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PURPOSE

One example of a SONAR equation , for the passive detec-

tiort of a target which is radiating sound into the ocean, is

SL - TL ~~~ NSL + 10 L o g w -  DI + DT

where
SL = Source Level of the target being detected passively
TL = Transmission Loss as the signal propagates to the de-

tector
NSL = Noise Spectrum Level of the ambient noise in the ocean

w = Frequency Bandwidth of the detecting system

DI = Directivity Index of the detecting system

DT = Detection Threshold of the detecting system for a 50

percent probability of detection and a specified pro-

bability of a false-alarm

The equation states that if the inequality is satisfied,
then there is a better than fifty-fifty chance that the de-

tecting system will detect the presence of the target, and

at the same time no more than some specif ied chance of say-
ing a target is there when it really is not.

The purpose of this course is to provide the physical

and conceptual background necessary to understand the meaning
of each of the above terms and others which are combined to
form the SONAR equations. At the end of this course, the

student should be able to apply the appropriate SONAR equa-
tion to a given prob~.em and estimate such things as maximum
detection range, optimum receiver depth , necessary bandwidth,
etc.

1
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HYDROSTATIC PRESSURE

Suppose a very small hollow glass sphere has a vacuum
inside. If it is placed in still water (or any other fluid)
there are compressive forces acting at all points of the
spherical surface which tend to crush it:

0o
S I 0 &

0 
__ FLUiD

a
.i~ti ~ 6

~
‘ b a

o

0 0 0

0

The magnitude of the compressive force acting on any
little element of area of the sphere is essentially constant.
This force magnitude divided by the area over which it acts
is the hydrostatic pressure,

2
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To get a feel for the magnitudes of hydrostatic pres-
sures found in ord inary circumstances, consider the follow-
ing:

(1) Near sea level the hydrostatic pressure of the air is

~ 14.7 lb/in2 1 atmosphere of pressure .

(2) Just beneath the surface of the ocean the pressure is
also ~ 14.7 lb/in2.

( 3 )  At a depth of 33 f t  under the surface of the ocean the
hydrostatic pressure is ~ 29.4 lb/in2 = 2 atmo-
spheres. This is the sum of the weight of a column of
sea water wi th 1 in 2 cross section and height of 33 ft

and the force that the atinos~ here exerts on the top of
the water column.

(4) In like manner , at a depth of 66 ft the total hydrosta-
tic pressure is 44.1 lb/in2 = 3 atmospheres.

3
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ACOUSTIC PRESSU RE

Sound is composed of very small pressure fluctuations
p(t) disturbing the total average hydrostatic pressure
These radiate away from the source into the fluid .

Source radiates
sound

Hydrophone receives
the sound by sensing
p(t)

~ I ?  

- - -

0

rJ)
0

0

0 +~

Time

A CO U ST I C P R ES SUR E = —

p( .t l L~s ~th~ quan ~tA..~ty ~en4 ed by mo 4 t  hy d/ t opko ne4 ,
4~~nce~ ~tke~y a~te. n L ~t~ ve ~o chc.nge.4 £n .dte to~ c2
pJLe44a/te.
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MONOFREQUENCY SIGNALS

For ease of discussion , we will at first restrict our-

selves to consideration of tonals (monofreguency signals).

Later on , we will see that more complicated signals can be
broken down into a collection of monofrequency signals.

The time history of the acoustic pressure at a given

point in space for a monofrequency signal can be represented
as a sine wave,

p~~
+)

~~~~~~~~~~~

P = The effective amplitude of the acoustic pressure. This

is not the same as the peak amplitude A , but is more
convenient. It turns out that P = = O.707A
for monofrequency signals.

T = The period of the monofrequency signal. The period is

the time interval required for the acoustical signal to

go through one complete cycle , returning to the conf i-
guration it had at the beginning of the interval. The

frequency f of the wave is the number of cycles per

second, and is given by f = l/T.

Mo~t~Lae tha~t ‘.? a nd P pxe~ e~t~t -Co~~zUy di ~vte~z.t qu~~~~ .t~L~4;
Q ~L~s tke. ~n a.rt~ta.~zeou.4 hydto4. tcz. t.L~ p’t e~ -~a’t c~ cznd P £4 .~he

6ac~t~Lv~ ~zrnp U~tit d~ o~ ~~~ oa4 ~t~Lc p n.e~~ wte.
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A SINEWAVE IN TIME

.P ~~~ (
~~~~~~~~~~

\-
~~~~~~~~~~ A~~~

”

~~~~~~~
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~~

f(t):A t(Z7r4)

A SINEWAVE IN SPACE

$~
) 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

A = the wavelength of the signal. It is the distance over
which the signal goes through one complete cycle.
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A 
SPEED OF SOUND

~ J ~~J T Jj ~~
11

~ J’ T~~ JJ~~
p ®~~~

A wave advancing through space is like a train traveling
along the tracks:

The length of each boxcar is the wavelength A , and the
time it takes each boxcar to pass the observer is the period T.

The train advances a -distance A in a time T, so its speed

• c must be A/T.

C = A/T

Since the number of cars passing the observer in unit time
(1 sec) is the frequency f

Af 
c J

7
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A TRAVELING WAVE -

~~~ I2~~
(
~ ~

)]
At a given point in space, x has fixed value so that the

pressure at that point depends only on time. If, for simpli-
city, we take x = 0, then

~p 
(‘~~) A 4~ (2Tr4 t) ~Z4 be .~o4~-r (p c g e  6 ) .

A

On the other hand, if we look at the wave at one instant
(i.e., take a picture of it) then t = constant, and p depends
only on x. If , for simplicity, we take t = 0, then

• ‘2-p (i~,o) r — A  a~ b~~ o’t e
(p ag e 6 ) .

If we keep track of a given part of the wave, then as time
increases this part moves towards larger x with speed c.

8
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HYDROPHONE OUTPUT VOLTAGE

Hydrophone Sensitivity =

where V and P are the effective amplitudes of
the instantaneous voltage at the Output terminal
of the hydrophone and the pressure sensed by it.

47(4)

9
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DISPLAY S

OSCILLOSCOPE

instantaneous voltage v(t)

•i 00 0!
~~

VOLTMETER T

some average volta :: ~~~~~ 
Vl c J t

o o effective vol tage 1

BEARING RANGE RECORDER• (active sonar)

~~~~~

‘ 
~ , brightness related to the

strength of the echo returned
from each range and bearing

4 ~o ~•~• ~0 &

LOFAR-GRAM (passive sonar)

I I I  paper is electrically burnt , with
I darkness related to the strength

of the signal received at each
frequency and time
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b
INTENSITY

Intensity = energy Crossing unit area in unit time

where “area ” is the area of a “ window ” perpendicular to
the direction of travel of the wave .

In terms of measurable quantities,

Intensity 
~ = 

~~~

where p = density = mass per unit volume of the medium ,
and ~~C. = specific acoustic impedance of the fluid .

Density Speed of Sound Pc
Sea Water 1026 kg/rn3 1500 rn/sec 1. 54xlO 6Rayls

Air 1.21 kg/rn3 343 rn/sec 415 Rayls

1 Rayl = 1 kg/(m2-sec)

See Appendix A if scientific notation (N x 10M) is new to you.

11
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SIZES OF TH INGS IN WATER

Speed of sound , frequency , and wavelength :

The speed of sound in sea water is approximated by

c ‘~~~ 1.5 x rn/sec + a few per ceAt .

It must be remembered that because of depth , temperature ,
sa1i~ ity, and contamination there may be variations up to a

few per cent in the exact value of c.

Approximate wavelengths in water of monofrequency sounds of
different frequencies are :

Frequency Wavelength

lO Hz = 10 cps 150 m

50 30

100 15
500 3

1 kHz 1000 cps 1.5

5 0.3
10 0.15

50 0.03 = 3 cm

1 m = 1.09 yd

Pressure amplitudes:

61 atm = 10 ~ib

1 i.ib = l0~ j~Pa

1 atmosphere = 14.7 lb/in2 at the ocean surface

increases by about 1 atm for every 33 ft of depth in
water. -

Representative acoustic pressures generated near a sonar trans-
mitter:

p to 106 ~b or 0.01 to 1 atm.

If P then cavitation is likely and performance may be
degraded. Representative weak acoustic pressures detectable by

a sonar receiver:
or io 8 

atm.

12



CAVITATION

Ocean waters contain dissolved gases.

If a sample of sea water is depressurized, it is observed
that the dissolved gases can come out of solution , forming
bubbles. If the pressure is restored, these bubbles will col-

lapse.

This process can occur when a high amplitude acoustical
wave passes through water. If the peak acoustic pressure am-

plitude is greater than a certain value, then the negative

acoustic pressure causes the water to “boil” and give up its

dissolved gases in the formation of bubbles. When the same

portion of water is then compressed by the positive portion
of the wave, the bubbles collapse suddenly. The sound of these

collapses resembles that of frying fat.

Cavitation corrodes surfaces on which it occurs , and trans—
forms acoustical energy to heat. Cavitation sets a natural
limit on the useful strength of sound waves in water.

For frequencies below about 10 kHz, and pulses longer than
100 millsec, the peak acoustic pressure amplitude for cavitation

is about the same value as the total hydrostatic pressure

— - 
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SOUND PRESSURE LEVEL = SPL

SPL re 
~ref 

20 ~og “~ ref ~~J

0.0002 ib (old noise measurements)

~ref 
= liib (old conventional standard)

li Pa (new Navy standard)

Both P and 
~ref are effective pressure amplitudes.

The unit of SPL is the decibel (dB).

Examples

(
194 dB re

If P = l06 ib & 1 atm , then SPL =~~ 120 dB re lib

220 dB re 1LPa

(114 dB re

If p = 102ib ~ 10~~ atm , then SPL =.~ 40 dB re lib

140 dB re 1~LPa

(34 dB re 0.0002ub

• If P = l0 2
~ b ~ atm , then SPL .4—40 dB re lib

1 60 dB re l iPa

I ,~ the keadek £4 vzo~ u4ed ~o wo/ tk i htg wA2h Log Lo Lhe ba4 e 70 ,
he ~ho~ Ld cofl4 uLt Ap p end~ z A.

14
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CONVERSION BETWEEN SPL’s WITH DIFFERENT REFERENCE PRESSURES

For a given pressure amplitude

SPL re liPa = SPL re lab + 100 dB

SPL re 0.0002~b = SPL re lpb + 74 dB

Notice I

o dB does not mean the absence of sound, but means P = 
~re

f• I

If P = P ,ref

then

SPL = 20 Log(P/P~~f) = 20 ~~~~~~~~~~~~~ = 20 eog 1 = 0 dB re 
~ref

15
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~~~~~~~~~ INTENSITY LEVEL = IL

[~~
L re ‘ref 10 ~o~ (I/I~~ f) 1

If ‘ref = Pref
2/(Pc)and I = P 2/ ( p c)

then 10 Log “~
‘ref = 10 Log 

~~“~ref 
= 20 Log 

~“~ref
Thus

IL re ‘ref = SPL re 
~ref ~~~ ‘ref = P f/ (P~~

Notice that the level of a signal in dB

is obtained by 20 Log (Pressure Ratio)

or 10 Log (Intensity Ratio)

Fo ’i . owt p tL/ Lp 04e4 , IL and SPL a’te toi~aLLy eq~~ uaLen~t when

‘ref and 
~ref a.’L e. ‘teLated by

2
‘ref ~ref /(pc)

16
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TRANSMISSION LOSS

P ( r 1)SPL ( r1) = 20 Log ~~
—

ref

P (r 2)SPL(r2) = 20 Log ~~~~~~~~~~~~~~

ref

P(r )
SPL(r1

) — SPL(r2) = 20 Log 
~ (r2

TL = SPL (1 meter) — SPL (r meters) = 20 Log

The Transmission Loss TL is a measure of the reduction in

SPL of a signal as it tr~verses the distance between a point 1

meter to a point r meters from the source. Transmission Loss

is referred to the SPL at 1 meter : TL = 0 dB at r 1 m.

[For large sources with complicated “near f ields” the SPL (1

meter) must be found by extrapolating back from the less com-

plicated region at distances larger than 1 meter.]

17



SAMPLE CALCULATION OF TRANSMISSION LOSS

If SPL at 1 meter = 120 dB re liTh

and SPL at range r 40 dB re l~b

then TL = 120 - 40 dB = 80 dB

TL doe4 not  depend on the  te6e~ ence plt e44a/ te .

Let’s convert the above SPL ’s to reference liPa and
recalculate the TL.

Now SPL at 1 meter = 220 dB re liPa

and SPL at range r = 140 dB re 1~iPa

so that TL = 220 - 140 = 80 dB

18
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SPHERICAL AND CYLINDRICAL WAVES

SPHERICAL

it distance from the center of the sphere

- 

= ~~~~~~~~~~~~~ ~)J .
(

CYLINDRICAL

I
- = distance from the axis of the cylinder

~~~ i’•f

19
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The to-taL t) tan4 mJ 4 4 ~L on Zo44 TL can  b e Con4 L deked -to ~vz~~se s/ to m
two d~~~~e’t en~t caa4e4:

I. TRANSMISSION LOSS FROM SPREADING

As the rays of sound propagate out from the source and tra-
vel through the water , they will bunch together or spread out

depending on the properties of the speed of sound profile for
the water. The transmission loss which arises from this effect

is termed
TLg = transmission loss from spreading ,

Some simple examples of spreading for rays traveling straight
lines are

Spherical spreading

TLg = 20 Log r

~~~~~~~~~~~~~~~~~~~~~ Cylindrical spreading

TLg = 10 Log r

g

sP
~
ea
~
i
~:

In the real ocean , the rays never travel in straight lines ,

so that these above simple examples are unrealistic. We will

see, however, that there are many situations in which the sound
will spread out spherically or cylindrically over large portions
of its path, and the above simple equations will appear in the
complete transmission loss equation.

20
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II. TRANSMISSION LOSS FROM DISSIPATION

There are a variety of other physical effects termed dis-

sipative effects, which reduce the SPL of the sounds in addition

to the spreading of the rays. Since the spreading of rays is

described by TLg~ we will call the portion of the transmission
loss which results from these other effects

TL1 = Transmission Loss from dissipation.

There are a number of these which are important in underwater

sound propagation:

(a) Absorption. As sound travels through the water , there is a

conversion of the acoustical energy into thermal energy be-

cause of effects which are very similar to friction in mov-

ing machinery and hysteresis losses in transformers.

(b) Transmission into the bottom: When a sound beam strikes

the ocean bottom , part of the beam is reflected back upward

in the water and another part is sent down into the bottom.

The beam which is reflected back upward in the water con-

tains less energy than the beam which traveled down to the

bottom.

(c) Scattering . The presence of rough boundaries at the ocean

surface and bottom can lead to a scattering of the sound

out of the reflected beam. The presence of bubbles and

other impurities in the water itself can also scatter

sound energy out of the path of the ray .

(d) Leakage. In certain kinds of sound propagation in the

ocean , as in the surface layer, the rays of sound can “leak”

out the bottom of the layer each time they bend down to

graze it. This “leakage” results in a loss of energy from

the layer .

21
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DISSIPATIVE LOSS MECHANISMS
10~~ 1

ABSORPTION IN SEAWATER I
I..

io 2

TL~ = 4Jt

,4~
f rI  

_ _ _ _ _ _ _ _ _ _

io 6

l0~~10 Hz 100 Hz 1 kHz 10 kHz 100 kHz

F R E Q U E N C Y

22



VoLa m e S catte~~Lng

T/ tc ~n4 m.L44i..on £nto ~o t.tom wi~th Sca t t ek~ ng

Leaky Vuat wLth Sc.a~.t.teit~Lng
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TRANSMISSION LOSS

In general the total transmission loss TL can be composed of
- two terms ,

LT~ 
= TLg + TLL

where TL = transmission loss from geometrical spreadingg

= transmission loss from dissipation

Range (m)

1 10 100

2,•t

0 

~~~~~~~~~~~~~~~~~~~~~~~ e~~~.

