
AD A071 249 NAVAL RESEARCH LAB WASHINGTON DC P/G 4/2
N(*ERICAL SIMLt ATION Cc S¾JDC€N STRATO SPtCRI C WARNINGS • (U)
.*JN 79 N R SCHOEBERL . D F STROBEI.

UNCLASSIFIED NRL—NR—4013 Pt

I 
-

~~~~~~~ 

_ _ _

II ~5
p 7’



I . C ;
.:_.

11111
I.’ I~

2 O

____ I

Illfl~?~ IIut~t 1110 6



I NRL Merno ~~~~~~~R~~~ñ 4O13

Numerical Simulation of Sudden
Stratospheric Warmin gs

N
MARK R. SCHOEBERI. AND DARRELL F. STROBEL .

Plasma Physics Division

June 26, 1979

D~~~~JJ

NAVAL RESEARCH LABORATORY
Washington, D.C.

Approved for public release~ distribution unlimited.

1~ij  u i  lb U~~S



—
I I

SECURITY CLAS S I C AT I O N  O~ T I l lS PA GE (b7, n 0.1. EnS...d)

REPORT DOCUMENTATION PAGE BEFORE COMPLET ING FORM
r Ate opy NUNWER a oovy *cccss iow NO S REC IPIENT ’S C ATALOG NUMBER

NRL Memorandum R epo r t 401 3 ___________________________

A T ITLE (~~~d S~ bIlt t.) S TYPE OP REPORT A PERI OD COVERED
— Interim report on a continuing

( 4 ~~~UMERI(’AL~~ MULA TI ON OF~~UDDEN / NRL problem

j STRATOSPHE~1C WARM INGS~ ~~• PERFORM ING ORG. REPORT NuMBER

7 AU IHOR(•) I C O N T RA C T OR GAA NTNUM• ER( . )

Mark R./ choeberl asad Darrell F./Strobel

UPERFORMIII G ORGANI ZA TION NAME AND ADDRES S 10 PROGRAM ELEMENT . PROJECT . TASK
AREA A WO RK UNIT N U M B E R S

/ NRL Problem 67A03-23 and
67A0 3-30

I I  C O N T RO L L I N G  OFFICE NAME AND ADDRES S IL REPORT DA TE

Naval Air Systems Command , Washington , D.C. 2036 1 June 26, 1979

and National Aeronautics and Space Administrat ion, IS .  NUMBER OF PAGES

Waslnngton. D.C. 20546
11~~MO,iITORING AGENCY NAME S ADDA ESSO I dSII.rwlI Ira.. Cej.Iro SSSng OIIIc•) IS SECURITY  C L A S S .  (~ V (Nh r p ~ fl)

~
‘ I / I .- UNCLASSIFIED 

5. OECI.AS SIP ICATION- DOWNGRAD ING

f/ ~~~~~~ — —  N/A
IB oIsTRIauTIO~ S T A t E M E NT  (of tAf. *.pD,t)

Approved for pub(tc release ; d(stvtbutton timtted.

/

17 ous rRIIUTI0W S T A T E M E N T  (of Ih• .b.ft.ct .flI.f•d In AIo~ A 20. II dhfI.,.nO Sr.. , R.p..f ~

IS S U P P L E M E N T A RY  NOTES

This research was sponsored partially by Naval Air Systems Command under Subtask W FS2-55 I,
Project No. WF52- 551-792 , and National Aeronautics and Space Administration, Project No.
RA40372B(EAF ) .

I~~, F EY  WORDS (CanOn.,. .r•rO• •Id• II n.c....ry ~d Id.nftfy by bla b n,,., b.r)

Stratospheric warmings
Stratosphere

~~¼
\

A S S T RA C T  (ConIUn.. on 1.0.... old. II fl•C•a•~ry Id ldonlhly by black n...ib ..)

A mechanistic , quasigeostrophic model with a self consistent calculation of the mean zonal
flow was used to numerically simulate sudden stratospheric warmings generated by a single zonat
harmonic (,n ) planetary wave. The development of a warming depends critically on the two
factors which govern the transmission of planetary waves to the upper stratosphere : (1) the strength
of the westerly winds in the lower stratosphere and (2) the magnitude of wave damping in the
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sam e region. Major warmings can only develop when the prewarming lower stratospheric winds
are strong. Damping controls the maximum amplitude that a warming can attain and the time
constant for its growth rate.

The evolution of m I and m = 2 warmings are very different. A in = I warming is
characterized by pronounced oscillat ion of wave amplitude and mean flow that result from
resonant ly trapped westward propagating planetary waves moving us and out of phase with the
tropospherically forced stationary planetary wave . This oscillation can reach sufficient amplitude
to de~e Ierate the tonal flow during a cycle to easterlies and create a critica l level. Although
formation of a niesospheric critical level is not required to initiate a warming, the development
and propagation of critical levels in the middle stratosphere atmosphere is centra l to the
evo lution of sudden warmings. During a in = I event the critical level forms initially in the
polar region and advances equatorward in it’. development. But a m = 2 critical level first
develops in the equatorial region and advances poleward . A ,n 2 warming is also
characterized by a sudden intensification after an initially slow growth in contrast to slowly
developing ~.: I warm ings. Both in = I and ~n = 2 warmings are accompanied by mesospheric
cooling as a re ult ‘ f  the induced secondary circulation in response to eddy that transport to the
polar stratosphere.
~

s Long term integrations with a steady forced m I wave show that the mean flow evolves to
a stea dy, asymptot ic state with net cooling in the polar mesosphere from planetary waves.
But steady m = 2 forcing leads to multiple generation of warnings which are similar to
stratospheric vacillations.

_H~’~:~- 
_ /

~
.

I J., t~~ L C 4 .~~ ~~~~~~~~~~~~

- ry _~_~~_ _ .~
t .

k .a t l a~ id/Ct ~

\ 

~~~~~ 

~

SEr uW ITY CLASSIF IC ATION OF THIS PAG E(WA on Oaf. (nl .r.d)
Ii

I. 
_______________________

- . --

~

- - - .~~~~- — . ~~~~~~~~~~~ - - — --- --



CONTENTS

I. INTRODUCTION I

II. MODEL S

Ill. NUMERICAL RESULTS FOR UNDAMPED WARMINGS IN AN 8
ISOTHERMAL ATMOSPHERE

IV . NUMERICAL RESULTS WITH DAMPING 13

V. OTHER NUMERICAL RESULTS 16

VI. LONG TIME INTEGRATIONS: THE ASYMPTOTIC STATE 19

VII. CONCLUDING REMARKS 21
I..

ACKNOWLEDGEMENTS 25

APPENDIX A — NOTATION 26

APPENDIX B — NUMERICAL MODEL 27

REFERENCES 30

iii 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - . -~~~~~~~~~~~~~~~~ --~~~~~~~~- . .-~~~~~~~~



NUMERICAL SIMU LATION OF SUDDEN
STRATOSPHERIC WAR M I NGS

I . INTRODUCTION

The most remarkable dynamical event which affects the stratosphere is the sudden stratos-

pheric warming (SSW ). Major stratospheric warmings occur on the average every other year in

the Northern Hemisphere (Schoeberl , 197 8) , and during the off years minor warmings are usu-

ally observed. Satellite observations indicate that warming events also occur in the Southern

Hemisphere (Barnett , I975 , Hartmann , 1977) , but these events do not qualify as major warm-

ings by WMO standards. The influence of the SSW is not confined to the middle atmosphere.

