~~~ of a simply
supported square plate ( ~/ -~~/ :~/ .  . ./ - ~ , a/t = 10)

1 
~~~~

-

~~~~~

--- 1Material Type I Material Tyoe I I
~4o. 1 -

~

of 30° 45° 30° 45°
Layers

_______ 
Present * 1121 .2resen t*~ [12~H Present*

2 15.00 1 • 12.~ d 1 3 . 7 1 5  i~~ 24 11 . 351 11 .752

17 .689 l7 .~ 3 18.609 lS .-16 12. 739 13.30 3

6 18.002 18.23 13.9 25 19.39 U.393 13 . 4 7 1

3 18 .104 18. 42 19 .029 19.29 12.9 50 13 . 5 2 4

10 18.150 18.51 19.074 19.38 12 .973 13 ,50 9

12 18.175 — 19.093 — 12.985 1 13 .5~2

14 18.189 — 19. 113 — 12.9 93 13 .569

16 13 .199 18.60 19. 122 19. 48 12.998 13 . 5 7 5

* x2 quadra tic element is used 
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Table s 4 and 5 show the effects of plate aspect ratio and length-to-

th ickness rat io on the dimensionl ess funda mental ‘req,,enc ,’ ( reca l l  Figure 2~
for Mater ia l I wn ile Tables 6 and 7 contain similar results for Mater ia l  ~~~~~.

T He results are ob ta i ned u s i n g  3 by 2 mesh ~f quadratic elements . From

Table 4 , it is c lear  that the f in ite -e lement  resu l ts  are c loser , but higher ,

than the closed-form solution of Refergnce [121 .

Fina l l y , Table S shows a compari son of nondi tu ensi onal fre quencies , for a

ccur layered laminated square plate (15~’/-4S~ ‘45’/-45~ , a/h = 10), obtained

by var i o us invest i~ aters . The table includes the closed -form solution o~

Bert and Chen [12], classical plate theory [203, and the finite-element

solu t ions obtained usina various meshes and w i t h  and w ithout in-plane d i s— U

place”ient dearees of freedom (20F3 . While tne 4 by 2, 3 -DOF model g ives

better resu lt s  than the 2 by 2 , 3 DOF model , the 2 by 2 , 5-DOF model g i ves

more accurate results when compared to the closed-form solution .

Whi le  the present study concentrated on the antis vn’m etric , angle-ply

la minat ed pThte s with simply-supported edce conditions, the theory o resente d

(and tue computer program developed 3 is valid for general laminated p 1ate~ , and

fo r va rious other edoe condition s (see Redd’ [21:~ .

5. PENALTY FORMULAT:ON OF VON ~ARMAN PL 4 TE E~ U A Ti0 NS

Let the middle plane ~~R° of the plate coi n cide wi th the (x ,y ’ plane.

and let o be its piecewise smooth boundary . The strain-energy functional

assoc ia ted wi th  the nonlinear ( von Karman ) theory of th in , isotropic plates is

U
~~

w) [~~‘xx~
° + 

~~ ‘vy~~ 
+ 2

~~ ’xx ’~ yy 
+ 2(l-v) ~w ,~ , )01 dxdy

+ U (w w , )n x y

where u11’~ ) is tue contr ibut ion due to the large-def lect ion assumpti o n ,  

~
,———— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

~~r’ 
- ‘

~~~



— - • ‘ 

- - -

~~~~~

17

N. 01 -~~ (‘.J -~~ C’.J -~ O~’ 0’.
C) ~t N. CO ‘.0 (fl CO .- C’4 CO C’3

CO N.. C~j  . C7~ C~
) L() 0’,

- . . . . . -
‘~ ‘.0 ‘.0 ~~-0 ’. ‘-
C”. C’’. ~t U~ “J ~~ U~ Lt’.

0) .— C”) C’J Lfl N.
CO 0) N. C’~’. C) ‘.0

• 0’. ( 0) C”. C)

c •— ~~ ‘.~~ r
o aj c_*~) .

~~
- 

~~‘
4-.

~,) 0 =
-

~~ 0. ‘.0 C) —‘ C) —. .— -~~~ (‘1 -~~
‘.0 C”. IC) ~t ‘.0 ~1’ C’) N- C’) LC) N.

• N. 0’. C’) It) 0’. 0) C) N.. ‘.0
r~~ .. ~.d~ -; o~~~~ dc ~ dc,~

• — >~ C’j (‘~ r’) C’~) C”) C’~
) ~;r C”) ~~- C”)

