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During the reporting period Professors David Heath, John Muckstadt,

and Carol Shilepsky have conducted research on the interchangeability/
substitutability problem for recoverable items (items that are subject
to repair when they fail). This problem arises when recoverable items
can be substituted for one another during the repair of én assembly.

The long range objective of the research project is to develop a
method that the Air Force can use to assist in the management of inter-
changeable recoverable items. To accomplish this goal we have proposed
to analyze several simplified problems that will give us insight into
the form of the optimal or near optimal policy for the real problem.
Specifically, we proposed

a) to understand fully the behavior of a single-echelon, two item
system over an infinite horizon when the failure processes for the items
are independent, étationary Poisson processes and repair times are expo-
nential;

b) to develop metﬁods for finding optimal and near optimal policies

for the situation described in a);
c) to extend the results for topics a) and b) to systems having many
items; |
d) to extend the analysis to situations in which there are two echelons
(depot-base structure) and many items where, as before, the failure processes :
for the item are independent, stationary Poisson processes and repair times
are exponential;
e) to develop methods for finding the optimal or near optimal operating

policy for the situation described in d);

Approved for public release;
A1stribution unlimited.
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f) to study the problem when failure and repair processes need not
be stationary and the time horizon is finite for both single and two
echelon systems; and

g) to develop heuristic dispatching rules for the Qynamic environment
described in f).

To date we have almost completed objectives a) and b). Specifically,
we have studied the interchangeability/substitutability problem for two
items that fail at a single location. Moreover, the failure processes
for these items are assumed to be independent, stationary Poisson processes,
and repair times are exponentially distributed. The system studied is
assumed to be a closed system, that is, no items are added to or deleted
from the system.. Based on these assumptions we first showed that the prob-
lem could be viewed as a Markovian decision problem for which there exists
a stationary optigal policy. Since our main goal is to find methods that
can be used to solve t?e real problem, we next developed various approaches
for finding optimal and near optimal policies.

The first apprbach that we took was to férmulate the decision problem
as a linear programming problem. The number of "states" in the Markovian
decision problem for realistic problems is so large that the linear program-
ming method is not a practical methéd for finding optimal policies. It is,
however, useful as an experimental tool to check the optimality or near
optimality of solutions generated by other means. Furthermore, we were able
to identify some properties that an optimal policy should possess.

Next, we developed a simulation approach that exploits these properties
that an optimal policy is conjectured to have. This heuristic method is

computationally efficient and finds, at least for the cases tested, a nearly




optimal policy. (The détails of the results of this work can be found |
in the attached technical report, entitled "An Analysis of a Single |
Location Inventory Problem for Two Interchangeable Recoverable Items.")
Recently, a new heuristic has been developed which may be even more ef-
ficient. Further testing of this method is cﬁrrently being conducted.
Throughout our analysis we have been in contact with Lt. Col. Jon Hobbs
and Mr. Victor Presutti cf Headquarters, Air Force Logistics Command (AFLC/
XRS). Their guidance has been extremely valuable. They are providing data
that will be used to test the proposed heuristics. Once these test are com-

pleted and adjustments made to the heuristic we will have completed goals

a) and b) stated above.

We have been invited and will present the results of our research at

the International Meeting of The Institute of Management Sciences on
June 20, 1979. Furthermore, we plan to prepare a paper having the same
title as the attached technical report and submit it for publication in

the Naval Research Logistics Quarterly.




Professional Personnel Associated
with the Research Effort
&
&
e
i
i
‘
|
e R TRy T T AT TN P, . 70 e




VITA

JOHN A. MUCKSTADT

Associate Professor

School of Operations Research and Industrial Engineering

Home Address:

Business Address:

Born:

Marital Status:

Education:

Cornell University

31 Woodland Drive R.D. 2
Ithaca, New York 1u4850
Phone: (607) 539-7972

School of Operations Research and Industrial Engineering
Upson Hall

Cornell University

Ithaca, New York 1u4853

Phone: (607) 256-u4856

September 27, 1940, Rochester, New York
Married; four sons
Ph.D. Industrial Engineering, University of Michigan, 1966

M.A. Mathematics, University of Michigan, 1965
M.S. Industrial Administration, University of Michigan, 1964

" AeBe Mathematics, University of Rochester, 1962

Professional Organizations:

Honor Societies:

Tbachingrlnterests:

Research Interests:

Operations Research Society of America
The Institute of Management Sciences
Mathematical Association of America

Sigma Xi
Alpha Pi Mu

Operations Reseaéch, Inventory Control, Linear Programming,
Large Scale Systems, Production Management, Economic Analysis,

Logistics

Design mathematical models for the control of large scale
integrated inventory, maintenance, and distribution systems.
Military logistics system design. Design of man-machine
decision systems. Analysis of material and production
control systems,

e ——— g —————

R —
il s i , RpeT e .
S A i o o i S S




Egzérience:
1974 - Present

1971 - 1974

1966 - 1971

Associate Professor at Cornell University in the School
of Operations Research and Industrial Engineering.

- Instructs both graduate and undergraduate students in

inventory control, probability, systems analysis and other
operations research related courses., Guides student
research on applied operations research topics.

Acting Associate Director, School of Operations Research
and Industrial Engineering for the 1977-78 academic year.