20

~ 40

60

~~~
. o’s~C.

80

24
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SPEED OF SOUND , TEMPERATURE , AND DEPTH

Spe~~ of Sour~ c(z)T~nperature ________ 

c(o)

- i
Spee~1 of s~~r~ c(z)

Tauperature 
_______  a C(O )

a~~~ ~.

These curves show hdw the speed of sound is related to depth and
temperature. The effect of salinity is not included , so these
curve s are appropriate only for water of constant salinity .

25 
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~SPEED OF SOUND FORMULA

c

+
4.6LT — o . 055 Tt Temperature Correction

T in C

+
•3 ( S — 35~) 

Salinity Correction

S in parts per

+ 

thousand (ppt)

0. 0 / 7 ~ Depth Correction

0 z in meters

This formula gives c in rn/sec.

Very accurate formulas for the speed of sound as a func-
tion of temperature, salinity , and depth are very involved and

difficult to calculate. The above expression, although not
highly accurate, is suff icient for many calculations and is
relatively easy to use. It is accurate to within about a meter

per second for most ocean waters.

For a discussion of many of the more precise formulas and
the discrepancies between them, the interested reader is re-

ferred to V. A. Del Grosso, 3. Acoust. Soc. Am. ~~~~, 1084-1091
(1974).

26
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TYPICAL SOUND SPEED PROFILE

S P E E D  O F  S O U N D  c(z) IN M/SEC

1470 1480 1490 1500 1510
___....____....._ —4(’SU RFA C E LAYE R 

--
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— — a — — a — —
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1000 SOFAR CHANNEL AXIS
— — — — — — — — — — — — —

VEEP IS OTHERMAL LAYER

~ 2000

z
‘-.4

~ 3000+

0,~

4000
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SPEED OF SOUND

PROFILE VARIATIONS

DAILY MONTHS SEASONS
Speed of Sound

a-

Scm~ace Layex Sea.4onaZ Th 0 e MaLn Thep.mocV.ite

i c r

Speed of Sound

GEOGRAPHI C

Eq ua~.to.’t

~2)
0
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RAYS

Speed of Sound c(z) Range r

/i~;~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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S

SNELL ’S LAW

c(~)

c1 — 
c2 c3 — 

c(z) aLong ~the
cos 01 ~~~~~~~~ 

~2 
— 

COS 0~ 
— cosle (z)J

he kay .
SN E L L ’ S  LAW

EACH RAY HAS ITS OWN DOGTAG = co~ e

_ _  _ _  

;~ 
:;:

— 

Cs ~~~~~
“ k1, c1, k~~1 k~ may

C02 91 all be different

constants

The vaLue o~ c/cos 9 ~~ a di~~~er e n t  ~wmbc ’i. ~o - ~ eac h i a y .
Each ~ay ha4 Lt~s own vaLue o 6 Snet_ f_ ’~ La~&’ , ~~ d~~ ta~~, aud
P z c e p 6  hat vaLue ove~ LL.6 en~t~.te path , kega t d r ? a 5 5  o~ Lt’h e t e

~t go e~ .
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RAYS IN A CONSTANT GRADIENT (ISOGRADIENT ) LAYER

Cc~3~) /1..
c(c) _____________________________

/ ~~~~ ,4~
’

I / 
c(z)/cos [8(z)]

I £4 a. a on4 tan~t/ This relates the
J / U angle of elevation

/ 9 ( z )  of the ray
, to the speed of

sound c(z) at
/ whatever depth

/ the ray
R £4 tke happens to be.
Jta.d~ a4 o~cu./ t vat uj t e
o
~ 

the Jtay

_sI~ — — — — — — — — —  — 
t

c (O) + a ... ~
. Lo -the gka d-L gjt-t ]

The gradient g can be either positive or negative. For a
speed of sound profile composed of layers within each of which
the gradient g has constant value, then the segment of the ray
within each layer is the arc of a circle whose center lies at
a depth z = -c(o)/g below the depth where the speed of
sound is c (o ) . The radius of the circle is

I C

The ray always bends toward the region of lower speed of
sound.

_ _ _ _ _ _ _ _  

4 CThe gradient is q. — — _____

0 9-
Where 21 and 22 are any two depths in the isogradient layer

and c(z1) and c(z2) the associated speeds of sound at these
depths.
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C~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

= __

along the

— — — — — — - — — — — — 
entire ray

\

\ 
r Li n e 06 cen~ek4 60k

/ aLL kay4 whLLe - t hey

e / ‘temai..rt £n ~the £4ogita-

dA~en Layek.

The depth of the line of centers is found by extrapolating

the isogradient profile to the depth .at which c(z) = 0, as
shown on page 31.

C — C
The gradient is 3 = ~~

Snell’ s Law gives ( A.L c0 , 0 = 0

c and cos 9 = 1.)I— 
=

I C
The radius of curvature is R — 

. 
‘ —

NOTICE THAT TRIGONOMETRY GIVES

I 4~~11~4~.9~l J ~~~~~~~~~~
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I CONSTRUCTION OF RAY PATHS FOR TWO GRADIENTS

Line of centers for bottom layer

c (D)

~ I ~ ( QP~\~ ~~~~~
I c(~~ - 

p~r
&). ,,.~

_ _ _ _ _ _ _ _  

Top
Layer 

I c e~-
Bottan

~~~~~~~~~~~~~ Layer

I
I
I
I

Line of centers for top layer
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ACOUSTICAL RECIPROCITY

If the direction the sound travels over the propagation
paths is reversed by exchanging the positions of the source
and receiver , and the propagation conditions remain the same,
then the transmission loss between source and receiver will
remain the same.

0vJ

~~ 01.jE-

Pa44~Lve

AS a consequence , the transmission loss suffered by the
signal in reaching the target from an active source will be
identical with the transmission loss experienced by a signal
of the same frequency (and duration) radiated from the target
when it reaches a receiver.

34



PROPAGATION PATHS FOR SHALLOW SOURCE AND RECEIVE R

c(z) Range
\ I 

— .—. ,~~2 7-  •~~~~~~~~~~~~k~~~~~ 
7~~~~~~~ 

~~~~~
,
f
Ij 4-I c
I I o n s
1 ‘

N J~~ IC.)
I

I c 4 ~
04

\. ‘~~~~O
0 \ cI~

— a — — — _

\~~~~~~~~~~~ 

. — — — a — — a — — — — — — 

—

(a) Mixed Layer. The isothermal water at the ocean sur-
face form s the mixed layer in which sound can be

- trapped . - The continual reflection at the rough sur-
tace, refraction at the bottom of the layer , and
leakage provide relatively large energy losses so
that this path is useful for relatively short ranges.

~~ (b) Convergence Zone. When the water is deep enough , the
sound rays which travel down past the SOFAR channel

~~~~~~~~~~~~~~~~~~~~~~~~~~~ axis can be bent back upward before they reach the
B bottom. These rays, when they approach the surface

again , tend to be brought together so that the sound
energy becomes more concentrated , and the transmission
loss is reduced by a significant amount. Under advan-
tageous conditions , these rays will be refocused in
second , third , and higher convergence zones.

~~~~~~~~~ (c) Bottom Bounce. The reflection of sound off the bottom
and back to the surface provides a propagation path
f i l l ing  in the ranges between the greatest useful

C range of t~e mixed layer and the innermost edge of theconvergenc~e zone. Unfortunately, the often unpredic-
table and usually large reflection loss that occurs
at the bottom causes the transmission loss along this
path to be rather large .
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RAYS AND A MIXE D LAYER

c(z) r

w/
,,

~~
,

c
~~:o::~~
:

z ’ 1 z ~~~~~~~~~~~~~~~~~~~~~~~~ \~~~~~~~~~~

Source below the layer:
Notice the shadow zone
extends to the surface.
The lcwer the source , the
larger the range to the
shadow zone.
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LOSS FROM THE MIXED LAYER

Whe - i  a ray re f lec ts  from the ocean surface, some of the
energy i-s scattered into different directions and can propagate
out of the mixed layer . This energy is thus lost from the
channel , which increases the transmission loss. Additionally,
energy can diffuse out of the bottom of the layer. These ef-
fects can be described in terms of the “loss per bounce” . The
number of bounces is the range divided by the skip distance r5.

M. Schulkin , J. Acoust. Soc. Am. 44 , 1152 — 1154 (1968)
has developed from a vast amount of experimental data an equa- —

tion over the frequency range 2kHz to 25kHz,

b~
where

b = loss per bounce in dB
SS Sea State .

The equation is stated to be valid for 3 ~ b ~ 14 dB/bounce.
Another empirical formula, resulting from the analysis ot

a number of experiments, has been obtained by W. F. Baker , J .
Acoust. Soc. Am. 57, 1198 — 1200 (1975) ——

= 0 6 3 x ( l  
~

) x (
~ ~

This equation is valid within a restricted range of parameters,
given approximately by

2 < SS < 5
3 kHz < f < 8 kHz

25 in < layer depth < 70 in

10 in < source depth < 20 in

Be-tween 3?LHz and 5kHz , ~the4 e ~two equaLLon4 ak~ ~.n ~a~L~t
a g t e e m e n ~t.  Ou~t4i de ~ChL6 ~/ t eq u.en~ y £ n-tekvaL , £-t app eak4  ~tha.t
Schutk~ n ’ 6 6oitmuia £4 -to be pke~ e/LJ ted.
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/ ~~~~~~~~

r 
ION LOSS THE MI)~~D LAYER

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
The depth of the mixed layer is designated by D.

The depth of the source in the layer is designated by z~~.

The transition range rt is the distance the sound beam must travel until
it effectively fills the channel. It is calculated from

/ D 1
A I O 5 ~ \ j  ‘ (all distances are in meters)v

The skip distance r5 is the distance required for the rays which just
graze the bottom of the layer to complete one full cycle from the layer
bottom to the surface and back to the bottom. It is calculated from

it. 81-t O (all distances are in meters)

If the loss per bounce is designated by b and the energy loss resulting
from absorption is designated by a, then the transmission loss for the
mixed layer can be estimated by the following formulas:

TL = 20 Log r + ar within transition range

TL = 10 Log rt + 10 Log r + ar + br/r 5 beyond transition range

For . ranges less than rt the sound is spreading out spherically to fill the
sound channel . For ranges greater than rt ,  however, the sound has spread
far enough vertically to be reflected from the surfac e and bent back upward
from the bottom of the layer. Once this happens , then the sound is trapped
and will spread cylindrically.

Wot~ce -tha.t 60k r > rt, -the TL £45 kedaced by hav~jig rt a4 4maLL a3 po44-LbLe.
Fkom -the 6o~niu.l.a. 60k rt, -thiA wouLd ocawL ~0k z~ 0. HOWEVER, L6 -the
4ouJ~ce £4 wLth-Ln a 6ew cw.vQleng-th4 06 he 4u~.6aae , -then -the -60w-id ke6Lec..ted
6kom the 4UX6ctC.e can d’za.4~ti caLty ~n.t~/ t6eke wi_th tha~t ~tom -the ouitce 40 tha~tthe TL become La~tg ek ~than pitedA cted.

IN GENERAL , TH E TRANS ITION RANGE r MUST BE CAL CULATED WITH Z~ BEING THE
LARGER OF SOURCE AND RECEIVER DEPTi~S.
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REPRESENTATIVE PARAMETERS

Layer Depth Skip Distance Transition Range rt *
D r5 z~ = 20m z5 = 40m z5 = 80m

2 5 m  4200 m 1170 m X X

50 5940 960 1660 in X 
—

75 - 7270 1060 1330 X

100 8400 1170 1360 2350 in

*Assulne the receiver is at a depth of 10 m.

SAMPLE CALCULATION OF A TRANSMISSION LOSS

Assumptions:

Depth of the mixed layer = 40 in
Depth of the source = 20 in (assume a shallow receiver)
Frequency of the sound = 2 kHz
Sea state = 3

We then determine

Skip distance = 5300 in
Transition range = 940 in
Attenuation constant = 0.00015 dB/m
Loss per bounce = 4.4 dB/bounce (Schulkin)

The transmission loss formulas are thus:

(a) For ranges less than the transition range,

TL = 20 Log r + (1.5 x 10 4 ) r .

(b ) For ranges greater than the transition range ,

TL = 10 Log r + ( 9 . 8  x 10 4 )r  + 30

The numerical values in these formulas are valid only for the
parameters specified under Assumptions.
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TRANSMISSION LOSS CURVE FOR SOURCE
AND RECEIVE R IN THE MIXED LAYE R

Parameters:

Depth of the mixed layer = 40 m
Depth of the source = 20 m (receiver is shallower)
Frequency of the sound = 2 kHz
Sea state = 3

range (m)
40 100 1, 000 10 , 000

Simple model

— — — — Empirical curve representing the average of vast
amounts of data, from Navy Underwater Sound Lab. \
Tech. Mein. 1110 — 14 — 55, 1955.

B U T: Th e e  ke uL-t4 can be / tad4 co.Uy changed b y e 66ec - t4  4 u.c h
a4 Sait~ace Zn - te/ t 6eke nc e ( wh.Lch be co me £mpok ~tan.t a~t
Loweir. ea 4- t a . t e) ,  -6 - teep gka d.~.en-t4 be Low -the Layv t , and
40u.Jt ce an d/ o k  kece~ v ek neak ~the -to p Ok bo-t- to m 06 -the
Layek. AddLt.~onaLLy , £6 -t he ~kegaency 06 -the ound £4

~too Low, £.t wi2L vto-t be -t-’tapped £n -the m~Lx ed Laye ’t.

As a very rough ~irna~~~ the frequency must be greater
than about [f ç ~ (2 x 1O~ )/D~f’J where D is in meters and thefrequency is in Hz, for the sound to be well trapped in the C~~~~ olayer and for the above model to apply. If f < 

~~ 
, it is

probably best to assume spherical spreading with absorption.
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~~~~~~~~~~~ C0N~1ERGENCE 7a0NE PARAMETERS r

• 

-

= the maximum speed of sound above the SOFAR channel axis

= the difference between c0 and the speed of sound at the elbow

Z = the vertical distance between depths for which c ( z )  = C0

rCZ = the range to the convergenc e zone

Snell’s Law reveals that a ray which is horizontal in the
upper ocean where c (z) = c0 will also be horizontal at a dis-
tance z deeper, and a ray which is directed downward where
c(z) = c0 must penetrate below the distance I. To insure that
enough rays are r eturned to the surfac e to focus at the conver-
gence zone , the total depth of water must exceed Z or Z + D by
an amount called the depth excess, d. — —

If there is no mixed - layer, then c0 is associated with
the surface and Z is measured from the surface. If there is a
mixed layer , then c0 is associated with the bottom of the layer
and Z is measured from the bottom of the layer.

.__ r::~~~~~~~~~~~ 

F-~-~j~~
--

~ : ~ \ / ~/ ~~‘~i
I I \\ ~~~~~~~~~~~~~~~ ~

~~~~~~~~~~~ ~.

JL~ 
\~~~/ 1 M 1~$~~~~Z+D - — — — — — —  - — — r  ——— d or greater
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CONVERGENCE ZONE RANGE AND TRANSMISSION LOSS

A rough estimate of the range at which a convergence zone

forms is given by

rCz “~ 2.8ZI~~/1~c + Layer effect

I f  there is no mixed layer ,
Layer effect = 0

I f  there  is a mixed l a y e r ,
Layer effect ~ 0 if source and receiver are both near

the bottom of the layer
~r if one is near the top and other near

S the bottom of the layer

~ 
r~ if both are near the top of the layer.

The accuracy of the above expression depends on how well the
constant—gradient approximations fit the true c(z) profile. As

might be expected, when the elbow of the curve is very sharp,

and the gradients above and below the elbow are relatively con-
stant, then the prediction will be rather good. The width of

~he convergence  zone , over which  the r a y s  are a p p r e c i a b l y f o-
cused , is norma i y abo ut 10 p e r  cent  o f  the range to the zone ,
and r CZ es t ima te s  the dis tance to the outer  ed ge o f  the z o n e .

Since the rays begin to spread out spherically as they

leave the source and are attenuated only by the absorptive
losses in the ocean , the transmission loss for convergence

zone paths can be written in the form

vcztLd £n ~the convvt-
TL = 20 Log ~~~ + ar~~ — G g en c e  zone  ‘tange ,

___________________________________  

and vto-t et4 ewhvte.

where G is the convergence zone gain. Typical values of G

range between about 5 and 15 dB when a convergence zone is

found.
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TYPICAL CONVERGENCE ZONE RANGES

North Pacific

Surface Temperature * Minimum depth of Range to first CZ
CZ operation+

50° F = 10° C 1270 ftm = 2320 m 47 kyd = 43 km

55 13 1610 2940 52 48

60 16 1900 3480 56 51 
—

65 18 2150 3930 60 55

70 21 2400 4400 64 59

75 24 2600 4760 66 60

80 27 2800 5130 69 63

1 ftm = 1 fathom = 6 feet

Area Surface Minimum depth for Range to first
Temperature CZ operation CZ

N.  Pacif ic  50°F = 10°C 1270 ftm 47 kyd
N. Atlantic 50 10 1050 46

Norwegian Sea 50 10 1680 53

Mediterranean 67 19 800 33

* Assumes mixed layer absent

+ Allows for a 200 f tin depth excess

Ref. ConverQence Zone Range Slide Rule, Naval Underwater Systems

Center.
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~~~~~~~~~~~OTTOM BOtfl~CE

For angles of depression greater than about 15° it is
often possible to assume straight—line propagation of the rays

over the distances of interest. r
~~ range

A straight-line ray bouncing off the bottom will return to the

surface at a range

r = 2 H/tan e

where 8 is the angle of depression .

Since the distance travelled by the ray is r/(cos 8), and
since the rays spread out spherically and are attenuated only
by the absorptive losses of the ocean and the reflection at the
bottom , an approximate transmission loss can be written as

TL = 20 Log co~ e + 
ar 

+ EL

where BL is the bottom loss in dE/bounce.

Thi.4 6oltmuLa can be -tkLL4--te d a4 Long a-o - the angLe 8 b wLt h
whi~ch -the ~ay 4-tJLAke4 -the bo-t~tom £4 no-C much d~L66eiten~t 6ko m -the
£nLt~LaL angLe 06 dep ’t e4 4~ on a .  16 £4 ~~~~~~~~~~~~~ di.66eken-t
6- to m 3 , Ok 9O~ 4 -to z eito , -then -the ~ay pa~th rnu -t be acicuLa-ted
mak e accu.ko..~te Ly by tatz.Lng the cLLfLva -tLLJte 0 6 - the ~ay £n-t o czccou.n- t .

