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I NTRODUC TI ON

The present work was stimulated in a quite indirect way by some

obstacles encountered in studies of weakl y non-linea r ship motions ,

specif i call y shi p rolling in random seas. The background will be

summa r ized in the following paragraphs.

The overall purpose of research on shi p mot ions is to enable
i mp roved quantitative predi ctions of rea l -world phenomena . In the

ultimate practica l applica tion , the rea l -world ship motions prob l em must

be considered to be stochastic; there seems no escape from this aspect

of the prob l em. In the last two and one half decades the methods outlined

by St. Denis and Pierson l* 
for the estima tion of the magnitude of oscilla-

tory shi p motions in irregular seas have become firmly established In

engineerin g practice. These methods appl y st r ic t ly only to ship responses

wh i ch can be assumed to be a linear function of wave hei ght , and they
I nvolve as well the assump tion tha t the wave process is Gaussian .

I n this context the first recognized ship motions problem (ship

rollin g) remains a prob l em to some extent. Roll damp i ng at least for

low or zero shi p speeds , has been considered to be a mix ture of linear
and quadra t ic damp ing for about a century .2* No modern hydrodynamic
anal ysis has challenged the model--for that matter there appears to be no

completely theoretically based prediction method for roll which is altogeth-

er free of empiricism with respect to roll damp ing. However , if the
necessi ty for empiricism is accepted there is still another prob l em with

roll and this is the simple fact that a non-lineari ty often appears to

exis t for low to moderate rolling amplitudes.

I n  the majority of applications to desi gn what is most wanted
wi th respect to rolling is a measure of the statistics of rolling max ima

*1. St. Denis , M. and Pierson , W.J., Jr., “On the Motions of ships in
Confused Seas , “SNAME Vol . 61 , 1953.

*2. “The Papers of William Froude”, The Institut ion of Nava l Arch i tects
London, 1955
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to be expected in various hypothetica l or realistic Irregular sea cond i-

tions for a variety of desi gn alternatives. I deally, what is needed (but

not available) for the prediction of shi p rolling statistics in random

seas is a prediction framework analogous to the linea r framework of

St. Denis and Pierson 1 in wh i ch: a) at least weak non- linearities could

be accomodated for the genera l multi-degree of freedom situation , b) multi-

directiona l seas could be considered as i nput , c) the hydromechanic data

requ ired could be produced with conventiona l techniques , d) the prediction

or a major part could be carried out in the frequency domain for economy

(as well as to take advantage of the accumulating frequency domain descrip-

tions of real sea waves) and e) the statistics of max i ma could be estimated

with firml y based theory in wh i ch the possible effects of non-l inear i t ies

are accounted for.

In the absence of this idea l, modern practice involves lineariza-

tion of the damping coefficient in some manner. Wi th contemporary six

degree of freedom ship motion algorithms the approach often taken is to

l inear ize the roll damp ing coefficient and thereafter to conduct the

analys is  and make the irregular sea predict ions as though the system was

complete ly linear. Var iat ions on this theme ex i s t  to the extent that it

is possible to make i t e ra tive  solutions so that the linearized damping

coefficient is chosen to minimize errors in the final prediction for

irregular waves.

Early fundamental work on the prob l em of a frequency domain

prediction of non-linear roiling in irregular seas has centered upon the

prob l em of predicting the spectrum and the variance of zero speed rolling,

this be i ng the case in wh i ch the damping non-linearity has been found to be

most obvious , and the case for which it is plausible to reduce the prob l em

to a sing le degree of freedom. Typicall y, a single degree of freedom

rolling equation not far different from that of W . Froude2 is sol ved in

some sense for the random excitation case. The work of Kaplan and

Vassilopou los4* i nvolve equiva l ent liner ization techniques In the estimation

*3 Kaplan , P., “Lecture Notes on Non-Linear Theory of Ship Roll Motion
in a Random Sea Way , l ilt Transactions , 1966.

*4 Vassilopoulos , L., “Ship Rolling at Zero Speed In Random Beam Seas
with Non-Linear Damping and Restoration”, Journal of Ship Research,
Vol. 15, No. 4, December 1971.
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of the variance of roll and the roll spectrum. In this technique non-

linea r elements are replaced by linear elements chosen so as to minimize

the resulting mean square errors for the case of random exc i tation .
5*Yamanouch l approached the prob l em with a perturbation technique for the

solution to the non-linear differential equation . In this solution the

spectrum of non-linear rol l ing turns out to be the sum of the linear roll

spectrum and various convolutions of the l inear roll veloc i ty spectrum.

For pract ica l purposes the result of both the above approaches is

the predicted roll variance . The implicit assumption is that the statis-

tics of maxima are adequate ly described by the Raylei gh distribution with

parameter equal to square root of variance. This assumption has been
6* . .part ially vind i cated by a study in wh i ch numerica l simulation of the

sing le degree of freedom rolling equation was carried out. The results

indicated that while the Ray lei gh distribution is probably not a completely

proper assumption , reasonably good predictior is under this assumption could

be expected for quantile averages up to average of 1/10 highest amplitudes ,

despite inclusion of non-l inearities within the nominal range of magnitude

observed in unstabi lized ships and models.

There are presently three additiona l approaches to the prob l em of

the prediction of the statistics of non-linear random processes, time

domain simulations (Monte-Carlo Methods), the Fokker-Planck Equation
7* . . . 8* 9*Method (Caughy ) and the Functional Series approach (Wi ener , Barrett

5* Yamanouchi , V., “On the Effects of Non-Linearity of Response on Ca l cu-
lation of the Spectrum”, I TTC Transactions , 1966.

6* Dal zeil , J.F., “A Note on the Dist ribution of Maxima of Ship Ro ll ing u ,
Journal of Ship Research, Vol . 17, No. 4, December 1973.

7* Caughey , T.K., “Derivation and Application of the Fokker-Planck Equa-
tion to Discrete Non-Linear Dynamic Systems Subjected to Wh i te Noise
Random Excitation ”, Journal of the Acoustica l Society of America ,
Vol. 35, No. 11 , November 1963.

L 8* WIener , N., “Non-Linea r Problems in Random Theory”, The Technology
Press of MIT and John Wiley and Sons, Inc., 1958.

9* Barrett , J.F,, “The Use of Functiona ls in the Analysis of Non-Linear
Physica l Systems”, Journa l of Electron i cs and Control , Vol. 15,
No. 6, December 1963.

0
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10*Bedrosian ). Neither of the last two can be considered as having been

reduced to common practice .

The basic attraction of the time domain simulation approach is that

if the system can be described in terms of differential equations , a numeri-

cal solution for a particular realization of the exc i tation can be achieved .

The approach is defi nite ly within state-of-art. There are two related

diff iculties. First , if the non-lin ear system is extremel y complica ted ,
the anal yst is li~cky to ach ieve a computer simula t ion which runs as fas t

as real time , If very long samples are required the approach can be pro-

hibi tively costl y. Secondl y, long samples are required if good statistica l

information is to be generated . Fundamentally, wha t is done in a Monte—

Carlo Anal ys is is to genera te large t ime domain samp les , extract the required

statistica l information , derive the probable sampling errors , and then dis-

card the most costly part of the procedure . This is the essential reason

that the St. Denis and Pierson 1 frequency doma i n app roach to the linear case
has been so universally adopted--it is much faster and there are no crucial

samp ling p roblems .

The attraction of the Fokker-Planck approach is that in principle
11* 12* 13* 14*the statistics of the output are solved for directly. Haddara ‘ ‘ ‘

uses the approach to derive expressions for the variance of roll for the

10* Bedros ian , E. and Rice , S.0., “The Output Properties of Voltera Systems
(Non-Linear Systems with Memory) Driven by Harmoni c and Gauss i an
I nputs”, Proceedin gs of the IEEE , Vol . 59, No. 12 , December 1971.

11* Haddara , M.R. , “On Non-Linear Rolling of Ships in Random Seas”,
International Shipbuild i ng Progress , Vol . 20, No. 230, October 1973.

12* Hadda ra, M.R., “A Modified Approach for the Application of Fokker-Planck
Equation to the Non-Linear Ship Motions in Random Waves”, In ternation-
al Sh ip bu i ldi ng Progress , Vol. 21 , No. 242, October 1974.

13* Haddara , M.R ., “A Study of the Stability of the Mean and Variance of
Roll i ng Moti on i n Random Wav es”, I nternationa l Conference on Stabil-
ity of S~~ps and Ocean Vehicles , Univers ity of Strathcl yde , Glasgow,
Scotland , March 1975.

14* Haddara , M.R., “On the Stationary Coupled Non-Linear Ship Motion in
Random Waves ”, International Shipbuilding Progress, Vol. 23, No. 262,
June 1976.

I
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case that the exc i tation spectrum is wh i te (flat), in some cases finds
i t necessary to replace the quadratic damp i ng wi th a cubic to fac i li ta te
the ana lys is , but does not direct l y derive the statistics of response.
Evaluat ion of the statistics of response according to this approach are

extremely difficult when the exc i tation spectrum is not wh i te. Dello-
15*Stritto has come close to accomplishing this , but it was necessary

in his work to replace the non-analytic quadratic damp ing term with one

of cub i c form .

There are several attractions of the functional series approach .

Among these are that as a conceptual framework the model is suitable for

any reasonably well behaved wave i nput (regular , transient , or random),

and since it contains the completely l inea r system as a coecial case it

appears to have the potential of being a logica l extension to present

practice . In addition , theoretical prediction methods for spectra may

be der i ved , and it appears that it may be possible to approximate the

statistics of maxima . Finally, it is possible in principle to relate

the func t ions requ i red by the model to the resul ts of hydromechan i cal
analyses and experiment. Apart from comp l exity , there is a serious

F mathematica l obstacle in applying the approach to the conventiona l ship
16*rolling equation. This was pointed out some time ago by Vassilopoulos

It is that i f  the functional expansion and a differential equation are

to be rela ted, it appears tha t the equation must be analytic for small

va l ues of the variables. This is not the case for the “quadra t ic”
term ord in ar i ly used to rep rese nt the damp ing non-linearit y . Some degree

of success i n app lying th i s app roach to s ing le degree of freedom roll i ng
was obtained in 17 

by replacing the quadratic damping with a cubic term.

15* DelloS tritto , F., “An Ana l ytica l Approach to Non-Linea r Ship Roll in
a Random Sea”, PhD D i sser tation , Stevens Institute of Technology,
1978. F

16* Vassi lopoulos , L.A., “The Application of Statistica l Theory of Non-
Linea r Systems to Shi p Motion Performance in Random Seas ”,
International Shi pbuilding Progress , Vol. 14, No. 150, 1967.

17* Dal zell , J.F. , “Estimation of the Spectrum of Non-Linear Ship Rolli ng:
The Functiona l Series Approach” , SIT-DL-76- 1 894, Davidso n Laboratory ,
Stevens Institute of Technology , May 1976, AD A03i 055/7G1.

I
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There i s a common thread runn ing through mos t of the ci ted work.
It is tha t the quadra t ic roll damp ing form , wh i ch has been acce pted for
the last century , is a serious anal ytical obstacle wh i ch needs to be

overcome if i mprovements in the predic tion of roll in irregular seas are
18*sought. The form is awkward in perturbation anal yses (Flowcr dispensed

with it in his recent work), it apparen t ly makes the ful l  exp loi ta t ion of
Fokker-Planck methods next to i mpossible , and is inadmiss ible in the

Functional Series approach. It seems permissible to speculate that the

quadrat i c damp ing form may pose as much of a prob l em to alternate , better

(but as yet unformulated) approaches.

No par t ic u larl y conclusive general theory has been adva nced for
the inclusion of quadratic damp ing in the description of shi p roll dynamics.

The representation seems to have arisen as an intuitive extrapolation of

real-fluid steady state drag theory to the unsteady case.

The va l id i ty of and jus t i f ica t ion for rep lac ing quadra ti c roll
damping by a linear plus cubic representation was addressed in 19 (a
s l i ghtly shortened version of the first part of20”). As near as could

be found out, nearl y the entire justification for the linear plus quadratic

represen tation for rol l damping is that it appears to work empirically—-

in the sense that curves of roll decay may be reasonabl y well fitted under

this assumption. The results in 1
~ show that a linear plus cubic represen-

tation works just as well or better , at least within the limits of roll

angles achievable in ship sally ing experiments and within data scatter.
- - If there are two analy tica l models wh i ch fit the observable data with

roughl y the same magn i tude of error , the cho i ce between the two must be

18* Flower , J.O., “A. Perturbational Approach to Non-Linea r Ro lling in a
S tochas ti c Sea”, Interna t ional Shi pbuild i ng Prog ress , Vol. 23,
No. 263, July 1976.

19* Dalzell , J.F. , “A Note on the Form of Ship Roll Damp ing ”, Journal
of Ship Res earch , Vol . 22, No. 3, September 1978.

20* Dalzell , J.F., “A Note on the Form of Ship Roll Damp ing”, SIT-DL-76—
1887, Davidson Laboratory , Stevens Institute of Techno l ogy,

¶ May , 1976, AD-AO3I O48/2G1.
‘
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made on bases other than the fit itse lf. In absence of such other consid-

erations , the models may be considered equally good within the limitations

of observable data--outside the range of data both are extrapolations.

Phys i cal ly , it is expec ted that the roll damp ing func ti on be odd in rol l
velocity and positive for positive roil veloc i ty . Both the mixed quadra-

tic and cubic models can be made to fit this criterion through cho i ce of

coefficients. The historica l preference for the quadratic model is apparent-

ly very simp le; there has been no need to consider alternatives to a p la us-

ible and usable emp irica l concept.

All of the known attempts at improvement of prediction of roll

statistics in irregular seas invo l ve the assumption of differential equations

and non-linearit ies of quite specific form . In view of the nature of the

justifications advanced for the particular forms chosen , it seemed fair to

speculate that the refinements possible in any of the noted statistica l

approaches may over-reach the validity of the assumed physical model when

rolling throughout the range of practica l interest is considered , and that

some more attention paid to the fundamenta l physical nature of the non-

linear i ties and their coup ling with other modes of motion might be more

prof i table than the further work on the statistica l methods themselves.

The foregoing considerations were the direct stimulus of the pre-

sent work. Since shi ps with bilge or bar keels usually have the strongest

evidence of non-linearity in their roll decrement curves , it has appeared

reasonable to consider the unsteady forces on oscillating p lates as fund-

amental to the roll problem. In investi gations of forces on oscillating

plates which were in itiated in this connection (Iiartin 21” , Ridjanovi c22’~)

the results were derived on the basis of the decay of amp l it udes of a

21* Martin , M., “Roll Damp ing Due to Bil ge Keels ”, PhD Dissertation ,
State University of I owa, June 1959.

22* Ridjanovic , M., “Drag Coefficients of Flat Plates Oscillating
Normally to their Planes ”, Schi ffstechnik , Bd 9 - Heft 45, 1962.

., ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ..
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pendulum upon wh i ch the p la te was f i xed , and the quadrati c damp ing

assump tion was implicit in the final analyses. Data generated in the
23*la tter reference is used in contemporary appli cation , Cox . The

fundamental nature of the oscilla ting plate prob l em is implicit in 24*,

to c i te an add it ional examp le.

In a broad sense, the quad ratic model is by no means restricted
25*to ship rolling. I ndeed the Morison approach for forces on fixed

piles is exactl y this and is extensively used in Ocean Engineering.

Keul egan and Car penter26* under took a labora tory i nvestigation of forces

on cy linders and plates in an oscillating fluid with the objectives of

clarif ying the accuracy of the Morison predictor equation , and of attempt-

ing a correlation of mean experimental ly determined drag coefficients.

It is evident (Wiegel 27”) that there is exactl y the same amount of theo—

retica l justification for the Morison equation as there is for the quadra-

tic roll damp ing model. The Morison equation is an intuitive model which

is extensively used to produce usefu l engineering results.

26 . 20An i nitial examination of the force data of was made in to see

how well the quadratic component in the Morison equation was reflected in

the actua l data . It appeared from the anal ysis of2° that the quadratic

model for for ces on an objec t i n osc i l la tory fl ow has no particular magic.

in fact it appeared that the use of the model could at times create

apparent deviations from observation . The analysi s also implied tha t a

mi ,ced linear plus cubic model m ight also fit the data for oscillatory forces.

23* Cox, G.G. and Lloyd , A.R. , “Hydrod ynamic Design Basis for Navy Ship
Roll Motion Stabilizat ion ”, Trans. SriAME , Vol. 85, 1977.

24* “Studies on Developing Accuracy in the Estimation Methods of Shi p
Propulsive Performance in a Seaway”. Report of Ship Research
Project Plo. 161 , Japan , March 1976.

25* Mor i son , J.R., et al , “The Force Exerted by Surface Waves on Pi les ”,
Petroleum Trans., Vol. 189, 1950, pp 149-157.

26* Keulegan , G.H. and Carpenter , L.H., “Forces on Cylinders and Plates
in an Oscillating Fluid” , NBS Report 4821 , Sept.1956; Journal
of Research of the National Bureau of Standard..., Paper No. 2587,
Vol. 60, No. 5, May 1958.

27* Wiege l , R.L.,”Oceanograph i cal Eng i neering ”, Prentice-Hall , Inc.,1964.

8
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This f inal l y completes the exposition of the path lead i ng from

the prob l em of prediction of roll in irregular seas to considerations

of the forces on oscillating plates.

I t is realized that forces on isolated plates in oscillatory motion

do not by themselves prov i de even a partial picture in-so-far as ship roll

damp i ng i s concerned ; interac ti ons between b i lge kee l and adjacent hull
are to be expec ted , etc. If the primary purpose of the present work had

been to develop directl y applicable numerica l estimates , a physica l

sit uation much closer to that of an installed bilge kee l would have been

cons dered . However , si nce the interes t in the p resen t work is in the
form of thi ngs , not necessaril y the quant ita t ive descri pt ion , it was

thought vita l as a first step to consider only the simplest physica l
si tuations and the most fundamenta l of data .

The overall concern in the presen t work was thus with examining

alternatives to genera l concepts which have long been in use. The previous

revi ew of data concerning plates in oscillatory f low sugges ted that there
may be alternatives to the conceptual quadratic model for the oscillatory

forces. The immediate purpose of the present work was to continue this

rev iew using that fundamental data which is already available.
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SCOPE OF TH E DATA OF I NTE R EST

S ince only qua l i t a t i ve  theories appeared to exist  for the unsteady

flow about bluff bodies , it was important as a f i rs t  step to cons ider
onl y the simplest s i tuat ions , l est too many complications prevent progress.
On the other hand, the possibility that suitable data on oscillating plates

would be extremely sparse had to be taken into account.

S i nce the fo rm of the force response was the it em of in teres t, it

was decided to consider da ta where i n either the p la te or the flu i d was in

motion (but not both). To avoid the compl i cat i on of l i f t , interes t was
restricted to fluid or plate motion in a direction norma l to the plane

of the plate. Under these circumstances plates of any geometric aspect

ratio in oscillatory flow would be of Interest if the nomina l flow was

spatially un i form in the immediate vicinity of the plate. Similarly,

plates attached norma l to a splitte r plane were conside red of interest

so long as overall flow or motion was parallel to the splitter p lane.

F i nal ly,  to emphasize the unsteady response and remove a complication of
cons i derable s i gnif i cance , i nteres t was res tr i cted to cases in which the
mean flow , or the mean motion , of the plate was zero.