~~~~~~

~~~~~ — C )  C”) C\

~~ ‘4— • C’) C’) (~‘~) C”) C-’) C”) C”) C”) C”) C”)
C..) 0~~~ -~’ -.—

-~ ~~ - N. -‘ . N. -~ — -~~ C”)
‘.0 — U’) C’) CO U’) C) C”) C’) ‘.0

o .-‘ -... • It) Li’. CO ~~~ “ c” ) C) 0) C”) C
4-’ C’)~~’ 

• • • . • •

UJ U’) ‘ . ‘.0 ‘.0 CC N. 0~ N. 0’. CO
I ~ C’) C’) C’) C’) C’) C’) C’.) C’) C’) C’)

‘4-’ —.. ,) • •— - . — .-—- - -—-—— —
O’.C’) U’)
C CO ~~ - 0’. — —~ ‘.0 0) — C’.) -~~
0) 3 C)  C) *0 (‘3 N- N. ~~ ‘— 0) ~1’ ~~¼ C ’ ~r ~~~~~ *.0N. — C )  C”) C’4

II 
co ~~ C”) C’) ~f C”)

‘~ ~
-J .—. C’.) C’) C’) C’) C’) C’) C’) C’)

CO ~~ - —.- 
~
-

~
‘

— N. ~~ ~~C ,— CO .— ~r IC) N. C) ‘.0 C) c.~ ‘.C) ~‘.
~O 0) ~~ 

• N. It) It) C” C”) U’) ‘.0 N. N. COC) . . . . . . . .
C’ L U’) I”) CO N. 0’. 03 0’. CO O~ CO
0) 0) r,

o c- ~-‘ I ~~~ 
— — —

_.
~ 

--—--- — -

CO — —~ ‘.0 IC) - -  C”) -~~ C~ -~~~
L CO ~* *0 U” C’) C’. U’) 03 ~~ CO C.) CC ~r

~~ o • ~ ‘. CC CC ~~ C”'’. C) U’) 0’. ‘.0 C) 4-
0)

C.) 0) C’) C’) ~~ ~~ It) ~~ U’) ~1 U’) U’)
0) = V
C). ~~ — — — -. — E
*/‘. V E E

0) U’. N.. .— ~~
- —. 

~~ . C) -~~
0) 4- C”. C’) ‘.0 *0 N. C) C) C) CO C’)

• ~‘) CO N.. ~~ CI N. C’) N. C’) CC =
CO ,— C) - . . . . . . . . . L

— *n 0. C) C) , -  C’) — C’.) C’.) — CO
0. in

0) C~ ‘~~~ - V’.
4- .— _~~ - —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘4-’

0 C . —o ~~ 
.—% — — -

~~~ 
— S

I)) ‘ C) CO U’) C) N. ‘.0 0’. IC) ‘.~ N. C.)
4..~ (/) ~ (‘.4 C’) ‘.0 N. CI ‘.0 C”) U’) CO .- C) ‘0
C.) C CO • N. ‘.0 ~i C”) ‘~0 “t N- ~r 0) U’) ~ - I -
0) ~ 4-’ CI . .  . .  . .  . .
4.. .-. ‘.) CC 0) 0’. C’. C’. 0) C’. C’. C’. C’.
4- ‘ 0) - — -.-- ..—
Li) ‘C L 

0)
• —• .0 CI C) C) C) C)CO (‘.4 C”. ~~ 

It)
C—

_ _ _  
~~~~~~. ••~~ •.•~~~~~~~• - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-• ‘~~~~~~~~

18

Table 5 Effects of plate aspect ratio (a / b)  and le r i~ith - to- th ick ness
ratio (alt) on the dimensionless fundam ental frequenc y,

= .a 2 (~’/ [ . t ’ ) ’
~ of a simp ly-supported rectan qular p late made

of Material I (30~/-30”/3 0”/-30 ° ).