Part-time consultant to several governmental and industrial
organizations (including the RAND Corporation) mainly in the
areas of inventory management and logistics system design.

Operations Research Analyst for the Deputate of Materiel
Management and Deputate of Acquisition Logistics, Head-
quarters, Air Force Logistics Command. Designed mathematical
models of the materiel management logistics environment.
Performed research to develop strategies for resolving
complex logistics problems related to initial provisioning,
inventory control, production management and integrated
logistics support. Reviewed logistics research of a
mathematical nature conducted by contract agencies and
universities for their application to materiel management
problems. Assisted in implementing mathematical techniques
into logistics processes.

Part-time teaching position at the University of Dayton.

-Instructed graduate students in the following courses:

operations research, queueing theory, inventory control,
linear programming, advanced topics in linear programming,
and decision theory.

Faculty member in the Air Force Institute of Technology.
Instructed graduate students in the following courses:
statistics, systems analysis, inventory control, mathematical

. programming, scheduling theory, transportation management,

linear programming, and optimization in large-scale systems.
Guided student research and performed research on maintenance
scheduling, man-machine systems, inventory control, mathematical
programming, and production planning. Achieved the rank of
Associate Professor.

Professional Publications:

"Scheduling in Power Systems." Doctoral Dissertation, College of Engineering,
University of Michigan, 1966, .

"An Application of Mixed-Integer Programming Duality to Scheduling Thermal
Generating Systems,." (with Richard C. Wilson) IEEE Transactions, Part III (PAS)
December 1968, pp. 1968-1978,




"An Application of Duality Theory to Zero-One Integer Programs Having
Convex Objective Functions." AFITSL Technical Report 6-69. Air University,
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio, 1969.

“A Dual Decomposition Algorithm for Solving Mixed Integer-Continuous
Quadratic Programming Problems." AFITSL Technical Report 7-69. Air University,
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio, 1969.

"An Algorithm for Determining Optimal Stock Levels in a Multi-Echelon
Inventory System." Air University, Air Force Institute of Technology, Wright-
Patterson Air Force Base, Ohio, 1971.

“A Model for a Multi-Item, Multi-Echelon, Multi-Indenture Inventory System.,"

Management Science, Vol. 20, No. 4, December, 1973, pp. 472-u8l,

“NAVMET: A Four-Echelon Model for Determining the Optimal Quantity and
Distribution of Navy Spare Aircraft Engines." Report R-7511, Naval Weapons
Engineering Support Activity, Washington Navy Yard, Washington, D.C.,
December 1975, :

"Some Approximations in Multi-Item, Multi-Echelon Inventory Systems for
Recoverable Items." P-5763, The RAMD Corporation, Santa Monica, Ca.,
December 1976, (To appear in the Naval Research Logistics Quarterly.)

"The Consolidated Support Model (CSM): A Three-Echelon, Multi-Item
Model for Recoverable Items." R-1923-PR. The RAND Corporaticn, Santa Monica,
Ca., December 1976. (A revised version of this paper will appear in the Naval
Research Logistics Quarterly.)

"An Application of Lagrangian Relaxation to Scheduling in Power Generation
Systems." (With Sherri Koenig) Operations Research, Vol. 25, No. 3,
May-June 1977, pp. 387-403. (An expanded version of this paper will be included
in a book entitled "Studies in Mathematical Programming" edited by A. Hax.)

"On the Probability Distribution for Inventory Position in Two-Echelon
Continuous Review Systems.'" School of Operations Research and Industrial
Engineering Technical Report No. 336. Cornell University, Ithaca, N.Y.,
June 1977. (Accepted for publication in Operations Research.)

"Analysis of a Two-Echelon Inventory System in Which All Locations Follow
Continuous Review' (S,s) Policies." School of Operations Research and Industrial
Engineering Technical Report No. 337. Cornell University, Ithaca, N.Y., June
1977. (Accepted for publication in Operations Research.)

"Comments on 'Single Cycle Continuous Review Policies for Arborvescent
Production Inventory Systems'." (with H. Singer) (To appear in Management
Science.)

"Optimal Policy for Batch Operations: Backup, Checkpointing, Reorganization,

and Updating." (with G. Lohman) ACM Transactions on Data Base Systems, Vol. 2,
No. 3, September 1977.

"An Analysis of Two Two-Echelon Inventory Systems." (with Paul Sasseville)

School of Operations Research and Industrial Engineering Technical Report No. 361.

Cornell University, Ithaca, N.Y., September 1977. (Submitted for publication to
Operations Rescarch.)




"A Comparison of Alternative Methods for Computing Inventory Levels
in a Two-Echelon System in Which All Locations Follow Continuous Review
‘Policies." (with L. Joseph Thomas) Technical Report No. 363. Cornell
University, Ithaca, N.Y. (Accepted for publication in Management Science)

.

Other Professional Experiences

i3

Récipient of Outstanding Graduate Student Award at the University of
Michigan Engineering Honors Convocation, 1964.

Recipient of National Science Foundation Grant for Study in Operations
Research for the summer of 1970.

Recipient of the Outstanding Faculty Member Award for both 1970 and 1971
while at the Air Force Institute of Technology.

| Officer in the College of On Line Decision Systems of the Institute of
; Management Sciences (1970-1976). .

Recipient of grant from the Naval Weapons Engineering Support Activity
in 1975 for study of spare aircraft engine requirements. .

