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ABSTRACT

This report involves the application of ideas in adaptive stochastic
control to economics.

We investigate the control problem for a linear, multivariable, dynamic
system with purely random (i.e. white) parameters. The quadratic cost
criterion is formulated to make the problem a tracking problem. Since the
parameters are modelled as white stochastic processes, there is no
posterior learning and no dual effect. The certainty-equivalence principle
does not hold. We find that the extension of the “Uncertainty Threshold
Principle” from scalar systems to multidimensional ones turns Out to be
analytically intractable.

Next, we derive sensitivity equations for the above optimal system to
study the effects of small variations in parameter uncertainties on the
optimal performance of the system. These equations enable us to rank
parameters in order of the sensitivity of the performance to variations
in their variances. This makes it possible to locate the “pressure”
points in a model , if any exist.

We then convert an economic policy problem into a stochastic optimal
control tracking problem and analyse it with the equations we have derived.
We study the different elements that enter into a tracking problem and
then discuss the empirical results obtained from the sensitivity equations.
The model we choose for the analysis turns out to be insensitive to
variations in parameter variances which makes it reasonably reliable.
We also analyse in detail the structure of the model and the inter-
dependences of the state and control variables.

General purpose computer programs are included in one of the appendices.
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CHAPTER 1

INTRODUCTION

1,1 Adaptive Stochastic Control

Though research in stochastic control has progressed in the last

decade , there does not exist at present a general , computationally viable

theory of optimal stochastic control .  Richard Ku , in his doctora l thesis

[ 1] ,  gives a survey of this  area. Bellman [2] f i rs t  introduced the

concepts of ‘ information pattern ’ and ‘learning ’ . Feldbaum [3] expanded

on this in his celebrated four part paper on the theory of dual contro l ,

in which he identified the two distinct roles an optimal controller must

play to be t ruly opt imal .  The controller must actively try to ident ify

the unknown parameters of the system and simultaneously try to control the

system . He showed that in such dual control systems there may exist an

inherent conflict between applying the inputs for learning and for

effective contro l purposes. This introduced the concepts of caution and

probing and the possible trade-off between them. For some insight , the

reader might want to refer to a paper by Sternby [4] , in which he solves

a simple dual control problem analyt ical ly  and compares the optima l

solution with other suboptimal strategies.

Bar-Shalom and Tse have further clarified the concept of dua l

control and various related concepts like separation , certainty-

equivalence , neutrality and have also made precise the subtle differences

between closed-loop optimal policies and feedback optimal policies

arising from different information patterns. These can be found in

[5] - [9]. On the last point there is an excellent paper by Dreyfus [10].

- 

-

~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~~~~
~.
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Since the permissible controls are causal , the only information

about future observations that can be used by the controller is the

probability distribution of these future observations. This knowledge

is what makes the difference between a feedback control policy and a

closed-loop control policy . It is only the lat ter  pol icy that uses this

information to advantage. The feedback law at time t uses information

only upto time t .  And it is this difference that makes the dual effect

possible. A control is said to have a dual effec t when , in addition to

i ts  effect  on the state of the system , it is able to affect the

uncertainty of the state of the system . If the control cannot affect

this uncertainty , then the system is called neutral .  If the dua l effect

is present , then the control can help t~ improve the future estimation

and in so doing faci l i tate  the task of the control. In this case the

contro l is said to be actively adaptive . Precise definitions of these

terms can be found in the references cited above.

It turns out , however , that we cannot solve the adaptive control

problem except for special cases. In fact, the decision problem in

linear systems with unknown parameters is actual ly  a nonlinear stochastic

control problem [7], [47]. There are two ways in which we can make

approximations to make the original problem mathematically tractable.

Cne is to approximate the optimal law . The second is to approximate the

linear system as having random parameters that are uncorrelated in time ,

or white , in engineering jargon, and to obtain the ‘~çtima l control for

this approximate systPrn which may now be possible analytically. This is

the route we shall take in this report. We shah find that our

assumption of white parameters makes identification impossible which means
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there is no probing action thereby making the problem solvable.

Before we turn to a mathematical description of the problem , let

us first survey the interactions of control theory and economics, as we

shall be applying our techniques to an economic policy problem.

1.2 Control Theory and Economics

In recent years , several workers have begun to find the techniques

of optima l control theory to be usefu l to the analysis of economic

problems . Some of the basic concepts of system theory and, in particular,

of stochastic optimal control theory may be able to provide a more unif ied

and comprehens ive analytical framework for posing and solv ing econom ic

problems. Kendrick f 12], Athans and Keridrick [13], and Aoki [14] have

written good survey articles with extensive bibliographies on the

different areas of interaction between economists and control theorists.

The earliest instances of such intercourse began to appear in the 1950’ s

with the work of Tustin 115] , Phillips 1161 , Theil [17] and Simon [18] .

After this , there seems to have been a total absence of dialogue until

the 1970’s. This decade has seen, however, an encouragingly large

number of interactions . Aoki, Chow, Kendrick and Pindyck , amongst

others, seem to have been the more prominent contributors, [19] - [38].

Though there is still a debate about the degree and kind of applicability

of control theoretic ideas and methods , it is significant that the debate

does not question any more the fact of the basic usefulness of control

theory to economics. One cannot emphasize enough, however, the need

for control theorists to thoroughly understand the economics they wish

to apply themselves to. Also , economists would do well to appreciate

\
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the different tools developed in control theory together with the

limitations of these tools.

The appl ications of control theory have been in different areas of

economics var ious microeconomic probl ems and macroeconom ic stabilization

and regulation problems. Examples of microeconomic applications are

profit maximization in a firm , optimal advertiz ing levels , analysis of

commodity markets , optimal price setting in the face of uncertain consumer

response , and others , all in a more general dynamic setting . The reader

can find references in the survey articles cited above and in 138].

A natural area for control applications is the analysis of

macroeconomic policy p lanning prob lems . Economic policymakers are

interested in controlling the national economy with the various instruments

they have at their disposal . The economy is, firstly, a dynamic entity ,

in which present policy action affects not only the present but also the

future course of events. Secondly, it is essentially a stochastic entity

as well , so that some way of incorporating uncertainty at a basic level

is needed. This makes the regulation of the economy a natural stochastic

control problem.

A number of questions arise in the evaluation of the performance

of the economy under different specifications of the policy instruments.

First of all , we need to specify goals in terms of which this performance

can be evaluated. Once we have succeeded in formulating clearly our

objectives, how do we look for good pol icies? In general , one might

expect a good policy to coordinate all the available instruments in some

suitable way. How do we compare different “good” policies? Is there an
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unique optimal policy? Many other related questions can be asked .

Optimal contro l seems to offer a natural , precise framework for address ing

such questions.

Ano ther po int, in a sl ightly different vein , needs to be made

here. System theory can make a far more basic contribution as well. Much

conventional economics is done in a sociopolitical vacuum from which all

traces of conflict, comprom ise, imba lances of power, human factors in

policymaking and other so-called imperfections have been conveniently

removed . If one is to adopt a realistic approach to real problems, then

a more comprehensive viewpoint at a fundamental level is needed , and to

the extent that science can illuminate our understanding of human

“systems”, system theory has the potential to incorporate a larger view .

(This , of course , is not to ratify the argot in the pseudosciences of

“Genera l Systems Theory” f 39] or “System Dynamics” [40].)

Economists and control theorists approach their models with

different attitudes and this has, to some degree , influenced the tools

they use. In economics , many aspects of the models are rather arbitrary

since the sheer complexity of real economic phenomena force model

builders to adopt many simplifying and of ten unreal istic assumptions for

reasons not entirely justifiable on economic considerations alone. This

is in addition to the fact that economic theory today does not as yet

have a rea l l y  fundamental grasp of economic phenomena. Conscious of this

arbitrariness to some extent, economists do not take their models

literally and are generally content with establishing qualitative

properties of their models such as existence of optimal decision rules
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and properties of classes of optimal decision rules such as stationarity

and stability. Time has played a relatively minor role in these models ,

though recent economics has considered it more adequately.

Eng ineers , on the other hand , do have a better and deeper

understand ing of the eng ineer ing systems they model , relatively speaking ,

and so tend to trust their models to a far greater degree. They generally

analyse their systems in detailed quantitative terms, and construct and

implement algorithms for optimal decision rules, in addition to studying

the qualitative features of their systems . Most models do take into

account the dynamics of the system.

The focal point of the interaction here has been the trad itional

macroeconometric model which , after suitable transformation, can be

recast into the state-space representation familiar to engineers.

Economists usually assume that the main state variables can be measured

exactly. Also, they emphas ize the estimation of unknown parameters.

Eng ineers , on the other hand, usually take parameters as given and deal

with observation errors instead . In 1311 , Kendr ick observes that the

data used by policy analysts to determine monetary and fiscal policies

are known to contain errors. Such data are being constantly revised as

more information becomes available. The magnitude of these revisions

gives us a measure of the relative quality of different macroeconomic

time series. However , economists do not at present use this new

information in determining policies. Fair [11] points out that the

accuracy of the model is generally improved when the actual values of the

exogenous variables are used and when more recent coefficient estimates
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are used. From the engineering side , adaptive control algorithms that

look imposs ible  in an aerospace context may be perfectly practical when

decision rules have to be computed only once a month or once every quarter.

Differences of this kind in attitude and approach help to underscore,

in fact, the common thread that binds both fields : the making of decisions

with imperfect information in an uncertain environment . Adaptive

stochastic control seeks to tackle this basic question. Let us turn now

to a mathematical formulation of the problem .

1.3 The Problem

We shall study the following linear, multivariable , discrete-time

system

x
~+1 

= Atx~ 
+ B

~
u
~ 

+ c~ (1.3.1)

where At IBt 
are white , Gaussian matrices and c~ is a white , Gauss ian

vector . Note that the noise in this system enters both additively , through

c~ , and mul tipl icatively through A
~ 

and B
~
. Note also that all the

random quantities are white. This is a crucial assumption in that it

makes active learning impossible since, at each time instant , the values

of A, B and C are all uncorrelated with the past. However, this

assumption does enable us to deal analytically with uncertain parameters,

representing in some sense a worst case situation . The assumption of a

Gaussian distribution is actually superfluous . All we need to know are

the first and second order statistics. The actual probability distribution

does not matter.
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Th is formulation holds a double interest. Firstly, its solution

is of basic theoretical interest. An analys is of this prob lem can be

found in [1], [41], [423 , [43]. This system forms the basis of the

result embodied in the “Uncertainty Threshold Principle” expounded in

- [1], [44], [45], [46]. The second point of this formulation is that its

assumptions fit the framework of linear econometric models reasonably

well. The estimated parameters of econometric models are actually random

variables. The use of white processes, of course, may not be qu ite

realistic , though this assumption makes the problem amenable to mathe-

matical solution, and in addition represents a worst case situation

which may yield useful information for further analysis.

The central result of Ku ’s thesis [1] that is of relevance to us

is embodied in what is called the “Uncertainty Threshold Principle”.

It arises from an analysis of the following scalar stochastic control

problem

x~ ,1 = a
~
x
~ 

+ btut ~~~~ x0 given (1.3.2)

where x~ is the sca lar state of the f irst order system. We assume that

the driving term is a zero-mean Gaussian white noise with known

variance E. We also assume that the random parameters a
~ 

and b
t 

are

Gaussian and white with known means a, 1~, known var iances 
~~

and known cross-covariance We also have perfect state information.

The optimal control problem is to find a feedback control law

U
t 

= y (x~,t). t = 0,1,2, ... , N-i , such that the expected value of the

following quadratic cost functional is minimized .
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N-l
J = E { Qx~ + ~ (Qx 2 + Ru~) } , F ,Q > 0 , R > 0 ( 1.3.3)

t=0

The expectation is taken with respect to the probability distribution of

the underly ing random var iables a
~
. bt, ~~

The solution to this problem is readily obtained by applying the

standard stochastic dynamic programming algorithm . We get the following

equations

= - G
~ 

x
~ 

(1.3.4)

Kt+l 
( + ~jj )

G
t = R + ( + B2 ) Kt+l 

(1.3.5)

Kt = 
~ 

( E + a2)K
~~1 

- G2[R + K
t+l (Ebb + b ) ]  ( 1.3.6)

= Q (1.3.7)

The optimal cost is given by

* 
N- l

J = K x2 + ~ K E (1.3.8)0 0  
r=0 t+1 T

We note , in passing, that the control law is linear in the state and the

Riccati-like equation satisfied by Kt has a unique solution under the given

cond itions .

An inspection of the infinite horizon case (N+~ ) yields an

interesting result. Assum e that K
~+1 

is “large” in the following

equation

1(2+1 (Z 
b 

+
Kt 

+ C Zaa + ~~2
) Kt+i - i~+ (Eu, + B2) Kt+1
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Then the backward in time evolution of Kt is given approximately

K
~~+i

. M

b 
+ aB) 2

where ~1 E + ~~2 
- 

a (1.3.9)
(E bb + b2)

Clearly , if the threshold parameter M > l , then Kt blows up. In

fact, it is possible to prove that the unique positive solution to the

above equation exists if and only if M < l . This result , wh ich imposes

a fundamental limitation on the infinite horizon problem , is called the

Uncertainty Threshold Pr inc iple . If M> 1, then K
t 

blows up and therefore

the optimal cost J* also blows up. In physical terms, this principle

makes the eminently reasonable statement that if one ’s knowledge about

the present and future structure of the system is “very” uncertain , then

there is no optimal action that will keep the cost finite for the infinite

hor izon problem . Though the result has been proved for linear-quadratic

systems, it seems reasonable to assume the same qualitative result for

general systems too.

1.4 Structure of Report

In this report we shall pursue two different routes that arise

from the randcm parameter formulation. The first is to extend the above

described result to multivariable systems. This turns out to be far more

difficult than what it may seem to be on first sight . The equations ,

though similar in structure, are far more complicated because of the

appearance of matrices in all the formulas. The first difficulty one faces
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is the question of suitably representing the covariance of a matrix and

then establishing formulas and equations that are expressed in terms of

the means and covariances of the various matrices. We find that it is

very difficult , if not impossible, to derive an ana lytical formula for

the threshold in analogy with the scalar case. This part of the work is

described in Chapter 2.

The second route is more practically oriented . We know that it

is difficult to control large econometric models with many random

parameters. If we formulate the policy problem in an optimal control

framework , then it would be very useful if we could develop some method

by which to rank these parameters in terms of their influence on the

performance of the system . This would tell us which , if any, parameters

are sensitive and give a clue as to whether better information is needed

if we are to trust the model we are using . This kind of study falls under

the general rubric of sensitivity analysis. A fair amount of work has

al ready been done in this area , [48] - [63], and this methodology can be

readily applied to derive equations for our case . We first derive

sensitivity equations for optimal random parameter systems. Next we

choose a small econometric model by Abel [47] and apply these equations

to the model. We then analyse the results and comment on possible uses

for this approach. This is the content of Chapters 3 and 4.

1.5 Contributions of the Report

1. Derivation and analysis of the solution to the optimal

linear - quadratic tracking problem with purely random

parameters and add itive noise.
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2. Sensi tiv i ty  analysis development of sensitivity equations

for the above system to rank parameters in terms of their

influence on the performance of the system .

3. Application of above equations to a simple macroeconomic

model of the U.S. economy .

4. Development of general purpose computer programs for the

optimal stochastic control of multivariable linear systems

with white parameters with respect to quadratic performance

criteria, for both regulator and tracking applications.



20

CHA PTER 2

OPTIMA L LINEA R RANDOM PARAM ETER SYSTEMS

2.1 Introduction

In this chapter , we shall develop and discuss the optimal control

problem for linear systems with purely random parameters. We treat the

most general case of this formulation the prob lem is multivariable and

includes additive noise, and is stated as a tracking problem . We also

state the ‘Uncertainty Threshold Principle ’ for one-dimensional systems

and consider some of the difficulties involved in trying to extend it to

mu ltivar iable systems. Here we present one way of representing

algebraically the solution to the multivariable control problem . Some

empirical results are presented to demonstrate the behaviour of such

systems . This chapter will try to lay the groundwork and motivation for

the next chapter .

In the next section , we state the problem as a multivariable

linear - quadratic random parameter tracking problem . In section 3,

we present the solution of the problem . Since the actual derivation is

slightly long and complicated we choose to present it in Appendix A.

In section 4 , we discuss the solution of the problem . Next , in section

5, we demonstrate the Uncertainty Threshold Principle developed by

Ku [ 11 for further insight into the problem.
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2.2 Problem Statement

Let us begin by stat ing the problem . Consider a mu l t i va r i ab l e

stochastic linear dyr.z’mical system with  state x~ and control U
t

described by the fol lowing difference equation

~ t +l  = + + (2 .2 . 1)

~~ 
given; t = 0 , 1, 2 , ... , N-i

m flx~~ nXm n

~t c R , 
~t c R , 

~~~
c R  , ,

Henceforth we shall not underscore vectors or matrices for greater

c la r i ty  of notat ion.  We assum e that the addi t ive term C~ driving the

system is a vector random process which is white and whose mean vector

and covariance matrix are given. That is , we assume that

E { c~
} E Vt

1 i f t = t

E 
~ 
(c
~ 

- c) ( c -  ~~‘} = =C T 0 i f t ~~~~t

where E is an n X n matrix.

Assume tha t At and Bt are random matrices which are also white with

given first and second order statistics. We assume that

E { A t } 
~

E { B
~~

} 
~

Here we face the issue of how to represent the covariance of a matrix.

Ju st as the covariance of a vector is a matrix , so the covariance of a
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n atr ix  is a fourth-order tensor.  We can , however , express this  tensor

as a higher dimensiona l matr ix .  There are many ways of doing this , an

obvious one tha t comes to mind immediately being the Kronecker product.

The manner of representation should evidently be dictated by how we wish

to use the covariance. We shall find that , for our purposes , the most

sui table  representation is obtained by using the simple notion of a

s tacking operator , that is , an operator that stacks the columns of a

matr ix  into a s ingle  vector . Math ema t i c a l l y , if we have a p X q matrix A

whose columns are denoted by a~ i . e .

i f A = (a 1 a2 a3 aq )

a
then S(A) =

aq

stacks the columns of A into a single vector of length pq-

The def in i t ion  of covariance now fol lows quite readily

Coy (A) = E { [ S(A t ) - S(A) ]  [ S(A
~

) - S ( A ) ] ’  }

An immediate advantage of th is  representation vis-à-vis  the Kronecker

product is that it is symmetric .

To return to our problem , we assume that

E { [ S(A
~

) - S(A) ] [ SCA T) - S(A) ] ‘ } = ZA O tT

E { [ S (B t ) - S(~) ] [ S( B 1) - SI B )  ] ‘}  = E
B 6

tT

E { [ S(B t) - S(~ ) ] [ S(A T ) - S(A) ] ‘ }  = E BA S tT
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We also assum e that the following cross-covariances are given :

E { [ S(A t ) - S(A ) } [ C - ] ‘} = E~~ ~tT

E { { S(B t ) - S(~ ) ] [ c .~ - E ]‘} = E
B ~~tT

Al l  the covariance matrices must , of course , be positive semi-definite.

In addition to this , they must also sa t is fy  the constraint that the

correlation coefficient for each pair of parameters must lie between -l

and +1 . Note that a l l  the given statistics are t ime-invariant  - this

is not really a restriction. The generalization to the nonstationary

case is immediate. Note also that we have made no assumptions about the

actual distr ibutions of the various random parameters.

For any optimal control problem , it is essential to specif y the

information avai lable for control , that is , the information pattern .

General ly ,  in stochastic control problems , u t i l i z ing  observations

improves the perform ance over the open loop controls because using

measurements on the system allows one to reduce the uncertainty . A

causal or non-anticipative control cannot obviously use future

observations, but it can, however, use the given a priori information

about the future probabilistic behaviour of the system and measurement

dynamics , or, in equivalent terms, it can use a probabilistic description

of future observations .

For our formulation of the problem , the informatio’i pattern is

especial ly simple. The whiteness of each component of noise , mult i-

pi icative as well as additive , in the system , makes any learning

imposs ibl e, and so rend ers the control law incapab le of affec ting future
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uncertainty . The law does, of course , take present uncertainty into

account.

We assume perfect state measurements. We also assume that the

admissible controls are real-valued and of state feedback type ,

‘U
t 

= ~ 
(x
t ,t)’, such that they depend only on the given a priori

information and measurements upto time t.

The optimal control problem , then, is to determine the control

sequence ‘ u~ = y (x
t
,t), t = 0,1,2, ... , N-l ‘ , that minimizes

the following quadratic cost criterion

J = E {
~ [(xt 

- 

~~
) ‘Q(x  - ~~) + (u~ - 

~~
)1R(u

~ 
- U ) ]

+ (x
N 

- X
N

) Q( X
N 

- x
N) 

} (2.2.2)

where {X
~~
} , {i~~} are the target state and control sequences

respectively. These are, of course , also specified at the beginning of

the problem. Thus, the problem is what is called a ‘tracking ’ problem in

the literature. Note that the weighting matrices are taken to be

constant for simplicity but the ~eneraiization to time-varying matrices

is quite direct.

We now proceed to solve the problem .

2.3 Problem Solution

The solution to the optimal control prob lem stated above can be

obtained by applying the method of stochastic dynamic programming . Since

the complete derivatioi~ is somewhat lengthy , we shall relegate it to

-— - -- — -~~~~---—- ---.-—-~~~~~~~ - - —--~~~~~~~--
-.
~~~~-
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Appendix A and merely state the solution here.

The control law turns out to be a linear state feedback law, as

one would expect . The equations are

ut = L
~
x
~ 

+ m
t (2.3.1)

where the gain L
~ 

is given by

Lt 
= - [ R + B ’K t+l B ]

_ 1 [ BIK
t÷1

A ] (2.3.2)

(We use the notation B’Kt+l
B to denote E { B

~
K
~~i

B
~
} , etc. See

Appendix A)

and where

= — [ R + B
~
Kt+l B ] 1 [ B ’K

~+i
c + B’p i 

- R
~
i
tJ (2.3.3)

The matrix , K
t, 

in the above equations, satisfies the following Riccati-

like difference equation

Kt 
= Q + A’K~~1

A + [ B ’K t+lA ] ‘ • Lt (2.3.4)

with the terminal cond ition~

= Q (2.3.5)

The vector , p~ , satisfies the following equation

= — + A ’K
~~1

c + A ’ pt l  + [B ’K
1
A]’ .m (2.3.6)

=

The optima l cost can also be evaluated and turns out to be
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* 1
J = ~~

- ~~~~~ + p~x0 
+ g0 (2 .3 .8)

The scalar g0 comes from the follow ing difference equation

= 4 ~~ 
+ 4 Ü~RÜ~ + 4 c ’K t+ic + 

~~~t+l

+ 4 [B’K~~1c + 8’
~ t+l — Rut] ’ m

~ 
+ 

~~ +1 (2.3.9)

= 5 ~ ~ (2.3.10)

The state of the optimal system is now given by

= (At + B
~
Lt) x~ + B

~
m
~ 

+ c~ (2.3.11)

Since x
~ 

is a random var iable , so is the control u~ , though the

gain Lt and the driving term mt are deterministic .

Note, however , that our a priori information is in terms of means

and covariances of At, Bt and c
~
, whereas the solu tion is expressed in

terms of certain expectations of At, Bt ,  c~ . We should l ike , therefore ,

to represent the solution in terms of the various means and covariances.

As these equations are a bit complicated , let us first look to the

scalar case for some insight . Let ’s consider the scalar system

= a
~
x
~ 

+ b
~

u
~ 

+ c~ (2.3. 12)

where at , ht , c~ are now scalar random processes. The Riccati-like

equation for the scalar is

Q . 3 ’~. • ihK
~~~i

) Lt
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Lt = — + b 2 Kt+l~
_ ]

(abK t+i )

= - 
ab . Kt+1 (2.3.13)

R + 
~~~~~~

. Kt+l

Theref ore ,

— (ab) 2 1(2
Kt = Q + a2. ‘

~t+l 
- 

R + P .