44



BOTTOM LOSS
r _____

_ _  

~~~~~~
Depends on frequency and depression angle 

~~~

C 
~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 02 0 • ____________
8 kHz

~~~~l6 • 

_ _ _ _

0 100 20° 30° 40° 50° 60° 70° 800 90°

= Angle of Depression (Bottom)

r/2H 1 1.19 1.43 1.73 2.14 2.75 3.73

45° 40° 35° 30° 25° 20° 15°

Depends on bottom composition

Example: At 24 kHz and 100 depression angle
Mud 16 dE/bounce
Mud-sand 10
Sand-mud 6
Sand 4
Stony 4

Depends on surface roughness

Bottom loss goes up as ratio of roughness-to—wavelength
increases.

Ref.

R.J.Urick, Principles of Underwater Sound for Engineers,
McGraw Hill (1975).

45



Representative Transmission

Losses over various propaga—

tion paths between source

and receiver in the mixed
-70 \\ layer , with frequency in

the low kHz region.

\\
\\

-80 \\
\~~~\\\
\ \\

(c )  \ \—90 \\
\ \ (

\/
•
~‘\—100 

/ \  \
\ \..Spherical spreading

\ alone

-110 (a) Spherical spreading
plus absorption

120

10 100 1,000

Range (kin)

(a) Mixed Layer

(b) Convergence Zone

Cc) Bottom Bounce
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RELIABLE ACOUSTICAL PATH FOR DEEP SOURCE OR RECEIVE R

c(z) Range

;--

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Reliable Acoustical Path ( RAP) .

If the target is shallow and the sensor deep, or vice versa,
there exists the possibility of a guaranteed acoustical path be-
tween the two. This path is useful to ranges beyond those at-
tainable by transmission in the mixed layer. As the deeper of
the two (sensor or target) is lowered farther and farther below
the layer, the shadow zone indicated in the diagram moves out
to larger ranges. If there is no mixed layer , then the leading
edge of the shadow zone is formed by the downward-bending ray
which just grazes the surface.

For positions of source and receiver such that there is di-
rect ensonification , the rays can be considered to travel ap-
proximately in straight lines between the target and sensor .
For this kind of propagation , the rays spread out spherically
and the only losses are those from the absorption of sound in
sea water . An approximate transmission loss formula is then

TL = 20 Log 
~~~ 

+ c o 9  lnvaL~Ld -Ln -the 4 h a d o / J  z o n e

where 8 is the angle of elevation of the rays between target and
sensor and r in the (horizontal) range .

If the negative gradient (below the layer , if one exists)
has magnitude g, then the range to the shadow zone at the surface
is estimated by

1.4 ‘~f~~~z-D)/g + ½ r5

where (z - D) is the depth below the bottom of the layer . If
there is no layer , then D = 0 and there is no skip distance , so
r5 = 0.

47



THE SOFAR CHANNEL

C 
___________________________________________

~1_ 
_ _ _ _

f/77f~~//r ‘—v ,‘y~~t/ ‘//// /,‘,-‘,~~/ ~~~~~~~~~~~~~~~~~~~~~~~~~~ //,./.- ~~~~~~~~~~~ Z,~

Just as for the mixed layer, the sound spreads out more or
less spherically until the rays are bent back into the channel ,
after which the sound spreads cylindrically. Thus, beyond some
transition range rt’ we should have a spreading term which goes
as 10 tog r. Those rays whose angles of inclination with re-
spect to the SOFAR channel axis are large enough that they re-
flect from the ocean surface or bottom will suffer reflection
losses and scattering losses and eventually be so weak compared
to the trapped rays that they can be neglected . Thus, for pro-
pagation in the channel, there are no losses except absorption ,
so that the transmission loss has the simple form

TL = 10 Log r + 10 tog r t ’ + ar for ranges beyond rt ’ .

The transition range depends on how deep the sound source is in
the channel and the vertical extent of the channel. For sources
placed reasonably far down in the channel , the transition range
is less than the convergence zone range rCZ. Notice t ha t  the
rays cycle up and down in the channel, accomplishing one cycle
over an interval very similar to the convergence zone range.,

S is determined for 1
— ~~ - —— . source and receiver;

t 2. ~~~~~ J the smaller value is
L used for f inding  r~~.

The above -tkan rs!-L44Lon -to44 6ok mu La canno t  be t ’tLL - ted it ‘

mo d e ’ta~te  ‘tange becau e o 6 the .~po -t-t y en- ~on - ~~-Lca t ~ on o ,4 t h~chan neL. 5eyo~td eve-’tat aort vekgen ce zon - ’~ the ac oLL4 t~.c ~ vi v t gy
tend to be mo&e ~LnJL~ okmLy d.iL4-t-’t-t b a-ted c~-~~t the ue~ tica -~ ~~~c~~t
°6 the channeL and -the abo ve $o&rnuta moi e t-tu-~ tRc ~~thU . ~ow~ - -~~t,
the 4art -the~t -the 40u-’tce and ‘tece- .ue~ a-’te ab :- v~ ~~ t beL, w the  chan-
net a~ -Ls , he La.-~g e- ’t t he -t- ’tan -L- t i on  ~an~ e b e c c m e - ~ and t~ e ~j-~ccz t~~the d-~~tanc e tha-t £4 te qu-L -’ted 6o~ 

- the ene~~~q to b e c o m e  d-c ~ t’t -ibtt-
ted  m o - t e  o’t Le~~ un.1~~ok m L y .
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TIME STRETCHING IN THE SOFAR CHANNEL

a)
p ( t )

a ) p ( t )

-

)

An interesting fact often observed in the SOFAB channel is that
transient signals are “stretched ” in time as they propagate to large ran—
oes. This ari ses because c~f the variation in the speed of sound over t t e
-i~ r-tical extent of the channel. For the SOFAR channels commonly enc :uri-
ter ed in the northern hemisphere , the speed of sound increases sufficient-
ly rap i ily with distance above or below tue channel axis that sound tra-
veii::g over those rays which swing over large vertical distances , 1i~ e a
and b in the above sketch , reaches the receiver at t imes earl ier tflan sOu ~~i
traveljrlg over the more direct paths c , and d. Thus , the sound tnat
travels straight down the axis of the channel arrives at the receiver last.
Th is leads to the characteristic blossomin g of the received signal fr~m an
expiusiIe charge , the sound f i rs t  being very weak , and then grow ing in vt-
uine until there is a sudden cutoff of sound as the last signals come -:ver
the slowest paths .

The exact details of these effects depend greatly on the character
the ~peed of sound p r o f i l e :  If the sound speed does not increase s u f f i —
oiently rapidly above and below the axis , for example , the time stretchin~
nay nOt occur , or may even be reversed , with the  soun d t r av e l i n g  st ra ight
luwn the axis arriving rirst . Additionally , the exact locat ion of the
~~rce ani receiver w~ tn  respect to the channel ax is is ver y imp~ rtant ~ it h

respect to t h e  envelope of the received signal and the amount ~f time
~tretctin~ encountered. For the typical profiles in the northern hernis~ n e re .
the ~rr:r’eac ed duration At or’ the received signal over that sent can be e s t i —
rate~ by

— 1 Ac
t 3 c

if sr irce and receiver are on the channel axis , and less if they are no~
Tte 1uantit:f t is the t~~ta 1 time of flight between source and receive” ~~~~~

Ic is th e  maximum var ia ti~~r in the  speed of sound between the up~ t -r an.i
wer b undaries of the  channel  indicated in the previous raoc.

t h i n  ea ’s  to about ~ ~~~~ nis of stretching for each 1000 nautical oLie~
toe irn~~. ~as tr a ve l l o h .
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SUMMARY OF TRANSMISSION LOSS EXAMPLES

For both source and receiver in the mixed layer , and at
ranges greater than the transition range , the transmission loss
can be estimated by

TL = 10 Log r
~ 

+ 10 Log r + ar + br/r 5

For a convergence zone detection, we can write

TL = 20 Log ~~~ + ar
~~ 

— G

If the propagation path is bottom bounce, and the angle of

depression of the sound beam in that mode is sufficiently large,
then the simple geometrical model gives

TL 20 tog co~ e 
ar 

+ 3L

For propagation between a deep point and a shallow point
‘ rer the reliable acoustical path , an approximate transmission

.~~;S for m ul a  is

TL = 20 Log cos 8 +

Finally, for the propagation of sound trapped in the SOFAR

channel, if the range is greater than a few convergence zone

separations , the transmission loss can be estimated by

TL = 10 Log r + 10 Log r t ’ + ar

REMEMBER THAT r
~ 

IS CALCULATED FROM THE GREATER OF SOURCE AND

RECEIVE R DEPTHS.

ALSO , RECALL THAT r,~ COMES FROM THE SMALLE R OF 5max FOR SOURCE

AND RECEIVER.
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_SURFACE INTERF E RENCE

I.-

Rece.Lve,t

h = Source Depth

d = Receiver Depth

r = Horizontal Range

51
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INTERFERENCE NULL S IN ISOVELOCITY WATER

The following figures illustrate the geometry, showing ex-
plicitly the path length difference .~ between direct and re-
flected rays.

When A = nX the signals cancel each other forming a NULL .
When A = (n + ½ )X the signals reinforce each other .

For h and d much smaller than r, geometry gives

A ~~~ d

= c !(

Thus NULLS for the frequency f occur when the horizontal
range has the values

r~ = 2hd n = 1, 2, 3 

NULLS
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IMP ORTANCE OF SURFACE SMOOTHNESS

The rays will interfere and give a strong pattern if the

surface is smooth and the frequency of the sound is low.

Usually, f must be below about 1 kHz. If the surface is
rough, then the reflected ray is scattered into many direc-
tions and interference is weak.

-
~~ 40

100

1. ~~_1 I I

0 1 2 3 4 5 6 7 8 9 10

range (kin)

~oug h ~wt~ace / ( ~~ h ~ eq~ency

~ 100
I I I .1

0 1 2 3 4 5 6 7 8 9 10

range (kin)
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SURFACE INTERFERENCE IN AN ISOGRADIENT PROFILE

The bending of the rays can change the surface interfer-
ence pattern. For example, in a negative—gradient layer the
following ray paths may be observed : -

z 

c ~~ 

~ 

—

Because the direct ray curves toward the reflected ray ,
the path difference is smaller than it would be if the rays
were straight lines. The destructive interference will then
occur at slightly larger ranges, as seen below .

- (
~~OV ~~~O C ( t(f

h/2TTT~T~
J
~i~

range (kin )

Real sound speed profiles will affect the

surface interference effect chiefly at

larger distances. (Notice the shadow zone

predicted at 8 km.)
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A USE OF SURFACE INTERFERENCE

As will be developed in more detail later , the noise radiated by
underwater vehicles consists of two contributions: broadband noise (simi-
lar to the hissing found between FM radio stations) and tonals (single
frequency tones, like whistles). T~w.6, ~tke. n-adi.a.ted no-L4e ~~~~~~~ o~ a.U

~~~q~Lenc.Le4 be.t&ue.en ~VL.tLLLn b-toad Vm-12o u~ th ce~tctht 4peci~ Lc ~keq nc.-Le4
occu.tti..ng ~ui2h fVLgh t~n&24i. Each of these frequencies , whether of
broadband noise or a tonal , has Its own Interference pattern. 

—

Because each frequency has its own period and wavelength , each will
nave a different pnase—aelay ‘or propagation over the direct and surface-

~e~lected paths. As a result , the ranges between source and receiver for
which the surface—refl ected signal tends to cancel the direct signal will
be different for each different frequency. Thu4, Lke ta.nge.o a.t which d~-~-

~
g
~en-t ~ qu~iza~e~ ~LU kuW~ nuLLs a~t Lhe ~tece~it’eA w~Lf be d~~ e~ten-t.

This mean-s that a~ the range between source and receiver changes, the fre-
quencies which have nuHs at the receiver will also change .

, I~T~~~J7
7. t- e

/ /
I -

~~~~~

— 
.________t~ 

— —
— -
.
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It is possible to use this information to determine the depth h of
the source and distance of closest approach R of the source to the re-
ceiver. Let the source be travelling with speed v in a straight line:

d ep t h d
r R0

d ep .~h h ~~~ .—
,.. 

TOP VIEW —

The range is given by
2. - ~.1.

/L ~~R + ,,.r t
where at t = 0 we have r = , the distance of closest approach.

Fon. g-Lven 4owtce. dep~t.h h, -te.ce-Lveit dep ~t.h d, c.nd &a~nge r, Lho4e
eqa c~e~ 4a .o~y~Lng .~he equa~t~on

4 Y1 j’~
—
~ 
/L. r >> h and d

n = 1, 2 , 3 
w.LLL haue nuLLs ctt -the ~tece.~vei~..

Combination of the above two equations to el iminate r gives the
frequencies for which the signal is nulled in terms of the time ,

~~~~~~~~~~~~~~~~~~~~~

A plot of t vs f r e su l t s  i n  a f a m i l y  of hyperbolas , one for  each v a l u e
of n:

\ hypen.boLa$ o~ ~tu..U~id
t equenc~e~ ~n

The ~~~~aept ~~~~~~~ F~
axe given by r - c 

RF F ~~~~~~~~ 
0

3 T The 4Lope.4 °~~ -the a~ fmp-to.te4

~~~~~ 
— .. ( da4hed taAg h.t thte~ axe

g~ven by

~.&.pa. (n) = t -~~~ ~~~~~
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wr.ei~ tnis is displayed as in a LOFAR gram , the nulled frequencies
aopea r as wh i te curves (unburnt by the electric sparker that marks the
paper) against the darkened regions which have been burnt by the sparker .
These darkened regions correspond to sound of sufficient strength re-
ceived from the source to activate the sparker . Any di..~t-~Lnct ~tonaL c~ ,U4how -the e~~eat~s o~ VoppWt 4hJ4t, being hA~hen. in ~kequen c~y when ~the
4oWLc.e — 4 apptoacithtg site n.ece.Luvt, and dn.opp4.ng -to a Lowex ~n.eqaencya~Ce4 site. ~oww..e ha’o p tu4ed -the n.ece~vex and .-L4 n.ec.ecUng ~n.om ~t. The
resu ltant  display is shown be low:

-

- \ ~~~ ~~~~~ ‘~ ~• 
‘\ - ~~~~, 

t !.5~~~ — ~~c .~ ~~~~
.~“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~~~~~~ - -~ •:-.,:-:.:~jj - .• : . ;.:.:j::.-:;: :.r~~..,_ 
..

~~
.t I

2

The mottled background corresponds to the broadband noise emitted
by the source. Two tonals are shown , one ly ing below frequency 

~another lying between F1 and F,. Notice the shifts in frequency between
very early times and later tim~s after the source has passed the recei-ver. The white hyperbolas are described by the frequency F~ whi ch is
nulled at the distance of closest approach. By insp ect ion of the dis-
play, it is possible to identif y the value of n that is to be associated
with each hyperbola , ~~~~ the slope of each as~inpto te ~f th e hyperbolas
can be directl y measured .
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A4 w~UL be d~ 4c a44e d ~Ln moxe. de-ta ~LL La~ten., -the VoppLe.n .

~~~~~ o6 the tona 4 can be t~4ed -to de~ten.m~ne the 4 p e e d  v
w.L-th wh.~ch the 4owtce L~s mov~Lng ~n.om ~the eqwLti~on

~
f T T C

when.e Af .L4 ~the to taL change o~ ~n.e q ae n cy o~ a ~to naL wh o4e

~n .equ.ency at -the t~Lme 06 cLo4e4 t c.ppxoach L~s f.

The remaining parameters can be found in the following steps:

1. The depth d of the receiver is known , and for each of
the hyperbolas, the values of

n F~ slope(n)

associated with it can be determined from the display .
2. Now, everythi-~g in the previously—stated formula for

slope(n) 2 .k.d± —

is known except h , so this equation yields the value
of h: _ _ _ _ _ _ _ _ _ _ _ _

3. Finally, everything in the formula for the intercept

frequency F~

F = ~~~
i ~

except the distance of closest approach R is known,

so this equation yields R0:

~~~ F1
~’o f l  C h

~z-t Low ~n.eq~J.encie3 6on. wh~Lck -then.e ~~ an ob 4e-tvabLe

~wt1~ace ~Ln-ten.6etence e66ec-t , the dep~th h, sp e ed  v, and d.L4 -
-tance °6 cLo-6e4t app n.oach R

0 °6  a 4o u.-tce. -to a. -tece ~Lve~ o6 !znowvz
dep ~th a can aLL be deten.m~ned 6-tom -the. ob4en.ved VoppLen. ~~~~
o 6  -the tonaL4 and -the t.~m e - d ep e n d e n c e  °6 -the ~n.eqaenc.Le.~
which ate nuiLed a-t .the n.ece~Lven. .
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NORMAL MODES ( ignoring losses)

A moxe exact a.ppn.oach .to site piwp a.ga~tA.on o6 4ound ~Ln -the ocean ~L~s
NoninaL Mode Theo~ty. 16 the ma.thema~t-~caL dL66~cuLt~c~e.o o6 thL~ a.ppxoach
can be ovexcDme , A.t y~eLd4 be~ttex vc2ue.o ~Ln cex-ta-Ln 4Ltuo~tJon4 6on. -the
Tn. 4mi~4~op l Lo44 than can be ob-taLned uA.L.ng Ray Theon.y.