Quiroi (1977) and McGujck ((978) showed that the )976/77 SSW definitely affected tropos-

pheric weather patterns. In addition Ramanathan (1977) argued that the SSW may have a

climatic impaci on the radiation budget of the polar regions. In view of their meteorological

significance a comprehensive understanding of their origin and development is clearly war-

ranted.

Planetary scale eddies, the ultimate energy source for the SSW , are formed in the tropo-

sphere through baroclinic , orographic, and diabatic processes. The most important of these

eddies at mid-latitudes are large scale quasi.stationary waves w ith zonal harmonics in — I and 2

(van Loon et al. 1973) . During winter these waves propagate vertically, perturb the straIns.

pheric circulation , and transport heat and momentum from mid-lat itudes into the polar regions.

Occasionally, a very large planetary wave amplitude pulse is observed in the stratosphere , often

associated with the development of blocking patterns in the troposphere. Within 7 to 10 days

ManUSI r~pi %UISmIIICd M~ rt h ti). I 97Q
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following the sudden increase in wave amplitude the temperature rises dramatically over the

pole as a result of the northward eddy heat flux, and the zonal winds reverse from westerly to

easterly. Over single stat ions at polar latitudes , rocket observations show that the warming

appears first at high levels and then descends into the lower stratosphere. During very strong

sudden warmings the temperature increase over the polar region may even penetrate deep into

t he troposphere (Quiroz. 1977) .

Previous theoretical investigations of SSW events were reviewed by Schoeberl (1978) and

are briefly summarized here. Matsuno (1971) postulated, on the basis of his fairly realistic

simulation of SSW events, that a sudden increase in planetary wave amplitude in the tropo-

sphere during winter triggers a vertically propagating transient wave which decelerates the mean

zonal flow. As the transient wave travels to higher altitudes and lower atmospheric densities

the deceleration becomes more pronounced and finally easterlies are generated. The easterly

wind region provides a critical level for the stationary planetary waves below which the mean

zonal flow is further decelerated. The critical level descends in response to the continuous

input of planetary wave energy from the troposphere until it reaches the lower stratosphere

where the SSW event becomes fully developed.

In Matsuno’s explanation frictional and radiative damping play no importance role in the

development of a SSW event. However , the absence of damping prevents the decelerated

mean zonal flow from relaxing back to the unperturbed state after eddy forcing ceases and

causes planetary waves to be numerically reflected from stationary critical levels.

Geisler (1974) , using a one-dimensional mechanistic model of a SSW with realistic damp-

ing and lower boundary conditions, noted that the descent of the critical level is often ham-

pered by distortion of the flow ahead of the critical level. This distortion partially reflects the

wave before it reaches the critical level, reduces the energy input into the critical region, and

2
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thus slows the descent of the easterly wind region. He also found that the wave amplitude forc-

ing at the lower boundary must be sustained for at least 13 days to initiate a warming in agree-

ment with some observational data.

Ilolton (1976 ) studied SSW events with a mechanistic , pr imitive equation model that

included realistic values of damping in contrast to Matsuno ’s (1971 ) model and obtained simu-

lated warmings which showed considerably different development. For example , Holton did

not obtain a double-layer , in — I warming and found no evidence for a descending critical

level. Instead , after an initial weakening of the mean tonal winds by upward propagancy

switc h-on pulse , a region of easterlies appeared simultaneously throughout the 30-80 km polar

region Flolton also noted a large deceleration of tropical mean tonal winds appeared to be

associated with the development of the SSW.

From the above summary and the review by Schoeberl (1978) a number important ques-

lions emerge above the mechanisms and development of SSW events. For example , how

important is critical level interact ion~ What is the difference between single and double level

warmings~ What is the relative importance of forced stationary planetary waves and transient

planetary waves ? How important is damping? What is the amplitude of the thermal planetary

wave imbedded in a warming ?

In this paper we attempt to explore and answer some of these important questions. A

mechanistic model of the middle atmosphere previously discussed in Schoeberl and Strobel

(l978a ,b) is adopted and modified specifically to investigate the structure and development of

SSW events. This model is similar to Matsuno ’s (1971) model , but w ith some important

diflerences namely, realistic frictional and radiative damping and a self consistent calculation of

the mean tonal wind structure. We will show that the most critical input parameters that

3
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influence the evolution of a SSW event are the magnitude of damping and the strength of stra-

tospheric winds in the 15.35 km region. Formation of a mt’sosp lu ’rit critical level is not essential

for the occurrence of any SSW . However critical level formation is fundamental to the develop-

ment of in — 2 warmings.

4 
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II. MODEL

The tonall y averaged circulation of the middle atmosphere ( 16-13 0 km) is computed W I t h

.1 quast-geostrophic . numeric al model that expl icitly includes a self consistent calculation of

solar radiative heating due to O~ and f )  absorption . Newtonian cooling. Rayleigh friction , and

tropopause boundary conditions based on climatolog ical averages (Schoeherl and Strobel .

lQ’~.i, hereafter referred to as Paper I)

This circulation is governed by

— 2 0 sin ~~ — .1! — ~, ü — ~~~~~~~~~~~~~ -
~~
- (u v c o s~0) (I)

8t a cos-0 0E~

+ 20 sin0ü + —- — — — (2)
8’ a

~ (~ cos0) + I .!. (p~~) 0 (3)
a cosø 00 p 8:

R ( 8 : ) 
+ S~ — H — s T —  (v T c o s 0 )  (4)

w here the variables have their customary meaning. All notation is defined in Appendix A.