~~~~~ TO7~~~ I.I~I~IJIIL~ Tf .I1i4 1I-~ IEI.I I
10 11.106 12 . 172 13. 734 15.615 l7 .~ $9 19 .830 2 6 .2 75 24 .460 26.836 29 .288

20 12.595 13.950 
1

15.969 18 .457 2 1 ,081 ‘ -i .36 2 ~~.645 31 .088 34 .680 3S.42S ~
30 12.972 14 .401 16.543 1 9.204 02. 2 53 0~ .nl~ 29.2 44 33 .0S6~ 37 .132 4l.390~

40 13 . 136 14 .59 1 16. 779 19.50 7 22 .646 26.1 23 9. 8°6 33 .9O9~ 38.154 • 42.6-I l

50 13. 2 33 14 .700 16.908 19.667 00. 850 .‘~ .3S9 I 30.229 34.330 38.57~ I ~~~~~
• 

• •

I 60 13.301 la . 77 3 16.992 19. 76 7 2 2 . 9 7 4  2e . H4 5  33. 426 34 .57 7 38.98 ~ 43 .66 3
L~~ L ~~~~~~~~~~ • .~~•.• ~~~~~~~ • 1  ~~~~~~~~~~~~~~~~~~~~ 

Table 7 Ef fects of plate aspect ratio (a , ’b ’i and lenoth- to- thickness
ratio (a/t) on the dimensionless fundamental frequenc y,

= •. ‘a~ ( - / E 2 L~ ) ~ of a s impl y—su pported rectangul an p late m ade
of Material II (30~/—30”/30°,’—3 0~ ).

La/b 
~~

- 

I ~~~~~~~~~~~~~~~~~~~~ 

-- - 

0.2 0 .4  0.6 0.8 1 .0 1 .2  1. 4 1 .6 1 .8 0.0
_ _ _ _ _  - H ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

10 8. 198 8.937 10.019 11.31 5 12.739 14 .23 7  15.785 17 . 382 • 19.038 20 . 7 71 
•

20 9. 788 10.819 12. 351 14 .233 15.363 18 .67 4 2 1 . 12 6  . 23.69 ’ 26 .383 2°.7°l

I 30 10.214 11.333 13.009 15.088 
= 

17 .471 2O.O°4 02 . 913 25.90h .‘9.060

40 10.392 11.545 1 3 . 2 7 7  15. 439 17 .909 20 .688 23 . 6 7 3  26 .859 30.242 33 .83 1

50 10.490 11 .65 9 13. 4 18 15.619 18. 163 20. 990 24 .052 27.351 30 .855 34.582

60 10. 555 1 1 . 731 13.505 15. 728 18. 302 21. 770 24 .291 27 .640 31 .2 16 I 3 5.3 21”
[~~~_ • ~~~j•~~~~~~ • . • .• . . ,i~ ••• . J . .• . L• .. • • .  

2 ~~~~~~~~~~~~~~~~~~~~~ 
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+ U ( C S -C ) (2.2n x , y

Variati on of the functional in (1$~ leads to the equilibrium equation in

te,’ ’:’5 of the def lec t ion w , whi le  that of (22 ~ leads to equi l ib r ium

eq u at i o n~, in terms of tnt’ slopes. The strain ene riv a s s o c i a t e d  with the