Normal Mode Theory yields a sum of individual solutions to the acous-
tical wave equation , each called a normal mode, which must be combined to
obtain a complete expression for the sound field: —

+ + + ~ +

FOR LARGE VTSTANCES r FROM THE SOURCE OF SOUND - - -
Each one of these norma l modes has its own behavior ,

~~ s~~t..[2irf (~~ ~)] r>> i

~~~~~~~~~~~~ 

T~~ p~~ Look ju4 ~~ke a. cyL~nd~~caZ/ ~~ve -t’taveL~ng owtu~vtd wLth Lt6 amp&-
-tu.de ~c.LUng 066 ~ .6 1/ ~~ No-t~.ce how-ewA -tha.t Lt ha.6 ~it~ own ~pec~o2 pha.4e
~peed cn

ThA~ pax-t L6 an ampIJ,~ude 6acton. wh.-Lc.h
changes with depth. NotLce tha.t each
p toiu,~2 mode ha4 ~iLs own 4pec.A..a.L depth-dependen.t arnpatude 6a.cton..

These special factors Z~ are called normalized eigenfunctions. They
are found by solving the wave equation and spec ifying the behavior of the
pressure at the ocean surface and bottom . The solution for each Z~ a l s o
gives a required value for C n • Both the depth dependence of Zn and the
va lue  of c~ depend on the frequency of the sound waves.

ThL6 f zi.nd °6 a. 4otu2i..ovt can be ob~ta.-ôied whenevex the 4peed o~ ~owid
p&o612e. c(z) .L.~ 6hape.d ~o ~tha.t the ~sound can be. t tappe.d £n a channeL.
The -tkappi.ng °6 4owtd £n the. m.~.xe.d tayvc. ~ one ~u~h exLvnpLe, and the p’to-
p a.ga.t-~on o6 ~sound to Long -‘z.ange4 -~n the SOFAR channeL -c.o anothet.

If the depth of the source is and the radiated ~iave has effective
pressure an~plitude P( l) at 1 meter from the center of the source , then
(compli cated ) mathematical anal ysis beyond the scope of this course shows that

A ~ ~‘/T P C’ ) ~ ~/ç
1 

~ ~~ J rx~ losses

- 
_
~~~~~~~~~~

_
~~ -



NORMAL MODES FOR A CHANNEL

o c ( z)

-

d

— 
Z~~~~) Z 

~j~~j — 

Z Z~~~)

The above sketches represent the normalized depth eigeri-

func t ions  of the f i r s t  three and sixth normal modes for scu~ d

trapped in the SOFAR channel. These sketches show tha t ~he

greatest part of the pressure field is found in the ~~~~~~~
but the long “ tai ls” which extend to depths below the hottorr

Z of the channel show that there is sound en~ onif ::3t1-~r ~
depths greater than those predicted by ray paths.
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CUTOFF FREQUENCY AND LOSSES

_ _ _ _ _ _  

Z2 (z) z2(z) Z2(z) Z2(z)

c 

-
‘

f < f = f2 f > f >> f2

Each non.mal mode ha4 ~to own cu.to66 ~/tegttency f~. 16 the ~sou.nd haAa. ~n.equency below -tha~t °6 cu~t.o66 6o1T~ a. pax.t.<cuLax mode , -then thaI mode
canno-t be exc-~.ted -to can.xy 4ound enexg y -Ln the channeL.

I-f the frequency of the sound is slowl y increased w i t h  t ime , the
aoove sketches show how a normal mode can be excited . Just above cutoff ,
the normal mode has a very long tail which goes to great depths beyond
the edges of the channel . As the frequency increases further above cut-
off, the tail gets shorter and shorter , until at frequencies well above
f~ there is very little sound existing outside the channel .

Thi.4 rnean4 -thaI 6o~ a 4p ecL6.Lc ~tequency f, hound can be txapped
and -6 en~t to &vtg e dA.4tanceAs on ~n ~tho4 e vto’tmal mode wh06 e c.~-to ‘~ ~ ~~~~ 

-

~ueneLe.4 f,~ a.n.e te4~s -than ~t e n.eq~ency °6 the ound. Th o6e who~e ca t-
o66 6n.equeneLe4 exceed the ~/ te.quency o~ The -6ow-td canrto-t be e~c~ ted al
a~U.

The larger the tail extending out of the channel , the more energy
can be lost from the sound in the channel . This means that hi gher modes
(ttiose with higher cutoff frequencies) will attenuate faster and be less
significant at great distances. This effect is sometimes called ~~s
stripping .

These energy losses for each mode can be handled by specif y i ng  ~ “

absorption coefficient for each norma l mode. Then , we have

I =~/T~P’ )  v
1
~ ~~~

) ~~~{2~~u- ~)]
where -

~~~ 

increases with increasing n . The magnitude P~ of = f } is the
effective pressure amplitude of
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TRANSMISSION LOSS (NORMAL MODES)

P P(’)

If COHERENCE, then the phases of the individual p~ must
be considered when the total pressure is calculated . This re-
sults in the following form for the Transmission Loss:

Y L

If INCOHERENCE, then the intensities of the indiv idual
modes will add , giving a Transmission Loss

TL

E a ch -type 06 comb -4~ncz~t~on ~L4 6a~vo-ted by  ~ t own -~pec~ a.L
cond.~-ti,.on4 , a.4 6o LZo w4 :

COH E RENCE INCOHERENCE

low frequency high frequency
short ranges long ranges
homogeneous water inhomogeneous water
smooth boundaries rough boundaries
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The differences in effect between COHERENT and INCOHERENT

combination of the normal modes are illustrated below in typi-

cal transmission loss curves.

\ S —
S...

N

TL
co h en. e n~t

-~~~~ 
‘S.

1’ S.~

cohen.ert - t
5%,..
’‘S.

‘5~ 5%

RANGE

COHERENT summing may cause significant peaks to appear in

the transmitted intensity at certain ranges. Such constructive

interference would appear , for example , in a convergence zone

as shown in the figure. Conversely, at other specific ranges

phase differences may cause destructive interference , leading

to di ps in the intensity curve (and in the TL at those ranges) .
INCOHERENCE between the normal modes , on the other hand ,

may result from the presence of rough boundaries or inhornoge-
neities within the water layer . Incoherent summing wi l l  no t
produce such detailed structure in the TL curve. The latter

will merely fall off with range in a relatively smooth manner .

Notice that the convergence zone gain is a result of con-

structive interference and that the CZ gain is ignored when it

is assumed that the pressures for each norma l mode combine

randomly.
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RAYS , NORMAL MODES AND REAL ITY

Normal Mode Theory is a complicated mathematica l formalism which does
not l end itself to simple intuitive interpretation . However , it is an exact
theory which avoids certain approximations inherent in ray theory . It is
useful in describing situations for which ray theory fails. An example of
one such situation Is Illustrated below.

Range

~~~~
J
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~iv~er 

-

The source is in the mixed layer and the receiver Is below the layer.
Ray theory predicts a shadow zone at large enough ranges. While there can
be some scattering from the ocean surface into the shadow zone, this will
be small for low frequencies and low sea states. The surface interference
pattern at short ranges shows that the sea was quite smooth (the observed
sea state was about 1 or 2).

Ray Theory f = 530 Hz
-~~ r — — — Norma l Mode Theory D = 300 f t

•~ ~6O 
- ~~i’ Experimenta l Data f0 

= 200 Hz

\ -~~~~~~~~ L Receiver depth = 400 ft
.
~~

• . 

l0
Range in kiloyards

No-tAce -tha.t the expe~~meitta2 da.ta how gn.~ - can.t en~on~~~catco~i in
the hadow zone . T&A..o cannot be accowt-ted 60k by n.ay theon.y, and the
~cattex-~ng 06 ~ound 6k om -th e 4wL6ace -~6 not -6.tkong enoug h to accowtt ‘-
t-t. No ’umzL Mode Theo ’ty doe4, hoivev~jt, 6ucceed L~z p’tedic-t-thg the e~-t~o ’t t -
6 ca-t~to n °6 the 6 hadow Z0Il e.4S .

Reference: Pederson and Gordon , Jour. Acou st. Soc . Pm. 37 , 105 (19 65) .
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COMBINING SIGNALS

Now, let us no l onger restrict ourselves to tonals (monofrequency
signals). Because real sounds frequently consist of many simultaneous
frequencies , we have to find out how signals of different frequencies
combine. Consider the combination of a large number of monofrequen cy
signals:

l
’
~
’
\/~

2 

—

3 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

- “V” V
• • I

• I

The cornb i..nal,i.on 06 many ~~rLaL~.s , each a. pwte tonal, wALL n.e.~sutt -Ln
a. -to-taZ -~s~gna.L wh.Lch doeA not appeax to have defii.nA2e ampV.tude on. pealod.
Howev en., the compo -iIe 4A9nLLL -L6 an a.cou2ti..ccl ~~ve, and the -total
acou.~tLcaL Art-ter~Lty ~Lt po~~e~~e~ £4 -the 4am 06 -the a.co~ st-Lcal £n~ten4.L-
tLe4 06 the £nd-Lv~-Ldua.L -tonaL . Thus , if I.~. is the total intensity of the
composite s igna l , we have

= Il + 12 
+ . . .

where 11 is the intensity of signal 1, 12 that of signal 2 , and so on.
For the compl icated signals encountered in real life , which have large

variations from moment to moment in their amplitude and shape , the frequen-
cies of the individual components which combine to form them are extremely
closely spaced . Indeed , it is often more convenient to talk about the in-
tensity contained within a specific frequency band which is infinitesimally
wide. If ~I is the tota l intensity of all the components lying within the
incremental bandwidth ~w , then the average intensity density over the in-
crementa l bandwidth ~w is

~~

Notice that the intensity density has the units of intensity/Hz.
Comp l icated sig als , therefore , can be described in terms of the intensity
density in each incrementa l interval of frequency over the entire range of
frequencies present.
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INTENSITY SPECTRUM LEVEL AND PRESSURE SPECTRUM LEVEL

An example of the analysis of a complex signal is sug-
gested in the following figure:

>1

Frequency

L.

The total intensity of the signal is given by

I t ~~ 4.4ç + • £. A

which is the area under the graph of intensity density vs
frequency .

If all of the i~w~ are chosen to be 1 Hz wide , then the
graph gives e , the intensity to be found in each 1 Hz inter-

val, and the curve is called the intensity spectrum of the
signal.

Signals are conventionally described in terms of levels.
The intensity spectrum level is

I S L ‘u. 10

while the pressure spectrum level is

‘
~~~ ~~e4

The quantity a is the effective pressure amplitude that

generatc.s the associated intensity found in the 1 Hz bandwidth.

I# 1~4 ) 
1-L~~~ I S L = PS L
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/
A V ER AGED INTENSITY SPECTRU M AND AVERAGED PSL

Very often, the intensity spectrum level or the pressure spectrum
l evel is not measured with a 1 Hz filter , but is calculated from measure-
ments made with a filter of larger bandwidth.

The overai~ intensity in any arbitrary bandwidth w is the area under
the intensity spectrum vs frequency curve over the appropriate range of
frequencies:

- w —P-f Frequency
This gives the total intensity 

~ 
found within this bandwidth , and does

not say how ~ is distributed with in w. We can, therefore, define the
averaged intensity spectrum ~ as = IJw. A plot of ~ vs frequency ,
w h i l e  lack ing  the detai l of the true curve , is sufficient to calculate
the total energy present over bandwidths comparabl e to or larger than the
bandwidths selected to obtain ~~~.

Analogoui~Ly, what £4 06-ten pn.e~en-ted a~ a. px~~4u~ e -~pe ct’wrn LeveL
£4 -Lit n.w~Uty a. 4moathed caxve, the keAuLt °6 pIo-Witg data. obta.Lned uL-th
6UW~.~ havA.ng bandw~Ldth4 appn.ecAa.by Laxg en. than 1 Hz:

Averaged spectrum

______ True spectrum

I 1 evel

Frequency
U4e °6 -too biwa.d a bo.ndw-Ld.-th An ca cwa-thtg a.ve’za.ged 4pec.-tkwn LeveL4 wALL

iiv_oh out deta.LLs. The spikes in the true spectrum l evel in the above ex-
ample are lost to view because the bandwidth over which the averaged
level s are taken is so wide that the intensity of the spike is small com-
pared to the intensity of the background in each bandwidth.
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DISPLAYING PRESSURE SPECTRUM LEVELS

The first graph presents the true
spectrum level. The remaining three
graphs represent three d i f fe ren t  way s

of displaying the PSL calculated
from a single set of data obtained
with a filter of bandwidth w.
Graph 2 presents the averaged
spectrum level as a bar graph .
Graphs 3 and 4 connect the data
with either straight-line seg—
ments or a smooth curve.
Notice that Graph 4 gives no—
information relating to theFrequency bandwidth of the filter used

to obtain the averaged spectrum
levels; this would have to be(‘13 indicated separately , and is seldom

_____  done. Graph 3 is somewhat better ,
_____ 

but the use of the straight-line
______ 

segments seduces the eye into as-

_ _

j i l l !  
_ _ _

suming that the true spectrum
level closely follows the
straight-line segments. GraphBest Display of I 2 is the least subject toAveraged PSL [ being misinterpreted : The

width of the individual
I 1.. bars gives the bandwidth

of the filter quite visu-Frequency ally, and each bar by its
flat top strongly empha-

sizes that the value of the PSL appro-
priate to that frequency interval is
the averaged value.

Because of the fact that the
averaged spectrum level smooths out
and erases detail which would
otherwise be found in the true

spectrum level , it is very im-
of Averaged PSL portant that the extent of

averaging over frequency
____________________________________________ be well-indicated .

Frequency

~~~~~~~~~~~~~~~~~~splay of
Averaged PSL

I I

Frequency
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SPECTRUM LEVEL AND BAN D LEVEL

Recall that the total intensity I in a bandwidth w is the
area under the intensity density vs frequency curve. The ana-
logous quantity in terms of levels is the band level BL,

B L = I O , & ,~ 
I.

Cf Pci

NOTICE THAT THE BAN D LEVEL IS NOT THE AREA UNDER
THE ISL vs FREQUENCY CURVE . —

This is because the Log of a product is the sum of the Logs of —

the individual factors:

Log xy = Log x + Log y

Consider a plot of intensity density e vs frequency as
shown :

It is clear that the total intensity I in the bandwidth w is
given by I = ~0w . If we express this in Log form , we obtain

~~~~ i— = ~ 0 ~~~~ 
- 

ç~~i -~~~~ + ~~
~~ 1..~ cj 1H ~

The left hand term is an intensity level for the intensity
within the band of frequencies w. We now call this level a
band level, BL. The first term on the right is the ISL previ-
ously defined ; it is generally identical with the PSL. Thus

BL = PS L

where the 1 Hz in the denominator of the last term is under-
stood.

I n  g enen.a.L th.L4 exp ’Le44~Lon £4 exact onLy £6  -the 4p e c- t/L u.m
Leve L £4 con4- tan t oven. ~the ba.n dw~Ld-th w. Howeve n. , Al £4 kea.-
4onab y a.ccu.n.a-te £6 the tn.ue 4pe C.-t/tu.m LeveL doe4 not 6~ ac.tua.~teby mon.e tha.n a. 6ew dB oven. the n.a.nge °6  w.

Notice that this formula can be turned around : If a band
level BL has been exper imentally obtained by measuring the
acoustical energy over some bandwidth w , then the averaged
spectrum level over this bandwidth can be found from

PSL (averaged) = BL - 10 Log w
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A SAMPLE CALCULATION

As a simple exampl e, let us obtain the overall band level for the
PSL curve presented below:

PSL

f4-~w~ ~ I~ --”-’i—~ 4
From the steplike nature of the curve , we can specify two bandwidths w1 

—

and w2 as shown , with the associated averaged spectrum l evels.
For each of these, we can calculate the appropriate band l evel :

BL(w1 ) = PSL1 + 10 Log w1
BL(w 2 ) = PSL2 + 10 Log w 2 .

So far , we have had to do no more than a little curve—fitting and applica-
tion of formulas which have been presented previously. Now, however, a
new problem has appeared . We must combine the two band level s into a sin-
gle band l evel for the total frequency interva l w1 + w2. The combined BL
is not the sum of the individua l ones, because we are in dB: Irtteiv~Lt-Le4
add bu-t £094 06 -Littav~LtLe.4 do not What must be done is to determine the
intensity in BL(w1 ) and the intensity in BL(w~), add these together , and
express the result as a band level .

Let us illustrate this with an example. We shall first do the exam-
ple in the method indicated above , and then present a simple nomogram
which avoids all the work. If

PSL1 = 140 dB re ijiPa w 1 = 1 000 Hz

PSL2 = 135 dB re l’.tPa w 2 = 2000 Hz

then BL(w 1) 140 + 10 Log 1000 = 170 dB re hiPa

BL(w 2 ) = 135 + 10 Log 2000 = 168 dB re l~iPa

I(W l)/ t ref = anti Log i~:g. = 10 17

I(W 2 )/ Iref = ant iLog = io 16
~
8

1(w 1) + I(w ,) 17I/I = -I- 10 + 10re ref
BL(w 1 + w2) = 10 Log (1017 + 1016.8 ) = 172.1 dB re 1-~Pa.
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NOMOGRAM FOR COMBINING LEVELS

This nomogram allows the combination of two
10 

__________ 
different band level s (or two independent

__________ 
sound pressure levels) by graphica l means. If
the two level s to be combined are BL 1 and BL2,
the procedure is as follows :

__________- Ob-ta_Ln the d-L66e ’t ence BL 1 - BL2.
Locale -thA.6 nwnbe,’r. on the hon-Lzo~-it-tL a.x~~,

move 4tn.aA.gh-t v.p wvti.L the c.zm.ve £4 ‘teached, —

2 and then move ho~Lzon-taJ1y to the Le6t un-
- -tLL the veiutLca aXAAS £4 n.w.ched, and n.ead

thLtt nambe~i.

0.5 

- 
_ _ _  _ _ _  _ _ _  _ _ _ _  _ _ _  _ _ _  

~~~~

0.2 N
_ _ _ __ __ _ _  

N 

_
0.1 

_  _  _  _  _

0.05 - 

~4 -2 0 2 4 6 8 10 12 14 16 18 20
BL 1 - BL 2

As an example of the appl ication of this nomogram , recall the pro-
blem worked out on the previous page. The two band level s which were cal-
culated there were BL1 170 dB re luPa and BL2 = 168 dB re hiPa . The
difference is +2 dB; finding this va lue, projecting upward , and reading
to the left gives 2.1 dB, so that the combination of these two levels
yields a total band level of 170 + 2.1 = 172.1 dB re l~iPa . Since the usual
uncertainty in levels exceeds a few tenths of a dB , it is appropriate to
round this combined level to 172 dB re luPa .
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BAN D LEVE L AND SPECTRUM LEVEL OF A TONAL

What is the band level if there is only a tonal?

BL(w1) = B L ( w
2) = SPL of tonal 

—

I ~~ I i
What is the spectrum level if there is onl y a tonal?