Recipient of Office of Naval Research Grant for 1975-1978 for study of
inventory management problems in military logistics systems.

Recipient of Air Force Office of Scientific Research Grant in 1978 for.
study of inventory management problems for Interchangeable Recoverable Items.

Associate Editor of Management Science (1976-1977)

Officer in the US Air Force Reserve (197u4-present).

Recipient of Outstanding Reserve Officer award of the Air Force Logistics
Command in 1977.




Business Addresé:

.

Born:

Marital Status:

Education:

Major Field:
Minor Fields:

Egglozgent:

1974 - Present

1972 - 1973
1971 - 1872
1970 - 1971
1965 - 1970
Summer 1966

VITA

CAROL C. SHILEPSKY

Assistant Professor
Wells College

Wells College, Aurora, NY 13026

Phone: (315) 364-7421

December 11, 1943

Married; two daughters

Ph.D. University of Wisconsin, 1971

M.A. University of Wisconsin, 1968

B.A. Connecticut College, 1965, cum laude
Analysis

Algebra and Topology

Assistant Professor, Wells College, Aurora, NY

Instructor (part-time)}, Graduate Program
University of Arkansas, Fayetteville, AR

Instructor (part-time), Crowley's Ridge College,
Paragould, Arkansas

Research Associate, University of Wisconsin, Madison, WI
Teaching Assistant, University of Wisconsin, Madison, WI

Mathematician, Electric Boat, Groton, CN

Professional Organizations: -

Honor Societies:

American Mathematical Society
Mathematical Association of America
Operations Research Society of America
Association for Women in Mathematics

Phi Beta Kappa

- Phi Kappa Phi

Pi Mu Epsilon

" Teaching Interests:

Calculus, Differential Equations, Real and Complex Analysis,
Numerical Analysis, Computer Science, Operations Research,
Probabilistic Models in Operations Research




Professional Development:

NSF Chautauqua Short Course, Operations Research and the Systems Approach,
Thomas L. Saaty, Hampshire College, 1975-76

T ———————

NSF Chautauqua Short Course, Modeling and Simulation, William Davisson
and John Uhran, Syracuse University, 1976-77

e ——

Attendance at the following courses in Operations Research at Cornell
University:

OR 562: Inventory Theory, Fall 1977, taught by Professor John
Muckstadt .

OR 680: Simulation, Fall 1977, taught by Professor Lee Schruben

~ OR 761: Advanced Queueing Theory, Fall 1978, taught by Professor
N. U. Prabhu

Research and Publications:

| : "The Effects of Target Ship Evasive Tactics on Bearings-Only Range
I . Estimates,'" Classified Technical Report, Electric Boat, Groton, CN,
1966.

"A Boundedness Theorem for Solutions of a Volterra Equation," thesis,
University of Wisconsin, Madison, WI, 1970.

"A Boundedness Theorem for Volterra Equations,'" (co-author, Kenneth
Hannsgen), Journal of Differential Equations 10 (1971), pp. 378-387.

"A Note on the Asymptotic Behavior of an Integral Equation," Proceedings
of the American Mathematical Society 33 (1972), pp. 111-113.

"The Asymptotic Behavior of an Integral Equation with an Application to
| Volterra's Population Equation," Journal of Mathematical Analysis
4 and Applications, Volume 48, Number 3 (1874), pp. 764-779.

"The Asymptotic Behavior of an Integral Equation, Preliminary Report,"
Notices of the American Mathematica}_Society, Volume 23, Number 1,
January, 1976, p. A-145.

"The Asymptotic Behaviér of an Integral Equation," Invited Address to the
Special Session on Volterra Equations, Annual Meeting of the American
| Mathematical Society, San Antonio, Texas, January 23, 1976.

Participation in the research grant "An Analysis of an Inventory System
for Interchangeable Recoverable Items," funded by the Air Force Office
of Scientific Research Mathematical and Information Sciences Program,

~ Summer 1978.




VITA

DAVID C. HEATH

Assistant Professor
School of Operations Research and Industrial Engineering
Cornell University

| Home Address: 215 Tareyton Drive
Ithaca, New York 14850
Phone: (607) 257-4755

Business Address: School of Operations Research and Industrial Engineering
Upson Hall

; Cornell University

& Ithaca, New York 14853

Phone: (607) 256-4856

T T

Born: December 23, 1942, Oak Park, Illinois
£ Marital Status: Married; 3 children
Education: PL.D. Mathematics, University of Illinois, 1969

M.A. Mathematics, University of Illinois, 1965
A.B. Mathematics, Kalamazoo College, 1964

Research Interests: Probability, Applied Probability, Game Theory,
: Gambling, Stochastic Control

& Positions: . d L
i
| 1977 - 1978 Visiting Assistant Professor, Department of Statistics, |
| University of California at Berkeley, Berkeley, CA
‘ (on leave from Cornell University).- |
| 1975 - present Assistant Professor, School of Operations Research and
Industrial Engineering, Cornell University, Ithaca, NY
1973 - 1974 . Participant in U.S.-France Exchange of Scientists Program,
N.S.F.-C.N.R.S. at Strasbourg, France (on leave from the
{ : University of Minnesota). i
1969 - 1975 Assistant Professor, School of Mathematics, University - .
- of Minnesota, Minneapolis, Minnesota. ‘
Summer 1968 Research Mathematician, Continental 0il Company,
Ponca City, OK.
1965 - 1969 Teaching Assistant, University of Illinqis, Urbana, IL. i

-~




Publications:

Almost sure convergence of uniform transport processes to Brownian motion
(with R. Griego and A. Ruiz-Moncayo), Ann. Math. Stat. 42 (1971), 1129-1131.