The relevant equation for the planetary scale eddies and waves can be derived by scaling

Laplaces’ tidal equation (Schoeberl and Geller , 1977). Each zonal harmonic (in) is governed by

8 1 8  cosO 0~~ —~~~~ 

8t cos 0 80 sin~0 + .~ 00 (sin~ 0 + .~
) cos 0

(5)

(21)a)1 Ô pts8~ + + I W O I  
(2Oa)~ 8 ~~

p 8: SRO: Or p 8: SR 8:

~~~~~~~~~~~ — 0
(si n~0 + .~
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where

+~~~~ ) —  ~~~~~
. * 3 t a n 0~~~~~

_ sin 2 Oe, ~~~. ~~~~~

rhi~ equat ion  ~ a slight generali,ation of the equat ion used h~ ~Liisuno ( 19 7 1 )

For the ionall~ averaged f1o~ , lq s (I) — ( ~
) nia~ be combined to f orm single equalion

8 I 8 cos 0 8~ + ~~~~ ~~~~~~ ~2 ~~~~~~ ~~~Oi cos 0 80 ,~ + sin $ 80 8i 8: SR 8:

(21)a)2 84 ‘8 e
+ e ‘ a -- — — —— 

.
-——.--- (68: SR 8: 8:

— 1 8 1 I 8 cosO 8~
’ O~~

2( 1 a cos 9 80 sin 0 cos 0 80 sin 2 0 + ~ 8A 80
(20a)2 8i$ 8~

SR 8:~~~~

I I 8 s i n O c o s O
2 1)  u 0 ~0 (s in 0 +

Gi~ en /1. (1, and boundary values for ~ and ~~, Eqs. (5 ) and (6) form a complete sd

which ma~ he solsed nume ricall y by the method described in Appendi x B. The appropriat e

value s of A . and o for the generation of the mean tonal wind field are given in Paper I Since

the emphasis is on the winter hemisphere at extratropical latitudes , photochemical acceleration

of the thermal relaxation rate ma~ be neglected. The quantity .1! is included in Eqs. (I) and

(6) to correct the lower stratospheric wind tields which are only weakly forced by ozone absorp-

ti on of insolation. In the studies by Matsuno 11 971 ) and FIolton (1976) a two dimensional

mean zonal wind model of the middle atmosphere was constructed from observational data for

the i iiit i al conditions . Here sse calculate /1 , infer (1 t’rom observational data , and soRe the

steady-state form of’ Eq. (6) without the eddy flux divergence terms to generate the initial wind

field.

6
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Figure I presents the principal tonal wind fields used in this study. In Fig. Ia the wind

fie ld i~ similar to Matsuno’s (1971) initial field and is generated with M derived from observa-

tional data and A , increased from the values adopted in Paper I. When the A , values from

Paper I are used , the wind field in Fig. lb is obtained. If Mis set equal to zero , t hen the latter

w ind field is transformed to the result in Fig. Ic . The essential difference between the Matsuno

( 197 1) and Flolton (1976) wind field (Fig. Ia) and the wind field in Fig. lb is the polar night jet

strengt h. The principal charact eristic of Fig. Ic is the weak winds in the lower stratosphere.

The appropriate boundary conditions for Eqs. (5) and (6) are:

~ G(0) at: — 13.2 ( lO8km )

— E (0) a~ : — 0 (9km) (7)

~ — O a t  : — 13.2 (108km)

= F(Oj) at : = 0 (9km)

where G(0) is the radiative equilibrium condition and E ( 0)  is the tropopause geopotential

height field derived from climatological data as discussed in Paper I. The tropopause forcing of

planetary waves , F(0 .t) , is identical to that used by Matsuno (1971) and is applied only to the

winter hemisphere.

7
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III . !~umerical Res ults for L ndam ped Warm ings in an

Isothermal Atmo sphere

a. in = I

Our f irst numerical experiment w a s  an a t tempt  to reproduce Malsuno s 11971 )  results

An isot hermal atmosphere of 256K wa s chosen to approxima te the stat ic stabil i ty of the late

w in ter , high latitude stratos phere The init ial wind field (Fig Ia) was similar to Matsuno ’s and

damping was sc~ to tero to allow only eddy s t1e~~5 to alter the w ind cont igu ration. In the

mechanistic model used by Matsuno the generation of a SSW event w a s  accomplished h~ the

~w i tc h-on of a geopotential height perturbation over a S day period to an asymptot ic value of

300 gpm .tt the lower boundary of 300 mb. W ith the same lower boundary condit ion . w e

obtained the csul ts  for .i in — 1 warming shown as time-height contours for ~~~
‘
, ü. T. and I in

Fig 2 The assoc iate’.t mean tonal wind pro files with latitude at 10 and 25 days into the simula-

tion .ire presented in Fig 3.

From Fig. 2c it is clear that a strong double warming UT - 4 5K) is produced after 15- 2 5

ilavs of integrat ion at 30 and 60 km and is accompanied h~’ strong cool ing in the upper meso-

sphere The tonal wind tIeld develops two easterly regions independently at 100km and 30km

,issoc i.iied w i th  the double warm ing which expand downward and upward to pinch off the polar

night let (c i Figs 2b and 3h) . The general features of this in — I double warming resemble

closeR Matsuno ’s double warming and wou ld tend to confirm his calculations.

However the upper level warming does not occur as a result of critical level descent from

the mesosp here as Matsuno hypothesized. An examination of Fig. 2a reveals strong transient

oscillations in the middle atmosphere . The switch-on of stationary wave forcing at the lower

boundary launc hes a spectrum of traveling planetary waves that propagate in both longitudinal

8
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directions. The eastward moving waves are probably unimportant since they are evanescent in

regions where the mean zonal wind is seen as easterly and decay when the lower boundary forc-

seen as easterly and decay when the lower boundary forcing becomes steady. However, some

ing becomes steady. However, some of the westward moving waves can become trapped

between the polar night jet and the ground (or the lower boundary in our case). In particular

Clark and Schoeberl (1979) found a strong resonantly trapped planetary wave with a period of

15 days for m 1. These traveling planetary waves will move in and out of phase with the sta-

t ionary planetary wave to produce the oscillation in wave amplitude displayed in Fig. 2a.

To illustrate this point more rigorously let us examine simplified versions of Eqs. (5) and

(6) , respect ively, on t he beta plane

(8)

(9 )

where q represents potential vortici ty (Dickinson , 1969 , Holton, 1975). The wave motion can

be separat ed into a stationary component (s) with exp ( ,rnA) dependence and a traveling corn-

ponent ( r )  with exp ( m A  + u n)  dependence where A is longitude. A straightforward calcula-

t ion with Eqs. (8) and (9) yields

= —~~
_ 

— 
° 

— 
-~~-~~ irn (v~v, e” ’)  (10)81 8y 2m w ( n  + in w) 8y

where v~ denotes the amplitude and phase of the northward wave velocity. If v , and v 7 are in

phase , then Eq. (10) reduces to

& 0~= — 
— 

— v~v sin (1’ 1 ( 11)r.i.)~ 2tn s0(cn + in w) 8~
Thus the mean tonal wind and temperature fields forced by stationary wave-traveling wave

interaction oscillate at the frequency of the traveling wave. Althoug h the mean tonal wind is

both accelerated and decelerated during each oscillation , the time averaged acceleration is zero

except at a critical level in agreement with wave-zonal flow interaction theorems.

9
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Some of ’ the results of the numerical experiment presented in I:ig. 2 can now he cle arl y

interpreted in te rms o f  transient wave -s t at ionary wave inieraclion. Afic r the upward propagat-

ing stati onary wave front initially decelerates the tonal wind as predicted by Matsuno ( 197 1)