PSL :  SPL -

But for a pure tonal, w can be any value so long as it in-
cludes the frequency f of the tonal.

LET US AVOPT A COWVENT T O W :

Let w = 1. Hz in specifying the pressure spectrum level
of a tonal

[ PSL (~~n3 I)

Th-L 4 alLow4 v.4 -to plot the LeveL4 0 6  tonal4 on 4pectku.m
LeveL g -’ta.p h4 and ca.Lcv.Late oven.a.LL ba nd Lev eL4 .
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TONALS COMBINED WITH BACKGROUND

I P-~
‘I ,- 

__ 
_ _ _ _ _ _ _ _

_ _ _ _ _

~w- ~~~ -~~~ J-4—- _~ 

- 

I ~~ - A~’ ~~ l

When there are strong tonals present, the band level can-

not be expressed as B + 10 Log w, because of the additional in-

tensity contributed by the tonals. We must calculate the inten-

sity from the background spectrum (without the tonals) and add

this to the intensity of the tonals which are al5o present.

Equivalently, we find the bandwidth of each and combine them:

BL8 = B + lO Log w

BLA = A + 10 Log 1 = A

The total band level is found by combining BLA and BLB with

the help of the nomogram.

Notice that if the tonal is relatively strong and the

bandwidth narrow enough, the combined level will be due essen-

tially to the tonal. As the bandwidth w increases, however ,

the influence of the (10 Log w) term will become stronger ,

causing BLB to increase. Eventually the contribution from the

background will get so large that BLB will dominate and the

influence of BLA will be lost.
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PROPORTIONAL FILTERS

Many filters are designed so that the bandwidth is

proportional to the frequency at which the filter is set:

Octave Band Filter

1/3 Octave Band Filter
1/10 Octave Band Filter . 

—

For these filters, the EL and PSL curves will have d i f f e r e n t
shapes.

14i ~ -

Q.4 ___________

-I

~
h l3O 

__________

.~

Octa.ve. Sand Specln.v.m LeveL4
120 -t I I

100 200 400 800 1600 3200 6400
Frequency in Hz

Octave Sand LeueL4
--150 I I
..~ 100 200 400 800 1600 3200 6400

Frequency in Hz
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CONSTAN T BANDWIDTH FILTERS

Certain other filters are designed to have constant

bandwidth. For these filters ,

PSL~ B L - I 0i
1~~

r = ~L ~~~

So that if the band levels are recorded and plotted , the

PSL curve will have th~ same ~~~~~~ but d i f f e r en t  absolute

values:

~w-= l Q i -4 ~,,
~~ 8O 1;

‘ I  I I

J1r-~~~L S1H~~ L
Li Li

60- —
~~
-- I I ~

lco 2.10 2’lO 2.90

- t i n
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TH E SONAR EQUATION

The basic problem to be solved in the detection of under-

water targets is to fulfill the requirements of the SONAR
L EQUATION

EL � M L

where EL = Echo Level , the level of the desired signal
detected by the receiver . In the case of
passive sonar this is the sound which has been
radiated by the object of interest  and detected .
For active sonar it is the tone burst wh ich has
been generated by the transm itter , r ef lected by
the object of interest , and detected by the
receiver .

ML = Masking Level, the in tens i ty  level that  the
Echo Level must exceed before the sonar system
will  register a detection. The Masking Level
depends On:
( 1) The na ture  and behavior of the undesired
noise detected by the receiver;
( 2 )  The way the receiver (or processor)

analyzes the total received sound to f ind  any
evidence of a desired signal ;
(3) The criteria relating the probabilities

of guessing right ly  or wrong ly tha t  an object
of interest  is indeed present .
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PASSIVE SONAR

-

U) H ) 
) T L) ) ) )  

EL = SL - TL

LS L  - TL � ML1

where SL = Sour’~e Level of the target

TL = One—way Transmission Loss
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ACTIVE SONAR

- ~
_ 

— -~~ ~~~~~r

/ \ \\ \~

SL - TL 

_
SL - TL + TS 

~.E L = S L - T L + T5 - TL

SL - 2TL + TS � ML

where
SL = Source Level of transmitter
2TL = two—way Transmission Loss

TS = Target Strength , the measure in dB of

the ability of the target to reflect

sound toward the receiver .

The above active SONAR equation is for a monostatic case,

wherein the source and receiver are coincident so that the TL

from source to target is the same as the TL from target to
receiver . Our discussion will usually be restricted to this

case. Extension to the bistatic situation in which source and

receiver are at different locations is trivial: If the trans-
mission loss from source to target is TL, and from target to
receiver TL’, then all that is required is to replace 2TL with
TL + TL’ , so tha t  we have

[ 5 L — ( T L + ~~L’ ) : TS  � ~~L ]



MASKING LEVEL ( PASSIVE )

In the case of passive SONAR, the only masking mechanism

is ambient- or self-noise:

Leve L
6~ om Wo-L4 e I

,,..i-Ma~~ rnv.rn

\~~ i Ra n ge
range

As range between the source of sound and the passive sonar

increases , the echo level will tend to diminish (although it

may increase if there is convergence zone capability and the

range between source and receiver is the convergence zone

range) . The received noise , however , arises from the ambient

noise of the ocean or the noise generated by the receiving

platform so that it is, on the average , independent of range .

When the echo level has fallen below the noise masking level ,

then the source cannot be detected and the maximum detection

range has been reached .
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MASKING LEVEL (ACTIVE )

The undesired noise competing with the desired signal can
arise from two possible mechanisms in the case of active SONAR:

Ma4!z.Lng 6/tom a. mb-Len~t on . 4eL~ no-L4 e

Ma4~~Lng içn.om n.even.ben.ati. on .

Which of these two mechanisms is dominant depends on the range —

between source and target. Generally speaking, for low-powered
active systems the performance will be noise-limited , in that
the maximum effective detection range will be determined when
the echo level diminishes below that level for which it can be
extracted from the ambient or self noise. For higher-powered
active systems, however , reverberation becomes an important
source of interference. Reverberation tends to decrease with
increasing range , but less rapidly than the echo level. Thus,
if the echo level has diminished until it is buried in the rever-
beration , but the reverberation has not yet fallen sufficiently
below the ambient (or self) noise , then the maximum detection
range is determined by the reverberation . The two situations
are suggested in the figures:

Hi~ h-Powered dB Low-Powered
dB System System

Masking
L
~~~~~r=tion ~~Maskin~ Level

c~Masking 
-Level From 

rMaximum
N N~~~~~~~

atb0
~

I I Detection tion I
Range Range—~~ i

range range

The- choice is a little more subtle than suggested by the above
simple curves. If there is a Doppler-induced difference in
frequency between the echo received from the targe~— and thereverberation , and if it is possible in the receiver to discri-
minate between these two frequencies , then the masking of the
echo can arise from the ambient noise at that frequency . If
the target is stationary , however , the masking is from the
reverberation , since echo and reverberation then have the same
frequency .
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DETECTED NOISE LEVEL

The masking level can also be written

ML = DNL + DT

where DNL = Detected Noise Level, the Intensity Level in —

dB of the undesired signal as presented to

the decision—making system

and DT = Detection Threshold , the number of dB by which

the Echo Level must exceed the Detected Noise

Level to allow a detection to be registered

with a specific degree of confidence.

The Sonar Equation then becomes

EL �~ D N L  ~- D T

or

SL — TL ~ DNL ~ DT passive

S L - 2 ~~ L * T S~~~~~ D~’iL
# DT c~ctive
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FIGURE OF MERIT

FOM

If the SONAR equations are rearranged into the forms
isolating the transmission losses,

2YL ~ SL * T-S — M L  ACTIVE ,

or T L ~ S L — fri L PASSIVE,

then the right-hand sides are termed the Figures of Merit, or

15L ~ T~ ML ACTIVE

FOM -_~~~~

SL — PASSIVE.

For ambient- or self-noise limited performance, FOM is a

number independent of range which can be calculated for the
particular SONAR system being considered. If TL for passive

sonar , or 2TL for active , exceeds the FOM, then detection is
not possible to within the desired probability of success.

For active SONAR under reverberation-limited performance,

FOM is a function of range, but it still provides the same
numerical criterion that 2TL must satisfy in order that detec-
tion be achieved .
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TWO E XAMPLES

)-

PASSIVE SONAR

~mbient- or self-noise limited

TL 
TL ~~ FC~~~~~~~~~

~~
-

ACTIVE SONAR
Reverberation limited

Fo?1

~ TL~~~~FcM 12TL ,

~~~~~~~~ 

ranges for which detections are possible for con-
- 

ditions equal to or better than those specified
in ML .
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SOURCE LEVEL ( PASSIVE)
- IL � ML

Noise sources radiate sounds of two distinct types :

I. Tonals (monofrequency components)

Sources: Propulsion machinery (main motors , reduct ion  g e a r s )
Auxiliary machinery (generators , pumps , air-conditioners)
Propeller—induced resonant hull excitation
Hydrodynamically—induced resonant excitation of cavit ies ,

plates , and appendages 
—

SL = SPL of the tona l extrapolated back from larger distances to
1 meter from the acoustic center of the source.

Mea~swtemertt~s wz.e u~ua.Uy made a-t a dLotance ~çn.om the 4owLce at-id Q)ct ’ta-
poLa-ted back to 1 mete/i to cwo-Ld e~vwn-~s n.eAvLtLng 6xom u~~nq the corn-pLLca.ted p&e44Wte ~~~~ wh-Lch exLst~ ~&i the v~Lc~ tLty °6 -the Laitg e 4ow~ce.

U. Broadband Noise

Sources: Cavitation at or near propellers and at struts and appendages
Flow noise

SL = SSL + lO Log w

where w i s the bandwi dth of the sys tem and
SSL = pressure spectrum l evel extrapolated back from larger

distances to 1 me ter from the acous ti c cen ter of the
source.

I~ the SSL L.s not e4~en-ti~zUy con4-tan-t oven . w, -the baridw-Lthth mw~-t be
4v.bd.~Lv4 ded -Ln-to -5maUen. -~egmertt4 , -the BL 06 each 6ov.nd, aitd -then a.-U
-the BL ’ 4 comb~ried to g~Lve SL.

Below are given typical averaged Source Spectrum Levels for a conventional
submarine on electric drive at periscope depth . The bandwidths over which
the spectrum levels were obtained are not known , but are pro bably  lar ge so
that tondls do not contribute appreciably.

Frequency in Hz

Speed in knots 100 1 ,000 10 ,000
4 133 dB re l~ Pa 120 100
6 140 127 1 12
8 143 133 11 9

10 147 135 122

Adapted from Urick , Principles of Underwater Sound for Engineers.
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SOURCE LEVEL (ACTIVE)

- 2TL + TS ~ ML

SL = Sound Pressure Level 1 m from the acoustic center

of the transmitting transducer , as found by extra-

polating the pressure amplitude back from larger 
—

distances.

SL re l~iPa = 10 Log (Power) + DI + 171 dB

where 171 dB = A constant which takes care of the units.

Power = Acoustic power output of the transducer
in Watts.

DI = VLn.ec-t-~.v-~ty Index . This is a measure of
how well the source is able to channel

the acoustical power into some specific

direction (rather  than radiat ing it out
in all directions).
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DIRECT IVITY INDEX

T ,L~~ Pui~ C~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Sphere of Sur face  area of 2rad ius r the sphere = 4 Tr r

Illuminated Surface area of
patch on the the illuminated
unit sphere patch = c~r

2.
- 

- subtending —

solid angle ~~~~.

The f ract ional  area of the sphere which is illuminated is

~~~~ The inverse of this is the directivity D, which , for

this simple example, is given by

4 -TI
D

The Def ini tion:
The pressure field generated by an array acting like a

source , or the sensi t iv i ty  of an array acting like a receiver ,
can be written in the form

r Tr~
9)
~ = P x (r) H(S ,)~~

wher€ 
~ax 

is the pressure on the acoustic axis of the array, a~d
H(~~,-~) is the directional factor that corrects for points off

the axis. Since the acoustic axis is defined to be the direc-

tion(s) for which the generated pressure field , or the sensiti-
vity, is largest, H(e ,~~) is normalized to have a maximum value

of un i ty  on the acoustic axis, and to be no greater than ur.~.ty
for  any other directions. The directivi~y is defined as

D = 

ft 2 e~~ d~
The d i r e c t i v i ty  index is the expression of the dir e c tiv ity  D i~i
dB terms ,

[ DI = 10 Log D
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EXA MPLE : AN ARRAY OF TWO RECEIVERS

~~~~~~~~~~~~~~~~~~~~~ 

= Separat ion of receivers
= Wavelength  of incoming wave
= Ang le between direction of incoming

wa ve and the perpendicular  bisector
of the line joining the receivers .
(This is equal to the angle between
the wave front and the line joining
the receivers.)

6 = 0 Both receivers experience the
saiie pressure at the same time ,

combined output has maximum ampli-

tude.

j  Ib,~~ # 
~~~~~~~~

sin 0 = Receivers experience pres-
sures 1800 out of phase , combined
output is zero, and there is a null.

pressures in phase and output is
~~~~~~~~~~~~~~~~~~~ sin 0 = Receivers again receive

agaLn maximum.

IH( ’3 )

I f  ~ a/2 , the ar ray
w i l l  ha ve a direc—

~iTT”v’TT L .~
etonal factor H(O ) as
graphed

2d~ 40° 60° 80°
e

~1!LL~~ . 6o ~ ~he 2-~~~~~e,ita’~~a g  wh e~i s~~viand n = 1,2,...

z o.5



PISTONS AND LINES

P-L -~-to n So u.n.ce on. Rec.e-~ven .

Acoustic Axis

I H(~)I As a source: Projects the acous-

tical signal rather like a
f l a sh l igh t  mainly into
directions close to S = 0.

As a receiver : Is most sensit ive

~~ 
to sound arriving from

0 directions close to a = 0.

[ DI 10 Log 
(

~~~)2 if a > A sin 
~~0 

= 0.61 

~

- j
IH (9 ) I

L~~ta Sou.n.ce on. Rece -Lven . -

—

~~~~~~~~~~~~~~~~~~~~~~Aco us tic ~‘\( ~~~~~~~~~~~~~~Ax is 

- - 

-

The acoustical signal is sent into (or received from)
a-~q 1es close to a = 0 .  The source (or receiver)  therefore  sends
sound out into (or receives sound from ) a narrow wedge above
and below the plane surface perpendicular to the axis of line
source or receiver , in an “equator ial bel t” .

DI 10 Log (2L/ A) if L > ~~~~ 
_

_
~~~~~~
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7

LOBES AND NULLS

Properties of the Directional Factor

H ( S )

-~~~~~~—— Major Lobe —

\~~~~.~~ Mix~or (or side) Lobes

90° 0 90°

Nulls , or Nodal Surfaces

How many side lobes or nodal surfaces there are depends

on the size of the source and receiver compared to a wave-

length of the sound wave being generated or received . The

larger the wavelength is compared to the size, the “fatter ”

the major lobe and the fewer the side lobes that will be

found . The fatter the major lobe is, the greater will be

fH
2 dci , so that D gets smaller :

SmaLL -~oan. c e-~ on. n . e c e~~.ve - t - s  a- ste  Le4s .o d~L-’Lec tiLo n aL
than Za’tge ones 6on. -tu e -sa me ~‘i e q ue n cy  o ,~ ~ou.nd.
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THE SHADED ARRA Y

Sources and receivers can be shaded by prefcren tidlly
u L l 1f -2

-
~~~n~~ the signals generated or detected by certain of

~i~~- individual elements of the array:

-

-
~~~~~~~~~

-
~~ WA~~r\f\J \J\~.~~ —

~~~~~~~~~
-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

—~~~~--o ~~~~~~~~~
-

~~~~~~~~~
-

~~ ~~~~~~~~

Thi s chu-~ges the relative importance of the side lobes
compared to the major lobe :

IHH)

The response in directions other than that of the major
lobe can be reduced or enhanced relative to the major lobe , ir -

the major lobe may be broadened or narrowed , depend i-i q cm
choice of the amplifications.
TH E R E  IS ~ TR 4OE- QFF ~

DES IRED EFFECT P E N A L T Y

~~~~~~~~ t~i’ ~~~~~~ ~- b e ~ ~ ~ ~~zj~~~t ~ob~- ~~~ -~ -

att ~~~~~~a~~ 1 -L - ~~~~ ~~~ ~~i‘~~‘- I
~~~~ m aj ~~- t  t u b e  L ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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THE STEERED ARRAY

Sources and receivers can be steered by inserting time

delays in the signals generated or detected by the ind ividual

t- iements of the array.

-

This changes the direction of the major lobe, pointing it off

at some angle &~~:

B(8 ) I

THERE ARE TRA VE -OFFS: In order for a major lobe to be steered
to large angles, the array must be designed to be less direc-
tional than possible when it is unsteered. Otherwise, when it
is steered , additional major lobes may appear .
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L
ARRAY GAIN FOR A RECEIVER

AG

Array gain is a measure of the enhancement of the desired
signal with respect to the detected noise, brought about by
the appropriate design of the receiving array and detection
system. It depends on the directional properties of both the

noise and the desired signal, on the design of the receiving —

array, and also on the signal processing . For example, signal
processing (such as correlation), by taking into account the
different spatial properties of the signal and noise, can pro-

vide an array gain different from the directivity index.

F ok the ~a~ e 06 a 4~LmpLe aJu~.ay ~n wki..ch the owtpwt4 O~
the pa. ’ta.~te ce.~üiv~s a~ e added tcge-t ftex ,

A ~ 10 L~
where = the noise intensity per unit solid angle

coming from the ~1 direction.
I
~~
(c
~
) = the signal intensity per unit solid angle

coming from the ~ direction .

The A~vLa.y Ga~Ln dep en d4 on the 4 p a.tJ ai p~ope’t~tAe .~ 06 bo tk
4~Lg na.~ and no~L4e .  A4 a. ke4aU , .tke va~tu.e o~ AG may weU dep end
on the diitec~t~on £n wh~La h the a.

~~
ay ~s po~ n~t~ng .

If the noise is isotropic (arr iving uniformly from all
directions) and the signal arrives from one direction only, then

AG = DI

for an array in which the outputs of the individual .receiving

elements are added together.
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TARGET STRENGTH (ACTIVE)

~
•
~~~~P~T 41’!’.. SL - 2TL + (~

) � ~~I’P!~! ~~~~~~

The Target Strength is defined as

TS = 20 eog[P’(r’=l)/P (r)) I
where P(r) = the ampli tude of the pressure of the incident

wave that would be measured at the position
of the target if the target were absent.