Subfair Red—and Black with a limit (with W. E. Pruitt and W. D. Sudderth)
Proc. Amer. Math. Soc. 35 (1972), 555-560.

On a theorem of de Finetti, oddsmaking, and game theory (with W. D. Sudderth),
Ann. Math. Stat. 43 (1972), 2072-2077.

Functions possessing restricted mean value properties, Proc. Amer. Math.
Soc. 41 (1973), 588-595.

Searching for a particle on the real line (with B. Fristedt), Adv. Appl.
Prob. 6 (1974), 79-102.

Red-and-Black with unknown win probability (with D. Berry and W. D. Sudderth),
Ann. Stat. 2 (1974), 602-608.

Skorokhod stopping via potential theory, Seminaire de Prob VIII, Lecture

"Notes in Math. 381 (1974), 150-154.

Continuous time gambling problems (with W. D. Sudderth), Adv. Appl.
Prob. 6 (1974) 651-665.

Skorokhod stopping in discrete time, Seminaire de Prob. IX, Lecture Notes
in Math. u465 (1975), 515-517.

Probabilistic analysis of certain hyperbolic systems of ‘partial differential
equations (submitted to Annales de 1l'Institut Henri Poincare).

Interpolation of martingales, Ann. Prob. 5 (1977), 804-806.

On exchangeable random variables (with W. D. Sudderth), American Statistician
30 (1976), 188-189.

Algorithms for computation of blackjack strategies, presented at Second
Annual Conference on Gambling, Lake Tahoe, Nevada, 197S.

On finitely additive priors, coherance, and extended admissibility
(with W. D. Sudderth), Ann. Stat. 6 (1978), 333-345.

On the optimization of long-distance telephone toll facilities (with
D. Lampbell and N. U. Prahbu), in preparation.

Internal telephone billing rates - a novel application of non-atomic game
theory (with L. Billera and J. Raanan), to appear in Operations Research.

The contact of solid type characters (with F. Chow, P. A. Engel, and
S. Lawphongpanich), to appear in IBM J. Res. Dev.

On inadequacies of countably additive measures (with L. Dubins) in preparation.

DA b it o O e . P S




e e e



SCHOOL OF OPERATIONS RESEARCH
AND INDUSTRIAL ENGINEERING
COLLEGE OF ENGINEERING
CORNELL UNIVERSITY
ITHACA, NEW YORK

TECHNICAL REPORT NO. 409

February 1979

AN ANALYSIS OF A SINGLE LOCATION INVENTORY
PROBLEM FOR TWO INTERCHANGEABLE RECOVERABLE ITEMS

by

David Heath
John Muckstadt
Carol Shilepsky

This research was partially supported bv the Air Force Office of
Scientific Research under Contract AFOSR-78-3568.

— S — -+




II.

III.

Iv.

VI.

VII.

TNCETY

TABLE OF CONTENTS

INTRODUCTION

A TWO-ITEM SINGLE LOCATION SYSTEM:
A DISCRETE TIME MODEL

A TWO-ITEM SINGLE LOCATION SYSTEM:
A CONTINUOUS TIME MODEL

THE FORM OF AN OPTIMAL POLICY
APPROXIMATIONS TO AN OPTIMAL POLICY
A SUMMARY AND COMMENTS CONCERNING FUTURE EFFORTS

REFERENCES

Page

13
15
22

23




ABSTRACT

In this paper we examine the interchangeability/substitutability
problem for two recoverable items that fail at a single location. We
assume the failure processes for each type of item are independent,
stationary Poisson processes. We alsc assume the repair times are
exponentially distributed. Furthermore, we assume that the system is

a closed system, that is, no items are added to or deleted from the
system. We first consider a discrete-time problem and show that this
problem is a Markovian decision problem. We then show that for this
problem there exist optimal stationary Markov control policies. Next

we formulate a continuous time model and show how to.find the optimal
stationary Markov control policy using linear programming. Unfortunately,
this approach is impractical for solving most real problems. Consequently
we have established and explored some of the properties that we feel

an optimal policy should possess. A discussion of these properties is
given in Section IV. Lastly, we will describe a heuristic that can be
used to find a good policy. This method is an efficient simulation search

method that finds policies having the properties we conjecture an

optimal policy should possess.
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I. INTRODUCTION

During the past 15 years a substantial amount of research has been
conducted related to the management of recoverable items, that is, items
subject to repair when they fail [1,2,3,&,5,6,7,8,9,11,12,13,1&]. A

number of mathematical models have been developed that can be used to

determine optimal stockage levels for each recoverable item in both single

and multi-echelon systems. Most of the models are based on the assumption

that the items are independent. That is, the failure processes among the

items are assumed to be independent. Some recent research has been devoted

to dependencies in the demand process by recognizing that certain recoverable

f1,5,6,13,14]

items have a hierarchical design For these items, the

failure of a recoverable component results in a demand for both a spare
component and the assembly containing the component. However, in all of

the models presented to date the replacement rule for a failed component is

the same: replace all failed units with a serviceable spare item of the

same type.