But

E { a2) = E +

E { b2} = E
b 

+

E {ab }

Hence
(E, + äb) 2K2

K = Q + (E + ~
2)K - 

oa t~•l (2.3.14)t a t+i R + (Eb + b )K
~+i

So now we see how the covar iances and means of the various random

parameters direct ly influence the evolution of Kt. In order to represent

the solution to the multivariable case in a similar way we need to make a

few def initions .

(a) e~ “ a vector of appropr iate dimensions with all zeroes except

for a one in the i-th place.

0
0

e1 =

0
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(b) E.~ ~ a matrix of appropriate dimensions with all zeroes except

for a one in the i,j-th place.

= L~ ::: ~ ::: ~(c) 
~k 

“V. a block matrix with n columns and an appropriate number

of rows (usua l ly  either n2 or mn) with blocks of nxn such that

the k-th block is the identity ‘n’ and the rest are zeroes. Here

‘n ’ refers to the number of states and ‘m ’ to the number of

controls. This is a generalization of e
~
.

O 0

0 0

=

1 0

O 1

(d) ~ the (k ,1~,)-th block of size ~~~~~~~ in covariance matrix

A s imilar  definition holds for cross-covariance matrices too .

(e) ‘\. the (i ,j)-th element of the (k,i)-th block of EA i.e.

L 
= E [ (a.k - a

~k
) (a

JL 
- ]

Note that, from the above def initions , we have ,

- P ’ E PLA 
- k A L
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We now have the fol lowing representation

A’KA = E { A ’ K A }

= ~ tr (KP ~E~ P ) E + 
~~~~~~~~~ (2.3.15)

k=l L=l

Proof

A’KA = E { A’KA }

= E { 
~2. (A t K A) kL EkL

} where (AI KA)kL is the (k ,94-th

element of (A ’KA )

= E [ (A’KA)
kz I E1(~,

But

E [ (A’KA)kL ] = E [ a~ Ka
~ J

where ak, aL are the k-th, Z-th columns of A respectively.

E [ a~ Kat] = E [ 
~ 

a.k K~j a.i ]

= ~ K~5 
E C a.ka.Z)

= K
1~ 

( E~~~+ aika.L)
1,3 13

= ~~ Z~~~+ ~ a.kK..a .L
1,3 13 1 ,3

= tr K E~~+ 
~~ ~~L 

(since K is symmetric)

= tr  (K P~ E A P L ) + i~ 
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Therefore ,

A ’KA = tr  (KP~~~ P2) Eki + (A’KA )kLEkLk,L

a n
= Z ~ tr (KP

~
EA
P
L) E2 + A ’ IA  as required

k=l 2=1

The same expansion holds obv iously for the other cases as well.

Thus , we can rewrite the solution to our optima l control problem in the

following way

*

u
~ 

= L
~
xt + m

~ (2.3.16)

m in
Lt = - [ R + tr (Kt+lP~

E
B
PL ) E + ~ ‘K ~

t+lk=1 2= 1

m in
tr (K t l

P
~
EBAPL ) E~~ + B ’K t 1A ] (2.3.17)

L 1

m m
m = - [ R + tr (K P’ E P ) EkL +
t t+l k B L

k=l 2= 1
In

[~~ tr (K P’E )e + B ’K c + B ’ p - Ru
~t+1 k Bc k t+l

(2.3.18)

n n
Kt = Q + [ 

~ 
tr (Kt+lP~

E
A
PL) EkL + A ’K A ] +t+ 1k=1 2=1

in m
[ tr(K

~+l
P
I~
EBAPL) EkL + B’K 1A]’ L

k=1 2=1
(2.3.19)

n
Pt 

= - + 

~=1~~ 

(K
~ l

P
~
E
A )e

k 
+ A K

1
c + A p

t 1  
+

m m
E + B’K A[ tr (Kt+lP~

E
BAPL) k2 ~~~~ ~~ 

ni
~k=l 2=1
(2.3.20)
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= S + 4 R

+ 4 [ t r (K
~~ 1E )  + E’K

~~i~ 
] +

+ 5 [ tr (K
~~i

P
~ 

E
8~~ 

ek 
+ B ’K t+icJ m

~

+ 4~ ~~~~~ — Rii~ ]
‘ m~ + 

~~ +1 (2.3.21)

K = Q (2. 3.2 2)

= - QXN 
(2.3.23)

1..
= ~ x~ Q (2 .3 .24 )

* 1
J = — x ’K x + p ’x + g (2.3.25)

2 0 0 0  0 0  0

2.4 Comments

Let us briefly note some of the salient features of the solution.

Figure 2.1 shows the overall structure of the optimal feedback system.

Since u~ = L
~
x
~ 

+ m
~ 
, the optimal controller is a linear and time-

varying transformation of the state. This is so even if the system is

stationary and the cost-functional is time-invariant .

The dr iving term ‘me ’ in the control performs the function of

neutralizing the mean of additive noise term ct, whereas the gain Lt
does the actual steering of the system , as can be seen by the fact that

Lt is independent of c
~
. Looking at Lt more closely , we see that when

Bt is more uncertain , the ~controller is more cautious, as it should be

since the control u~ affects the state x~ through B~. If there is ,

on the other hand , a high correlation between At and Bt , then the

control is more active since it can better regulate the system . This is
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so even in the extreme case where B = 0, that is , when the system is

‘most’ uncontrollable on the average , since the controller can use the

information about the high correlation in a useful way. When the matrix

A
t is uncertain , then , of course , the controller will be more active ,

though the degree to which it will be so will depend on the other terms

in the expression , since Kt appears in both the numerator and the

denominator. Similar observations can be made for the various covariances

in the equation for Im
t

t . For example , if B~ and c~ are strongly

correlated then the magnitude of m
~ 

is greater , as it can more

ef fec t ive ly  cancel the exogenous dr iv ing term c~~.

We note also that the certainty-equivalent control law is

different from the optimal control law . It can be obtained from the

optimal law by setting all covariances to zero . Basically, the opt imal

control takes into account the uncertainty in the parameters.

The optimal control is without any posterior learning. This,

in fact , we had already anticipated when we defined our information

pattern. The random matrices in the system equation are white and

therefore unidentifiable. It is as if at each new time instant , the

system restructures itself anew according to some unknown (and not

necessarily constant) probability distribution , whose first and second

moments , however , are known to us. The control system must adapt

itself to this viscera l change in order to minimize the cost-to-go.

The whiteness of the noise does not permit us to reduce future

uncertainty by present contro l action , which is to say that the control

does not perform a dua l role. Note however that the optima l decision
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certainly uses a priori knowledge of future randomness. That is, we

know and make use of the a priori knowledge of the various future means

and covariances. The problem and its solution are changed if we exclude

knowledge of future statistics from the information pattern .

Physically, of course , this is quite unrealistic , and we ought to

mention some ways in which this Choice of modelling a stochastic system

can be useful. In reality some learning is always possible and systems

are never so insistent ly white. If we assume that the parameters are

unknown but constant , we know that leads to the well-known dual problem ,

which does not admit of an exact analytical solution . With our assumption

of whiteness we face a problem that is analytically tractable and that

leads to a control that can be easily implemented. Moreover , economists

have argued that in economic systems, it may be desirable to treat

unknown parameters as purely random to obtain a consequent caution in the

control , espec ia l l y  when Bt is not known accurately. Athans and Varaiya

[44] have argued that the control of white parameter systems represents

a worst-case situation in which the ratio (for scalar systems)

K (0 1  E a $ 0, Eb ~ 0. Eba~~ 
0)

K (0 I E = E
b 

= Eb = 0 ~ 1

provides a measure of the deterioration in performance due to the unknown

parameters , which can provide a guide as to whether sophisticated

parameter estimation and adaptive control algorithms are warranted .
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2. 5 The “Uncertainty Threshold Principle”

In this section we examine the asymptotic behaviour of linear

random parameter systems. We assume here that all means and covariances

and the weighting matrices in the cost functiona l are constant.

Let us first consider the simplest situation of scalar systems

in a regulator problem type setting without additive noise. We have

xt+l = a
~
x
~ 

+ b
~
u
~ 

x0 given (2.5.1)

t = 0,1,2, . . . , N

Here, a
~ 

and b
~ 

are white with given means , variances and covariance ,

all of which are constant. Note that the term c~ is absent .

j  = 5 E { ~ [ Qx~ + Ru~ ] + Qx~ } (2.5.2)
k=o

Note that we have no non-zero trajectories to track.

The solution to this is obtained from our earlier general solution

and is given by

u~ = L
t
x
~ 

(2.5.3)

K 
1 
(E + ãb)

L
~ 

= — 
t+ ab 

— 2 (2.5.4)
R +  (E + b )  Kt+l

2 ~‘ — — 2
K (‘ + ab)

= Q + K
~~i

(ã 2 
+ E

a) 
- 

t + l  ab (2 .5 .5 )
R + (E

b 
+ b ) K

~~1

= Q (2.5.6)

* 1 2
J = ~~x0 K0 (2.5.7)
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This set of equations has been investigated by Ku [1] and gives

rise to what is called the Uncertainty Threshold Principle. This is

basically a result regarding the stability of the nonlinear difference

equation for K
t . 

Its implications are discussed fully in Ku [1]. Here

we shall merely give an informal expositional ~‘rgument and then see what

can be said for the general mult ivar iab le  case.

In Eq. 2.5.5 assume that Kt + l  is “large” . Then we have the

ap pr o x i m a t e  r e l a t i o n

Kt ~~ n . Kt+l

where ‘m ’, the threshold parameter , is given by

(E + ab)2

m = E + a 2 
- 

ab (2.5.8)a 
Eb

+ B 2

If m > 1 , then obvious ly Kt blows up as N + , so that a steady-state

solution does not exist in this case. In fact, the uncertainty threshold

principle states that for the infinite horizon problem , a necessary and

sufficient condition for a solution to exist is m < 1.

If K
t 

blows up for the infinite horizon problem , then so does the

cost J which means the optimal control problem has no solution . This

makes good intuitive sense too, because if there is too much uncertainty

in a system then there is little one can do to contro l its evolution

over a long period of time.

We would expect a similar result to hold for multivariable systems

as well. However , it seems that a neat mathematical expression for the

----- ~~~ - -- -
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threshold is not possible owing to the comp lexity of the equations

involved . A special cise of inultiva riahie systems has been explored by

Ku [1] in which the e~~?nvalues of the A matrix have to satisfy a

th reshold.  The genera l  case , in which  w e consider the m u l t i v a r i a b l e

tracking problem with additive noise is , as one would imagine , hopelessly

comp licated . Here we must consider the stability of three equations ,

for Kt , Pt and to determine whether the infinite-horizon cost remains

f i n i t e  or not .

2.6 Conclusion

In this chapter , we have stated and solved the optimal tracking

problem for a linear-quadratic system with purely random parameters. We

briefly noted the salient characteristics of the ‘Uncertainty Threshold

Principle ’ and found that the multivariable case presents formidable

ana lytical problems which may make it impossible to derive a mathematical

expression for the threshold.

Now that we have the complete solution , we can explore , in the

next chapter , the derivation of the sensitivity equations for this

prob lem and then apply them to a macroeconometric model of the U.S.

economy .
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CHAPTER 3

SENSITIVITY EQUATIONS

3.1 Introduction

In this chapter , our main objective will be to develop equations

to analyse the sensitivity of linear systems with random parameters to

variations in parameter uncertainties.

The concept of sensitivity is a very general one and ‘sensitivity

analysis ’ is a fairly well-developed tool. In any real system , ther e is

always some uncertainty associated with the exact values of its parameters,

either because of imperfect information or because of approximations made

in the modelling process or possibly because of some inherent randomness

in the behaviour of its parameters. This obviously affects the efficacy

of any contro l law , whether open or closed loop , as well as the accuracy

of any simulat ion of the system . If the behaviour of a system is

dramatically different as a result of variations in parameter values ,

then we say the system is very sensitive to such variations . This gives

us some usefu l info rmation in assessing the re l iab i l i ty  of our efforts .

An excellent example of such a situation is provided by the now infamous

‘Limits to Growth ’ report by che Club of Rome [48J . Sharply differen t

quali tat ive results , such as lack of evidence on which to base a

prediction of the collapse of world population , can be obtained by

appropriate combinations of small changes. This illustrates the caution

that is necessary in basing policy judgments on sensitive models.

-- .- -—-

~

-~
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There are many different questions one can ask in this area of

sensitivity analysis. One basic question is how perturbations in the

parameters affect the optimal performance of the system . If the optimal

cost or optimal welfare are significantly altered as a result of small

variations in the parameters, then obviously our analys is and pol icy

recommendations are not very reliable. This kind of study is probably

most useful in dealing with large economic and socio-economic systems ,

in which little is known about the actual structure of the system , and

in which there is almost always a great deal of uncertainty about

parameter values .

For systems with parameters that are modelled as being deterministic ,

the standard procedure is to derive sensitivity equations with respect to

variations in the parameter values themselves. This has already been

done and is readily available in the l i terature.

For systems whose parameters are modelled as random processes ,

however , it makes sense to look instead at the effects of variations in

the parameter uncertainties , that is , the variances and covariances of

these parameters. This leads to a slightly modified set of equations ,

though the basic approach remains the same. Sensitivities may either be

absolute, or relative to the parameter and optimal cost values, and it may

be useful , in general , to look at both sets of numbers. We can even

rank parameters in order of their sensitivities which may help to

identify the ‘pressure points ’ of a system .
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We shall first derive general sensitivity equations from the

optimal control solution developed in the previous chapter. Next, we

br ie f ly  describe a small econometric model of the U.S.  economy and do a

sensitivity analysis of the model. We end with a discussion of the

resul ts and pos sible uses for a sensitiv ity analys is and rank ing of

parameters.

3.2 Problem Statement

We are given the following linear multivariable system

x
~~1 

= At x~ 
+ B~ ut 

+ c~ x0 = (3.2.1)

t = 0,1,2, .. . , N — l

We have perfect measurements of the state. The elements of the matrices

A
t, 

Bt and the vector c~ 
are all random variables. Each element con-

stitutes a white stochastic process with given mean and variance. Tha t

is , we are given the covariance matrices EA , EB, 
Ec~ 

E
M~ 

EBc I EA ,  where

each covariance matrix is defined by the convention described in

chapter 2, and we are given the mean matrices A and B and the mean

vector c. We choose to minimize the standard quadratic cost functional;

N-i
J = .5 E { 

~ 
[ (x

~ 
- 

~~ ‘Q (x
~ 

- ~~) + (Ut 
- 

~
1
~

) ’ R ( u
~ 

-

t=o

+ (x
N 

- 

~
)‘Q(xN 

- i.~) } (3.2.2)

The sequences {i~
} , {ü~} are , of course, given.

This is so far only a restatement of the optimal contro l problem

considered in the previous chapter. Its solution has also been given there.
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Now we would like to pose the following question . Let o denote

any element of any one of the six covariance matrices. The question is

how sensitive is the optimal cost to small variations in a

If J denotes the optimal cost, then the answer is given by the

number . Here the symbol is used to mean ‘evaluated at the

given values of the various means and covariances ’. This number is an

absolute measure of sensitivity. If there is a small absolute change 6o

* *
in a, it induces a corresponding absolute change~ J in J , whos e

magnitude is given by the relation

**c5J =

*
3J *If -
~~

-— is large, then the induced change 5J is also proportionally
0 *

large. It is in this sense that is an absolute measure of
0

sensitivity.

We can also obtain a relative measure of sensitivity by noting

that

= r~ (3.2.4)
0 j *~j 

a

This number, 2. , tells us how a percentage or relative change
30 0 J~

in a is transformed into a percentage or relative change in J~ . In

general , the appropriate measure will depend upon the application at

hand , and in some cases both measures may provide useful information.
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For now , let us turn to deriving equations that will enable us

to evaluate the quantity

3.3 Derivation of Sensitivity Equations

The derivation of sensitivity equations for a linear random

parameter system is quite straightforward though the final equations are

somewhat cumbersome to use. We first restate the solution to the optimal

control problem (see Chapter 2).

= Lt x~ + m
~ 

(3.3.1)

Lt = — [ R + B
~
K
t+i

B ]~~ I B ’K~~~A ] (3.3.2)

= - [ R + B
~
Kt+l

B ]~~ [ B ’ K t+i c + B ’ p
~÷i 

— Rut] (3.3.3)

Kt 
= Q + [ A ’ K t+lA ] + [ B ’K t+lA I Lt (3.3.4)

Pt = — + [A’K 1cJ 
+ A ’pt i  + [B ’K 1A] 

m
~ 

(3.3.5)

= 4 ~ + .5 R + .5 [c’Kt 1 c] 
+ c ’p 1

+ 5 [B ’K
t 1

c + B ’
~~~~1 

- Ru
t] nit 

+ (3.3.6)

= Q (3.3.7)

= - QX
N 

(3 .3.8)

= 4 ~ ~ (3.3.9)

* 1J = ~~ x~,K0
x0 

+ p0
x

0 
+ g0 (3.3.10)

_ _ _ _ _  - - - -_ .~~~~~-----
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The evolution of the state is now given by

(A + B L ) x + B m + c . x = (3.3.11)= 
~ ~~~~~ t t  t , 0 0

3K 3p 3g3J* p CIn order to calculate ~~ , we need to calculate 
3c ‘ ‘3L 3m

o 0. Let us, therefore,which in turn require us to calculate ~~ ,

differentiate the appropriate equations.

Preliminaries

Before we actually carry out the differentiation let us state a

few simple algebraic results in order to make the derivation a l i t t l e

clearer .

(b) trA = tr — (3 .3 . 12)30

(b) Let G be a random matrix with mean G and covariance E
G 
and let H

be a deterministic matrix and some function of a, where a may be

an element of EG
. Then,

[G’HG ] = -
~~
- 

~ tr (HP~ EGPZ) E
k~ 

+ G ’HG ]
k,2.

= tr (HP~ EGP~) EkL + ~~~ (~ ‘H~)

= tr ( ~~ P~ EGP~) E
k~ 

+ G ’

+ tr (HP~ 
....G P~ ) Ek2,

k ,2.

Let f ( G ’H G ) tr ( ~~~~~ E
G
P
~

) Eki + 
~~

‘ (3.3.13)
k,9.

We make this definition only to save us some repetitious writing .
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(c) Let r = 1 + quotient [ ~. 
— 1

j — ls = 1 +q u o t i e n t  [ 
~ 

]

i — lu = 1 + remainder
n

v = 1 + remainder ~ 1

where i = 1 ,2,..., n2; j = l ,2, ... , n2

Let a. . be the (i,j)-th element of

Then ,

+ ~~ - E~~~~~~6
1

~~ (because EG is s~~~etric)

Therefore,

~~
, ...G 

~ = P’ E. .P + P’E. . P - P’ E. .6. .P
k 2. k i~ 9. k 3’ 9. k i i~ 2.

= E 6 6 + E  6 6 - E  6 6 6..uv kr 2.s vu ks Zr uv kr Zs 13

which follow s from the fact that (i ,j) must belong to the (k,9.)-th

block of ~~ for a non-zero product. Hence

tr (HP~ 
G P9. ) EkLk,2. ‘3

= tr (HE )E +t r (HE )E -tr (HE )E 6..uv rs vu sr uv r s i~

= h
~
’Ers + h’

~
’Esr - hVUE rs 6 i j  where hvU is the (v,u)-th

element of H , etc.
(3.3.14)

For i = j ,  this simplifies to

rs
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= (I) = 0(d)

-~~~~ . A~~ 
+ A. .~~.i. l 

=
30 30

= - A~~~~~ . -
~~~~

- . A~~ (3.3.15)
30

Der ivat ion

We shal l now differentiate the optimal equations stated above.

There are six separate cases to be considered a. . can be the (i,j)-th
13

element of any one of EA , E8
, E , ERAS E

8
, E . We sh .ll only look atAc

EA , E8,

Let S
~ 

= [ R + B ’K t+lB

= 5~T.
13

31. 
3a. 

— 
~~~~~~~~~ 

[ R + B ?K
~~~i

B ] l 
. ( B PK

t+1A)
13 ij

— (R + B ’K t+iBY
’ 

~~~~
- (B ’K t+iA)
ii

s~~ ~~ -i
= 

t 3 S B ’K A 
~~ 

(B ’K t+1A)
a t t+l tii ij

= S -l 
~~ 

( B ’K
~+i

B) ~~~ . B ’K A - S ( B ’ K  A)t 3a t+ 1  t aa. . t+1
13

= ~~~ [ f(B’K~~1B) + tr (K ~,_B P9.) E
k 

] S
t

1 .B
~

K A
t+ 1k,2. t+1 k 

~~‘3

- S
t~~~

[ f ( B ’K
~ 

A) + ~ tr(K ~~
, ~~A P

2.) E kZ ~+1 t+l kk,L ij
(3.3. 16)
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(a)  a.  . c E
ij  A

~~BA0 = 030.. - 30
13 iJ

Therefore ,

= St . 1 
f (~~~~~~~) . 5~ . (ji ~~ A) - St .~~~f ( B ’ K ~~~A)3a. . t+l t+l t+l13

= (R + B’K
~~ i B)~~~. ( ~ tr (P P’Z P ) E + ~ ‘P 

~).k B Z  k2. t+lk,2. t+l

(R + B ’K t+1BY
1
. (S !C A)t+ 1

- (R  + ~~~
I1

~c BY 1 ( ~~~
9.
tr 

~~~~~~~~ 
E~~P )E + ~~~~ A)t+  1 2. kZ t-’- l

(3.3. 17)

(b) a . . c E  .~~BA
13 B = 03a. .

‘3
Therefo re,

t+l rs t+l t+l

vu 
E }S 

_ l
~ (~~~~~~~) - st ’. f ( s ’K  A)3c.. =

‘3

= (R + Kt+1 B 1 (  ~ tr (P P’E P )E + B’P ~ +t+ l k B 9. k9. t+lk,9.

vu - ______

B ). (R + B’K ~~) ‘.(~~~~~~~A)rs t+ l t~ 1

- (R+B’K~~ji)~~~(~ tr 
t+l k BA~ ~ 

+ ~ ‘P ~
(P P ’E 9. t+l

(3.3. 18)

(c) a. . ~ E
M13

5 - 030.. -
‘.1

- — - -__ .- —- - ~- . - - —1
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Therefor e,

St~~
.f([B’K

~ 
B ) . S  

~~
.(B’K

~+i
A) - S

t~~~~~
[ f ( B ’ K

~~~+ 1
A) +3a.. - +1 t

‘3

vu
k E Jt+l rs

= (R+B’K B)~~~( ~ tr(P P’E P )E + B’P B).t+l t+l k B  9. k9. t+l

(R + B ’K t+iBY
’. ( B ’ K t+iA)

- ( R + B ’ K t 1 B) ’
[ ~ 

tr(P
~~l

P
~
E
M

P
L) kZ t+ lE +~~~~‘~~ A

k,L
vu

+ k  E }t+l rs
(3.3. 19)

2 
3Kt 

= —
~~

-
~ (A’K A) + (B’K A).L + (B’K A)t+l t t+l 3a. -3a. . 3a t+l 

13 1313

________ 3E
= f(AIK

~~i
A) + Z tr (K t i

P
~ P

9.
) E kZk,Z

ii

P, 
3E~~

+ [ f ( B ’K
~ +i A) + ~ t r (K

t+l k 
~~ 

P
2.) E kL] . L

t

ii

+ ( B ’ K
~+i

A )t
ij (3.3.20)

(a) a . . L E A‘3

= 0 — = 030..
‘3 13
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Therefore ,

t 
_______ vu 

_______ , _______ 3L
- = f(A’K A) + k E + [f(B’K A)] . L + (B’K A)’.13 t+ l t+l rs t+1 t t+1 3o.

13

Therefore,

- 
vu

P = Z tr(P P
~

E P ) E kZ + A’P A + k  Et+l k A Z t+l rs

_______ 3L
+ [~ tr(P +l I

~ 
EBAPZ)E + ThP A] . L + (B’K A)’...~~k9. t+l tk,2. ~ t+l

ij

(3.3.21)

(b) 0. - C E
13 B

A - BA
— 0  — = 0

30 . 30i J i j

Ther efore ,

3K t 
_______ _______ _______

t— f(A’K A) + [f(B’K A)] . L
t 

+ ( B ’ K
~+i

A ) ’ . —t+l t+l
3a.