P’ (r ’—l) — the pressure of the reflected wave extra-

polated back to 1 m from the acoustic center
of the target.

Ta’tge~t S.tkeng~th dep end 4 on 4hap e , con4~~ i.c.t~on , and ok~enta~t~on
06 the Ca~.get , and on the ~kequ~enay and p t~.L4e ~eng~th 06 the
40u.nd wave.

The Table shows a few representative, but very approximate,

values of target strength for a variety of objects.

Target Frequency Approximate Target Strength (dB)

_________________  
in kliz Beam Aspect Bow-St’~rn Aspect

Fleet Submarine 10 35 30
(approx 100 m long) 24 25 16

S Class Submarine 24 20 13
(approx 70 m long)

Torpedo 24 -20

Surface Vessel 10 to 30
3 ft mine 30—90 —8

Extracted from: Physics of Sound in the Sea, NDRC
Princioles of Underwater Sound for EncTineers, Urick
Priciple and ADDlications of Underwater Sound, NDRC
NAVSHIPS 0967—129—3010
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EFFECT OF TARGET SIZE

~~~~~~~~~~ctive length Le 

—

~g ? Short

J Pu is e

1tAr11t1~~ _ _ _I -  _ _  

ci l
~~~~~Tonec Burst

Because of the effective length Le of the target, port iori~
of trie incident pulse which reflect from the stern (in the abcv~
sketches) travel a total distance of 2Le farther than the ref 1~ c-
tions from the bow. Th~c means that the apparent duration ‘~~

the pulse is stretched from t to (t + 2Le/C) . For very long

?ulses, the additional time interval corresponding to the rour,.1

trip, 2L /c, can be neglected . For short pulses , however , this

~tretchinq can be quite important in determining the target

strength.
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DETECTED NOISE LEVEL

SL - TL � ML ML = (~j~
) + DT

No~L4e may come ~n an~L6oJtmLy 6kom aU dA.itec.t.L0n4 cit £~t
may aitit~Lve 6/tom a p~&e6eitited d.L’r.ectLon. 16 ~the &ece.Lvet Lo
6en4~2A..ve on’y to nol..4e 6/ torn  4ome pxe6e’uted d~LitectLon, ~then
the noL4 e i~t wAIL actaalLy detec~t ( DNL ) mu.4~t be .the no~L4e
eevet mea4wted by an omn~Ld.L’tec~t.LonaL itece~Lue’r. INL J ~tedaced

b y .the a.vtay gain (AG) 06 ~the d~LitectLonaL itece~ve’t,

DNL = NL - AG

where DNL = unwanted noise detected by the directional
receiver of bandwidth w.

NL = Noise Level in the environment (as would be
detected by an omnidirectional receiver of
bandwidth w).

AG = Array Gain, the improvement (reduction) in

DNL resulting from the array design and
processing.

RECALL:
If the noise is not directional , and if the signal is an ideal
plane wave (or at least close to it), then AG and DI are essen-
tially the same.
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NOISE LEVEL

DNL - AG

NL = NSL + lo Zog w 1
wh eit e

ML = noise level, the acoustic energy in dB found —

in the bandwidth of the system,
NSL — noise spectrum level, the pressure spectrum

level of the unwanted noise,
and

w the bandwidth of the system in Hz.

NOTE: THE SAME LIMITATIONS APPLY IN USING THIS FORMULA AS
WERE POINTED OUT IN THE DISCUSSION OF THE BROADBAND SL.

There are two basic sources of noise in SONAR:

1 . IAMBIE NT NO ISE! -- no~..4e e 4 t~~itg ~n the env~4onmenL

~..n Lhe ab4enc.e 06 bo~th the keae~v~Lng p Za~t6oitm and
the ~taitget.

2. ISELF t~1O1SE1 -- no~4e citea-ted by ~the iteca~Lv~Lng pLaL6o/r.m.

If both ambient- and self-noise are competitive, then the com-
bined noise level is found by combining NL (ambient) and ML

(self) with the help of the nomogram.
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~~~~~~~~~~ AMBIENT-NOISE SPECTRUM LEVEL (Deep water)

NL(axnbient) = NSL (ambient) + 10 Log w

_______ _______ _______ _______ __________ -

n Twthu2enc

heav~ 
_ _ _ _ _ _  _ _ _ _  _ _ _ _ _  _ _ _ _ _ _ _ _

~ 80

Wind~~~~~~~~~ li ht 
~~~Sea S~ta~te

a) 7 ~~~_ 
-160 —Shipp 4.n

— 

~~~~~~~~~~~~~~~~~~ ‘~L.1 ~
a)

a)

~~40
oz

a)
‘-4
.0

C _ _ _ _ _ _  I I J i l l !  _ _ _ _ _ _  1 1 1 1 1 1  _ _ _ _ _ _  1 1 •

10 100 1000

Frequency (Hz)

Adapted from: Wenz , Jour. Acoust. Soc. Am. 34, 1936 - 1956 (1962)

Perrone, ibid 46, 762 — 770 (1969)
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SELF-NOISE SPECTRUM LEVEL

NL(self) = NSL(self) + 10 Log w

Sources of Self—Noise:

Broadband -- Hydrodynamic noise due to flow past
receiver/acceleration of receiver

Broadband and Tonals -— Machinery noise of own platform —

The NSL(self) values are usually presented as “equivalent
omnidirectional” noise spectrum levels even though the data

may have been obtained with a directional receiver.

16 4~Lgn~L6~Lcan~t 4eL6- no~4e £~s pite4en~t, L~t ma4 t be comb ~Lned wAlk
-the amb-Len-t no-L4 e LeveL to ob ta~Ln the -to-tal no~L4e LeveL. S-Lnce

~the4 e ~two 4otutce4 c~ no~L4e a’te -Lndependen .t, -the.~n. ~Ln en4AI~e4

add and the nomogitam can be ~4ed.
‘-Ia)
a)

f requency
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REVERBERATION (ACTIVE SONAR)

DNL =

If the sound field generated by the source is strong

enough, and if there are enough scatterers present in the vici-

nity of the desired target, then the scattered sound from the

undesired scatterers is received along with the echo from the

desired target. This undesired sound is called reverberation. 
—

The echo level of the signal received from the desired

target is

EL = SL - 2TL + TS (monostatic)

where TS is the target strength of the desired target. The

reverberation level RL can be written in the form

RL = SL - 2TL + T5’ (monostatic)

where TS’ is the combined target strength of all the undesired

scatterers. When reverberation is the dominant source of

unwanted sound, the SONAR equation becomes

- EL � RL + DT
or

TS � TS’ + DT

The cen.tir.aL p ’tob-tem ~Ln ob.ta~.nLng TS’ A~ -to de te’tm.~ne -the voLu.me

oit aitea. wh~Lch 4ca~tteit4 -the 4ou.nd ~o ~tha.t Al a/t’t~Lve~ a~t -the
/ tece~ veit at he 4a me tLme a~ -th e 4~Lg n aL 6/t om -the de4 .~’ted ta.4ge~t.
Tk-L4 ~ 4u~gge4~ted ~Ln -the 4fzetch beLow.

Source Target
TS

Reverberation,.
~~~~~~, Region

C) 
I
~~ )

~~~~~~~~~~ 

‘c 5’



VOLUME REVE RBERATION
RL = SL - 2TL +

The target strength TS’ of the undesired scatterers can
be written as

TS’ = 10 Log s~V

where V is the volume from which the reverberation sent to the
receiver is in competition with the reflected signal from the
desired target and S

~ 
is a measure of the scattering cross

section per unit volume. It has become conventional to express
in dB terms through the definition

Sv = 10 Log Sv

The cc.LcaLa.-tion °6 ~the -‘teveitbe&atLon vo u.me V Ue-~s a-t -the heait-t
06 -the p /tobLem . Th~t4 -L4 a 4-tu.dy -tn geomet ’ty, -4~nvoLv~Lng the way
-~..n wh- .ch majon. Lobe4 °6 4owtce and itece~Lveit ove’t ap .

If we restrict ourselves to the monostatic situation and
assume that the major lobe of the receiver completely overlaps
the major lobe of the source, it then follows that the volume
V can be written

10 Log V = 10 Log ~.L + TLg + 10 Log ~2

where -r is the time duration of the acoustical pulse and ~2 isthe solid angle subtended by the major lobe of the radiation
pattern of the source. Recall that this is related to the
directivity index by DI — 10 Log(4-ir/~2). The term TLg arises
from the fact that the cross—sectional area of the reverbera-
tion volume clearly depends on the range from the source, and
this can be expressed by the geometrical spreading of the
sound beam . Thus, for this simple monostatic situation , we have

TS’ = S + TLg + 10 Log - DI

RL = SL - 2TL + TLg + S~, + 10 Log 4~~~ T 
- DI
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SURFACE REVE RBERATION

RL = SL - 2TL +

In the case of scattering which arises from a surface
( such as the sea surface or the bottom) or from some well-
defined layer such as the bubble layer under lying the water-air
interface, the reverberation target strength is expressed as

TS’ = S~ + lO Log A

where A is the surface area generating reverberation in compe-
tition with the desired target and S5 is the scattering strength
(per unit area) .

As before , the problem is one primarily of geometry,
involving the way in which source and receiver major lobes over-
lap. If we again restrict ourselves to the simple monostatic

geometry used previously (for which the major lobe of the re-

ceiver completely overlaps that of the source), then the surface

area of interest can be seen to be

A = ½r e ct
where 0 is the angle in radians of the horizontal angular width
of the radiation pattern of the source. This then gives the
equations

TS’ = S~~ + l 0 L o g r + ] . 0 Log~~~ .

RL = SL - 2 T L ÷ l 0 L o g r + ~~ 5 + 1 0 Lo g .~~.i
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REPRESENTATIVE SCATTERING STRENGTHS

The values of scattering strengths quoted below are representative
only. Large deviations can occur depending on location , season , biol ogical
activity , and so forth.

Veep Sca tte’z.-Lng Layeit4: The scattering strength S,, can vary between
about -90 to -60 dB wi thin the various sublayers .

Cikvte.n. Vo-ez~me: In the clear open ocean waters, ~ can be found to —

range between -100 to -70 dB.

Swt~ace Sc ttei~ ng: For reasonably low grazing angles , the combined
scattering from the ocean surface and the population of bubbles
found at shallow depths below the surface gives scattering
strengths S5 ranging around -50 to -30 dB for sea states between
1 and 4.

So-C-tom Sca.ttek_1i19: For grazing angles between 20° and 60°, repre-
sentative values of the scattering strength 5~ range between -40
and -10 dB. The exact values depend very strongly on the parti-
cular bottom and its composition. In general , however, as the
grazing angle goes to zero, the scattering becomes negligible
and S5 goes to 

-
~~~ dB.

REVERBERATION LEVEL DEPENDENC IES
Notice that for either volume or surface reverberation the reverbera-

tion target strength IS’ increases with increasing range , either as TLg
(volume ) or 10 Log r (surface). This is to be compared with ambient noise
masking , for which there is no range dependence. ThLs mea.ri~ -tha-t, g~éLven
4u~66~ C~Len-t ~owtce. LeveL, ai.~ SL -Lnc!t ea4 e-o SONAR pe .n.6oninance &~u_U change 6/tom
a.mb-te,vt- no~A e-eAi~iLted pe~6onmance -to n.ev e1tbexa-t~ovi-LAinAled p€,t 6o/uitanc.e.
While detection for ambient-noise lim i ted performance depends on the source
l evel and directivity i ndex , notice that when the performance becomes rever-
beration limi ted there is no dependence on the source l evel . AddJl-iovial

powen. wUL via-C £mpn.ove ‘teve tbe’i.ai.Lon-tünA-ted pvi6aninanc.e. Reverberation can

be reduced by increasing the directivity of the source and/or receiver , or
by decreasing the pulse length , given by CT. Increased directivity has the
disadvantage of reducing scanning rates , and decreased pulse length may
result in reduction of the target strength IS of the desired target.
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TOTAL COMBINED DNL

SeL6 No~L4e (Active and Passive)

DNLs = N S L5 + 10 Log w - AG

Amb—Len-t NoL4 e (Active and Passive)

DNLA = NSLA + 10 Log w - AG

Reven.ben.atLon (Active)

DNLR = RL = SL - 2TL + TS’

Pa44~Lve SO N AR :

DNLs and DNLA must be combined with the help of the

nomogram to obtain the total Detected Noise Level DNLT .

Ac-C .~.ve SON AR:

( 1) If the frequency of the echo cannot be distinguished
from that of the reverberation, then DNLR I DNLA I and
DNL5 must be combined.

( 2 )  If the frequency of the echo can be distinguished
from that of the reverberation, then DNLA and DNL 5
must be combined as in passive SONAR .
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RANGE RATE

The frequency of the signal obtained by the receiver
depends not only on the frequency transmitted but also on the
relative motion between source and receiver . This relative
speed is characterized by a Range Rate defined as 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ 
cos 0 1 + V2 cos 0 2 1 1, 

—

wher e
= velocity of vessel 1; its speed is V1 =

V2 = velocity of vessel 2; its speed is V2 = 1V 2 1
0 1 = angle between line of centers and velocity of

vessel 1

= angle between line of center s and velocity of
vessel 2

SOME EXAMPLES

1. 1 = 0

2.  R = V + V 2
_ _ _  _ _ _  1

V1 V2

3. * = 1V 1 - V 2 1
.-

~~~~~~~~~~~~~~ - — —  U)

V1 V2
4. 1

T ”2
• ~~~ .

V IJ. 104



ri
DOPPLER SHIFT FOR PASSIVE SONAR

_ _ _ _  

_ _  

_ _ _ _ _  

frequency f

FR~~UENC!
-

0 TD~

For t << 0, receiver hears frequency f +½~ f (range closing)
For t >> 0, receiver hears frequency f -½~f (range opening)
The nece~~an.y bandw~dth w 06 -the n.ece.~we.’t mu.o~t be g.tea.t enough -to accomo-
da.te the maz. mum exp ected VoppLe/i. 6k.L6.t6 . While  decreasing w w i l l  improve
the ability of a passive SONAR to detect tonals, it cannot be made smaller
than the expected Doppler shifts . Fat a p a44 Lve SONAR 4 y-6.tem, tkA.4
‘tequAJLe~ tha.t the u~uusum a~aep2abLe bandwALdth 06 -the en~tAte 4y4-tem be

w in Hz 0.7 • (range rate in knots) • (frequency in kHz)

Range Rate is the speed with which two objects approach or recede from each
other; it is the relative speed.

If a tonal of known frequency f is being received , and if it is desired to
determine the range rate, then the bandwidth w can be divided up Into
smaller Intervals4w by the use of parallel filters . The output of each
fi l ter Is processed, and the particular fil ter which provides a detection
indicates , within ~w, the Doppler shift of the detected tonal and thus the
range rate.

m
Parallel r i  J N
Filters ~~~~~~~~~~~~~~~~~~

I ...4..wf.. Frequency

1-’ .Md•~
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DOPPLER-SHIFT FOR ACTIVE SONAR

In the case of active SONAR , any motion of the platform will cause the
generated signal propagated into the water to have a frequency shift which
depends on the bearing into which it is sent. This Doppler-shifted signal
is subjected to a further Doppler-shift when it is reflected from the moving
target. Without going i nto the specifics of the various frequency shifts ,
we shall simply quote some results of interest:

Becau.6e °6 -the -two-way pt opaga.tLoi’t 06 acou4t~co2 ene.tgy 6.tom -the mov~Lng
4owLce -to -the movA.ng -taxge--t and ~then ke6 ec2-iLon back -to the moui.ng kec th’eiL,
-the ‘Lequ4ILed bandwA4~th 6°~ -the ‘z.eceivex 06 an actü’e SONAR -L4s

w in Hz = 1.4 • (Range Rate in knots) • (Frequency in kHz)

Notice that this is twice the bandwidth required in the passive SONAR case.

If the target is stationary with respect to the surrounding water,
then the desired echo will have the same frequency as the reverberation
and the ability of the receiving system to recover signal from noise will
be minimized. On the other hand , when the target is moving through the
water, then the echo and reverberation will have different frequencies and
detection may be much easier.

(This effect is easy to perceive: For exampl e, if you listen to the
received echo and the accompanying reverberation , it is quite difficult to
be sure that a weak echo is present if there is no Doppler-shift with
respect to the reverberation . On the other hand , if there is a Doppler-
shift, then the change in frequency heard when the echo arrives is quite
noticeable even for a rather weak echo.)

The4e con4~Lde.ko~t.Lon4 po-Ln-t -to the ~t~e o6 pa~.aLLeZ 6~Lte/z.6 °6 /te.&z-
tLve y na~ tow bandwLci-Ch4 -to 6ac~LA~ta~te he 4epa/La.tLon °6 ~~gnaL 6/t om fl.eve’L-
beita.tLon when -the dL66e.~tence SLit ~/ teqLLency L6 -6 malL.