In this paper we examine a problem that arises when items are some-

times interchangeable or can be substituted for one another during repair. '

Frequently it is possible to repair a broken assembly using several differ-
ent types of parts; however, choosing the "correct" part to use to repair

the assembly is not based on engineering considerations alone. Using one

type of item to complete the repair rather than using a second type of item

can cause subsequent parts shortages that can be avoided. This can occur j

! because some items are "more useful" than others. For example, suppose

there are only two types of items in the system. The "more useful" item
|
! can be used to satisfy a demand for either type of item whereas the f
K

| "less useful" item can only be used to satisfy demands for its own type




of item. Many such interchangeable/substitutable items are found in the
Air Force. This is particularly the case for electronic items. In some
instances, newly designed items can be used to replace older units when they
fail; however, these older units cannot be used to repair a newer generation
of an assembly.

In this paper we will examine the interchangeability/substitutability

problem for two items that fail at a single location. We assume the failure

processes for each type of item are independent, stationary Poisson processes.

We also assume the repair times are exponentially distributed. Furthermore,
we assume that the system is a closed system, that is, no items are added
to or deleted from the system. We first consider a discrete-time problem
and show that this problem is a Markovian decision problem. We then show
that for this problem there exist optimal stationary Markov control policies.
Next we formulate a continuous-time model and show how to find the optimal
stationary Markov control policy using linear programming. Unfortunately,
this approach is impractical for solving most real problems. Consequently
we have established and explored some of the properties that we feel an
optimal policy should possess. A discussion of these properties is given
in Section IV. Lastly, we will describe a heuristic that can be used to
find a good policy. This method is an efficient simulation search method

that finds policies having the properties we conjecture an optimal policy

should possess.
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II. A TWO-ITEM SINGLE LOCATION SYSTEM:
A DISCRETE TIME MODEL

In this section we present a discrete-time model for the inter-
changeability/substitutability problem. We examine this discrete-time
model since it yields a particular form for the optimal control policy.

In particular, we show that for the associated Markov decision problem
there is a stationary Markov control policy which achieves the lowest
average back-order level. This result provides the motivation for
restricting attention to Markov control policies in the continuous time
model developed in the next section. .

To simplify the analysis and discussion we restrict our attention
to a single location system with only two types of items: type 1 and
type 2. The assemblies in which these items are installed are called units;
we also assume that there are two types of units and that each unit contains
only one item of the types considered. Furthermore, when a type 1 unit or a
type 2 unit fails, we assume that it can be repaired with a serviceable
type 2 item. Type 1 items can also be used to repair failed type 1 units:
however, type 1 items cannot be used to repair type 2 units. For example,
two units might be different "generations" of a computer found in a fire
control system; the items might be o0ld and new versions of an integrated
circuit board found in the computer. The newer version of the circuit board
can be used in both generations of the fire control system computer: but,
the old generation circuit board is incompatible with the newer fire control
system computer.

Let N, be the number of units of type i and Hi be the number

i
of spare items of type i in the system. Thus there are a total of

'1 + "1 items in the system. Let "1j be the number of type i items

T
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installed in type j units, and m, be the number of servicable type i
items in spare stock.
Note that according to the substitution rules we have established

n is always zero. Thus the five numbers Mo My 5 Dy o5 Dyy s and

12

ny, specify the disposition of all items. The number of type i items
i

in repair is given by Ni + Mi - (mi + jfl nij)

and the number of back-

orders associated with type j units is Nj -

HeMN e
=]

. 1
j ]

i

We assume the system operates as follows in the discrete tiIme model.

At each time t=n - (At), n =0, 1, ... certaiﬂ actions are available.
These actions correspond to installing some items currently in spare stock
in appropriate units lacking an item. After installation of items,
failures may occur. We presume that items fail independently of one another
and that each item of type i installed in a unit of type j has proba-

bility Aij - (At) of failing (where (At) is small enough so that these
numbers do not exceed 1). Next, items which have failed are removed from
the units and sent to repair. Items are repaired independently; we presume
that each item is repaired during this time interval with probability

r; - (at) .

After this sequence of action-failure-repair we begin again at the new
time (n+l) - At by selecting another action. The system continues to
operate in this manner for an indefinite length of time.

The number'of backorders during the action-failure-repair cycle is
defined to be the number of backorders which exist immediately after the
action (unit repair) is taken and before the failures occur.

We wish to choose those actions which minimize the average number

of backorders.




The selection of the particular sequencing of events - action, failure

repair - was not made arbitrarily. This sequence was selected so that the
problem could be formulated as a Markovian decision problem (average cost
model). (A discussion of Markovian decision problems can be found in
reference 10.)

Notice that for any policy (that is, a specification of the actions to
be taken for all possible situations) there is positive probability (actually
bounded away from zero) that after one cycle of action-failure-repair all

items which were in use will have failed and been repaired. Hence there

"is a state (namely that with no items installed and all in spare stock)

for which every action taken at every state gets to that state in one step
with probability greater than or equal to B >0 . By Ross [10] (Theorem
6.17, Corollary 6.20, and the remarks following Corollary 6.20) there is
then an optimal stationary Markov control policy. This policy can be com-

puted by a technique involving linear programming; this technique is adapted

to the continuous-time model developed in Section III.
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III. A TWO-ITEM SINGLE LOCATION SYSTEM:
A CONTINUOUS TIME MODEL

We now consider the continuous time model corresponding to that of
Section II. The notation describing the numbers of units and items and
the state of the system remain the same.