and 1.  yu (1974). the deceleration is continued in the lower stratosphere h) the sta (ioiiarv

was c-traveling wa s e intera ction expressed by Eq. ( 10) , however once a critical I~ vcl is esta-

bl ished for tiflY W a v e  component , further mean tonal wind deceleration occurs at the wave

absorbing critic al level , independently of wave-w ave interaction .A  detailed comparison of Figs.

2~i . 2h . and 2c reveals a close correlation of the wave amplitude with ii and I w ith it t ime delay

con s is tent wit h Eq. (II ). For example , note the rapid change fr om st rong easterlies to weak

weste rlies at 65km during the period days 23 -2 8 tha t fol lows the rapid decrease in niaxiimin~

wave amplitude at the same location for the period days 20—25. It should he pointed out that

two trans ient waves with different frequencies could interact in an analogous manner to the sta-

tionary wave-traveling wave interaction. A precise determination of the amplitudes and fre-

quencies of the transient waves cannot he made because the mean tonal flow vacillation con-

tinuousl y shifts the fundamental frequencies of’ these waves and generates additional corn-

ponents .

While the upper level warming at 60km in Fig. 2c more clearly demonstrates transient

wave efiects in addition to critical level absorption ol the stat ionary wave ,  the lower str ~t to s—

pheric warming appears to he controlled by critical level deceleration ori~e casts- rItes have been

established (ci. I”ig. 2h). Only a ver y small amplitude ransient disturbance is superimposed on

th is warming. During the evolution (if this warming the easterly wind line (tescs ’nds approxi-

m~ttel y IS km consistent with Maisuno’s (1971) explan ation of critical level interaction.

Ilirota ( 1968) and Schoeherl 1978) suggested that thermal planetary wa v e  nia~’ he an

importanl observational component of the SSW structur e In Fig. 2d the ~irnpIit tidc of 1’ at

10
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bO°N is shown to he comparable to variations in Tat the polar stratopause. In the lower level

warm ing its amplitude is only one-fourth of the Tva riation.

b. ‘pi = 2

The development of the in — 2 warming is strikingly different from the in = I warming

as can be seen from Figs. 4 and 5. For m = 2 the warming develops explosively after 20 days

with a 60K temperature increase in 4 days at 3S km to a maximum of 70K , almost as large as

that obtained by Matsuno (1971). We also obtain a relatively weak secondary warming at

6Okm~ otherwise , the basic features of our m 2 warming are very similar to Matsuno’s

(1971) results. The m = 2 wave amplitude (Fig. 4a) is much weaker than the m — I wave

amplitude (Fig. 2a) during the first 15 days. But from day 15 the wave amplitude increases

dramatically in the upper stratosphere and reaches a maximum at day 21 , followed by a rapid

increase in wave ampli tude in the upper mesosphere to a comparable maximum on day 24.

The zonal wind deceleration is extremely rapid after day 17, and approximately day 20 easterlies

appear nearly simultaneously throughout the upper stratosphere and mesosphere (Fig. 4b).

From Fig. 5 the behavior of the m = 2 warming can be understood. In contrast to a

m — I warming which generates an equatorward moving critical level (Fig. 3b) , t he easterly

w ind region in the in 2 event advances poleward from the tropics as shown in Fig. Sb. The

warm ing occurs suddenly as the poleward moving critical line in the stratosphere intercepts

sufficient vertically propagating wave energy to produce easterlies over most of the middle

atmosphere (Fig. Sc) . Figs. 5b and Sc also reveal a separate descending critical level from the

equatorial mesosphere which is formed by the transient wave pulse launched by the switch-on

lower boundary condition and contributes to the upper level warming (Fig. 4c). On the basis of

other experiments , the development of the equatorial easterly region appears to be -idependent

of the initial wind configuration in the tropics and is a consequence of the divergence of eddy

II 
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momentum flux ( n v )  in equatorial regions. Since v ~ m~b ,  this flux is twice as large for ~n —

2 as for in — 1, w hen ~ is comparable These results are consistent with Holton ’s (1976) prim-

itive equation simulation of a in = 2 warming which likewise produced poleward advancing crit-

ical levels from equatorial regions.

The postwarming period for ‘n — 2 does not display the pronounced oscillations which are

characteristic of traveling planetary waves. The lack of ,u — 2 traveling waves or free modes is

consistent with the recent calculations of Clark and Schoeberl (1979), who found no strong in

— 2 resonances for westwa rd propagating wav es with periods between S and 50 days. Unlike in

— I waves , in — 2 planetary waves experien ce greater vertical trapping by stratospheri c winds
(Matsuno , 1970; Schoeberl and Geller , 1976) .

In Fig. 4d some characteristics of the in — 1 thermal planetary wave are illustrated.

Although its amplitude is substantial (— .- 20K) , the large variation of T would probably swamp

its signature in noisy observational data. Unlike the in — 2 thermal planetary wave , the in 2

thermal wave has large amplitude spread over the 30-70 km region. Since T ~ ~~~~~ t he ther-

mal wave structure for in — I and 2 warming is illustrative of vertical trapping of wave energy

by t he polar night jet. Greater trapping generates more vert ical variation in ~~~
‘ and hence larger

T

12
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IV. NUMERICAL RESULTS WITH DAMPING

While the results in the previous section can illuminate certain dynamical processes , they

do not apply to the real atmosphere where thermal wave energy may he radiated to space and

wave-wave interaction can ultimately lead to dissipation of ’ wave momentum. Similarly in the

absence of any wave forcing the tonally averaged circulation would return In the prewarming

con figuration by these dissipative processes. For lack of ’ a precise theoretical , yet compulat ion-

ally economical description of t hese processes , we adopt t he strategy of Paper I and represent

t hese dissipative processes by Newtonian cooling and Rayleigh friction with the same numerical

va lues for both the wa v es  and mean flow as given in Paper I. II should be remembered that the

height-dependent damping coefficients determine the relaxation time of the mean flow after

cessation of wave eddy stresses.

In this section integrations for pit — I and m — 2 warmings are reported which were per-

formed with damping and the initial wind field in Fig. lb (cf. Section II) . Table I contains a

summary of all the integration reported in this paper. The post warming phase of these integra-

tions will be discussed in Section V I.

a in —

The in — I results are displayed in Figs. 6 and 7 and should be compared with Figs. 2 and

3 to determine the impact of damping. Figure 6a clearly shows that damping reduces the wave

amplitude by approximately a factor of 2 and smooths out the wave oscillation to a regular

period of — 14 days (Figs. 2a and 6a) . The period of’ th is traveling wave which is resonantly