13

Therefore ,

= ~ tr(P P’ E P )E + A’P A+1 k  A Z  k9. t+lk,Z ~

—
+ [ ~ t r ( P  P’ E Pt+l k BA 9.)E + B’P A] . Lk9. t+1 tk ,9.

3L
t+ [ B ’ K  1A] . —

Do .
ii

(3.3. 22)
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(c )  0. . C BA

D B
= 0 — = 0iO.  - Do. .

1) 1.3

Therefore ,

t 
_______ _______ 

vu
= f (A ’ K

~~ 1
A) + [ f ( B ’K

~ 1A) + k
t+i Ers~ 

. L
t

_______ DL
+ ( B ’ K

~+1
A)’ . . .

~~Do. .
1)

Therefore ,

= 
~~9.

tr(P
~+1

P
~ 

EA PZ)E kZ + A ’P 1A

+ [ 
~~2.

tr(P
~+l

P
~~

E
BA

PZ)E kZ + B ’P t+lA + k t+i ErsI . L
t

+ (B ’ K
~+i A)’ .

ii (3. 3. 2 3)

3m
3. 3 _  _

Do j 
= — 

~~ [R + B ’ K t i B]
~~

(B ’ K
~ l~ 

+ B ’ p
~+1 

- Ru
e)

13

- 

: 

:5:vK
T:

~~ ~ 

[R’K
~~1

c + 
~~~

‘p
t +i  

- R~~J

= S~ 
~~ 

S~ ( B ’ K t+i
c + B’p

~÷i - Ru
t)

-1 — Dp t+i- (S
~ 

) ( 
~~~~

(B ’ K
~~1

c) + B’—~-— )
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= s~~~ St~
1 
~~~~~~~ + 

~~~~~~~~~~~ 

aE Dp
- St [f ( ~T~~~~c) + ~ tr(K 

1
P~ ~~~~ ek 

+ B
k 13 13

= [ f(j ~~~~~) + 
~ 2.

tr(K
~+1

P
~ 

E
B
P
Z) EkL ] St .

( B ’ K
~~1

c + Thp
~~1 

- Rii~ )

- St
’[ f ( B ’ K

~ 1
c) + 

~ 
tr(K

~~1P~ 
.~.;;~

3c 
P9.) Ekj+ B J

k,9. 13 13

(3.3.24)

(a )  C

DE_B _Bc
D o. .~ = 0

13 13

Therefore ,

3m 
______

= s~~
1 [ f ( B ’ K

~~1
B) I S

~~
’ . (B ’K

~+1
c + Th p~~~ 1 

- Ru~)

— l —
- St [ f(B’K

~ 1c) + B ’ ~~~~~~

= (R + B ’ K
~~1

B)
~~
( 
~~2.

tr(P
~+1 P~ 

E
8
P
9.) E

k9. 
+ B P 1B ) .

(R + B ’ K
t + i

B) 1 ( B ’ K
~~1

c + 3
~~t l  

- Ru
~~~

)

- (R + Bt K
~~i B)

~~ 
[ 
~ 

tr(P
t 1 ~~ 

E
~~

)e
k 

+

—

13

(3.3.25)

—------ ------ ~~~~~~-- - -
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(b) 0 . . c E
13 B

- 0Do. . 
-

13

_ _ _ _  
vu— —iSt 

1 
~ 

f ( B ’ K  B) + k E ] S
~Do . . — 

t+1 t+l rs
13

( B ’ K  + 
~~

‘pt + i  
- Ru

~
)t+1

- s~~
1 [ f ( B ’ K  c ) + p,~t+1 Do . .  1

13

= (R + B’K B)~~ [ ~ t r (  
t+l k B 2. ki t+l
P P’E P ) E + B’P Bt+l

k,Z

vu - — —
+ k E ).(R+B’K B) ~( B ’ K  c + B ’ p 

~ 
- Ru t )t~ 1 rs t+1 t+l t+

- (R + B ’K B)~~ [ ~ tr(P P’E )e + B’P
t + i t+ l k Bc kk

— D p t++ B’ 1 
(3.3.26)D o . .

13

(C) C EM

0 = 0Do . .  Do . .
13 13

Therefore,

- St~~ [ 
f(B’K~~j~)] ~~~~ 

. ( B ’ K ~~ 1c + B ’ pt+l - Rat)D o . . -
13

—
- ~~~~~~~~ [ f ( B ’ K  c) + B’

t + 1  Do
ii
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= (R + B ’ K  B)~~ [ 
~ 

tr(P
~~l

P
~
E
B
PZ) EkZ + ~ ‘P ~ ]t+lt+l k,9.

(R + B ’ K t+i
B)
~~ 

(B ’K t+ic + B ’ p 1 
-

- (R + B ’K 1
B) 1 [ ~ tr (P  P ’ E )e + B ’P c

k 
t+ i k  ~ k t+l

— Dp~+ B ’ . 
_ +l
Do..

13

(3.3.27)

_______ 
3 _______4. t 3 — 
~t+l D

+- 
~~~ .

‘
~~ +1~~ 

+ A’ 
Do. . (B’K A)’ . m

t+l tDo 13 13

Dm
t

+ (B’K A) —
t+l Do

ii
DEAc DPt~~= [ f ( A ’ K  c) + ~ tr(K ~~~ ) ek ~ 

+ A 
D o . .k 

t+l 
13

+ [ f ( B ’K ~ A) + ~ tr(K °‘+1 t+l’k Do. . PL)E kZ] .k,Z 13

______ 3m
+ (B ’K A ) ’  .

D o . .  (3.3.28)
13

(a) c

DE~~
= 0 = 0

Do. . Do..
13 13

Therefore,

[ ~ tr(P P’ E ) e + A ’P c + ~~
Do. . 

— t+l k A~ k t+l Do. .
13 k 13

—
+ [~ tr(P P’ E P )E + B ’P A ] .t+l k BA 9. k2. t+lk ,9.

Dm
~+ (B ’K t+i

A)t . j— (3.3.29)
ii

- -.  -.. -.~~~~ - .—. ~ - -- - . - - .-- -..--.
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(b) 
~~ 

C

L 
~~Ac - 

DE BA
Do. . - = 0

13 13

Therefore,

Dp Dp
= [ ~ tr (Pt l

P
~
EA )e

k 
+ 
~~~~~~~ 

] + A ’ . t+l

13 k 13

+ [ ~~~~~~~~~~~ E

:

P
Z

)E kZ + 
~~~~~~~ 

] . m~

+ ( B ’ K~~~A ) ‘  .

‘:3 (3.3.30)

(c) 
~~~~ 

c E
M

3EAc
Do.. -

13

Therefore,

= [ ~ tr(P~ 1
P~ EA )e

k 
+ A’P

~~1~ 
] + ~

+ [ 
~ 2.

tr(P
~+1

P
~ 

EBAP2.)E kZ + B ’P
~~ 1 

+

vu , 3m
k
~~1 

Ers ] m
~ 

+ ( B ’K
~+1

A ) ’  .

(3.3.31)
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Dp~~ 
~~~~ - 

1 —~- (c ’K c) + c t~~~~~~~~~Do. . — 
~ Do t+i 3013 13 ii

+~~~ —~~( B ’K  c +2 Do~ t+l 8
~~t+l 

- Ru
t)~ 

m
~

_______ 3m Dg_t _ t+l+ ! —
~~ (B’K C + 3 1’t+l - Ru

t
) ’  Do . 

+ Do2 ~~~ t+l 
~3 i3

_______ DE 
— 

~~t+l
1 C= . [ f(~~j(~~~) + tr (K

~+1 
— ) ] + c ’
Do. . 13

13

+ [ f ( B ’K  ~~~ + ~ tr (K P’ ~~~ ) ek 
+ ~~~ ~~t+12 t+l t+l k . . Do. . ‘ ~fl1~

13

3 m  Dg
t _t+i+ ( B ’K C + B ’ p - R

~
i
t
)t . .

~~~~~~~~. 
+ Do. .2 t+l t+l

13 13 (3 .3 .32)

(a) o.. c E
13 A

DE 
a !.~Bc 

=—
Do.. - 

Do. .
13 13

Therefore ,

— 1 — ~~t+l— [ tr (P E ) + c ’P 
~~ 3 + c ’ —Do — 

2 t+l c t+1 Do.
13

+ [ 
~ 
tr(P~~1P’Z )e + B’P ~ + B’ ] . m2 k kBc k t+l Do tii

— — ‘ ~~ !~t 
_
~!t+l+ I 

~ B ’K c + B ’p
~+i 

- Rut ] 
3~ 

+ Do2
ij i j

(3.3.33)

(b) 
~~~ C EB

D E
~ = ~~Bc 

03a~ 30 .
13 i3

_
;~~~~ 

- 
~~~~~~~

- - - — ----- — — -__ _-w__--~ - ---
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Therefore,

= .5 [ tr (P~~1
Ec) + 

~
‘
~~ +1~~

} + ~~~~,

+ 4 [ Z tr ( P
~ l

P
~~B

)ek 
+ B P

~÷i
c

+ 4 [ B ’K~~1
c + ~~~~~ - Rü~ ] . 

~~~~~~~~~ 
+

13 13

(3.3 . 34)

(c) 0i.j C EBA -

DE
-

Do. . — 
Do. . = 0

13 13

Therefore ,

4 [ tr (P~~~ E )  + 
~~~~~~ 

3 +

+ 4 1 ~ tr(P~ 1P~ EB )ek 
+ B

~~t+ 
+ ~~~, ~.!t+i 

] . m
t

+ . 5 1  K~~1c + B p
~+1 

- Ru
t] .  +

(3.3.35)
DK
N6. = 0 (3.3.36)
13

= 0 (3.3.37)
13

Do.. = 0 (3.3.38)
13
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* 3K Dp ’ DgDJ 1 o o7. — = ~
- x ’~~~ ~~~~ + ~~~~. .

x
0 

+ ~~~~ (3.3.39)
13 13 13

Evaluating this number finally gives us an absolute measure of the

sensitivity of the optimal cost to variations in parameter uncertainties.

As we mentioned before, we can also calculate from this a dimensionless

number , a relative sensitivity, for each parameter , v iz.

*
13

I Do..~L 1

We have , at this point, completed our derivation of the cost

sensitivity equations. It is also frequently useful to look at the

sensitivity of the optimal control law to parameter variations. Though

the transformation itself in the optimal law is deterministic, the control

is random because the state is random. Here again , therefore , it is more

meaningfu l to calculate the sensitivity of the co~’a iance matrix of the

optimal control to parameter uncertainties. Mathematically , we would
3 Eu~

like to calculate where Eut 
js the covariance matrix of the

optimal control ~~~ We have

= L
~
x
~ 

+ m
~

Therefore ,

= L
~
E
tL~ 

where E
~ 

= coy {x
~
} (3.3.40)

We need , therefore, to calculate Et. This turns out to be a gargantuan

mess , so we shall not bother to reproduce it here , and merely indicate

the source of the complexity .

_ _ _ _ _  -- —
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-

x~~1 
= (A~ + 8

~
Lt ) x~ + B m  + C

t 
(3.3.41)

The point is that A
t, B~ 

and c~ are themselves random, so that

calculation of variances becomes doubly complicated . Some relief is

afforded by the fact that, at each time instant , x~ is independent of

~~ 
Bt 

and c~ , but even so, the complexity is too great to warrant a

derivation here.

3.4 Computer Code

In Append ix B, we code the solution to our stochastic control

problem and the sensitivity equations we have derived in this chapter.

More prec isely , we code Equations (3.3.1) - (3.3.11) and (3.3.16) -

(3.3.39). Though all the quantities represented in these equations are

not printed out , they are all used in various intermediate calculations,

and so can easily be made available by minor alterations in the program

if the user needs them . The program does not contain sensitivity

equations for a e E0, E8~~ 
EA . Since this program was used for a

specific application it also has a particular specification for the

target sequence { which can again be altered by the user. No

sequence ~ } was needed for this application because we used R = 0.

The user must provide both target sequences , the values for the Q and R

matrices , the values of the means and covariances of A , B and c , and the

time hor izon N.



58

3.5 Conclusion

Now that we have derived the relevant equations let us see how

we can use them i.~ analysing a specific model. For this we choose a

small econometric model of the U.S. economy and analyse it in the next

chapter .



59

CHAPTER 4

SENS ITIVITY ANALYSIS

4.1 Introduction

In this chapter, we shall use the equations we derived in the

previous chapter to analyse the sensitivity of a small macroeconomic

model of the U.S. economy . We first describe the mode l , then recast the

equations into the appropriate optimal control framework, and finally

present some simulation results with a discussion of their interpretation .

Let us begin in the next section with the model.

4.2 A Simple Macroeconomic Model

We shall describe , in this section , an especially simple macro-

economic model of the U.S. economy . This model was developed and

estimated by Andrew Abel 147] to analyse the relative effectiveness of

monetary and fiscal policies in an optimal control framework .

It is based on real quarterly data covering the period from 1954/I

to 1963/IV , which corresponds roughly to the period between the end of

the Korean War and the beginning of heavy U.S. involvement in Vietnam.

It is an extremely small model , consisting of only two endogenous target

variables , consumption C~ and investment ~~ 
and two instruments ,

government expenditures E
~ 

and the money supply Mt
. We assume that , in

the short run, government authorities can control E
~ 

and in real terms

since prices do not change rapidly enough to seriously neutralize their

actions. Over the time period covered by our data , the rate of inflation

was low enough to make this assumption plausible.

~

- -- - -- -.-- .- .~~~~~~~~ - .~~~~~~~~~~~~~~ - - . - - - -~~~~~ - --
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This model is based on a closed economy. Desired consumption is a

l inear function of GNP , and the realized period-to-period adjustment in

consumption is subject to a partial adjustment factor

C~ = aC~~1 + bI
~ 

+ bE
~ 

+ d (4.2.1)

The structural equation for investment is based upon a modification of

Samuelson’s private consumption accelerator . We posit that the desired

level of the capital stock is a linear function of consumption and that

the realized adjustment of the capital stock is subject to a partial

adjustment factor. Since gross investment , ~~ is defined as

- ( 1 - D) Kt l ,  where D is the depreciation rate of the capital

stock , we hav e

= eC~ - (1 - D)eC
~~i 

+ ~ 1
t-l 

+ g

In addition , we assume that the level of gross investment is linearl y

related to the money supply in order to capture some of the effects of

interest rates upon investment

It = e ’C
~ 

- ( 1 — D)e ’C
~~i 

+ 

~‘‘t + hM
~ 

+ g ’ (4. 2.2)

The estimated reduced form equations corresponding to the structural

equations are :

C~ = 0.926~ C 1 
- 0 .0203 I 

1 
+ 0.3190 E - 0.4 2 0 6  M

(0.0534) (0.0916) (0.1389) (0.1863)

- 63 . 23 8 6

(25. 7718)

R2 = 0.9958

D -W  = 1.7084 (4.2.3)



61

I = 0. 1527 C 
1 

+ 0.3806 I - 0.0735 E + 1.5389 M
t 

(0.0781) ~~ (0.1339) ~~ (0.2031) (0 .2724)  ~

- 210.8994
(37. 6899)

R2 = 0.8749

D-W = 1.7582 (4.2.4)

Note that each of these estimated equations has a high value of R2.

In addition , the Durbin-Watson statistic , although biased towards 2.0

because of the lagged endogenous variable , does not suggest significant

serial correlation in either equation . The figures in parentheses are the

corresponding standard errors.

4 .3  Conversion into Optimal Contro l Framework

Let us recast the reduced form equations in the previous section

into state variable form. We shall write the model as a first-order

linear vector difference equation with random coefficients

= A
~ 

x
~ 

+ B
t 

U
t 

+ C
t 

(4.3.1)

where

Ct
xt = 

_
1
~~

E
t i

U
t 

=

Note that U
t 

= and not [Et1
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This is a small difference in the approach of control theorists and

econometriciams and is merely a matter of definition . Both refer to

the policy variable that must be used to directly influence the state

at t ime  (t+l).

The coefficients of the various variables in the reduced form

equat ions give us the respective means of the random matrices 
~~ 

Bt and

the random vector c~ . We have

fl~li a 1.~~~ ro.9266 -0.02031
A
t = = La2 1 a

22] 

= 

L o .ls2T 0.3806

rbil  b 121 ~ O.3l9O 0.4206
B = B = I = It b21 b

22j L_0.0735 1.5389

rc il r-63.2386
c = c = I I =t Lc2J L_2b0.8994

The covariance matrices are defined by the convention in Chapter 2.

These are obtained from the standard errors of the various random

variables. The square of each standard error , that is the number in

parentheses under each coefficient in Eqs. (4.2.3) - (3.2.3) gives the

variance of the corresponding variable. Thus the diagona l entries of

are the variances of a11, a21, a12 and a
22 in that order . The off--

diagona l entries , the covariances , we somewhat arbitrarily set to zero .

(Ignoring the covariances will usually tend to overestimate the size of

the model’ s forecast errors. The majority of the estimated covariances

are usually negative and cancel part of the variance in each coefficient.

_______________ -
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Ignoring the covariances thus tends to overemphasize the degree of

fluctuation in the coefficients.) All  the covariance matrices are

constant .

= diag [ var (a11), var(a21), 
var (a

12), 
var(a

22) I

r .oo 29 0 0 0

= 
0 .0070 0 0

L° 0 .0084 

.0179

E
B 

= diag [ var(b11 ), var(b21), var(b12), 
var (b

22)

.0193 0 0 0

0 .0412 0 0

0 0 .0347 0

0 0 0 .0742
L..

= diag [ var(c 1), var (c2) 3

r664.1908 0
— 

0 1 4 2 0 . 5 2 8 6

L

We also need to define the values of the cross-covariance matrices

EBA, EBc~
4
~Ac~ 

The estimation procedure used in Abel’ s paper does not

provide us wi th estimates of these covariances , so here again we shall

arbitrarily set them all equal to zero. This will also help a little in

reducing the complexity of the various equations we have derived . We

have , therefore 
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= 0

= 0Ac

= 0Bc

At this point , we have completely specified the linear , random

coefficient structure of the economic system in state variable form . To

analyse the system in an optimal control framework , we need to specify a

Cost criterion .,

j = 4 E {
~ [(x - 

~~~~) ‘  Q(x
~ 

- ~~) + (u~ - ~~) R(u -

+ (x
N 

- x
N

) Q  (x
N 

- X N ) }

We need to choose suitable values for the targets {~~}, f~
i
~ } 

t = 0 ,1 N

and spec ify the wei ghting matrices Q, R and the time horizon N. Following

Abel , we examine the historical growth rates for consumption and

investment over the period of estimation , 1954/I to 1963/IV , which turn

out to be 0.91 % and 1.14 % per quarter respectively. With these in mind ,

we select target growth rates of 1.25 % per quarter for both C~ and I~~.

Mathemat i~..all y,

= (1 0125) t 
x0 t = 0,1 ,2, . . . , N

We shall restrict our choices for Q to diagona l matrices for the

purpose of the analysis. We shall use the following five values for the

Q matrix to compare different solutions.
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r i o  o l
Q = A diag (10 ,1) A (10,1) for simplicity

L °  ‘ J

fl2 01
Q = I I A diag (2,1) A (2,1)

[0 1]

r l  o l
Q = A diag (1 ,1) A (1 ,1)

L ° l~~

f l i  o l
Q = A diag (1 ,2) A (1,2)

L °  2~~

Q = A di .ig (1 ,10) A (1,10)
0 1 0 1

L

Henceforth the notation (10,1), (2,1) etc . will be used to denote the

diagona l entries of diagonal Q matrices. V~e shall use this simplified

notation especially when we present the simulation results.

We choose the R matrix t be zero throughout to simplify the analysis .

R = 0

Since R is chosen to be zero , we do not need to specify the targets

{u
~
} . The cost criterion is reduced to

= 4~ 
{ 

~ 
(x
~ 

- ~~~~~~ Q (x
~ 

- 

~Y }

After doing a few simu l ations , it was decided that N = 15 would be large

enough for the analysis without incurring too great a cost for the

simulations.
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The 1 n-~t i t e m  that need s t o  be ~peci f i c d  i s  the i n i t i a l  c on d i t  i n n s .

From t h e  h i s t o r i c a l  ~~~~~~ we f ind  t o a t

C 1 1
362

= I o i  —

~0 I 
— 

89
0 ! -

The u n i t s  used are billions of dollars. and t he  i n s t ru r e n t s ,

a l so  have  t h e  same u n i t s .  N o t e  t h a t  x0 
= 

~~ 
by d e f i n i t i o n .

This comp le tes  the  state :rent of the p r o b l e m . In the  next  s ect i o n ,

we p r e s e n t  some s i o u l a t i o n  r e su l t s .

4 .4 In t e r p r e t a t  ion  and D i s c u s s i o n  of P . e s u l t s

l~e s h a l l  :loi, p r e s e n t , in the form of graphs  and t a b l e s , some

s im u l a t  ion r e su l t s  d e s c r i b i n g  the  b e h a v i o u r  of our e c o n o m e t r i c  model  in

an o p t i n :~l ~. n n t r o l  franei~ork . In t h i s  sec t ion  we s h a l l  a n a l y s e  some of

these  r e s u l t s  and l eave  o t h e r s  fo r  f u t u r e  research .

F i r s t , some g e n e r a l  ob s e r v a t i o n s . .\s w i t h  o t h e r  t r a c k i n g  p r o b l e m s ,

t h i s  p rob lem can be sp l i t  i n t o  one p a r t  tha t h e lp s  to  re~:a1ate t I - .e s ta t e

and a n o t h e r  t h a t  h e lp s  i t  to  t r a c k  the  d e s i r e d  t r a j ec to ry  and cance l  ai~y

a d d i t i ~~e d r i v i n g  t e r m s .  l~e see t h a t , in t he  event  that  a l l  t h e  c o va r i a n c e

m a t r i c e s  are zero , t h e  ep t i m a l  c o n t r o l  t r a c k s  p e r f e c t l y .  T h i s  is seen

from t h e  uppermost  cu rves  in Fi gs .  1 and  2 .  Th is  is to be c \ p ec t e d  s ince

R = 0 and t h e r e  i s  no c o n s t r a i n t  on t h e  con t ro l ene rgy  expended in t h e

process.  .~ lso , in our prob lem , x0 = 
~~

, so t h e r e  is no i n i t i a l  e r ro r .

Th i s  d e t e r m i n i s t i c  s o l u t i o n  is a l so  the  c e r t a i n t y - e q u i v a l e n c e  s o l u t i o n

U and we observe  t ha t  the  c e r t a i n t y - e q u i v a l e n c e  t~r i n c ip l e  does not ho ld .

N
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In t h e s - ch a s t  ic case , ~. i t h  , and n o n z e r o , we t a : ’. firstA B

un d e r s t a n d  i t  m e a n s  fo r  the  s t a ~~c to t r a c i .  t h e  d es i r e d  t r aj  e ct o r n

S i n c e  A , B and c a re  a l l  r andom so ar c  x and  u~ (th aut~h the  d-~ in L t and

the cor r - - c t  ion cam t r a c k i n g  t e r m  ni~ are  d e t e r m i n i s t i c ) .  The cu n t r o l

a t t e m p t s  to m in i :n i : e  t he  mean square  er ror  of th e s t a t e  t r a j e c t o r y  w h i c h

means  i t  t r i e s  t )  keep the mean of the  e r ro r  p l u s  t h e  v a r i a n c e  of t h e

e r ror  s ma l  1. In  o t h e r  words , t h e r e  is a t r n d c - o f f  between keep ing the

ave rage  s t a te  c l o s e  to the  des i red  t r a j e c t o r y  and keep i n g  the  v a r i a n c e

of t h e  error  low . In genera l , therefore , we s h a l l  f ind  that  the  a v e r afe

s t a t e  e v o l u t i o n  does not  t r a c k  p e r f e c t l y .  T h i s  is  so even though R = 0.

In Fi gs . 1 and 2 , we have  p l o t t e d  the  means  of the  s t a t e  t r a j e c t o r i e s  for

t h e  d i f f e r e n t  V d 1 U C S  of Q, ~Ve see here t h a t  these  mean t r a j e c t o r i e s

f a i l  short of the  p e r f e c t  c e r t a i n t y- e q u i v a l e n t  t r a j e c t o r y . Of course ,

the  ac tua l t r a j ectory  we would  get from any s t o c h a s t i c  s i m u l a t i o n  would

he d i f f e r e n t  each t i m e  s ince we w o u l d  have  d i f f e r e n t  r e a l i z a t i o n s  of A t ,

and c~ - t h i s  is t rue  fo r  bo th  the  s ta t e  and con t ro l  v a r i a b l e s .

The c e r t a i n t y - e q u i va l e n t  s o l u t i o n  for  R = 0 s i m p l i f i e s  to

Lt = - ~-l~ ( 4 . 4 . 1 )

= Q ( 4 . 4 . 2 )

m = - B 1 
(E + = - ~ -l 

~ - ( 4 . 4 . 3 )

= - Q (4.~~.4)

1~~~. - -
= ~~ Q -