It appeared prior to any serious attempt at literature search i ng

that a grea t dea l more fundamental uns teady flow ex peri mental work has
been done with circular cy linders than with p lates owing to the importance

of ci rcular cy l i nders as elements of ocean structures. It was thus also

of interest to examine recent work of this nature . In accordance , the

scope of da ta was en lar ged to include circular cy linders in osc illatory

flow normal to the i r axes, or oscillating in a fluid in a direction norma l

to their axes , w ith the same restrictions upon flow as prev i ously mentioned

for plates.

Effec tively the restrictions imposed upon the data imp ly three types
of experime ntal si tuat ions: 1) A stationary plate or cy linder positioned

26
at the node of a standing wave and parallel to i t  as in Keulegan

2 A stationary plate or cy linde r in an artificiall y induced plane

oscilla tory flow as might be done in a U—tube , 3) Submerged plates or cy l—

i nders mechanically oscillated.

_ _ _ _ _  _________________ 
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The restr ict ions exclude the most prevalent situation for circular
cy linders wherein the cy linder pierce s the fluid free surface and

oscillatory flow is induced by propagating surface waves past it , as well

as all forms of hydroelastic response , arrays of elements , and all cases
in which there was a mean flow .

LITERATURE SEARCH

Though a few sources of fundamenta l data on forces on oscillating

p la tes and cy linders were known a t the outse t, it was thought i mportant

to try to make the study as inclusive as possible. Toward this end both

a manua l and an automated literature search was carried out.

The deta i ls of the p rocedur es followed and the init ial s tages of
the elimination of inapp l icable references is detailed in Appendix A.

Though i n pri nc ip le the search encompassed app roximatel y four mi l l ion
ci tations in the l it era tu re , the foregoing res tr ic t ions on the type of
data of interest resulted in only a relative handful of experimenta l

references wh i ch could be of conce i vable use in the present study. To

be speci f ic , the search ended with 14 experimental references having to

do w it h uns teady forces on p la tes , 13 involving experiments on oscillat-

ing forces on cylinders , and s i x or ei ght analytica l references.

In genera l, it appears that litt l e or no fundamenta l experimenta l

work on osc i l la t ing p la tes has appeared in the Eng l ish li tera ture si nce
1971 , and that the pu rely anal y t ica l problem has remained as int rac t ible
as i t was two decades ago when Keulegan and Carpenter

26 comp leted their
experi men ts.
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DIMENSIONAL ANALYSES

In the in i t ia l  reviews of those references which were considered
of conce ivable use in the present effort there appeared to be a grea t
var iety of non-dimensional forms of dependent and independen t variables
used both for thinking and correlation purposes . Though it was real ized
that part of this si tuat ion was l ike ly to be si mple d i fferences in
notation, there seemed some point in making the f i r s t  step in the present
study a genera l rev iew and correlation of non-dimensional forms rather
than of data.

The purpose of the present work is to try to look at the problem
from a lternate points of view . A l l  prev ious work in the f ie ld  of current
interest has involved dimensional analyses exp l ic i t l y or impl ic i t l y. The
reason for embarking upon the present ana lys is was not that prev ious
ana lyses were considered incorrect , but that for any given non—trivial

prob lem there exist an almost unlimi ted number of valid sets of dimension-

less groups. Which particular set of dimens i onless groups are employed

depends as much upon the analyst ’s pre-conce i ved notions as upon the

prob l em. The objective was thus to see if there really were dimensionally

diverge nt points of view in the literature .

The point may possibly be clarified by notin g that in a given

problem the first step in an anal yses is make up a l i s t of al l  variables
and parameters which influence matters. This step is under complete

control of the anal yst and depends entirely upon his understanding of the

problem . Further , suppose that a valid set of dimensionless variables is

developed from the specified list. The formal mathematics of dimensiona l

analysis shows tha t so long as the operations are carried out one at a

t i me:

I) Any member of the set of dimensionless var iables may be rep l aced by

i tse l f  raised to any non-zero power; and
2) Any member of the se t of d imens i on less var ia b les may be rep laced by

i tsel f mult ipl ied by any or all of the other members of the set ,
eac h raised to any power.

In genera l, wh ile two ana lysts perfo rming a systematic dimensiona l anal ys is
of the same set of var iables may come up w i th  va l id  sets of dimensionless
groups having different form, they w i l l  each have the same number of groups ,

4
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and i t will be possible to transform the results of’ the f i rs t  analyst
in to those of the second ; in other words , the forma l methods of analysis

Im ply that alternate sets of dimensionles s groups are not Independent

and hence no one of them can be expected to contain any essential informa-

tion not common to the others. The differences between the results of

differen t ana lyses arise only when the formalities are over; correlations

of emp irica l data may appear quite different when done according to

differen t sets of dimension less parameters.

The problem a t hand has been considered in all the cases rev i ewed
to i nvo lve uns teady, rela tively low veloc i ty flow of a fluid in the

general vicinity of a rigid body . No thermodynamic , magnetic , ela st ic ,

or electrica l effects are considered . As a consequence , the prob l em is

assumed to have four dimensional categories; Force, Mass (M), Length (L),

and Time (1) which are related through Newtons second law , so that three

of these four categories are cons i dered to be independent , basic di mens ions.

In the present case mass , length and time were taken to be the three

i ndependen t dimensions .

The geometry of the presen t p roblem is conventionally denoted by

a characteristic l ength wh i ch is taken to be the diameter of the cy linder
or width of a plate. For the two-dimensional flow situation this is the

only constant geometric length parameter. All analyses reviewed i nvo l ve

the assumptions that the fluid is incompressible and v iscid , and that there

is no free surface . As a consequence the grav i tational field is not con-

sidered to be an i mportant parameter , and the fluid itself is considered to

be completely defined by a mass dens i ty and kinematic viscos i ty.

The las t paragraph defines three parameters which seem always

to be taken as constants in prob lems of the present type . There seems

no argument about their genera l relevance . The three are summarized as

follows :
Quant ity Symbo l Dimension

Cha rac teris ti c Wid th
or Diamete r D L

Fl uid Mass Density p M/L3

Flu id Kinematic Viscos i ty v L2/T

-13- 
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It may be noted that the dimensions of these three variables contain each

bas ic dimension at least once , that no pair of the three have the same
d imensiona l form , and that it Is not possible to form a dimensionless

group from these three variables alone. These are the conditions required
for the three var iables to be a va l id  choice of repeating variables in a
dimensional analysis. Assuming three basic dimensions , the simplest way

to produce a valid set of (N-3) dimensionless variables from a list of N

is to pick three “repeating” variables satisfying the above conditions

and use them consistent ly to non-dimensiona lize the remaining variables by
inspect ion .

For the purposes of the present ana l ysis the foregoing variables

w ill be chosen to be repeating. In the context of what appears in the
literature , this choice Is rather un-conventional. These three variables
are real ly just constant parameters for any g iven physica l experimental
situa t ion. Once the experiment is set up they are f ixed , and do not va ry
w ith time or w i th  any of the other independent var iables of the prob lem.
By picking these three variables no pre-suppos ition of the form of the

result is made ; this being the genera l objective of the present analysis.

To complete the forma l analysis a genera l (and redundant) list of

add itiona l variables of possible consequence is written . These appear

in the left half of Table I. First on the list is the only dependent

variable of interest , the unsteady force (F) on the plate or cylinder.

The next three i tems on the l is t  involve time : “t” denotes on-go ing time ;

“Tm” and “w” denote character ist ic constants having time and frequency

di mensions. In a similar fashion W , Urn and A denote characteristic

cons tan ts hav ing accele rat i on , veloc i ty and dis placement dimensions

respectively. The time dependent displacements of the oscillating plate

or cylinde r from its mean position are represented by X(t), and the first

two time derivatives of X(t) are also included . (X(t) may alternatel y

represent the motion of a fluid particle if the plate or cylinder is

stationary) . Finally, to be comp lete , other fixed geometric parameters
(leng th, thickness of pla te, etc.) are denoted by d~ .

— 14-
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TABLE I

List of Variables and Dimensionless Groups
(Repeating Variable D,p,v)

Quantity Symbol i ‘I i

Force (Dependent Variable) F 1 F/pv2 F/pv2

Time Constant 1 2 1 v/D 2 T v/D 2
m m m

Frequency , Circular w 3 wD~Iv WTm/211

Time (ongoing) t tv/D2 t/Tm

Acceleration Constant W 5 W 03/v2 W D3/v2m m m

Acceleration (Function of Time) X(t) 6 x(t)D3/v2 X(t)/W

Ve loci ty Constant U
rn UmD/V UmD/V

Ve l oci ty (Function of Time) 
~(t) 8 ~(t)D/v k(t)/Um

Displacement Constant A 9 A/D A/D

Displacement (Function of Time) X(t) 10 X( t)/D X(t)/A

Other Fixed Geometric Parameters d. 11 d./D d./D

H

F
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The eleven dimensionless groups result ing f rom the use of the
repeat ing var Iables D, p, and v to non-dimenslonalize the l i st  of
remaining variab les are shown in Table I under the heading “r i ” . So

long as the var iables are a l l  considered quanti t ies necessary to exp ress
the physical relationships invo l ved , the conceptua l relationship between

the variables may be wr i t ten :
f ( r 1, r 2 . .  . .r 11)=o

This is essentiall y the end of the formal analysi s.

Once having a consistent set of dimension less variables , arb it rary
man ipu la ti ons of the se t may be performed acco rding to the rules prev iously
noted . The column labelled “11.” is the result of such a completely arbitrary

man i pulation . Variables r3 and r~ are replaced using r 2 ; r 6 is replaced by

use of r5; and r8 is replaced by use of r7

Thus fa r, nothing has been said about wh i ch ones the i ndependent

variables are , or wha t the various characteristic constants mean; the

va r iables noted cou ld app ly to practically any incompressible fluid flow

problem. There is one glaring redundancy in the list in Table I. It is

tha t X(t), k(t)  and 3i(t) are mathematicall y related. In terms of dimension-

less groups , r6 and r8 are derivatives of r 10 with respect to r ,,. Thus only

one of the three is really needed , If X(t) (and t) are considered the

i ndependent variables , and the various characteristic constants are assumed

to be un rela ted, the ess enti al func ti onal relat i onsh ip s cou ld be wri tten:

F/pv2 - f;(X(t)/D,tv/D2)

The above form does not rea l ly help much w i th  the present prob lem
(wh ich is the exam ination of ex ist ing data) . A l l  of the fundamental data
in hand invo lves simple harmonic motion of the plate or cylinder; or of
the f luid. To specia l ize the analys is  to this case let the motion of the
p late be:

x(t) A Sifl21!t/T

~(t) — (2i~A/T ) cos2wt/T

~(t ) —- (2w/ I )2 A s in2wt/T (1)

_ _ _ _  _  -
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and define:

U — 2wA/Tm m

W — (2w/ I  )2Am m
u = 2w/I (2)

The harmonic assumption al low s speci f ic  def ini t ion of the arb i t rary
constants assumed. Tm is the period of the motion , A the d i sp lacement
amplitude , Urn the veloci ty amp li tude , W the acceleration amplitude

and w is the circular frequency corresponding to T .

Subs tit ut ing the above rela ti onshi ps in to the 11~ , Tab le I ,
it may be observed that:

113 = 1

115 = (2w)2 1i~ /i4

~6 -s in2wfl~
11-i = 2~rIi9/fl~

= cos 21Tfli~

11i~ 
= sin 2ir114

Since fl~ and fl-i may be replaced by pure constants by utilizing 
~ 2 and

119, and fl~ , II~ and 11~~ are functions of 11, all of these terms in the

ori g inal analys is , Table I, are redundant under the harmoni c mot ion
assumption. The basic result of the ana lys is  for harmonic motion becomes:

F/pv 2 = f 3 (fl~~, ~~~~, fl~~ li i i )

$ I = f 3 (T~v /D 2 , t/T , A/D , d./D) (3)

In a roundabou t way the analysis has come down to exactl y wha t must be
expected in an experiment involving harmonic inputs or excitat ion . Exactly

three independent variables completely define the input; period , phase
and amp litude .

In one respect Equation 3 is quite unlike any of the s i milar
expre ssions in the l i terature . This is the form of the dimensionless group
invo lving the dependent variable. If this group is mul t ip l ied by
( .2 ..1~119 fl i tJ  however , the result is:

(2~ )2 F
pDd U ~J m  

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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(after substituting Urn = 2wA/Tm) .  The dependent variable in Equation 3
may be replaced by the product of the above expression and any pure constant ,

so that Equation 3 becomes:

F/PUm
2Dd

j 
= fte (TmV/D

2
~
t/Tm~

A/D
~
d
j
/D) (4)

The form of the dependent variable in Equation 4 is that uniforml y adop ted
in the litera ture , apart from minor differences such as replacin g p by

p/2, and the assi gnmen t of d. wh ich is usually the length of the plate or

cyl inder, and is sometimes absorbed in F to produce force per unit length.

Considering the groups within the ri ght hand s i de of Equa ti ons 3 or
4 it may be noted that under the harmonic motion assumption :

21T~ = ~~~~~~ “The Keulegan—Carpenter Number”

Thus by pure substitution the A/D term in Equations 3 or 4 may be replaced

by 2wA/D or by IJT/D. All three forms appea r in the literature with “D”

sometimes defined as a half width. When the 2wA/D form is used it is often

denoted “K” or Nk for “The Keulegan-Carpente r Number ”.

The f irs t term on the ri ght hand side of Equation 3 or 4 is seen
in at least three different forms wh i ch are trivial manipulations:

11(1 v/D 2) = D2/T vm m

= D/”f’T

2w/ (T v/D2)

The most common form of the first rig ht hand term of Equations 3 or 4 is

obtained by i nverting it and mul tipl y ing by 2w times the third term:

2ir (D2/T v) (AID) = 2wAD/T v

- U  Div

Th is last form is unformally called the “Reynolds Number” because of its

similarity i n form to the steady flow Reynolds Number.

The phase term in Equation s 3 or 4 takes care of tempora l variation

wi thin one period by the harmonic assumption . In the few cases where some-

thing other than (tu rn) is expl icitly noted , the term is effectively

L 
. 
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replaced by sines or cosines of (2wt/T). For example , under the harmonic

assumpt ion : two var ia t ions were noted in the l it eratu re:

X(t)/A = sin2itt/T
m

and:

_____ = 
Urn D cos2wt,’Tv V m

It was thus seen that all of the non-dimensional forms used in

the available references are derivable from the present analysis. This

shows onl y tha t no ana lysts have made f undamenta l l y  d i f fe rent assu mpti ons
about what is i mportant. For harmonic oscillation all seem to come down

to ampli tude , period , and phase pa rameters , and implied strict geometrica l

si militude .

Correla tions of the various forms with one-another indica te that in

the literature there are abou t six alternate permutations of the non-

dimensional forms obta i ned by various investigators; three of wh i ch are

dom i nant. These alternate permutations are summarized in Table II , and

the essential form of the present generalized analysis is included as a

seventh. In all cases , the geometric parameter (d./D) is assumed to be

the same, present notation is utilized , and all pure number factors are

omitted .

The first form shown in the Table is that of Keulegan and Carpenter 26.

They evidentl y (at least init i a l l y) considered Um~ 
to be the “amplitude ”,

and used it as one of their repeating variables. Accordingly, they cal led
(U
mTm/D) the “period parameter ” and (by elimination) considered the un—

s teady Reynolds Number to be the amplitude parameter. The second form shown

in the Table takes account of the mathemati ca l equivalence of (Um
T
m
/D)

and (2wA/D) and indicates the amplitude parameter as A/D and the unsteady

Reynolds Number as the “per iod” para meter ”. Ei ther Form 1 or Form 2 are

derived, or noted , as the results of di mensiona l analysis in the bulk of

the li terature .

Essentially, the uns teady Reynolds Number (UmDiv) of Form 2 i s a
mixed parameter; both amplitude and period are invo l ved. It is of consider-

able Importance in controlling experiments to have each independent variable

wh i ch can be regulated occur only in one of the independent dimensionless

parameters. Thus if the amplitude ratio (AID) is considered of prime

-~~~~ “
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TABLE II

Alterna te Forms of the Results of Dimensiona l Ana lysis

Form Force Amp litude Period Phase

1 F/pU 2Dd. U DIv U T /D t/T
m j  m m m  m

2 “ AID U D/V

3 “ “ D2/T vm

4 “ “ ~D
2/v

5 “ “ U D/v X(t)/A

6 “ U T / D  D//~T ~(t)D/v

7 F/pv 2 A/D ~D
2/v t/Tm

4 -20-
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i mportance (one main conclusion of Keulegan and Carpenter 26) it follows

that it ought to be eliminated from the period parameter of Form 2.

Forms 3 and 14 in Table II arise from just such a replacement operation

utilizing the non—dimensiona l independent variables of Form 2. Form 14

differs from Form 3 only in that circular frequency of exc i tation is

explicitl y noted. Thoug h possibl y not the first to make this transition ,

Sarpkaya 2 29~ advance something beyond the above for the period

parameter of Form 3. He calls it the frequency parameter , denotes it by

~~, and notes that the same parameter is i mportant in laminar boundry

layer theory . He notes further that in the case of oscillations of a

cylinder without separation in a fluid otherw i se at rest , the unsteady

forces should be uni quel y determined in terms of 8. This seems quite

an i mportant observation in the present Context since it implies that

the organization of the independent variables imp lied by Forms 3 and 14

would be valid as A -
~ 0; that is , for the linea r case , Tuck30~

’.

Forms 5 and 6 of Table II are rather isolated instances. Form 5

is that of Garrison 3 1 ..
, and as has been shown , is fundamentally no

different than Form 2. Form 6 (Da l ton32’) is essent iall y Form 3 w ith

the phase parameter multiplied by the unstead y Reynolds Number. This

latter approach was developed In support of attempts to represent force

on a cylinder as a continuous function .

~28. Sarpkaya , T., “In-Line and Transverse Forces on Cylinders in
Oscil latory Flow at Hi gh Reynolds Numbers ”, Journa l of Ship
Res earch , Vol. 21 , No. 1i , December 1977.

*29. Sarpkaya , 1., “The Hydrod ynamic Resistance of Roughened Cy linders
in Harmonic Flow”, The Naval Arch i tect , Ma rch 1978, Transactions
RINA , Vol .  120, 1978.

‘~30. Tuck , E.0., “Calculation of Unstead y Flows Due to Small Motions of
Cy linders in a Viscous Fluid” , California Institute of Technology .
Report 156-1 , December 1967, AD-829877.

*31. Garr i son , C. J.F ie ld , J .B ., and May, M .D., “Drag and Inertia Forces
on a Cylinder in Periodic Flow”, Journa l of the Waterway , Port ,
Coastal and Ocean Division of ASCE , Vol. 103, No. 2, May 1977.
pp 193-204.

*32. Da l ton , C., Hunt , J.P., and Hussain , A.K.M.F. , “Forces on a Cy linder
Oscillating Sinusoidall y in Water——2. Further Experiments ”,
Offshore Techno l ogy Conference Paper 2538, May 1q76.
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It may be noted that the independent variables of Equations 3 or 14

are the same as those of Form 3 in Table II , apart from an inversion of

the period parameter. (One advantage for makin g the inversion is that the

resulting numbers will  be much larger than unity rather than much smaller) .

The amplitude/frequency form of the i ndependent variables is chosen as

the result of the present genera l analysis , Form 7, Table II .  For the

reasons just noted this form of non-dimen sional independent variables

seems mos t appropriate when alternate views of existing data are contemplated .

It has been noted tha t the form of the dependent non-dimensional

variable uniformall y adopted in the literature is that indicated for the

first six forms in Table II.  Onl y the result of the present analysis

is different. The particular form of the non-dimensional variable uniform—

ally adopted is that conventionall y used for stead y flow force coefficients.