The a-6e a6 p air.aJieL 6- ’Lten.4 Lit he n~eaeLve& 06 an act~ve 4y~temke4we~t6 Lit noi.4e-!J.nL4,ted p e ’t6o.kmance -Lit aLL ~itequejtcy -Ln-te’waL6 ~w wh.Lah do
no-C enaompa~ -the n~eve,’tbe.n.a..t-Lon 6keqcLency. If the echo from the moving
target is shifted into one of these intervals , detection is noise—limited .
If the target is stationary , or sufficiently slow , then the echo appears in
the same frequency interval as the reverberation , and detection is rever-
beration l imited if the reverberation is stronger than the ambient noise in
that interval .

a
E

r~l?el ~~~~ i
~-I~1-7

1•
~I p.

frequency

44t “ I
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DETECTION

To take advantag e 06 a na.ttow bandwLd-th and -~t~LL pen.mLt keceptLon o~a Vopp vt-~3k4ted &cgnal, ~Lt Lo nece64aiLy -to d~~J.gn a 4y6-tem -that empLo y4
many pa n.aJieL ~ Lte~~ ( each o~ nax ’tow bandwi.4th ~w) wh.-Lch -togethek couek
the en.t~.ite ~n.equ.ency n.ange 06 -Ln.te.ke4t.

The output of such a system might be presented in the manner shown
L below , where the shaded areas represent Individual filter outputs which have

exceeded the threshold T:

I I I Time
tl t2 t3

At any instant the outputs of the various filters might look like

I — — zFR ~~ — —

frequency

T

111
frequency

— — — — — a — —

frequency

where T is the threshold setting.
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DETECTION THRESHOL D

EL 2 DNL +

The detec.tLon pkuce~~ con~~~t~ 06 de ~ w.-t~ng a t~’teo ~w~d I wh-i ch ,
when exceeded , c4u4e6 a de-tectiLon -to be keco/t ded. If the signal is much
stronger than the noIse , It is clear that a threshold can be defined that
will allow valid signal s to be recorded while ignoring the noise. However,
when the signal and noise are of comparable Intensity , any threshold that
will catch a reasonable number of valid si gnals will also record “detec-
tions ’ when a valid signal is absent.

The probabilities of obtaining (1) a certain ampl i tude of the noi se 
—

alone and (2) a certain amplitude of the signa l -and-noise are sketched
below :

(1) (2)

I ~Z~~j detection

I false alarm

An I A~p~ ampl i tude A

where A~ the mean value of the amplitude with noise alone
= the mean value of the amplitude with signal and noise

a = a measure of the width of the curves (assumed equal)
I = the threshold

The shaded area marked “detection ” is the probability of making a val ’d
detection when the threshold is T. (The area under the curve is taken as Ufl ’’ y .

The shaded area marked “fa l se alarm” is the probabi lity of claiming a detec ’io r~when the si gna l is absent. Thus ,

P(D) the ptobabi.L~2y o6 de.tec2 .on = the area indicated by ~~~
P(FA) = the pt obab.~Utq o~ a 6aL6e ata.&m = the area indicated by

108



DETECTION INDEX d

We need to 6Lnd 6ome ~ mp€ e
cn.2.te.t~on d wh-~ch wLFJ de~ciubc
how the cwtu€6 o6 noiAe and

A5,~ - A~ 6J4naL-and-nocse oveii.Lap , s i nce
for a given value of threshold ,
it Is the overlap of the curves
which establishes the relative
values of P(D) and P(FA).

the 
Notice the configuration of

curves given in the first
graph. The curves are quite well-
separated, in that their peaks

C occur at amplitudes whose differ-
ence is larger than the c.

In the second graph , each
curve has the same average valueAn I ~~~ Amplitude A 
of A as before, but now the
a’ = 2a. The curves now are not
well -separated .

A
~~n 

- An
In the third graph, the

curves have the same o” as i n the
second, but the two have been
shifted farther apart so that they
are well-separated . Indeed , com-
parison of the first and third

)‘
I 

_ _ _

graphs wIll reveal that the amoun t
of overlap of the pai rs of curves
is the same: Notice that the
ratio of A s+n - A , to a~ in thefirst graph is i dentical with

___________________ that for the third .
A T A i t  i.~ ~the I_Lon be-tiij eens~n tht two cuxue4 sit wvL.t.-s 06 -the

~tdth o~( -the cu.tve4 wh.-Lc.h mg~~~te~how wed-4 epa.’tated $ize tzi~ c~m.veoA’ - A ’ ate.s~n fl

It is thus pl ausible to
define the detection index d by

~~~~~~
________________________________________________________________________

A I A’s*n

log



~~~~~~~~~~~~~~~~TIfl~~~~~~~~~~~

An T A
~~ 

A~ T

Study the effects of changing (1) the position of the
threshold and (2) the value of the detection index on the proba-
bilities of detection and false alarm. If the original conf igu-
ration of the no ise curve , signal-and—noise curve, and threshold
are as given in the top curve, then we can establish the indi-
cated 9(D) and P(FA) by the shaded areas. Now, if the threshold
is lowered, as in the second figure , then 9(D) shows some
increase, but the P(FA) increases rather drastically: L ow ekc ng
the thn.e -s ho t d Lncn.ea4 e~ the p n. ob a bLL L-t y °6 a de-tec - t-Lon , bat th e
“ c2u~-tte-t ” aL4o Lnckea4e4 .

On the other hand, if the noise curve and threshold are
maintained constant, but the signal gets stronger , then the curve
of signal—and—noise will move to the right. This means that the
detection index increases, and the 9(D) increases while P(FA)
remains the same. This says no more than that a stronger signal
has a greater probability of being detected .

If the statistical properties of the noise and the combined
signal—and-noise are known, then it is possible to make curves
of the 9(D) and P(FA) relationships for various values of detec-
tion index. These are known as Receiver Operating Characteristics
(ROC) curves.
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RECEIVER OPERATING CHARACTERISTICS

ROC

A representative set of ROC curves is shown below :