~~~ 

(4.4.5)

J
* 

= 0 (4 . 4 . 6 )
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Subst itu ti n~ t h e s e  e q u a t i o n s  i n t o  the  r ica n  of the state equa t ion a-c

get ,

= + BL~~~ + Bm
~~ 

+

= - - + ~~~~-l  
~~~~~~~~~ 

+ 
-

~~

= 
~ t + 1’ as expec ted . ( 4 . 4 . 7 )

No te  t h a t  t he  g a i n  L
~~. 

the  a d d i t i v e  t e rm and the  a v e r a g e  s t a te

and t h e  t i ; c r a g e  c o n t r o l  law are a l l  independen t  of the cho i ce of Q.

Th i s  is  w h y  we  need let  sp e c i f y the  v a l u e  of Q for the c e r t a i n t y - e q u i va l e n c e

curves  in Fi g s .  1 and 2 . The d i f f e r e n t  curves  for t he  s t o c h a s t i c  case

are i d e n t i f i e d  by t h e  c o r r e sp o n d i n g  v a l u e s  of Q.

The g a i n  L
~ 

in  E q .  4 . 4 . 1  serves to cance l  the c o e f f i c i e n t  m a t r i x  A

w h i c h  i t  does e x a c t l y  in t he  mean case  ~hcn A = A , whereas  t he  t e  m m

c a n c e l s  t h e  a d d i t i v e  exogenous  te rm c as w e l l  as forces  the  s t a t e  to

t r a c k  t h e  t l r ~ et , b o t h  of wh i c h  aga in  are  done e x a c t l y  in the  mean case .

‘, :te  tha t t h c  o p t i m a l  cost  J is zero  (Eq . 4 . 4 . 6 ) , the  a b s o l u t e  m i n i m u m

of J , h ecause  R = 0 and because  t h e  s t a t e  t r a c k s  p e r f e c t l y .  J is a l s o

i n d e p e n d e n t  of Q.

Let  us now e x a m i n e  t he  stoc h a s t i c  case more c lo se l y .  Our f i r s t

o b s e r v a t i o n  of t he  s i m u l a t i o n  r e s u l t s  is  tha t  t h e  r e g u l a t o r  par t  of the

prob l em v i z . L t and Kt . is w e l l  b e h a v e d .  We have p l o t t e d  i n  F i g .  3 t h e

c e r t a i n t y - e q u i v a l e n t  and the  s t o c h a s t i c  for Q ( 1 , 1 ) .  There  are

four  graphs , one for  each e l emen t  of K
~~. Since is s y m m e t r i c  t w o  of the

graphs r e p r e s e nt i n g  the  o f f - d i a g o n a l t e rms  are  i d e n t i c a l . We p l o t , in  a
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s i :n i l ar  w a y ,  L 1 in  Fi g.  4 , a g a i n  for Q = ( 1 ,1). The certainty-

equivalent v a l u e  of L
~ 

in  this figure is given by Eq.  ( 4 . 4 . 1 ) .  Both

q u a n t i ti e s  soon reach a s t eady  s t a t e , seen bac iew ard  in t i m e .  The

c o r r e c t i o n  t e r m s  m t in F i g .  5 keeps  g rowing  because i t  has to t r a c k

in a d d i t i o n  to c a n c e l l i n g  the  exogenous term c~~. The o p t i m a l

cost a l so  keeps growing . However , sinc e K
t is s teady i n i t i a l ly , we

can deduce tha t  t h e  r egu l a to r  component  of the  cost , ~ x ’ K x 0 , s e t t l e s

to a s teady  s t a t e . The t r a c k i n g  error  n a t u r a l l y  keep s a c c u m u l a t i n g

and t h i s  makes  t he  cost g row.  The behav iour  of K
~ 

( F i g .  3) leads us to

the conclusion that the uncertainties in the problem are within the

uncerta t nty threshold (even though we do not kno w e x a c t ly  what the

t h r e s h o l d  is) . We sha l l  f i n d  l a t e r  tha t  even if is m u l t i p l i e d  by a

s c a l e  f a c t o r  of 30 , does not b low up.  This  seems reasonable  when

one inspec ts  t h e  n um e r i c a l  va lues  of A , ~~, B , which  are a l l  f a i r l y

s n i a l l .  The e l e m e n t s  of 
~~~ 

E
B 

in p a r t i c u l a r  are a l l  << 1.

= + [ ~~~~~~~~ + 
~~~~~

t r ( K
~~ ÷ i  ~~ 

_
IF _ ]

- [~~
‘K

~ ÷ ii1. [
~~

’K t + i B 
~~~

t r ( K
~ +i 

~~~ ) E ki ] *[B ’ K t + l A]

Note t ha t  
~BA = 0 in our p rob lem . Sinc e Q ~ 0 , ~ o~ ~ 0 , t he

structure of the equation tells us to expect K t 
> Q or e q u i v a l e n t ly ,

:~ K t ~ IIQ II where ~l (det M)” . This is in f a c t  borne out

by the  s i m u l a t i o n  r e s u l t s . In Tab le  1 , we p resen t  some norm s of Kt for

d i f f e r e n t  Q. Th i s  d e m o n s t r a t e s  t h a t  t he  s t e a d y  s t a t e  ‘v a l u e ” of K t in

the  s t o c h a s t i c  case is g r ea t e r  t han  t ha t  in the c e r t a i n t y - e q u i ’.a  l en t  case .

This confirms our intuition that we need m ore “force ” when t he re  is
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r
- t Q II Q 1 i H K0 1

- I

~P 11 T 1

L~°’.~
]L_. 

~~~~

- ‘1. L~_±.64 _
~ _J

H2W
~L L4i

~~~L i . 6 2  r~ FI~LIJi
( 1 , 2) 1 .41 1 .75

,~~~~~~~ lO)1r 3 . l6 ~~~~~ 

T a b l e  1 . C o m p a r i s o n  of norms of Q and

c o r r e s p o n d i n g  K 0.
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.u n c e r t a i m m t y  . The end ~~0i  nt  cons t  ra i f lt  = Q forces K to  co mic  d o w n  to

t h e  C.  E. v a l u e  a t  N ( F i g .  3) . I hes i c u l 1 ~- - , K~ r e p r e s e n t s  a so r t  of

cut m u l a t  iv e  - c  i g i i t  i n g  tm -a t r i x  wh i c h  i n c o r p o r a t e s  bo th  t h e  p r e s e n t  er r or

at t i n e  t as w e l l  as the om o p u g a t i o n  of t h i s  e r ror  as t z r o g r m i s s c s

t o N .  When t << N we w o u l d  expec t  t he  slope of to be r e l a t i v e l y

h o r i : o n t a l  nec  the future error w e i ghs  about t h e  s a n e  for :r~a l  1 t

far  f rom N.  F l o w e vc m , as t g e t s  c lose  to N , is d e t e r m i n e d  n .or e  by

the  P r e s e n t  e r ror  s i n c e  the  p r o p a g at i o n  er ror  ~et s  s m a l l e r , so t h a t  i t

beg ins t a  f a l l  to Q, t i l l  at t = N , t h e r e  is no f u t u r e  and K \ e x a c t ly

equa l s  t h e  p m e s e n t  error  wei g h t i n g  m a t r i x  Q. We have ignored  here the

e f f e c t s  of n o n - : c m c  R . The s t e a d v - s t : m t e  v a l u e  i s  gr e a t e r  in t h e

u n c e r t a i n  case  bec ause  we are m i n i m i : i n g  t h e  mean square  error , as

op z t o se d  to  j u s t  t h e  mean e r ror  so tha t t h e r e  i s  g r ea t e r  p r o p a g a t i o n  of

t h e  pr e s e n t  e r r o r  and K~ 
> Q. T h i s  J e - e r i r t i o n  can q u i t e  e a s i l y be

extended to  the  case of t i m e - v a r y i n g  Q’ s. N o t - :  a l s o  t h a t  i f  0 .

t h e n  the  p r o p a g a t i o n  of t he  u n c e r t a i n t y  in  t I e  e rr o r  i s  s o m e w h a t  reduced ,

s i nce  B and A a rc  now c o r r e l a t e d  and t he  c o n t r o l  can  m a k e  u se  of t h i s

a d d i t i o n a l i n f o r m a t i o n .  However , b e c a u s e  of t h e  r e s t r i c t i o n s  p l aced  by

t h e  v a r i o u s  c o r r e l a t i o n  c o e f f i c i e n t s , t h e  e f f e c t s  of u n e - y r t a i n t  c anno t

be c o m p l e t e ly  n u l l i f i e d . T h i s  is also supported by the  n m : i t h e m n a t i c s .

The gain 
~~ 

Fi g . 4, follows the behaviour of K
~ 

in a ma t hematical

sense. It is steady initially and , as t approaches N , it moves away from

the steady-state value just as does. A gain , i t  basicall y attempts to

m i n i m i z e  t he  mean  square e r r o r  i n s t e ,~J at  j u s t  the  mean e r r o r .  N o t e  t I r i ~

L t r e p r e s e n t s  o n l y  t he  r e g u l a t o r -  pa r t  of t h e  c m i l t r i  I and i s  t o t a l l y



i r t . l ep ende nt  of t h e  1 - m r - g e t s  and t h e  dri c i rm :, toe:: c. h e s ca l ar  c a s e

p m - . ides  S i m i e inst H i t  i n t u  i t s  h i -h i t ; i o t m r .

= - 
oh 

= -

+ 

~b ~~~

, m t e  t h a t  in  t h e  s c a l a r  case i s  c- .m n S t t m j m t  even in t h e  sto cha stic c a se .

\lso , nCte that decreases in absolute v a l u e  as r~ increases , other-

thi nt~s remit i nin g t l i e -  s a me .

= (a h
~~

) s
~~ 

+ bm~ 
-t. c

= a . - x ~ h : i I  + c
-)  0

h 2 t

The c o e f f i c i e n t  of  x~ has  t h e  f o l  tm owing app rox t :tmttte behav t o u r  

L 

~hen - t = 0 , t h e  cu c-f f i c i ynt can t sh~ s t h e r e h e  keep ing x cI- )se 1 - ’  :ero ,b - t~~l
- is  r e- tn red ~~~ the re~ u 1 atom . Th e opt ima 1 gil i t t  is cho s en so us  to  m m  in  i :e

(H-i + ~~~ ~2

i - c .  F l u  + i
t

)
2 

=

I )  e r e t ’ ) r c -  2 1h 2 + 3b ‘

~~~ 

=

— - - as  r e q u i r e dt

L- -- ---

~~~~~~~~~~~~~~~~~~



it I sh~ r - t  T e e  v a t  i on  mc m el ’- ~I . r.-.s , Lenin  a d i  fte r n t p e-rs~
- e - t l i e , I . it

-
~~ 

does t h e  t o c T i a s t  i c a l l ;  - : tl ;m ti l t h i n g .  The v e c t o r  ca s e  b -h ai c~s

es sent ia l 1. in the sa;:ic- t- . n i  t h o u g h  t T t c  t h e -n a t  ics Is 1 t t - i fl y - e p a q i e

t i c  : m a n r ~- p m j : j t c  e~i t t m t  t ;  t a  m i n i m i z e  for the 0f lC-~~~t e p  o at  i i tmu l

- - t i n  is h~ \ + B ! . ‘ F. ( - 1 + BI . I I ,  bc - cna ~~e K e m b o d i e s  the - c o r r e c tt t + i  t t + !
c i i t t u l J t  i c - i  -..ei g ;t i ng i i i  t i m e -  t -

The t e r m  i s  a~~a i n  es ~- y n t  i u l  1 ’  a mat hemat i c i i  1 cut  te  l i k e  -

Tire C 4 i . t i o n  for  p i s

= - + \ ‘ F  c + A n  + ( \ ‘ K  B) . :::- t t t -s- l t - * l t + l  t

= - ( + 7 ’~~ c +  A ’ p -- t N i N I

- (~\ ‘K B : . ( B F’ B)~~ ( B ’  Ct + l  - t+ l Ni - t + l ’

= - 
~ -~~~~

I t s  behu - ;  1 m a r  can  he u n d e r  - ood i n  ana l i_ig~~- i- . i t  h t h a t  a t  - I t

155 t w o  in ic f a r i c t  i o n s  - I he f i  m — : t  i s  :t  s r o l e  ill p rov idin g a corr ect inn

t y r i  r i  c an c e l  r I m e  e-.iog - n - m : m s  erm c and t he  secon d to  ; m r e v i c T e  a

c u r i m  1 ~t i . e  wei. :l ted lie u i i  r - : of t h e  d e s i r e d  t r a j e c t o r y . To u r i d c t ~~t an d

he se r i -los m o r e  c l e a r l y  let us 1oo I~ a t  t h e m  s ep a r a t e l y .  Fl m e t  l e t  us

as~- m I m : e  t h a t  t h e  des i red t rtt l e c t i m v  is  in - ru  i . e .  x~ = 0 t a r  a l l  t .

1 h en ,

= \ ‘ K
~~~1c \ ‘ !i I + l  

- ( ‘ ‘ K  Ffl [~~~ B)
1 f t h t  + B ’ p )

0 
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N e  note here  t h a t  t h e  bei;ai iour of n is directed towards c - At  t = N ,- t

= 0 because  c~. c anno t  a f f e c t  t h e  op t i m a l c o s t .  No w let us assume

t h at  c= 0 , we i et ,

Pt 
= - + - (

~~~ t+l (
~~~ t+i~~~~~~~~

Pt÷ l )

p g = - Q X
\

T h i s  shows how at t = N~ p
~ 

represen ts a weighted target and for earlier t ,

how it incorporates both the present target in the t erm - and the

propagation of this in the future as well as  future targets in the rest

o~ the eouation . In the general case when R ~ 0, Pt 
al so inc ludes  t h e

m -ei gh t ed control targets in t h e  te rm - 

~~~~

Just  as f g ives  us the  ~a i n  L so p (in c o m b i n a t i o n  w i t h
t + l  - t t + l

Fl
~~ j) g i v es us the addi t~ ve term which embodies the t ie roles of Pt

exp licitl y in the control. The first role is to act as a correction term

to offset the exogeno us vector c. This function is independent of the

regulator and tracking parts of the problem or , in other words , it is

needed in both. The second function is tracking . It is responsible for

making the state track the desired trajectory. These two objectives are

clearly observable in the equa tion for

- B ’ K
~ +i

B + 
~ ~~

t r ( K
t + i

P ) E ]
~~~~~

{ B ’ K
N l

c +

I.e see from f i g .  5 t h a t  t h e  behav iou r  of m
~ 

shows an a p p r o x i m a t e l y  s t e a d y

g r o w t h .  Though t h e -  corrective component does reach a steady state the

t rick in g compon :-nt does t o t  since the target itsel f grows w i t h  time , Its



Si)

beha~ jour ~-~ j i d  also he understood in term s of the  m t n i : n i : a t  ion of a

s u i t a b l e  ex a r e s s i o n  as we d id  for  L~~ how ever , t h i s  i s  c o m p l i c a t e d  by

t :a e  fact that a c t h  ‘ t + l  and en te r  i n to  i t .

Now that we ha-;e some d e s c r i p t i o n  of t he  b e h a v i our of th e V ari ou s

components  of the problem we can better appreciate the behaviour of the

con t r o l a a t n d  the state x

The cert ainty-equivalent contro l U
t 

is g iven  by

u~ = L
t x~ 

+ m = - x~ - ~~~~(c - x
~~~~ 1

)

and the cer tainty-equivalent x~ is

-5 =
t t

This  shows t h at  - : and x in the certaint e-equivalent case must be

ap p r o x i m a t e l y  l h te ar  ( s i n c e  
~~ 

[1 + 0 .O l 5
~ J x

0) .  This is borne out

by Fi g s .  1-2 and F i gs .  6-7 .  In  the  s t o c h a s t i c  case w e  f in d  t h a t

t r i e s  to up roach ~~
CE i n  t h e  !? m i d d l e ?t , as we would  e x p e c t .  At  t h i s

poi r.t it is usefu l to look at the mean values of t h e  -\ and B m a t r i c e s

.93 - .02~~ r . 32  . 12 7

- .15 .38 - - .07 1.53 - 10.90
L L L

and

~~ t + l i ~ -.02 ! H~
1 r .3: .42~ 

~~~~~ 
r63 .:4

— 
= 

— - 
+ : _ ,

—

1t = l  H ’5 ~~ - .07 1.53 210.90

L -
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t~i
U = I J , ~~~~~

C E. case (1,1)

(1,2)
( 1,1)

>~135 
-

I

0 5 10 14
time (in quarters )

1 i ~~. .  ‘ l i m f l ~~’y s u r t p l e  v s .  time , I-aj . (A. 1 ), t o m  - - = 15.  For t h e  e F .

case , a l l  c o v a r r a n e e  m a t r i c e s  a r c  = c - t e qu a l  t m Z er o .

--—-- .
~~~~-—--- — - - - -  -—----
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Lookin g i t t  t h e  relativ e values of the element ; of A , we see that

aver-age con s-unction C is essentiall y i n d e p e n d e n t  of av er a g e  i n v e s t m e n t  [ ,
though I dc-es depend on C . Also , ow i ng to the relative -ealuc s of the

elemen ts of B see that the average government expenditure I:~ does no t

really affect investment I . however , E influences C direct ic
- t + l  t t + l

w h i c h  in turn influences t t+2’ so that the effect of average 
government

e xp c -n d i t u r e  on a v e r a g e  investment is experienced two periods later. N e

note also that both the instruments can influence consumption.

In the stochastic case we see that as the r e l a t i v e  w e i g h t i n g  of

consump tion and i n-;cstment in the wei ghting m atrix Q changes in favour of

one or the other , the  cor respond ing  s t a t e  approaches the  target  more

closely , as one would expect. In Fi g. 1 , the perfec t C .E. case is at

t h e  top . Below this comes the curv e corresponding to Q = diag (10,1).

As the relative weighting of consumption decreases to Q = (2,1) the mean

cin~ oil mpt ion trajectory drops even Further down. This trend continues

t i l l  Q = (1 ,10). In Fig. 2 , we observe exac tly the opposite. Q = (1 ,10)

represents the case for w h i c h  investment tracks most closely sinc e the

relative wetght of I is highest here and it gets progressively worse as

we go to Q = (10 ,1).

Finall y, the optima l cost J need s to be considered . We find that

it  can also be d Ivided into two part ; : the regulator part and the

tracking part . The regulator part comes from the term -
~~ x ’ K x , which is

the same as the co-;t for the corresponding regulator prob l em . The

additional terms p ’x0 and g~ explain the tracking part of the cost.
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The ter n ‘ge
’ represen ts a r e s i d u a l  t y t i e  cos t ~th c- dynamic countern-srt

of the  c o n s tan t  t e r m  ‘ c ’ in th e minimi:at~ cn of a q u a d rat i c  f u n c t i - i n

— ax2 + bx + c). he note  also t h a t  J increases  as increases , s i nce  t h e

control becomes less and less capable of controllin g ti-ic system

effectively, ( F i g .  8) .

Let us now look at the sensitivities of some of the parameters. To

keep thi ngs simple we shall onl y look at the sensitivities of the diagona l

ele ::tent; of and 
B 

Note that var (a11), 022 
= ear (a,1),

= var (a12) 
, = var  (a ,~~) when o . . 7 .~. S i m i l a r l y ,  when

~ ~~~ 
o~~ = var (b 11), 077 = var (b

21 ), 0
3

3 = var  (b 17 ) ari d

= v a r  (h ,7 ) .  For convenience  we sha l l  denote va r  (a .)  by o f . . )

and var (b
J

) by c f . ~~) .  The r e l a t i v e  s e n s i t i v i t i e s  cor resp onding  t o

d i f f e r e n t  Q :aiitr ices are given in Tab le  2 and a r e  t hen  ranked in T a b l e  3.

he do the same w i t h  t h e  abso lu te  s e n s i t i v i t i e s  in Tab les  4 and 5.

Our first observation is that none of the parameters are overly

sensitive. We note that the highest relative sensitivit y is only .3 or

301, i~c can c u l l  a r e l a t i v e  s e n s i t i v i t y  of 1 or 100% h i g h  because  t ha t

imp l i e s  a m ; a r i a t i o n  of a m a g n i t u d e  commensurate with the actua l value .

J u d g i n g  by t h i s  s tandard s e n s i t i v i t ie s  of .3 or less are n e g l i g i b l e .

Th~is , in a general sense , t h i s  model  is q u i t e  i n s e n s i t i v e  t o  v a r i a t i o n s

in parameter variances . In other words , at least for this model , this

method of a n a l y s i n g  s e n s i t i v i t y  does not y i e l d  much u s e f u l  i n f o r m a t i o n ,

besides the fact t h u t the model is insensitive and therefore reasonably

reliable. 

--~~~ -~~~ - - - -   ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- - - - --
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r - - ~~~~~~ ~ ~~r ~~~Q: ~ ~~~~~ 
2~~ j [~~~(lWj: Q: (1 , 2) 

[~~~(l~~lo~
______  -- T~~~I 

~ l l J ~ 
o(a)

~~~ [_ :±I~
_ h _

~±~1L ~~~ _____ ______

a 
1 a )  I

21 .037 099 .129 .152 .l69~~
- t  L A 

-

-
~ 

- 
03 3  

c(a
17 ) .058 .04 1 .028 .01” . 005

_ _P_ 
_ _

T

~

1TE_

~~

E
I~~~~~~~~0(b

1l )J .21J . 127 

~~~~~~ ~~~~~~~~
022 

0(b71) .0-17 .117 .140 .145 
- 

.105
B 

. 250 ~~~~~~~~~~~.l2 1 .081 .030J

[~~~~ [G ~~;1 0s4 1 . 155  . 206 .24~~~ .3~~~~ )
~~~~~~ ~~~~~~~ - :~JL~~~~ J _________ 

_ _ _

Table 2. Relative sensitivi ties
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Table  3 . Rank ing  of parameters in order of decreasing
r e l a t i v e  s e n s i t i v i t y
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I 0(b12) c(b 2 C )  o(a22)

o( a 2 1
) o(b 17) 0(b 21) o(a22 ) 
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0 (b 7 1 )

a(b 21) a(al2) oft11 ) 
I - o( b 17 ) L
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Table 5. Ranking of parameters in order of decreasin g
absolute sensitivity
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I f  L e  look i t t  t h e  v I r  L it  i ons  t n t h c -  sensit ivit~.- ranks as Q is £

c h a n g e d , se f i n d  a r e a s o n a b l e  p a t t er n .  -~i -c- n consumptio n is more heavily

aeigitted than investment , we f i n d  tha t t h e  p a r a m e t e r s  e(:i 11) , oft1,),

0 ( b 17 ) t end  to be more ;~~ I l5  i t  ice , wh e r e a s  when i r - : :cstmont  Is

more heav i l y weighted the param eters 0 ( 0 9 1 ) ,  0(a29), o(b71 ), o(b 27 ) t i r e-

m o r e  sensitive (Tab1es 3 and 5). T h i s  is as i t  should be as is evinced

by the positions of these parameters in the covariance matrices

[ oft11 ) 0 0 0 1
0 au 2 1 ) 0 0

0 

-
- 

°~~~:)

0 0 0 o(a27 ) j

- :(b 11 ) 0 0 0

— 
0 c(b ,1) 0 0

- 
0 0 I L~(b 12 ) 0

O 0 0 o ( b 2 2 )

Nh it hiinpens in the sen siti vity equations is that the above shown x2

blocks enter into the mathematics directly t h r o u g h  the  t e r m s

Since c(a11 ), 
o(a12 ), 0(b 11 ) ,  a (b 12 ) occupy the  top left

po sitions in these blocks they contribute to the error in the propagation

of consumption and as consumption assumes a greater relative importance

in the cost functional , these parameter variances become more sensitive.