We now suppose that the failure times of type i items installed in
type j units are independent exponentially-distributed random variables
with mean l/)\ij , and that the repair times are independent, exponential
random variables with mean l/ri . As before, the measure of performance
of the system is the average number of backorders. .Motivated by the
results of the previous section we shall consider only stationary Markov
control policies.

Since it would seem unreasonable to allow backorders for type i units
if there are type i items in spare stock we consider the installation of
type i items in type i units to be automatic and not subject to control.
Thus the actions available involve only the installation of type 2 items
in type 1 units. We shall compute the optimal stationary Markov control
policy which takes action only when the system changes state due to an item
failing in service or being returned from repair. Finally, we allow only the
substitution of one type 2 item into type 1 units at a time.

When the process jumps to a new state there are (possibly) two actions
available: do nothing, or install a type 2 item in a type 1 unit. Of course,
if there are no type 2 items available or no backorders associated with
type 1 units, then there is only one action available: do nothing.

Following Ross [10] we allow randomized actions; thus corresponding to

a

a
state S there are two numbers Psl and PS2 (non-negative and summing to 1)

giving the probabilities of selecting action a, (= do nothing) or a

4 s
(= put one type 2 item in a type 1 unit). These P's completely specify the

control policy.
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Once these P's are specified the process which results is a staticnary

Markov process. In fact, if we consider the process which specifies the state
the system most recently jumped to and the action taken there, this process is 1

a Markov chain and we can compute its stationary transition probabilities

and then the average cost. |

Let 22 be the equilibrium (or stationary) probability that this process ‘

; , g
i o
most recently jumped to state S and that the action taken there was a . Then '

we must have I I ag s Zg = I Zg where as o (81#82) is the rate at !

a 82 12 a "1 172 1

! which transitions to state §; will occur if the current state is S, and f

- the action taken is "a" , and o2 = -L o so that the column-sums tE
‘ S,S S.S i
{ 272 Sl 12 i
|

| (s,# 52) 4

of the a-matrix are zero. (The subscripts may seem reversed in the above. ]

This is because in the usual Markov chain matrix notation the order of

vector-matrix multiplication is the reverse of that used in the usual L.P.

notation, which we adopt here.)

The cost associated with each state, C(S,a) , is the number of back-
orders (total for units of type 1 and type 2) associated with state S if

action a 1is chosen.

| We wish to minimize the cost-per-unit-time given by I I Z: C(s,a)
i S a
subject to the equilibrium equations o2 z2 =322 and to the .

I
as, e S0 5 A2

condition I I 73 = 1
S
S a

by 20

a
S -

(Note that in some states substitution obviously cannot be performed; | 4

for these states we can simply ignore (that is set to zero) the corresponding

z? for a = SUBSTITUTE).

| -
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The solution to the above stated L.P. provides the values for the P's

TR T

(and hence the policy) as follows:

| |

(|

E Pg = P{take action a when in state S} {
| 72 |
1 _ e : !
i H

| 15 |

k| b {

‘| v b |
! whenever I Zs #0 . When I ZS = 0 , state 1 1is never reached by the i
| b b

controlled system and thus it makes sense to leave the action chcosen there
undefined.

Suppose T represents the number of realizable states in the system i

3 (a state is realizable whenever I Zg >

a

0 ). Then the above optimization

problem has T equality constraints and T basic variables (note there is

a
S

least one action a . Consequ:zntly at least one Z: is positive for

S=1, ..., T . This implies that for each state S, Z

one redundant constraint). If state S 1is realizable, then Z_ > 0 for at

a
S

only one action a . Thus Pg must be either 0 or 1 .

A program was written to generate the input for a linear programming

can be positive for

| package (MPSX). The output was then submitted to MPSX and (in almost all

cases) an optimal strategy was obtained.

To present the results of the computations we notice that under our
control policies the number of variables necessary to describe the state of
the system can be reduced from the five above to three as follows: Since
we never allow backorders for type i units if there is serviceable spare

2
stock on hand; Ni -z nji and mg cannot both be positive. We thus set

R
.

2
s; = my - [Ni -z nji] s which is the net inventory of items of type i
j=i :

(it is negative if there are backorders associated with type i units).




The variablés S 5 S, and nyy then describe the state of the systen.
Finally, since at each state the control policy merely specifies

"substitute" or "don't substitute' it suffices to graph the set of states S

at which one would perform a substitution. Graphs of the optimal "substitution

T e

set" S for several situations are given in Figure 1, Figure 2, and Figure 3.
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IV. THE FORM OF AN OPTIMAL POLICY

To enable us to find approximations to an optimal policy, we examined
the structure of the set of states, S , from which a type 2 item should
be substituted into a type 1 unit. Clearly

) : s, <0, s.>0}.