t h i c k  plate (Re iSs neI ’ ’ s)  theory is  given t~

U5 [ C ~~~~~ 
+ 

~~~~~~~~ 
+ 

~~‘ x~~~~ y ,y  
+ ~~~~ 

~~~~~~~~~~ 

+ 
~~~~~~~~~~~~~~~ 

d~ dy

ktG IC
+ 

C~ 

[ (w
~~ 

- . ) .  + (w , - 
~~~~~~~ 

dxth + U
11 (’C~~1.~,) .2.2

where ,
~~ 

and ,
~~ 

are the slope functions and k is the  shear correctio n fact o r.

Note the s imil ari t~ of the expressions in .23’ and ~33\ -

In the penalty method the problem of finding the c r i t ica l  points (~~
s . s \

of the functi o nal U 5 subject to the constraint condi t ions i~2l is formu—

lated as one of seekina the criti cal points ~~~~~ of the m odified function-

al ,

= + ~ [(w ,~ - + ~~~~ 
- :~~) ]  d\dy (2~

wi thout constraints. Here is the p~na 1ty p~r ame ter .  The penalty para-

meter plays a crucial role in the accuracy of the method.  In theory , as

goes to infinity , the solution (~ s~~ ( c ) ,  o~,( c ) )  to the penalty problem 
=

approaches the true solution (.5
\
, ~ , ) (see Reddy [33]). The shea,’ force

resul tants can be identi fied as

- 
• Q~

, = ~ (
t~~ - 3~~~~) )

_ _  •_ ~~~~ “- - - --~~~~~~~~~ ‘-.‘-- _ • . . - _ - ._ - _ _ _-‘-~~~~~~~~~~~~~~~~
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Also note that the penalty functiona l U~ is of the same form as the function-

al U5 associated w i th  shear f l ex ib le theory wi th  the fo l lowing correspondence :

x~~ ~x - y ‘3 ), — k t G  (:6)

Thus, for a very large value of we recover the strain energy of

the thin-plate theory from equation (24), and for = ktG , U~ represents

the strain energy associated w i t h  Reissner ’ s thick -p la te  theory .

6. PENALTY FINITE -ELEMENT MODEL

The total potential energy associated with the penalty formulation of

the equations governing the large deflection of e las t i c  ( isotropic) plates 1’
is g iven by

- wP dxdy - qwds - 

~~~ 

M1) ~~ ds ( 2 7 )

where 
~‘~q + --

~~~ 

= 3~:, P is the distributed load , and n is the unit outward

normal .

We seek the finite-element solutions of the form

w = W. N . = 
~~~~~ 

= (8)

where N
~ 

are the (finite element) shape functions . Substituting ç2S) into

(27), we obtain the following equations for a typical element :

[K X )  + [S ’
) [KXY] 

— I -~[s~ ] 
~~x

+ 
~~~~ ] -c[S5•

~
’] 56’ ’ (~~o)symmetr ic - - - -‘ -

c[K] tw~

where



—.- _ ‘ ‘ - 
~~
- —

~~ 
—

~~
5- -.

23

= D(:s~~ ~ ~I - S ’~~ - [3~~ ~ s~~~~ ~~~~~~~~~~~~~~~~~~ d~d~

~ (1-
,’~[s~~) ~ (~~~~

‘

~~ 
r~~Y ’ = DES XY + ( C ~

= 

~~ 
dxc , , ~~~~ dxuy = axd~

+ [SY] ~~ = M N ~~dS 5~~ = L M~N~ds

Com~ut~~i onal ~s :ects . Se’ .er~l con~:ents are in order on t~’,e com: ’J:a-

t ional  aspec ts  of tne pena1t ~ f in ite~~len:ent model dev e lo ped herein. ~‘:‘ rst

let us exanine the consequence jf the limi t going to zero . Tn~ pena lty

fi n it ~ -ele r:enz ecua t C on (1.2 can be expressed in the fcrm

([K1 ] ~~~~~~
])

~~~~
- = (3 1)