This is shown by the column of rankings under Q = (10 ,1) in  Table 3.

Exact l v  the same happens in the other direc tion with investment . The 

-. -—--~~---.-—_ ~~-
_- _  _- - - -  - -—-- _



pa r- e~-te rs J ( t i  ~~) , ~ ( t i  ~,)  , o (b ,1) , t (b , F occu y t F - ~ bott orri ri Fi t

~~~~ i t  i L t f l S  i i ;  the se h lucks and t h e r eb y  c o n t r i b u t e  t o  t I c  e r r o r  i n

i n v e s t m e n t  , so t h a t  t i r e - . becom e : t iore -  sunsit ive a the relat ive W U t  g h t  i ng

of investm ent i : i c r e t i s e s .  -\s n e  move from t~ ~
- column und er  Q = (10 , 1) t o

the co l it: tn under Q = (1 , 10) from l e ft  to r i gh t  in  T i b l ~ -i; S and 5 , -- i -

f i n d  t h a t  t J - u p . l r t L : t t e t e r s  ~ (a 9 1 ) , 0( 0 7~~) , 0(b 7 1 ) ,  o ( h 2 7)  move fru ;t the

b o t t o m  of t h e  c o l u m n s  g r a d u a l l y  t -  t h e  top  when w e ge t  to Q = (1 ,10).

T h i s  p a t t e r n  a l so  makes sen-~e phys i c a l l y hhen co n s i l i ;I V t i o n  is  m o r e

import- ott , one -scold  expect t h e  h i g h e r  s e n s i t iv i t i e s  to he w i t h  t h e

r i  r at  r oss  of A and  B w h i c h  pa r c i et  e rs  affect consumpt ion d i r e c t 1;. -

- ‘u r l - exp l i c i t l y

t~~1 = a 11 C + I
F 

I~ + b
~~ 

E
~ 

+ b 12 ‘1 + c
1

The o t h e r  Ii r e u t e r s  a~~1, a,,, h ,1 , h ,, af f e c t C~ only indirectl y . The

s t i t t i e  is tr ue for invest - ten t.

1 t ÷ l  
= ti

7 1  
C + a 2 2  1~ + b 7 1 E

~ 
b~~2 ‘-1 +

1 m m  this one would expect -i(a ,1 ), o(a ,7), aft~ 1), 
o (b,,) to be more

sen sitive as i- s borne out b y t he  r e s u l t s .

Q = (2,1) sc-em s to represent some sort of a “break -point ’ t h a t

wei ghts consumption and investment in some “equitable ” manner. Fir stly,

we find th at the relative sensitivities at  this value i r e  t i l l  e v e n ly

distr ibuted i.e. t h e r e  i s  no p r i o r i t y  in  r a n k i n g  in e i t h e r  g roup ,

[opi i i ~~’ -t  (a
12 ), a (b 1 i~ 

, a (h 19 ) ] or [0(a 21 ), a (a,2), o(h 21 ) , o(b ,,)
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S t e  the col umn nader I)  = (2 ,1) in T ab le 3. If we incr ea se the re~~ t~ ve

-.~eLth t  -of con~~t r : e t i o ;  t e s t r U s Q = (10 , 1 ) ,  t r e n  --c  f i n d  e l e m e n t s  of

f t( ; i
1 

) , (a~ ~) , -o(b 1 
) , o (b 19) becomin g :orc- setia it it- c- wherea s rf we

de~ re.ise t t ~s Q = (1 ,1), (1 ,2) and (1,10), ~ Ci fi nd [o 
~~~~~ ~(a 29),

o ( b ~~2fl becomin g no r- c s c - n s t t i v e .  Of  c o a t - w e , s in c e c - r t r  J o t i  come t ;

f r e t - . on I ‘ - f i v e  Q m a t  n i  e - t 5  , we e a n n -  t h a v e  the ex a c t  L-i e t i  k -p o i  a t  - - r t  

Li a r ,  san  t t l t  i t  l i e - S  roitgnl .- n c r  C) = (2 ,1 ). T h i s  a l s o  secr: i s t he the

C) t h a t  g i v e s  t o e  i -os c - ; t  v a l u e  f o r  t h e  o r t - t i m a l  c o s t  J s c a l e d  by t h u  norm

of t h e  e-orr esronding C), as can be sc-en from Table 6. In addition ~ t h is ,

i o n i c  — i n d ; c a t e s  that L~~ is large t in t h e -  C) = ( , 1) cti -se Of course ,

the  c e r t t i i r t ;  cw~u i v a 1 c -n t  .J c - o r i a l s  :ero m d  ~s l u r - ,er t i - a i r  t h e  a b o v e

scaled 1 , and H C = (,S2 i s  also hi gher thai - i L H  f ar  Q = 12 ,1) .

The fact t h a t  .1 i s  l o w e s t  for  t h i s  ) oe- ; I rL; t h a t  t h i s  r e - i - r e s e n t s  t h e

£ mi nimu m of J taken over t ri l Q. Simi lar lv , t h e  i - j o t  t h a t  1 L H  is  h i g h e s t

seems t - e  imp l y t I i t  the c o n t r o l  i s  m o s t  f o r c e fu l  i n  this case All this

p o i n t s  to  t F 1 c -  fac t that C) = r , 1J r e - p r e s en t s  a special i c i o n t i n g  matr ix.

h e ~n e c i f : c  v a l u e -  of Q e lepends  of  c o ur s e  in  some comp l i e t i t e d  say  on t h e

va l ies  of  -i , ~ arid , 
~~~ . i n - - s e v e r , t l t e  tip i t t i n t  p o i n t  is  t I n t  t t  g e t ;

c l o s e st  to  t h  c e r t a r n t v ~ -n - l u i v a 1 e n t .  c i s c  in some a v e  r a g - _ . I t

r e r t r e s o r t s , i n  a c e r t a i n  Sens e - , an c i t t i r n a l ”  -c h o i c e  f o r  Q .

~s wet increase -\ :~Tr ad i a l 1 y ,  s c a l i n g  t h e  e n t i r e  c i t  n . e  :~ he factors

of 1 . 1 , 2 , 6 , 15 and 30 pi~ot ;r e : ; s i - ;e 1 r , -.~ i- find ftr st t h a t  t h e  op timal co- ;t

.1 incr ea~ e; ( F i g. 8). This is reasonable t-h --s ic tillv since tire - syr;t em

becomes i ncre as i ng l y -Jitu icu 1~ t o  c o n t r o l  t - . i t l  i n c r e a s i n g  unc ertaint - : .

t i 0  m d  the other variables b c - h a v i n g  reasonabl y t e e .  1-er r-xtiii l tle , t

--
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- ~
- I i

~ 
-

-

t - a -- - - - -  - - -~~

( 10 , 1) .

I ( 2 , 1) -~ 5 .6b

(1 , 1) 6 .00

(1 ,2 )  
- 

6 . 2

(1 , 10) H 12. 1)2

C .E .  0 _ Do

Table i .  horrialised values of the opt ima l cost for

d i f f e r ~~n t  s~~i g l r t i n g  m a t r i c e s ’)

~~~~~~ -

L i ±~. L~
110 , 1) -1 4 -1

(2 , 1) - 4 0

(1 ,1) . 139

(1 , 2) .387
(1 ,10) ~ .230 -

-

C .f .. .682

Tabl e 7. humm ed values ~f in i t i a l  gain matrices for

- J j f f c r - : n t  i s e i i t h t i n g  matrices Q .
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Fi g.8. Opt imal cost-to-go vs , time , Iiq . (-\ 13 ), for N = 15.

m is the scale f t i e r r f o r  t h e  c o va r i a n e c  m a t r i s
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qual ity of the state trajectory drops and we f ind in some sense a greater

expenditure of control energy (Fig.9-l0).The behaviour of the sensitivities

does not show any usefu l regularities as can be seen by caref ul ly study ing
aJ*Tables 8 and 9. Since the relative sensitivity is given by ~~ . -j

~ 
and

a and J*both increase, and the change in itself is hard to guess , we

are left without any reasonable predictions. For example, the first row

of Table 8, which shows the values of a(a11) as the scale factor ~ of

increases, indicates that a(a11) increases as ~ goes from 1.1 upto 15 and

then drops at a = 30. Similarly, the third row shows that a(a
12

) increases

till x = 6 and then drops for ~ = 15 and ~ = 30. The second row keeps

increasing whereas the fourth row behaves like the first. However, there

is no identifiable pattern which allows us to predict the behaviour of

these sensitivities. Also, since the values of are very small , even

a scale factor of 30 does not succeed in making Kt blow up. We are still

within the threshold even though we do not know exactly what it is.

To sum up, we could say that the outcome of the analysis on this

model is basically positive, Ther e are no rea lly sensitive parameters,

so we can trust the results of the model (on the assumption, of course ,

that the underlying economics is accurate).

4.5 Conclusion

In this chapter , we have presented a simple macroeconomic model of

the U.S. economy and recast it into state-variable form. Next, we have

applied the equations developed in Chapters 2 and 3 to this model , and
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20: 1

time (in quarters )

120

~O~cJIIIJIIIIIII7time (in quarters)
Fig. 9. State trajectory , Eq. (3.3.11). Comparison of trajectories

for C.E . case with the stochastic case when is scaled by

a factor of 30. Q = (2,1) for all curves.
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.240

~ 12O • C.E . case -
~~~~~~~~~~~~~~~~~~~

-120 .

time (in quarters)

182
=30

~~148 - C.E. case

14
time (in quarters)

Fi g.10. Control trajectory , Eq. (A.4), for N = 15. Comparison of

trajectories for C.E. case with the stochastic case when

is sca l ed by a factor of 30. Q = (2,1) for all curves.



96

c~:1.1 ct:2 c L :6 ct:15 ct:30

a(a
11)~ .115 .l7olj .272 .294 .215 1

.106 .161 .287 .397 j .44k]

______ 
1

.063 L.089 ~_
.077 .049

~ (a22) 040 .060 .094 .104 .101

a(b 11) [ .127 .122 .106 .080 [ .048

~ (b
21) .117 .115 .112 .108 .098

o(b
12) .164 .131 .065 .026

]J 
.012

a(b 22) .151 .124 .069 .035 .026

Table 8. Relative sensitivities for Q = (2,1) and
different scale factors a for

(i.e. the actual covariance used in
simulations is ctZA where is given

on page 63).
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presented some empirical results together with a discussion of these

results.

Our model turns out to be fairly insensitive to parameter uncertainty

variations and therefore quite reliable. App lications of this method to

more models is required for a better understanding of the equations we

have developed. It seems, however, that the complexity of these equations

and their relative resistance to deeper insight makes this method of

approaching sensitivity issues undesirable. The computation involved

increases at a prohibitively untraninelled rate as the dimension of the

model increases and since most useful econometric models are large, this

method is not quite practical. It can, however, be useful when a small

subset of the parameters in a large model needs to be analysed for its

sensitivity. This , of course , is to be expected since this method is

essentially a brute force way of identifying sensitive parameters.
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CHA PTER 5

CONCLUSION

5.1 Summary of Results

In this report, we have investigated the structure of optimal ,

linear , random parameter systems . We model these parameters as white

stochastic processes . Thus, the model contains both additive and

multiplicative white noise. This white parameter approach to adaptive

stochastic control is important for two reasons. Firstly, it makes the

problem solvable analytically. The general adaptive control problem is

in fact a nonlinear stochastic control problem and cannot be solved

without i~~king approximations. Secondly, it shows , in a worst case

sense , the fact that the control gains of an optimal stochastic system

with purely random parameters depend not only upon the mean values, but

also upon the variances of the random parameters. The scalar case of

this problem was investigated by Ku f 1]. Here we investigate the most

general multivariable version. The problem is formulated as a tracking

problem and includes additive noise as well . We do this work in

Chapter 2.

In the next chapter, we develop sensitivity equations to analyse

the sensitivity of the system performance to small variations in the

variances of the system parameters. The equations turn out to be fairly

cumbersome in the general multivariable case . Deriving equations for the

sensitivity of the optimal control and the optimal trajectory turns out

to be hopelessly complicated.
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We descr ibe a simple macroeconomic model , recast it into an

optimal control framework , and make a thorough investigation of its

structure and of the optima l solution together with the sensitivities

of the different parameters. We present some of the relevant simulation

results for the analysis.

5.2 Conclusions

The multivariable case for linear random parameter systems, though

solvable analytically , turns out to be somewhat opaque and does not

yield much further insight than the scalar case. The main result for

the scalar case described in Ku [1] is the Uncertainty Threshold

Principle. In the scalar case it is possible to find an analytic

express ion for this threshold (some function of all the means and

covariances). In the mu].tivariable case, we find that it is very

difficult, if not impossible, to obtain an analytical expression for the

threshold. The source of the problem is that we are dealing with

matrix quantities and matrix multiplication is non-commutative and

operations like the trace of a product of matrices do not decouple.

However, a threshold certainly exists as can be ver if ied by try ing out

different values for the various mean and covariance matrices.

The sensitivity equations, since they are der ived fr om the above

optimal solution, turn out to be even less amenable to any insight. We

do not even bother to reproduce the equations for the sensitivities of

the optimal control and state trajectory. The appl ication of these

equations to Abel’s model also turns out to be of dubious value. Though
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they do supply us with some valuable information - that the model is

basically insensitive and therefore reasonably reliable - it is

questionable whether such a brute force approach to sensitivity analysis

is worthwhile. Many currently popular econometric models are large and

nonlinear and this approach would become far too involved computationally.

The cpu time depends geometrically (‘~n
2) on the order of the system and

linearly on the time horizon. However, if we restrict the set of

parameters whose sensitivities we wish to examine to a small subset of

all the parameters, then we can hope to extract some useful information

at a reasonable cost.

5.3 Suggestions for Future Research

1. More analysis is required to thoroughly understand the

different aspects of tracking problems. Specif ically, one

needs to understand the end-point behaviour of various

variables like x~ , u~, ~~ 
and Tn

~ 
physically. It may help

to reduce these matrix and vector quantities to scalars

by using suitable norms,

2. We have calculated quantities like . It may be useful
3K eto consider quantities like as well. This represents

the effect of a change in the present value of a on the

future value of Kt. This may prove to be useful in

adaptive control schemes where such information may be used

to guide control action.
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3. Though the equations turn out to be very complicated , it
3Zu 3Ex

would be usefu l to look at the behav iour of ~~~~~~~~~ ~~~~~~~~

Perhaps somewhat different initial assumptions might lead

to a more tractable problem which might yield useful

information.

4. The scheme developed in this report can be applied to assess

the reliability of different models of a given system. This

affords a selection criterion wh ich can aid in choos ing one

out of a number of models.

5. This sensitivity analysis can also be applied to an analysis

of the monetarist-fiscalist debate in Abel’s paper [47].
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APPENDIX A

We solve here the optimal control problem posed in Chapter 2

using the method of stochastic dynamic programming.

We begin by stating the problem and the principle of optimality.

We have the following linear random parameter system

X k+l = A
kxk 

+ B.Kuk + ck x0 given 
(A.11)

where A.K~ 
Bk and c

k 
are all white and Gaussian with known means,

covariances and cross-covariances.

E { A k} =

E { B
k
} = B

E { c k} =

£ { [ S(A k ) - 5(A) ] [ S(A~) - S (A) ] } = ZA ~kL

£ { [ S( Bk ) - S(S)  ] [ S ( B~ ) - 5(8) ] } = E B ~ki

E { [ S(C k ) - S ( c ) ] [ S(c~ ) - S(c) ] } = E~ ~~~
E { [ S(B k ) - S(B) ] [ S(A~ ) - S(A) J } =

£ { [ S(B k) - S(B) ] [ S(c~,) - S(c) I }  = EBc6k~

£ { [ S(A k) - S (A) 3 [ S(c L) - S(s) ] = EA~~ kR.

Here we introduce some notation for convenience. For any matrices Yk , Z k
let

£ { Y
~
Z
~
Y
k 
} = Y

~
Zk Yk

= Y ’Z kY if E 
~~ k ~ = V constant

_ _ _  _ __ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-
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The cost functional we choose to minimize is

J = 4 E { Z  ((Xk 
- xk)’Q(Xk - Xk ) + (

~ 
- Uk ) R(u k - Uk)]

+ (x
N 

- x
N

) Q(x
N 

- X
N) 

} (A.2)

where Q, R are symmetric , positive semi-definite matrices and where Xk, Uk
are given target trajectories.

The stochastic control problem is to find a control sequence

u , u1, . . .  , UN 1  
} that minimizes the value of J. This problem is the

stochastic tracking type of optimization problem and can be solved with

either the discrete minimum principle or dynamic programming . We choose

the second approach .

Let = 

~ ~=k 
[(x 1 - ~~~) ‘Q (x

1 
- 

~.) + (u .
1 

- i~. 
1)’R(u .1  - ü . 1 )

= 4 [ (Xk - Xk)’Q(Xk - + (uk l
_ü
k i )’R(u

~~l~
ük l ) ~

= E { J k
}

Xk = E { P
k }

= mm
Uk_i, ... , UN 1

where k = l , 2, ... , N

We have

= mm 1k k = 1, 2 , . . .  , N
. . .  “N-l
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= mm EJ kUk l , . . .  ~
tlN _ l

= mm E 
~~k + 1’k+l + 

~~
‘‘  +

= mm EP k + mm EJ k+lUk.1.... ~
UN_1 Uk_l ,~ 

. .U~ _1

(Note : EJ N+l E 0)

= mm EP k + mj ~ (mm
Uk_l Uk_i Uk ) ... , UN _ i

= mm ?
~k 

+ mm (Note : “N+l E 0)

= (A~ + ‘Y;~ 1 ) 
(A.3)

This is the functional recurrence relation that we shall use in our

der ivation.

We shall first calculate

Ak = EP
k

= 1 
~k p (x k ) dx

~K

= 4 f[(xk_ik)’Q(xk_
~k) 

+ (uk l
_
~k l ) ’R( u k l

_ii
k l ) ]

p(xk/A.K l , Bkl , ck l , xk l )p (A k i , Bkj ,ck i
)p (x k l )

d(x k,Ak l , Bk l , ck l ,xk l )

using p(x)  = I p (x/y)  p (y)  dy.
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Note that is independent of Ak_i, Bk i ,  Ck i  so we can write

p (Ak i , Bk l ,ck l , xk i ) = p(A
k l.Bk l, Ck i~ 

p (x k l )

Also , d(x k, Ak i ,  Bk l ) Ck l ,  xk l ) is merely an abbrev iation for

dxkdAk l dBk l dck ldxkl .

Therefore ,

= 4f [ x
~ l (Ak lQA

~K i )x k ~ 
+ u

~ 1
(R+B~ i

QBk l~ 
Uk_i

+ C
~~l

QCk l  + 2U~ j (B
~~ lQAk l )X k I  + 2u

~~l
(B
~~l

Qck l )

+ 2x
~~l

(A
~K l Qck l ) + ~~~~~ 

+ Uk 1 RUk 1  - 2ü,1~_ 1Ru~~ 1

- 2~~
(QAk l )x k l - 2

~~
(QBk i )uk l  - 2 

~~
(Qck l ) 3

p (Ak i ,Bk l , ck l )p(x k l )d (A k l  ~
Bk l ,ck l ,x

k i )

using xk = Ak lXk i  + Bk 1”k l 
+ Ck l  and integrating out X

k
.

Now , integrating with respect to Ak1 , Bk l .  and Ck l  we get

Ak = 41 [ x~ i
KT
~A Xk l  

+ u~~ 1(R + B ’QB) Uk i  +

+ 2u
~ l

(B ’QA)xk 1 + 2u~~ 1(B ’Qc ) + 2xj~_ 1 (A ’Qc )

+ + ii~ _ 1RiL~ ~ 
- 2 ii

~~i RUk l

- 2
~~

QAx
~K l  

- 2i
~

QBuk - 2~~Qc 3 p(x k l )dx
~K l
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1. k =  N

= mm X N (
~~ +~ 

E 0)
UN 1

dA

du

2 (R + 

~
‘
~~~UN-i 

+ 2(
~~~

A)xN l + 2(B’Qc) - 2R
~N _ i  - 2

~
’Q
~N 

= 0

uN l  = (R + B ’Q8)
~~~

(B t QA ) x N i

(R + j r~~ ) -’(~T~~ - ~‘Q~~ -

*With this, we calculate

* 1 — — — — 1 --—-———
= 

~ 
f (  x.

~~l
(AtQA)xN l  + x.~~1(A ’QB)(R+B’QB) (B’QA)xN l

+ (B’Qc - B’QZN - Rl~N 1) ’( R + B ’ Q B ) ’
~~(B ’Qc - B Q X N -

+ 2xN i (B’QA)’ (R + ~~ ) l
~~T~~ - B ’Q~~ -

+ c ’Qc - 2x~~ 1(A ’QB) (R+B
~QB)

] (j T
~A)x N l

- 2(B’Q c B Q x
N 

- Ru N l ) ’ ( R  + B ’Q
~~~~~

B ’
~~

)x N l

- 2 x~ 1(A ’QB ) (R +

2(B’ Qc - 8 Q ’ N - Ru.N 1) ’ ( R  + S’QB) 1(B’Qc )

+ 2 x~~ 1(A ’Qc ) + 
~~~ 

+ fl .!~~1R~~~ 1

+ 2 ~~~~ R(R + B ’QB)~~’(iT~A) X
N 1

+ 2 Ü,~~1R (R + QB)
_ 1

(i’Qc - 8
~~~N - Ru N 1 )

- 2
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+ 2 ~~QB (R + B ’Q~ )
_ 1

(B’Qc - B Q x N - Ru N 1 )

- 2 L~QE 3 p (x N l ) dxN l

On simpitfying the above, we get,

= [ x~ 1{A’QA - (A ’QB) (R + B ’Q8)~~~(B ’QA) } .