It appears that as far as dimensi onal reason i ng is concerned , all work thus

far has invo l ved the hypothesis of the existence of eithe r an averaged drag

coefficient or of an “instantaneous ” drag coefficient; in both cases of the

conventional form for stead y f low. The form of the dependent variable usually

ut i lized is thus mixed , both amp litude and period are present in the

denominator in the form of maximum velocity (U
m) squared. Because of the

squared veloc i ty, it is clear that all prior dimensional reason i ng has been
ini t i a l l y biased toward the quadratic model for unstead y forces.

The possible advantage of Form 7 of Table Ii in the present context

is that none of the dimensionless groups are mix tures of independent and

dependent variables. There is thus no initial bias as to the phys i ca l

model , yet it has been shown that as far as dimensional reasoning is

concerned there is nothing present in the conventiona l sets of variables

not present in Form 7.

-22-

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
- - -

. 
_ _ _



R-2O3l

THEORETICA L ANALYSES

26For practica l purposes the summary by Keulegan and Carpenter

of the theoretica l state of affa i rs is much more current than the date of

the work would imp l y. The c lass i cal anal ytica l work on the forces on

bluff bodies is referenced as having been started by Stokes around 1850,

both for the case of arbitrary moti on and that of uni-directiona l time

varying motion (Iverson 33”). Very earl y work on accelerated motion

ind i cated that the force on a bluff body depends , generall y, upon the

history of its acceleration ~s well as instantaneous values of veloc i ty

and acceleration , a point apparentl y confirmed by Iverson 33. The suggestion
‘1 tha t the flow has “memory” is consistent with current qualitative descrip-

tions of large amplitude motion but in the common quantitative model s the

effects of memory are suppressed ind i rectl y by considering steady state

harmonic motion of fluid or body and allowing the coefficients wh i ch

multi p l y instantaneous ve l ocities and acce lera tioi .~ to be amplitude and/or

time dependent. Keulegan and carpenter 26 indicate that the form of the

Morrison 25 equation which formed their point of departure (and that of

virtuall y a l l other recent work) is in agreement with the results of

Stokes for the force on a sphere oscilla ting in a viscous fluid.

Considering the two dimensional prob l em , and expressing the force

per unit length on a cy linder or p late as (F/L) where L is the length of

the cylinder , the model may be written as follows :

F/I = )p7TD2C J + 3PDC d IU IU (5)

Where : U denotes instaneous veloc i ty

Cd is an unsteady “drag” coefficient

C is an unsteady “mass ” coefficientm

The first term in Equation 5 is considered to be the “mass ” term and the

second the “drag” term because of the assumed dependency upon acceleration

~33. Iverson , H.W. , and Balent , R., “A Correlating Modul us For Fl ui d
Resistance in Accelerated Motion ”, Journa l App l i ed Physics , Vol. 22,
No. 3, March 195 1.
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and veloc i ty . The added mass and drag coefficients may be cons i dered to

variable in time , but what is most often sought is averaged constant

va l ues of these coefficients which result in reasonable approx i mations to

observed data for harmonic motion or flow .

McNown~
14”

, ~~~~~~ develo ped an al ter na te model fo r the mass term , and
his expression may be written:

F/L = 2~ i~D
2 

[d
ku +rc~j C d I~J1U (6)

where : r is a component of a “true ” constant added

mass coefficient and arises fromthe pressure

4 gradient in the ambient flow .

and :

k is a time-vary ing mass coefficient.

The form of Equation 6 has seldom been explicitl y used beca use avera ged
val ues of C,~, are usuall y sought.

In comparing results from experiments involving oscillatory f low
with data from experiments where the plate or cylinder is oscillated , the

influence upon the effective Cm of the pressure gradient is usually

accounted for. Since the pressure gradient term is proportional to vo l ume ,

“r” in Equation 6 become unity for the circular cy linder , so that Cm in

Equation 5 is expected to be hi gher (by an additive term of unity) for

cases in which the flow oscillates than in cases where the cy linder

oscillates. On the other hand , the influence of the pressure gradient
36* .

is expected to be n i l in the case of plates in oscillat i ng f low , Bucha nan

*34. McNown , J.S. , “Drag in Unsteady Flow”, ProCeedings of IX Internat iona l
Congress of App lied Mechanics , Brussels , 1957, Vol. II I , pp 124-134.

*35. McNown , J.S. , and Keu lega n , G.H., “Vortex Formation and Resistance
in Periodic Motions ”, Proceed ing s of ASCE , Engineering Mechan i cs
Div i sio n , Janua ry 1 959 .

*36. Buchanan, H., “Drag on Flat Plates Oscillating in I ncompressible
Flu ids at Low Reynolds Numbers”, NASA-TM-X-53759 , Jul y 1 968,
N69-17466.
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at least for olates which are relativel y thin. For the fundamental problem

of p resen t interes t , the in f l uence of the press u re gradie nt on the “mass”
term of Equation 5 is generall y considered the only difference between the

case of osc illating fluid and that of the oscillating plate or cylinder ,

otherwise the kinematic aspects of the problems are the same .

One of the i nte res ti ng as pec ts of the prob lem which was addressed
earl y, McNown35 , and is still not completel y unders tood (McKnow n37”) is

whether or not there is a relati onship between the C and C of Equation 5.

The data of Keulegan and Carpenter suggests that there is some relation-

shi p, and McNow n3 advanced an analytica l mode l which demonstrated the

point. In genera l , the notion that an oscillating plate or cy linder is a

physically causal system would suggest that there should be a relationshi p,

at least to a linear approximation .

The qualitative interpretation of the force induced on oscillating

bl u ff bod ies has lar gel y to do with the cyclic formation of vortices.

When the amplitude of motion is very small there may be little or no vortex

formation for the circular cylind er and symmetrica l formation for the plate .

As amplitude grows , vortices are shed assymetricall y, and if the amplitude

is sufficientl y large a quasi-steady Karman vortex Street is envisioned .

Unfortunatel y, for app lication sof practi ca l interest , the relative magni-

tude of amplitude of interest is in the range where only a few vortices

(or even a fraction of a vortex) can be shed before the motion reverses ,

and in this situation the vortices shed on the previous half cycle may be

in near-enoug h proximity to influence the force . Anal ytica l approaches to

the computation of the force are available if the strength and position of
38*all the vortices are known , Sarpkaya . Unhappily, it appears tha t the

*37. McKnown , J.S. , and Lea rned , A.P. , “Drag and inertia Forces on a
Cy li nder i n Pe ri od i c Flow ”, (Written Discussion of Reference 31),
Journa l of the Wa terway , Por t , Coas tal arid Ocean Division of ASCE ,
Vol. 104, No. 2 , 1 978 , pp2147-250.

*33. Sarpkaya , T., “Lift , Drag and Added Mass Coefficients for a
Circular Cyl inder I mmersed in a Time Dependent Flow”. ASME
Jour nal of Applied Mechanics , Vol . 30, Series E, No. 1 , March 1963,
pp 13— 15 .
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prediction of the strength and position of all the shed vortices is

beyordpresent state of anal ytical art , though on ly those in the i mmediate
29 39*vici nity of the body need be taken into account. (Sarpkaya , Stansby ) .

40*Vario us l umped or discrete vortex models have been developed (Ward for

example) , bu t are appa rently utilized in a largel y qualitative way .

W it h res pec t to the form of the lioriso n Model , Equation 5, the
earl y theoretica l work suggested only tha t it is a p laus i ble rep rese nta t ion,
and this situation seems not to have been changed by more modern efforts.

4

*39. Stansby , P.K., “An Inviscid Model of Vortex Shedding From a Circular
Cy linder in Steady and Oscillatory Fa r Flows”, Department of Civil
Eng ineering Report No. 77/84, May 1977; Proc Institution of Civil
Eng i neers (London), Vol. 63, Par t 2 , December 1977, pp 865-880.

*40. Wa rd , E.G. and Dal ton , C., “Strictly Sinusoidal Flow Around a
Stationary Cy linder ”, ASME Journal of Basic Engineering,
December 1 969.
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PRIOR REVIEWS OF EXPERIMENTAL RESULTS

The most recent prior review and attempt at correlation of basic

data on oscilla ting plates and cylinders appears to be that of Tseng and

Altman
4l
~ in 1968. This review was a preliminary to new experimental work

involving a more comp l i ca ted geometry so tha t the i r own exper imen tal work
lies outside the present scope of interest. In addition to the work of

Keulegan 26, McNow n~
4’~~~, Martin

2 1 
and Ridjanovic

22
, experimenta l results

42* 43* 44* 45*by Brown , Paape , Henry , and Woola m we re d i sc ussed and at tempt s
at correlation were made.

Tseng and Altma n ’s rev i ew~~, though short , contributes several

important i tems . Predating Sar pkaya~s
2O
~
29 almos t exactly similar analysis

by 8 years , they showed that Keulegan s26 average drag coefficient data for

circular cylinders was Reynolds Number dependent as well as amplitude

dependent. No such conclusion was obtainable for flat p late data , but it

was noted that an “edge effec t” should be p res ent for f la t  p la tes. Effective-

ly the i dea is that if sufficiently sharp plate edges are available , eddy

generation may be maintained at very low amplitude ratios , thus compounding

the prob l em of correlation of the low amplitude results of various i nvest-

i gations. Considering the results of all i nvestigators rev i ewed , they made

a conceptua l division of averaged drag coefficient for all shapes into four

reg imes according to increasing magn i tude of amp litude ratio:

*14J • Tseng, M. and A ltmann , R., “The Hydrodynamic Design of Floa t Supported
Aircraft , 1--Floa t Hydrodynamics ”, Report 513-5, Hydrona uti cs , Inc.
Oc tober 1968.

*42. Brown , P.W. , “The Effect of Confi guration on the Drag of Oscillating
Damping Plates”, Dav i dson Labora tory, Stevens Institute of Techno locy ,
Report 1021 , May 1964.

*43. Paa pe , A., and Breus ers , H.N.C., “The Infl uence of Pile Dimensions on
Forces Exerted by Waves ”, 10th. Conference on Coasta l
Eng ineering, Tokyo, Chapter 48, p. 840, 1966 .

*44~ Henry , C.J.,  “Linear Damp ing Characteristics of Oscillating Rectangular
Fla t Pla tes and Their Effec t on a Cyl i ndrica l Floa t in Waves ”,
Davidso n Laboratory, Stevens Ins titute of Technology , Report 1183,
June 1967, AD-657636.

*45. Woolam, W.E., “Drag Coefficien ts for Flat Square Plates Oscillating4 Norma l to Their Planes in Air , Fi nal Repor t”, Southwes t Research
I nstitute Report 02-1973, NASA CR-66544, March 1968, N68-l79l1 .
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1) Regi me of viscous shear flow

2) Near Potential flow , no large edd ies
3) Reg i me of decreasing eddy size and distance

between eddy structure and body
Li) Regime of progessive shedding of eddies

Because few independent de termin at ions of added mass coeff ic ie nt s
existed in the literature , Tseng and Altmann were unable to do much

correlation , bu t noted tha t the values ob ta in ed by Paa pe were generall y
d ivergent from those of Keulegari26.

Finall y, in their analysis , there was no motivation for Tseng and

Altmann to question the basic conceptual form , Equation 5.

1
-28-
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OVERV IEW OF THE AVA ILABLE
EXPERIMENTAL REFERENCES ON PLATES

Of the refer ences in it ia l ly  thought to be of poss i ble use in the
present exercies (Appendix A) some were and some were not. The objective

here is to look at the data from other points of view if possible. Accord-

ing l y, some semblance of the basic observations has to be available. When

the results given are very compressed little can be accomplished .

Judg ing by the ava i lable Engl i sh langua ge acco unt s , the Japanese
24 46* 47* 48*schoo l of thought , Kato , Tanaka ‘ appears to be thoroughly based

in the quadra ti c mode l for forces on b i lge kee ls , and is most often orient-

ed toward development of empirica l expressions for immediate application .

The compression of results in Tanaka4~ for instance is so thorough tha t it

is impossible to imagine how to examine them from any other point of view.

Nominally, parts of the work by Merc ier 14
~
” and Gersten 50 ’ 51” on

scale effects on roll damping appeared interesting in the present context

because model bi lge keels i nstal led on cy lindrica l sections were instrumented

for force measurement during angular oscil lations of the section . However ,

in neither work was the instrumentation full y ca pable of resolv in g the forces
on a segment of bil ge keel. Mercier 4~ om i ts any analysis , and Gers ten50,
p rese nt s onl y an indirect analysis showing that the quadratic assumption is

sufficiently plausible for engineering purposes. Though the need for more

fundamenta l studies on the dynamic forces upon oscillating plates was

~ 6. Ka to , H., “Effect of Bil ge Keels on the Roll ing of Shi ps”, Memor ies of
the Defe nce Acade my, Japan , Vol. 4, 1966.

~47. Tanaka , N. and Kitamura , H., “A Study on the Bilge Keels (Part 2, Full
Sized Experiments)” J. of Society of Naval Architects of Japan ,
Vo l. 103 , 1958.

~
4e8. Tanaka , N., “A Study of the Bilge Keels , (Part Z~ - On the Eddy-Making

Resistance to the Rolling of a Ship Hull), Journa l of the Society
of Nava l Archi tects of Japan , Vol. 109, 1960.

~~~ Mercier , J.A. ,  “Sca le Effect on Roll Damping Dev i ces at Zero Forward
Speed , “ Davidson Labora tory , Stevens Institute of Technology ,
Report 1057, February 1965.

*50. Gersten , A., “Roll Damping of Circular Cy linders With and Without
Appendages”, NSRDC Report 2621 , October 1969.

151. Gersten , A., “Scale Effects in Roll Damping ”, Proceedings of the 16th.
ATTC , 1971. 
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exp ressed by Merc ie r4~ , the basic object i ves of these s tud i es were scale
effec t on rolling rather than on the fundamental prob l em of present interest.

Eli minating the experimenta l references just discussed from further

cons ideration, there appear to be just e leven d is t inc t  experimental references
on oscillating plates. Ei ght of these were known to or di sc ussed by Tseng
and Altmann4l , the three references not considered by them be i ng: Stephens

52* 53* 54* 54and Scavu llo , Cole and Gambucc i ; and Sh i h and Buchanan . (Shih

is effec ti vel y a publ i shed vers i on of Buchana n~
6) .

The el even refere nces may be roughl y classified into three groups

according to the approximate range of experimental amplitude ratio consider-

ed. In the first group (Keulegan 26
, Martin

21 
and Ridjanovic

22
) amplitude

ra t ios , A/D , range from about 1/2 to more than 10. In the second group

(McNown~
4
, Cole 53 , ~aape”~ and Sh i h54) amplitude ratios range from abou t

42 144 521/5 to 2. Finall y, the third group (Brown , Henry , Stephens and

Woola m 5) is comprised of experiments wherein ampli tude ratios range from

1/100 to about i/ Li.

Both the technica l pu rpose and the local l y feasible experimental

apparatus evidentl y influenced the choice of amplitude ratio. Brown 2

44 . . .and Henry were interested in hydrodynamic damping at relatively small

amplitude ratios . The thrust of Stephens 52 and Woolam was toward

structural vibration of thin panels , thus the small amplitude emphasis.

Cole 53 and Sh~h~
14 
were involved with damping of fue l motion in liquid

“i~1ed rocket boosters; the range of amplitude ratio chosen by them was

‘52 . Stephens , D.G . , and Scavull o, M.A. , “Investi gation of Air Damping
of C ircular and Rectangular Plates , A Cy linder and a Sphere”,
NASA TN D- 1865, 1965.

*53. Col e, H.A. and Gambucci , B.J., “Measured Two-Dimensiona l Damping
Effectiveness of Fuel Sloshing Baff les App l i ed to R i ng Baff les
i n Cyl indr i ca l Tanks ”, NASA , TN D-69Z~, 1961.

*54. Sh i h, C.C., and Buchanan , H.J., “The Drag on Oscillating Fla t Pla tes
in Liquids at Low Reynolds Numbers”, J. Fl ui d Mechan i cs , Vol. 48,
Part 2, 1971.
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ev identl y reasonable in this application . The background to McNown ’s

exper iments~
4 is not ev ident but i t appears tha t his apparatus or the

preliminary nature of his program limited amplitude ratio to abou t
26 . 21 . .  . 2 2unit y. In the remaining references (Keulegan , Marti n , Ridja novic

and Paa pe4~) the emphasis was upon ocean engineerin g or shi p rol l ing
applications. It is ev i dent that Paape was apparatus bound and could

not ach i eve ampli tude ratios in excess of about 2.5.

The re are esse n t i a l l y  three types of exper i ment s involved i n the
references: 1) Stationary p lates positioned at the node of a standing wave

2 3 . . 53 3(Keulegan , McNown ); 2) Forced Oscillation of a p l ate (Cole , Paa pe
Woolarn45

, Sh i h54); 3) Pla te mounted upon a passive oscillator of some type
52 L~5 .21 . .  .22 42 44(Stephens , Wool am , Martin , Rid janovic , Brown , Hen ry ) .  The

last techni que i nvolves the analysis of the rate of decay of oscillations

of the osc i l la tor af ter release fr om a mecha ni cal l y induced initial

displacement , and the resul ts are usual l y confined to estimates of some

sort of averaged drag coefficient. Forces must be measured in the first

two techniques. Henry 414 
measured forces but analyzed them as decaying

oscilla tions.

For pu rposes of a f i rs t overv iew at leas t , a rough estimate was

made of the range of unsteady Reynolds Number (UmD/V) achieved in each

investi gation . No great precision was possible for some of the experiments

because maximum velocities (Um) often had to be inferred. Where uncertainty

existed , the available numbers were combined in such a way as to result in

a probable over-estimate. The resul ting ranges of amp li tude and Reynolds
Number achieved in each experiment are shown in Fi gure 1. Each of the

boxes defining the two ranges is labelled wi th the appropriate reference

number.

The class i cal work of Keule gan and Ca rpenter26 has the narrowest

range of Reyno lds Number and the la rges t range of amp litude. It is

notable that all subsequent experiments , save two , have Reynolds Number
ranges centered upon tha t of Keulegan and Carpenter. The two exceptions

are Cole 53 and Sh i h~
4; the two se ts of ex pe rim ent s orie nted toward fuel

slosh in g. The d i vengence f rom the norm in these cases resul ted from the
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i ntended application ; which i nvo l ved relative l y high apparent gravity fields

in the first 53 and low gravity f ie lds in the second~
4. The exce pt ionally

low val ues of Reynolds Numbers ach ieved by Sh i h5 resulted from tests con-

duc ted i n motor oi l , the hi gh val ues by Cole53 by a combination of multiple
p la te w i dths , hi gh frequency and heated water. It should be noted that the

lar ge range shown for R i djanov i c22 
is deceptive and possibly misleading

for two reasons , 1) some guessing had to be done and 2) the stud y was on the

influence of plate aspect ratio so tha t a large range in “D” is present in

the da ta.

The estimation of the range of non—dimensional frequency (wD 2/v)

achieved in each experiment is in some cases sli ghtl y less speculative .

As before , at least approx i mate ranges of this frequency parameter were

de r ived , and the resulting ranges of non-dimensional amp litude and

frequency are shown in Fi gure 2, where the boxes defining the ranges are

labelled with the appropriate reference number.

Fi gure 2, which is a comparison of non-dimensiona l amplitudes and

frequencies , is the sort of simulation plot imp lied by alternate non-

dimensiona l variable Forms 3, 4 and 7 of Table II , while Figure I would

result from Forms 1 , 2 and 5.

When the situation is viewed from an amp litude/frequency perspective

(Figure 2) the various sets of experimental data appear to invo l ve much less

overlap than would be concluded from Figure 1. In both Figures the parameter

range for the basic work of Keulegan 26 has been represented more precisely

than the others because a l l  data was conven ient ly available. As may be noted
26 . .Keulegan achieved a wide range of frequency by varying p late width but a

very narrow range of amp litude at each frequency . Something like the same

situation mi ght have been obtained had a more detailed dissection of the

other experiments been carried out in preparing the Fi gures. The resul ts

of Col e53 show a definite frequency dependence . This suggested that the

unexplained difference between results of Keu l egan
26 and Paape~

3 for roughly

the same Reynolds Number (Figure I) may be a frequency effect since the

frequency range of Paape is roughly between that of Keulegan
2 and Cole 53.

The resu lt s of Woo lam4~ , Brow n
Li2
, and Stephens

52 indicate a relatively small

frequency effect in their domain of A/D; Henry obtained a somewhat more

pronounced effect of frequency .
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It is generally clear from the literature cited tha t the averaged

oscillatory drag coefficients for flat plates are not wildly sensitive to

uns teady Reynolds Humber . Large changes are brought about only by very

large cha nges i n Reynolds Number . A comparison of Figures 1 and 2 suggests

that correlations of the results of various inve sti gators may have been

complicated by the use of the (mixed) Reynolds parameter in addition to

the edge effects noted by Tsen g

‘.Ihil e considerin g something akin to simu lation , it is interesting

to note a range of non-dimensiona l amp litude and frequency appropriate to

the simulation of ship bilge keels. Assuming that “0” of practica l interest

mi ght be within 0.3 to 2 m ., a range of frequency covering both small and

large ships might be 0.2 < t~j < 1.5. Combining these ranges , the range of

frequency parameter of interest becomes approximatel y

2 x 1O~ < wD 2Iv < 5x106

It is not difficult to imag ine a range of AID between 0.1 and 10 in this

application . Comparing these ranges with Fi gure 2 it is evident that a

portion of the range of interest corresponds to the ranges which appear
53 143to have been ach i eved by Cole and Paape

-35-
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PLATE DATA FROM AN AMPLITUDE /FREQUENCY PERSPECTIVE

Though there are minor deviations in the literature surveyed , the

essential ideas about the derivatio n of average drag and mass coefficients

are contained in Keulegan and Carpenter
2 

. Assuming a cosinusoidal varia-

tion of U , Equation 5; in accordance with the conventions of Keulegan
26

(the negative of Equations 1):

- 

~(t) = U =-U coswtm

after substitution , Equation 5 becomes:

F = 
~ 

P
~
tb 2LwCmU

sin (A )t_
~ P

DLC dU
2 I cosü)t I cos(4~

t (7)

(where F stands for total force on a plate of length L).

In order to cope with the second term of Equation 7 in a practical

way it is assumed that the product , co ,wtjcos~ t , may be rep laced by the

first non-zero term in a Fourier cosine series ; That is:

coswtlcoswt — cos~ t3,t

Whereupon it is clear that Equation 7 may be expressed in the form:

F P 2 sin u t + Q1coswt (8)

where:

P~ = ~.p~ D2LwU C

= - 
~~~~~ ~~~~~~~~~~~~ :d