~or very lar’oe values of ~~~, the second term (i .e. p enalt y term~ in the 
C

parentr ieses do mi nates and ‘~e have ,

= - ~[-K~~,o~ L~~~~
]
~~~~

’ , and l im L”s J~~~~
’ = ‘2 (32)

Thus , for a very lar ~e value of ~~, the bendi ng -enero y c~ntri bution - to  the

sti~ fness ‘~atri x is lost (and tne energy due to transve rse shea ’ dcmina:e s~ .

and equation (3~ yields , in an attempt to satisf y tne const raint condit ions

ex act li , the trivial solution = ~O } (‘if 
~“2~ 

is nonsingu lar) .  If the

equations in (15) are linearl y dependent (i.e. [K5] is singular), then the

numcer of indePendent (constraint ~ equations are less than the number of

unknowns and the remain ing equations are provided by [K 1 ]. Thus , it is L
necessary to have nonsingu lar [K~ and sin gula r [K2] in order to obtain a

nontrivial solution. The same conclusion can be reached from a ma tk e~~at~~ca~

DC~ f l t  of  view . Th.� e”~ sten:a and ~n c ~.:ei.es~ of so~utio ns to any in i t e

,. - 
_-- 
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ele , ’:ent moOd reou ires z - ’e  a ssc c iatea bi l inc a “ c - r ”l to s a t ~ s f ’ , ce ’- ta ’ ’ :  c c - n —

t l nu i t3  ano cce r ’ c i v s  t’~ cc - ’ sOs  t i c - i ’- - ~see 24 e r ’  c - ” c  ~e~~c ’ ,’ ~~-1 ’~ - ~jr tne : ‘e’s —

al ty f s n i  tC-Ci  en’ent ::coei , these c - e nds t ie ns s n ~cs e ros t : ” c:~ c- ns or :  t ’ . o c’~c~ ce

of interpolation used for .~~~, and ‘ , ano to tno pa: r ’-e te ” ~:Dear~ ne
./

in :ne coe rz i ’ i i t i  conosti on be ir)de~dnCdn t c- f t r e  n - es ’s s ic - c , ii . Tne la t t e r

can a lso  be achi e’.’eJ by  e’ ::plo,sn ~: reOuc-ed in t o rat i on c - is : ro  ~“e n a l t ’ .’ (or

sre3 r )  te ’ =ss , w hi ch ~‘d\CS the ma tn ~ ~~ si n~~. at ’. ~c- ~UC~ L i S t  c - r u  ‘, ‘ c - f l  15

e ‘c 1o~ ec in tne present st,.J’5 to e’- ai u c - t O  t:’e e l e - e n t s  ci’ [s ~,,]. For exa sn el e

if a b i l i”ea r 4 uadni l a te : -~ i e le’~ent is u sed , a I .~1 $OuSS ru le mus t ~e used

fc-r :-~~ 
in p lace ~f the sta nda r’c x Ga uss rule . ~~~~ fo r ’ tre ‘.‘a ’ ue a

~: s no u lo  te equal to k3t for tn ic k  ~la tes  ( in which  - .s’. ’

ana an Or -c -er - or ’ tw o greater for tne t n l n — p i c - t e  3 n a l , s i S  to s a t i s f i  tro

c - c - n s t r a ’ n : s  
~ 

= ~w ~x , and = .w . ‘i) -

7 . C C CL :~~~a~ BE ’~~:’~G A’~: ~~~ 
‘
~ :E21.AT:CN °~~~

‘
~LT~

Tne oeflalt . f i q i t~ elo”e nt ~esc- r’sbed co-ave is ~sod in the ~sta:~.2

oe ”u’n~ a n a l - s i s  of s~ua ’e o ’ ct es under un i - c - r ” iv  d i s t r s t u t e c -  b a a  ~or

‘,an ious edge c - onoi  t io ns  . . ‘n tne se stu dies a val ue of 3.3 is used f~r tne

~cis ;c-r’ ’ s ratio , a na S S  taken to be 3t , ‘s , .snere n is tsse elem ent 5 TeSn~

s i z e .  3ue to tne hia” .i al s~ rrmetr’ , of t~ e p r’o~ 1ems c-c-os icerec ne r o , c - n b .

quarte r p la t es a re a na lyz ed i n  the interest of c -o r ’p ut at i  c-na c~fs ci  enc ’~ arc

conven ience. T ’s e f o l l ow ing  i t e ra t i v e  scheme is u~~J to obtain tee con-

vergence of the t ra nsverse do~~b e c t i o n s .  Seo inn i ng  w i t h  the ~~~~~“