[
S € {(s 1 9

3+ Par Py
Every such subset gives rise to a control policy; however, there are
three properties (monotonicity relationships) that one might expect the
optimal subset (Sopt) to have. Willingness to perform a substitution
depends on the number of type 1 units out of servicé, the number of type 2
items in spare stock, and the number of type 2 items already installed in type
1 units. Intuitively, for fixed S5 and n,, s as s decreases there is
at least as great a need to substitute type 2 parts in the type 1 units.
We express this as

MR1) (sl, Sps n2l) € ¢S < ) » implies (s, Sy n2l) € S°

pt °
Similarly, a greater supply of type 2 spares should imply an equal or greater

S
op

willingness to substitute. This property is expressed as

) es

MR2) o1 opt °

3 . .
(sl, Sys n21) £ Sopt » 8>, implies (sl, S,

Finally,

MR3) ) € 20 <n, implies (sl, Sps n) € S° 5

(55 555 1y pt

Since S 1is a set in three-dimensional space we can draw its graph in

S
op

sections; thus if we let each section correspond to a fixed ‘value of s, we
would expect the graph to look like that of Figure 4.

In each optimal strategy computed using the linear programming method
described in Section III the properties MR1)-MR3) held. On the basis of
this conjectured form of the optimal policy we developed a procedure to

examine states for possible inclusion in S .
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V. APPROXIMATIONS TO AN OPTIMAL POLICY

To find a good approximation to the optimal substitution policy we
employed a search technique which proceeds as follows: begin with §
empty (i.e., with a pélicy which allows no substitution); repeatedly
consider adding one point at a time to S by comparing the performance

of the system using the augmented S with the current policy; then add

the point if the level of performance is higher. ;

The first states considered are those for which s, = -1 . In this
set, the most likely candidate for membership in & 5. {1, M2, 0): N
’ f
i.e., allow substitution when there is a type 1 unit out of service only i

if there are M, type 2 items in stock and none already installed in

2

type 1 units. If this state is added to S , s, is successively decreased

TR

by one unit as long as the inclusion of (-1, Syo 0) improves the policy.

Then nyy is incremented by 1 and (-1, M2-l, 1) is considered (note,

if ny, = 1, then at most M, -1 serviceable spare type 2 items can be in f{
|

stock). Again, s, 1is decreased until there is no further policy improvement. 5‘

2
We then increment n,, again. After all appropriate states of the form

(-1, Sys n21) have been added to S , those for which s, = -2 are con- i

sidered in a similar fashion. We take advantage of property MR1l) to include
! automatically in S each state (-2, Sy n2l) such that (-1, Sy n21) has
already been added to S . This significantly reduces the number of compariscns

which have to be made.

An alternate search pattern was considered in which (—Nl, Mz, 0) is
the first state examined for inclusion in S . 1In this state all type 1 units

are out of service and all type 2 items are in spare stock. Intuitively,

this is the state from which one would be most likely to allow substitution
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and hence an appropriate starting point for the search. The disadvantage
of this approach was that MR1) could not be used to increase the computational
efficiency, and hence the first method was used.

The search technique involved being able to compare the performance of
two policies. We developed two methods for this: one, analytic, which gave
an exact number for the expected backorders under a given policy, and the
second, simulation.

In the analytic method we observe that the substitution éules for a given
policy and the transition probabilities depend only on the present state,
hence the system is a Markov chain. The method consists of generating the
steady state equations, finding the equilibrium probability distribution
for the chain and calculating the expected number of backorders under the
equilibrium distribution. This number can be compared to the expected back-
orders for the same policy augmented by one state as required by the search
procedure.

A serious disadvantage of this method of policy comparison is related
to the number of states in the chain and hence the number of equations to be
solved for the equilibrium distribution. The number of .states for a system
with Ni units of type i and Mi items of type i is

(Ni + Mi + l)(M2 + l)(N2 + M2/2 + 1) .

For example, a relatively small system with Ni = 10 and Mi = 5 has 12u8
states. When the number of units and items grows by a factor of n , the
number of states increases roughly by a multiple of n3 . The time required
to solve the equations corresponding to the enlarged system then increases
by approximately a multiple of n9 . We are, therefore, critically limited
in the size of the system we can investigate using the Markov analysis to

compare policies.

o
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The major advantage of this approach is that the answers are exact and
hence two policies can be compared. The similar results obtained by linear
programming and by the search technique with analytic policy comparison
suggested that the search mechanism is valid and encouraged the development

of a more efficient method of policy comparison.

] The simulation method, which provides the only tool suitable for the

i analysis of large systems, performs two simulations, one for each policy
and uses the state at which the policies differ as a starting point for the
simulation. In one, the substitution of a type 2 part is made, and in the
other it is not made. The two simulations are then run until they both
reach the same state. This state is not necessarily the one in which the

: simulations started. If either system reaches the initial state in which

E' the desirability of substitution is being questioned, the substitution is

not made.