In the case that P 1 and Qi are evaluated from harmonic analyses of data;

that is ,

= sin~ td(~ t)

Qi = ~ coswtd(wt) (10)
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There results Keulegan I s
26 

estimator for averaged mass and drag coefficients:

= 
P 1

m 
~irpwD

2LU

— -3i~Q~I8

~pDLU
2

The denominators in Equations ii are those conven tionall y used through-

out the literature . The symbol “P1 ’ is the amplitude of force in—p hase with

acceleration; the numerator of the drag coefficient estimator is an effective

amplitude of force which is in-phase with velocity. The Fourier analysis

method of Keulegan 26 was apparen- :l y used by Cole 53 and ~aape
4
~ . I n order to

reduce labor Sh i h514 and Wool am
4
~ (in his forced oscillation experiments) used

simpler measures of the effective drag amplitude. All the remaining experi-

ments under consideration were decay experiments and an effective drag

amplitude is imp licit in the anal ysis and data reduction procedure .

In order to attemp t a correlaticn of data from an alternate point of

view it was thought that it mi ght be instructive to derive the effective

harmonic coefficients P 1, Q 1, from the g iven drag and mass coefficient data.

Keulegan 26 g ives the Fourier coefficients derived from the basic data , but

t h c  reference is the ~~~~~~~~~~ one which does. Essentiall y, correlations of

available data from an amp litude/frequenc y perspective are not possible

unless something can be done with derived coefficients of the form of

Equations ii. Accord i ng l y, non-dimensionalizing Equation 8 in the alternate

way previousl y mentioned .

F/L .
= f sinwt + .Q coswt (12)

pv 2/D

where :

P = P 1 D/pv 2L = ~iT (wD
2/v)2(A/D) Cm

= - —
~
-
~~
- (wD~/v)~ (A/D)2C

d (13)

In this form the f~ and Q coefficients represent an estimate of the non—
dimensiona l fundament al Fourier coefficients of th~ force per uni t length of
the plate , given experimentall y der i ved mass and dra g coeff i c ient s and
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non-di men sicnal frequency and amplitude. As previously noted , this form
of non—d im~ns iona lizat ion involves no prior assumption of the form of the

rela tions Ffl ip between dependent and independent variables.

SOME CORRELAT IONS OF
TWO-DIMENSIONAL PLATE DATA

There are in the cited references on plates , five wh i ch dea l with

two-dimensiona l experiments (Keulegan 26, McNown~
4
, paape

14
~ , Martin

21
, Col e53

and Sh i h514
). One experiment of Ridjanovic

22 
appears to invo l ve a plate of

such large length to width ratio that the results appear likely to be nearly

two-dimensional according to comparisons with Martin ’s res u lts21 . The
22 142remainder of the references noted in Figures 1 and 2 (Rid janovic , B rown

Henry ””, Woolam ~~ , Step hens52) i nvolve three dimensional experiments involving

rectanyu lar p lates of various aspect ratios as well as circular disks.

Conside ,’ ng the two dimensiona l experiments , there are onl y two where

averaged mass coefficients as such were derived or presented . These are
26 43 . . . 43Keulegan and Paape . Unfortunatel y, no detail is given by Paape as to

what experimental oscillation frequencies correspond to each data point.

Essentiall y, ana l ysis of any of the data of Paape from an amplitude/frequency

per~pective was completel y frustrated by this and no further use could be made

of the reference. This means that only one source was available for estimates

of P , Equation 13. Figure 3 contains all the values of f~ derivable from
26 . .Keulegan . For each of the eight va l ues of non-dimensiona l frequency wh i ch

were achieved , va l ues of ~ are p lotted as functions of amplitude ratio , A/D.

(Numerical values of the frequencies are noted).

The first thing i mmediately apparent from Figure 3 is that the Fourier

components in-phase with acceleration are both frequency and amplitude dependent

in an apparentl y systematic way. The second is tha t the trend of results for

two frequencies (4900 and 3655) do not much resemble those for higher and l ower

frequencies. These particular data help produce the pronounced di p in the
average inertia coefficient for plate s g iven by Keule gan26. The range of

amplitude ratios achieved in Reference 26 appear inadequate to define the

imp l ied function of two variabl es.

The prospects for corre lation of two dimensiona l results from various
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FIGURE 3 ESTIMATED FOURIER FORCE COMPONENTS IN-PHASE WITH ACCELERA-
TION , AS FUNCTIONS OF AMPLITUDE RATIO FOR VARIOUS NON-
DIMENS I ONAL FREQUENCIES . DATA FROM REFERENCE 26.
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experiments are much better when the component in-phase with ve loci ty (the
“drag” coeffic ient) is i nvolved ,since this is the only thin g most investi-

gators have had an interest in. Because of the differences In test tech-

niques , the da ta fa l ls  na tural ly  into two ca tegories: “Drag” components as
a function of amplitude for constant va l ues of frequency ; and “drag”

components as a function of frequency for constant va l ues of amplitude .

Figure 14 summarizes some result ’~ of the f i rs t ca tegory i n non-dimensiona l

form. Specifically, the negative of ~~. (Equation 13) is p lotted as a function of

A/D for various (noted) values of non—dimensiona l frequency . The open

circles in Figure 14 are from the data of Keulegan 26 and correspond to

the da ta for ~ in Figure 3. Because it was readily available , the drag

coefficient data of Ridjanovic 22 for p la te aspect ratio of 19.14 (wD 2/v=8l1)

was converted to the present form and p lotted for comparison . Unfortunately ,

- the numerica l data required for the present exercise are not all g i ven by
McNown~

4
. From the data which was given it was possible to make a very

rough estimate from this reference for two points at a non-dimensional

frequency of 17414 and these are plotted in Figure 4. (In this connection

it should be noted that it was necessary to eva l uate amplitudes from

theoretica l expressions given in Reference 34, and that the amp litude

of force in-phase with veloc i ty had to be approximated as the instantaneous

force at time of maximum veloc i ty since time histories of a complete cycle

of force were not g iven).

The odd behaviour of the Keulegan data for frequencies of 900

and 3655 shown in Figure 3 for ~~. is not ref lec ted i n the da ta for —
~~~,

. 26Figure 4; all the ~~. results from Keu l egan form an apparently systematic

family with comparable trends regardless of frequency . The data of

Ridja novic 22 
and McNown~

4 
appea r to at least roughl y f i t into the pattern ,

though the trend with amplitude of the two points from McNown~
14 

(Frequency—

17144) does not agree w i th  the trends from the other two sources.

From the viewpoint of dimensiona l ana l ys i s , the da ta comparisons
in Figures 3 and 14 invo l ve an i gnored para meter , the plate thickness.

This parameter appears to be about the only thing not documented by Keulegan26.

From the photographs in that reference it appears tha t the width-thickness

ratio for the larges t plate tested (D—O.076m.) was in excess of 20 and tha t

the edges were squared off rather than sharpened . If , as seems likely, the

1
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same thickness was reta i ned down to the smallest plate (D 0.013m.) the width/

thickness ratio would have been about 4. Translated into terms of non-

di mensional frequency it appears likely that width/thickness ratios for the

Keulegan26 da ta ra nged from above 20 for wD2/v = 1 8660 to about 4 for
2 34 . . . 22wD /v=605. The plates of both McNown and Ridjanovic were apparently

squared off; that of McNown had width/thickness ratio of 8; that for the

da ta of Ridjanovic shown in Figure 4 (frequency =811) had width/thickness

ratio of 10. The data comparisions in Fi gure 14 are much too sparse for

concl usions , but it seems l ike ly from the compar i son of the rela t ive pos it ion

of the data for frequency of 811 (width/thickness of 10) with the data for

frequencies of 605 and 1370 (probable width/thickness ratios of 4 to 6)

that the thickness effect may not be profound.

The two da ta sourc es involvi ng “drag” determinations as functions

of frequency for constant amplitude are Cole53 and Shih 54 .

The experimen tal da ta of Cole i nvolved a sp li tter p lane so tha t in
converting this data to the present non-dimensiona l form it was necessary

to assume in effect that the force on a half plate is half the force on a

plate of double width withou t a splitter plate . Relative to steady state
55*drag data (Hoerner ) the assumption would be considered to result in

ove r es tim a tes of the order of 4o~. Whe ther or no t this is the case in
unsteady flow is not documented . Width/thickness ratios for the plates

tes ted by Cole 53 are not documented . However , si nce the half wid ths
(D/2) ranged from O.075m. to O.30m., and since it is likel ’y that commonly
ava i lable p late s tock was used in fa b r icat i ng models , it seems fair to
assume that effective width/thickness ratios were in excess of 10 at least.

The data of Co le 53 has one feature not found in the other available sets

of data. This is that , for two par ti cular values of A/D, da ta was obtained
for three p la te wid ths , var i ous frequenc i es and two va lues of ki nemat ic
viscos i ty. When the data is converted to the present non-dimensional

form there occurs a considerable overlap of the non-dimensiona l frequency

ranges ach i eved for each plate width. The particular data i nvo l ved is

shown in non-dimensiona l form In Fi gure 5. The two amplitude ratios were

~55. Hoerner , S.F., “Fl uid-Dynamic Drag”, Published by the Author ,
Midland Pa rk , N.J., 1965.
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0.25 (filled symbols) and 0.125 (open symbols) . The range of frequency where

the results overlap is from about 4 x 1O~ to 2 x 10
6 . Wi thi n th is range , data

from the three dif fere nt p late wid ths appear to compa re wi thin someth i ng like
2O~. On average , there appears a ve ry sl i ght tendency for the component -

~~~. to

increase w i th  plate size . However , since Cole 53 quotes experimenta l preci sion

at no better than ±1O~ because of the necessary tare corrections to the data ,

ascribing the differences shown in Fi gure 5 to rea l effects of size or plate

edge condition seems a doubtful p roposition . In Fi gure 5, for both amplitude

ratios , the three or fou r hi ghest frequency points for plate width of O.30m.

were obtained in nearl y boiling water , and , as may be seen , these points form

a reasonable continuation of the data obtained in water at normal temperature.

The experiments of Shih 54 i nvolved plates of two widths , wh i ch apparently

had squa red off edges and width/thickness ratios of 8 for the O.0254m. wide plate

and 4 for the O .0127m. wide plate. The use of both motor oil and water for fluid s

resulted in a four decade range of non-dimensiona l frequency , but withou t overlap,

so that direct comparisons of results in the two fluids is not possible. Though

three different amplitude ratios were achieved , there is no case in which results

were produced for the same amplitude ratio for plates of different widths. The

data reduction method s utilized for the bulk of the data in Reference 54 were

crude in relation to the methods implied by Equation 10. Essentially, the peak
measured forces were assumed to be the effective drag component (31TQ1/8) , and

spot checks using the methods implied by Equation 10 on two runs at a fairl y hi gh
rea l frequency were made to confirm the adequacy of the approach. No correction

of the data for the apparatus inertia tares was made , it being assumed tha t the

force in-phase with veloc i ty was dominant. No definite statement of estimated

experimenta l accuracy was made . Considering the data reduction method , the lack
of inertia tare correction , the degree of repea tibi li ty of the force ca l ib ra t ion

cu rve , and the scatter of results in those instances where nearly repeat runs were

made , suggests tha t experimental acc uracy in th i s case was most un l ike ly to be
better than ±15~ .

Given all the caveats about the plate data just described (non-uniform i ty

of wid th/thickness ratio , splitter plane in one instance , non-correction of

iner ti a tares in ano ther , etc., etc.) it would seem that not terribly good

correla tion should be anticipated . Nevertheless an attempt at a cross

correla t ion of a l l  the derived values of ~, was made. The results of the
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first stage in this attempt are shown in Fi gure 6. As shown in

the fi gure , when correlations of all available data are considered , a 12
decade range is required for the estimated Fourier component in—phase

wi th veloc ity (Q) , and a 7 decade range for non-dimensiona l frequency . The

conven ti on of the f i gu re i nvo l ves ~ as a function of uD
2/v for constant

values of A/D. Twelve different values of A/D are i nvolved (0.0625

through 20.) and the data shown were obtained in various ways. The

convention of the figure is appropriate for direct plotting of the estimates

obtained from Sh~h~
14 

and ~oie
5
~ . The open symbols shown for w02/v less than

1O4 are the tabulated data points of Shih 54 after re-non-d imensiona lization

(neglecting two points which Shih himself threw out). Three amp litude

rat ios are invo lved (0.75 , 0. 33 and 0.25). and the data clusters in two

groups according to the test fluid (motor oil or water). At the upper

ri ght corner al l  the da ta obta i ned by Cole 53 are plotted in open symbols ,

c rosses , or plus signs. Five amplitude ratios are i nvolved (0.0625,

0.125, 0.25, 0.50, and 0.75) and the distinction between plate widths

made in Figure 5 has been omitted in the results for A/D = 0.25 and 0.125.

Since the data shown in Figure 4 as a function of A/D appeared systematic ,

this data was interpolated (and occasionall y extrapolated slightly) at

nine particular values of A/D (.25, .5, .75, 1 ., 2., 3., 5., 1 0. and 20.)

and the resulting points plotted in Figure 6 are filled in. Thus , direc t ly
or ind i rec t ly, the two-dimensiona l data of five investi gations (References
22 , 26 , 34, 53, 54) are included in the figure . Through the da ta for each
va l ue of A/D a mean line (to be later discussed) has been drawn , and the

corresponding numerica l value of A/D has been indicated above each line.

Two addi t ional l ines , neither supported by actual data , have been
included in the figure . These were for the purpose of putting some perspective

on a rela tively unconventional correlation p lot.

The line in the upper part of the fi gure (centerline convention) is

a round-house estimate of where data for A/D=1000 might be. It is derived

quite simply by assuming that the amplitude of force at this oscillation

amplitude ratio is the same as the force on a two-dimensiona l plate in steady

flow with veloc i ty equa l to U .
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Assuming a drag coefficient of 2, the force per unit length would be

F/L pDU 2

- 
m

Non— dimensiona lizing in the present manner:

(Re)2= (uD2/v)2(A/D)2
p’) /D

and the line in ~i gure 6 is this expression evaluated for A/D 1000. The

steady state drag coefficient assumption just made seems to be accepted

for 1 O3 < Re 106, and the extent of the line shown in Fi gure 6 covers

this entire range .

It is perhaps in order to clarif y this steady state assumption .

In a practica l sense , “steady sta te” is defined by the length of time

required for experimental starting transients to die out and force to

become constant. One way of looking at the relationshi p between steady

state and oscillatory motion is to say that “steady state” is what

happens when frequency is zero. This is not too productive since if

frequency is zero, maximum veloc i ty of sinu soidal motion is also zero

and there is no way to generate a force . An alternate approach is to

say tha t for pract ica l  purposes “steady state ” may be approached for a
relativel y brief time during each half of a cycle of very large amplitude

motion . To be specific , if the ampli tude ratio (AID) of the oscillatory

motion is 1 000, then , in the vi c inity of maximum velocity , the actua l

veloc i ty is within 0.1~ of constant during a time that the plate

travels abou t 100 widths , and within l~ of maximum velocity during a

time that the p late travels about 280 widths. For plates the usuall y

acc ep ted f i gure for the distance traveled by the plate in the time required

to shed a pair of vortices in a Karman vortex street is abou t 7D. Thus with A/D=

1000, about lL i vortex pairs would be shed while vel -)c i ty is within O .l~ of
constant and about 140 while veloc i ty is within 1~ of constant. These

numbers are quite comparabi~ with durations , lenths of trave l and velocity

accuracy which mi ght be experienced in actual experiments. Judg ing by

towing tank practice , essentially steady state drag ought to be achieved

in shorter distances than just mentioned , and it seems reasonable to expect

the peak forces for A/D of 1 000 to resemble steady state. The reasons that

this estimate of the fundamenta l Fourier component can onl y be considered
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order of magnitude are that the force history according to the constant

drag coefficient assumption is very non—sinusoidal , and that the constant

drag coefficient assumption is incorrect when very low velocities are

considered . (Hoerner55 is full of examples showing that steady flow drag

coefficients are not constants over large ranges of Reynolds Number) .