trapped between the polar night jet and the lower boundary is sensitive to the tonal wind

configuration and the boundary condition (Clark and Schoeberl , 1979). A comparison of Figs.

6b and 2b shows that there is less distortion of the mean flow by wave eddy stresses when

13 
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damping is inc luded rhus the period ol the traveling wave should be less variable as our

numerical results indicate

With the presence of damping onl~ ve r~ wea k easter l ies are formed at 100 km (the

“mesosp heric ” critical level) from the transient ~,ise pulse These caster lies cannot he sus-

tained by the stationary planetar y w as e  st resses along the crit ical level against the restoring

f’orce of damping which is large near the upper boundary In addition ver y little wave ampli-

tude reaches this region a fter day 3 5 as a consequence of attenuat ion as it propagates through

the stratosphere The stratospheric critical cs ci at 35 km does not develop until 50 days and

then onl y for a short duration.

\i higher altitudes , sma ll ~ armings initially deselop at 65 km (Fig be) clearly not

associ ated ~ ith any crit ical Ie ’.el hut exhib iting a close correlation with oscillations in w~i 5s ’

amp litude (Figs 6a and ob) and disappears after 30 days as the traveling waves decay. The

major warming at 3S km is sti l l  in its developmental phase at this time land does not reach i ts

peak of -. 22 K until day 5 5 1 . With damping inc luded this warming takes tw ice  the time and is

a factor of 2 weaker.

~ close examination of the numerical results indicates that this warming is not due to crit-

ica l lese l effects or stationar y wave-transient wave interaction but rather damping. With stamp-

ing present w i ’, c-mean flow interaction can lead to a net deceleration of the mean tonal wind.

For the linear damping used in our model deceleration by stationary w aves is strongest where

t he wave amplitude is large and the tonal wind is weak (ct ’. Eq. ( 5 1) . The warming occurs in a

region w here the restoring force of local damping (in the mean flow is not sufficient to over-

come the planetary wave stresses produced by t he convergence of wave energy and momentum.

Eventually the tonal flow is decelerated to eas te i  ics

l4 
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The thermal planetary wave reaches a maximum of — 20 K in the region of the small ,

high altitude warming produced h~’ stationary wave-trave ling wave interaction and is primarily a

trave ling therma l disturbance Strong damping ol’ t hese traveling oscillations in the low alti-

tude, major warming region prevents t he growth of large amplitude thermal planetary wa s es in

this ty pe of warming event. t
h in — 2

The introduction of damping has the same effects on a ,P: — 2 warming as discussed above

for the in — I warming. The warming takes approximately twice as long to develop as without

damping and its amplitude is almost decreased by a factor of 2 (Figs. 8 and 9) . Damping also

slows the explosive growth of’ the in — 2 warming. The development of the poleward advanc-

ing critical level initially formed in the equatorial stratosphere is considerably retarded as damp-

ing acts to restore the original westerly wind configuration (Fig. 9) . The eddy stresses must sus-

lam the easter lies as well as advance the critical level poleward. The equatorial mesospheric

critcal level never really develops or advances (Figs. 9b-9d) . since upward propagating waves

are blocked by the stratospheric critical level and damping is strong enough at these height~. to

restore wester lics.

As might be expected from the f i rst experiment , neit her the wave amplitude (Fig. Sa) nor

the thermal wave (Fig. Sd) exhibit the periodic oscillations so evident in in — I warmings. In

addi tion , the thermal wave amplitude ( T ’)  is considerably less than the increase of T at the

peak of the warming. But note that prior to day 35, T’ is comparable to the change in T

15 
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V. OTHER NUMERICAL RESULTS

In addition to the introduction of damping there are other input parameters that can play

an important role in the evolution of warming. From our previous discussion the strength of

the lower stratospheric westerly winds is a strong candidate. Since an induced secondary circu-

lation is an important component in the stratospheric response to eddy heat transport we also

ant icipate that the stat ic stabil it y of the stratosphere could potentially be important.

a. Nonisothermal Basic State

Numerical experiments were performed for m — 1 and in — 2 warmings with the Static

stability evaluated from the globally averaged CIRA (1972) temperature profile. The results are

given in Table I. The overall effect was minor , but the major stratospheric warming occurred

4-5 days earlier for each tonal harmonic. In the case of m — 2, the warming was 8 K more

intense . Below 28km the static stability of the nonisothermal atmosphere was less than that of

isothermal atmosphere. A more vigorous induced secondary mean circulation was generated

from the greater available potential energy in the mean flow. The net effect was a stronger

warming as measured by .~~ Tand a faster evolution of the warming.

b. Lower Stratospheric Winds

To investigate the role of lower stratospheric winds an isothermal atmosphere was used

and Al was set equal to zero in Eqs. ( I) and (6). This decreased the initial wind configuration in

the lower stratosphere from the strength in Fig. lb to the weak westerlies illustrated in Fig. Ic.

From the summary in Table I, we note that the polar temperature rise ( T )  for both in — 1 and

in — 2 is reduced by a factor of three due to weaker winds. This result is consistent with the

theoretical analysis of Dickinson (1969b) who showed that the transmission of planetary waves

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ low The increased absorption of
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~ as e energy near t he lower boundary does not initiate a ~arm ing in that region because of the

im posed ~ boundary conditions at 300 mb. For the in — 2 simulation the equatorial easterly

regions ads anees poleward , as before , and establishes an easterh regime throug hout the middle

stratosphere However ver y little wave energy penetrates through the weak wes ter l ies to pro-

s ide a substanti al circulation reversal. Also the critical leve l  cannot descend to a lower altitude

for reasons discussed above and absorb more wave energy. For in — I the se s ere attenua t ion

of planetary w a v e  energy inhibits the development of the pronounced periodic oscillations in

t he mesosphere which were characteristic of previous in — i simulations. For example at 70

km ç6~ 
-
~~ 126 dm at day 15, but only 5 dm for its next peak on day 30.

c in — 3 warming

An attempt was made to generate a in — 3 warming even though in — 3 warmings have

never been observed. After 60 days of integration no major warmtng was produced ansi the

results did not suggest further integration time was warrant ed. Planetary wave s with high tonal

wavenumhers ( i n  > 2) are strongly trapped by the polar night .iet and become increasingly