t-e linear solution is o b t a i n e d  after the f i r s t  i t e ra t i on . Tr~s sc - l u t i c - n

5 5  uSCO to coino ute tee ne n l inea r  ~, oec r ’e tn ic )  s t i f f n e s s  c o e f f 1 c ien ts  c- r the

next ite ra t ion .  2 n l y 3 .‘i~~~ ~rs ted  average j f  tee fol i c - w ing  f a r m  is used tO

ca l cu l a te  the ~eo:: ’etr ’ ic s t s f fn ess  c o e f f i c i e n t s :

.n—l 
= , 

.n 
— ‘ 1 — ’. ’ . , .n— l 

— ‘~~~ ~~~~~~~~~~~~~~~~~~
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~ner ’e sc - ,) is tne so lu t ion vector ’ , n is the iteration number , and , is a

pa ra’:eter’ , 3 5 -- 1. Pre l im inar -v investigation showed that a value of

= .23 gives , in the present formulation , the fastest convergence. The

c ’~n - e r e : c e  c- ri tsr -i on ‘js~ d is c-f the f orm ,

[ 
n+l 

- - fl
) 

]./c- 
= 10 ” (34)

All of the computations are carried on an IBM 370/158 mode l in double pre-

cision. Due to the space lim it a tion only limi ted results are included here .

Figures 3 and 4 show the p lots of the (nor’:s-alized) center defl ection

for si:’:ply-s’uoported and clomped plates , r’espectively , under unifo rmly

~i str ’ibuted lo adin 3 . and corresponding stresses are shown in Figures 5 and

6. Tee present solutions are in good agreement with those of Way [35],

,~ano [36] ,  Levy [37],  and Yam a ki [ 3 8 ] .  The presen t solut ions (for - various

- - ‘es e e s and e le r’ rents ) are bounded by Ya maki  ‘ s solut ion from above , and

.‘da n c - s  sol ution from below for’ sim pl y-supported plate .

Table 9 shows a comparison of the penalty (present) solution with

tee m ixed solution of Reddv and St rickl in [39] for the clamped -hinged square

plate under uni forml y distributed load. The mixed finite element in [39 ]

was based on the von Karma n equat ions. The bending moments (M~ =

are compared , for the same problem , in Table 10. The values of the bending

moment are obtained at the nodes in the case of the mi xed method , w hereas
‘I they are computed at the Gaussian points in the case of the penalty method .

C The locations of the Gaussian points are given in parenth eses.

Due to the simplicity of the present element, it is very economical

to use in nonlinear problems which require large numbers of elements. The

complicated conventional bending elements (i.e. elements based on displacement 

‘. . ..- . . . . — - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
.‘
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Figure 3 Load-deflection curves for simply supported square plate
under uniform loading
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Figure 4 Load-defl ection curves for clamped square p late under
uniform loading
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tyoc fo r m u la t ions)  are only o ’ a r c - ina l l i  mo re acc u ra t e  when the l i nea r ~c- l j—

tic -os are compared but crm puta t ional l , ve’v exc -t.? nSi ve .

Table 9. Compar iso n of Center 3er’i e c tio r r ~u. t )  U L t a i r l e a  U~ toe
Mi -ced and P~n~i ty ~‘t’ t f lOdS  for  Cl w ’ - p ’ d — H l  nt -~ed s c - u a r ’e

Plate UnOe t- Un i forml y Di~~t ri ~ utè d Lou ) ( .. = 6 . 3 ,  a t 13 )  

NIIX ED FEM [39] 1 PLI~3LTY FEM
L -- -