Returning to Fi gure 6, the next i tem is the line at the l ower ri ght

in the section convention . The line is labelled 0.01 and represents the

linearized computation of Tuck 3° evaluated for A/D of 0.01 . 1/ortex

generation was explicitl y excluded from this theoretical effort , and it seems

likel y that the theory may hold on ly for much smaller A/D ratios . Evaluation

for A/D=0.Ol was chosen merely to put the line into the field of the plot

because what was desired was to display the genera l trend which is roughl y
parallel to (wD 2/v)~~

5.

A genera l inspection of the data points in Fi gure 6 suggested tha t

above a frequenc-~ o
f 100 the variation with frequency was much the same as

that of the st~ady state estimate (frequency squared), while below this

frequency the trend of data resembled that of the linearized computation .

Tuck3° derived an asymptotic solution for the forces on a two dimensional

p late as frequency (and amplitude) approach zero . After conversion of

this solution to the present non-dimensional scheme there is obtained :

-+ 8i~(A/D) (wD 2 Iv) g(uD 2 Iv) ( 1 4)

where :

g(~) 2.n (ct/’4)/{7T2t{~~n(x/4)}2} (15)

(The same form may be obtained by some manip ulations and small argument

assumptions from Stokes ’ solution for the circular cy linder) . The limit

of the expression , Equation 14 , as (wD 2I’
~) approaches zero is zero .

(Force should be zero for zero motion). Because of the log functions in

g(ct), the expression , Equation 14 , begins to be very close to a constant

times frequency for extremely small frequency .

The foregoing considerations suggested that a reasonable empirica l

model for Q. for constant A/D mig ht be:

= C 1 (wD 2/v)+C2(wD
2/~

)2 (16)

where C 1 and C2 are functions of A/D.

~
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Relative to an examination of gross behavior of the drag component

as a function of frequency , there are two amplitude ratios of particular

interest in Fi gure 6. These are A/D=0.75 and 0.25, since in these cases

there are data points which cover nearl y the entire experimentall y determined

range of Q and wD 2Iv. According l y, Equation 16 was fitted to all available

data (including cross fa i red results) for these amplitude ratios . Because

of the large variation in magni tudes , the fitting method involved choosing

C 1 and C2 so as to minimize the mean squared percentage deviation of the

data from the fitted line . The results of this procedure appear as dashed

lines in Fi gure 6, and the numerica l values of the coefficients and root

mean square percentage deviati on are shown in Table I l l .  Considering the

range and diversity of the data from the various sources , these fits are

astounding l y good . Considering the results for A/D=0.75, the RMS

percentage deviation of 13?~ is comparable to the probable precision of the

basic data. Regardless of the data source there are few if any prom i nent

deviations from the line . The general conclusion from an examination of

the line for A/D=0.25 is similar except that the percentage deviation is

hi gher because of the rather larger scatter of the grouped data of Cole 5

(see Fi gure 5) and because one o~ the cross-faired points is badl y out of

line. This particular point is at frequency 1 744 (~=2.5x1O 6) and the

result of the writer ’ s poss i bl y faulty interpretation of the fragmentary

results of McNown~
’4. A similar fit was made to the data for A/D O.33 and

the result , shown as a solid line in Fi gure 6, is practicall y parallel

to the line for A/D=O.25.

An examination of the fitted lines for A/D=O.75, 0.33 and 0.25

disclosed that , to a precision very much better than that of the data ,

the lines fitted in accordance with Equation 16 are essentiall y stra i ght

with a slope of 2 above a frequency in the vic i nity of 100. This suggested

that it would be appropriate to fit lines throug h the points for other

A/D ratios with a simple square law since the range of frequency for other

ratios is relative l y restricted . The results of these fits produced the
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TABLE III

Particulars of the Lines Fitted

To the Data in Fi gure 6

Root—Mean—Square
AID C 1 C~~ Percentage Deviation

20 - 273.2 —

10 — 103.5 6.0

5 - 33.50 7.1

3 - 14 .35 6.0

2 - 7.070 14.6

1 — 2 .1438 12. 1

0.75 9.508 1 .707 13.2

0.50 - 0.93 143 13.0

0.33 8.9 147 0.4390 12.0

0.25 8.0147 0.3614 25.0

0.125 - 0.1052 16.0

0.0625 - 0.03763 8.3
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lines through the remainder of the data- in Fi gure 6. The numerica l values

of the square law fits for each A/D ratio are given in Table II I  along with

RMS percentage deviations. (The dashes in the col umn of Table II I  for C
1

indicate tha t C 1 in Equation 16 was assumed identically equal to zero). The

resulting RMS per :entage deviations are in line wi th the magn i tude of data

scatter.

On The who le , the data shown in Figure 6 appea r as a systematically

related famil y. The emp irica l adherance of the results for A/D of 0.75 and

0.25 to an uncomplicated trend , regardless of source , is the thing expected

for geometrically similar experiments . The result suggests again that plate

width to thickness ratios may not be wildl y i mportant in a relative sense ,

though the data is insufficient to be certain. The fact tha t the data of

Col e53 (with splitter p late) falls in line with the rest may simply mean that

for small A/D ratios the bounda ry layer on the splitter plane has no time to

develop , and that there is no time to develop a vortex street , and thus that

the influence of the sp litter p l ane was ni l . (Good correspondence for higher

A/D ratios mi ght well not be expected) . If the above surm i ses are correct ,

the conclusion of Shih 53 (that the unstead y drag coefficient , for a given

amp litude ratio , is independent of unstead y Reynolds Number above abou t 200)

is extended to Reynolds Numbers far beyond the range of data in Reference 514;

in fact into the range appropria te to ship bilge keels. (Unstead y Reynolds

Number is the p roduct of A/D and u02/v; for constant A/U , a constant drag

coefficient imp lies a frequency squared variation in force). In terms of non—

dimensional frequency, the data available suggests that , above wD2Iv of

approx i matel y 100 , the drag component of force is proportional to frequency

squared. Judging by the trend of the position on the fitted lines where

curvature seems to cease , one mi ght expect this l ower limit to be at a higher

frequency for very small A/D ratios , but there is no way to estimate how much

higher from the data available.

From a practica l point of view , non-dimensional frequencies much less

than 100 are very difficult to achieve in water unless the plate and/or

frequency are miniscule. For instance in the context of shi p model rolling , a

mode l with 0.Olm. bil ge keels mig ht , upon occasion , experience motion frequencies

corresponding to a non—dimensional plate oscillation frequency of 500, but it is

hard to im ag ine much lower fre quencies of practica l interest.
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If data for non-dimensiona l frequencies less than 100 are disregarded ,

the prev i ous discussion imp lies tha t division of ~~ . by (wD
2/v)2 should

collapse all the remaining data into a single function of A/D. Since one

non-dimensiona l variable is divided by another , the result is a new , m ixed
dependent variable; from Equation 13:

Q/(wD2/v)2 Q1/pu 2D3L

= P1/pw 2D3L ( 1 7)

Fi gure 7 indicates the results of carry ing out such an operation on

all the data shown in Figure 4, all the data of Cole 53 , and the data of Shih 5’4

for wh i ch uD2/v was greater than 100. The results shown as open circles in

Figure 7 are those from Fi gure 4 (References 22, 26, 314). All these data

collapse well excepting for one point (A/D=O.29) which is one of the estimates

made by the writer from McNown ’s paper~
’4. For subsequent operations this point

was disregarded. Data of Cole and Shih are shown as diamonds in the fi gure.

The small cross indicates the mean of all data for the particular amplitude

ratio and the vertica l extent of the diamond includes the extremes of the

data scatter. These data fit in very well with the collapsed data from

Figure 14. Excepting the odd point derived from McNown~
’4 and including all

the individual data points which lie within the diamond symbols , Fi gure 7
i nvolves the collapse of 151 individual data points from five experiments.

It is clear that the collapsed data in Fi gure 7 lie along a roughl y
stra i ght line on the log—log plot , and it was according l y of interest to

make a least RMS percentage error fit of a simp le power law to the data.

The result was the solid straight line shown. The best fit of such a law

was found to be:
1.S L +

-Q1 /pu 2D3L 2.66(A/D)

With a root mean square percentage deviation of 114~ . Nearl y as good a fit

was obta i ned with an exponent of 3/2; in this case the RMS percentage

dev iation was 16~ , the line is shown dashed in the fi gure , and the resulting

formula was:
1. _ so

-Q1 /pw2D3L 2.63(A/D)
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FIGURE 7 {-Q/pw 2D3L } vs A/D for wD2/v > 100.

DATA FROM REFERENCES 22 , 26 , 34, 53, 54.
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I t i s  cl ear by inspection of the Fi gur~ that the data for A/D greater

than about 8 trends slightly away from the fitted lines. Accordingl y,  it
was of interest to see if polynom inal models in AID would fit the collapsed

data. A fifth order po lynomina l was found to fit the data with a lfl RMS

percentage deviation , but since some coefficien ts were negative , the

resulting fitted equation produced values of Q iwith opposite sign for very

large A/U . The round-house estimates for A/D=1000 discussed in conjunction

with Fi gure 6 imp l y that the function should continue roughl y along the

trend shown towards a value of -Q1/pw 2D3L near 106 for amp litude ratios a

decade hi gher than could be shown in Figure 7. The fifth order pol ynom i na l

was therefore considered an over-fit and thus un-realis tic. Much the same

results were obtained with three term pol ynominals , and therefore the onl y

pol ynomina l fits achieved which were considered grossl y realistic were

two term:

_Q1/pW 2D3L -
~ 
E i (A/D)4-E~ (A

/D)2

or: F1(A/D)+F3(A/D)3

Numerica l values for the fits of linear—plus-quadratic and linear—pl us—

cubic models are shown in Fi gure 7 in the labels for the resultin g fitted

lines . Root mean square deviation of the linear—plu s-quadratic was 28~ ,

that for the linear—plus- cubic was nearly 8O~ . It is clear that the onl y

way to p roduce a conv incing polynominal fit to the data in Fi gure 7 would
be to disregard much of the range of A/D since two term pol ynon ’inals

can be made to resemble stra i ght lines if the range of argument is

sufficientl y restricted .

The impli cation from this anal ysis that the “drag ” component

amplitude of force varies as (A’~
5i apparentl y has one precedent; Tanaka ’s

empirica l formula ’4
~ for work done by bilge keels implies that the ampli tude

of force varies as (plate velocity amp litud e ) .6. Thus Tanaka would perhaps

have normalized forces with (w ’.6 A 1 .6) rather than (w 2A 1 .5) as is implied

in the present ana l ysis. The rea l frequency range covered by Tanaka spanned

less than an oc tave for each p la te , and the corresponding non-dimensiona l

frequencies for all three of his plates appear to have spanned a little

more than a decade , a much smaller range than shown in Figure 6. Under these

circumstances it is possible tha t the difference between w 1 .6A 1 .6 and

~514~
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w2A 1
~
6 might be difficult to detect.

The “drag” component normaliza tion implied by the usua l treatment

is (wA)2 or U 2. Within the present non-dimen sional scheme , the non—d i mensiona l

velocity amplitude is:

(A/n) (wD 2Iv) = U DIv

= The Unsteady Reynolds Number

The necessary use of logarithmic scales in the present work carries with it

the possibil ity that the adequacy of collapse of data is exaggerated by this

choice of scale. To make sure that the correlation shown in Fi gure 7 was

some sort of improvement over the conventional treatment , the va l ues of Q

for all the data represented in Figure 7 were p lotted against the corres-

ponding va l ues of U U/V. The result (not shown here) was a multi-decade

Tog-log chart similar to Fi gure 6. The gross trend of data plo tted in

this way was clearl y according to (Reynolds Number) 2 as imp lied by the

usual drag coefficient treatment , but the extreme scatter of existin g data about

a mean (Re)2 line was ± 30O~ rather than the ± 30~ or so in Figure 7.

If the “drag ” and “mass” components of force are related it seemed

possible that the data for force components in-phase with accelera tion

should also collapse under the normalization implied by Equation 17.

Fi gure 8 indicates the results of appl y ing this transformation to the data

of Keulegan
26

, Fi gure 3. There is clearly a si gnificant collapse of data

relative to tha t shown in Fi gure 3. The scattered points in the vicinity

of A/D=2.5 arise from the data for ~iD2/v=490O and 3655 which were noted

as having an odd trend in the discussion of Figure 3. There appear to be

two branches to the collapsed curve of I~/pw
2D3L , Figure 8, and each bra nch

appears to roughl y follow the same power law which seems to best fit the

“drag” components , Fi gure 7. Very approx i mate 3/2 power law fits to each

bra nch are shown in Figure 8.
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FIGURE 8 {P/pw2D3L } vs A/U for wD2/v>l0O
DATA FROM REFERENCE 26.

-56-

=_i_4,__ ;_ _ T -J,~~~~~ -W ~~~~~~~~~~~~~~~~~ _-.~~~~~~~~ !flU-~~~~~~~~~ 
- -—~~ • I — - -.



R~~031

CORRELAT I ONS OF DATA FROM

THREE-DIMENS I ONAL PLATE EXPERIMENTS

Up to th i s poi nt a l l  da ta cons i dered has been essen t i a l l y  two
dimensional. As noted earlier , there were five references i nvolving

experiments with rectangular and circular plates , and it was of interest

to compare these data from an amplitude/frequency perspective where

possible. The experiments of Ridjanovic
22 

covered plate aspect ratios

down to unity (the square plate) . Square plates were also used in the
42 145 .experiments of Brown , Henry , and Woo l am , so that in princip le ,

correlations of four experiments were possible. The square

p late results of Brown were found to be too comp ressed for present pur-

poses and this reference was omitted from consideration in the square

plate correlations. However , Brown gives sufficient faired data for the

case of the circular disk so that a comparison with the circular disk

results of Stephens 52 is possible.

Ridj anovic 22 tabulates results for a plate 0.lm. square which

had a width/thickness ratio of 64. Because of the test technique ,

onl y one non-dimensiona l frequency is involved (wD 2Iv = 33000), but

amplitude ratios ranged from 2.1 to 0.11 . The tests were carried out in

Wa t e r.

Henry
44 utilized an O.12m . plate with sharpened edges and tested

in water. Effective width to edge thickness ratios were undoubted l y very

hi gh. Non-dimensional frequencies were varied from 148000 to 158000 by

va ry ing the spring constants in a decay ing oscillation apparatus.

Unfortunatel y for present purposes , the analysis of data was confined to

the portion of the decay curve where the slope implied linear ity in

some sense , and amp litude ratios correspong ing to the numerica l results

were not g iven. However , a reasonable estimate for the range of amplitude

ratios corresponding to the data is O.03<A/D<0.l .

Woo l am ’s experimerits
4
~ are extensive l y documented , and i nvolve both

free and forced oscillation experiments in air on three plates (D O.25m,

O.50m , and l.Olm.) Width to thickness ratios on the basic tests were

constant at 62.5. In some special tests the plate ed ges were effectively

4 sharpened; the resulting width to edge thicknes s ra t ios were approx ima tel y
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1500. Both forced oscillation and free decay type experiments were carried

out. Non—dimensional frequencies spanned the range from 17600 to 895000.

To the extent possible , the data conversion implied by Equation 13 was

exercised upon the drag coefficient data presented in the last three

references. Plots similar to Figure 3 of ~~. vs A/D for various values of

frequency were made , as were plots of ~~. vs wD2/v for constant amplitude

ratio similar to Figure 6. The trends with frequency in the latter plot

strong l y suggested that the square plate data varied as frequency squared

for constant AID, so that it seemed reasonable to try the same normalization

as had been used to produce Figure 7 for the two dimensional plate data.

Noting that “L” in Equation 17 is the same as “D” in this case , the data

normalization involves plotting ~Qi/pw 2D
L
~ on a base of AID.

The results of this operation are presented in Fi gu re 9. The resul ts
of R i dja novic 22 

are shown as square symbols. No specific points could be

developed for Henry s data , but a reasonable estimate of a range wherein

his data should lie is shown by the dot shading. There are essentially

three types of symbols utilized for Woolarn ’s data . A diamond with a small

cross indicates the results of forced oscillation experiments at five ampli tude

ratios (0.05, 0.075, 0.10 , 0.15 and 0.20). The small cross indicates the

mean of the data , the vertica l extent of the diamond indicates the extreme

spread. Within each diamond non-dimensional frequency varie s by a factor

• of 4 to 8. The data symbolized by circles were developed by reading Woolam ’s

fa i red drag coefficient curves at fairl y closel y spaced values of AID. The

open circles pertain to results for square edged plates (width/thickness=62.5)

and the filled circles pertain to the thin edge case. Two 3/2 power law

lines are shown . The line with coefficient of 2.63 has been shown to be a

reasonable fit to the two-dimensiona l data , Fi gure 7; while the line with

coefficient of 1.25 is what appeared to be a reasonable fit to the square

plate data for AID greater than 0.05.

If the results for A/D of 0.1 and greater are considered , the square

p la te data collapses about as well as the two-dimensiona l data (Figure 7) .
For this range of A/U the gross variation of both square and two—dimensional

plate da ta appears to be of the same form , the differences being an approx i mate

constant factor of two in the values of Q1/pw2D3L. However below A/U of 0.
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the corr e l at ion , the collapse of data , and the adherance to a 3/2 power law

begin to unravel. The actua l data shown for A/D less than 0.1 is due to

Woolam who acknowl edges tha t , due to the scatter of data from a large number

of experiments , the accuracy of his fa i red result is most open to question

for very low amp litude ratios and for hi s smallest plate . The writer ’s inter —

pretation of the detailed results given by Woo l am is that the range of poss ib l e
answers obtainable for the da ta represented by the open circles furthest

below the solid line in Figure 9 would lie between a factor of 2.0 and 0.5

of the spot shown . About the same margin could be app lied to the point for

the thin-edged p late shown at A/D=0.06. However , even with due consideration

of the possible marg ins of experimental error , there appears to be a trend

below A/D=O.05 to 0.1 for the square edge data (width/thickness = 62.5) to

resemble a square law rather than the 3/2 power law . It appears that the

thin edge case (filled circles) could continue on the 312 power law .

Turning to the two references from which data for the circular disk

could be abstracted , Brown
42 

conducted free decay experiments in water with

a square edged O.lm diameter disk of width/thickness ratio 32. Two values

of non-dimensional frequency were achieved , 126000 and 300000; and results

were read from fa i red curves for present purposes. Stephens 52 conducted

free decay experiments in air at various pressures with a square edged

0.l6m diameter disk of width/thickness ratio of 40. The experiment at a
non-dimensional frequency of 38000 (atmospheric air pressure) was abstracted

and the results converted to present form. It may be remarked that since

Stephens gives onl y logarithmic decrements for a particular apparatus ,

conversion of this data required anal ytica l development of some properties

of the apparatus not g iven in the report 52.

The resu lts from Brown42 and Stephens52 are shown in Figure 10 for

the same non-dimensionalization used for the square plates. Scales and

conventions of this Fi gure are the same as that of Figure 9, and the two

3/2 power law lines shown in Fi gure 9 are repeated to aid comparisons.

From the point of view of the efficacy of the (pw 2D1’) normalization scheme

for “drag” amp litudes , the collapse of disk data for hi gh non—dimensional

frequencies appears satisfactory. The trend of the result with A/D is

cl ea r l y not according to a 3/2 power law . A mean l ine through t he data
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actuall y looks more lik e a constant times (A/D)2 6 .