evane scent t hroughout the bulk of the stratosphere (Charney and Drazin , 1961). Thus the na-

htl it y to simulate a in 3 warming is not surprising.

d. Mesospheric cooling

For both in — I and in — 2, strong mesospheric cooling accompanies the strong stratos-

pheric warming as a result of the induced secondary circulation and associated adiabatic cooling

in response to eddy heat transport to the polar stratosphere. This effect is clearly seen in Fig-

ures 6c and Sc. For m — I the maximum cooling generated near the pole is 12 K in the 80-100

km region while for m — 2. the mesosphere cools 22 K in the same region. These values are

17 
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in reasonably good agreement w ith those of Labitzkes (1972) who observed cooling above the
stratopuase on the orders of 20 K at high latitudes during a major warming,

18
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V I .  l.O~~(~ TIME lNTEGRATlO ~~S: THE AS~~MPTOTI(’ STATE

The preslo us studies on st ratospheric vacillation c~c ies by Ilolton and Mass (1976) and

Paper I led us to carr y out integrations for in — I and in — 2 to 120 and 180 days . respectively,

wi t h asy mptoti c forcing of 300 gprn a t  300 mb. Figures 10 and II present the represent at i se

values of ~ and z~ at 120 days for in — I and 140 d a ys  for in — 2 At those time s in — I and

us — 2 are in post warming periods The structure vt sb for in — I and in — 2 show similar

masim,i in the mesosphere and secondary maxima in the lower stratosphere (Fig. lOt

A comparison of Fig. II with the initial wind contigur ation in Hg lb show s that the polar

night Jet strength is reduced by approximately 8-9 ms ‘ at i t s  maximum through the action of

planetary wave stress es. However the largest changes occur in the lo~ er stratospheric wes ter lies

whic h are decelerated by — 20 ms through eddy heat transport h~ planetary w, i ’ ,~ ’s into the

polar stratosp here For in — I the polar temperature increases hs 2(1K at 3( 1 km . but declines

by 8 K .ii 80 km as a result of the adiabatic cooling associated with the induced secondary meri-

dional circulation. Similarly for in — 2 planetar~ w d ’ ,c s  the polar iemperature increases f’s I~~K

at 30 km . and decreases by 9K at 80 km Thus planetary ~dves tend to cool the polar meso-

sphere rath er than heat it as Green ( l Q ’ 2 )  suggested The computed effects of these naves are

somew hat larger than might he expected , s ince we have used 300 m forcing, about tw i Ce the

observed monthly mean ~ a s e amplitude at 300 mb for January (van Loon ci. at .

In Paper I steady s t at e solu t ions for planetary wa s es it i~~ ‘g w ith the mean tonal t1o~
were found for the is, — 2 wase 1 or t he us — I wave a mesospheric critical level w a s  formed

after the first iteration and rendered the i te rat i se procedure divergent in our search for a s te ads

state solution Our present ca lculations indicate that a steady state in — 1 solution does eS ist ,

but can only he obtained by time dependent calculatio ns

19
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Ilolt t in and Mass I I ~
) and Uolton and Dunkerton ( 1978 ) has e noted that the stratos-

pheric saL ill.iiion d c  ‘f pla net i t s  ~~as e amplitude and mean circulation can occur es en if the

~ a se I ’ rLi ng at the . ~s cr hiiundars is s ie .idy I he appearance of a second in 2 warming after

,Ias 11 11  and a th i rd  ~ , l m t i ~ ~~ d~
y l f’$ during the integration is certainl y suggesti ve of a saci l-

atom % L  Is’ I rom I i~ 12 note that each succeeding in 2 warming is sl ightly weaker than the

pres ious tine \ I i  hi ug h his integr at ion ~~,is extended to 6 months ii would appear th at an

L’quil ihr urn ~ t i  is . i t ta i~~. h:c only at (cr more than ,j y c,t r s integration. The adjustment pro-

e~s in mul ip(s ’’’ 2 ni in~~ is  nil inta t s ’ I  Loup led to the lateral  motion of the crit ical level.

IL his  motion ~ .,s nyu i i i  ~ed f’s the liulion and M.iss ( 1976 ) model Thus it is diflicult 1(1

nipare our model ~ it h i t s  in u~ h mote cornpk s treatment of the mean tonal flow wi th their

results

1’ wi~~ II lion and I)unker to n I I~~
’
~ ~ ho s t4 ~~g Cs t the mechanism for the sa ci l la t ion cycle

is t r a n ’ i eT lLe  f r o m the in i t ia l  sw i t ch -o n  t i rc ir ig.  w e f ind it more plausth le to attr ibute the s , ic i l la —

ions i t t  j  S d i l L  f o rmat i on of crit ical Ics els . f o l low ed by restoration of the w ester l ie s throug h

d,imp inc , and a susequent in~ ic ,tsc in planetar y w a ve tr a nsmission and eddy heat transport to

re-es ta blish .inother c r i t tc a l  es el \ f t e r  each cr i t ic a l  level is formed in the equatorial regions it

muses polew ard unti l  it intercepts .ill of the upward propagating wave energy. In our model the

crit ical lese l cannot descend to t he lower boundary for reasons discussed in Section \•  flow-

e s er . in the real atmosphere the cr it i c a l  lese l could descend into the tropos phere to a level

which would cut oil the source of planetary ss a s e forcing. Thus our artificial lower houndary at

the tropopause is not unrealistic Once t he easterly wind regime is establ ished , the topside of

the eas ter ly wind region begins to erode as the mean flow is damped and the east e r ls  region

esentual lv becomes t hin enough to permit penetration of planetary w ave s  into the upper strat i -

sp here albeit severe ly attenuated. Damping continues to s l owl y  restore the winds to the

prewarming con f Iguration , at which point the entire process repeats i t s e l f

20
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VII. CONCLUD iNG REMARKS

The linea r damping used in our calculations should be accurate in the initial development

of a warming. I1owes’~r , once the planetary waves and t he changes in the tonally-averaged cir-

culation reach finite amplitude, this approx imate representation of damping probably breaks

down and leads to unrealistic estimates of the actual effects of radiative damping and frictional

dissipation. In the case of Ray leigh friction there may also be a contribution of unknown mag-

nitude that represents planetary wave stresses on the mean flow and is inappropriate for damp-

ing of planetar y waves. Thus the numerical simulations that were performed with and without

damp ing should be regarded as extreme bounds on the actual development of SSW events in a

rea listic atmosphere. In spite of this limitation our model clearly delineates many essential

dynam ical processes that control and differentiate m I and in = 2 warmings.

The development of a stratospheric warming in the real atmosphere depends critically on

two factors: ( I) the strength of the westerl y w inds in the lower stratosphere and (2) the magni-

tude of wave damping in the same region. These two factors govern the transmission of plane-

tary wave energy to t he less dense regions of the stratosphere and mesosphere where warmings

originate. Large transmission requires wind velocities greater than 25 ms ’ everyw here at

midlatitude or negligible damping (— . 100 day ’) . Thus we expect that major warmings will

deve lop only when the prewarming lower stratospheric winds are large. An observational check