~~~~~~~~~~~~~
— -  

~~~~~~~~~~~ 
- ‘

~~~~~~~~~~~~~~
T’i L ~~~~~ \~ L -~1Pi-’ ’E t - ~‘T’ ’~

’
~” 4\ ’ ’ ’ \2 T ’ T ~T 

• 4~ -l
I 
~~4~4 0. 4 5 1 0 . - 3 6  0 .4 3 7 L - ~ -~ 3 3 . 4 41
0 .004 3.734 3.597 0.69 1 3 .707

‘5 .3 1 .02 ) C . ~lS 0.3~l 
• 0. 3 • 9 0 3

• 1 , 1 7.3  1 1 .Onc’  1 .3.~5 I I .335 1 .313 1.340
1 . 3 3 0  1 , 193 1. 146 1 .1 45  ; I .13” 1.

H.20 1 . dSsO 1.33 1 1 .353 1 . 349 1 .2’S l,,770
17 5.0 1 .c -~ 7 1.3 90 1.345 1 .341 1 . 3 7 1  1 . 235
370 .3 1 .o s :  1 ~~~ 1.431 1 .1.7 5 1 .c - 33 1
335 .3 l. ’31 1.556 1.569 1 .331 • 1 .~ $9 1.5.2

~ l 3 J 1 C’.I l eOl 1~~ ” l b l
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Under 3n i fc - r- nlv Dist ri O u~ed Load 3.7 , a -

I M I X E D  FE~
) [39 T PEN4 LT ~’ F~~r
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17 5. 0  4 .806 5 .275 5.9- ~7 3 .7 0 7 3 . 9 0 3  2 . 7 9 3
200. 0 • 5 . 1 1 7  6 . 027 i 7 .590 7.359 4.194 2.037
.25.3 I 5.437 7.3-k 3.199 7.985 4.-)r,-’-L 3 .725,,H~±i t° L_ 1~t~~
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8. APPLICAT ION TO PLATES MADE OF BIMODU LUS MATERIALS

The f i n i t e’ e l e ment model developed herein can also be applied to the

analysis of plates constructed of bim odu lus composite material. Due to

different elastic properties in tension (T) and compression (C), the

material coefficients A .., B ,  and 
~~ 

are now defined by (see [40]) ,

(A~J~B1J ~~~ J Q . .  (1 ,z,: ) d: , (i ,j1 ,2,6)

— t / d

= Q. ,

~~ 

dz + Q. . ,, dz (35)

Here 
~iJk~ 

denote the stiffness coefficients in  the p l a t e  coord ina tes  of

the ~-th love r’ in  tension ( k =1 )  or compression (k~ 2 ) ,  and : is the distance

from the m ids ur tace to the neutra l plane (which is unknown ~ priori

Figure 7 shows the influence of the aspect rat io ( h ,a )  and side-to-

thickness ratio (a, t) on the location of neu t ra l surfaces for’ a sin ol e -lave r ,

isotropic , bim odu lus , simply supported rectangular plate subjected to

sinusoidal loading .

p = P sin ( x.’a) s i n ( ’ v . b)

The followi ng elastic properties are used :