In general , it appears from the results for pla tes and disks g iven

in Fi gure 7, 9 and 10 that , for fixed amp litude ratio , the force in—phase

— 
with velocity (Q~) on plates of a variety of aspect ratios varies approxi-

matel y as the square of frequency so long as the non-dimensional frequency

parameter wD2/v is greater than some cri tica l va l ue . Since wD2/v p lays the

same role in the amplitude/freq uency system as the unsteady Reynolds Number

plays in previous approaches to data correlation , there is an imp lication

that the forces are independent of viscosity so long as the criti ca l frequency

parameter is exceeded. This is perhaps better expressed by the fact that the

partial correlating modulus used to produce a collapse of data for given

A/D (pw 2D 3L) does not i nvolve viscosity. Reasonable collapse of data is

achieved by this means for value s of non-dimensional frequency up to the

order of 106 which is well within the range which would be expected in the

shi p bil ge kee l situation.

Considering results for disks and for both square and two—dimensiona l

plates , the available data suggests that , for fixed frequency , the force

in-phase with velocity on plates of a variety of aspect ratios varies roughl y
with (A/D) to the 3/2 power above a critica l value of AID. The data suggests

that for amplitude ratios in excess of 0.1 , the 312 powe r variation holds

regardless of width to edge thickness ratio greater than five or ten. The

data also suggests that the break in the trend with A/D for fixed frequency

comes at a critica l AID between 1/20 and 1/10 for width to thickness ratios

in the range between 10 and 100. It is possible that very significantl y

sharper edges are required to drive the break point l ower. The trend of force

for amp litude ratios less than critica l may be in the ge -iera l vicinity of

amplitude ratio squared . That data which exists is entirely too sparse and

disconnected to inspire complete belief in an amp litude squared variation

below the critica l A/D.

Almost no data is found which corresponds to amplitude ratios less

than about 0.01. Presumabl y l i near theory (Tuck30) will beg in to hold

somewhere , but because of the gene ra l l y  reaso nabl e col la pse of da ta by squared

frequency , it appears that all or virtuall y all data in hand was obtained at

products of frequency and amplitude wh i ch are outside the range of validity

of line ar theory.
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Above A/U ratios of JO or 20 there is no data. Accordingl y, no firm

i dea can be formed as to what happens as amplitude ratios grow si gnifica ntl y

larger.

H I G H E R  H A R M O N I C  COMPONENTS OF
OSCILLATORY FORCES ON PLATES

The correlation and discussion of the last few sections have invo l ved

best estimates of the fundamental components of the unstead y forces on plates

in oscillat ory flow . Because the system appears to be non—linear , there ;~
l i kel y to be hi gher harmonic response as well . It was therefore also of

interest to consider hi gher harmonic content in a way more or less consistent

with the pre ceeding ana l ysis of the fundamental components.

Of all the experimental references cited , Keulegan
26 

is the onl y one

in which systematic evalua tion of hi gher harmonic content was carried out.

Specificall y, the forces were represented as an odd Fourier series:

V
F 1. P sin (nwt )+Q cos (nwt) (18)