1.0
d = 4

2 1

0
0.8 — 

~~~lo er target only

0 6 — 
..~~lower thres d only

lower n se only
0

0.4 —

0.2

0 I I I
0 0 .2  0.4 0.6 0.8 1.0

P(FA)

Each SONAR cetve’t wtU ~~ owi-t ~nd~v~ dwt f -~,et

(i~~ ROC cu’Lve6.

111
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DETERMINING THE REQUIRE D P(FA)

To avoLd dL4’tap t~Lve nu.mb VL4 o6 6a 4e ata’tm~s , -the p - toba-
b-iiL-t y a6 obtaLn~ ng a 6ae4 e a a ’trn 6- ’T.om each ana ~.y4L4 06 -the
-teceLved 4Lg4a~ ma4-t be ca1~e~aUy con~t-toUed:

EXAMPLES :

1. A passive SONAR consists of 10 parallel f i l ters, each
of which is analyzed for 1 sec. If there is to be no more than 

—

1 false alarm every 10 sec , what must P(FA) be?

In 10 sec, there have been 100 samplings of the outputs of
the f i l ters .  Tha4 , -the.-’i.e ma4-t be a P(FA) = 1/100 = lO

_2 
6o-’t.

each 4a mp Ce . .

2. An active SONAR has a 3.6° beamwidth and looks into
all bearings. The pulse duration is 66.7 msec and the maximum
useable range is 20 km. Each time the range-bearing di splay is
presented , which is once for each pulse , there must be no more
than 10 false alarms. (This would yield 10 “blips ” on the dis-
play for each pulse. The operator watching the display could

be trained to ignore individual blips, but to watch for the same,

or neighboring , range—bearing cells showing blips for a succes-
sion of displays.) Find P(FA).

There are 100 beams of 3.60 width. The receiver cannot

distinguish between two targets on the same bearing if they are
separated by a range increment less than CT (c is the speed of
sound in the water and t is the pulse duration) . As a result ,
there are 20 km/ (cT)  = 2 x ~~~ m/(l500 rn/s 

. 66 .7  x ~~~~ sec)
= 200 range increments in each beam. Thus, there are 100 x 200

= 2 x ~~~ bearing range cells examined in each pulse. No more

than 10 of these must be registering a false detection . It

6oUow4 -that P (FA )  = 10/ (2 x 10~ ) = 5 x 10~~~.

Notice that d must be large enough that for 9(D) = 0 .5  the
P (FA )  will not exceed the maximum decided upon . This sets a
lower limit on d and an upper limit on the range of detection .
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DETECTION INDEX AND P(FA) FOR SPECIFIED P(D)

The curve below shows a REPRESENTATIVE plot of the rela-
tionship between d and P(FA) for the case P(D) = 0.5. It was
obtained from a set of ROC curves similar to those on page 111.
A similar curve could be obtained for any specified 9(D).

30

P ( D )  = 0.5

20

d

10

0 L I I LIII I I I I liii 1 1 1 1 1 1 1  _f 11111 1, I 1 1 1 1 1 1 1  I i l l  lil t 
_________________

io~~ io . 6  
lO~~ io 4 io~~ io 2 io~~

P (FA)

Th A 6  cuitve t& kep 4e-~enta-tLve on F..q! Every SONAR system
41.11 have its own specific ROC curves and therefore  i ts  own
set of d vs. P (F A )  curves for  each 9 ( D ) .
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DETECTION THRESHOLD (PASSIVE)

SL - TL � DNL +

For a passive detection system with a completely unknown
*signal and Gaussian noise, the best performance is obtained by

filtering in a bandwidth w and then taking the square of the

signal , and accumulating over a processing time i. If the

signal-to—noise ratio is small, it can be shown that the

detection threshold for this process is

DTe = 5 2og

where wt is called the time-bandwidth product.

To decrease DT for a fixed d, it is necessary to increase

the time-bandwidth product.

Footnote:

The detection threshold used in this material is that cal-

culated over the complete bandwidth of the processor. It often

occurs that what is specified is the detection threshold in a
one Hertz bandwidth , DT(l). This latter quantity occasionally

leads to SONAR equations which have a slightly simpler format

when it is assumed that the spectrum levels are constant over

the bandwidth of the system. Otherwise, we feel that the use

of DT(l) introduces more possibilities for confusion , so that

its use creates more problems than it solves. [In pa’~tLaa1.cvt,

L6 Wt-LaIz ’4 boo !z -L4 ~.tadLed , -L-t mu.~s-t be 6uU- w an d e/ t4 to od -that
whe-tea4 he a4e ~ DT th ’t o u.gho u..t mo4-t 06 the . text , hL4 a hap ten.
devoted -to the de.tec-tLon -th’te.4ho d a~e~ DT(1).] The formula

relating the two quantities is

DT(l) = DT + lo Z o g w .

*Gaussian noise means noise whose curve of probability density
P(A) vs. amplitude A resembles the “bell-shaped” or Gaussian
distribution. -
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DETECTION THRESHOLD (ACTIVE)

SL - 2TL + IS ~ ONL

Energy Detection
If , as was the case for the passive SONAR equations , the mechanism for

the detection of the desired signal is based on detecting an excess of
acoustical energy in the frequency band of interest, then we have the same
expression for the detection threshold,

Die 
= 5 tog~~

where t is the integration time. In the case of active sonar , -r should be
the duration of the received echo. If the integration time is less than or
greater than this pulse duration , it can be shown that the OT is i ncreased
above this expression , and performance degraded .

Correlation Detection
An alternative mode of signal processing is possible in the case of

active SONAR. Since the amplitude and frequency properties of the tone
burst generated by the source are known , it is possible to search for a
signal of these same properties in the received echo. If the detailed
shape of the received echo matches that of the sent pulse , then it can be
shown that the detection threshold is given by

DTc = lO Zog~~~

There are many modifications of this basic idea , but all rely on the tech-
nique of multiplying the received signal by a time-delayed model of the sent
pulse and integrati ng the resultant product over the pulse duration . This
Is done for monotonica lly increasing delay times , and the resulting function
of delay time studied for t)ie presence of a sharp peak representing the

matching of the delayed replica with the same signal appearing in the
received signal and noise . In p’Laat~ce., -the 6-LitA.~te. -~-Lze. o6 the twtget,
mu2t~path -Ln-te.&6e-’~ence, and the 61~uc.tua~t.~on4 £n.ttodaae.d by the iithomogerteJJ..-Le4
o6 the -tltanomiA4-ton °6 the 4-i.~naL tMou~h the ~w~.-te’t a.&e~t -the ‘iece~ve.d echo
4S0 that the co~te2o2ion pn.oce.-64 L.~ not a4 good ao wouLd be de.4i.ited. A4 a

-teouLt, the Di 6a’~. a Ma2 5y4-tem opeizatLng tn the ~.eaL won2d -1.4 mo’te than
the -theo ’~e.t~c.a2 ex~’te.44Lon wouLd ~tedLc~ .
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PUTTING IT ALL TOGETHER

LIST OF SYMBOLS

EL = Echo Level (active), or received Signal Level (passive)--

The desired signal level sensed by the detector.

ML = Masking Level

DNL = Detected Noise Level —

DT = Detection Threshold

SL = Source Level

TL = Transmission Loss

TS = Target Strength of the desired target (active)

BL = Band Level

PSL = Pressure Spectrum Level

SSL = Source Spectrum Level

NL = Noise Level

NSL = Noise Spectrum Level

DI = Directivity Index of acoustical source or receiver

AG = Array Gain of the receiver

RL = Reverberation Level (active)

TS’ = Target Strength of scatterers causing reverberation

(active)

- = pulse duration of the acoustical signal or processing

time in the receiver

= a measure of the scattering cross-section per unit volume

S~, = scattering strength for volume scatterers

s = a measure of the scattering cross—section per unit area

s~ = scattering strength for surface scatterers

w = bandwidth of the receiver

d = detection index for the receiver



PASSIVE SONAR EQUATIONS

SL - TL � DNL + DT

DNL = NSL + 10 -eog w - AG

8RO A V8ANV Will -I N E G L I G I B L E  TO NA LS 
—

If SSL and NSL are essentially constant over the band
width w of the receiver ,

(SSL + 10 Log w) - TL � [(NSL + 10 Log w) - AG] + DT

or , as is often written ,

SSL - TL � NSL - AG + DT

TONALS WITH NE(LIG IBLE CON TRIBUTION FROM SA CKGRO UNV

If SL is the source level of the tonal(s) in the bandwidth
w of the receiver and if NSL is essentially constant over w ,
then

SL - TL � [(NSL + 10 Log w) - AG] + DT

I~ both tona 4 and b-’toadbo.vtd vtoL4 e. appea’t -Ln the. ‘le.caLvVt
bandwLdth , the totaL Soutce .  L e ve L  mu4-t be obtaLned by 4ubdLvLdLng
the 6uLL bandw-~.d-th -Lnto 4ma Ue/r.  - 6 e .g me.nt4 , 6-~nd-Lng the Sand Le.vet

604 ea ch segment and then aombLnLng aLL the LeveL4 .
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ACTIVE SONAR EQUATIONS

SL - 2TL + TS � DNL + DT

(NSL + 10 Log w - AG for noise
DNL =

~ RL for reverberation

NO1SE-LIMZTEV CONVITIOW .S

SL - 2TL + TS � NSL + lO Log w - AG + DT

REVER BERAT IOW-LIM 1TEV- - COWV IT IONS

SL - 2TL + TS � RL + DT

c~r

TS - TS’ � DT
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EXAMPLE 1

A submarine with a 160 dB re lijPa line at 500 Hz crosses a

convergence zone at 40 km from an omnidirectional hydrophone.

The bandwidth of the receiver is sufficient to encompass a
range rate of 20 kts and the Sea State is 3. Assuming a

convergence gain of 11 dB, find out how long the signal must
be accumulated to give a P(D) = 0.50 and a P(FA) = l0~~~. —

SoLu-tLon :

The passive SONAR Equation is

SL - TL � DNL + DT .

Given: SL = 160 dB re ipPa
f = 500 Hz

rCZ = 40 km

= 20 kt (required capability)
DI = 0 ( omnidirectional receiver)
G = 11 dB

The expected Transmission Loss at 40 kin is:
TL = 2O L c g r + a r - G

= 20 Log(4  x l0~ ) + (2  x l0~~~) (4 x l0~~) — 11 dB

= 92 .0  + 0.8 — 11 = 82 dB

The Detected Noise Level in a Sea State 3 is found from

DNL = NSL + 10 Log w - DI
where

w = O.7(20)(O.5) = 7 Hz

Thus DNL = 66 dB + lO Log 7 - 0
= 66 + 8.5 = 74.S dB re lpPa

Now, solve for DT:

DT � SL - TL - DNL = 160 - 82 - 7 4 . 5
= 3.5 dB
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Also ,
DT = 5 Log~~~~.

But d = 15 for P(D) = 0.5, P(FA) = l0~~ , as obtained from
the curve on page 113. Then

d 3.5Lo g —  = —  —wt 5

= 10~~ = 5.0
WT

d
T = 5.0w

3
T = ~~ sec ,
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E XAMP LE 2

A conventional submarine at periscope depth is traveling at

4 kts. The Sea State is 3 and the mixed layer depth is 100 m .
At what range will the submarine be detected by a 36 m deep

hydrophone listening at 1000 Hz if DI = 20 dB and DT = 0 dB?
Assume broadband detection.

SoLu—t-~on :

The passive SONAR Equation is

SSL - TL � NSL - DI + DT.

Given: = 4 kt f = 1000 Hz

D = lOO m DI = 20 dB
z = 36 m DT = 0dB

In the absence of other information, SSL is estimated from
the material in the text to be

SSL = 120 dB re l iipa

For NSL, take the value at 1000 Hz for Sea State 3 from the

graph on page 97 , NSL = 62 dB re l iipa.
Now

TL � SSL - NSL + DI - DT

or
TL � 120 - 62 + 20 - 0 = 78 dB

For sound to be trapped in the mixed layer, the fr equency f
must exceed

~min = (2 x 105)D 3’12 = 200 Hz

Since f 1000 Hz > 
~min’ 

the sound can be trapped , and we can
use TL for the mixed layer ,

TL = 10 Log r
~ 

+ 10 Log r + (a + b/r 5)r

if r > r
~
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Since we don ’t know the exact depth of the submarine noise
source in the mixed layer , we use the receiver depth instead
to obtain rt. The receiver is probably deeper than a conven-
tional submarine at periscope depth, so this choice gives a
larger rt and hence a more conservative estimate of TL.
Then

= 1OSD/(D — = 105 x 100/8 = 1310 m 
—

r = 840 D½ = 840 x 10 = 8400 m

From the graphs and equations: a = 6 x lO~~ dB/m
b = 3.1 dB/bounce (Schulkin)

Then -4a + b / r 5 = 4.3 x lO dB/m
so that

TL = 10 Log 1310 + 10 Log r + (4.3 x l0~~) r ~ 78 dB.

Re—arrange

10 Log r + (4.3 x 10 4)r � 47 dB for detection.

Solve this by trial and error. Begin by ignoring absorption
(thus over-estimating) and find the initial value of r from
Log r = 4.7 or r = 5 x lO~ m . The solution then proceeds as
in the table below:

r 10 Log r (4.3 x l0 4)r Total

5 x l0~ m 47.0 21.5 68.5
2 x lO~ 43.0 8.6 51.6
1.5 x ~~~ 41.8 6.5 48.2
1.3 x 1O4 41.]. 5.6 46.7
1.34 x ~~~ 41.27 5.76 47.0

Range at detection is r = 1.34 x lO~ m which is beyond r
~
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‘I
EXAMPLE 3

• Repeat Example 2 with f = 100 Hz. Assume “heavy shipping” as
would be encountered in the Mediterranean Sea.

Sotu-t~L on :

We have the same SONAR Equation, 
—

SSL - TL � NSL - DI + DT.

D = lOO m

f . = (2 x 105)D 3”2 = 200 Hz

Then f = 100 Hz < 
~minSea State 3, NSL1 = 61 dB 

~ NSL = 75.7 dB (nomogram)
Heavy Shipping, NSL2 = 75.5 dB~
Absorption , a = 1.0 x l0 6 dB/m
DI = 20 dB

DT = 0dB

SSL = 133 dB from page 84.

Because there is no trapping , and in the absence of any
other alternative, we use spherical spreading:

TL = 20 Log r + ar
Now, TL � SSL - NSL + DI - DT
or TL�133 - 75.7 ÷ 2 0 - 0  = 77.3 dB

Must solve 20 Log r + (1 x 10 6)r = 77.3

Neglect absorption for first estimate: r = 7.3 x 1O3 m.

r 20 Log r (I x 10 6)r Total

7.3 x 10~ 77.3 7.3 x l0~~ 77. 3

Thus , absorption proves negligible and the range at detection
is just the first estimate:

r = 7.3 x ~~~ m

This example points out the importance of always checking to
see if any assumptions have been violated by the given parameters.
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EXAMPLE 4

An active SONAR operates at 1 kHz with a source level of 220 dB

re l.iPa, a directivity index of 20 dB, a horizontal beam width
of 10°, and a pulse length of 0.1 sec. Correlation detection

is used and it is desired to have P(D) = 0.50 with P(FA) =

The target strength of the submarine is expected to be 30 dB

and its speed may be up to 20 kts. Both the SONAR and the 
—

submarine are in a mixed layer of depth 100 in with the source

at 36 m. The Sea State is 3. The scattering strength for sur-

face scatterers is —30 dB , and volume scattering is negligible.

Find the maximum range of detection for 50% probability of

detection.

SoLu~t~Lon :

The SONAR Equation is

SL - 2TL + TS � DNL + DT.

Given : f = 1 kHz = 20 kt

SL = 220 dB re li.tPa Sea State = 3

= 0.1 sec S = —30 dB

DI = 20 dB TS = 30 dB

e = 100 D = lOO m

Z~ = 3 6m

The statement of the problem suggests that the necessary band-

width of the receiver is not divided up among parallel proces-

sors, so that (1) the ambient noise must be calculated across

the full bandwidth of the system, and (2) echo and reverberation

cannot be separated in frequency .

Evaluate the separate terms:

DT = 10 Log~~~~~
d = 15 by the same calculation as in Example 1.
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w = 1.4 ~ f = (1.4) (20 kts) (1 kHz) = 28 Hz

DT = 10 Log 15
~ = 4.3 dB

(2) (28 sec ) (0.1 sec)

TL = 10 Log r
~ 

+ 10 Log r + (a + b/r5)r

r~ = 1310 in

r5 = 8400 m from Example 2 —

a + b/r5 = 4.3 x l0~~

TL = 10 Log r + (4.3 x 10 4)r + 31.2

DNLN = NSL - DI + lO Log w SS = 3

NSL = 62 dB from graph on page 97

DI = 20 dB

DNLN = 62 — 20 + 10 Log 28 = 42 + 14.5

= 56.5 dB re ipPa

DNLR = RL = SL - 2TL + TS’ S~ = -30 dB

TS = + 10 Log 

~
f. + 10 Log r 8 = l0°(1j~.o) =

= —30 + 10 Log (-rn/18) (1500) (0.1) 
+ 10 Log r

= —30 + 11.2 + 10 Log r

= -18.8 + 10 Log r

DNLR = 220 — 2[lO Log r + (4.3 x l0 4)r + 31.2) + (—18.8 + 10 Log r]

= 138.8 — 10 Log r — (8.6 x 10 4)r

Rewrite the SONAR Equation

2TL � SL + TS - DNL - DT

� 220 + 30 — 4.3 — DNL

or 2TL ~ 245.7 - DNL
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FOM = 2TL -
Range 2TL DNLR DNLN DNL 245.7 - DNL FOM

m 150.9 dB 90.2 56.5 90.2 155.5 —4.6

2 x l0~ 165.6 78.6 56.5 78.6 167.1 —1.5

4 x l0~ 188.8 58.4 56.5 60.6 185.1 +3.7

3 x l0~ 177.7 68.3 56.5 68.6 177.1 + .6 
—

2.5 x 1O4 171.8 73.4 56.5 73.5 172.2 — .4

2.8  x ~~~ 175.4 70.3  56.5 70 .5  175.2 + .2

2.7 x l0~ 174.2 71.3 56.5 71.4 174.3 — .1

2.73 x ~~~ 174.6 71.0 56.5 71.1 174.6 0

Maximum range is 2.73 x l0~ in.
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APPENDIX: LOGS

I n 4 - t/L u.c~t-Lon4 : For each lettered SECTION, first attempt to do

the problems. (The answers are on the last page.)

a) If you encounter no difficulties, skip to the next

SECTION.

b) If you do encounter difficulties, read through the

discussion and then try the problems again. Go to the next

SECTION only when you can do the problems without difficulty .

A. EXPONENTIAL NOTATION

Problems A

1. Write each of the following numbers in exponential form:

a) 2,365,000 = 2.365 x 1o 6
b) 872

C) 3340

d) 42.1

e) 612
f) 1.0

2. Write each of the following numbers in conventional form:

a) 2.689 x 102 = 268.9

b) 7.30 x io2

4c) 6.29 x 10

d) 8.9 x io6

e) 3.261 x io2

f) 1.00 x 100

3. Write each of the following numbers in exponential form:

a) 0.00252 = 2.52 x l0~~
b) 0.012

c) 0.00002

d) 0.01002

e) 0.00328

f) 1.0
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4. Write each of the following numbers in conventional form:

a) 1.03 x lO~~ = 0.00000103

b) 3.2 x l0 2

C) 6.89 x 1O~~
d) 1.003 x

e) 1.00 x l0~~
f) 1.10 x l0 0

A 4acc-Lna-t way 06 exp 4e44 -Lng ve~ y La4ge and v e/ty 4maLL
numbvt4 -L~s by exponent i o2 (cit 4c~Lent~L 6- La )  nota-tJ ..on.

For example, one-hundred and twenty-six million can be

written either as

126 ,000,000

or as

1.26 x io8,

where the exponent 8 denotes the number of places that the

decimal must be moved to the right to express the number in
its conventional form.

As another example , one—hundred and twenty millionths can
be written either as

0.000120

or as -

1.2 x

where the negative exponent denotes that the decimal place is

to be moved to the left.

There is no unique way of expressing a number in exponen-
tial form . (Note that 1.26 x 108 = 126 x 106 = 0.126 x l0~ .)

A 4pea-LaL acz4 e that ma4-t be watched -L~s

I l = i x l o 0 = loj
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B. ALGEBRA OF EXPONENTS
Problem s B
1. Calculate the following and express the answer in exponential

form:

a) 6.15 x l0~ + 2.34 x l0~ = 8.49 x 1O3

b) 3.2 x 102 — 1.46 x l0~
C) 9 .lx lO 4 + 2 .4x10 5

d) 3.58 x 10 2 
+ 1.26 x i0 2

e) 6 x l0 6 
+ 3.281 x l0~~

f) 3.5 x l0’~ — 2 x 10
1

2. Calculate the following and express the answers in exponen-

tial form:

a) (2.50 x 106) x (2.00 x l0~ ) = 5.00 x 1010

b) (4.40 x lO~ )/(2.20 x l0~ )

C) (3.26 x 10~ ) x (2.00 x l0
_2
)

d) (5.34 x lO
_2
)/(2.67 x l0~ )

e) ( 8 . 6 8  x lo~~~~/ 4 . 34 x l0~~~)

3. Calculate the following and express the answers in exponen-

tial form:

a) (1.1 x 104)2 = 1.21 x l0~
b) (2.0 x

C) (1.44 x l02)½

d) (1.44 x

e) (8.0 x 106) 1/3

f) (2.56 x 104)0.5

g) (8 x l0 6)0.3333.

To a dd and ~u.btitact na mbe~t4 exp - te44e d -Ln e~ p onent~LaZ 6 0km

~L4 neae44aJty to e.~p/te44 both numbe-t4 £n the ~Sctme exponent .

For example, adding 3.56 x l0~ to 2.1 x is accomplished by

3.56 x l0~
0.21 x iO~
3.77 x l0~
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When asked to subtract 8.67 x 10
_i 

from 2.23 x ~~~ note that

the answer is 2.23 x lO s: the term to be subtracted affects

the larger term below the figures retained .

Exponential notation is very helpful in calculations

involving multiplication and division. We see that

120 x 2000 = 240 ,000

or
(1.2 x 102) x (2 x i0~ ) = 2.4 x lO~ 

—

and

36,000/200 = 180

or 

(3.60 x 10~ )/(2 x 10
2) = 1.8 x 102.

The rules are simple:

In maLt-LpL~Lca-t-L on , e.xpo nen -t4 add : iO~ x 10
m 

= 10 (n4-m )

In d~tv-~4-Lon , exp onent4 4ubtita.c-t: 10n/10m = 10 (n—m)

A result of these rules is the useful conversion

= 100/10n = l0
_n 

,

which allows exponents to be moved between numerator and deno-

minator.

Power and roots are trivial in exponential notation :

(1.2 x 103)2 = (1.2 x 10~ ) x (1.2 x 1O~ ) = 1.44 x io 6 ,

or , for any power n

= i0mn]

and ,

(1.44 x 106)½ = (l.44)½ x (i0 6)½ = 1.2 x l0~
or for any power of n

~~ 

(10m)1/n = 10m/n
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C. LOGS (IN BASE TEN)

Problems C

1. Evaluate y
3a) y = L og lo

b) y = L o g l0~
6

C) Log l0~
’ = 4

d) Log l0~’ = - 3
e) Log l0~

’= 0

The Lo g 06 x -L4 de6Zned a~ ‘te pow en.  to wh-~ch 10 mLL4t be
ka-.~4ed to g e t  x :
If

b y 
=

then

y = Log x

The Log of x is y

The Log of 1 is 0: 1 = iO n ; Log 1 = Log 100 = 0.
The Log of 10 is 1: 10 = io1 ; Log 10 = Log 101 = 1

The Log of 100 is 2: 100 = 102 ; Log 100 = Log io2 = 2.

Thus,

Log lO x’ = 
~
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D. DECIMAL EXr )NENTS

Problems D

The table below will allow you to calculate, with a fair

degree of accuracy in interpolation , all Logs.

x 1.0 1.2 1.5 1.7 2.0 2.5 3.0 3.5

Log x 0.00 0.08 0.18 0.23 0.30 0.40 0.48 0.54

x 4.0 5.0 6.0 7.0 8.0 9.0 10.0

Log x 0.60 0.70 0.78 0.85 0.90 0.95 1.00

If more accuracy is desired , it will be necessary to use a slide

rule , calculator , or more exact tables.

1. Find 3. Find

a) Log 4 a) Log 51/3

b) Log 40 b) Log 0.333...

c) Log 0.4 c) Log 480

d) Log 42 d) Log 0.08~”~
e) Log 1/4 e) Log 1071

2. Find the number whose Log is: 4. Find the number whose Log is:

a) 0.70 a) 3.60

b) 1.70 b) 2.60

c) —1.30 c) —3.10

d) —1.70 d) —2.60

e) —2.70 e) 2.68

So far we have assumed integer exponents, but everything

we have said also is true for decimal exponents. For example,

since

io030 = 1.995... 2.0
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the Log of 2.0 is very close to 0.30

Log 2 0.30.

As another example,

Log 5.0 0.70

since

100.70 s.o. —

Recall that Log lO~ = y. This can be used to generate several
very useful relations:

1. Let x = 10a and ~ = 10b Then,

Log xy = Log loa lob Log i0a+b a + b = L o g x + Log y

which yields the relation

Log xy = Log x + Log y ]
For example, Log 36 = Log(4 . 9)= Log 4 + Log 9 = 0.60 + 0.95 = 1.55.
As another example,

Log 0.2 = Log(2 x 10 1)= Log 2 ÷ Log 10
_i 

= 0.30 — 1.00 = -0.70
2. Let x = 10a Then ,

n a n  anLog x = Log (10 ) = Log 10 = na = n Log x
which yields the relationship

[ Log x~ = n Log x

For example, Log 36 = Log 62 = 2 Log 6 = 2(0.78) = 1.56
3. From the above,

1 —lLog ~ = Log x = -i Log x = -Log x,

Log~~ = - Log x

For example, Log 0.2 = Log 1/5 = - Log 5 = —0.70
Any Log can be brought into the range of the above table:
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For example,

a) To find the Log of a number greater than 10, proceed
as follows:

Log 7000 = Log (7 x 10~ ) = Log 7 + Log 1O3

= 0.85 + 3 = 3.85.

b) Analogously, for a number less than 1,

Log 0.003 = Log (3 x l0~~) = Log 3 + Log 10~~

= 0.48 — 3 = —2.52
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E. THE DECIBEL

Problems E

1. Express these signal—to-noise ratios in dB:
a) 2

b) 1/2

c) 10

d) 1/10 - —

e) 100

2. The voltage of a signal is 1 Volt: find the signal level
with reference to the following voltages (expressed in Volts):
a) iO 12

b) l0 6

c) 1

d) io6

12e) 10

By convention, when the Log of a pressure or voltage is mul-
tiplied by 20, the resulting number is said to be measured in
“decibels” , denoted by dB.

20 Log 2 = 20 (0.3) = 6 dB

20 Log 10 = 20 (1) = 20 dB

Decibels are used in two different ways:
a) -to expke4.6 a -tat-La, such as the signal—to—noise ratio

I signal—to—noise ratio = 20 Log (signal voltage/noise voltage)~
b) to exp 4 e44 a LeveL, such as the signal level

r signal level = 20 Log (signal voltage/reference voltage) J
In the latter case it is absolutely essential to specify the
reference. e.g., “the signal level is 120 dB re i0 6 Volts” .
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ANSWERS 
-

Problems A:

1. a) 2.365 x 106 3. a) 2.52 x l0~~
b) 8.72 x io2 b) 1.2 x io

_2

c) 3.34 x 10~ c) 2 x l0~~
d) 4.21 x 101 d) 1.002 x lO

_2

e) 6.12 x io2 e) 3.28 x l0~~ 
—

f) 1.0 x 100 f) 100

2. a) 268.9 4. a) 0.00000103

b) 730 b) 0.032
c) 62 , 900 c) 0 .00068 9
d) 8 , 900 , 000 d) 0. 1003
e) 326.1 e) 0.100

f) 1.00 f) 1.10

Problems B:
1. a) 8.49 x ~~~ 3. a) 1.2 x 10~

b) —1.14 x l0~ b) 1.6 x i0 11

c) 3.3 x 10~ c) 1.2 x 1o1

d) 4.84 x l0 2 d) 1.2 x 10~~
e) 3.34 x ~~~~ e) 2.0 x io2

f) 3.5 x l0~ f) 1.6 x 102

g) 2.0 x

2. a) 5.00 x 1010

b) 2.00 x i0 1

C) 6.52 x 101

d) 2.00 x

e) 2.00 x 10

Problems C:

1. a) 3

b) -6

C) 4

d) -3

e) 0
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Problems D:

1. a) 0.60 3. a) 0.23
b) 1.60 b) —0.48
c) —0.40 c) 2.68
d) 1.20 d) —1.86
e) —0.60 e) 3.14

2. a) 5.0 4. a) 4.0 x l0~ 
—

b) 50 b) 4.0 x 102

c) 0.050 C) 8 x
d) 0.020 d) 2.5 x l0~~
e) 0.0020 e) 4.8 x 102

Problems E:

1. a) 6 dB 2. a) 240 dB re 10—12 V
b) —6 dB b) 120 dB re l0 6 v
c) 20 dB c) O dB r e l V
d) —20 dE d) —120 dB re 10+6 v
e) 40 dB e) —240 dB re 10+12 V
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