~~~~~~

+ 2x~~~ {K~~ - A~
Qx
N - (A’~~~) ( R ’ ~~~)~~~(B ’Qc - B’Q

~N
_ RÜN 1 ) }

- (B’Qc - B’QiN - RiiN_i )?(R+StQB) 
i (BIQc - B Q x N - RuN 1 )

+ c ’Qc + 

~~~~ 
+ iI.’

~ lRÜ N l  2 ~~~ ] p(x N l )dx.
~~l

Since we know the f inal answer , we can make some convenient definitions at

this point.

Let K =

=

=

Then ,

= 
~ 

x~ _~~ A ’K ~~ - A ’KNB(R + B’y
1 s’y XN 1

+ 2x
~ i (A’K N

c + A P N - (A’K N8)(R+B’KNB)
~
’(B

~
KNc 

+ 8
~~N~ 

R
~N j )

- (B ’KNc + - 
~~N_ l )

~~~ 
KN

B) (B K
N
c + - RiIN_l)

+ c’IL~c + ~~~~ 
+ U

N i
J
~
.1N l  + 2

~ ’pN ]

Now define

= A ’ K N . A — (A ’K N .B) ( R + B ’K N i B)
~~~(B ’K N . A)

- --- ~~~~~~~~~~~~~~~ - -  - ~~~~~
-- - ---- ~~---- -—~~~~~ -.
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= A
~
KN .c + A pN i  -

(B ’K N I C + 8
~~N-i 

- R
~N_j l)

K1 = Q + D .

= - Q ç # q .

= — (R + B’K .  1B~~
1 

( B ’ K m
1
A)

= - (R + B ’K .  1B~~
1(B ’K. 1c + 

~ ‘p~~ 1 - Rfl .)

rN . l  = 4 (B ’K N i~ 
+ B ’pN i  RuN . l) ’  

~N-i-l 
+ 4 c ’K ~~ .c

1- .  — —+ — u ’ . Ru . + c ’p . + g2 N— i - i  N-i-i  N-i N-i

g. = !~~‘Q~ . + r .1 2 i  1 i

Thus we can write

= 4 f [x~~ lDN l xN l  
+ 2x.~~~1

q~~~ 1 
+ 2r N l ] p (x N l )dxN l

ui _ i  = LN 1  XN 1  + mN l

From here we go on to the next step in our calculation.

2. k = N - i

= mm (A N_ i + y )  

- - -  — —-
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We have , from the previous step,

* 1
= 

~ 
f [  X~~~1

D~~~1
X~~~1 

+ 2x~ ~~~~ 1 
+ 2rN_l ] p(xN..~l

)dx N_ I

= .~
. ( F x ’ (A’ D A ‘

~x 
+ u ’ B ’ D B u

2 J L N-2 N-2 N-il’4-2 N-2 N-2 N-2 N-i 1~i- 2 N-2

+ C
~ 2D N 1CN 2 

+ 2u
~~2

B
~~2

DN l A
N 2

xN 2

+ 2 ‘ B’ D C + 2x ’ A’  0 cUN 2 N-2 N-i N-2 N-2 N-2 N-i N-2

+ 2x~~ 2A1~_ 2 q~ _ 1 + 2 u~ 2B~ ~~~ 1 
+ 2c~~ 2q~ _ 1

+ 2rN l ] p(x N l I AN2 ,BN2 ,cN 2 , xN 2 )p(AN2 ,BN2 ,cN_2)

p(xN 2 )d(
~~~ l ,AN 2 , BN 2 , cN 2 )

~~~ 2)

= 4 f[ x~~~A ’D~_ 1A 
~~-2 

+ u
~ 2B ’D N 1B UN 2  + C ’D N l C

+ 2 u
~ 2

8’D N 1
A xN 2  + 2 U

~ 2B ’D N 1c + 2 X~~ 2
A I D N l c

+ 2 ‘
~N-2~

’
~~N-l 

+ 2 uj4 2B’ q~~1 
+ 2 

~~~~~~~~ 
+ 2rN l ]

p (xN 2 CN_2

after integrating with respect to xN l .  AN 2 ) BN2 , and c
N 2

.

Therefore ,

+ 4 1 ix~~2 { A’(Q + DN I )A } XN 2

+ u~~ 2 {R + B ’( Q  + DN 1 )B} UN 2

+ c ’(Q + DN 1 )c

+ 2 UN 2  B’ (Q + DN _ l )A XN 2

—— —- - —V .- 
p ~~~~~
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+ 2 
~~-2 

B ’( Q + DN 1 )c

+ 2 x~~ 2 
;;-

~
::iE~ + DN 1 )c

+ 2 x~~ 2 A ( q ~~~1 
-

+ 2 u
1~_2 B ’(q~_ 1 -

+ 2 C (q~~~1

+ 2 rN l

+ 

~~~1~~ N 1  + Ü
~ 2

RüN 2  - 2 
~~~2

Ru
N 2 J

p(x
N 2

)dx
N 2

= 4 f [  xN 2 ( A K N 1 A)x N 2  + u
~~2

(R+B’K .N lB)uN 2

+ c ’KN 1c + 2 u.
~ 2

(B ’K
N i

A)x
N 2  

+ 2 u
~~2

B’KN l c

+ 2x.
~ 2A K N 1c + 2 X

~ 2
A PN ~ 

+ 2 U
~~2

B ’PN l

+ 2 C P N 1  + 2 rN_ l + XN 1 Q3IN 1  
+ u~~2RuN 2

- 2 
~~ 2

RUN 2 
~

We can now minimise this expression w.r.t. UN 2 .

‘
~ N-2 

( A N 1 +Y N ) = 0

2 ( R + B ’K N I B)u N 2 
+ 2 B ’KN 1A xN 2  + 2 B ’K N_lc

+ 2 8’
~ N l  - 2 R~~~2 

= 0 

-___
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uN 2  = - (R + B’KN 1BY
1 ( B ’KN 1A) XN 2

- (R + B
~
KN_ l BY’(B?K N 1

C + B P N 1  
- RuN ? )

= L
N 2  xN 2  

4. m~~2

Let us now calculate

= [ x
~ 2 (A’ KN iA) X N ?  

+ x~ 2 L~ 2 (R + B’K N 1 B)L N ? xN 2

+ m
~~2

(R+B’K.
~~l

B)m
N 2  

+ 2 x.
~~?

L
~~?

(R+B’K N l B)m
N 2

+ c ’K N l c + 2 X
~~2

L
~~2

B ’K N l A XN ?  + 2 m
~ 2

B ’K N 1A XN 2

+ 2 x~ 2L~~2B’~~ 1
c + 2 m

~ 2
B ’KN 1c + 2

+ 2 X
~~ ?

A ? PN l  + 2 x~~ 2L
~~ 2 B ’ pN l  

+ 2 m
~~2

B ’ pN l

+ 2 C ’PN l  + 2 r~~ 1 + ~~ -1~~~N- 1 
+

- 2 ~~_2R ~~_?
XN_2 - 2 uN 2 RmN ? l p(x

N 2
)dx N 2

= 
~ 1 N~2

DN_2xN_2 + 2x~~~2q~~~2 
+ 2rN 2 J p(x N~2)~~N~2

after some simplification and rearrangement of terms.

So we see that we get similar express ions for the control and

optimal cost-to-go for the next period. This obviously carries through

by a simple induction argument to a l l  t ime periods. Thus we can wr i t e

down the complete solution. Before we do this we eliminate some of the

new variables we introdu .ed earlier .
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D = A ’ K . A — ( A ’ K . B ) ( R  + B ’ K . B ) 1 ( B ’ K ~
A)i— i 1 1 1

K. = Q + D .
1. 1

= Q + A ’ K .  A + (A ’K.  B) Li+l 1+1 i

q
~ ~ 

= A ’K.c + A’p. - ( A ’ K . B ) ( R  + B ’K . B )  1 (B’K.c + B’p~— 1 1 1 1 1

- Ru . 1 )
1

p. = - Qi. + q.

= — Q.x. + A ’ K .  C + A ’p + (A ’K B) m .
1 i+l j+l i+1 1

1r.  = — (B’K.c + B’p. - Ri . )‘ in. + c ’K C +
i—i 2 1 1 i— l i— l 2 1

1 —
+ — U !  R u .
2 i—i i — l

=g. ~! Q~. + r.
1 2 i i i

- 
1 
~ 

+ 1 ~~ Ru + 1 c’K c + c ’p— 

2 1  i 2 1  i 2 i+l j+l

+ .!. (B ’K c + B’p - Ru )‘ m + g
2 j+l i~ i i i i+l

The complete solution to the optimization problem is therefore

*
x + m  (A.4)u~ = L

~~t ~

Lt 
= - (R + B ’K ~+i B) ~ (B’K

~+i
A) (A. 5)

= - (R+B’K
~+i

B) ’(B
~
K
~+1

c + B ’ p - R~ ) (A.6)t+1 t

p = - Qx - A ’ K  c + A ’p + (A ’K B) m (A .7)t t t+l t+1 t+l t

K = Q + A ’ K  A + (A ’K B) L (A. 8)t t+ 1 t+ l  t

— - ~~~~---- - ---- - --_~~~~~~~I-- _ --
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= 4 + 4 + 4 ~~~~~~1
c +

+ 
~~

- ( B ’K~~1c + B ’ p
~ +i 

— Ru e ) ’  m
~ 

+ (A.9)

= Q (A.lO)

= - Q ~~ (A. 11)

= 
2~~N

QX
N (A.12)

and t = 0,1 ,2, .. . , N— i

We can also calculate the value of the optimal cost-to-go and the optimal

cost .

The optimal cost-to-go is given by

* 1
= 1k 

+ E [ (x~~ 1 - xk Q(Xk l  
- x

k l ) 3

= 4 1  [x~~ 1 D
k l  

Xk l  + 2 x~~ 1q~~ 1 + 2 rk l ] p(xk l )dx k l

+ 4 [ [x
~~l

Qx k l  
- 2 X

~~ l~~ k 1 + Xk l QXk l I

p(x k l )dx k l

= 4 1  [x ~~ 1(Q + D
k l ) 

Xk_l + 2 x~~1 (q~~1

+ 2 rk l  + Xk l QXk l I p(xk i )dx k l

= 4 1  (x
~~ lK

k l ~~~ l + 2 P~_ IXk_ I + 2

= £ 
~ 4 X~~lK k l X

k l  
+ P~~ l Xk l  + 

~~~_ 1  } k = i ,2, . . . ,  N

(A. 13)
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The optimal cost is given by J =

= E { 4 x ’K 0x0 + p ’x + g }

Since x
0 is known with certainty we can write

= 4 x~,K x  + p~x + g
0 

(A.14) 

--. -- - --- ~~~~~~~~~~- .~~~~-~~~~~~~~ --- .- - -_ _ _
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‘L-...: ~‘A . .’U~ ~~~~~~~ A CCNVEhSAT IONAL L~Ol~IT0r ~~ST~~M

~~~~~~~ NA ,NS ,NNA ,l~’TS,N ,.~!,NN ,N N ,I P V T 1~’) ,KIN ,~(our PAEJi .~..~1U
DC~UbLE ~~~I~j~~uN ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t’AR0002O

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ PAR ~)0O 4 O
+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ?AE O~~U5o
+ j  ~1J ,2) ,V~~1C ,2) ,~~~ ~1G,2) ,~~1 ~10) ,~~2~~1J) , WOB K~ 1O) , ?Ai3U06~)— + VW (13 ,2) ,UVi~ (10 ,2)  ,A h R A Y  (51 ,13) , ?AEOUQ7O
+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i’AEc 0~)~)80
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+ 3[)~ 1~~) ,D~’t ~1.)) .1)2 ~1L) •3KC ~1U) • D~

C PAR OO 11O
C~~~ 1O N / L N 3 U / K 1~ ,KOUT

c 2AROLi 130
KIi~=5 2AR~)~~1~e0
1(uJT=o ?ARO015~)
i~ = 10 ?AROO 160

N N = L 4  ? A i i O u l l u
PA ROO 180

~~~ 1
NS=12 ~‘AaOO20O
N N A 7 k’AR Ou21 O
N=2 PAROO22t.)
:1= 2 PAaO0230
C A L L  ~1A EI 3~~NA ,N ,N,~~,4 )  P A R ~) C 2 4 , .
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X Z~~EC ~1 ) =362 .L0 ~Ai (OU.3~4O
XZ.~.EO ~2 ) = d i .  0D~.) PA ~~~.i35C
NPT 5 1o P A R O O 3 6~)
XT (1) (~~1.0123D0)** (NPTS—1))*XZERO (1) PARO U37O
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CALL PA~~(~ A ,NS,N ,Nl~TS,N,?l,N M ,N N ,A ,B ,C ,Q,E,SIGA ,SIGi3, ~A ROO39 Q

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ PAk~0O~~OO
+ .~~~~~, iL , AB~~A~t ,COST ,LCOST ,l~Ki, ,B K A ,~~k’A ,BP8 , Eat, DI , I A RO t~)~4 10
+ ~PC, P,~lKC ,DG,U ,V ,$,’ ,UV i4,W1 ,b~2,~ O R K ,IPVT) ROuL&2~.)
W~ ITL(KOJT, 15) GT PAEOOL43O

15 FC~.NA I~~1 H.,7H GT = , D26 . 16) P A R O U 4 ’4 0
WElT~~(KCUE ,16) ?AE0L~(45O16 F Z L M A T ~~1H ) ,5H PT )
LAL L ~A2i C~ N ,N ,~1M . IT ,3) P A k ~t)O~47O
WBITE ~Kuu -r , 17) PAR t.?~ 48-)

17 F0 A r ~~1H-J , 7H i~~T ) ) i~A i w u W 3 0
CdLL ~1ArLO (~~,N ,i~M ,E~~,3) 2AR00 500
‘~R I T l~~nJUT .1d) ?ABJCS1J

1~ F CF.iAT (1d-),7~f L(T) ) IA R ~) U 5 2 O
• CALL £~triO A ,.~,N ,~.L ,3) P A R U O S 3O

~ E~ITE (K uur. 19) PAROQ
19 i~3si~iAT~~1 &1 ,7ki KiT ) ) t? AIkO~~55()
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FILE . : ~~~ 1 I ~~~~T~~A N  
~~ C C N V E i k S A TION AL ~l ON IT3Et S1ST~~’I

CALL :1A~~IO( -~A ,N ,N ,i.lcr,3) ? AE ~~ 56C
I A B ~~.57)

c I A H U~)5~ 0C L A S T  L A L  C F ~ AE~~
C 2AE< O~~60O

IA ~ 0 0 b 1 O
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FlL~~: ?~~ )
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S~~~~~~i L ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+ I,1NC1 ,I N D 2 ,I N D 3,IND14,IR ,Is,II,ITN 1 ,IT 1.IU ,IV ,I1 ,I~ ,I4,I5,PARO (.21O
+ J, Jj ,J1 ,KL PABO L22~,
D~ iLL ~‘aLCIS1CN :CND ,TR.Sur1. IN,xMA x ,1MI~ ,r’1Az ,YSF~~1J),ZEao , I ’Ak~th)23O

• + ,XS1(2),XS~~2),LTS~~10,~~),X SaV.E~ 16 ,2 ) ,  PABO~)24O
+ LT5AVE 3t),2), M T SAY~~~3i)),LYrS~ 2),XS2~~2), 1AR06250
+ J S A V E ( 1 5 ,2 ) , D K S A V ~. ( 96 ,3 2) , I T S A V E ( 3 2 ) , ~~T S A V E ~~16),  P A R O C 260
+ 4 3~~1 , 2 ) , D P 5 A V .~496, 16) , D M S A V L C9 6, 16) ,  I A E t O 4 j 2 7~)
+ ~~ S A V i (4 U , 16) ,C3TS EN ,LA A ! ( 15 ,~4 ) , ~~A F R A ! ( 15 ,2 ) ,  P A ~ 002 80
+ E~.LSE N~~~),5C

c IAROI)JO 0
PAE OU.31C

I N T EG L~ .IJD 2A E 0 0 3 2 0
DCUCLL ?hrCISIUN D?LO AT PAE W~33~.

C PA BOO 340
C ***~~*SU3R0UTLN..S CALLED : ~ARO0350
C SAV ~~,Zi 0,~iSUB,thW L ,~1QF,M SCA LE , T R N A T B ,TEACE,TFLPLT,LINEQ ,MLINEu IAitOC36O
C ?A1~t)(~370
C —?ARO~ 3~~O
C PAROO 390
C *****i’URPJSE :
C THIS sUj~tOUTINE PT1tF O R~~S TWO F U N C T I O N S :  I ’A R O C 4 1 O
C 1) IT SOLVES ~~iE  FO LLOW I NG D ISCRET E T I M E  LIN~~~ Q U A D E~ATIC PAR O~ L42t-

~P1L.1AL CONTROL PROBLE M lOB A LINEAR S!~ TEM ~IIH ?UF.~~LY PAL~UO’43OC ~DU~S PAB A~1ET ERS. P&R0 ~~4~4 O
C I’H~ ~Y STE ~ IS DESC RI BE D B! PAROu4SO

460
C X ~r+1) = A *K  ~T) + B*U~ T) + C , ~~~ 

= X Z~ RO ?AE0~~470
C PA~ O~)~~~3
C A ,~3 , A N D C P h ~ ~~~~~ AN D RAND OM . ?AROL’4 9~

500
2 i ~ ~.E A N 5 , COV &A LAt ~CES , A N D C~~C5S C O V A 1 I A M C ~~S )F  ~ A ( ~SV ~

C A , U , A N D  C A h E  SPECI FIE D.  ? A R O u S 2 O
C IAR0~~53~

i’ri~. COST CBITERICN IS &‘AR0O5 4i~
C i’AR03553 

- ~~~~~~~~~~~~~~~~~~~~~~~~~ — V . V -~~~ VV ~~~
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F I L L ;  ?A. .  ‘C~~’tYAN .~. CONV ELSAT ICNAL ~ONITO~ ~~ ST~~~

C J ~1/2)*r~~SUM~1ATIC N FF.Oa ‘F - TO ~I—1 ~F
C T ?AA0~)57i)
C ~X~T)—X rLL DA T)) ~~~~~~~~~~~~~~~~~~~~ + ?A~0C5dC
C T £‘A th)0590

(11 ( T) — U T I L C : t  (T) ) ~~~ (U (T)  — U T I L D A  (T) ) ) + ?A&t J~i bO
C ‘F 2 A F ~)~.# 6 1O
C (.~~ N )— XTI LDA (N)) ‘~~~~ (X (N )—XT ILDA (N)) PALO~~*~2D
C I A R C i ( 6 3 C
C ~‘LIL iAi- UE T .~E~ ULN CES (XTILDA (T)), (JTILD A (T)), r=J ,1, . . N  PA~~Ou ~~L40
C ~-1USI ~2. SPECLFL~D AL O NG W IT H ~ AND k.
C IAiiOO66O
C (2)  ir CALCULA1 ’FS TtIE ~iJANTITIES ?Afi00670
C ~Ai fiAL DEIIVATI VE OF JSTAR WITH RESPECT TO SIG?IA AhO I’Ak0U6~ O
C £h~ ?AE TIAL LER I VAT IV E OF JSTA R W ITH R E SPECT TO Sl 11~ A * e A R O~~b90
C ~~iG~U/JSTAE) P~~R~~O7 0O
C 4~~~~~Z~~~ J~~IAR IS THE OPTIMAL CCS’I (OBTAINED Fi~O?1( 1 ) )  A N D  P ARU U 7 1O
C SI~~~A IS A N  E LE ~iEN T CF ONE OP THE COVAEtI ANC~. ~AT EI CLS ? A R D O  720

.3IUA , 5105, OP. SIGLIA. THIS GIVES THE .kI3SOLUTE AND ELLA IIVE PAROO73O
C 3~ NSI2IVIES CF THE OPTIMAL PERFO RMANCE TO VARIATIONS PAEu ’~740
C IN TIl E PA RAMETEE VARiANCES. 2AR00750
C PAEfl 763
C *****PAi~A .’1LT.~R D...SCR1 PTION: PAhth~77O
C ON I N P U t :  P A R O O 7 ~ O
C :~A ,:~s ,~4NA F C W  D I M E N S I ON S CF THE A R R A Y S  C O N T A I N I N .~ A ( A N D P A a O O 7 9 ~
C B,C,~~,R ,SI~ C,DK,E K T , E L ,B B ,~ K A ,B~ A ,32B ,U,V ,W , PARUU 800
c VW ,UV W), 51GB (AN D SIG8A,SIG~ C), AND S1GA ~AN D2AR OLi81 ti
C SIGAC), R~~SP E CT I V L L Y , AS DECL A R E D  I N  ThE 2A R 0 0 820
C CALLI NG PROG RA M DIN~ NSION STATEN ENT; ?ARQOd3 O
C P A R O C d 4 O
C N ’TS NIJ~ DER OF POiNTS ~) BE PLOTTED; ?&E u~~85O
C ?A~ O O H 6 0
C N N U ?I BE B OF STATES ; -

c 2AR00880
C .M NUMBER OF CONTROLS ; ?AROCH 9O

PAx~U~i 9OO
C N: ! = N *N ;  1A R 0 0 9 1 0
C ?ARth.~92U
C NN = N*N; 1A110093C’
C P A R O u 94~
C A N K N SYSTE M N A T E IX ;  PAR0 ~ 95O
C
C N K 1 I N P U T M A T R I X ;  PA~(O u 9 7 0
c ?A~OO98OC C N K 1 A D D I T I V E  N O I S L  VECTO R ;
C P A R O  100 0
C •~1 K N STATE WEIGHTING MATRIX; PA KO 1 010
C ?A R 0 1 0 2 0
C I K N CONTROL WLAUhTI N~i M ATRIX;
C 2AR01O 4~

SI~~A N N  X N N COV A R I A NC E MAT R IX OF A; P A R 105 )
C ~A~ O 1Ob t )
C SLh~ NM K NM COVARIANC E MATRIX OF B; 1AR0107-).
C P A R O 1 OH O

N?~ K NN CROSS COVARIA NC~ IATRIX OF A PARU1J 9O
C A N D  B ;  P A R O 1 1 0 0
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FIi.h: ~ A i. F~~t FkA N A CONVERSATIONAL MON ITO R SYSTLN

C pA j~~11 1 O
C N K N CC VA ~~IA NCE MATRIX OF C; ~ A R 0 1 1 2 0
C P A R O 1  133
C S I C A C  NN X N CR OSS C O V A R I A N C L i’IA T RI X OF A ?A R O  1 143
C A N D  C ; P A R O 1 1 5 O
C P A R J 1 1 6 O
C s:GOC ~~ x N CROSS CUVARI A~ CE ~ATEI.( OF b IAR0117~
C , AND C; IARO 118O
C P A ~~~119 .