E~ 1 = 3.584 GPa , E~ 1 = 1.792 GPa , E t
c- = E~ 1 , E~-

(36 )
= = 1.27 GPa , = 

~~~~~ 
= 0.4 , v

t
j ’  v ”-~ 0.2

Note that for b/a = 1, the neutral surfaces associated with x- and y-directions

coinc i de (i.e., 4ns ~ny~~
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Simila r’ results are presented in Figures S and 9 for a two-la yer ,

cross -ply (O”/9O~ ) rectangular plate unde r sinusoidal load inq. The hi-

modulus properties used are the same as those listed in Table 3 of [40 1.

Note fi-om Fig. 8 that the neutral-surface location , is virtuall y un-

changed for aspect ratio greater than 1, while the neutral-surface locat ion ,

2ny ’ increases in proportion to aspect ratio. It should also be noted

that the neutral surfaces do not coinc i de i n  the cross-ply case for h . a = 1

Figure 10 shows the infl uence of the aspect r -a tio and side-to-

thickness ratio on the transverse defl ection for sing le- layer and two-

l ayer cross-ply problems discussed above. The effect of thickness on the

deflection is more pronounced than the effect of the aspec t ratio.

9. SUMMARY AND CONCLUSIONS

Using the penalty function concept of Courant , a simp le fin ite 1’lenrent

for the Yang-Norris-Stavsk y (YNS ) theory of composite plates is developed.

The idea is also extended to the nonlinear theory of thin elastic plates

(due to von Karnian). In these formulations the slope-deflection rela ti on s

are treated as constraints. Rectangular isoparan ietric elertients of the

“serendipity ” family are developed. Numerical results of natura l frequenci es

are presented for rectangular plates of antisymni etric anqle-p ly laminates .

In the nonl i near anal ys i s , only thin , isotropic , r-ec tanyular plates are con-

sidered in order to compare the accuracy of the present element with other

approximate solutions. Finally, the penalty finite element based on the YNS

theory is employed to study the bending of l ami nated , anisotropic bi ic-odul us-

materi al plates.

In the study of free v ib ra ti ons , the present element gives very accurate

• results for na tura l frequencies. The results are verified aqainst closed-

_ _ _ _  _ _ _
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form solutions. In the case of nonlinear bending of th in plat es , the resu lts

a r-c compared with those obtained by a mixed finite element method , and other- I ’

approx imate solut ions. The present solut ions are in close agreement w i t h

those obtained by the mixed method , and are bounded (above and below) h’.

other appro\ i r~ra te solut ions.  For the hiir~ dulus p lates , it is shown that

the neutral -surface locat ion , even for  s ing le- l ayer  p la tes ,  may var - v cons i d-

erabl y froni the geometric rii idplan e , depenr.linq up on the deqree of bimod ular i t~ -

Also, the plate deflection is si gnificantl y affected by the bim odulus acti on .

The penal tv element de’ .eloped herein is comput ational 1\ si~ pl e and

acc urate, and so’. es 1 ar’qe amounts of compu ti no t i n e’ i n non linear ~tia 1 .~ ~es

~hi ch require i ter’ation . It is str aiu ht for’wa ,’d t o  ex t e n d  the p res en t  e ler t ’nt

to a comb 1 nati on of ‘.on ka rinan and INS theor~ - Ct’’. i ous 1 , the el er”.’’rt can

al so he used in the anal ysis of shallow shell s . It is the put-pose ct  t n i s

1 n’ .es t i r~at ion to enmlov the present elerr~ ,it in the aria 1v se~ of plates and

si~e1 Is constru cted of hi I’iodul us -material 1 av e r s .

--- -

~
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~
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anisotro pic plate theory of Yang, Norris and Stavsky , is presented . The
theory is a generalization of M indlir m ’ s theory for isotropi c plates to
l aminated an isotropic pl ates and inc l udes shear de formation and rotary
inertia effects. Finite-element solutions are presented for rectangular
plates of antisymmetric angle-ply laminates having material properties
that are typical of a hiçh ly anisotropic composite material . Two sets of— ~~-.
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20, ABSTRACT (cont d)
->material prop erties that are typical of advanced fiber-reinforc ed ca ; :pus ites

are used to show the paranietri c e f fec ts  of plate aspect ratio , longtj i- t o -
thickness rat io , number of layers , and lamination ang le. The eleme nt is
also employed to Study the bending of laminated , an isotropic bimoduhis
mater i a l -p la tes . Results are presented for s ingle- layer ’ and two - la y e r ’
cross—ply rectangular plates subjected to s inusoidal  loading .

The report also presents a Cd f ini te element for the von Karman
equations of thin e l as t i c  p la t es . .~ The s lope-d isp lace ninent relat ions are
treated as constra ints using the so—ca l led  penalty method of Co urant.
The result ing element conta ins the transverse def lect ion and two s l op es
as noda l degrees of fn’eedom . By selecti ng an appropriate value of the
penalt y parameter , solutions for thin as well as thick plates are obtained.
Nunrer’i cal results are pr’esented for rectangular’ plates with v3rious ed~econdi t ions .

18. Supplementary Notes (cont’d)
appear in the Proceedings of the Third International Conf erence in Aust ra l ia
on Finite Element Methods. Sydney , Australia , 1979 .
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