n=l ,3,5 
n n

TF-~ integrations required were carried out to obtain the 
~n 

and Q~. (P1 and

Q~ are the components previously treated). The resulting Q coefficients

were modified to reflect the coefficients in the Fourier expansion of

I coswtlcoswt which was required by the Morison Model , (Equations 5 and 7),

and the resulting (Q’) coefficients were tabulated along with the 
~n 

Reversing

the modification process (obtaining 
~n 

from 
~~~~~~ 

is strai ghtforward , and thus the

orig inal Fourier coefficients may be recovered to quite reasonable accuracy .

The first question of interest is the relative magnitudes of the

higher harmonics. It is convenient to first consider the amp litudes of harmonics ,

which may be defined as:

I F I  = 41. + ( 1 9)

and these may be arbitraril y non-dimensiona lized in accordance with the

approach shown in Fi gure 7. The results of carrying out this operation on

all data presented in Reference 26 are shown in Fi gure II .  In the fi gure
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the non—dimensional amplitudes of fi rst , third and fifth harmonics are

indicated as functions of AID. Through each of the three sets of data

points in Fi gure I I  a 3/2 power law line has been drawn . These lines were

fitted in a least root-mean-square percentage deviation sense. Numerical

va l ues of the coefficients are indicated in the labels.

Considering the fundamental component f i r s t , the fit of amp litudes

to the 3/2 power law appears rather better than that shown in Figure 7
for the Qi or “drag ’ component , desp ite the odd trend shown in Fi gure 8 for

the P 1 or “mass” component. The basic reason is that the non—dimensional

P 1 components (Fi gure 8) are si gnificantl y smaller in magnitude than the Q1

components (Fi gure 7)

The non-dimensional third harmonic component amplitudes shown in

Fi gure II clearly follow the trend of the fundamental. On average the third

harmonic component amplitudes are about 1/7 of the fundamental amplitude

regardless of amplitude ratio.

The trend of fifth harmonic component  amplitudes is clearl y unlike

that of the fundamental amplitude s. The major i t y  of the fifth harmonic

amplitudes shown are about 1/40 of the fundamental amp l i t u d e , though near

AID of 3 the ratio increases to the nei ghborhood of 1/20.

In the ori ginal Keulegan and Carpenter report (NBS Report 14821) there

appears a passage which seems to have been deleted f rom the published version .

This was to the effect that the magnitudes of the fifth harmonic component

were of the order of the resoluti on of the basic force data. (Keulegan and

Carpenter evidentl y thoug ht so little of the fifth harmonic components that

the coefficients were not tabulated in NBS Report 14821). The recording methods

used by Keulegan
26 

involved an oscil lograph , and it may reasonabl y be assumed

from the thoroug hness of the study that atten tion was paid to fi l l i n g  up the

linear range of the osci llograph with observa tion. However , even with this

precaution , the basic resolution of force could not have been much better

than 1/140 of the amplitude of the fundamental component. This means that the

determination of fifth harmonic amp litudes of force may have been subject to

considerable error , and under the circumstances , errors , systematic or random ,

of a factor of 2 or 3 can easil y be imag i ned . As would be expected , the results

in Fi gure II Indicate rather clearl y that scatter increases with the order of

the harmonic.
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Apart from oconcluding with Keulegan
26 

that the magnitude of fifth

harmonic of force is consistentl y very small , about the only other thing

which mi ght be observed is that a great deal more data would be required to

define the behavior of this component satisfactoril y.

As a preliminary to a further analysis of the third harmonic components ,

it was of interest to examine the relationshi p be tween the fundamental compo-

nents P 1 and Q1 in terms of phase. Defining C1 as the phase lead of the

fundamental amp litude of force , F11 , relative to the fluid particle veloc i ty:

P 1 IF iI sin c i

Q1 -IF i I c osci (20)

and:

= tan 1 (P 1/(-Q 1fl (21)

Fi gure 12 indicates the variation with AID of the values of cj computed from

the data of Reference 26. The results are consistent with those in Fi gure 8.

For AID above 2 the force leads veloc i ty by about 15° and thus in this range

Q1 is about 962 , and P 1 is about 25~ of 1F 1 1  - Below an amp litude ratio of

un i ty the force leads ve l ocity by about 350 and the corresponding ratios are

82 and 57k,. Whether or not there is a real transition in the behavior of

the component in phase with acceleration between -these two amp litude values

is clouded somewhat by the fact that data for low values of A/D and those

for hi gh were not obtained at comparable non-dimensional frequencies. Since

the Keulegan
26 

data for P1 is , for practica l purposes , all that exists , it

is difficult to see how to sort this out much further.

Returning to the consideration of the third harmonic component , the

question arises as to whether or not this component is superimposed on the

fundamental force component in a systematic way. The data in hand from
Reference 26 allows the computation of Fourier coefficients for the case

tha t the time scale of Equation 18 is shifted by an arbitrary increment ,

St . such that:

t = t ’ + (St.
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If tst is chosen so as to make the resulting coefficient of sinW t ’ equal

to zero, Equation 18 becomes :

F = Qi [coswt ’ + { P 3/Q1)sin3I t ’ + {Q3/Ql }cos3wt ’J (22)

where the fifth harmonic contribution is neglected , and a l l  coef f i c i e nt s on
the right hand side are computable from the g iven data. Relative to wt ’ = 0,

the maxima and minima in the third harmonic component of Equation 22 occur at

times -r corresponding to:

tIn = 1 tan~~ ~~~~~~ + (n~/3) (23)
Q3/~ i

where the principa l value of the arc-tangent is implied ; (n = 0,1 ,2...); and

the va l ues ofQ1 have not been cancelled in order that the signs of numerator

and denominator of the arc-tangent reflect the correct quadrant relative to

the exp ression within large brackets in Equation 22. The total range of the

principa l va l ue of WI is ±-rr/3 = ±600. The computations implied by Equations

22 and 23 were carried Out with the results indicated in Fi gure 13. Because

d~~ and 
~~ 

are both negative throughout the data of Reference 26, the va l ues

of wr all lie in the range of ±300, and as may be seen in Figure 13, the

majority of results are within the range of ±100. Referring to Equation 22,

for the most part the term involvin g P3 is thus relativel y insi gnificant.

This result , with the fact that Q3 and Q
~ 

always have the same sign , shows
that the third harmonic component always produces an increase of force magni-

tude at the instant of maximum (and minimum) fundamental component , and implies

that the maximum ctxnbined force amplitude should not be far distant from the

sum of Qi and Q3. ft is not clear how the trend of the results in Figure 13

comes about , but the fact that there is an apparent trend implies that the

phasing of the third harmonic is systematically related to the fundamental

component of force , but is not constant.

Numerica l values of the ratio of the sum of Qi and Q~ to Qi :

I~ 1 + Q~I/ lQ i I
Have been computed and are shown in Figure 14. Similarly, the peak positive

val ue (Fmx) of Equation 22 may be computed , and Fi gure 14 also indicates the
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ratio of this computed peak force to the amplitude of the fundamenta l component.

Excepting for low values of A/D, these two ra t ios genera l l y ag ree w i th in  about
2~ , substantiating the inferences just made in the discussion of Fi gure 13.

- The discussion of Keu l egan and Carpenter ’s interpretation of the Morison

quadratic model wh i ch was made in conjunction with Equations 7 and 8 of a

preced i ng section , suggests that an effective amplitude of force should be

approx i mately 31T/8 times the amplitude of the first Fourier compoent. The

constant 3ir/e, is indicated in Fi gure 14. The results suggest that this

factor is an over estimate , but onl y by a relatively small percentage.

Fi gure 14 also indicates the magnitude of error in the data reduction

methods i nvolving the use of maximum observed force , or force at the instant

of maximum velocity, as estimators of effective amp litude . That the error

committed is relativel y small seems verified by the data of Reference 26.
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C H A R A C T E R I S T I C S  OF FORCE T 1P ~F H I S T O R I E S  IN THE T I M E  D OMAIN

In rev i ewing the literature on p lates in oscillatory f low , no

serious refutation has been made of the most fundamental qualitative ideas

about the character of the force . Perhaps the most fundamental ideas are that ,

since the flow field is defined to be periodic and symmetrica l about zero

veloc i ty, the force time history must also be symmetr ical about zero and have

the same period as the flow field. The consequence is that reasonable

mathematical models , for force response having the same period as that of the

flow , i nvolve odd terms and/or odd Fourier components. The “quadratic ” term

in the Morison model (IU IU , Equation 5) is odd and also satisfies the period-

icity and symmetry ideas. There is onl y one exception to the periodicity

and symmetry idea in the literature on the oscillatory forces on cy linders

(Appendix A). This exception occurs in Sarpkaya~
6
~where a few of an enormous

number of force time histories were apparently found not to satisf y symmetry ,

in the sense that the mean was riot zero. An examination of the one detailed

resu lt given in Reference 56 discloses that the time history is also not

per iod ic  in a time equal to the peri od of the flow field. Since in a non-

linear system there is no prOhibition of sub-harmonic response , there is a

possibility that the force could be symmetric over a time equal to an actua l

longer periodicity. The explanation g iven in Reference 56 for the non-symmetry

i nvolves fractional shedding of vortices not necessaril y on alternate sides

of the cy linder . Whether or not this phenomenon could happen for p lates in
I ) os cillatory flow is an open question. No experiments comparable in scope

to those of Sarpkaya~
6 

have been done for p lates in oscillatory fl ow.

Given the periodic , symmetric force assumption for plates , an examination

was made in Reference 20 of the relative merits of the Morison model , Equat icrt 5,

~56. Sarpkaya , T., “Vortex Shedding and Resistance in Harmonic Flow
About Smooth and Rough Cylinders at Hi gh Reynolds Numbers ”,
Naval Postgraduate Schoo l , Monterey , Report NPS-59SL76021 ,
February 1 976 , AD-A020 029/5ST.
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and a straight forward odd Fourier series . The data used was that of

Reference 26. The conclusion ~as that both the magnitude , and position

within the periodic cycle , of the peak observed force on plates was reflected

very well by an odd Fourier series truncated after the third harmonic term.

The correspondence was typ i ca l l y within 2 or 3?~ for force magn i tude and the

position of the peak force was predicted within about 1/60 of the oscil la-

- 
tion period . Quantitativel y, this degree of correspondence was found to be

si gnificantl y better than that predicted by the Morison model. Equation 
~~.

In the sing le case in which an observed plate time history was available ,

the truncated Fourier series represented the observed force time history

throug hout the cycle with deviation s of approx i matel y the estimated resolution
of the observed data. The Morison model was clearl y inferior in this case;

max i mum deviations from the observed time histor y were ±l5~ of peak force .

With this result from the data of Reference 26 it was of interes t

to examine other references on plate experiments to see if any other comp lete

force time histories were available. Apa rt from those given by Keulegan
26

,

onl y McNown34 and ShIh~
4 

(Bucharian ~
6) g ive time histories which are documented

as being observations from a flat p late experiment.

As previousl y noted , the time history data of McNown covers onl y 3/4
of a cycle and is thus not unambiguousl y Fourier ana l yzable. Qualitative l y

however , the portion of the time histories which are g iven by McNown3

resemble that of Keulegan 26.

Buchanan 36 g ives two time histories as a series of measured points.

One of these (Run 142, Fi gure 5 of Reference 36) is defined by too few points

for a creditable fit of fundamental and third harmonics. The other is sufficient-

l y well defined that a least square sense fit of an odd Fourier series truncated

after the third harmonic could be made . Fi gure 15 indicates the results

of this effort. The time and force axes are de fin~ Jas in References 36 and 54

(Figures 6 and 2 respectivel y). The circles are the observed digitized points

g iven in the References and the dashed line is a fit (made by Shih and Buchanan

in some best sense) of the Morison model to the data. The solid line is the

present least squares fit to the data of a Fourier series composed onl y of

fundamental and third harmonic components. Considering tha t the observed data

was measured f rom os ci l losco pe pho togra phs , the differences between the
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observations and the Fourier series result may be of the order of the

resolution of the data . In this case the Morison mode) also represents

the observations less well than the truncated odd Fourier series.

Fi gure 13 helps explain the differences in the representation of

time histories. The Keulegan 2 data shows that the “phase” of the third

harmonic relative to the fundamenta l varies with amp litude ratio. The

corresponding “phase” of the third harmonic of the Morison model is fixed

relative to the component in phase with veloc i ty. Most fitting procedures

for the Morison model tend to insure correspondence of computed and observed

peak force magnitudes at the expense of the representation of the times of

occurence of the peaks. If , in an eng i neering app lication , all that s of

interest is peak force magn i tudes there is relatively little to choose

between the alternatives . In the sense of the representation of the variation

of force with time , the Morison model appears to create deviations from

observation rather than explain them .
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SUMMARY AN D D I S C U S S I O N

Restated , the genera l objective of the present work was to l ook for

alternatives to the conventional ti ie domain model for the oscillatory forces

on plates , using what data could be found in the literature. Attention was

paid onl y to the most fundamental flow situations ; plates be ing oscillated

in a direction norma l to their p lane , or the kinematica l l y equivalent

situation where the f l uid oscHlates. Within these restrictions , the

“literature ” on plates in oscillatory flow reduces to a relative handful )

of references , the most informative of wh i ch is practically the oldest

(Keulegan and Carpenter
26
), and the youngest of which was published in 1971 .

In the course of addressing the available literature , attention was also

paid to the literature on cy linders in oscillatory flow , since the interest

leve l in this case is curren ,~1y higher than in the p late case. It appears

from the theoretica l and experimental literature surveyed for both cases

tha t no viable alternative to the “Morison ” or quadratic model has been

developed ; nor in most cases even considered. The shortcomings of the mode )

are more often discussed in conjunction with the case of cy linders (See

Sarpkaya 28~
29, McNown~

14
, Da l ton 32 ). There appear to be no new practical

theories which hold p romise of chang ing the situation .

Another characteristic common to the experimental literature fitting

within the present scope of interest is that the oscillatory motion of the

plate or cy linder (or motion of fluid) is assumed to be harmonic (sinusoidal

or cosinusoidal). There is no literature on more comp licated oscillatory

motion. Thus all that may be deduced from existing experiments must be

done on the basis of this experimental situation.

To the extent possible in a field in which the basic presumptions

have been common for decades , the philosop hy of the present approach has

been to try to let the data indicate what trends and functional dependenc ies
I 

it would. The first step in the procedure adopted was to produce an

i gnorant dimensional ana l ys i s; “i gnorant ” because no presumptions about the

relationshi p of force to the independent variables was made--onl y that the

prob l em invo l ved sinusoida l motion of a plate of given width in a fluid of

given mass density and kinematic viscosity. Under these circumstances the
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dependent and independent variables of the p rob l em are made non-dimensional

by parameters which are constant for any particular experiment , and the

independent variables themselves are just non-dimensio nalized versions of

amplitude and frequency of motion .

Correlation of results of the various investi gations on p lates was

sometimes made speculative for several reasons:

1. Half of the available experimen ts invo l ve finite aspect
ratio plates , half the two dimensional situation .

2. Onl y one reference (Keulegan 26) contains si gn i f i can t
anal yzable data on the added mass part of the conventional
model.

3. Edge thickness to p late width ratios vary widel y.

4. A wide range of frequency variation is available for
only two ratios of amp litude to p late width.

5. Very small amplitudes (less than plate width/2 0)
are associated onl y with finite p late aspect
ratios and hi gh frequencies.

6. One important reference i nvolved a sp litter plane ,
and another , which involved a forced oscillation
techni que , evidentl y did not correct data for real
inertia of the p late model.

From an experimenta list ’ s viewpoint the first (and sometimes most

important) thing which must be done is to examine the general character

of the data in the time domain. In genera ), if the system being given
cosinusoidal exc i tation is non-linear , than a range of possible oddities

in the response must be antici pated . These include hig her or sub—ha rmonic

content , jumps , etc. In the present case it is difficult to envision how

a force wh i ch is an explicit function of displ acement amp litude alone can

arise , so that instabilities causing sub-harmonics and/or jumps do not seem

hi ghl y probable. In the event , no reference where force was actuall y

measured mentions anything of this nature . So far as current state of

knowledge is concerned the force response of a p late g iven sinusoidal motion

is periodic in the period of the motion. There also being no evidence to

the contrary , the force is also accepted to be symmetric about zero, so that

representation of the force by an odd Fourier series is an acceptable idea .
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To the limited extent that such a fi t has actually been carried out , the

odd series approach reflects the detail of time domain measurement: to

within basic data resolution . The conventional time domain mode l

(Equations 5 or 7) reflects peak positive and negative forces to acceptable

engineering accuracy but does not accuratel y reflect what lies between .

In fact it appears tha t the fundamental and third harmonic are all that

is required to reflect the time domain forces to within about 2°/s; the

fifth harmonic amp litude appears to be of a magnitude near the l ower limits

of norma l oscillograp hic resolution . One reason why the conventional model

does not accurately reflect the tim e domain data is that it was eviden tl y

assumed that there were no non—linear effects upon the force component in-

phase with acceleration (the first term of Equation 5). Hi gher harmonics

were assumed to arise onl y from the velocity non-linearity in the second

term. Keulegan and Carpenter ’ s work26 showed this to be untrue.

Given the foregoing considerations it can be expected that for any

g iven combina tion of amp litude and frequency there exists a fundamental

component of the force wh ich can be resolved via Fourier anal ysis into

components in-phase with acceleration and with veloc i ty. Had any of the

experi mentalists invo !ved not had prior guidance about how these component

forces should vary with the independent variabl es (amplitude and frequency )

he would na tura l l y have just p lotted the raw force component data in such

a way as to disp lay its varia tion as a function of two variables so that

some judgements about functional dependence mi ght be made . This “i gnorant

experimenta list ” approach was adopted in the present effort , under the

assumption that the results of dimensional anal ysis correctl y compensated

for the effects of p late size and fluid. It was found possible to make

reasonable numerical estimates of non-dimensional component force s from

the reported averaged “mass” and “drag ” coefficients customaril y reported .

There was a small amount of data with which the correctness of the

basic non—di m en siona li zation could be directl y eva l uated. Non-dimensional

force components in-p hase with ve l oc i ty for the same non-dimensional

frequencies and amplitudes correlated reasonabl y well for a few experiments

with different p late widths and for a few data points where the fluid was

effectivel y different.
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Undoub ted l y b y the purest chnnce , there were five sets of two

dimensiona l p late experiments where data could be extracted for amp litude

to plate width ratios of 0.75, 0.33 and 0.25. Altogether these data

spanned nearl y 7 decades of non-dimensional frequency and it was possible

to see that , above a relativel y low “critical” non—dimensional frequency ,

the force component in-phase with veloc i ty was closel y proportional to

the square of non-dimens ional frequency . Two dimensional data for other

amp litude ratios corresponded to frequencies above the critical , and these

da ta too , appeared to be closel y proportional to the square of non-dimensional

frequency . Though the available three dimen sional data was more limited in

this respect , the non-dimensional force component in-phase with velocity

appeared also to vary as non-dimensiona l frequency squared for constant

amplitude ratio.

Because of the nature of the basic non-dimensio n alization , a squared

variation with non-dimensional frequency means that forces are essentially

invarian t with unsteady Reynolds Number above some critical value. Thus the

present anal ysis bears out the identica l conclusion of Sh ih~
4
, and extends

the demonst ,ation to much hi gher Reynolds Numbers. The current best estimate

of the critical non-dimensional frequency for amp li tude ratios in the range

0.75 to 0.25 is mD2/v~ lOO. Two thin gs could not be demonstrated d~~2ct l y:

- 
1 . That the critical frequency is the same for

all amp litude ratios.

2. That the conclusion holds for force components
i n-p hase with acceleration .

In a practical sense , non-dimensional frequencies less than about 100

are quite difficult to achieve if the working fluid is water , the plate

width is no~ m i n is c ute and real frequencies of interest in full size or

laboratory Ocean Engineering problems are considered. For this reason

it appeared reasonable to attempt further progress by discarding the minority

of data for non-dimensiona l frequencies below 100 , and to assume tha t the

rema i nder was direc tl y proportional to non-dimensional frequency squared .

This lead to a second stage non-dimensiona lization or correlating modulus

for oscillatory forces; that is , division of the ori g inal non—dimensiona l
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force by the square of non-dimensiona l frequency is equivalent to division
— of the raw (dimensional) force by:

pw 2D3L

Th i s produces an alternate non— dim --~nsio n aliza tion of force which , according
to the previous discussion , should collapse all data for the same p late

geometry into a sing le function of amplitude ratio.

This alterna te non-d im en sion al iz ation was carried out for all available

data. To a remarkable degree (considering the large divers i ty of experimental

techni ques , frequencies , etc.) the gambit did what was expected .

Because few have been interested in anythin g bu t the force in-p hase

wi th ve l oc i ty , most of the data involves this component. For amplitude to

plate width ratios in excess of 1/10 and less than 20 the results imp l y that

for constant frequency this component of force varies closel y w i t h  the 3/2
power of amp li tude ; w ith deviations whi ch are practicall y a con s tant percen tage
regardless of amplitude ratio , and independently of p late geometry. Data

corresponding to amp litude ratios less than 1/20 are sparse , and all from

three dimensional plate experiments. The trend in this range cannot be

confirmed but could be anything between amplitude squared and cubed. There

is evidentl y a break-point near ampl itudes of 1/10 or 1/20 of plate width

where the trends cha nge , and a very s l i ght indication in the data that the

effect of sharp p late edges is to drive the break-point to l ower amplitudes.

This last is in accordance w ith the prediction of Tseng and A ltmann 
1 
who

were considering the same basic data.

The pw 2D 3L correlating modulus was found to collapse the onl y available

data on force in-phase with acceleration into a sing le function of amp litude .

At face value the resulting function has two branches , each of which follow

an approx i mate 3/2 power law . No data is available for this component for

amp litudes less than 1/10 plate width.

A similar correlation was carried out with the third harmonic component

data of Keu)egan
26
. The amp litude of the third harmonic not onl y collapses

to a single function using the frequency squared modulus , the resulting trend

with amp litude appears also to be according to a 3/2 power law. The third

harmonic component amplitude apparentl y is a constant fraction of the
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fundamenta l amp litude , is phased rel~~tlve to the fundamental in such a way

as to augment peak forces , but does not bear an exactly fixed phase relation-

shi p to the fundamental component ui-phase with veloc i ty.

If it is a rgued (or assumed)

1. That amplitudes less than about 1/20 plate diameter are not i mportant ,
or the errors due to an incorrect representa tion are insi gnificant , and

2. That , simila r l y, values of frequency parameter ( t,jD 2 /v )  less than 100
are i mpossible or unlikel y:

Then the present anal ysis suggests a representation for the force response

to sinusoidal oscillation of a p l a te of the f o l l o w i ng f o r m :

F k 2D3L.(A/D)~~~5[K lco stmt_ O l (A/D))

+ K 3cos{3c~t-O~~(A/D) } (24)

where: K 1 and K 3 are constants

and O~~(4/D) and 0 3 (14/0) are

relative l y weak (nearl y constant) functions of A/D

(as for instance in Fi gures  12 a nd 1 3 ) .

All previously discussed data limitations appl y in Equ ation 24, the form

i s  j u s t a synthesis of the gross functiona l dependencies that all the

available data imp l y. The phase functions are not exp li c i t l y defined , the

data avail able with which an exp l i c i t  represen tation mi gh t be made are very
sparse. The squared variation of frequency and the 3/2 power in (AID) are ,

however , qu i te strongl y ind i cated by the data , and the constant K3 is much

smaller than K 1 .

One of the possibilities suggested by the initial anal ysis of

Reference 20 was that a functional pol ynomin al representation mi ght be

app licable. With respect to real world predictions some of the advantages

of this representation were pointed out in the Introduction . It has been

shown (Bedrosian 10 
for examp le) that if the input or excitation of a system

represented in this way is sinusoidal , then the output is periodic and can
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contain all harmonics; and that eveti harmonics arise from the functiona ls

of even degree. Since the most fundamenta l symptom of the character of

forces on oscillating p lates is repr esentability by an odd Fourier series ,

it follows that the most fundamental characteristics mi ght be characterized

by an odd functional pol ynominal. In order to assess the possibilities of

represen tation of forces on oscillating p lates in this way , the functiona l

dependencies shown in Equation 24 must be compared to those which follow

from sinusoida l exc i tation of an odd functional pol ynominal model. Assuming

that the motion of the plate is represented by: X(t) = A sin u t

and that the system is represented by an odd functional pol ynominal (truncated

after the fifth degree) , the response of the hypothetica l system may be

shown (Reference 10) to be of the form:

F

+s i nwt •I m
{AG 1 (w)+A3G 3(w,w ,_u))+A SG5(w,w ,w ,_w ,_w ))

-cos3wt .R {A 3G 3(w,~~,w)+A~’G5(w ,w ,~~,w ,-u) :i

+sin3wt
~~

I
m
{Ai G 3 (w ,w ,

~~
)+A5G 5(w ,w ,w ,w ,_w )}

_cos5wt
~
R
e
{A SG s(w ,ca ,w ,w ,w) }

+sin 5cat .I {A5G5(w,w.c,),w ,w)} (25)

In Equa tion 25 the functions G
n (~~

w
~
’
~~
) are complex n-dimensional func tions

of ~ alone. The influence of amp li tude is contained in the coefficient

of each such func tion.

Now compari ng the forms of Eq u a t i o n s  24 and 25, it may first be noted

that both are in the form of an odd Fourier series , and that the coefficients

of each term are composed of more or less separable functions of amp litude

and frequency. There is no reason why the value of G 5(w,w ,w ,u ,w) could not

be zero or very small so that the presence of the fifth harmonic in Equation

25 is not d i s t u r b i n g . If frequency is fixed , the amplitude of the third

harmonic in Equation 25 is an odd series in A , starting with the cube . On

the othe r hand , the amp litude of the third harmonic in Equation 24, for