)
C XT REAL VECTOR 32 LENGTH ~ CONTAINING ~A r~O12O )
C XTIL)A :Nprs) ; 1Ai01210
C ?A R 3 1 2 2 0
C U T REA L VECTOR OF LENGTH N CONTA INING ?&Et~~1233
C UTI LDA(NPTS) ; ?AR0124~

)
C P A R O 1 2 5 O
C PT i~LAL V CTOR OP LENGTH N CONTAINING PLROl2b O
C THE VAL UES OF P (N?TS); 2AR0 1 270
C P&R0128.1
C GT REA L SCALA A C O N T A I N IN G T ill. VALUE OF PAaO 1490
C G~~N P I S )  ; P A R u l 3 t h )
C ?A ti.013 10
C X Z E . ~L) INITIAL CONDITION VECTOR. c’A R O 1320
C ?ARO1SJ O
C C~J CCT~~J r :  2A R 0 1 3 4 0
C ?AR 01 35 0
C EKI N K N AR~~A! C O N T P ~LN IHG THE KICC AT I MhIF.IX ; 2AR0 1 360
C P A R U 1 3 7 O
C .~N N X 1 REAL VECTOR CONTAIN IN G THE CORRECT ION IAt~O 1380C CU M T R A CKIN G T E R N ;  P A R O 1 3 9O
C PAR O1 400
C EL N X N GAIN N A T E I X ;  2LR01410
C PA E 0 1 420
C A Z ~~A 1 N PT S I NN R EAL SCR AT C H A R R A Y USED FOB P A R 0 1 430
C PLOTTING ; PARU144D
C PABO1L45O
C CCST NPT S K 1 AL V E C T OR CO NTAI NING TH E O PTI M AL P AR~~146~)
C COST TO GO; eARO147 0
C P A R ~j148jC D K  N K N A RR AY CONTAIN IN G TILE PARTI A L D ER I V A T I V E  PA R 3 1~49OC CF E KT WIT H R E SPECT TO SIG M A ;  ?A R O 1 500
C PARO1 5 1O
C D1 R EAL VEC TOR OF LENGTH N CONTAINI NG THE I’Ah01520
C P A R T I A L  D E R I V A T I V E  OF EM WI TH RESP E CT TO ?AR O 1 530
C SIG M A ; ~ A RO 1 54O
C PkRU155~
C D~ r~ AL VE CTO R OF LENGTH N CONTAINING THE PAR O156O
C IARTIA L D~R I V A T I V E OF PT W ITH R E SPE C T TO ?A R015 7 0
C SIG MA; PAAO1 5dO
C IARO 1590
C R E A L  SCA L A R  E QUA L TO TH E P A R T I A L  D~RVIA TIVE OFPARO1 600C G I WITH R ESP EC T TO SIGM A ;  P A R O 1 o 1 C
C
C bKA ,i?\ ~I X N R E A L  SCR ATCH A RRAY S ; t’A R31 6~ u
C P A R ~~16LL

uK~ ,~~Pd N K N E AL SCR ATC H Ab F A Y S ;  P A R O 1b 5 O
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F IL :.; ?;~. ‘ R L ~N A C C N V E R S A T 1 ~):~ AL :~CNITGr .3 !3T~..M

L ?A~ O 1b b~
C .JOt ,JPC ,JKC REAL SCRATCH VLCTCRS CF LLNuTH N ; ?AE3167
C
C. U ,V ,~~,V~~,J VI  N K N R EA L  SC LIATC H A RRAYS ; PAR~~169~
C P A R O 1 7 O C
C m1 ,~~2,~~J~~K ZE A L  SCRATCH VECTC~ S OF LCNGTU N; ?An O1 71C
C i’AR0172 -J
C ~ i’V INTEG ER SCRATC Li VLCTCb . OF LE~ LTU . ~‘A R c 1 7 3 3
C 2AR01 74~
C 44

~~
44 ttj~~t O~~~: PARO175u

C ~R:TT::~ i~~ J.~~.K .  C A L - R1 0 , P A R C 1 7 6
C LA5 . t’.)R I~lP. AND DEC . SYS., (L.I.D.S), ~~.I.T., ~~~ 35—427 , P A R 0 1 7 7 ~
C CA~1DRio.~~, ~i A 32139 , 2t~.: b 17) — 2 5 3 — 7 2 6 3 ) , ?AR U 17~~1:

C J A N U A r . 1 1’)lj .  P A B O 17 9 ~
o .i.~sT L.LC~.Nt VEi~S I O N :  J A N U A R Y  11 , 1~~79. ? A E u 1 ~~(J (j
C 1A50181C
C — P A R ~~1~~2 ..
C 2A R0183j

CC ’L’!OU/i.40U/KIN ,K CU T 1LR01840
C 2 A R O 1 d 5 J

D A T A  I~~~A~IK /1H / 2ABQ18b~
C PPLRO1 d7C

D A T A  I~~( 1~ , I N ( 2 ) ,IU(3),IN(4)/1H1 ,1H2 ,1HJ ,1 i14/ PAdO lod 3
DATA iN 5),IN b ) ,IN 7),IN 8),I N  9) /1U5, i R a , 1U7 , 1H8 , 1H9/  PAR ’i189.

C ?A R O  1900
D A T A  I ? 1 ,1),ITOP 2,1).ITOP~~4,1),ITOP 5,1),ITOP 6,1), PA RO191c

+It uP~ 7,1) , I C P ~ 3 ,1),ITOP(9,i),ITO 2 (10, 1),IT OP ( 1 i ,1),IT CP~~1~~,1), t?AB01920
+ITOP 13,1) ,ITOP :14,1) ,ITOP :15,1) ,ITCP 16,1) ,1T0P 17, 1) • ?1k01930
+1102 1d ,1), L T CP ( 1 9.1),I T O P ( 2 0,1),ITOP(21,1),1T0P 22,1),iIOP 23, i) 1Ak01940 V

4/ in , 1k~ K, ii~ , 1 iV , 1 tiE , 1HR , ill s, 1 RU , 1 US , lkt , l i lT ,  1 i1, 1 U N , ill E, ?ARO 1951)
+ 11 1 , l}i ,Li ,ln ,iIi ,1H , 1ll , 1H / PA1tO1 960

C ~‘Att0i970
DA TA :TP:i ,2 ),iTOP~ 2,2),ITCk’(3,2),ITCp :4,2),ITO p

~~5,2),ITD~~~6,2), IAR01 98u
+1TOP (7 , 2) ,II0P (8,2) ,I T3?(1 0,2) ,ITOP (11 ,2 )  ,ITO P (12 ,2 )  , P A R ~ 1990
+ITop :1i ,E),ITC p :14 ,2),LTOP :15,2),ITop :16,2),ITO i7,2),IxoP (i8,2).PAR321l0~# I TC I ( 1~~,E ) , 1 ICP ( 2 -) ,~~) , I T O P ( 2 1,2 ) , ITOP (22 , 1) , I T O P (23 , 1) P A R O 2 O 1 O
4 / in  , 1h..,, 1~j T , i Fi A , iEf T , 1HE, 1li , 1EIX , 1H , i tiV , 1UE , l u r , lnS , 1 U U , i tiS ,1H , c’A R O2O2~
+1rf T ,1LI,,1tI L’1,1Li~., 1tt ,1U / 2 A R 0 2 0 3 - )

c g’A 1i0204’.
DA jA I T U  1 ,3~~,IT 2 ,3),IrCR(J ,3),ITOP (~4,3),ITOP~~5,3),ITUP 6,3), PAP.020S0

+I D P ( 7 , 3 ) , IrO P ( k ~, 3 ) , LTOP 9 ,3 ) , ITQe 1 O,3 ) , ITOI ’ i 2 , 3 ) , L T O ?~~13 ,3) , ?AR02 060
+ITO? 1~~,3) ,ITC 15 ,3) ,I.TOP(16 ,3) ,IT OP ~~17 , 3) , ITO P 183 , 3) , ITOP ( 1 9 , 3) ,P A R O 2 0 7 ~)
+ I T O P ( 2 0 , 3) , I T O P ( 2 1 , 3) , ITOP (22 ,3) , L I OP (2 3 ,3) ?AR32 0 80
+/in ,1HC ,lriO,1 H N ,1UT, 1UR , 1hO, 1111, 111 , lti U, iN  • 1UV , i R E , 11th , 1HS , I H U ,  t’A E t 0 2 0 9 0
+ l i-IS, lii , l d T , 1UL , 1UN , 1 HE / PARD21Oi )

c P A R Q 2 1 1 O
DATA ITOI 1 ,L4) ,ITCP (2 ,4),ITCP (3 ,4) ,ITOP (4,4) ,ITOP (5 ,4),IIOP (7,’4) , P A R 0~~12O

+r p:8,4),1To2 :9,4),Iro p :iO ,4),1TOR(11 ,4),ITop :12,4),IT OP ( 1 J .4), PAR~~~1J~
+LT CP(i 4 ,4,,ITOi)(15,4),tTO~~(ib ,4),ITO i7,4),ITOP(1P ,t4) ,ITOP(l9 ,4),PAB021t4U
+1 TOP ~2~~,4) ,~~Toi’ 21 ,4) ,ITOP (22 ,4) ,ITCP (23.4) ~‘A hj2 15:
+/1 i ,lLi. .,1HA ,li lI ,1UN ,iH • 111,, i d E , l ifE, iNS ,  11W , id S , iN , l ifT , ~A R ~J 2 1 b J
4 1~ I , 1~h., 1dE~ 111 , l i i  , i N  , lii  ,i H  / 1 A h 0 2 1 7 C

C P A E u ~~1bO
DATA ITJL’(1,5),ITQP (2,5),ITOP(4,5),LTCP (5,5),ITOP (b ,5), k3ARO 2 19j

+IT (7,~4,LTC~~(8,5),iTOP(9,5),ITOP( 1~1.5),iTOP (1i ,5) , I’FCP (i2, 5 ) ,  IAR O~ 2u (
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FILE : ?.-i r. ~~ TR~t~ A CONV ELSATIONA L NONI TO~ ~iYS T~ N

•j1~~p (13 ,~~
) ,IT C~ (14 ,5) ,LT O P ( 1 5 ,5),ITOP (lb ,5) ,1T02 (17 ,5) , ITC1 (18,5) ,2A R 0 2 2 1 0

•~~T ( i ~~,i), irot~( L~ ,5), IT C P (2 1 ,~~),IT CP (22, 5),Ir OP(23 ,5) ~ AA 0 2 2 2 0
+/1 ~i ,1 it ’!, 1 d , ldV , 1 ~

-! . .,  l ifE, l i-I S, itl U, ill S, li-f , 1HT , 1111, 111?!, 1LIL , UI , 1A R U ~~2 3 .~
+ lu , lii , Ui , l i i  , lit , lii ,iI i / IARO22’40

C 2 A R 0 2 2 5 0
~~ j~A I T J ~~( 1 ,6),ITCP(2 ,6),ITCP (3 ,6),LTCP (4,6 ) , iTO2 (5,6 ) , tTCP(6 ,6), i’AR02253

+LTJi- (7 ,o )  ,IrcP (8 ,b )  ,ITJP (9 ,6) , ITO P i ) , b) , I TOP ( 1 1 , 6) • t I C ?  ( 12 ,~~) , P AR- ~227~
+ITc~~(i3 ,b).iTL~~(14 ,6).1rDP(15 ,o),IToP (i6,6),1roP(17 ,o),Iro1(iP ,b),?A R O 2 2 8O
+ITL ? ( 19 ,

~~
) ,I rO?  ( 2-3 ,b)  ,L T O I  ~~1,6) ,LT O p 

(~~~~2 , 6) ,IT O P (2 3 ,6) ?AR ~~22 9~
+ / l i l  , l i iC , 1 H O , 1i: S , i H T , 19 , 1 H V , 1d .., i ili , 1HS , l iIU , i 1IS , 1U ,i IiT , 1HI , c~A R U I . J0U
+ iit~~, ilL. , Li , lii , 1H , 1H , hi , 1ii / ~‘A E0~~3 1)

C 2 A R 0 2 3 2 0
N~~C 1 P A R O 2  330

?A R O2 - 3 4 t )
T X Y = 0  P A A O 2 3 S O

1AEo236 ’..
ZERO .)0) 2 A R 0 2 3 7 0
X?iIN= 1. )D 3 £ - A R 0 2 3 8 0
:4~~?ID l-i=5 ?Aik 02390

21R0240 0
P A R O 2 4 1 ~.~

DC 1~~ 1=1 ,1 ) 2AR0.~420
YSF (I)=1. 300

• l~ i C O N T I N U E 2 A R 0 2 4 4 0
DC 20 1=2 4, 43 c~AR0245O

1TC i~~I, 1) IDLANK PAR02460

~TC? (I,4) IJLANK 2AE02470
V 

ITC L~ (I ,3 ) = i ~~L A N N  2A E (i 24 80
ITC~’(i,4 )-IBLA N K 

- P A R 0 2490
£ T T c ~ (L , 5) I O L A N K P A R U L 5 C i ’

TiY) ( I ,~~) 1BLA NK ?A R 0 2 5 1 3
20 LU~~T IN ~~ IAaO.~52O

53u
IA 540

CA EL S 2 t I L N .~~~,NA ,N , N , Q , KT) ?ARO� 550
LAL i. MN JL (NA , N, N,N ,~i ,N ,~~,XT ,PT) 2AR~ 2560
CA L L :1sCA.~~. (M ,N ,i1N,—l.~~D),?T) PAR~ 251)
CA..L ~~~~~~A ,N ,N ,N,~~~,cj,KT ,W1 ,W O R K )  ? A n 0 2 5 8 0
~, T =  .1 1)/~~. 00-) PARO259~
)U 3~ L = l , N ?AR O~.b0 O

DC 30 K= 1 , :
I I D L X = t c # ( L — 1 ) 4 N  P A h 3 . ~.b2 0
A l f R A ~ (i-I , I N D k . X ) = c ~ (K ,.L)

3~, C O N T I N U E P A R O 2 b 4 O
I ID~a~~iT* N ? A R O 2 b 5 D
PTSAV (IAOc. K~~i ) 2 T ( 1 )  PAR ~J2b6.
?~~~AV i (LND ~ X) -P T (2) PAitO2ulO

IT~~1 = 1 t — 1  1AR02690
L~ 223 i L l ,1T 11 i AnJi700

Ti= iT~~1L PALi0271 0
CALL ~~N A T E ( N A ,N A ,N, M,B,U)

• CALL MI JL(NA ,N ,N ,M N , M ,N,U,PT ,~~1) ?A 50273 0
C A L L  ~1.’!’JL (NA , ‘!, N A , MM ,M ,N ,L ,UT, V) £‘A~ O 2740
CALL MSU3 N ,NA ,N ,M ,M M ,d1 ,V ,.~1)
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F I L E :  P A R  F )R ~~~ A N A C O N V ~~N S A T I O N A L  ~1CNI OR S’~STLN

C A L L  “! L ( N A , NA ,N A ,N ,M ,N ,U , c.KI ,~ i)
C A L L  ~~~~~ ( N A , d A , i’i A ,A ,M ,N ,wi , L3 ,~~K E)  1A R 0 2 7 7j
L A L L  ~l L ( N A , NA , NA , N , M , N , ’ , A , UK A) P A R 0 ~~7~~0
C A L L  1~~iJL ( N A , N A , N , ’!.l,M ,N ,* ,C ,BK C )

C

O C A L C U L A I~E 1(T) , L (T)  1A R 0 2 8 1 3
C

3 0 6 )  K 1 ,M P A R u 2 ~~3O
~~c= 1+ ~< — l ) * N 2A R O 2 e 314 1

C A L L  ~‘1 NU L ( N A , NS,  NA , N , N , N , EK T I SI GBC ( K K , 1) , W)
C A L L  T R A C E ( N A , N , W ,T R )  ? A E O 2 d 6 3
Dico ( K ) =BKC ( K) +~~i ( K )  +‘fl
00 (40 L = 1 , N L’A E02880

L L = 1 + ( L — 1) ~ N P A R u ~~&~90
C A L L  N ? I U L  (NA ,NS,NA ,N,N,N ,R~ T,S1GB ( K K ,LL) ,W ) P A RU 2903
C~~LL T R A C E  (NA , N , iJ ,TR) ? k k 02 9 1 3
u K B (K ,L)  — R ( K , L) — B K B ( K ,L ) — TF ~ARO~.92O

43 C3NIINU~ ? AR U. ~93L
DC 53  L~~1 ,N ?AR02940

LL 1+ (L—1)*N t’AR 02 950
CALL ~MiJL (NA ,NS,N A ,N,N,N ,~.KT,SIGBA (KK ,LL),~~) PARU2 9Ô O
CA L L  Th AC E ( N A ,N,W,T~t) ?Ait02970
3 K A (K , L) =b K A ( K ,L ) + T E  PAk ( 0298~

50 C C N I I N U E  2 A R 0 2 9 9 0
63 CGNTLN~JE ?AEO 3tJ (, C

CALL ~A V E ( N A ,N A ,M ,N,B K B ,W) 2A R 0 3 0 1 0
C A L L  3 A V ,M ,.1 ,~~N ,3KC , E M )  ?A R J 3 o2 ~
C AL L  L L N ~~~ (NA , i , W , EM ,C O N D ,I PVT , ~ O E K )  2 AR 0 3 0 3 0
C A L L  3 , 1V L (N A , N A , N , N , i l K B ,~~) ?A R 0 3 0 4 0
C A L L  S A V E (NA ,NA , ?I , N ,B KA ,LL)  1AR 03050
C A L L  I L I N E ~~( N A , N A ,M , N , W , E L ,CON D ,IPVT ,W C ) R K )  ?A 1i03063

C P A R O 3 & i 7 0
C SAV ~~ L I  A N E  M T  P A R O $080
C P A R U 3o9 I)

00 70 J=l ,M ? A R O 3 100
£1 2* (ITM 1 LL)+ J I~AR0 3llO
L T S A V E ( I 1 ,1)=EL (J ,1) ?AR03120
L I SA V 4 1 1 ,2 ) = EL (J ,2)  ?A&t03130

7) CCNI 4.NUE PA RO3 1~~0
C i~A RO 3 150

DO ~~~; L=i ,N ?AR~i3ib 0
DO ~30 K=l ,M 1AR0317 ()

INDE X K +  (L—1 )*N
L A R E A Y ~~I T i ,INlThX ) E L ( K ,L) ?A A U 319 o

80 C O N T I N U E  ? AR0 32 00
C ?ARO.~2 1~

12= 2 * ( I r i 1 — I L )  ~ A R 0 3 2 2 0
ITSLV. (i2+l ) EM(1) PA }i 0~~23 0
1~isAVt~ ( 12 4 2 )  = E.i (2)  P A R U 3 2 4u

C P AR ’.Li253
DO 90 K = 1 , M ? A R O 3 2 b O

~1A i ~~ A Y ( I T 1 ,K ) = L . M ( K )  PARu321~
90 CONTINUE ~A R U .i28O

C PA F0J29~
C C A L O J E A T E  t~~, DM , D~~, D? , COST ~ENS1TIVITY ~Ap 0j3OC
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~ LEE: ~~~ i’Ji-~Cj .A N A C C N V E R S A rI -JN AL ~‘ !0N I 1 O E  S Y S T E M

C ?A&03310
DC 1 i~ ICOJN r=1 ,3 ?AE0332C

2A i~0 3330
1 N J 2 = N 4 I L +  1+ ( I C O G  N T — i )  *12 P R R 0 3 3 14 0

PA RU 3 350
i~~J4 I L f 1 + ( L C O U N T — i ) * t  ? A R 3 3 3 6 0
JO 18 £=1 ,N l  ?A~~O337O

3=1 P A R O 3 3 H O
I N ~~1=I ND 1+ :J PA i l  33390
::~c3=:N D 3 + 1  ~ A R O 3 4 O 0

~ 3 Li 11= 1 ,2 ~~AR~~34 i
INi.~LX = IND2 —N+ Ii— i PAR03420
DP (I1)=JPSAV ... INDEX ,INC3) 2AR03430
CM(I i )=L~1SA V~.(IND~.h ,IND3) ?ARJ34 L&O
DO 10-) J i = 1 ,2 ?A R 0 34 50

J N 3 r . . X = I 4 D 1 # J 1~~l ~- A h 0 3 4 ó 0
DK ( I l , J l ) U K S A V E ( t N D E ~., J N D E K )  PI1E t O 3~e7C

P A i l O 3 4 d O
J =  CGSA V~.(IN 04—i ,IND3 ) 2AR03493
iLL. TR NA TB NA ,NA ,N,N ,E,U )  PA R035 () t ~

C A L L  ~M UL ( N A , N A , N A ,N,M ,N , U ,DK , ~
) 2A R03510

o A L L  ~‘ 1 M U L ( N A ,N A , N A ,N , 1, N ,b , A ,B PA) P A R J 3 5 2 L

~~~LL ~~1 ( J L ( N A ,N A , N A ,M ,? 1 , N , a , [3 , BP 8) P A R 0 3 5 3 0
::~LL U L ( ~ A ,NA ,NA ,MM ,M ,~’!,W ,C,3PC)
L A L L  N?IU L (NA,N, N, MM ,M,N,U ,D P ,L3DP) PARUi~~5U
1 =  14 ( 1 — 1 ) / N  ?A R U 3 S a O
:.~= 1. (J—l)/N PA~~03570
1J= 1+MQ D (I—1 ,N ) PA RO 35HJ
IV= 1+MCD J—1 ,N) 2AR03590

C PARO3600
C CALCULAT E DK PAROO 61:
C P A R u 3 b 2 O

33 110 K= 1 ,M 2Aa03633
D C 1 1)  L 1 , N P A R U i ( j 4 U

KK 1# (K- 1)*N ~ARJ 3o5O
L L = i + ( L — 1) *N P A R O J ó 6 O
C A L L  ~i M J L ( N A ,N A ,N A ,N , N ,N , D K ,SIGB A (KK .LL) , . )  ? A E ~ 03673
C A L L  T R A C E  ( N A ,N ,W , T R)  1AR i368~i

~3 ?A (K ,L) =B ?A (K ,L ) + T R  ? A h0 3 6 9 0
110 C O N T I N U~. PkR0370 ’ )

JO 1~~J K 1 ,M 1AR03710 V
DO 123 L 1 ,M P AR0 372 0

KK-= l+(K— i) ~N PARO.s 730 V
LL~~l+(L—l)~~N PAEiO 314O
C A L L  :I M U L ( N A , NA , N A , N ,N ,N , D K , SIGI3 ( K K , L L )  , W) P A R 33 750
CALL TRA CE (NA ,N ,W ,TR) PARO37bO
DPD (K ,L) B?B (K,L)+T1l 1AR03 17’.

123 :O:IIINUE ?AR03780
• IF  I C O U N T .  ~~.2) 3PA IR ,IS)~~B P A I R ,IS) +EKT (IV,IU) PAR0379i~

CALL ILrIATb (NA ,N A ,N,N , H P A , W) 1AR 0 3 8 0 0
C A L L  U L N A ,N A , N A ,N ,~~,N , W , E L , V W )  P A R O G d l O

c P A F I U i 82 O
C A L L  3 A V ~~( d A ,N A , M , N , 0?A ,U V h )  P A R J 3 d 3 O
C A L L  3 A V L ( N A ,N A ,N ,M,Br (~~,W) PARO 3 H’.3
C A L L  j L I N ( N t ,N A ,M ,N ,~~,U V h ,C O N D ,1P VT , W O R K )  ? A F t O 3 b 5 O
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~‘IL i: 7A •~ ~~~~~~~ /t C C N V E ~~S A T I O N A L  ~1 ON I I 0 R  S Y 5 T ~.N

C A L L  T E N  A T U  ( N A ,N A , 1, N ,Z~KA ,~4 )  1AR~~3d 6 -
C A L L  ~tMUL (NA ,:~A,N A ,N ,:1,’!,h ,U7n ,V) PARO .Th70
C A L L  ~ . JJ (I~A ,N A ,N A ,M ,.4,V ,V~~,Vw )

C 2AE3 3 890
C A L L  V E ( N A , N A ,~~, N , b K A ,~~) ~ A R 0 3 9 3~
C A L L  SAVE (N A ,NA ,~ i,Z~,

’KB ,UV~~) PAROi 91 O
C A L L .  M L I N (t ,N A ,M ,N , UV ~i ,~~,C C N D ,1?VT ,~~OE i( ) 1 A R 3 3 92 0
:~ ‘ ( i c 0 U N T . E ~~. 3)  I3?B (I Ll ,IS) =BP B (1P , IS) + E K T ( I V , I U )  P A h ~~i93~.
C A L L  M M U L ( N A ,N A ,N A ,N ,~1 ,M ,~~P B ,~~,U V W )  P A i Oj ’~L4O
L iLL S A V E  (N A ,~~A , M , N, b K 8 ,n )  ~~A R 3~~95O
CALL ~‘ !L I N . . .~ ( N A ,N A , M , N , W , U V ~~, C 0 N D , I P V T , W O E K) ~‘A R O 3 9 6 0
0~~LL T R N A T  ~ ( N A ,N.i,M, N , a K A ,~~) ? A R 0 ~~970
C A L L  U L ( N A ,N A ,NA ,N,M ,M,~~,U V u ,V) P A R 0 3 980
CA L L ~1 A D D ( N A ,N A , NA.L1, N,VW ,V ,V W )  2 A R 0 3 9 9 3

C 2 A R O ’4 0 0 0
CALL 1RNAT B(NA ,NA ,N,N ,A ,V) P A R O~~0 l 0
CALL :~iU L N A ,Nh ,NA ,N,N ,N ,DK ,A ,U V~~)
C A L L  . iNU L(NA ,N A ,N A ,~~,N ,N,V ,U V ~~,W) ? A R O 4 O J O
C~t L L  ~ A D D ( N A  ~~~~~~~ ,N , N ,~ , V l ~, U V N )
J~ 13u K 1 , N P A R O L e O 5 O

DO 13 L = 1 , U L~A R 0 4 0 6 J
KK ~~l + ( K — 1 )  ~ N ? A R O 4 O 7 O
L L = 1 + ( L — 1 ) * N  2A~104J ~~3
C A L L  M N U L ( N A , NA , NA , N , N , . , DK , SI ’~,A ( K K , LL ) ,~~) P A R 3~~09O
C A L L  T R A C E ( N A ,N ,~~,TF ) PA I i O L 4 1 0 0
U V a i ( K , L ) - U V W ( K , L ) + T R  P A R O L 4 1 1 3

130 C0NTINU~ PARJ4 123
iF ( I c O U N r . E ~~. 1) U V W  ( I R ,I s ) U V W  I R , IS)  + E K T ( I V ,I U )

P A R O  (4 140
C C A L C U L A T E D&1 1kR 0 L4 150
C ?A i ~0 4 i 6 O

~~ i~t) K i ,ii PARO (4l70
180

C A L L  ~J 1UL (N A , N S , NA , N , N , N , DK ,SIGBC ( K K ,1) , ~~) ? A R 0 4 1 9 0
C A L L  T F A C L ( N A ~~N .~~, TR) ?A c 0 ~4 2 0 O

C ( K ) ~~~~~C ( K )  +13 D1 ( K ) + T F  P A a 0 L 4 2 1 0
1 40 oC-~~-r.~.NUE

C ~A i~0~~230
C A L L  S A V N A ,t 1A ,N , N ,B K B ,W )  P Ait J ( 4 2 4~
C A L L  S A V E  ( N ,M , N ,~’!, 8PC .DN ) 1 A 2 0 4 25 0
CALL LlNn.~~(NA ,t’!,i~,DN,C0ND ,IP VT,WO flK ) PARO (4260

C ?AR04270
CALL SAVc.(N ,N ,N,IM ,8KC ,W1 ) ~ARU 4280
C u L L S A V E  (N A , N A , N , N,B K B ,~~) P A R  34290
C A L L  L I N E ~~( N A , N ,~~, W 1 , C O N D , I1V~~,W O 9 K )  ? A R O 4 3 0 3
C A L L  ~. M U L ( N A  ,N , N ,~~M , N , N ,D P B , I i , A 2 )
C A L L  ~ A V ~4 ’~A ,N A ,,N , U K 8 ,~~) .~A E 0 ~4 J 2 L )
C A L L  L I N ~~~ ( N A , N ,~d ,W 2 , C O N D ,I ? V T , .~OEt K )  ~~AR~~4 33~
C A i . L  ‘lA DD (N , N , N , N ,~ 1M , D N , ii , D M )  I A R U ( 4 3 4 0

c i~A R~~4 351)
C CA L C U L A T C  OG ? A x t 014360
C

L A L L  M M U L ( N A , NA , NA , .’J , N , N , CK , SIGC , ..) 1A iiU ’id~)
C A L L  Ti A C E ( N A , N , .i , TA~
C A L L  T R N A T E i  (~~A , d M , N , ’M ,C , h J )
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? A L ~ ~~~~~~ ~‘N A CON I .EATIL~~A L  ~1C~~L T~~ SY S T L ~1

C V ~~L L  11JL ( ,~~A ,N , ’.,~~,.i ,LiK ,C,~~ 1)
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ?A L D-4 ~~~O
.‘J..L . L (~~’ !M , N , N A , , ~~1i , ,~~~~J , ) P , V)

C ~ A i~)L.44O
.~~= J ;# (T t. + i  ( 1 , 1))/2. D :~ 4 V ( 1 , 1)

C P A i ~U 4 ~e6C
C~~kL :L. :~~~: L ~ (~; , :1~’~, N ,~~~,BPC ,W3) P A i ( 0 4 4 7~
C\LL .~ : J L ( , 4.,N A , -: , : 1M ,~~,W3 ,i.:~ ,~i)  ?AR0L 4 (48J

C
CA LL T ii~lA T3 (N ,L’!, N,~~M , BKC , i~3) P A R O  4 50 ’)
L A L L  ~i N L ( 1 ,N ,N , 1f’1, N M , N ,W 3 , Dt ’ !, V ) ~ A R0~4 5 10

C
? ARO ’.53 3

C P A R U 4 ’D 4 0
C CALCULA ’L 0? c~AR0 (4550
C P A R ~i L45 ô .

CALL i’ENATIJ (NA ,N A ,N ,N , A , l’d ) P A E I O 4 ± 7 3
CA LL ~N U L ( N A ,NA ,N ,NM ,N,N,0K ,C,W1 ) PAE0 (45d~
CALL 4AD 0 (N ,N ,N,N ,Nti,’

~ i,D? ,W 1 )  ~‘AE1)459u
C A L L  ~iN U L ( ,N ,N ,i~N,N ,N ,~~,W i ,~~2) P A ~ 34o0O

C ?A~~0461~~
JC~ 15)  K = 1 , N ~ A a u ~+ 62O

k~K~~1+ ~~K — i ) * N  ~ AR04o3~
C A L L  .~~~[JL (N A , U N t , N A ,N ,N ,N , D K ,S I O k Z . ( K K ,1 ) , .i) PAi�C :+ t ~43
C A L L  T R A C E  ( N A ,N ,R , T R )  P A R *J 4 ,5u
C~~(K) =42 (K) +TE ?Aa014660

15) cL :~T 1 N U :  ? A R 0 4 b 7 ’~
~~~4 6 dO