of this key theoretical result is difficult because most stratospheric wind data is monthly aver-

aged. Over t his time period, the possibility that prewarming, warm ing, and postwarm ing dat-i

remain distinct is remote.

Damping has two obvious, important effects on the evolution of both in — I and ‘is — 2

warmin gs. It can suppress the maximum amplitude that a warming attains and slow its develop-

ment. These effects are consistent with Matsuno ’s ( 197 1) and Geisler ’s ( 1974) earlier studies

21
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For a in — I w arn i i t ig  J,iniping can he the most important factor that results in the convergence

planetary w a s e  heat and momentum f l u x ’ s to decelerate the tonal w ind , heat the

strato s phere , and precipitate the warming Hut the m~ st d ist inct ive feature of a in — I warming

is pronounced osc i l lat ion s wi th a period of approximatel y tw o  week s Thes e oscillat ions are the

result of resonantl y trapped westward propagating planet a rs w a s  es (C la r k and Schoeberf , I 979 I

moving in and out of t~hase w i t h  the tro pos pherica ll~ forced stat iunan. planetar y wave \ s  a

result of the Interaction of the stationar y and travel ing w a x e s , t he mean tonal f low osc i l lates at

the t ras el ing w i s e  frequency This oscillation can reach sufficient amplitude at times to

decelerate the tonal Oow during ,i c~. d c  to e a ster l i e s  and thus create .i cri t ical level. In

Slatsunu s I 1 Q 7 1 )  model , the upper part id the double warming is generated by these oscilla-

tions. However , es e n ii a c rit ical level is not f’orrned, the temperature increase associated w ith

the osc i l lat ion has the character ist ic magnitude of a warming and may he regarded as the initial

phase of a in — i war ming Damping plays the most tmpoflarn role in the later phase of a

in = I warming and can lead to a stronger temperature increase ( T) than the initial , osci llatory

phase

Although formation of a mesospher ic crit ical lesel is not a required feature of a warming.

the development and propagation of cr itical levels i~ centra l to the evolution of the sudden

warming ’, Initially in a in — I event the critical level forms in the polar mesopause region and

advance s equatorw a rd and downward in i t s  development. In sharp contrast the mesosphe ric

L r ! i i d a l  level in a us = 2 warming in i t i a l l y  develops in the equatorial mesopause region and

adsa nces pi~ ewa r d  This d iffer ence is likely due to the greater ref ’ract ion of the wave energy

1~~ t o w a r d the equator h~ the mean wind field for in = 2 than for in = i (Matsuno . 1970) .

L’ , n s i la r  rema rks about the propagation of crit ical levels applies to their development in the stra-

s pher e IL — I cri t ical level initially form in polar regions and grows equatorward .

Ah CSC . Is ‘ii — 2 cr i t ica l  level originates at equatorial latitudes and progresses poleward. Since the

22
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is, — I planetary w a v e  can propagate wi th larger amplitude into high latitude regions of the stra-

tosphere than ~i in — 2 wa se . I he conver gence of eddy heat flux for in — t occurs iii the more

s’oiif ined polar region and leads t o a greater local heating rate than t f t c midlat it ude conf ined ,

in — 2 wave In ~iddiI ion , the greater trapping of t he in — 2 wave relat i ~~ to t lie in — I was e by

the ict also reduces the eddy heat flux to high lati tude s Thus the initial crit ical level lort nation

occurs in the polar regions for in — I . N~e~ir t lie equatorial regions hot Ii is, — I and is, 2

decelerate the mean tonal flow as a result of moment U in fi us divergence hut is, — 2’ s eff ect is

suhstant i. i l lv la rger since s is twi ce as large for similar amplitude w aves . Ffius the in — 2

warming is dominated by stronger equatorial deceleration of the flow and a poleward urn’, i ng

critical layer.

The tithe r distinctive feature of a us — 2 warming (in adduion to its po leward advancing,

critical level) is t he sudden , explosive character of ’ its development even in the presence of

da mping. Hased on our arguments that damping at finite amplitudes is probably unrealistic in

our calculations , a growt h rate inlern ieslittte between the rates exhi huic d in Figs. 4c and 1k may-

be appropriate. From our calcu fat ions we would infe r I hat is, — 2 plan etar y w a v e s  ni ust pla~ an

essential role in observed warming events I hat develop suddenly . I.ahit,ke ( 19 77 )  noted that a

ii: 2 planet, irv wave  appears to he incapable of’ generat ing a major warming by itself , hut

Sc hoeherl ( 1978 ) points out that the in teract ion of both ut — I and in — 2 is i bsen. ed in li st

observed warniings. i’hat is , in — 1 dot ’.’, play some role in warming development . even thoug h

the amplitude of in — I us strongest l ’ ,isi prior to the warming.

Consistent with (ibservat lons , our numerical simulat ions also pred ict realistic s a lt i s ’s of

polar niesospheric cooling coincident with a polar st ratospheric warming. Fhis is a direct ct nsc-

quence (i f the induced secondar y circulation in response to eddy heat transport to t he polar stra-

tosphere whic h results in adiabatic cooling in the mesosphere. Lahitike ( 1972 )  and I lirota and

23
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Rat fls’tI Q has s’ sles1u~cd mesospherie cooling in polai reguons from .t n~il s s is  of ss .irui’,i ng

e s  ei’,~ lI.iss’~f on m u  long lime integual ioul st udi e s w e find t ha i  p l , i i l e i m i  s w , i ’ , s’ s ihrough i f is ’

induced s eco i , mf , u is  c i rc u l.ituin c .m uss’ ~i net cooling m l  t f te  polar mesos phere

Ir on’, at ’ , mfsss ’i ‘, ,ilitmn,il point m it est our ~,ilm t i l , m t i m i t i s  also pred ict .m s , i r i e ty-  of s f i s t i i ’ ,c t i ’ ,e

fea t ures if t , i t  i i’ ,  e ci it he so i t f j r t ~~ ’,I w i t h  ohsei , m i im ii,il st ,i t , i  Flies include t f ie  need f i n

s I t t in g ws ’s te t  l ies in t he lows ’i s t ra tos phere , the dilleretit lat i tud ina l  regions 01 ‘0 I and ‘ii — 2

c rutic , i l  lese l  form ation , t f t e  pronounced in I t ’sc i l l , i t imi i i ’ ,  wil l ’ ,  a period I ~ mf as s (Madden ,

I Q~~ . ( ‘ lark ,im’,d Se f to e herl , I 9~ 9) , t h e  s t rong thermal Plat lei , i rs wa s  c mnthedded in iii I

w ,,i itnugs ( I l i t s i , t , I *8, L,aht t ike . 15)17 , Ss’hoehet l, 1978) , and periodic c it ical lcv~ l f i t  i i l , i t immf l

in is, — 2 w i t  noit gs

I - m all ’. our results suggest t h at sudden stratospheric warn iings , ,ire a ns’sessats part of the

tss- eiat ,ts1~ustment process whereby the atmosphere responds to the strong radiative cooling in

polar regions during the long stinter ni ght Normally the s s i im p t i c  scale eddies th rough w e l l

know ii har ocl i t t ic  ‘ l m m s s ’sses  in the t ro posphere ,ind lower st i  .mto spf ie re t t  ,iulspot t heat polewards

t i cmi ui i ter— h ,ml . i nc s - r a d ia t i s e  cooling \s  w i t t I e r  pt og is ’ sss ’~ t he p L o  str , ito s pf ie re cools drautia li-

s ,t t l ’ ,  ansI forms the in i ei’,se polar night s’t ti m~tintat n therm al wind ba lance As  thi s s i l t  is ’ ’ ,