When the two systems reach the same state the run is terminated and the
difference between the number of backorder-days is recorded; call the result i
(say the number of backorder-days with the extra substitution minus the back-
order-days without it) for run i Bi %

We wish to determine E(Bl) , since if E(Bl) > 0 we should not perform

the additional substitution while, if E(Bl) < 0 we should. To estimate

n n
[ E(Bl) we computed I B, and I B? ; we could then estimate E(B.) and
1=1 * =1 1 "

V(Bl) and construct confidence intervals for E(Bl) . Large groups of runs

were made; after each group of runs a confidence interval was computed at a |

selected confidence level. If this confidence interval did not include the

1 origin the procedure was terminated and the appropriate strategy was selected

as optimal. Moreover, if the confidence interval did include zero but was i
shorter than some pre-selected tolerance level, the procedure was terminated

and it was concluded that both policies gave nearly the same performance level.
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(Actually in our runs this outcome did not occur.) It should be noted that
although we were using a sequential procedure we used analysis appropriate
for a single sample and that this is not precisely correct. However, in
each case the results obtained by simulation were the same as those obtained
by analytic comparison. Moreover, the simulation was computationally superior
in two respects: the amount of computer time did not grow as rapidly with
increased system size as it did for the analytic method, and, perhaps even
more relevant in terms of absolute limitations, the simulaticns did not

| require the large amounts of storage necessitated by solving such large
systems of equations. Substitution sets (S) generated by the search pro-
cedure for the same examples presented in Section III are found in Figures
5, 6, and 7.

In conclusion, we make the following observaticns:
1) the exact solutions obtained through linear programming
and the approximate solutions obtained with the search

support the assumption that the form of the optimal policy

satisfies MR1) - MR3);

2) comparison of exact results and those obtained by a search |

S

with analytic policy evaluation indicate that a search
is an effective method of policy improvement;
3) the correlation between results of search with analvtic
comparison and simulation comparison indicates that the
simulation method is valid and hence gives us a method } |
for finding an approximation to an optimal policy which

can be applied to large systems.
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VI. A SUMMARY AND COMMENTS CONCERNING FUTURE EFFORTS

While we now have a method for policy approximation which can be used
on large systems, there are several possibilities for further work with this
model. Continued investigation of the structure of an optimal policy (i.e..
is it linear in any of its variables?) might suggest a reduction in the
number of states to be considered for inclusion in S during a search for
an approximation to the optimal policy. A more precise comparison of the
performance of the exact and approximate solutions should be made to find
a balance between reduced backorders and computaticnal accessibility.

In addition, we plan to use the insights obtained through the study
of this highly simplified inventory model as a basis for our future efforts
to study more complex situations.

Unfortunately, many real-world considerations are not addressed in our
simplified model. For example, we have ignored the fact that a) sometimes
a family of substitutable items may consist of more than two items, b) items
are normally stocked at more than one location, c) the failure and repair
distributions may not be stationary, d) the planning horizon may be of such
a short duration that infinite horizon models may be inappropriate, and
e) the system stock level for each item may not remain constant for an
extended period of time. We plan to address many of these issues in our

future work.




10.

11.

12,

13.

14,

23

VII. REFERENCES

Clark, A. J., An Optimal Operational Availability Inventory Model,
CACI, Arlington, Va., April 1978.

Feeney, G. J. and C. C. Sherbrooke, A System Approach to Base Stockage
of Recoverable Items, The RAND Corporation, RM-4720-PR (DDC No.
AD 627644), December 1965.

Feeney, G. J. and C. C. Sherbrooke, "(S-1,S) Inventory Policy under
Compound Poisson Demand," Management Science, Vol. 12, No. 5,
January 1966, pp 391-411.

General Dynamics Convair, Volume I. The IQCL Optimization Model, U.S.
Naval Weapon Systems Analysis Office, U.S. Marine Corps Air Station,
Quantico, Va., WSAO-R-634, May 1973.

Muckstadt, J. A., "A Model for Multi-Item, Multi-Echelon, Multi-
Indenture Inventory System," Management Science, Vol. 20, No. 4,
December 1973, pp 472-481.

Muckstadt, J. A., Consolidated Support Model (CSM): A Three-Echelon,
Multi-Item Model for Recoverable Items, The RAND Corporation,
R-1928-PR, December 1976.

Muckstadt; J. A., NAVMET: A Four-Echelon Model for Determining the
Optimal Quantity and Distribution of Navy Spare Aircraft Engines,
School of Operations Research and Industrial Engineering, College
of Engineering, Cornell University, TR No. 263, October 1976.

Porteus, E. L. and Z. F. Landsdowne, "Optimal Design of a Multi-Item,
Multi-Location, Multi-Repair Type Repair and Supply System,'" Naval
Research Logistics Quarterly. Vol. 21, No. 2, June 1974, pp 213-237.

Rosenman, B. and D. Hockstra, A Management System for High-Value Army
Components, U.S. Army, Advanced Logistics Research Office, Frankfort
Arsenal, Report No. TR64-1, Philadelphia, Pa., 1964.

Ross, S. M., Applied Probability Models with Optimization Apolications,
Holden-Day, San Francisco, Ca., 1970.

Sherbrooke, C. C., Discrete Compound Poisson Processes and Tables of
the Geometric Poisson Distribution, The RAND Corporation, RM-4831-PR,
July 1966.

Sherbrooke, C. C., METRIC: A Multi-Echelon Technique for Recoverable
Item Control, The RAND Corporation, RM-5078-PR, November 1966 (also
published in Operations Research, Vol. 16, 1S68, pp 122-14l)

Sherbrooke, C. C., MINE: Multi-Indenture NORS Evaluator, The RAND
Corporation, RM-5826-PR, December 1968.

Silver, E. A., "Inventory Allocation Among an Assembly and Its Repairable
Subassemblies," Naval Research Logistics Quarterly, Vol. 19, No. 2,

June 1972, pp 261-280.