fixed frequency , varies approx i matel y as the 3/2 power (see Fi gure II).

There is no way a convincing wide range fit to (A/D)~~
5 can be made with an
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ordinary pol ynominal in (AID) if it does not contain the first power.

Considering the fundamental component , the situation is similar. For

- 
fixed frequency both the amplitude (Figure ii) and the coefficient of

cosut (Fi gure 7) in Equation 24 vary as the 3/2 power of (AID). On the

other hand , either the fundamental amplitude or the coefficient of coswt

i n  Equation 25 behave as an ordinary odd polynominal in A. The adequacy

of a least square percentage deviation fit of a linear-plus-cubic poly—

nomina l to the trend of the data has been shown in Fi gure 7. These

considerations suggest the functional pol ynom i nal -model not to be a

satisfactory approach. It should be mentioned however , tha t a least

square percentage fit such as disp layed in Figure 7 and a least square

fit are different things. Fi gure 16 indicates a least square fit of a

linear-plus-cubic in AID to (AID)
1
~
5 in comparison with the 3/2 power

function . Linear scales are employed. Thoug h what is inferred from such

a fi gure is almost a matter of taste , it would seem from an engineering

standpoint that the functional pol ynom i na l model mi ght serve as an

approx i mation to the fundamental component of Equation 24 so long as no

more precise model is available. A representation of the third harmonic

of Equation 24, good in any sense , seems unlikel y.

Leaving off discussion of the functional polynom i na l , the question

arises about alternatives. If the third harmonic component of Equation 24

is disregarded , and the component in—phase with velocity is extracted

there results:

Qi ~~pw
2D3L K (A /D) 1

~
5coswt

(where the approximate 3/2 power fit to Qi shown in Figure 7 has been

invoked to eliminate the phase function , e 1(A/D)).

This can be written:

Q1 ~-K 1 p D 2 Lw (AID)~
S (U cosut )

~KipD
LS Lu 55 (U~~~

Scoswt}

Since (U cosut)
1
~
5 has a fundamenta l Fourier component with amp l i t ude

approx i mately 15~ greater than U 1 5  it is tempting to write for sinusoidal

mot on:

Qi ~-K 1pD
1
~
5Lw~~ U

1.5
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where U = U coswt as in Equation 5. However as far as improving the

conceptual mode l for oscillatory forces is concerned ,the above is as

much of a nig htmare as the conventional model . The coefficient st i ll

contains frequency which implies that the system has memory and thus

the jump to U
1.5 is not too justifiable.
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CONCLUDING REMARKS

To the extent which information can be extracted from existing

empirica l data , an alternate to the conventional quadratic model for

forces on oscillating plates can be synthesized , bu t on ly  for  s inu so ida l

motion of the p late. The results of the present work however , do not

obviousl y point the way toward a real-time , non—linear model suitable

for more complex forms of motion . Relative to existing data , an approach

for which there had been considerable initial hope (the functiona l pol y-

nominal) appears not to be too promising in the scientific sense.

There is considerable danger that the emp irica l trends and depend-

encies found suffer from a limited data base. Among the more serious

deficiencies from the synthesis point of view are :

1. In absence of an asymptotic theory for large amplitudes

(or any theory at all) the connection between available

data and the forces for very very large amp litudes is

missing, as is the relationshi p between “steady state ”

and oscillatory forces .  There i s  a susp icion that the

gross functional dependencies developed may not be

in the correct direc tion at the upper end of the

experimenta l range of amp litudes , and thus the danger

exists of mis-interpreting the emp irica l data because

the end points are not known .

2. The amount of good information available on the behavior

of “mass” or “acceleration ” components of force is very

small. A demonstration of the degree of influence of

viscosity on these components is entirely lacking. Eventua l

development of a satisfactory time domain non-linear model

may depend upon develop ing an understanding of these components

at least equivalent to that in hand for the “drag” or

“ve l oc i ty” dependent components.

-85-

I

L _
- — -~~~~~~ - 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



_ _ _ _  - - fl-f l  ——-fl— —-- fl - ---—- ~~ —-——-- - _ _ _ _

R- 2031

3. The p -esent ana l ysis involved the patching togethe r of quite

a variety of data because there s so little available that

nearl y any loss is felt. There is an absence of data , for  a t

least one plate geometry , which covers the complete range of

amp litudes and frequencies.

I
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PRINCIPAL NOTATION

A Amp li tude of motion

Cd 
Unsteady drag coefficient

C Unsteady mass coefficientm

D Wid th of plate or diameter of cylinder

d. Fixed geometric parameters

F Force on a plate or cylinder

thFn n Harmonic of Force F

I Leng th of plate or cylinder

P Component of ~th~ harmonic of force i n phase wi th acce lera t ion

Non-di mensiona l form for P1

Component of ~th harmonic of force in phase with veloc i ty

Non-dimensional form for Q1

Re Reynolds Number , steady or uns teady

I Per i od of osc i lla ti onm

t T ime

U Instantaneous ve loc i ty {=~
(t)}

Urn Amplitude of ve loci ty

W Amp li tude of accelera t ionm

X(t) Disp l acement of plate or motion of fluid particle

Phase angle

v Fluid ki nematic viscos i ty

p Fl uId mass density

w Circular frequency of oscillation

-92-

4 .‘~A’~ 4j~rr 
- _ _ _ _  ____ -ti.. _ 

-,-- w - — ~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



R-2031

APPE NDIX A

DOCUMENTAT ION OF LITERAT URE SEARCH

General

The section on the scope of data of interest in the main  part of

the report outlines the technical criteria i nvolved . The search documented

herein was completed in August 1978. At that t ime  it was thought that

diminishing returns had set in and forma l search efforts were terminated .

The basic search was conducted both man ually and by computer. In

the manual part of the search , citations suggested by the Techn i ca l Mon i tor

of the project were added to those initially known , and the usua l manual

strateg ies were employed from this start. These include working backwards

from the references cited in the known and subsequently acqu i red references,

searching in-house files , and scanning the ind i ces of the publications on

hand at Davidson Laboratory (whi ch generall y cover the Hydromechanic ,

Nava l Arch i tecture and Ocean Eng i neering Fields).

Data Bases for Automated Search

The computerized literature search system utilized was that run by

Lockeed Information Systems (Lockeed Missiles and Space Company , Inc.), is

called “DIALOG” , and was l ocally available through the Stevens Institute

Library .

Four data bases were utilized at one point or another In the search:

1. SCISEARCH

This is the computerized form of the Science Citation

Index (Institute for Scientific Information , Philade lphia , Pa.).

It contains about 1.8 mfl lion citations from 197Z, onward . In

addition to authors , titles , etc., all the references noted in

each citation are also stored . Thus the data base may be searched
for new publi cations through the subject relationships established

by an author ’s reference to prior work in his field. The effect

is to go “forward” in t ime rather than backward as Is the case In

manua l analysis of an author ’s reference lists. Key title word

search i ng Is also possible.
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2. INSPEC

This is the computer version of two of the Science

Abstracts family (Institution of Electrica l Eng i neers, London).
The two publications included are , Physics Abstracts , and the
Electrical and Electronic Abstracts. The data base contains about

one million citations starting with 1 969. Each citation includes
an abstract and identifier s or key words.

3. COMPENDEX

This data base Is the machine readable version of the

Eng i neering Index (Engineering I ndex , Inc., New York). It

contains about 0.6 million citation s with descriptors and

abstracts dating from 19?O.

4. NTIS

The NTiS data base is the automated version of the

abstracts published by the Nationa l Techn i cal Information Serv i ce

(us Department of Commerce, Springfield , VA). The data base

includes abstracts and descriptions for about 0.6 million Governmen t

sponsored research and development reports from 1 964.

Computer Search Strategy

The search strategy was divided into two parts; citation cross

referencing , and key word search i ng.

The first and most obvious objective was to turn up any recent

reference to Keulegan and Carpenters ’ classic paper (Ref. 26 of the main

text) through a search of the Scientific Citation I ndex. Subsequently,

a similar search was made for recent references to eight of the pertinen t

papers wh i ch were known at the outset. These eight references were

numbers 1.5, 1.6, 1 .1 1 , 1.16 , 2.2, 2.4, 3.12 and 3.23 of the appended

citation lists (to be subsequently described) .

The computer key word search techni que allows retrieva l of

citations in wh i ch certain key words or groups of key words occur anywhere

in title , abstract or descriptors . The first step is to find ,and somehow

remember, a ll citations In wh i ch each Individua lly specified key word

occurs anywhere. The next step Is to comb i ne these results Into related

groups, say two or three. The last step is then to eliminate all citations

I
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not containing a word from each group.

The initial key-word search strategy was relatively abbreviated .
The specific key words and grouping are ind i cated In Table A-I. These

are mere ly a sli ght extension of the words in the title of Reference 26.

Essentiall y all citations in the SCISEARCH , INSPEC , and NTIS data bases

which contained at least one key word from each group in Table A-i were

listed . It was noted from these results that a few known recent references

were not retrieved . The reason was that the key words of Table A-i were

too restrict ive , and according ly, a larger list was made up by analyzing

the title words and descriptors of all references in hand at the time .

The fina l key word grouping is ind i cated in Table A-2. All citations

in the COMPENDEX and NTIS data bases which contained at least one key word

from each group were listed. (The INSPEC results from the first search had

been found to be quite unproductive and this data base was abandoned).

As an illustration of the numbers of citations i nvolved , the final

search (Table A-2) of the COMPENDEX data base turned up 26411 citations

in Group 1 , 22500 in Group 2, and 125184 in Group 3, but the final steps

reduced the total number of citations to about 250.

The net result of the searches of the roughly ~ million references

in the four data bases previousl y described was listings of title , descrip-

tors and abstracts (where available) of 660 references. Though half of

these had been turned up in the fina l key word search , the first inspection

of the results ind i cated a large number of repeats of citations occurring

in the firs t computer search and in the manua l search , as well as no really

new sources of fundamental data on plates. Accordingly, the law of diminish-

ing returns was assumed to be in effect and the computer efforts were

terminated .

The First Cut

Since many titles , taken in context, are quite informative , and since

abstracts were available for the majority of the 600 references , it was

quite stra i ght-forward in the initial rev i ew to reduce the total prob l em

to about 90 references a th i rd of which had been known at the beginning .

Magneto-hydrodyn~~~cs, plasma dynamics , super-sonic flow , elastic

vibration , etc. are all subjects far outside the current range of interest.

In many cases where experiments were Ind i cated they clearly i nvolved wave

I
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excitation of objects piercing the free surface, or were experiments

i nvolving mean flow of some sort (“struming ”, oscillations transverse to a
mean flow , flow Induced pressure fluctuations on buil dings , etc.). Many
plate experiments dealt with plates at an angle of attack other than 900.
However, where there was the possibility of usefu l experimental data for
present purposes conta i ned in such references, they were retained pending

closer examination .

In the 90 remaining references there were severa l dealing with

acoustic streaming flow. Most of these were briefly reviewed In order

to learn the special meanings attached to words in this field. In the

event, these references were found to be too specialized and all were

discarded . Abstracts were not initially available for some of the

remaining references , and these were located and scanned . Several

additional dropouts occurred , largel y on the grounds that the work

involved mean flows.

Second Cut

The operations just described reduced the results of the search

to 70 references wh i ch appeared worthy of examination in more detail.

in the process of a somewhat closer examination it became clear that the

list could usefully be split up into 5 categories :

Category References Describing:

Experiments on Plates

2 Theory on Plates

3 Experiments on Cylinders

4 Theory on Cy linders

5 References of ind i rect Interest

The specific references i nvolved are given in Citation Lists 1 through 5,
appended , and these are the basic result of both the manual and computer

search procedures.

The fundamental activity in the second cut was deciding wh i ch

references belonged in category five , the references of ind i rect interest.

As may be noted in Citation List 5, the fifth category may be broken down

into two additiona l parts. Part A consists of 8 references which are in the

nature of background , state-of-art reviews, and application papers. Some

I
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of these are equally valuable In providing data source references. The

remainder of the 20 references placed in category five (Part B) were

principall y those about wh i ch not enough was known to discard in the first

cut. They were examined to see If at least some fragments of data wh i ch fit
the specifications set forth could be found .

Thi rd Cut

Of the 17 references in Citation List No. 1 for plate experiments,
three may be eliminated from further cons i deration on the basis that nothing
close l y resembling force on the plate was measured . In this category are

Takamatsu, et a) (Reference 1.13), Cole (Reference 1.13), and Martin , et al
(Reference 1.17). The first two are flow visualiza tion studies , and the

last i nvolves measurements of the overall effect of a flat plate on the

damping of a U-tube . There were thus finally just 14 references pertaining

to experimental work on plates wh i ch could be of conceivable use in the

present work. None of these was published subsequent to 1971.

A first read i ng of the I tems in Citation Li st 2 ind i cated the

linearized theoretica l work of Tuck (Reference 2.3) to be of marg inal

application in the present case.

In a similar way a first read i ng of the i tems in Citation List 3
disclosed several citations which could be eliminated from further consider-

ation . The first of these is Williams (Reference 3.5) where it was belated-

ly discovered that the cylinder was being oscillated in rotation about Its

axis rather than in translation . Five references are Masters Theses done

under Sarpkaya at the Naval Postgraduate School at Monterey . A close

comparison of abstracts , the Junior authors , and the acknowledgements of

papers and contract reports by Sarpkaya strong ly suggested that the ex-

perimental results in these Theses are contained in the various references

by Sarpkaya. Since the emphasis in the present work is upon plates , not

cylinders , it was considered unlikely that acquisition of these five Theses

from NTIS would be worth the effort. Accord ingly References 3.4, 3.8, 3.10,
3.16 and 3.19 were eliminated from further consideration . Of the 18 re-

mainIng references in Citation List 3, 9 are by Sarpkaya , the result of
a quite si gnifIcant series of i nvesti gations utilizing two U-tube facilities.

The first two references (3.7 and 39) i nvolve Init i al experiments in a

small U-tube facility . It is clear from a reading of the succeed i ng seven

I
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reports by Sarpkaya that this early work was pra ctically superceded by
later work in a larger U-tube fac ility . On this basis there seemed little

point In considering these two references In further detail. Of the

seven references dealing with the large U-tube experiments two (References

3.11 and 3.15) are the fundamental NSF Grant Reports. The remaining 5
references by Sarpkaya are all based upon the work ind i cated in References
3.11 and 3.15, the fi gures used are i dentlca l ,as is much of the text
material ; the differences appear almost totall y to be that the papers
were presented in four different forums . It is thus reasonable to dis-
regard three of the five papers (References 3.13, 3.18, and 3.20). The
last two papers (References 3.23, 3.24) are more convenientl y available and
are excellent summaries of the work. These considerations reduced the list
of cy linder experimenta l references from 24 to 13, (including two references
containing both plate and cylinder data).

Of the references in Citation List No. 4, two can be eliminated
upon first reading. Reference 4.4 by Chakrabarti is an extremely brief

formal discussion wh i ch appears not to bear upon the fundamental prob l em.

Reference 4.5 by Hogben contains an extreme l y intuitive analytica l

approximation to the relationshi p between drag and inertia forces and

mainly serves to emphasize that this relation ship is a vexing and largel y
unsolved problem.

Summary

Though it is unlikely that any literature search can be absolutely

complete , (and the present one is undoubted l y not an exception to the rule)

it is thought that the present effort should have turned up at least a

l ead upon si gnificant fundamental work on the forces on oscillating plates

performed since 1971 , if such work exists within the Engli sh language

literature . The fact that It did not suggests that the prob l em has gone

out of vogue. The last spurt of activity was apparentl y brought on by

the problem of controlling rocket booster fuel tank sloshing. There appear

to be just 11, experimental references on plates wh i ch might concei vably be

useful within the constraints placed upon the present work, and practically

all of these were known before the formal search effort was init Iated .

The recent emphasis on offshore engineering has evidently rev ived

interest In unsteady flow about circular cylinders. However , since the

I
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application i nvolves wave action, the experimental emphasis has been on
actua l wave experiments rather than the much simpler fundamental situation
of current interest. The result in the case of cylinders is also about
a dozen references of concei vable utility .

The pauc i ty of pure ly analytica l references suggests that the
purel y theoretica l aspects of the prob l em have rema i ned as intractable as
they were two decades ago when Keulegan and Carpenter completed their

experimental work.
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TABLE A- i

Key Word Groups, In itial Search

Group 1 Group 2 Group 3

Plate(s ) Osci l ia t (ory ) Flow(s)
Cylinder(s) Osci 1 lat(ing) Liquid(s)

Water

Air

TABLE A-2

• Key Word Groups , Fina l Search

Group 1 Group 2 G roup 3
Plate (s ) Osci l lat (ory)  Fluid(s)
Cy linder(s) Osci 1 lat( ing) Liquid(s)

Uns teady Flow(s)
Harmonic Force(s)
Period Damp i ng
Sinusoida l Drag

Resistance

Wake(s)

Vortex

I
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CITATION LIST 1

References Pertaining to Experiments wh i ch I nvolve:

Plates Oscillating in a Fluid in a Direction Norma l to Their Plane;
or Plates in  A Fluid which is Oscillating in a Directi on Norma l to
the Plane of the Plate.

1 .1 Keulegan , G.H. and Carpenter , L.H., “Forces on Cylinders and Plates
in an Oscillating Fluid” , NBS Report 4821 , Sept. 1956; Journal
of Research of the Nationa l Bureau of Standards , Paper No. 2587,
Vol. 60, No. 5, May 1958.

1.2 McNown , J.S., “Drag in Unsteady Flow”, Proceed i ngs of IX Internationa l
Congress of Applied Mechanics , Brussels , 1957, Vol. III , pp 124- 134.

1.3 Tanaka, N. and Kitamura , H., “A Study on the Bilge Keels (Part 2, Full
Sized Experiments)” J. of Society of Naval Arch i tects of Japan ,
Vol. 103 , 1958.

1.4 Martin , M., “Roll Damping Due to Bilge Keels”, PhD. Dissertation ,
State University of Iowa, June 1959.

1.5 Cole , H.A. and Gambucc i , B.J., “Measured Two-Dimensiona l Damping
Effectiveness of Fuel Sloshing Baffles Applied to Ring Baffles
in CylindrIca l Tanks”, NASA , TN D-694, 1961.

1.6 Ridjanovic , M., “Drag Coefficients of Flat Plates Oscillating Normall y
to their Planes”, Schiffstechnik , Bd 9 - Heft 45, 1962.

1. 7 Brow n, P.W., “The Effect of Configuration on the Drag of Osc i l la t ing
Damping Plates ”, Davidson Laboratory, Stevens Institute of Technology,
Report 1021 , May 1964.

1.8 Mercier , J.A., “Scale Effect on Roll Damping Devices at Zero Forward
Speed”, Davidson Laboratory , Stevens Institute of Technology ,
Report 1057, February 1965.

1.9 Paape, A., and Breusers , H.N.C., “The Influence of Pile Dimensions on
Forces Exerted by Waves”, lath. Conference on Coasta l Eng i neering ,
Tokyo, Chapter 48, p. 840, 1 966.

1.10 Henry , C.J., “Linear Damping Characteristics of Oscillating Rectangular
Fla t Plates and their Effect on a Cy l indrica l Floa t in Waves ”,
Davidson Laboratory , Stevens Institute of Technol ogy , Report 1183 ,
June 1967, AD-657636. -

1 .11 Woolam, W.E. , “Drag Coefficients for Flat Square Plates Oscillating
Norma l to their Planes in Air , Final Report”, Southwest Research
institute Report 02-1973, NASA CR-66544, March 1968, N68-l 7911 .

-101-



F ?03l

1.12 Gersten , A., “Roll Damp ing of Circular Cyl inders Wi th  and Wit hout
Appendages”, NSRDC Report 262 1, October 1969.

1.13 Takamatsu , Y. ,  Randa ll , C.A . Jr., and Dey , S.K., “A Comparati ve
Study of the Flow Field About an Osc i l l a t ing  Flat Plate w i th
the Numerical Solution of the Navier—S Lokes Equations ”,
Proceed ings of the A 1AA/AHS VIOL Research , Design , and Operations

• Meet ing, Georg ia Inst i tute of Techno logy, February 1969,
Paper No. A IAA-69-226 , AD-686 1 79 .

1.14 Cole , H.A., “Effect of Vortex Shedding on Fuel Slosh Damping
Pred ictions ”, NASA TN D-5705 , Marc h 1970.

1.15 Gersten , A., “Sca le Effects in Roll Damping”, Proceed ings of the
16th. ATTC , 1971.

1.16 Sh ih , C.C., and Buchanan , H.J., “The Drag on Oscillating Fla t Pla tes
in Liquids at Low Reynolds Numbers”, J. Fl uid Mechanics , Vol . 48 ,
Part 2 , 197 1.

1 .17 Martin , S.C. and Bausano , J.C., “Oscillatory Flow Over a Plate
Normal to a Wall” , Annual ASCE Engineering Mecha ni cs D i v is i on
Conference : Advances in Civil Eng i neering Through Eng i neering
Mec hanics , Raleigh , May 1977, pp 528— 53 1 .
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• CITAT I ON LIST 2

References Containing Ana l yses or Reviews Bear ing Upon:

P lates Osc i l l a t i ng  in a Fluid in a Direct ion Norma l to Their Plane;
OR Plates in a Fluid ~ihTch is Oscillatin g in a Direction Norma l to the
Plane of the Plate.

2. 1 Iverson , H. W. ,  and Ba lent , R., “A Corre l ating Modulus For Fluid
Res istance in Accelerated Motion”, J. Appl ied Physics , Vo l. 22 ,
No. 3, March 195 1.

• 2.2 McNow n, J.S. ,  and Keulegan , G.M. ,  “Vortex Formation and Resistance
in Periodic Motions ”, Proceed ings of ASCE , Eng i neering Mechanics
Div ision , January 1959.

2.3 Tuck , E.O., “Calculat ion of Unsteady Flow s Due to Smal l  Mo ti ons of
• Cy linders in a Viscous Fluid” , California Institute of Techno logy ,

Report 156-1 , December 1967, AD- 829877.

2.~ Buchanan , H., “Drag on Flat Plates Oscillating in Incompressib le
Fluids at Low Reynolds Numbers”, NASA-TM-X-53759 , Jul y 1968 ,

• N69-17466.

2.5 Tseng, M. and Altmann , R., “The Hydrodyr iamic Desi gn of Float
Suppor ted Ai rcraf t , I--Floa t Hydrodynami cs”, Report 513-5,
Hydronautics , I nc., October 1968.
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C I TA T I O N  L IST 3

References Pertaining to Experiments Wh i ch I nvo l ve:

Circ u la r Cy linders Osc i l l a tin g in a Fluid in a Direc tion
Normal to their Axis; or Cy l inders i n a Fl ui d which is
Osc i l l a t ing in a D ir ec t ion Normal to the Axis of the Cy l i nder.

3.1 Keu legan , G.H.,  and Carpenter , L.H. (Reference 1. 1) .

3 .2 Paape , A., and Breusers , H.N.C., (Reference 1.9) .

3.3 Hamann , F.H., and Da l ton , C., “The Forces on a Cy linder
Oscilla ting Sinusoida lly in Water”, ASME Journal of
Eng ineering for Industry , Ser ies B, Vol.  93, November
197 1 , pp 11 97—1 202.

3.14 Dr isco l l , J.R., Jr., “Forces on Cy l inders Osc i l l a t i ng
in Water”, Master ’ s Thesis , Nava l Postgraduate School ,
Monterey , December 1972 , AD-7585i6.

3.5 W i l l i ams , R.E. and Hussey, R.G. , Osc i l la t ing Cy l inde rs and
the Stokes Paradox”, Phys ics of Fluids (USA) , Vo l. 15,
No. 1 2, December 1972.

3.6 Merci er , J.A., “Large Amp li tude Osc i l la t ions of a C i rcular
Cylinder in a Low Speed Stream”, Ph.D Dissertation ,
Stevens Ins t i tu te  of Tec hnology , 1973.

3.7 Sarpkaya , 1., Tuter , 0., “Period ic Flow Abou t Bluff Bodies:
Part 1. Forces on Cy l inders and Spheres in a S~nusoida l1 y
Oscillating Fl uid” , Nava l Pos tg raduate Schoo l, Monterey ,
Report NPS-59SL740 91 , September 19714, AD- 785 853/3SL

3 .8 Tuter , 0., “Forces on Cy linders and Spheres in an Oscillating
F luid” , Master ’ s Thes is , Naval Postgraduate Schoo l, Monterey ,
September 19714 , AD-787 366/4SL.

3.9 Sarpkaya , 1., “Forces on Cyl inders and Spheres in a Sinusoidall y
Osc i l la t ing Fluid” , J. of Applied Mechanics , ASM E, Vol .  42 ,
No. 1 , Marc h 1975, pp 32-37.

3. 10 Onur , S., “In-L ine Forces Act ing on Smooth Cyl inders in Ha rmonic
Flow”, Master ’ s Thes is , Nava l Postgraduate Schoo l, Monte rey ,
December 1975, AD-A02 l830/5ST.

3.11 Sarp kaya , 1., “Vortex Shedd ing and Resistance in Harmonic Flow
About Smooth and Rough Cy l inders at High Reynolds Numbers ”,
Nava l Postgraduate Schoo l, Monterey , Report NPS-59SL7602 1 ,
February 1976 , A D-A020 029/5ST.
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3.12 Skop, R.A., Ramberg, S.E., and Ferer , K.M., “Added Mass and
Damping Forces on Circular Cylinders ”, Naval Research
Laboratory, NRL Report 7970, March 1976.

3.13 Sarpkaya , 1., “In-Line and Transverse Forces on Cy linders in
Oscillating Flow at High Reynolds Numbers”, Offshore Technology
Conference Paper 2533, May 1976.

3.14 Da l ton , C., Hunt , J.P., and Hussain , A.K.M.F., “Forces on a
Cylinder Oscillating Sinusoidally in Water—-2. Further
Experiments ”, Offshore Technology Conference Paper 2538,
May 1976.

3.15 Sarpkaya , 1., “In-Line and Transverse Forces on Smooth and Sand-
Roughened Cylinders in Oscill atory Flow at Hi gh Reynolds
Numbers”, Naval Postgraduate School Report NPS-69SL76062, June
1 976, AD-A030403/OST.

3 .16 Col l ins , N.J ., “Transverse Forces on Smooth and Rough Cy linders
in Harmonic Flow at Hig h Reynolds Numbers ”, Master ’s Thes i s ,
Nava l Postgraduate Schoo l, Monterey , June 1976 , AD- A027247/6ST.

3. 17 Yamanoto , T., and Nath , J.H., “High Reyno lds Number Osc i l l a t ing
F low by Cy l inders ”, Proceed ing of the 15th. Coastal Eng ineer ing
Conference (ASCE) Hawaii , July 1 976, Chapter 136 , pp 2331—23140.

3,18 Sarpkaya , T., “Vortex Shedding and Resistance in Harmonic Flow
About Smooth and Rough Circular Cy linders”, Proceed ings of
the Conference on the Behavior of Offshore Structures ,
BOSS ‘76 , Norway , August 1976 , pp 220-235.

3. 19 Henn ing , P.J., “Transverse Forces on Rough Cy linders in Harmonic
Flow”, Master ’ s Thesis , Naval Postgraduate School, Monterey ,
Marc h 1977, AD-A 03585 l/5ST.

3. 20 Sarpkaya , T., Co llings , J., and Evans , S. R., “Wave Forces on Rough
Walled Cy linders at High Reynolds Numbers”, Offshore Technology
Conference Paper 2901 , May 1977.

3.21 Bushnell , M.J., “Forces on Cylinder Arrays in Oscillati ng Flow”,
Offshore Technology Conference Paper 2903, May 1977.

3.22 Garrison , C.J., Field , J.B., and May , M.D., “Drag and Inert ia Forces
on a Cylinder in  Periodic Flow”, J. of the Waterway , Port ,
Coastal and Ocean Division of ASCE , Vol . 103 , No. 2, May 1977,
pp 193-204.

3.23 Sarpkaya , T., “In-Line and Transverse Forces on Cylinders in
• Oscillatory Flow at Hi gh Reynolds Numbers”, J. Of Ship Research,

Vol. 21 , No. 1~, December 1977.

3.24 Sarpkaya , T., “The Hydrodynamic Resistance of Roughened Cv) i nders
• in Harmonic Flow”, The Naval Arch i tect , March 1978. Transactions RINA ,

Vol. 120 ,1978.
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C I TATI ON LIST 4

References Containing Analyses or Reviews Bearing Upon:

C i rcular Cylinders Oscillating i n a Fluid in a Direction
Norma l to Their Axis; or Cy l i nde rs in a Fluid Wh i ch i s
Osc i l la ting in a D ir ec t ion Norma l to the Axis of the Cy linder

4.1 McNown , J.S. and Keulegan , G.H., (Reference 2.2).

4.2 Sarpkaya , T., “Lift , Drag and Added Mass Coefficients for a
Circ ular Cylinder I mmersed in a Time Dependent Flow”.
ASME J. of Applied Mechanics , Vol. 30, Series E , No. 1 ,
March 1963, pp 13-15 .

4.3 Ward , E.G. and Dal ton , C., “Strictly Sinusoidal Flow
Around a Stationary Cylinder ”, ASME J.of Basic Eng i neering ,
December 1969.

4.4 Chakrabart i , S.K., Wo lbert , A.L., and Mi l ler , B.L.P., “Forces
on Cy li nders and Spheres in a Sinusoida lly Oscillating Fluid” ,
(Written Discussion of Reference 3.9), J. of Applied Mechanics ,
ASME , Series E , Vol. 42, No. 3, 1975.

4.5 Hogben , N., “The Interaction of Drag and Inertia Forces on a
Cy li nder in Oscillat ory Flow”, Natio nal Physica l Labora tory ,
Teddington , Eng land, Report NPL-SHIP-187, Hay 1975.
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