~~~ ~. m i 1 m f s  dow t iw ard and in ii’ ii s i t ics , I ftc ss nopt ic sca le , haroctinis ’ w ,is cx cs -et it umtllv hestsn’,~

~~‘, m i t e s ,  r’llt in l f i m  lower str, utos pf iert ’ an d no longer It ,insport heat pols’wa rd to maintain polar

s t t . ’t ’s(’ i i~~r i d  tcii ipe r.it urcs I l u t e s  ci • in the t’iexs’nce of a strong polar night Is’t tile large sca le

~ 
tiiet ,irs w a’. cx s ,tt’, ps-nc ii .tte t f irougl~ t he low- s’r stratos ph ere ss i0~ large transmission in sp i ts ’ of ’

damping and transport heat pols’w~trd . Fhus the hursls’ n of maintaining polar stratosp heric ten ’ ,—

pe ra lures ag a i n s t  i.i Ii,iii’.~’ coo ling sh i f t s  f r u i t  the svf lopt ic  seal s ’ to p lanet a ry ssa fe  wav es the

sudden st .iinling is ,i product of I f t i s  s h i f t
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Ap pend Ix A — Not it lon

— in f -
~~~

’J .  where p — pressure , p1, — 300 mb

is . v — eastward and northward wind velocities , respect ively

w — —

di

a — earth ’s radius

(1 — angular rotation rate of the earth

R — dry air gas constant

— latitude

in — zonal wave number

A — longitude (measured east )

— geopotential height

II — zonally averaged heating rate (departure from global average)

It , — Rayleigh friction coefficient

it — Newtonian cooling coefficient

S — ~~~~~~~~~~~~~~ + ~~‘>~~~~~~~ 
, where <T>  is the globally averaged temperature and c~ is(I, —

specific heat at constant pressure

— external momentum sources and sinks

— (k,/2tfl -’

— globally averaged variable

I — tonally averaged variable —

I ) — perturbation from I )

3 I 8S ’ ,~, I ÔS &2 S
4 .Y a: 2S ô: &:2 4
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App end Ix B — NumerIcal Model

Defining

i J ,— i ’~~~
2 S 2

~~

we can trans form Eqs. (5) and (6) to

(L (~~
) + L ~(~~~ ) l  + Ft~ + F,~~ - + A ,L ~~

) + ~ L,~ (q~
) (131)

— — R 1 (M) — R 2 ( H )  + R ’, (I m (i$a ’~~1L t (uI ’’) + L, ,,,(,,’) I))

IL ~(u~
’) + L 2 ,,, (~~~

’ ) 1  + F 1~” + ~~~~~ + ~~~~~ + ~~~ ,,, (~i )  + A ,!. (~
,)

• 
— 0 ((32)

respect ively, where

— 
( 2 t ) a )~ ~~~~~ + .~~

~

L 
I a ~~~ a

cosø &H sin~ø+~ &~ sin -øcos’i~

F - ~~~~~~
2S~

’ ~: ~:

(2f la )~ a~
-‘ s a:

2 f l a  .‘~~~ a cosø
R~ 

— —~- e  ‘,S

— ( 2 1 1 a) 1i ’ ~ 
~~

—

~~~~~~
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Equations (BI) and ( B2) are a coupled system of time.dependent elliptic partial

differential equations which may be solved by standard numerical techniques. Both ~s and

L~
(iI,’) + L1 ,,,(iji ) are required to compute the non-linear forcing term in Eq. (SI) . An explicit

time scheme for Eq. (B2) would yield only L t(uju ) + L - , (qs ’) and require an inversion o ’ the

operator to obtain ui, . A better choice is an implicit time scheme which utilizes the same inver-

sion. An ideal candidate is the implicit trapezoidal scheme described by Kurihara ( 19 65) .

Another advantage of this scheme is that the operator inversion required for L u + L ~~ can be

used to compute steady-state solutions to Eq. (HI) without wave forcing as initial conditions for

the time•deperident problems. The coupling terms between the wave motion and mean circula-

tion can be made second order accurate in time by computing the wave field at times

different from the mean flow,

If ~ 
— L i(t$$) and 

~~~~~ 
— L 2 ,~~ )

Then Eqs. (B)) and (B2) can be written, respectively, as:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 

T[~~~
2. um + k ,~~~ 1 + F1~ + F,~~ - J — 

~~t R i(A?) — ~tR~(Th

+ R ;(Im (uJ,° ( .~~° -4- 
~~~~

1 J
~~ )

and

~ + ~~~~~ + 
~~~~~ 

Iae2i~n, + It, ~~ + .~~,, ,p° + F1 ‘ts ° + F? ‘
~~~~~~

‘ J
— 

~~ + ~~~~~ 
— ~~~~ [t ~~~~

-
~ + k,~~ + i,~ h + Ftd u + F2 (84)
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where superscripts denote the following points in time:

( )
~~ 

— ( )
, ,~

( )o — ( )
~~~,o

( )  
— ‘ II

( ) —  — ( ), _ ,
o ~~

Evaluation of the spatial operators is done on a staggered mesh spaced at 50 from pole to

pole with the closest pole points at 87.5° , for iJ, and 850 , for ii, ’. The vertical grid spacing is 0.37

scale heights. The generalized sweepout method developed by Madala (1978) is used to invert

the spatial . elliptic operators. The nonlinear forcing of Eq. (B3) restricts the time step to the

equivalent leapfrog time scheme limit. To obtain the correct group velocity for planetary waves

with the implicit trapezoidal scheme the C.F.L. condition must be satisfied. On the basis of

seve ral numerical experiments , the maximum allowable time step was found to be about 0.12

days.
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