C A L L  I E N A T 3  ~N A ,N A , N , N , apA ,i~)
C A L L  ~‘!L1U L ( N A , M, N ,~ U1, N , N ,~~,EN , i i )  ?A t ~3~4 70 0
CALL .~A D J ( N ,N ,N,N,MN ,DP ,~~1 ,DP) ?A~~~471 U
C.~ ~ L r~. ~A T ~ ( N A , N A , N , N , BK A , W) ? A 1  3~ 72 -2
C A L L  . I M U L ( N A ,N ~~~~~~~~~~~~~~~~~~ ,W 1 )  2A~~0 4 7 3 ~

C ~AR~~47(4d
CA L L ~iA DO (N , N , N , N , MN , 02 , ~ l , t i - ) PA ~J 4750

C ? A R .~47 o~)
~ ? ( I L . N o . L T i 1 )  ~ O TO 160 PAi~Q477u

C ?ARO47d )
C CALCO L A T E  COST SENSITIVITY PA 79’)
C ~ A i t 0 4 8 J ~

C A L L  TRNATB(N ,1,N ,1.KEE:~o,~~3)
CA L L  ~M U L ( N A ,N ,N ,M M ,N ,N ,UV~~,XZERO,W O R K )  2Aa34823
CALL I M U L  ~1 ,N, NA ,MM ,M?~,N ,~~3,~ 0RK ,W)

c ?AR048’40
C ~LL t~ N A T  B (N  , N , N ,MM , DP , I~ i) P AR~~4d5C
C A L L  ‘~~ J L , N , N ,~ 1!’!,MM , N ,~~~3, X Z E R C , V) I A R U 4 U 6 J

c ?A i 1 0 4 87 0
S~~N=~ (1 ,1)/2.000 + V ( 1 , 1) • Dt;

• 4.~LI n. (KOUT,900) CSTSEN ?ALt 0~~b9()

~~ ( I C L ~U N T .  Ec,~. i . A ~~D . I .  E c ~. J)  KL= KL+1
V I F ( L C O J N T . E .~. 3 . A N D . I . . J )  K L = K L . 1

tI (icoUNT.~.Q.1.AND.I...ç.J) ~ E L S ( K L ) CST~) E N 4 .)I~2 & ( I , J )  ~ At~ . 4 ’~2
• 

~~~( I c ( , U N T . L ~ . J . A N D . 1 .Cç~.J) h S E L ~~( K L ) = C ~j i 3 E M *~~Ij B (T ,J )  ? A R 1 )~~~ 3~
c

ib J  ..04T .LNUE
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FIL~.: ~A E ~~~~~~~ t_C- .~~~~~S A T I ~~~ AL ~~~IL~~~ 513Tc.~’!

~A~~U~49o~C J.~~ E 3 K , 3 2 , 3’1, 30 P A R  ~‘4 97~
C 2 A P . O 4~~~ j

.~u 17; I~~- i ,2 2ARL 49~~
I N 3 i~X = I  N 0 2 + 1 3 — 1  i~A E u 5 0 u ~
D?SAV~~~LN3 ,1NL31=DP (ID) PAFtO 5O1O
D :’!SAVE(UIDEX,IND3) =L)M(ID) ?Ah0502 0

~,C 17)  J C= 1 , 2 ? A R 0 5 0 3 0
JN~~ZX ~I JDi+JD— 1 PAR 0~~1)(1 3
L.K.~ A V E ( I N J c . X , J N D E X ) U V ..i ( ID ,J D )  n~A R ) ~~O53

o~~~T I N U E
U~, S A V ~~( I N D 4 , I N  C 3 ) = D G  ~A~.05O7U

C P A h ~.5, 8(
1 8 0  C C ~~T I N t J E ? A R 0 5 0 9 0
190 CC~.TLNJL P AR1)5100

C PA i~O 5i1J
C CA L CLJL A ~~~ ~~(T) , O V E L ~~4R I TI N G  G ( T + 1 )  2 A R 0 5 1 2 0
C P A i ~~i51 3J

~~ lu 5 14 3 4 0 9 M ’b 5 4 4  L O ~‘ A L ~05 14)
CALL ~‘!SLALE (N,N,~1~i , SC ,X T)  PAR (.515C-

C IA RO 51 6O
C A L L  T~~N~~T E  (N ,N A ,~~, 1?1,iflcC ,V )  2 A E 1 0 5 1 7 ’.

~~\ L L  ~1 - 1 J L ( N A , M , N , , ’!,2~,V ,_ . M , W 2 )  ~‘A t ~0 5 1~~J
C A L L  ~i :i~JL (N A ,N A ,N A ,N ,N ,N ,Elc T ,Si t .~C ,~~) ?Ar i 5 1~~0
C A L L  TP ~A c E ( N A , N , d , Ti~) P A ~~0 52 O0
CALL IRN ATE (NA, N A, N, M~~, C,~~) ~ A RJ5 2 10
C A L L  1~’IIJ L (N A , NA , N & , N , MM , N ,~~ , E K T , V) ~ A P 0 5 2 2 C
CA~ i. M~1u L (NA ,NA ,N,r1~’!,~1M ,N,V ,C ,~~1 )  ~- A L~U5 233
cALL M.~UL NA ,N ,N A ,MM ,MN, N ,á ,PT ,V) ? A R 0 5 2 4 3

=~~i’+ V ( 1 ,1 ) + ( W i ( 1 ) + W 2 ( i ) + T i l ) / 2 .O D U
C A L L  ~1,~ P’ ~~~~~~~~~~~~~~~~~~~~~~ 1 ,W L E K )  ~~A F 35~~b i
CA LL ~‘!~~F ~~~~~~~~~~~~~~~~~~~~~~~~ 40 E K )  PA~~052l0
,T=GT~ (~~1 1) +W2 (1) )/2.000

C P A R J 5 2 ’ ~ L
P A . ~3 5 33 3

C PAR05 .~i1)P A R 0 5 3~~
C P A L ~~5 3 3 T ~
C A L C J L A T E  2 ( T ) , OV~ RWR ITING 2 (1+1) 2A~~~5i4U
C

L A L L  TE A T iI ( N A ,N A , N , N , A ,~~) ~? A R 0 5 3 b ( j
C AL L  .~O U L N A ,N A , N A ,N ,N ,N ,~~KT ,C ,V ) ?A~~O 5 3 7 0
CALL MAD3~ NA ,N ,tIA ,N,MM ,V ,PT ,V) 2AR05380
C A L L  1 1 ’ J L ( N A , N A , ~~~~~~~~~~~~~~~~~~~~ ~ A R O 5 3 9 0
C A L L  r~~N A T b  ( N A ,~~A , M , N ,BK A ,~~) P A R O S 4 0 0
CALL •Ii iUL (NA ,M ,R A ,IM.,N ,ti ,W ,EM ,V) ~ AR354i0
C~t L L  ‘ 1 d I J L ( N A , N , N , M~~, N , N ,~~,X T ,~~2)
C A L L  i. U B  ( N A , N , N , N ,~~M , V , W2 , ~2 )  P A R u 5 ~~30
oc _ J O ic= 1 ,:~

K 1  + (K—i) ~t4 PAR354Su
C A L L  ~1L1 JL (N A , N N A ,N A ,~i ,N , N ,~~KT , S i 0 A C ( K K , i ) , W )
C~t i . L r H A c E ( N A , N ,~~, TR )  2 A t t 0 5 4 7 0
~- r ( K ) = W 1 ( K ) + W 2 ( K ) #T R

oL~~T I~~J E  PARO5 ..9t)
C ~?A il35 5O)
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FIL...: )A~ ~~ rT~ A N  -i L C N V E E ~S A T 1 C N A L  ? I C N I I O P  S Y . 3 T . ~.M

~~~A V V L’T 2Ai.3551 ..~
C PAIu)552 )

?ARQ5 533
?Ts:~eE i~~— 1 )  = 1 2  1) 2 A R 0 5 5 4 0

5553
C ~ AE j556~
C CA L~~1LA ~~ . K(T) , oV~~i~~PLT1~U K (T+1) PAROSS7Q
C PARuSS8’i

C A L L  2:. :IATo (NA ,N A ,.~,N,aKA ,~~) 2 A R 0 5 5 9 0
C.LL ~~~JL ( N A ,N~~, t,N ,~~,M, iJ ,E L ,U )  ?A R 0 5 600
CALL ~~~ A ,NA ,N A ,~~,~~, EKT ,A ,4,V) PARO561O
C A L L  . L A D D ( N A , ~. A , N A ,N ,N ,U ,W ,U )  ? A R ~i5 b23

~.C 21~ ~ z 1 , N ~ A R O 5 6 3 i)
Lo ~~~ K= i ,:~ 2AR0564J

K - : =  1÷ (K— 1) 4N P AR ~5ó5
L L = 1 . ( L — 1 )  ~~ ~ A R J 5 6 6 U
~. .ALL : J L ( N A , N , N A , N , N , N ,~~KT ,.j . L G A ( K e ~, LL ) , V) ?A R 1 ) 5 t *7 3
C A L L  - \ ~~~~( N A , N , V~~T L)  ?AR35680
‘.~~~ ,L ) , L )tU (K,L)~ ’~~ ?A R D 5 o 9 O
I:.JL:=~c~ (L— 1) ~~ PA RO5JUL )

P A R )  57 10

C A L L  ‘!i .4A , N k , N , N ,~~, EK I) ?AR05 730
22 ’, CL .:ir .UE

C i~A it05750
C PA it0576t)
C 2 A R 0 5 7 7 0

3. ~~~3 _ =l , N ~ A R 3 5 7 8 O
.~C 23) J= 1 ,~ P A i t 0 5 7 9 0

L:1O~~ =3. (I—i) 4N PALO5800
i?(1NU~ X.LE. ’.) ITOP (3,i)=IN (INDEX) PARO581J
iF (INDZX.GT .~~) i T O P ( 3 , 1) T 3 L A N K  2 A R 0 5 8 2 0

PAh05830
CALL TUPLT jTS ,I E , A F A Y (1 ,INL.EX),NPT .., ITO P,NSY i’!,XMIN , t? AR U584

+ A~~A K , I M I N , Y M A X ,Y~)F ,N G L ~ IDH ,N L t i ,M S C A L L ,M A X r . . S , 1X Y )  d A R O 5 8 S O
233 CL~. ‘~~~UE 2AR05660

C PAEtO587U
C CALC’iL~~2~ .~TATL XS PA ~i0588~
C PA RO5J 9o

2 A R O  5900
.~C A V E  ( 1 ,2 ) = X h E R O  (2 )  P A R U 5 9 1 ~

C £~As~O5 92C
KS(i)~~~~~~0(1) P A.R~ 593T
AS 2 ) K Z C . ~3 (2) 2AttO5 9L4O
DC 250 I 1 ,t~~~1 ~AR)595C

JL 24) j=i ,~ PAi105960
IN)LX 2*i—2+J PA1~3597O
~..~~~~(J , 1 ) = L T S A V L ( I N D E X , 1) P A 1 1 05980

• (~., 2)=LT..iAVE (INDE )C ,2) PAhU5990
2 4 3  CO~~T N U E  ? A R o b u ( - C

C A L L  I I U L  ( N A  , N , ~ ,N 1 , i, N ,L I S , XS , Asi  ) ?AROb O1O
11=1+ 1

• :1T3~~1 ) = 1 ’ ! T S A V L ( I I — i )  &~A H O b 0 3 O
1T~~(2) t1T3AVE ([I) k~AR0 60’40
CALL MA D C (M , :•~ ,~i, fi, tiM ,X .S1 , N T5, x .., 1) PA~~)tJ5’)
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ILE : ~‘7.i- ~~~ ~ - A . ’~ A C O N V E E S A T I L N A L  MC ~\ I T 0~ 3 Y S I ~~ 1

usAv~~~:,1)=x S1( 1 ) ?AE OoObC
U 3 A V E I ,L ) XS 1 ( 2 )

CALL .1 10L (~;A ~~~~~~~~~~~~~~ B , X.i i , X52 ) PA P
C A LL ~i~~~~~ N ,~~,N ,N ,~~M ,X S 2 ,C,X 32) ~ A~ v6~~93
C A L L  1~ UL(NA ,N,N ,~1M ,N,N, A,~~S,X .31) ?AitO b lOO
C .ALL L’!AD~~(A ,N ,N ,N ,N1 ,LS 1 ,XS2,X S )  ~ A RU 611O
.(5A~i ..~ (i+1 ,1 ) L 3 (1) PA ?06120
X JA V .(I+1 ,.~) =X5(2) ~AF~Obi 30

25~ O~~T:~~U~
C 2AE06150
C ?L)T S2AT... rE AJ~.CTOZl

y PAR W~i6C
C PA ROÔi7O

33 2 (.) J=1 ,N ?AEub183
N S Y . ~~( i ) 2 ( 4  PA~~06190
IF (J.LE.9) IC P (9,2)-1N(J) PAR3~~203
:? (J.CT.9) ITOP(9,2)=1iLANK ?AE06210
CALL T~L~L E ( ~~PT S , I R G ’ i ,X S A V E ( 1 ,J) , N P T S ,L T O P (l ,2 ) , N 5 Y 1 ,X L’!I N , X N A A , t~A R 0 b 2 2 0

+ i?~I N , 1?IA X .Y S F ,NG R I D H ,N L G , MSC A ,~~ AX e.S , I~~Y )  ? A R 3 6 2 3 ~
2b0 C C N T L N U L  P A E O b 2 L 4 O

C ? AEi~D b 2 5 2
C P L O T  L C .~T~~ JL TE .A JECTOT~Y P A i t O b 2 6 O
c 2A1106270

X O = D  FLOAT (iTM1) PARO 628O
oo 270 J=1 ,N ?AR06290

N S Y Y ~ 1) 2 i  P A R O b 3 0 0
I~~~J . L E . Y) I T O ? ( l i ,3 ) = I N (J ) 1AE 06310
I F ( J . J T . 9 )  IT OP 11 ,3) I B L A N K  P A ~~O632 .
C A L L  T~f P L T ( t T r l 1, I E G~~, U~~A V L ( i , J ) , I T M 1 ,IT OP (1 ,3 ) , N S ! M ,LlI14,~~N , 2 A E 0 b 3 3 0

+ YIiN ,Y X ,YSF ,NG R I D N ,NLG ,MSCALE,MAXE S.IX~ ) PAR 06340
2 7 0  ~ C~~T I N U ~~ ?AR1)b350

C ?AR06 36’j
C ?L C T  GA V. N~3 £‘ARO637~..
C ~ AitO63â0

~~u 28, 1 1 ,i PAR1 )6390
DC L83 J= 1 ,~1 PAROb4Ot )

~43LM (1)=12
PA R O b  420

IF (INDEX. LE.9) LI’CP (6,4) 1N (INDEX )
2F(LNDEA .GT.9) ITCP (6,4)=IBLANK ?ARO b4L4 U
CA LL THPLT~~IT~~1 ,IE G Y,LA l~h A Y ( 1 ,INDEX) ,I TM 1 ,ITOP(1 ,’4),NSYN, ?AE06450

+ XM I N ,X i1 ,YM I N ,Y M A X ,YSF ,N GRIUH ,NLG ,M SCALF..,~lAXh S , PAEUb4bO
+ L L Y)  PA ~ 3b (470

28C CONTINUE ?AE :Th4dU
C PAitO b49Ci
C PLO T CO~.RECTIUN T~2L~M M T )  PAR~jb53 L
C ?A i~0b51O

00 2~0 J= i ,M PARO6S2O
NSY.1 (1)=13 PAE0b53 O
i~~(J.LE. 9) ITO?(3,5) 1N(J) t’A li~0o543
i~ (J .~ ,r . 9 )  ITUt)(3,5)I JLANK PAEt.~t550

C A L L  Tl iP L ’ i ( 1 TM 1 ,I L G Y , ~i A E R A ’ f ( 1 ,J ) , I T ? i ,1T0P (1 ,5 ) , N5’ (?i ,LM1 N ,X M , ~ A I -~~b 5 oC
+ YNI N , A X ,YSF , IDU ,N L G ,~~SCALE ,~’.A K E S ,IXY) ?AR 0b57~

29) CONTINU E.
C P A h 0 u 5 9 ~
C C A L C U L A T E  L O S T  P A ~~0~~~CJ
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FILE : PAR P’cLTRA N A CCNV EL- 3A IIONAL !‘!ONII0k~. SYS L1

C PAEO h6U’
oO 3J L=1 ,12

1 1 A . .. 1L ?A~w bb3O
XS 1)=XSA V .. (~ T1+ 1 ,1)
XS (C)=~..,AV ...(IT1 +1 ,2)
DO ~~~~ L 1 ,N FARDÔÔÔ .

LC 33 0  K 1 ,N ~AR0b b70
I N D E X K+ ( L — 1 )  ~ N ? A h U b 6 d -
‘J (K ,L) A P F A ?  ( IT 1 + i ,INLJ EX ) ?ARU t~~90

300 CO~~~IN iJL ?AitO~~70O
C A L L  : ( N A , 2 , N , N , , U ,X S , ’~~1, A 2 )  P A h J u 7i O
15 =I ’ i l *N  i~A R 0 b 7 2 0
~~~~~~~~~ 2 A R 0 6 7 3 0

OC 311) 1I= i ,N PAROt740
:15=15 +11
.3 i=SLI’i+PTSAVi(115)*XS(II) PAEOb76O

310 CONTiN JE
COS I’ (IL) )  .5 D 0 *~ 1 ( 1 )  ~.3ULl +GTSAV~ (IT 1+ 1) P A R O b 7 8 O

32) C O N T I N U E  ~‘A R O 6 7 9 0
3 C= 1. . 3 ) / C O S T ( I T )  ? A R 0 6 8 0 0
C A L L  MS LA L E ( 8 ,8,1,SC ,PL.LSEN) ~~ RO~~d i 0

C P .C110b820
C PLLT C03 ?AR0b830
C P A E tj O84 ..

NSIM(1) 10 ?AR06850
CAL L TkI ~’LT ( N P T S , I E GY ,COST ,NP T 5 , ITOk~ ( 1 ,6) , N S Y M ,X M I N , X M A A , Y!~IN , YM AX ,? A E J b ~~6O
+ YSP ,NGRIDH ,N L 3, L’ISC,MAXES ,I X Y ,NSYM ) 2AR0 6870

W R T T L (K O UT , 7 0 3 )
WL ~1T~~ (KUJT ,.3J (J) (2ELS~~N~ IO),I O 1 ,8) 2AR06 890

703 F’J:~~AT (itI 0,27i1 RELA T IV C COST SENSITIVITY ) ~Aa0b900
dO) FOR ’ !t~1 (402D.i6) PAROb911 )
900 FOR ’IAI (1HO ,iOH C 3TSEN = ,C26.lb) £‘AR06920

R E T U R N  ?LR3b93 0
C 2 A R 0 6 9 4 0
C LAST LINE OF PAR PA R~jo95C
C ?AttOb96O

?A ROb 970

V


